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Abstract

We propose notions of BV supersolutions to (the Dirichlet problem for) the 1-Laplace
equation, the minimal surface equation, and equations of similar type. We then establish some
related compactness and consistency results.

Our main technical tool is a generalized product of L°° divergence-measure fields and gradi-
ent measures of BV functions. This product crucially depends on the choice of a representative
of the BV function, and the proofs of its basic properties involve results on one-sided approxi-
mation and fine (semi)continuity in the BV context.
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1 Introduction

This paper deals with weak supersolutions to the 1-Laplace and minimal surface equations
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where 2 always denotes an open subset of R™ with an arbitrary positive integer n, and where the
unknown u is a real-valued function on Q. The equations in (1) make sense for functions u of
class W (in the first case for functions without zeroes of Du) and can then be considered as the
Euler-Lagrange equations of the total variation and the non-parametric area, given for u € W1(Q)

by
/ |[Du| da and / v 14|Du|? dz, (1.2)
Q Q

respectively.

However, due to a lack of compactness, the existence problems for both weak solutions to the
equations in () and minimizers of the functionals in (I2)) cannot be solved, in general, in the
non-reflexive and non-dual space W11(Q). Therefore, one usually treats the existence problem in
the larger space of functions of (locally) bounded variation on €2, that is, in the space BV j,¢)(£)
of functions on Q whose gradients are merely (finite) R"-valued Radon measures. Clearly, this
approach to existence results requires a suitable reformulation of the problem at hand, and in this
paper we actually focus on the BV reformulation of the equations in (LI).

In case of the 1-Laplace equation, the basic idea can be understood by rewriting the equation
as the two equalities

o - Du = |Du and dive =0 on 2, (1.3)

for some auxiliary sub-unit vector field o € L*°(Q2,R™). Then the second equality is directly
meaningful in 2'(Q) (i.e. in the sense of distributions), and the first equality can be extended to
the BV setup, in the spirit of Kohn & Temam [I6][17] and Anzellotti [2], as follows. For u € BV,.(2)
and o € L{® (2, R™) with vanishing distributional divergence div o, one defines the distribution

[o, Du] = div(uo) € 2'(Q), (1.4)

which, in fact, turns out to be a signed Radon measure on 2. One then regards [o,Du] as a
generalized product of o and Du (since, in the W' case, it reduces to the ordinary pointwise
product o - Du by the product rule), and consequently one uses [o, Du] as the BV substitute for the
product in (L3). All in all, one thus calls u € BV},.(€2) a BV solution of the 1-Laplace equation or
a weakly 1-harmonic function on € if there exists a sub-unit vector field o € L>°(£2, R™) with

[o,Du] = |Du| as measures on 2 and dive =0 in 2'(Q)

(where |Du| stands for the variation measure of the gradient measure Du of u).
More generally, the pairing

[o, Du] := div(uo) — udive € 2'(Q) (1.5)
has been studied systematically by Anzellotti [2] and is still meaningful in each of the three cases

o u € BV (), 0 € L2 (Q,R"), dive € L () (since u € LT (©) by Sobolev’s embedding),

loc loc

e u € BV (2)NLE

loc

(), o € L2 (Q,R"), dive € L (),

loc loc

e u € BVi.(Q)NCNQ), o € L2 (2,R") such that dive is a signed Radon measure on .

loc



Therefore, the same approach allows to explain BV solutions of

Du

1v —|Du| =

d f on Q (1.6)

for every f € L (), to explain BV N L> solutions of (L) for every f € Ll (©2), and to explain
BV N CY solutions of (L) even when f is a measure; compare with [10} [T} 12} 5 18] 19, 23], for
instance.

In this paper, which explicates the considerations of our announcement [20], we are concerned
with notions of BV supersolutions (and BV subsolutions) to the 1-Laplace equation. Thus we are
naturally led to the study of pairings of the type [o,Du] when u is possibly discontinuous and
o € L2 (2, R™) merely satisfies dive < 0in 2'(2) — and hence the non-positive distribution div ¢
is a measure, but not necessarily an L' function. In this case, in order to make sense of the last term
in (L), we need to work with a (—divo)-a.e. defined representative of u € BVioc(2) N LS. (),
and indeed it turns out that in general there is more than just one reasonable choice of such
a representative. In recent literature [I9], related problems have been tackled by working with
a standard representative u* of w, but here we will demonstrate that the choice of a different
representative u is more suitable for the definition of supersolutions. However, in working with
our corresponding pairing [o, Dut] and establishing its most basic properties (as, for instance, the
fact that it is a Radon measure) we then encounter the difficulty that «™, in contrast to u*, is not the
pointwise limit of standard mollifications of w. This is overcome in the present paper by involving
some tools from the theory of BV capacity and some results on one-sided approximation of BV-
functions [15, 9, [6]. With the pairing [o, Dut] at hand it is natural to call u € BV (Q2) NL2.(Q)

a BV supersolution to the 1-Laplace equation or a weakly super-1-harmonic function on 2 if there
exists a sub-unit vector field o € L*>°(Q, R™) with

[o,Dut] = |Du| as measureson @  and  dive <0in 2'(9Q).

Starting from this definition we then establish basic properties of supersolutions. Specifically, a
compactness statement is already contained in the announcement [20], and here we additionally
deal with the (surprisingly non-trivial) question whether functions v € BVioc(2) N LY (Q) which
are both super-1-harmonic and sub-1-harmonic are necessarily 1-harmonic. We will prove that the
latter property is true if the critical set of u is not too diffuse and thus in particular if u is C*.
Our proof of this fact is related to some ideas of [23] and rests on an application of convex duality,
which — so we believe — may be of some interest in itself.

Following the approach of [4, Definition 5.1] we also introduce a global variant [, Du*], —of
our pairing, which accounts (in a generalized way) for a Dirichlet boundary datum ug € WH(Q) N
L*>(Q), and for u € BV(Q) NL*(Q) and o € L>*°(Q,R™) with dive < 0 in 2/'(2), we will show
that the global pairing yields a finite Borel measure on €. Following once more classical ideas of
Anzellotti |2 B], we also employ the global pairing to define a normal trace of o on the boundary
of Q, which can in turn be used to state a version of the divergence theorem and to describe
the behavior of [o,Dut], on 99 in terms of traces. Notably, all these considerations near the
boundary require only a very mild regularity hypothesis on 92, which has been introduced in [22]
and is crucial in order to apply the approximation results obtained there. With regard to the
1-Laplace equation, we finally discuss the suitability of yet another modification [o, Du*]]zo of the
pairing in connection with supersolutions with Dirichlet data, and we establish a corresponding
compactness result.



Towards the end of the paper, we also come back to the case of the minimal surface equation,
and we comment on more general equations which arise as Euler equations of convex variational
integrals fQ f(+,Vu)dx. Postponing the details to the final Sections Bl and [B] at this point we only
briefly mention that most of the previously described results extend without difficulty — and in
case of C! integrands even with slight simplifications — to BV supersolutions to these equations.

Finally, we stress that a major motivation for our interest in BV supersolutions stems from the
fact that they arise as solutions to obstacle problems for the integrals in (I.2]). This issue is discussed
at length in our forthcoming preprint [21], where also a systematic connection with convex duality
will be made and the need for using the representative u* and the modified up-to-the-boundary
pairing [o, Du*ﬂzo will be further clarified.

2 Preliminaries

2.1 General notation

In the sequel, B,.(x) stands for the open ball in R™ with radius r > 0 and center x € R™, and we
write 0A, A, and 1 4 for boundary, closure, and characteristic function of a set A in R". By £" and
H"~! we denote the Lebesgue measure and the (n—1)-dimensional sphericaﬂ Hausdorff measure
on R™, and we set wy, := L™(B1(0)). The measure-theoretic closure A™ of a Borel set A in R" is

A+ = {LL’ (S Rn : limsupr_"E"(Br(x) N A) > 0} :
N0

Moreover, if v is a (possibly signed or vector-valued) measure, gv stands for the weighted measure
with (suitably measurable) weight function g and base measure v, and we abbreviate vI_ A := 1 4.
If v is a Radon measure on a subset of R™, we also write |v| for the variation measure of v and v?,
v® for the absolutely continuous and singular parts in the Lebesgue decomposition v = v* + 1° of v
with respect to L™. Finally, we use some standard terminology for numbers, functions, derivatives,
integrals, and function spaces, which we do not introduce in detail. We only briefly mention that
2(9Q) stands for the space of smooth and compactly supported real-valued functions on 2, while
2'(9) denotes the corresponding space of distributions on §.

