INTRINSIC REGULAR GRAPHS IN HEISENBERG GROUPS VS.
WEAK SOLUTIONS OF NON LINEAR FIRST-ORDER PDEs

FRANCESCO BIGOLIN AND FRANCESCO SERRA CASSANO

ABSTRACT. We continue to study H- regular graphs, a class of intrinsic regular hyper-
surfaces in the Heisenberg group H" = C" x R = R?"*! endowed with a left- invariant
metric do equivalent to its Carnot- Carathéodory metric. Here we investigate their rela-
tionships with suitable weak solutions of nonlinear first- order PDEs. As a consequence
this implies some of their geometric properties: a uniqueness result for H- regular graphs
of prescribed horizontal normal as well as their (Euclidean) regularity as long as there is
regularity on the horizontal normal.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

A fundamental problem of geometric analysis is the investigation of the interplay be-
tween a surface of a given manifold and its normal. Typically this investigation consists
of the study of suitable PDEs once a system of coordinates for the surface has been fixed.
Following this strategy, the present paper deals with relationships between weak solutions
of nonlinear first order PDEs and H- regular intrinsic graphs. The H- regular intrinsic
graphs are a class of intrinsic reqular hypersurfaces in the setting of the Heisenberg group
H" = C" x R = R?"! endowed with a left- invariant metric do, equivalent to its Carnot-
Carathéodory (CC) metric.

Given an intrinsic graph S = ®(w) C H" (see Definition 2.6 and (1.8)) where ¢ : w C
R?" — R, we will study the relationships between S and ¢ so that S is an H- regular
surface (see Definition 2.5) and ¢ is a suitable solution of the system

(1.1) V%% =w inw,

being V¢ the family of the first order differential operators defined in (1.12) and (1.13),
w € C%w; R™™1) prescribed. In the first Heisenberg group H! (1.1) reduces to the
classical Burgers’ equation. The system (1.1) geometrically is a prescribed normal vector
field PDE for the intrinsic graph S. In [1] V¢ has been recognized as intrinsic gradient of
¢ in a suitable differential structure as we will define later. The notion of intrinsic graph
has been introduced in [18] in the setting of a Carnot group and deeply studied in the
setting of H™ in [1], although it was already implicitly used in [15].
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The intrinsic graphs in Carnot groups had two main applications so far. The former has
been in the theory of rectifiability in Carnot groups. In fact, in [17] classical De Giorgi’s
rectifiability and divergence theorem for sets of finite perimeter have been fully extended
to a Carnot group of step 2 (see also [23]). The latter has been in the framework of
minimal surfaces in H" (see [24],[10], [3],[11], [6] and [7]).

We shall denote the points of H" by P = [z,t] = [z + iy,t], z € C", z,y € R", t € R,
and also by P = (1,...,Zn, Y1y Yn,t) = (T1,.. ., Tny Tpt1,- .-, Ton, t). If P = [2,¢],
Q = [¢,7] € H" and r > 0, following the notations of [8], where the reader can find an
exhaustive introduction to the Heisenberg group, we define the group operation

1 _
(1.2) P.-Q:= z—i—C,t—i—T—i%m(z()
and the family of non isotropic dilations
(1.3) 6-(P) := [rz, %], for r > 0.
We denote as P! := [—z, —t] the inverse of P and as 0 the origin of R?"*1,
Moreover H" can be endowed with the homogeneous norm
(1.4) 1Plloo = max{]2], [¢]'/?}
and the distance d., we shall deal with is defined as
(1.5) doo(P,Q) == |P7 - Qoo

It is well-known that H" is a Lie group of topological dimension 2n + 1, whereas the
Hausdorff dimension of (H",d) is @ := 2n + 2 (see Proposition 2.1).

H™ is a Carnot group of step 2. Indeed, its Lie algebra b, is (linearly) generated by

0 i 0 0 xj 0 0

(1.6) Xj=-— 92 Yj:aT/jJr?JE’ forj=1...m T=_.
and the only non-trivial commutator relations are [X;,Y;] =T, for j = 1,...,n. We shall
identify vector fields and associated first order differential operators; thus the vector fields
X1,..., Xy, Y1,...,Y, generate a vector bundle on H", the so called horizontal vector
bundle HH" according to the notation of Gromov (see [19]), that is a vector subbundle of
TH", the tangent vector bundle of H".

The two key points we want to stress now are the notions of intrinsic regular hypersurface
and graph in H". A general and more complete discussion of these topics in Carnot groups
can be found in [18].

Let us recall that in the Euclidean setting R™, a C'-hypersurface can be equivalently
viewed as the (local) set of zeros of a function f : R” — R with non-vanishing gradient.
Such a notion was easily transposed in [15] to the Heisenberg group, since an intrinsic
notion of Cl-functions has been introduced by Folland and Stein (see [14]): we can state
that a continuous real function f on H" belongs to Cg(H") if Vi f (in the sense of
distributions) is a continuous vector-valued function. We shall say that S C H" is an
H- regular surface if it is locally defined as the set of points P € H such that f(P) =0,
provided that Vi f # 0 on S (see Definition 2.5). Due to the fact it is not restrictive, we
will deal in the following with H- regular surfaces S which are locally zero level sets of
function f € Cf; with X1f # 0. A few comments are now in order to point out similar
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geometric properties (in the measure theoretical sense) of the H- regular surfaces and
classical (Euclidean) regular surfaces and to also mention some of their applications.

First of all, we point out that the class of H- regular surfaces is deeply different from
the class of Euclidean regular surfaces, in the sense that there are H- regular surfaces in
H! = R3 that are (Euclidean) fractal sets (see [20]), and conversely there are differentiable
2-submanifolds in R3 that are not H- regular hypersurfaces (see [15], Remark 6.2). We
notice that Euclidean differentiable 2n-manifolds are H- regular surfaces provided they do
not contain characteristic points, i.e. points P such that the Euclidean tangent space at
P coincides with the horizontal fiber HH at P. According to Frobenius’ theorem, for a
general smooth manifold, the set of characteristic points has empty interior; in fact there
are few characteristic points ( see, for instance, [8], sections 4.5 and 4.6).

The important point supporting the choice of the notion is the fact that this definition
yields an Implicit Function Theorem, proved in [15] for the Heisenberg group and in [16]
for a general Carnot group (see also [9] for an extension to a CC metric space), so that a
H- regular surface locally is a Xi-graph, namely (see Definition 2.6) there is a continuous
parameterization of S

(1.7) B:wC (Vi,| ) — (S, doo)
(1.8) (A) :==A-(¢(A)er)

where ¢ : w — R is continuous, Vi = {(z,y,t) € H" : 2y = 0}, w C Vq, {ej : j =
1,...,2n + 1} and | - | denote respectively the standard basis in R?*"*! = H" and the
Euclidean distance in Vi = R?". In particular every smooth hypersurface is locally an
intrinsic graph outside its characteristic points. In general, such a parameterization is not
continuously differentiable or even Lipschitz continuous. Indeed, its best Holder continuous
regularity turns out to be of order 1/2 with respect to the distances given in (1.7) ([20]).

A natural question arising is the characterization of the functions ¢ : w — R such that
S = ®(w) is H- regular. A characterization has been proposed in [1]. More precisely there
is a natural identification between V; and R?" given by the diffeomorphism

(1.9) LR — V; CH?
defined as
(1.10) t(n,7) = (0,n,7),

when n = 1; while when n > 2 and (n,v,7) € R?" = R, x R27=2 x R,, ¢ is defined as

(111) L((77» v, T)) = (07 V2.5 Uny 1, Unt2s -« -5 V2n, 7_)7
where v = (va, ..., Upn, Unt2,...,v2,). The tangent space of V; is linearly generated by the
vector fields which are the restrictions of Xy, ..., X, Y1,...,¥,, T to Vi, and so we can

define the vector fields X ... , )~(n,Y1, ..., Y, and T on R?" given by X, = (t71).X; and
Y; = (¢71).Y;, T = (v71) T, where (:71), is the usual push- forward of vector fields after
the diffeomorphism ¢~!. For n +1 < J < 2n we will also use the notation X; :=Y;_,.
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Let ¢ : w — R be a given continuous function; we will denote by V¢ := (Vg, ., Va)
the family of (2n — 1) first-order differential operators defined by

Y 9 _ Uj-l-ng

X, =— if2<4<

J 0v; 2 Ot He=J=n

~ ~ 0 0
(1.12) V0i={ Yi4+¢T=—+¢— ifj=n+1 :

J 0", 0

~ vi_

Yi,=—+-L"— |if 2<j<2

J 0v; 2 Or Htntssgsen
when n > 2 while, when n = 1, we put

~ ~ 0 0

1.13 V=V =Y +¢T = — +¢p—.
(1.13) 2 1+ ¢ 6n+¢87

We also put Vﬁ .1 = W¢. The (nonlinear) differential operator

(1.14) Cl(w)3 ¢ — B :=W?
is a Burgers’ type operator which can be represented in distributional form as
0 10¢?
1.15 Bop=—+-—.
(1.15) ¢ on + 2 0t

In [1] it has been proved that each H- regular graph ®(w) admits an intrinsic gradient
V%¢ € CO%(w;R?™), in the sense of distributions, which shares a lot of properties with the
Euclidean gradient.

Let us recall that the same problem was studied in [9] in the general setting of a CC
space. A study similar to the one in [1] has been recently carried out in [2] for H- regular
intrinsic graphs in H"™ with arbitrary codimension.

Now we are ready to state the main results of this article. In section 3 we establish the
relationships between H- regular graphs and the notion of broad* solution for (1.1).
Let n > 2 and Ag = (10, vo, 70) € R?" = R, x R2n=2 x R,, let us define

I’/‘(AO) = {(777%7) € R2n : ‘77 - 770| <, |’U _U0| <, |T_TO| < T} =

= (770—7’7770+T) XB(’U(),T’) X (TO_T770+7'>

where B(vg,7) denotes the Euclidean open ball in R?"~2 centered at vy, with radius r > 0.
When n = 1 and Ay = (19, 70) € R? = R, x R,

I(Ag) ={(n,7) €R*: [n—mo| <7, |T— 70| <7} = (o — 7,10 +7) X (10 — 7,70 + 7).

Definition 1.1. Let w C R?" be an open set and let ¢ : w — R and w = (w2, ..., way) :
w — R?2"L be continuous functions. We say that ¢ is a broad* solution of the system
(1.1) if, for every A € w, Vj = 2,...,2n, there exists a map, we will call exponential map,

(1.16) expa(-V9)(-) : [~82, 8] x I, (A) — I, (A) € w,

where 0 < 6 < 01, such that, if ’}/J-B(S) = epr(sV?)(B),
(E.1): 7)€ CY([—02,62))
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B _ w9 B
(E.z):{%‘B—VjO%‘

7 (0)=B

(B3): 0 (7)) 0 (F0) = [ 0, (:f(0)) do Vs -85
VBe I (A),Vj=2,..2n.

The notion of broad* solution extends, when n = 1, the classical notion of broad solution
for Burgers’ equation, provided that ¢ and w are locally Lipschitz continuous (see [5]).
In our case ¢ and w are supposed to be only continuous, then the classical theory of
solutions for ODEs collapses and the notion of broad solution does not apply (see [12] for
an interesting account of this subject and its recent developments). Let us explicitly stress
that both the uniqueness and the global continuity of the exponential maps (1.16) are not
guaranteed (see, for instance, [25], Remark 4.34).

In our context the notion of broad* solution has to be understood as a notion of C'!-
differentiability with respect to the vector fields V?. In fact, we prove that the notion of H-
regular intrinsic graph and the one of broad* solution of the system (1.1) are equivalent.

Theorem 1.2. Let w C R®™ be an open set and let ¢ : w — R and w = (wy, ..., way) :
w — R2"1 be continuous functions. Then the following conditions are equivalent:
i

(1.17) ¢ is a broad* solution of the system V®¢ = w in w;

ii: S = ®(w) is H- reqular and Uél)(P) <0 forall P € S, wherevg(P) = (ygl)(P), 7

denotes the horizontal normal to S at a point P € S. Moreover
1 AL _
vs(P) = - . ) (@7'(P))
VIH VR /1 4]V
YV P € S where V®¢ denotes the intrinsic gradient of ¢.

Let us explicitly point out that the characterization of H-regular intrinsic graphs in
Theorem 1.2 is not contained in [1] (see Theorem 2.7). Indeed, those results yield the
conclusion of Theorem 1.2 provided the additional assumption that ¢ is little Holder
continuous of order 1/2 (see Lemma 3.1). Here the key step to the proof of Theorem 1.2
will be to achieve 1/2-little Holder continuity when ¢ is supposed to be only a (continuous)
broad* solution of the system (1.1) (see Theorem 3.2). Theorem 1.2 also yields that each
Lipschitz continuous solution ¢ of the system (1.1), with continuous datum w, induces a
H- regular graph (see Corollary 3.5). Moreover a broad* solution of (1.1) turns out to be
a distributional solution (see Corollary 3.6).