2.2 L* divergence-measure fields

The spaces of local and global L*° divergence-measure fields on €2 are given by

DM (Q,RY) :={o € Lis.(Q,R") : divo exists as a signed Radon measure on Q},
DM=(Q,R") :={o € L™(,R") : divo exists as a finite signed Borel measure on Q} .

We next record two related lemmas, the first one proved by Chen & Frid [7, Proposition 3.1].

Lemma 2.1 (absolute-continuity property for divergences of L vector fields). Consider o €
DML (Q,R™). Then, for every Borel set A C Q with H"~*(A) = 0, we have |divo|(A) = 0.

ISeveral results in the literature, on which we eventually rely, are usually stated for the standard Hausdorff
measure instead of the spherical one. However, it can be checked that analogous statements are valid for the spherical
measure, and thus there is no inconsistency in our reasoning. In addition, we mostly evaluate these measures on
H"~L_rectifiable sets, where they coincide anyway by [14] Theorem 3.2.26].



Lemma 2.2 (finiteness of divergences with a sign). If Q is bounded with H"~1(92) < oo and
o € L>(Q,R"™) satisfies divo < 0 in 2'(Q), then we necessarily have o0 € DM (Q, R™). Moreover,
there holds (—div o)(Q2) < = |o||Lee (,mm) H™ 1 (09).

—1

Proof. Fix o0 € L*(Q,R") with dive < 0in 2'(R2). The Riesz representation theorem implies that
the non-negative distribution —div o is actually a Radon measure on 2. Hence it only remains
to establish the estimate for (—divo)(€2). To this end, consider an arbitrary ¢ > 0. Following
a classical argument (compare [I, Proof of Proposition 3.62]), we exploit the definition of H"~!
in order to cover 02 by a countable family (B, (zx))ren of balls with radii r, < § such that
ooy wn_lr};*l < HPL(OQ) + 6. In view of its compactness, Of) is already covered by finitely
many balls B, (), Bry, (Tk,); - s By, (¥k,,), thus the set Q5 := Q\ UL, By, (%, ) is compactly
contained in €, and we have 1o, € BV(R") with

IDIg,|(R") = H" 1 (09) < Y nw,rp ™t < T2 (1471 (09) + 6).

Wn—
i=1 n-l

Consequently, a mollification ¢; of 1o, with a suitably small mollification radius < § satisfies
0<¢s € 2(2) and

/Q IDy;|da < |DLg, |(R") < gﬂ(”ﬂ"*l(am +4). (2.1)

n—1

Therefore, we have

. nwy, e
[ esdtediva) = [ 7-Dpsde < lolimane [ Dpsldr < 25 o] e (7 (00) +25).

Finally, we recall that ¢ is arbitrary, and we observe that lims\ o ¢s = 1 pointwisely on Q. Thus,
passing to the limit via Fatou’s lemma, we arrive at

NWy,

(—divo)(Q2) <

o ||t (rmy R (09) < o0,

Wn—1

and the proof of Lemma is complete. O

2.3 BYV-functions

In connection with BV-functions and sets of finite perimeter, we mostly adopt the terminology
of [I], but we briefly comment on additional conventions and results. For v € BV(2), we recall
that H" !-a.e. point in  is either a Lebesgue point (also called an approximate continuity point)
or an approximate jump point of u; compare [I, Sections 3.6,3.7]. We write ut for the H"~1-
a.e. defined representative of u which takes the Lebesgue values in the Lebesgue points and the
larger of the two jump values in the approximate jump points. Correspondingly, u~ takes on the
lesser jump values, and we set u* := %(u*—l—u*). We emphasize in this connection that we strictly
distinguish between superscripts * and subscripts +, since the latter are employed, as usual, for the
non-negative and non-positive parts g+ of real-valued functions g. Moreover, with regard to the
Lebesgue decomposition of the gradient measure Du, we stick to the convention that D?u stands for
the density of (Du)?, while D%u := (Du)® denotes the singular measure. Thus, the decomposition
is given by Du = (D?*u)L"™ + D%u on €.



Finally, if ¥ is a set of finite perimeter in R™, we observe that (15)" = 15+ holds H" !-a.e. on
R". In the case X C €, for u € BV(£2), we moreover write ulll% for the H" !-a.e. defined interior
trace of u on the reduced boundary 9*¥ of X; compare [I, Sections 3.3,3.5,3.7]. If H"~1(9X\ 9*%)
happens to vanish, we also denote this trace by ull{ (and this will often be used with ¥ = Q).

The following two lemmas are crucial for our purposes. The first one extends [I, Proposition
3.62] and is obtained by essentially the same reasoning.

Lemma 2.3 (BV extension by zero). If we have H"~(982) < oo, then for every u € BV (Q2)NL>(Q)
we have Lou € BV(R") and [D(Lqu)|(09) < 222 |ju|p ooy H" 1 (0R). In particular, Q is a set of

Wn—1

finite perimeter in R™, and ug‘fg is well-defined.

Proof. Assuming that  is bounded, we rely once more on the functions ps € Z(Q2) constructed in
the proof of Lemma 22l Then @su converges for § \, 0 to Igu in L(R™), and via the product rule
and (21 we get the bound

NWy,

ID(¢su) — psDul(R") < [ullo o) (K" (09) +6).

Wn—1

By lower semicontinuity of the variation we infer Lou € BV(R™) and

nw

ID(au) = Dul QI(R") £ 225 a0 1" (99)

W
Since Du L vanishes on 0f2, the claimed estimate follows immediately. O

The next lemma follows by combining [6l Theorem 2.5] and [9, Lemma 1.5, Section 6]; compare
also [15], Sections 4,10].

Lemma 2.4 (H" !-a.e. approximation of a BV function from above). For every u € BVio.(2) N
Lo (Q) there exist v, € Wi (Q) ML () such that vy > vy > u holds L™-a.e. on Q0 for every { € N

loc loc loc
and such that v} converges H" '-a.e. on Q to u™.

2.4 1-capacity
In the sequel we adopt the following notion of 1-capacity, which is equivalent to [6, Definition 2.1].

Definition 2.5 (1-capacity). The 1-capacity of an arbitrary set E C R™ is defined as the number
inf {/ |Du|dz : w€ WHY(R™), w > 1 holds L™-a.e. on an open set U with E C U} € [0,00].

In the next three auxiliary lemmas we summarize properties of 1-capacity which are relevant
for the proof of the later Lemma [3.3] The three auxiliary statements can be inferred, for instance,
from [6l Theorem 2.1, Proposition 2.2, Theorem 2.5]; for the second one see also [I5, Section 4].

Lemma 2.6 (perimeter characterization of 1-capacity). The 1-capacity of an arbitrary set E C R"
18 equal to

inf{P(H) : H is a Borel set in R" with L"(H) < oo and E C H+}.



Lemma 2.7 (zero capacity and Hausdorff measure). The 1-capacity of a set E C R™ vanishes if
and only if E is a null set for H" 1.

Lemma 2.8 (u™ is 1-capacity quasi upper semicontinuous). For every u € BV(R"), the represen-
tative u™ is 1-capacity quasi upper semicontinuous on R™, that is, for every € > 0 there exists an
open set E. C R™ of 1-capacity smaller than e such that u is pointwisely well-defined and lower
semicontinuous on R"\ E.. Clearly, u~ is 1-capacity quasi lower semicontinuous in the same sense.

2.5 Strict approximation results

Next we collect some preliminaries, which are later relevant for the global statement of Lemma
and for Proposition Given u € BV(R2), we write |(L™,Du)| for the variation measure of
the R'™"-valued Radon measure (£",Du) on Q. For u € WH1(Q), this measure coincides with

V/14+|Du|2L™, so that one may view |(L™, Du)|(Q2) as the generalized area of the graph of u. In the
sequel, we use a corresponding type of convergence.

Definition 2.9 (strict convergence in BV). Assume L™() < oo, and consider functions uk,u €
BV(Q). We say that uy, converges strictly to u in BV(Q) if we have

Jim [lue—ulls @) + [1(£7, Dun)](©) (€7, Dw)(@)]] = 0.
In many subsequent statements we impose a mild regularity assumption on 0f), namely we
require
HH0N) =P(Q) < 00, (2.2)

where P stands for the perimeter in R™. For a detailed discussion of ([22)) we refer to [22], where
the relevance of this condition for certain approximation results has been pointed out. Here, we
briefly remark that the condition ([2.2)) is equivalent to having P(Q) < co and H"1(9Q\ 9*Q) =0
and also to having 1o € BV(R") and |D1g| = H" 'L Q. In particular, (22) thus implies that
09 is H" -finite and countably H" l-rectifiable. Beyond that we only need (2.2]) in connection
with the subsequent lemma, which is a slight variant of [22] Proposition 4.1].

Lemma 2.10 (strict interior approximation of a BV function). If § is bounded with 22), then,
for v € BV(R",RY) N L*(R",RY), there exist open sets of finite perimeter ; € Qy € Q3 € ...
m R™ with U;il Q1. = Q such that g, u converges strictly to 1qu in BV(R",RY).

Notice, in particular, that we have 1g,u,lou € BV(R™,R"™) by a standard estimate for the
product of two (BV N L*°)-functions; see [I], formula (3.10)], for instance.

Lemma is a direct consequence of [22] Proposition 4.1] and [I, Theorem 3.84] except for
the two additional claims that the subsets 2 form an increasing sequence and that their union
is all of €. Since these additional claims require only marginal modifications of the arguments in
[22], we do not discuss the proof of the lemma in full detail, but we only point out these relevant
modifications.

Indeed, the reasoning in [22, Section 4] is based on coverings of the compactum 92 with suitable
open balls and cylinders and obtains each 2; by removing the closure of a finite subcover from .
For our purposes, carrying out this construction iteratively (first for €5, then for Qs, Q3, and so
on), it suffices to choose the diameters of all relevant balls and cylinders in the construction of €y,
smaller than min{1/k, dist(Q,_1,092)/2}. Such an additional smallness condition for the diameters



does not at all affect the line of argument in [22], Section 4]. Since this has already been worked
out in case of the closely related reasoning in [22] Section 3], we here omit all further details. [

The following one-sided approximation result is due to Carriero & Dal Maso & Leaci & Pascali
[6, Theorem 3.3].

Lemma 2.11 (strict W1 approximation of a BV function from above). For bounded € and
u € BV(Q), there exist u, € WH1(Q) such that uy, converges strictly to u in BV(Q) and such that
uk > u holds L™-a.e. on Q for every k € IN.

We remark that the strict convergence of ug to u in the above sense implies also that |Dug|(€2)
converges to |Du|(Q2). Notice moreover that the £"-a.e. inequality uj > u implies the H" !-a.e.
inequality u} > u*. Finally, observe that in case of a bounded function u one can also find uniformly
bounded approximations wuy, (just replace possibly unbounded ones by min{u,supg v} and rely on
a short reasoning with the lower semicontinuity of the total variation).

For Lipschitz domains €, it is well known that the trace operator on BV(2) is continuous
with respect to strict convergence; see [1, Theorem 3.88]. The following lemma establishes a similar

continuity property — only for (uniformly) bounded functions, but under a much weaker assumption
on €.

Lemma 2.12 (strict continuity of the trace operator). Suppose that Q) is bounded with [22), and
consider ug,u € BV(Q) NL>®(Q). If up converges strictly in BV(Q2) and weaklyx in L>®(Q) to u,
then (ug)By weakx converges in L>=(0Q; H" 1) to ully,.

Proof. Via Lemma 23] we deduce that Tquy, weaks* converges to Iqu in BV(R™) and thus D(Tquy)
weakx converges to D(Iqu) in the space of finite R"-valued Borel measures on R™. Taking into
account the assumed strict convergence, we also know that Duyl € weaks* converges to Dul_ ) in

the same sense, i.e. as measures on all of R™. Thus we infer that D(1qug)L 92 = (uk)g}%DllQ
weak* converges to D(Lou)L0Q = uliiD1g (where the equalities result from [I, Theorem 3.84]).
Since the wy, are uniformly bounded, we can now conclude that (u)lh weakx converges to ulllh in

L (99 1 1), O

3 Anzellotti type pairings for L°° divergence-measure fields

3.1 Definitions
We first introduce a local pairing of divergence-measure fields and gradient measures.

Definition 3.1 (local pairing). Consider u € BVioc(Q) N L. (Q) and 0 € DM, (Q,R™). Then
— since Lemma 2] guarantees that u™ is |div o|-a.e. defined — we can define the distribution

[o, Du™] := div(uo) —utdive € 2/(Q).

Written out this definition means
[o, Dut](p) = —/ uo - Dpdx — / ou™ d(div o) for p € 2(9). (3.1)
Q Q

We find it worth remarking that [o, Du™] is bilinear in (o,u™), but does not depend linearly on u
itself (since already the mapping of BV-functions u to their u*-representative is non-linear).



Next we define a global version of this pairing, which incorporates Dirichlet boundary values
given by a function uy.

Definition 3.2 (up-to-the-boundary pairing). Consider ug € WH(Q) N L*(Q), u € BV(Q) N
L>(Q), and 0 € DM™(Q,R"). Then we define the distribution [o,Dut], € Z'(R") by setting

[0, Dut],, () = —/Q(u—uo)a-Dgpd:r—/

o(ut—ud) d(div O')+/ wo-Dug dx for o € P2(R™).
Q

Q
(3.2)

We emphasize that the pairings in Definitions [3.1] and coincide on ¢ with compact support
in Q (since an integration-by-parts then eliminates ug in ([3.2))). However, the up-to-the-boundary
pairing stays well-defined even if ¢ does not vanish on 9f). Both pairings can be explained analo-
gously for other representatives of u. Though we mostly stick to [o, Du*ﬂuO in the sequel, for later
usage we record that in the case dive < 0 we have [o,Du~], < [o,Du*], < [o,Du*], (in the
sense that these inequalities hold whenever a non-negative test function is plugged in).

In the sequel we show that our pairing exhibits essentially the same basic properties, which
Anzellotti [2] obtained for the more classical pairing in (T3)).

3.2 The pairing trivializes on W'-functions
A first vital property of the pairing is recorded in the next statement.
Lemma 3.3 (the pairing trivializes on Wh!-functions).

e (local statement) For u e W' (Q) NL2.(Q) and o0 € DM, (Q,R™), we have

loc loc

[o, Dut](p) = /ngo -Dudz for all p € 2(9). (3.3)

e (global statement with fixed boundary values) For u,ug € Wh1(Q) N L>®(Q) with
u—up € W' (Q) and o € DM>(Q,R™), we have

[o,Du*],, (p) = / p(o - Du)dx for all p € Z2(R™). (3.4)
Q

e (global statement with general traces) If Q is bounded with (Z2)), then for every o €
DM>=(Q,R") there exists a uniquely determined normal trace o} € L>°(9Q; H™ 1) with
lonllLe @airn-1) < lloflLe@rm) (3.5)
such that for u,ug € WH1(Q) NL>°(Q) there holds
o Du* ], () = [

o(o-Du)dx + / o(u—ugp)aor dH™ forall p € 2(R™). (3.6)
Q

o0

In particular, by taking ug =0 and ¢ =1 in the last statement, we infer the following identity.
If Q is bounded with (Z2), then, for all u € WH(Q) and o € DM (2, R™), we have

/J~Dudx+/ u* d(diva)—i—/ ulor dH 1 = 0. (3.7)
Q Q o



Before proving the preceding claims, we record a basic lemma, which has been established in
[15, Sections 4,10] by a capacity method. The statements in [I5] are made for Q = R"™, but by
localization one easily passes over to any open subset.

Lemma 3.4 (strong convergence in W' implies convergence H" -a.e.). Suppose that uj converges
to u strongly in WH(Q)). Then, some subsequence uy, converges H -a.e. on Q to u*.

Now we are ready to prove (B3)—(3.0).

Proof of Lemma[B3. We first treat the case of fixed boundary values, which clearly comprises the
local statement, and in view of [o, Du*], = [o,D(u—uo)*], + (0 - Dug) L™ Q, we assume ug = 0.
Then we have u € Wy (€2) NL>®(Q) and there exist uniformly bounded approximations u;, € 2(£2)
such that ug, converges to u in WH(Q). By Lemma [3.4] we can assume that uy converges to u* also
H" la.e. on Q, and then via Lemma [Z.1] the dominated convergence theorem, and integration by
parts we get

[o, Dut](¢) :—/Qu(a-D<p)d3;—/Qu*<pd(diva)
= lim [—/Quk(o-Dgo)dx—/Qukgod(divo)}

k—o0

= lim [ (0-Dug)pdx = / (o0 -Du)pde.
k=0 Jo Q
This establishes the claim (B.4]).