A local uniqueness result for broad™ solutions of (1.1) is also proved (see Theorem 3.8).

In the section 4 we will study the Euclidean regularity of the H- regular graph S = ®(w),
through the regularity of its intrinsic gradient V?¢. With Lip(w) and Lip;,.(w) we denote,
respectively, the set of Lipschitz and locally Lipschitz continuous functions in w.

Theorem 1.3. Let w C R?" be an open set, let ®(w) be H- regular in H*. Assume that
W9¢ € Lipioe(w). Then ¢ € Lipjoe(w).

(2n)
s

(P))
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Let us point out that Theorem 1.3 is optimal. Indeed, Example 2.8 in [3] assures a
function ¢ : w := (=1,1) x R = R, ¢(n, 1) := i, which induces a H- regular graph
7]
®(w) C H', and its intrinsic gradient V9¢ = 0 in w. Moreover ¢ € Lipjo.(w) \ C1(w).
Weakening the assumption W?¢ € Lip(w) with W?®¢ € C%*(w), Theorem 1.3 falls
down. For instance, we can construct a function ¢ € C%%(w), for each o € (%, 1), such
that ®(w) is H- regular in H' and W?¢ € C%29~1(w) (see [1], Corollary 5.11).
Eventually a regularizing effect is stressed when n > 2 (see also Theorem 4.3, Corollary
4.4 and Remark 4.5).

Theorem 1.4. Let n > 2, w C R?" be an open set and let ¢ € Lip(w) and w =
(wa, . ..., wa,) € Lip(w; R?™1) be such that V¥¢ = w a.e. in w. Then ¢ € CH(w).
Corollary 1.5. Let n > 2, w C R" and let ®(w) be H- reqular.

i: Suppose that V¢ € Lipioe(w; R?"™1), then ¢ € CY(w).

ii: Suppose that V¢ € CF(w;R*™™1), then ¢ € C*(w).

Acknowledgements. We thank L. Ambrosio, A. Baldi and B. Franchi for useful discus-
sions on the subject. We also thank D. Vittone for an important suggestion in the proof
of Lemma 3.3. Finally we thank the referee for many valuable comments and suggestions
which strongly improved the exposition of the paper.

2. NOTATIONS AND PRELIMINARY RESULTS

We will denote by 7p : H" — H" the group of left- translations defined as Q — 7p(Q) :=
P - Q for any fixed P € H".

Proposition 2.1 ( [15]). The function ds defined by (1.5) is a distance in H" and for
any bounded subset Q of H" there exist positive constants c1(2), c2(€2) such that

(2.1) ()P = Qlrantr < doo(P,Q) < c2(Q)|P — Q¥

for P,Q € Q. In particular, the topologies induced by do, and by the Fuclidean distance
coincide on H". Finally the distance dso is equivalent to the Carnot- Carathéory distance
do associated with the horizontal bundle HH™.

From now on, U(P,r) will be the open ball with center P and radius r with respect to
the distance deo.

If 2 is an open subset of H" and f € C!(Q), we will define as horizontal gradient of
f the vector Vg f = (Xu1f,...,Xnf,Yaf,..., Y f). It is well-know that Vg acts as a
gradient operator in H".

Lemma 2.2 ([14], theorem 1.41). Let Q C H" be a connected open set and let f € L}, ()
be such that Vi f = 0 in the sense of distributions. Then f = cost in Q.

Let Lipg(€2) denote the set of functions f : £ — R such that there exists L > 0 for
which

(2.2) H(P)= F(Q)| < Ldu(P.Q) YP,QeQ.
Remark 2.3. Because of (2.1), Lipy(Q) C C°(Q).
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The following characterization of Lipg(H™) holds (see, for instance, [8], section 6.2).

Theorem 2.4. The following are equivalent:
i: f € Lipy(H");
ii: f € LSS(H") and there exists Vi f € (L®(H"))?" in the sense of distributions.
Moreover the constant L in (2.2) can be chosen as L = c(n)||Vuf|| (Lo @n))2n and

c(n) is a positive constant depending only on n.
Definition 2.5. We shall say that S C H" is a H- regular hypersurface if for every P € S
there exist an open ball U(P,r) and a function f € Ci(U(P,r)) such that
i SNUP,r)={Q € U(P,r): f(Q) =0};
ii: Vi f(P) # 0.
We will denote by vg(P) the horizontal normal to S at a point P € S, i.e. the unit vector
_ Vuf(P)
IVuf(P)|p

Observe that the parameterization ® : w — H" in (1.8) reads as follows

vg(P) :=

(2.3) ®(n,v,7) = (¢(1,v,7),v2, ..., Uy 1, Vg2, - -, V20, T — 2(0, 0, 7)) if n > 2
‘ q)<n7 T) = (¢(7777');7777' - g¢(n7 T)) 1f n=1 )

Definition 2.6. A set S C H" is an Xi-graph if there is a function ¢ : w C R?" — R
such that S = ®(w) = {t(A) - p(A)er : A € w}.
Let us summarize one of the main results contained in [1] (see Theorems 1.2 and 1.3).

Theorem 2.7. Let w C R?" be an open set, let ¢ : w — R be a continuous function
and let ® : w — H" be the parameterization in (1.8). Then the following conditions are
equivalent:

i: S=®(w) is an H- regular surface and qul)(P) < 0 for all P € S, where
vg(P) = <y§1)(P), e VéQn)(P)> is the horizontal normal to S at a point P € S.

ii: the distribution V?¢ is represented by a function w = (wa, ..., way,) € CO(w; R?"1)
and there exists a family (¢¢)eso C CH(w) such that, for any open set W' € w, we
have

(2.4) be — ¢ and V¢ — w uniformly in '

Moreover, for every open set w' € w

: [9(A) — o(B)| / B _
(2.5) Tli%lJrsuP{ N A Bew,0<|A B|<r}—0,

B 1 Vo
VI+[VOE /14 [Vog2

(26)  vs(P) = (

and

(2.7) SLL(S) = ¢(n) / \/ 14 |Vo|2dL?