Now we turn to the statement for general boundary values, and we assume once more ug = 0.
We start with a construction of o} which satisfies (B:6) up to an e-error for a given u and ¢ and
which also satisfies (.0) for the constant 1 in place of u without any error. We directly observe
that o is already determined by the latter requirement and is thus unique and independent of u
and e. For the construction we now fix u € C*®(Q) N Wh1(Q) N L>(Q2) and ¢ > 0. Relying on
Lemma 2.8 we choose an open subset E. of R"™ with 1-capacity smaller than ¢ such that u, when
understood as ully on 0, is pointwisely defined and continuous on Q \ E.. (In more detail, this
claim on 1-capacity quasi continuity up to the boundary can be justified by applying Lemma 2.8
to the extensions of u with values supg u and infg u on R™ \ ©2; by Lemma these extensions are
in BV(R") and ull{, coincides on 09 with their 1-capacity quasi lower and upper semicontinuous
representative, respectively.) By the characterization of 1-capacity in Lemma we can also find
a Borel set H. ¢ R™ with E. ¢ Hf, L"(H.) < oo, and P(H.) < e. Now we apply Lemma
with the R?-valued function (1,1x.) in place of u. We thus find open sets of finite perimeter
Q € Q with Q; € Q2 € Q3 € ... such that (Lg,,1q,1x.) converges strictly in BV(R"™, R?)
and pointwisely to (1q,1qly.). By (a simple case of) Reshetnyak continuity it follows that the
single components also converge strictly in BV(IR"), and in particular [Dlg,| = H" 1L 0% weaks
converges to |Dlg| = H" 1L IQ in the space of signed Radon measures on R"™. Next we consider
mollifications 7, € 2(Q) which converge H" !-a.e. on Q to (1g,)* and strictly in BV(R") to
1q, so that in particular |Dny | L™ converges to H" 1L 0*Qy. Possibly passing to subsequences, it
follows that also (o - Dngm )L™ weaks converges to a limit vy with |vg| < ||o]|pe(mrn)H™ 1 LI*Qp
and that vy weaks converges to a limit v with |[v| < [|o||pe(@re)H" "L OQ in the space of finite
signed Borel measures on R". By the Radon-Nikodym theorem we can write v = o H" 199 for
some o € L°(9Q; H"~ 1) with B.5).
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Next we establish (B.6), momentarily still for u € C®(Q) N WH1(Q) N L°(Q). Testing the
definition of the distributional divergence with 1., pu € 2(Q2), we initially find

- / Ne,mu(o - D) da — / Ne,mpud(dive) = / Ne,mp(o - Du) dx + / wuo - Dngm da .
Q Q Q

n

Now we first send m — oo. Relying heavily on the fact that w is continuous in the interior of €2,
we then infer

—/ 1g,u(c - Dy)dz —/(]lge)*gpud(diva) = / 1q,¢(0 - Du) da:—!—/ pudyy. (3.8)
Q Q Q

n

In order to send ¢ — oo, we take a closer look at the limit behavior of the last term. Since vy
weakx converges to v and since u coincides outside F. C HI with some @, € C°(€2) such that
”:JEHL“’(Q) S ||u||Loo(Q), we ﬁnd

lim sup ‘ / wudyy — / gpug‘é dv
{— 00 n Rn

< lignsup [@llLoo () 1l Los () (17| (HE)+vel (HZ)]
—00

Sli?lsuP||90||L°°(Q)HUHL"O(Q)HUHL"O(Q,IR")[Hn_l(H:maQ)"'Hn_l(H:ma*Qf)]-
—00

Now we first take into account 1+ = (1)t < (11H€)g‘,fm + Lg«p. on 0*Qy, and then we exploit
that, as a consequence of the strict convergence of 1,15, , also (1 Ha)g;tmﬂnfl(a*m) converges
to (L, )56H" ™ (09). Finally, we also use (1x,)54 < (1g.)* =1+ on dQ in order to infer

lim sup ’/ pudyy —/ oulSor dH" !
n o9

{—00

< lellee (@) llullLe @) lolles @,rm) [271"71(1[[; N o) + limsup H" (0" H: N 9*Qy)| .

{—00

Here, in view of > ;o H" Y (0*H. N 0*Qy) < H"1(9*H,), the last limsup is actually zero, and
then, using the last estimate to pass £ — oo in (B.8)), we arrive at

oD To() = [ plo Dupda = | ulghorane!

< 2||@llLee (|l (@) oo (o, rmy K™ H(HE N OQ).

Now we observe that for u = 1 the same argument actually works in a simpler way (without using
the exceptional sets E. and H.) and gives the claimed equality. Thus, as explained above, we can
assume that o) is independent of v and €. Using this fact, we deduce from the last estimate

oD To() = [ ploDupda = | ulgporan=!

< 2 pllie oy 1l oy 1 ey H < aly H;j2> .

i=1j=i
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Finally, observing that U;’il H;r/jz has 1-capacity smaller than Z;’;Z 1/72 and recalling that 1-
capacity zero implies H"~!-measure zero by Lemma 2.7, we arrive at (3.6) (with ug = 0).

Finally, in order to drop the assumption u € C*(2) and assume only u € Wh1(Q) N L>(Q),
we use uniformly bounded Meyers-Serrin approximations uy € C*(€2) which converge strongly in
WH(Q) and by Lemma [3.4] also H"*-a.e. on Q to u (possibly after passing to a subsequence). It
follows via Lemma 212 that moreover (uy )3t weakx converges to ullt in L°°(9Q; H"~!). In view of
all these convergences it is now straightforward to carry over (B.0) (with up = 0) from uy to u. O

3.3 The pairing is a bounded measure

Next we focus on bounded vector fields ¢ with non-positive (distributional) divergences, and we
record that in view of Lemma [2.2] the pairings stay well-defined in this case. We can then state the
most important property of the pairing on arbitrary BV functions.

Proposition 3.5 (the pairing is a bounded measure). Fiz o € L>°(Q,R"™) with dive <0 in 2'(Q).

e (local estimate) For u € BV () N L2 (), the distribution [o,Dut] is a signed Radon
measure on ) with

lo.Du | < lollum(@neDul  on 2. (3.9)

¢ (global estimate with equality at the boundary) If Q is bounded with (2Z2)), then for
up € WHHQ)NL>®(Q) and u € BV(Q) NL>(Q), the distribution [o, Du™], is a finite signed
Borel measure on R™ with

H[U, Duﬂ]uO — (u—uo)ianS%J;anlL[)Q’ < loflnee (,rmy | Dul Q. (3.10)

Here, the estimate (3.I0) contains the interior inequality (3.9), the equality [o, Dut], LIQ =
(u—uo) 3ot H™ 11O at the boundary, and the fact that [o, Dut],, is supported in Q.

Proof of Proposition [BE. We only prove the global statement, which then implies the local one.
By Lemma 2.TT] and the remark following it, we can find uniformly bounded approximations uy €
WH(Q) such that uy converges to u strictly in BV(£2) and such that uj > u holds £"-a.e. on
for every k € IN. Fixing a non-negative test function ¢ € Z(R"), we then rely on the definition in
B2). We control the first term in the definition via the L!-convergence of uy and the second one
via the assumption dive < 0 and the H" !-a.e. inequality u} > u™ on . In this way we infer

[o, Du+]]uO(g0) < limsup [o, DuZﬂuU (p).

k—o00
Moreover, from (3.6 we get

lo.Du;1,, (o) = [

P Du)ds + [ plu—uo)ho; aH !
Q

o0
< loliomn [ oDunlde+ [ plun—uo)for die L.
Q o0

The first term on the right-hand side is now controlled via the strict convergence of uy in BV(Q). In
order to deal with the second term, we involve Lemma 212 and record that (uy )it weak* converges
to ullt in Lo°(98%; H™~1). All in all, we thus conclude

[o,Du],, (0) < llollLe@.rm) /Q gpd|Du|—|—/6Q o(u—ug)BSor dH" ! whenever 0 < p € Z(R").

12



Applying the last estimate with —u and —ug in place of u and ug, we also get
[o,Du~],, (¢) > —HU||L00(Q7R7L)/ gpd|Du|—|—/ o(u—ug) B or dH" ! whenever 0 < p € Z(R"),
Q o0

and taking into account [o, Du~], < [o,Du*], the last two inequalities yield indeed

[o.Du*], () - /@ el hod

< e e /Q eldDul  for all p € Z(R™).

Consequently, the Riesz-Markov representation theorem implies that [o, Du+]]u0 is a finite signed
Borel measure with [3.9) and (Z10) (and the same for [o,Du~], and [o,Du*], ). O

uo

3.4 The absolutely continuous part of the pairing is a pointwise product

Finally, we record a last property of the pairing, which is later exploited in the proofs of Theorem
and Lemma

Lemma 3.6 (the absolutely continuous part of the pairing is a pointwise product). For u €
BVioc(2) NLZ.() and o € LS (Q,R™) with dive < 0 in 2'(2), we have

[o, Dut]® = (o - D*u)L" on ).

The following argument is an adaption of the proof of [2, Theorem 2.4], but also partially
resembles the preceding reasoning.

Proof of Lemma[38. Since the claim is local, we can assume that 2 is bounded and that we have
u € BV(Q)NL>*(Q) and 0 € L*(Q,R™). Via Lemma [ZT1I] we can then find uniformly bounded
approximations uy € WH1(Q) such that uy converges to u strictly in BV(£2) and such that u, > u
holds L™-a.e. on ) for every k € IN. By a version of the Reshetnyak continuity theorem we infer

k—o0

lim [ ¢|Dug—D*u|dz = / pd|D%u] whenever 0 < ¢ € 2(Q). (3.11)
Q Q

Indeed, if D?u is locally bounded on Q, (3II) follows directly from [4, Theorem 3.10], applied
with the integrand f(z,z) := ¢(z)|z—D?u(z)|. In the general case D*u € L'(Q,R"), the same
statement is not directly applicable, since the continuity assumption in [4] need not be satisfied.
However, even in this generality, we can still apply [4, Theorem 3.10] with the cut-off integrands
fe(x, z) == o(x)|z2—1e(x)|, where ¢y are bounded functions with limg_,« [|1/¢ — D*u||r,1(0,rn) = 0.
Passing ¢ — oo we then conclude that (BI1)) is generally valid.

In the next estimate we make use of the L!-convergence uy — u and the H" !-a.e. inequality

ut < u} to control the first and second terms in the definition (B), respectively. Also involving
Lemma B3 and B.I1)), for 0 < ¢ € 2(N), we hence find

[o, Dut] () — /Q ¢(o - D*u)dz < limsup [o, Du; [ (¢) — /Q (o - D*u) dx

k—o00

= lim sup/ o - (Dup—D%u) dx
k—oo O

< |\0|\Lm(527Rn)limsup/ ©|Duy—D%u| dz
k—oco (9]

= lloll= oz /Q pdD%u].
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Applying this estimate with —u in place of u, we also deduce
[o,Du"](p) — / o(o - D?*u)dx > —||U||LDO(Q)]RTL)/ pd|D*u| whenever 0 < ¢ € 2(Q),
Q Q

and combining the last two estimates with the observation [o, Du~] < [o, Du™] we arrive at

[o, Dut](p) — / (o - D*u) da

Q

< lolieome [ eldiDul forall ¢ € 7(5).
Q

Since Proposition guarantees that [o,Du™] is a Radon measure, we can rewrite this estimate
as the inequality of measures

l[o,Du*] = (o - D*u)L"| < lolle e |Dul  on £

By Lebesgue decomposition of the measure on the left-hand side, we then read off that the absolutely
continuous part |[o, DuT]" — (o - D*u)L"| necessarily vanishes on €. O

4 Weakly super-1-harmonic functions

4.1 Weakly super-1-harmonic functions

We now give a definition of weakly super-1-harmonic functions, which employs the convenient
notation

S*(Q,R") :={o € L*(Q,R") : |o] <1 holds L"-a.e. on Q}
for the class of sub-unit vector fields on .

Definition 4.1 (weakly super-1-harmonic function). We call u € BVioc(2) NL2 () weakly super-
1-harmonic on ) if there exists some o € S®(Q,R™) with dive < 0 in 2'(Q) and [o, Dut] = |Du|

on €.

We next provide a compactness result for weakly super-1-harmonic functions. We directly
remark that the assumed type of convergence is very natural, and indeed the statement applies to
every increasing sequence of weakly super-1-harmonic functions which is bounded in BVj,(€2) and
Lige(€)-

Theorem 4.2 (convergence from below preserves super-1-harmonicity). Consider a sequence of
weakly super-1-harmonic functions ug on Q. If ug locally weaks converges to a limit u both in
BVioc(2) and L2 (Q) and if up < u holds on Q for all k € IN, then u is weakly super-1-harmonic
on €.

Theorem .2 has already been established in [20, Theorem 4.2], and we do not repeat the proof
here. However, later on we adapt the same line of argument in order to establish the more general
Theorem (4.7

We emphasize that Theorem does not hold anymore if one replaces [o, Dut] with the
analogous pairing [o, Duﬁ]] which involves another representative u' of v — at least if the choice
of uf is reasonable in the sense that u~ < u! < w'. This can be seen, already in dimension
n = 1 (where weak super-1-harmonicity on an interval means that the function is increasing up
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to a certain point and decreasing afterwards), from the following example. For Q := (—2,2) and
up(x) == (min{kx, 1—z}), it is easily checked that uy € Wy (Q) are weakly super-1-harmonic on
Q and that the limit « € BV (Q)NL>®(Q) satisfies u(x) = (1—x)1(0,1)(z) and [Du| = L' (0,1)+ do.
If a non-increasing o € S°(N) satisfies [o, Du*] = |[Du| on §, one first infers ¢ = —1 on (0,2), and
then an integration by parts on (0, 2) shows

[o,Duf] = £'L(0,1) + u*(0)(—0’L{0}) — do .

Consequently, the equality [o, Du*]L {0} = |Du|l_ {0} requires u*(0)(—0c’({0})) = 2, and in view of
—0’({0}) < 2 this can only hold if the reasonable representative u? satisfies u*(0) = 1 and thus
coincides with u™.

4.2 Simultaneously super-1-harmonic and sub-1-harmonic functions are
1-harmonic

Next we aim at establishing a consistency result for the notion introduced in Definition [£1] To this
end we need the following duality result, which is essentially a restatement of [13, Theorem III.4.1].
More precisely, [13] covers the non-trivial case that the infimum in (£I]) does not equal —oo; the
other case and indeed the inequality ‘>’ in (@) follow directly from the definitions of F* and T*.

Theorem 4.3 (abstract convex duality). Consider normed spaces X and Y, a bounded linear
operator T: X =Y, and a convex functional F: X XY — (—o0,00]. If there exists some ug € X
such that Flug, Tug] is finite and Flug, -] is continuous at Tug, then there holds
inf Flu,Tu] = sup (— F*[T*(¢,—(]) € [~00,00), (4.1)
ueX CeEY™
where T*: Y* — X* denotes the adjoint of T and where the lower semicontinuous and convex
functional F*: X*xY™* — (=00, 00] is given by F*[1, =] = sup(, u)exxy ({1, u)— (¢, w)—Flu, w)).
Moreover, if the common target value in (@) is finite, then the supremum on the right-hand side
is, in fact, a mazimum.

Next we specialize Theorem in order to deduce a duality correspondence in a less abstract
setting. This statement has been partially inspired by the considerations in [23], and in the case
I' = 99 it is essentially contained in [23, Theorem 1.1].

Theorem 4.4 (a concrete duality result). Suppose that Q is bounded with Lipschitz boundary, and
consider a boundary datum 3 € L>°(T; H" 1) on a Borel boundary portion T C 0S). Abbreviating

Wé’é\r(Q) = {u € WHH(Q) : u has zero trace H™ '-a.e. on O\ T}
Lvr s(QLR") :={o € L*(QL,R") : dive =0 in Z'(Q) and o}, = B holds H" *-a.c. on T},

we then have

1 / 1 .
sup ——— [ ufdH"T = inf lo||Lee () € (—00,00], (4.2)
wewld Lo [DullLi@rn) Jr Livr.s (RR") R
Duz0

where u is evaluated on T in the sense of trace. If, moreover, we have fac BAH" " =0 for every
connected component C of Q with H"~1(OC \ T) = 0, then the common target value in A2 is
finite (in particular L3, 5(2,R") # 0), and the infimum on the right-hand side of @2) is, in
fact, a minimum.
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Proof. We will identify the equality

inf (—/uﬁd?—["_l) = sup (—||0||Loo(mRn)) (4.3)
UEWG () r L3,.r.5(QR™)

IDull 1 g gy <1

as a special case of (A1) in Theorem[3l Once ([A3) is available, all the claims of Theorem (4] follow
quickly. Indeed, if the extra assumption fails and thus there exists some connected component C'
of @ with H"'(C \T) = 0 and [, SdH"~! # 0, then one readily checks that the supremum
in (@2)) and the infimum in @3] equal co and —oo, respectively (just consider functions u which
are constant on 9C). Thus, in this case, [@2]) follows trivially from (@3]). If, however, the extra
assumption is at hand, then it suffices to observe that on the left-hand side of 3] we can restrict?
to functions u with Du # 0, and ([{2) follows from (&3] by exploiting the 1-homogeneity of the
left-hand functionals in u. Moreover, in order to deduce the finiteness of the left-hand side in ([@.3)),
respectively (£2), we note that due to the extra assumption, we may restrict ourselves to functions
u with fcu dr = 0 on every connected component C of  with #"~1(0C \ T')) = 0. Applying
the Poincaré inequality for vanishing mean values on these components and a version of Poincaré’s
inequality for zero boundary values on the remaining components (which can be established, for
instance, by the usual contradiction argument), we deduce ||ul[w1.1(q) < c||[Dul|p1(qgrn) for some
constant ¢ = ¢(£2,T'). Then the boundedness of the trace operator WH1(Q) — L1(9Q; H" 1) yields
the finiteness of the target value in (£3) and in (£2)). The attainment of the supremum in (€3]
and the infimum in ([@2]) follows from the corresponding statement in Theorem (3]

In order to verify ([£3) we now take X = Wé’é\r (), Y = LYQ,R") x LY(T"; ") and identify
Y* with L>°(Q, R") x L>®(I'; "~ 1) via the Riesz representation theorem. In addition, we choose
T as the bounded linear operator X — Y whose components are the gradient and the trace on I'
(where the boundedness of the trace operator results from the Lipschitz assumption on 9€2; compare
[T, Theorem 3.87]). We then observe that for (o,y) € L>(Q,R") x L>°(T; H" 1) we have

T*(o,x) =01in Wé’é\r(ﬂ)* = / o-Dudzx + / xudH" 1 =0 for all u € Wé’é\r(ﬂ)
Q r (4.4)

< divoe=0in 2'(Q) and o = x holds H" *-a.e. on T.