) (@~1(P)) for every P € S,
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where L2 denotes the Lebesgue 2n-dimensional measure on R?", SL7! denotes the (Q-1)-
dimensional spherical Hausdorff measure induced in (H",d) and c(n) a positive constant
depending only on n.

Because of Theorem 2.7, we will call V%¢ = ()N(ggﬁ,...,f(nqb, iBgZ),f/Qd), ...,g@) the in-

trinsic gradient of ¢ in w, provided ®(w) is H- regular. Let n > 2, we will denote by Vi
the family of 2n — 2 vector fields on R?"

(2.8) Vi = ()?Q)N(n?gffn)

where )?j and }7] (j =2,...n) are defined in (1.12).

Definition 2.8. Let ) C R"™ be a bounded open set.
i: Given o € (0,1), let h%(Q) denote the set of functions f € CY(Q) such that

liH(l]La(Q,f,T) =0,

where

ol {If(w)—f(y)\

(2.9) Lo(f,Q,7) := sup g cx,y€Q,0< |z —y| < r} .

We will denote by Lo(f,Q,r) the modulus of continuity of a function f € C°(),
i.e. the quantity in (2.9) with a = 0.
ii: Let h' .(Q) denote the set of functions f € C°(Q) such that f € h*(Q), for each
open set ) € Q.
iii: Given f € Lip(Q), let
[f(z) — F(y)l

(2.10) Li(f,Q) := sup{ P— cxy e, ;éy} .

In this second part of the section we shall recall some notions and results about entropy
solutions for scalar conservation laws introduced in [21] (see, also [5], chapter 4 and [13],
section 11.4.3).

Definition 2.9. Let f € Lipj(R). Two smooth functions e,d : R — R comprise an
entropy/entropy-flux pair for the conservation law u; + f(u)y = g(t,x) provided

iz e is convex

ii: ¢/ - f'=d

In the following let I = (—rg,79), T > 0, w = (0,T) x (—ro,70).
Definition 2.10. Let f € Lip.(R), g € L' (w), ug € L°(I). We callu € C°([0, T]; L*(I))N
L>(w) an entropy solution of
u+ f(u)e = g(t,2) inw

(2.11) { u = U on{0} x I
provided that u satisfies

it Vv € CX(w) with v > 0, for each smooth entropy/entropy fluz e,d : R — R

/ [e(u)vy + d(u)vy + €' (u)gv] dtdz >0,
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ii: limy o+ || u(t,-) —uo ||p1(n=0.

A well-known method in constructing an entropy solution wu is the approximation of
u by suitable regular solutions (see for instance [5] section 4.4 and [13] section 11.4.2,
Theorem 2). In particular the following result will be crucial for our purposes.

Proposition 2.11. Let (uc)e € Lip([0,T] x [—70,70]), (ge)e C Ll([O,T] X [—=7r0,70]),
f € Lipipe(R) be such that

(2.12) et + [/ (Ue) ez = ge L% —ae. in (0,T) x (—ro,70) -
Let us assume that

(2.13) ue — u  uniformlyin [0, 7] x [—rg, 7],

(2.14) ge =g  LY((0,T] x [=ro,mo]).
Then w is an entropy solution of (2.11) with ug(z) = u(0, x).

We shall introduce now a slight refinement of the well-known uniqueness result due to
Kruzhkov in order to obtain a local uniqueness result for entropy solutions of (2.11).

Theorem 2.12. Let g € L' (w) and let u,a € C°([0,T); L*(I)) N L>®(w) be two entropy
solutions of the problem (2.11). Let M, L be constants such that

(2.15) lu(t,z)| < M, |at,z)| <M  VY(tz)ew,

(2.16) ‘f(uﬂ - f(UQ)’ < L\ul — UQ’ Yui,ug € [—M, M] .
Then, V1 € (0,1r9) such that r + LT < 1o, VO <19 <7 <T, one has
(2.17) / lu(r, ) — a(r,z)| de < / |u(T0, ) — (70, )| dz.
|| <r |z|<r+L(1t—70)

In particular when 70 = 0 and u(0,-) = u(0,-) a.e. in I then

u(t,z) = u(t, x) L% —ae. (t,x) € (0,T) x (—r,7).

The classical proof of Theorem 2.12 is contained in [21], section 3 Theorem 1, when

ro = +oo, f € CY(R?) g € C}(R?). A detailed proof can be found in [4].

By Theorem 2.12, we easily obtain the following local uniqueness result for entropy
solutions of Burgers’ equation that will be needed later.

Corollary 2.13. Let g € L*((0,T) x (—=rg,70)), ug € L=(—rg,70), M > 0. Let Epr(T, 1)
denote the class of functions u € C°([0,T]; L'(—ro,70)) such that

lu(t,z)| < M L* —a.e.(t,z) € (0,T) x (=rg,70) -
Let u, u € Epr(T, 1) be entropy solutions of the initial value problem
u+ (%) =g m(0.7)x (~r0,70)
u(0,2) = ug(x) Va € (—ro,mro)
Then, if r + MT < 1o, u(t,z) = a(t,r) L? —a.e. (t,z) € (0,T) x (—7,7).

Finally let us recall the following link between entropy solutions and H- regular intrinsic
graphs, already pointed out in [1], Remark 5.2.
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Proposition 2.14. Let w = (—rg,70) X (—=70,70). Assume that S = ®(w) C H' is H-
regular and let w := W%y € C%w). Then ¢ is an entropy solution of the initial value

problem
u? :
Uy + <7>T =w in(0,79) X (—rg,70)
U(O,T) = ¢(077_) VT e [—7"0,7“0]

3. H- REGULARITY AND WEAK SOLUTIONS OF NON LINEAR FIRST-ORDER PDES

In this section we are going to prove Theorem 1.2. Its proof relies on two preliminary
results. The former is the following one given in [1], though not explicitly stated.

Lemma 3.1. The conclusion of Theorem 1.2 holds provided that the assumption

1
(3.1) ¢ ehl. (w)
s also required in the statement i.

Proof. i = ii The implication follows at once using Theorems 1.2 and 5.7 contained in [1].
ii = i: By Theorems 1.2 and 1.3 in [1], we obtain that (3.1) holds and there is a family
(¢pe)e C C*(w) such that

(3.2) be — ¢, Vo — Vo6

uniformly on the compact sets contained in w. Finally by (3.2) and Lemma 5.6 in [1], we
obtain (1.17). O

In order to obtain Theorem 1.2 we need only to show that the assumption (3.1) can be
omitted. More precisely we prove the following regularity result for broad* solutions (see
also [1], Theorem 5.8).

Theorem 3.2. Let ¢ : w — R and w = (wa,...,wa,) : w — R be continuous
functions. Assume that ¢ is a broad™ solution of (1.1). Then for each Ay € w there
exist 0 < 192 < 71 and a function a : (0,+00) — [0,+00), which depends only on
Ay, H¢||Loo(lrl(A0)), ||1U||LOO(IT1(AO)) and on the modulus of continuity of wp4+1 on I, (Ao),
such that lim, 0 a(r) =0 and

(3.3)

Li(¢,I,(Ag),r) = sup {W A, Bel,(Ay),0<|A-B|< r} < a(r)

1
2
for all r € (0,72).

Before the proof of Theorem 3.2, we shall introduce a key preliminary result which will
be needed in section 4 too.

Lemma 3.3. Let Q1 := [*52,52] X [7'0 — 01,70 +51] and Qo := [*(52,52] X [7'0 — 09,70 +52]
with 0 < 62 < 1. Let f; € CO(Q1) (i =1,2) and x : Qo — [19 — 01,79 + 1] be given such
that

i x(-,T) € 02([—(52,52}) VT € [T() — 02,70 +(52],‘
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ii:
i

gt BT = fils2(sm) (0=12) yoe L5, 5 v e amo+ 6.

z(0,7) =T
Then
(34)  Li(g:[m0 = 02,70 + o], 7) < max {7“1/4a 2 \/2 Lo(f2, Q1,7+ 2co 7“1/4)}
54
for each r € (0, ro), where g(7) := f1(0,7), co := 2| f1ll (@), 0 < 70 < %
Moreover, if fo € Lip(Q1) and Ly := L1 (f2,Q1), then
2
(3.5) Li(g, [To — 62,70 + d2]) < 5
Proof. Let

B(r) := Lo(f2,Q1, r), «a(r):= max {r1/4,2 \/Zﬁ(r +2¢o r1/4)}

if r > 0 and observe that

g (7" + 20%3”) 1
al\r
—< < Vr>0.
a? T8 7
Firstly, we shall prove (3.4). We argue by contradiction. Assume there exist 79 — do <
T < 11 < Tg+ 09, 0 < T < 1y such that

(3.6)

(3.7) 0< ’T1—7'2’§ T,
9(11) — g(72)| =

3.8 — > a(r),
(38) = o

and let us prove there exists s* € [—d2, d2] such that
(3.9) x(s*, 1) = x(s%, m2)
and
(3.10) H(s™2(s™, 1)) # fil(s 2(s7,72)) -
This is a contradiction and (3.4) will be proved.

We shall introduce the curves 7-(s) := (s,z(s,7)) if s € [—d2,02]. Assuming i and ii

we can represent each z(-,7) for each 7 € [r9 — da, 79 + 02| as
(s, 7) =T+ fos f1(-(0)) das

=T+ﬁ®ﬂ8+4@—®hWWDw Vs € [0 8],

By the first equality in (3.11) we obtain

(3.11)

|z(s,7) — (s, 7)| < |7 = 7| + co|s| Vs €[=d2,82], 7,7 € [10 — b2, 70 + 2]
and then, being (§ increasing,

(3.12) |f2(77(0)) = fayr ()] < Bllye(0) = (o)) < BT = 7'+ colsl)
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for each |o| < |s| and 7,7 € [19 — 2, T0 + 2.
In particular, by the second equality in (3.11) and (3.12),
(3.13) (s, 7) —a(s,7) <7 7"+ (9(r) = g(r))s + BT — 7| + cos]) s°

for 0 < s < 09, for each 7,7" € [19 — d2, 70 + d2].
By (3.8) we obtain

(3.14) 9(m) = g(r2) < —a(P) V11— 72

(3.15) 9(m1) = g(r2) > a(r) V11 — 72
Let 5:=2 % then

(3.16) 5€[0,02], z(s,m)—x(8,7m)<0.

Indeed, by (3.7) and the definition of «, 5 < 2 < 2(m — 7'2)1/4 < 27t/4 <
/ a(|r — 72|)
1/4

2ry’" < 62. On the other hand by (3.13) (with s =35, 7 =7y, 7/ = 1), (3.14) and (3.6)
B — 72l + c05)

x(5,m)—x2(En) <nn-n—2(n—7)+4 (11 — 1) =

a(r)?
= (11— ) <—1+ g Bt 2;(077;27;/0‘(77))) < —%(n — 1) < 0.

Then (3.16) follows. Let
(3.17) s* :=sup{s € [0,92] : z(s,71) > x(s,m2)}
then by (3.16) 0 < s* < § < §3 and it satisfies (3.9).

If (3.15) holds, let us consider

fik(7777> = _fl(_na’r)v f;(TI?T) = f?(_7777_> (7777) € Ql
1'*(8,7') = JJ(—S,T), (877—) € Q27
g ()= —f1(0,7) 7€ [r0— 01,70 + 1] .
Then, since in this case
@x*(s,T) = fi(s,2"(s,7)) if|s| <o, T E[10— 01,70+ 0], (i=1,2)
9" () —g"(r2) < —a(F) V11 — 72,

we can repeat the argument above, obtaining that there exists —ds < sx < 0 such that

(3.9) still holds. Let us prove now (3.10). For instance, assume (3.14). From (3.11) and
(3.12),

film(s%)) = filym (s%)) = g(11) = g(72) + /08* (f2(9m (0)) = f2(1m(0))) do <

< g(m) — g(m2) + B(I11 — 72| + cos%) sx < g(11) — g(m2) + B(|71 — 2| + c0 5) 5

< —a()vi=m+2 0RO me
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S—Oé(f)\/ﬁ—iﬁ-l-?ﬂ(f—’—zco,\/%/a(f)) T —To =

a(r)

1 F+2 7 /a7
— 2a(f) m 4 ﬂ(?" + COf\/;/O‘(T))
2 a(F)?
From (3.6), f1(vr (%)) — f1(7,(s%))) < 0 and (3.10) follows.
Let us prove now (3.5). The proof scheme partially follows the previous one. By

contradiction, assume, for instance, there exist 79 — do < 70 < 71 < 79 + 9 such that

g(11) — g(72) c_2

(3.18) K = .
L — T2 02

Otherwise we can argue as before to reduce to this case. Then we need only to prove there
exists 0 < s* < d9 such that (3.9) holds. In fact, we can apply now the classical uniqueness
result for ODE solutions with Lipschitz continuous data to the Cauchy problem

d2

22Y(8) = fals.y(s))

d 9
*7 %y(S*) = fl(S*aT*)

where 7% = z(s*,71) = z(s*,72) and thereby a contradiction.
Let s* be as in (3.17), then 0 < s* < d5. Since fy € Lip(Q1), by the second equality in
(3.11) and (ii), for 0 < s < 49,

y(s*) =1

(3.19)  xz(s,m) —x(s,m2) <11 — 712+ (g(11) — g(72))s + Llsfos |x(o,m1) — x(0, 12)|do.