Setting
_ den—l f <1
Flu, (v,w)] := /Fwﬁ if [[v]lLiomrn) <
o0 otherwise
for u € Wéé\l‘(ﬂ) and (v,w) € L(Q, R") x L'(T; 1" 1) we find that the left-hand sides of (@I

and ([@3) coincide. In addition from the definition of F* one readily checks, for 7 € Wéé\r (Q)*
and (o, x) € L(Q,R") x L®(IyH" ),
|o||Lee(rn) if T equals 0 and x = 3 holds H" *-a.e. on T

F*[T,—(O', X)] = {

00 otherwise

2Indeed, for u € Wéé\r(ﬂ) with D@ = 0 on €, consider any connected component C of Q. Then we have @ = ¢

on C for some ¢ € R, in the case H*~1(0C \ T') > 0 we infer ¢ = 0, and in the case H"~1(0C \ T') = 0 we have
assumed fac BdH"™~! = 0. Thus, in both cases we arrive at — anaC uBdH"* 1 = 0 while clearly there exist also
u € WH1(Q) with Du# 0 on C and — [ 50 uBdH™ ! <0.
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Taking into account ([@4]), from this formula for F* we infer that also the right-hand sides of ({.TI)
and (£3) coincide, and thus we have identified (£3)) as a special case of (@I]). O

Now we are ready to prove that — under an extra assumption which is generally satisfied at least
for C! functions — simultaneous super-1-harmonicity and sub-1-harmonicity imply 1-harmonicity.
Somewhat surprisingly this seems to require a non-trivial argument, and in particular we will rely
on the preceding Theorem L4l We remark that the same issue becomes much simpler in case of
the minimal surface equation; see Section [l and, in particular, Proposition

Theorem 4.5 (simultaneously super-1-harmonic and sub-1-harmonic functions are 1-harmonic).
Consider u € BV1oc(Q) NLE.() and suppose that there exists an open set U C Q with D*u # 0

loc

L"-a.e. on U and |Du|(Q\U) =0. If both u and —u are weakly super-1-harmonic on Q, then u is
also weakly 1-harmonic on § (i.e. there exists some o € S*®°(Q,R"™) with dive =0 in 2'(Q) and
[o, Du] = |Du| on Q, where [o,Du] denotes the classical Anzellotti pairing from (L4)).

We remark that the set U in the assumptions of Theorem is essentially determined by w,
and in fact these assumptions are equivalent to the requirements that, for some pointwisely defined
representative of the density D%u, the set U = Q N {D%u # 0} is open with |D5u|(Q\ U) = 0.

Proof of Theorem L5l By assumption there exist 7, g € S°(Q2, R™) with
dive <0<dive in 2'(Q) (4.5)

such that [, Du™] = |Du| = [, Du~] holds on Q. Via Lemma[3.6 we infer that & = \g—:Zl = ¢ holds
L"-a.e. on U. We now choose increasing sequences of smooth open sets ; € 2 and Uy € U N Qy,
with Upe, % = Q and Uj—, Uy = U. We set ), := —o5 = —ag) € L>(0Uy; H" ') (where the
normal traces are taken with respect to Uy). Then, if C is a connected component of \m with
H"H(OC \ OUy) = 0, it follows that [, B X"~ vanishes (since the application of ([3.7) with the
constant 1 in place of u, once with the domain €, \ C' and once with €y, shows that this integral
equals both the non-negative quantity (—diva) (6) and the non-positive quantity (—div o) (6))
Moreover, exploiting [B.7)), (&), and 7,0 € S*(Q,R"), for w € Wéék (2 \ Ux) we find

/ wP dH" 1
BUk

S T R
oUy

oUy

—/ (wy)*d(div o) —/ o -Dwy da:—/ (w_)*d(—diva) —I—/ o -Dw_dz
Q\Uk Q\Ur 2 \Uk Q\Uk

—/ g-Dw+d:E+/ o -Dw_dx
QU \Us QU \Uk

||Dw+||L1(Qk\U_k,]R") + ||Dw*||L1(Qk\U_k7]R") = ||Dw||L1(Qk\U_k,]R") )

IN

IN

and thus we can apply Theorem B4 on €, \ Uy, in order to deduce

min (17l (2 TRy S 1 (4.6)
T€LS 00, 8, (2 \Uk,R™) (2 \Ug,R™)
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In particular, if we set oy := @ = ¢ on Uy and extend oy, to all of £} by using on \m the values
of a minimizing 7 in (LA), then we have o, € S°°(Q, R™), and we claim that div oy vanishes on
Q. Indeed, keeping in mind the preceding choices and applying ([B1) on the smooth bounded open
sets Qi \ Ux and Uy, for every ¢ € 2(Q4), we find

/ ok-Dgod:v:/ T-Dcpdx—i—/ E-Dgod:vz—/ goﬁkd’H"_l—/ o dH" 1 =0.
Qs Qi \Up U Uy AUy,

Thus, we have verified div o = 0 in 2/(Q4). Possibly passing to a subsequence and recalling that
Q is the increasing union of the Qy, it now follows that oy, locally weaks converges in L2 (2, R")
to some o € S°(Q,R™) with dive = 0 in 2'(Q). In order to finalize the reasoning we recall that
0 = o, = 0 holds L™-a.e. on Uy, and as a consequence we observe [o, Du]l_Uy = [, Dut] LUy =
|Du|LUy. Since the open set U is the union of the Uy and since (39) and the assumption on U
give |[o, Du]|L(Q\ U) < |Du|L(2\ U) = 0, this suffices to establish the equality [o, Du] = |Du| on
all of Q. O

4.3 Weakly super-1-harmonic functions with respect to boundary data

Finally, we introduce a concept of weakly super-1-harmonic functions with respect to generalized
Dirichlet boundary data. In [2I] we will show that this notion is useful in connection with obstacle
problems.

Concretely, consider a bounded Q with Z2), ug € WH1(Q) NL>*(Q2), and u € BV(Q) NL>®(Q).
We then extend the measure Du on € to a measure D,,u on Q which takes into account the possible
deviation of ull from the boundary datum (ug)&$. To this end, writing v for the inward unit
normal of Q (which is defined on 9*Q and thus H" !-a.e. on 9Q), we set

Doyt := DulQ + (u—uo) S roH" 1 LON. (4.7)

Now, for some o € §°(Q2, R") with dive < 0 in 2'(Q), one may first attempt to work with the up-
to-the-boundary coupling condition [o, Du™], = [Dy,u| on Q. Since by Lemma [35] this condition

contains the H" 1-a.e. equality (u—ug)ior = |(u—ug)ls| on the boundary 9, it is then natural

to take the viewpoint that ¢ should typically equal the constant 1 (notice that the constant —1 is
incompatible with dive < 0). However, we can even allow that o}, differs from 1, if we compensate
for this defect by extending (—div ) to a non-negative measure on € with

(=divo) Lo = (1—aX)YH" 1L OQ. (4.8)

Then we define a modified pairing [o, Du™]; by interpreting ut as max{ully, (uo) Bt} on 9Q and
extending the (div o)-integral in (B:2) from Q to Q. In other words, this means that we define the
signed measure [o, Du*ﬂzo by setting

[o, Du],,, == [0, Dut],, + [(u—u0)3s] , (—dive)l 99 (4.9)

For o € S°(Q,R") with dive < 0in 2'(Q2), up € WH1(Q) NL>®(Q), and u € BV(Q) N L>(),
we get from (E10), @), EI)

[0, Dut]’, L o0 = ([(u_uo)g}gh — [(u—uo)is] _ag)mfl Lo, (4.10)
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and in particular we read off the basic estimate
o, Duﬂ]io‘ < |Dyyul on . (4.11)
With these conventions, we now complement Definition 1] as follows.