We shall prove (3.9). Let u(s) := / (x(o,11) — x(0,m2))do if 0 < s < s*, then by (3.19)
0

di;u(s) < a(s)+b(s)u(s) 0<s<s

with a(s) := 71 — 72 + (9(71) — g(72))s, b(s) = L1 s. By applying Gronwall’s inequality
(see, for instance, [13], appendix B.2 j), if 0 < s < s*,

(3.20) 0 < /0 (2(0,71) — 20, 72))dor = u(s) < exp ( /0 ) b(o—)da) : [u(O) + /0 S a(a)do] -

= exp <L1 3;) {(ﬁ s 4 ST —9(r2) ;9(72)52] — exp <L1 S;) (11 —72) s (1 + [2{3> .

Let 5 := —2/K and notice that 0 < 5 < J by (3.18). Then we imply 0 < s* < 5 < Jo
from (3.20) and (3.9) holds. O

Remark 3.4. To obtain (3.5) we have actually exploited the weaker assumption
[f2(n,7) = fa(n, T < Lu|r = 7| Vi € [02,02], 7 € [10 — 61,70 + &1]
instead of fy € Lip(Q1).
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Proof of Theorem 3.2. Let Ay = (no,70) € wif n =1 and Ay = (0, v0,70) € w if n > 2.
As ¢ is a broad* solution of (1.1), there exists a family of exponential maps at Ay

(3.21) expa, (-V)() : [<0, 0a] x I5,(Ao) — I, (Ag) € w,

where 0 < d3 < 01 and j = 2,...,2n, satisfying (E), (E2) and (E3).

Let us denote I := Is (Ao), l2 := I5,(Ao), K = supyey, |Al, M = ||¢||poo(ry), N =
HV"’ngHLoo(h); let 5(r) := Lo(wpn+1, 11, ) be the modulus of continuity of w41 on I;.

Let A= (n,7) € I if n =1and A = (n,v,7) € Iy if n > 2. Denote with v4(s) =
Vil 1(s) = expy, (sSW?)(A) if s € [=02,05] and let ya(s) = (7 + s,74(s)) if n = 1 and
va(s) = (n+ s,v,74(s)) if n > 2. Then 74 satisfies
d? d
&) = Loa()] = wna(1a(s) Vs € [0,

rAO) =7, -7a(0) = 9(4)

(3.22)

Let us observe that
(3.23) eXpAO(-Wd))(') : [—7’2,7’2] X IT2 (A()) — 152 (AQ) = IQ
provided that

02
(3.24) ro < Mt
Indeed, if (s, A) € [—ra,72] X I),(Ap), then by (3.21),(3.24) and (E5)
(n—mno+s,7a(s) —70) ifn=1
— Ay = € Is,(0) .
1) = Ao {<n ot s,0—vo7als) =) itnzz 2O

Firstly, let us consider the case n = 1 and divide the proof in three steps.
Step 1. Let us prove that

P(A) — ¢(B
(3.25)  sup {||(A)—B|1(/2)| :A=(n,71),B=(n,1)€el,0<|A-B|< r} < aq(r).
for every r € (0,79) where

4
(3.26) o (r) := max {7’1/47 \/LD(wn-l-laIlvr + 2M7“1/4)} , 0<rg< f—é

Let A = (n,7) € Iy = [no — d2,m0 + O2] X [10 — 02,70 + 02| and let z(s,7) := Ta(s)
if [s| < 02 and 7 € [10 — 02,70 + 02|, f1,9(s,7) == O+ 5,7), fou(s,T) = wa(n+s,7),
gn(7) = ¢(n,7) if (5,7) € Q1 := [~02,02] X [10 — b1, 70 + 1] and n € [no — 02,70 + J2] is
fixed. By (3.22) and since

I f1nlleo@uy < M, Lo(fan, @1, 7) < Lo(we, I1,7) Vi € [no — d2,m0 + 2],

we can apply (3.4) of Lemma 3.3 and (3.25) follows.
Step 2. We shall prove that

(3.27) sup {W A= (n,7),B=(n,7) € IL,(A),0<|A—-B|< 7“} < a(r)
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for every r € (0,r2) where

M+ 2 M
and «aq(r) and ro are as in (3.26). We proceed by contradiction. Suppose there exist

A= (7,7),B= (7)€ I,(Ap), 0 < ¥ < ry such that 0 < |A — B| < 7 and

(3.29) W>\/ﬂ7al(Mf)+N\/%.

Let C :=~v4(7 —7') = (,7') and notice that C € Iy by (3.23) and (3.24). Moreover

(3.28) an(r) = VI oy (M7)+ Ny, 0< 1y < mm{ %2 7“0}

=7
(3.30) 7 — 7] = /0 b(1a(0)) do| < M1 — 7).
On the other hand, by (3.29) and (FE3),
(3 31) - - - - -
[6(B) — ¢(C)] > [¢(B) — ¢(A)| — |¢(A) — ¢(C)]
> [VMay(M7) + NF=N\/li—i7] /1= 712 VM ar(MF) /] — 77
(

Let us notice that 7 # 7. Otherwise C = (7,7') = (,7) = B and, since ay(r) >
0Vr > 0, by (3.31), M = 0. Therefore ¢ = 0 in I; and we reach a contradiction because
of (3.29).

By (3.31) and (3.30), B = (,7), C = (7,7') € Iy and

) )

with 0 < |[B—C|= |7 —7| < M7 < Mry < ry and thereby a contradiction for step 1.
Step 3. Let A = (n, ) B=(n,7") € I,,(Ap) with 0 < |[A — B| < r, then
[(A) = 6(B)| _ [¢(n,7) = 6(n, D] | |(n,7) = 6(n. 7")]
A - B|1/2 T = [r =72

Steps 1, 2 and 3 conclude the proof when n = 1, choosing r; = d1, r2 as in (3.28) and
a(r) = a1(r) + as(r) where aq(r) and ag(r) are respectively defined in (3.26) and (3.28).