Definition 4.6 (super-1-harmonic function with respect to a Dirichlet datum). For bounded
with 22) and ug € WHH(Q)NL>(Q), we say that u € BV(Q) NL>®(Q) is weakly super-1-harmonic
on Q with respect to ug if there exists some o € S*°(Q, R™) with dive < 0 in 2'(Q) such that the
equality of measures [o, Du*‘]]z0 = |Dy,u| holds on Q.

From (&I0) we infer that the boundary condition in Definition [£.6is equivalent to the H"!-a.e.
equality o; = —1 on the boundary portion {ullt < (ug)i} NI, while no requirement is made on
{ult > (ug)I8} M IN. We believe that this is very natural, in particular in the case n = 1, where
super-1-harmonicity of u on an interval [a,b] just means that u is increasing up to a certain point
and decreasing afterwards, and where o} can take the value —1 at most at one endpoint and only
if u is monotone on the full interval (a,b).

Another indication that Definition is meaningful is provided by the next statement. We
emphasize that the statement does not hold anymore (not even for n=1, ug = up = 0, and
u, € Wy™(Q)) if one replaces [o, Du*],  with [o,Dut], in the definition; this can be seen
by considering once more the example presented after Theorem — but now on the domain
Q = (0,2), for which the critical point 0 is at the boundary.

Theorem 4.7 (convergence from below preserves super-1-harmonicity). Suppose that Q is bounded
with 2.2), and consider weakly super-1-harmonic functions uy € BV(Q)NL>®(Q) on Q with respect
to boundary data ugr, € WHH(Q) NL>®(Q). If ugx converges strongly in WHH(Q) and weakly* in
Lo (Q) to some ug, and if u, weakx converges to a limit u in BV(Q) and L>(Q) such that up < u

holds on Q for all k € IN, then u is weakly super-1-harmonic on § with respect to ug.

Remark 4.8. In the situation of the theorem, it follows from the previously recorded reformulation
of the boundary condition that u is also weakly super-1-harmonic on Q with respect to every iy €
WEHR™) N L (Q) such that H* 1 ({uf < ullly < ug} N Q) = 0. Roughly speaking, this means
that the boundary values can always be decreased and that they can even be increased as long as the
trace of u is not traversed. In view of the 1-dimensional case, we believe that this behavior is very
reasonable.

In order to prove Theorem 7] we will use the following global variant of Lemma [2.4]

Lemma 4.9 (%" '-a.e. approximation of a BV function from above). For bounded Q with (Z2)
and u € BV(Q)NL>®(Q) there exist v, € WH1(Q) such that vy > u holds L™-a.e. on 2 and such that
vy converges H" t-a.e. on Q to u™. If also ug € WH1(Q) N L>(Q) is given, one can additionally
achieve that (ve)B% > (ug)l holds H" -a.e. on O and that (ve) converges H" 1-a.e. on ON
to max{ully, (uo)se}

Proof. As a consequence of Lemma [23] we have Lg(u—up) € BV(R™) N L*°(R"™). By Lemma
24 and a cut-off procedure far away from Q we can thus find w, € WH1(R") N L°(R") such
that wy, > Lg(u—ug) holds H" !-a.e. on R™ and such that w; converges H" a.e. on R" to
[Lo(u—uo)]t. We now define vy := up+w, on , and since [Lo(u—ug)]™ coincides with (u®—uf)

on Q and with [(u—uo)5e] , on 09, we straightforwardly deduce the claims. O
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Proof of Theorem 4. By Definition [L.0] there exist oy, € S°(Q2, R™) with div oy < 0in 2'(Q) and
lok, Duy Zo_k = |Duy,, ur| on Q. Possibly passing to a subsequence, we can assume that o), weakx
converges in L (Q,R"™) to o € S°(Q, R™) with divo < 0in 2'(£2). We now work with the approx-
imations vy of Lemma .9 and after a cut-off argument we also assume that these approximations
are uniformly bounded. Relying on (8:2)), Lemma 2] and the dominated convergence theorem, we
then infer

[o,Dut], () = /Q (ut—ug) d(—dive) + /

o0

= lim {/Q(vz—ug)d(—diva)+/m(ve up) b d(— d1V0)+/

{— 00 Q

[(u—u0)5] L d(=dive) + / o - Dugdx
Q

U~Du0dx}
= lim [o,Dv}]" (Q).
P [o, Dv, ﬂuo( )

Since the pairing exhibits the boundary behavior (I0) and since we have (v)%% > (ug)l¥ and
(ok)E > —1 on 09, at the boundary we moreover get

[0, Do/, (09) > [o%, szr]}zo;k (09)
i / ([wi—uo)sa] , — [(ve—uow)ss], — [(we—uou)is] ) dm "

Since |ug.x—uo| converges to 0 strongly in W1 () and weakly* in L°°(Q), we infer from Lemma 212
that |(uox—uo)ls| weaks converges to 0 in L>°(9€2; H™ 1), and then it also follows that (uo. )5
converges to (ug)l strongly in L!(9€; H"~1). Therefore, the H" !-integral in the last formula
vanishes in the limit ¥ — oo. We next exploit Lemma B3] (on Q) and the weakx convergence of oy,
in L*°(Q,R") to arrive at

Io: 007 1,, (@) = | Do + o7, 00)

k—o0

> lim inf {/Q oy - Dvgdx + [[ak,DvZ'ﬂZO:k(aQ)] = likrgioréf [[ak,DvZ'ﬂZO:k Q).

Via the definition of the modified pairing and the inequalities v; > u™ > u;" on Q and (ve)I >
ull > (ug)Ih on O, we moreover get

hm 1nf o, DUZ']]UO i Q)

k—o0

= lim inf |:/(’Ug—’u,0;k) —div oy) —|—/ (ve—uo:k 8Q]+d(—divak) —|—/ ok - Dugg daz]
Q le) Q

> lim inf {/(u:—uak)d —divoy) +/ (up—uosk BQer(—divak) —|—/ ok - Dugg d:v]
k=oo | Jo ’ a0

Q
= hm 1nf lok, Duf ]]Uo . Q).

Next we record that, since Lo(ur—ugx) converges to Lo(u—ug) in L'(R™) and the estimate of
Lemma [2.3]is at hand, also D [119 (uk—uo;k)} weak* converges to D []IQ(U—U()H in the space of finite
R"-valued Borel measures on R". Involving [1, Theorem 3.84] we thus find that also D, , ur =
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D[]lg(uk—uo;k)} + Dug, £ weaks* converges to Dy u = D[]lg(u—uo)} + Dug L™ in the same space.

uo Wk| and on a lower semicontinuity property of the

Relying on the coupling [oy, Dumzo_k =D
total variation, we hence deduce 1

liminf for, Du T, (@) = liminf [Du,, ux| (Q) > Duul ().

Collecting the preceding estimates, we arrive at the inequality [o, Du*]]zo (Q) > Dyu|(2). In
view of (@I, this gives in fact equality [o,Dut]; = [Dy,u| on €, and thus u is weakly super-1-
harmonic on Q with respect to ug. o

5 Weak supersolutions to the minimal surface equation

In this section we turn to the minimal surface equation

Du
V/ 14[Dul?

and we discuss the adaption of our ideas to this case. In order to mimic the approach of the
previous section, in the following we aim at introducing a dual quantity ¢ which takes over the role

of ——2% . To this end, we rely on the inequality
1+|Dul?

div

0 on 2, (5.1)

2% 2 < 1422 = /1-] 2% 2 for all z,z* € R™ with |2*| <1, (5.2)

which becomes an equality if and only if 2* equals \/1i|—z|2 Here, (B.2]) and the characterization

of its cases of equality can either be checked by an elementary computation or can be obtained by
specializing the general inequality z*-z < f gz) + f*(2) with the convex conjugate f* of a real-valued
function f on R™. In any case, for u € W2} (Q) and ¢ € §°°(Q, R™), one infers

loc

D
g=——t = ¢ Du= V1+Dul2 — /1-|o|2. (5.3)

/T+Dup?

With the help of the pairing [o, Du™], the relation on the right-hand side of (£.3]) can be formulated
for functions u € BV (2) N L2 (2), and then one may introduce BV supersolutions of (5] as
follows.

Definition 5.1 (supersolution to the minimal surface equation). We call u € BV (2) NLZ(Q) a

weak supersolution to the minimal surface equation on § if there exists some o € S®(Q,R™) with

dive <0 in 2'(Q) and

[o,Dut] = |(L"™, Du)| — /1—|c|2L" on ) (5.4)
(where |(L™,Du)| is understood as in Section 2H]).