Let us consider now the case n > 2. Let = : R = R, x R 2 x R, - R> =R, x R,

be the projection defined as (17/,1_),\7') = (n,7). Let us notice that m = I,(A) for each
A € R?", For fixed v € B(vg, 61) let us define

¢v(7777—) = ¢(777U77')’ wv(ﬁﬁ) = wn+1(777v’7—) if (7777—) € 151 (AO)

and notice that

XD 1, (sW)(A) = exp 4 (sWP)(A) s € [0, 6]

for each A € Iy, (Ap) where exp 4, (-W?)() is the exponential map in (3.21) with j = n+1.
In particular

exp j (-W)(-) : [=62, 2] x I5,(Ao) — I5,(Ag)
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and it satisfies (F1), (F2) and (E3) in the case n=1 with wy = w,. Moreover

My = l0ull iy iy < M No = el iy < N

(3.32) o
Lo(wv7—[51 (AO)7 T') S Lo(wn+17—[51 (AO)7 T)

for each v € B(vp,d1) and r > 0. We can apply the previous case n = 1 and, by (3.32),
(3.33)
A) — ¢(B —
sup 16(4) = &(B)] A= (n,v,71),B=v,7)€l,(A),0<|A-B|<r < asr)
|A — B|'/2
for each r € (0,72), where ag(r) = a1(r) + az(r) and aq(r) is defined in (3.26), as(r) and
ro are defined in (3.28). In order to achieve the proof we can follow the argument in step
5 of the proof of Theorem 5.8 in [1]. Then we can carry out the same estimates and we

bt [¢(A) — ¢(B)] K
A — P21 < _ B|Y/? l _
A_BiE S N|A—-B|"/*+ ( 5 +2> as(|A — BJ)
for each A, B € I,,(Ap) and 0 < |[A — B| < ro. O

Corollary 3.5. Let ¢ € Lipe(w), w € COw;R?*™ 1) be such that V¢ = w a.e. in w.
Then ®(w) is H- reqular. In particular ®(w) turns out to be H- reqular when ¢ € C1(w).

Proof. By Theorem 1.2, we need only to show (1.17). Let A € w, then, by the classical
ODE theory, there exists 0 < dy < 01 such that for each B € Is,(A), Vj = 2,...,n there is

a unique solution ’yJB : [—d2,02] — Is,(A) € w of the Cauchy problem

WP(s) = Vi(P(s) Vs € [~62, )]
77 (0) = B.

Thus (F1) and (E2) in Definition 1.1 follow. Since ¢ € Lipjo.(w), [—02,02] 5 s — qﬁ(vf(s))
d

is differentiable a.e. and%¢(fy]3(s)) = wj(va(s)) a.e. s € [—0d2,02]. Then (FE3) holds

too. 0

Corollary 3.6. Let ¢ € C%w) be a broad* solution of (1.1) with w = (w2, ..., wa,) €
Cw;R?=Y). Then ¢ is also a distributional solution, i.e. for each ¢ € C°(w)

(3.34) / o X dL? = — / wipdl™  Yi#n+1,

dp 1 ,0
(3.35) / <¢8Zj + 2¢28f> AL — _/ Wt 1o AL

Proof. By Theorems 1.2 and 2.7 there exists a family (¢¢). C C'(w) such that ¢. — o,
V%¢p. — w uniformly in ' for each open set ' € w. Integrating by parts we obtain
(3.34) and (3.35). O

Remark 3.7. Corollary 3.5 yields that the H- regular graphs need not be C' Euclidean
regular. Actually there are examples of H- regular graphs S = ®(w) in H! = R? such
that H2T<(S) > 0 V0 < e < % (see [20]), i.e. S looks like a fractal set in R? from the
Euclidean metric point of view. By Theorem 1.2, the defining function ¢ : w — R of
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the graph is a broad* solution of the system V®¢ = w in w, for a suitable continuous
function w : w — R. As S is not a 2-rectifiable set from the Euclidean metric point of
view, ¢ ¢ BVj,.(w), where BV),.(w) denotes the space of functions with locally bounded
variation in w (see also [1], Corollary 5.10). A similar H- regular graph can be constructed
in H" with n > 2, arguing as in [20].

We are now going to study the local uniqueness of broad* solution of the system (1.1).

Theorem 3.8. Let M > 0, Ay = (no,m0) € R? =R, x R, if n =1, Ay = (no,v0,70) €
R?" = R, x RV < R, ifn >2,79 >0, w= (wy,...,wz) € CO(L,(Ag); R*1) be

given. Let ¢; € C°(I,,(Ao)) (i=1,2) verifying |¢:i(A)| < M VA€ I,(Ao) .

it Let n =1, ¢g € C[10 — 70,70 + 70]), let ¢; (i = 1,2) be broad* solutions of the
initial value problem

We¢ = w in I, (Ao)
(3.36) { d(no, ) = ¢o(1) V7 E [10 — 10, TO + T0O]

Then ¢1 = @2 in IT(A()), fo< r< 1_7{_(}\4.
ii: Letn > 2, a € R let ¢; (i =1,2) be broad™* solutions of the initial value problem

(3.37) { Z(X)::wa in I, (Ao)

Then ¢1 = ¢2 in I,(Ap), if 0 < r < 14:(}\4'

Remark 3.9. It is well-known that the uniqueness falls down for the problem

W¢¢ =0 in ITO((07 0))
(3.38) { 6(0,0) =0 Vr € [—ro, 0]

For instance, the functions ¢; := 0 and ¢2(n, 7) := % with ¢ € R are broad* solutions
n+c
of (3.38) for r¢ small enough.

Proof. i Firstly, without loss of generality, we can assume that Ag = (0,0). Otherwise, let
us consider ¢*(n,7) = ¢(n — no, T — 7p) and the associated initial value problem

W¢*¢* = w* inIro((Ov 0))
(3.39) { ¢*(0,7) = ¢§(T) VT € [—7r0, +710]
where w*(n,7) = w(n — 10,7 — 70), ¢5(7) = do(T — 10), (0, 7) € I;,((0,0)), T € [~70,70].

By definition, it is easy to see that ¢ is a broad* solution of (3.36) if and only if ¢* is a
broad* solution of (3.39).