As in Definition 26 we can also employ the modified pairing [o, Du*]}z0 from (£9) to define BV
supersolutions to the Dirichlet problem for the minimal surface equation.
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Definition 5.2 (supersolution to the minimal surface equation with respect to a boundary datum).
For bounded Q with Z2) and ug € WHH(Q) N L>®(), we say that u € BV(Q) N L>®(Q) is a

weak supersolution to the minimal surface equation on €0 with respect to ug if there exists some

o€ S®(Q,R") with dive <0 in Z'(Q) such that we have

[o, Du+ﬂ:0 = (L™, Dy,u)| — /1-]o2L" on Q. (5.5)

It follows from Lemma [B3land the equivalence (5.3) that the requirements of Definitions Bl and
are consistently formulated in the sense that they are certainly satisfied for W' supersolutions
u, that is for u € W2H(Q) N L2 (Q) and u € (uo+W5' (Q2)) N L2 (), respectively, with

loc loc

Du
v—— <0
1+ |Dul?

However, the minimal surface case crucially differs from the 1-Laplace case insofar as o €
S°(2,R™) is uniquely determined by w (and even by D*u) via (&4). Indeed, relying on Lemma
and the Lebesgue decomposition |(L£", Du)| = \/1+[D2u|2L™ + |D%u|, we can split (5.4) into the

two relations

in 7'(Q).

o -D*u = \/1+|Dau? — \/1—|o|? L"-a.e. on €2,

[o, Dut ]’ = |Dsu| as measures on {2,

and then the first relation uniquely determines

D?*u
0= — L"-a.e. on Q.
\/14+|D2u|?
In view of this observation, an analog of Theorem in the minimal surface case can now be
established by much simpler means.

Proposition 5.3 (simultaneous supersolutions and subsolutions are solutions). If u € BVje.(£2) N
L2 (Q) is such that both uw and —u are weak supersolutions to the minimal surface equation on €,
then u is a BV solution to the minimal surface equation on  (i.e. o := D?u/\/1+|D?u|? satisfies
[o, Du]® = |D%u| on Q and dive =0 in 2'()).

Proof. The supersolution property of u means that o = D?u/y/14+|D?2u|? satisfies dive < 0 in
2'(Q) and [o,Dut]” = |D%u| on . The supersolution property of —u means that the same o also
satisfies dive > 0 in 2/(Q2) and [o, Du~]> = |D%u| on Q. Thus, we have dive = 0 in 2/(Q2), and
the pairings [o, Du*] reduce to the classical Anzellotti pairing [o, Du] in (), so that we arrive
at the claim. O

Moreover, we have compactness results which resemble Theorems and L7 We only state
the global version which contains the local one as a special case.

Theorem 5.4 (convergence from below preserves the supersolution property). Suppose that  is
bounded with (Z2)), and consider weak supersolutions u, € BV(Q) NL>(Q) to the minimal surface
equation on Q with respect to boundary data ug., € WHH(Q) NL®(Q). If uo. converges strongly in
WLY(Q) and weaklyx in L>=(Q) to some ug, and if uy weaks converges to a limit u in BV(Q) and
L>°(Q) such that up, < u holds on Q for all k € IN, then u is a weak supersolution to the minimal
surface equation on Q0 with respect to ug.
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In order to prove Theorem 5.4 we first record that (B.2]) leads to estimates on the level of the
pairing which (partially) substitute Proposition B in the present situation.

Lemma 5.5. Fiz o € S™®(Q,R") with dive <0 in 2'(Q).
e (local estimate) For u € BV () N L2 () we have

loc
[[o, Dut]| < [(L£™,Du)| — /1—|o|2L" on Q.
e (global estimate) If Q is bounded with [22), then for ug € WH1(Q) N L*(Q) and u €
BV(Q) NL>(Q) we have
|[o, Du+]]zo| < (L™, Dyyu)| — v/ 1—|c|2L" on Q.

Proof. We employ in turn Lebesgue decomposition, Lemma [3.6] Proposition3.5 and (5.2). Arguing
in this way, we get the following (in)equalities of measures on 2

o, Du]| = |[o, Du* ]| + [[o, Dut]"|
= |[o, DuT]|® + (o - D*u)L™
< [Duf* + I+ L" — /1[0 PL"
= [(£", Du)’| +[(£", Du)?| — /1=|o[L"
= |(£",Du)| = /1-]o2L".
Thus, we have established the local estimate. The global estimate then follows by taking into
account [o, Dut]; = [o, Du™] on Q and @II) on I9. O

Proof of Theorem [5.4l. By Definition 5.2 there exist oy, € S°°(Q, R™) with div oy, < 0in 2/(Q2) such
that the coupling condition (B.5) holds with (o, ug, uo;k) in place of (o,u,ug). Possibly passing
to a subsequence, we assume that oy weaks converges in L (2, R™) to some o € S*°(Q,R") with
dive < 0in 2'(Q2). Arguing exactly as in the proof of Theorem 7] and then using the modified
coupling condition, we end up with

[o, Du+]]: (Q) > liminf [[Jk,Duzﬂ* (Q) = liminf | |(L£", Dy, ur)| (Q) —/ V1=|og|? dx} .
0 k—o00 Uosk k—o00 ' Q
Since Dy, ur, weak+ converges to Dy, u for the reasons also detailed in the proof of Theorem 1]
by lower semicontinuity of the total variation, we get
likrr_l)ior;f [(L£™, Dug )| (2) = (L™, Dyow)| (€2) -

By weak+ lower semicontinuity of the convex functional 7 — — [, \/1—|7[?dz (see [8, Theorem
3.20, Remark 3.25(ii)]), we moreover have

limsup/ \/1—|ak|2dx§/ V1-lo]?dx.
Q Q

k—o0

Thus, all in all we end up with

[o:Du*T;, (R) = [I(£7, Dugu)| = V/1=]oPPL"] ().

This suffices to guarantee that equality occurs in the global estimate of Lemma and that
[o, Duﬂ}ig is non-negative. Hence the coupling condition (5X) holds, and u is a weak superso-

lution to the minimal surface equation on Q with respect to wug. o
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6 Brief remarks on more general variational equations

Last but not least we point out that our approach can be adapted in order to define BV superso-
lutions of more general equations. Specifically, we can deal with Euler equations of functionals

Flu] = Qf(-,DU)dx,

where the Borel integrand f: € x R™ — R is convex in the second variable and satisfies the growth
condition
|f(z,2)] < U(z)+ L|z| for (z,2) e A x R"

with an L! function ¥ on  and a constant L € [0, co).

In this situation, if © is bounded with (2.2), it makes sense to call u € BV(Q2) NL*°(Q) a weak
supersolution to the Euler equation of F with respect to a Dirichlet datum ug € WH1(Q) N L ()
if there exists some o € L>°(Q, R™) with divo < 0 in 2'(£2) which satisfies the coupling condition

[[U,Dqu]}ZO = f(-,Dyou) + f*(-,0)L" on . (6.1)

Here the first term on the right-hand side is understood as a convex functional of a measure
on Q, that is f(-,Dyu) :== f(-,D*u)L™ + f>°(-, iigzszl):)muguf with the recession functionf]
f°° of f. Moreover, the convex conjugate f*:  x R — (—o0,00] of f is given by f*(z,2*) :=
SUp,cRrn [z* z—f(z, z)} . If f is C! in the second variable, a pointwise connection between f, f*, D, f
(see [l formula (3.1)]) implies that the vector field o in ([G.1]) is fully determined by u (and f) and in
fact is given by 0 = D, f(-,D?u) on Q. Moreover, still under the differentiability assumption on f,
it follows via Lemma B.3] that the above definition is satisfied for every u € (ug+W{1(Q)) NL>(Q)
with div[D. f(-,Du)] < 0 in 2’(Q2). Thus, our definition is consistent with the standard notion
of WH! supersolutions. We find it worth remarking, however, that — thanks to convex duality —
our notion is still meaningful if f is not C! in the second variable and the usual formulation of the
Euler equation cannot be written down even for smooth solutions wu.

Finally, we suppose that f is convex in z, lower semicontinuous in (z, z) and admits, in addition
to the above growth condition, a lower bound

fz,2) > —l(2) for (z,z) € QA x R

with a linear function £: R” — R. Then the Reshetnyak semicontinuity theorem applies to the
quantity f(-,D,,u) (compare [4, Appendix B]), and most of our results extend to supersolutions
defined via (610), with analogous proofs. Specifically, we believe that this is true for Theorems 2]
B, 5.4, and when f is C! in z also for Proposition[5.3l Analoga to Theorem 5] for non-differentiable
integrands f may require assumptions on the set Q N {D*u € N¢}, with the non-differentiability
set Ny of f. Anyway, this last issue is likely to be more delicate and will not be discussed here.
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