Let ¢, i = 1,2, be broad* solutions of the problem (3.36). Then S; = ®; (L«O((O,O)))

are H- regular with w = I,,((0,0)), because of Theorem 1.2. Moreover ¢; are entropy
solutions of the problem

upy +uur =g  in(0,79) X (—=ro,70)
(3.40) { w(0,7) = do(r) Vre [37“0,7“0] o
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with g(n,7) = w(n,7), because of Proposition 2.14. Thus Corollary 2.13 yields that
¢ = ¢, L% —ae.in(0,r) x (—r,7), when r < 7 and, by the continuity of ¢,

(3.41) b1 = P in (0,7) x (=r,7).

On the other hand, arguing as before, the functions defined by u;(n,7) := —¢i(—n,7)
(n,7) € [0,r0] x [—ro,70] still turn out to be entropy solutions of the problem (3.40), with
9(777 T) = w(_naT) (7777-) € (07T0) X (_TO7T0)‘ Therefore

(3.42) b1 = @2 in(—r,0) x (=r,7).
Thus we complete the proof by (3.41) and (3.42) .

ii As before, we can assume that Ay = (0,v0,0). Let ¢;, i = 1,2, be broad* solution of
(3.37), with n > 2. Fix n € (—rg,ro) and define

17 (w,7) = din,v,7)  (v,7) € Blvo, o) x (~ro, o).
Using Theorems 1.2 and 2.7, there exist two families (¢;¢)e C C1(I.(Ap)) such that

(3.43) Gie = ¢iy  V<hic —w uniformlyinI,(Ag),

for every 0 < r < ro. From (3.43) and for a fixed n € (—r,r), it follows that

(3.44) %Hfi(n) = Wpy1(n,+,-)  inB(vg,r) X (—=1,7),

in the sense of distributions, where Vy is the family of vectors fields in (2.8) and w41 :=
(W3, ..., Wy, Wyt 2, ..o, Way) . Define f0) (v, 7) := fl(n)(’l),’i') - fén)(U,T), then it holds that
(3.45) Vaf™ =0 inB(vy,r) x (—r,r),

in the sense of distributions. By (3.45) and Lemma 2.2, there exists a function ¢ = ¢ (n) :
(=r,r) — R such that

(346) ¢2(n7’077—) = d)(n) + ¢1(77»Ua7') V(W»UaT) € IT(AU)
From ¢;(A4p) = a, i = 1,2, and (3.46), we obtain ¢(0) = 0. Then

(3.47) &) = $1(0,0,7) = ¢2(0,v,7) ¥ (v,7) € Blvo,r) X (—1,7).

Fix now v € B(vg, ) and define u; = ugv)(n,T) = ¢i(n,v,7) if (n,7) € (0,7) x (=r,r). In
order to achieve the proof, we need only to show that u;, « = 1, 2, are entropy solutions of
the initial value problem

{ Uy +uur =g in (0,7) x (=79, +70)
u(0,7) = 6" () V7 € [=r0, +70

where g(n,7) := wp4+1(n, v, 7). Indeed, by Corollary 2.13, as before we can conclude that
¢1 = ¢2 in I,(Ap). For fixed v € B(vg,r), let

ui,e(nv T) = ¢i,€<na v, 7—)7 gi,e(nv T) = W(ﬁi’e(bi,E(na v, T) (777 T) € [07 T.] X [—T', T] .
Proposition 2.11 and (3.43) imply that u;, i = 1,2, are entropy solutions. O
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4. EUCLIDEAN REGULARITY OF H- REGULAR GRAPHS

In this section we are going to prove Theorems 1.3 and 1.4 and some of their conse-
quences as well. Before the proof of Theorem 1.3 we will need some preliminary results.

Lemma 4.1. Let Ag = (no,70) € R? if n =1, Ag = (n0,v0,70) € R*" ifn. > 2, 79 > 0, let
¢ : Iy(Ag) — R and w = (wa, ..., wa) : Iy (Ag) — R?"™L be given continuous functions.
Assume that

it ¢ is a broad* solution of V¢ = w in I.,(Ap);

ii: wp41 € Lip(1r,(Ao)).-
Then, for some 0 < r <71, ifn=1

(4.1) sup{w:A:(n,T),B:(n,T’)EIT(AO),A#B} < 00}

ifn> 2

(42) s {W A= (nv.7), B = (n.v,7) € T,(do), A # B} < 0.

Proof. We are going to follow here the same strategy of the proof of Theorem 3.2.
Being ¢ a broad* solution, there exists a family of exponential maps at Ag

(4.3) exp a4, (-V9) (") 1 [=02,02] x Is,(Ag) — I, (Ag) € Iy (Ao)
where 0 < J3 < 01 and j = 2,...,2n satisfying (E}), (E2) and (E3).

We shall denote Iy := I5,(Ao), Io = Is5,(Ag). Let A = (n,7) € Iy if n = 1 and
A= (n,v,7) € I ifn > 2. Denote y4(s) = 7\, 1(s) = expy, (sW?)(A) if s € [~02, 6] and
let va(s) = (n+s,7a(s)) if n =1 and ya(s) = (n+ s,v,74(s)) if n > 2. Then 74 satisfies
d? d
&) = Loa())] = w1 (14(5))

rAO) =7, -7a(0) = 9(4)

Firstly, let us consider the case n = 1. Let A = (n,7) € Iy = [no—0d2, no+02] X [T0—0d2, To+
d2] and let x(s,7) := Ta(s) if |[s| < 02 and T € [19 — 2,70 + 02|, fi4(s,T) == d(n+s,7),
fgm(s,T) = w2(77 + s, T), gn(T) = ¢(U,T) if (S,T) € Q= [—(52,52] X [T() — 01,70 + 51] and
N € [no — d2,m0 + d2] is fixed. By (4.4) and since

Li(fan, [10 = 61,70 + 61]) < Li(fo, 1) < 00 Vi € [no — 82,70 + d2]
we can apply (3.5) of Lemma 3.3 and (4.1) follows with = d2. In the case n > 2 and

A= (n,v,7) € Iy = [0 — d2,m0 + 2] x B(vo,d2) X [10 — d2,70 + b2 let z(s,7) := Ta(s) if
‘S| S 52 and 7 S [7—0 - 6277—0 +62]’ fl,n,v(SaT) = d)(77+ SaUaT)a fQ,U,U(SaUaT) = U}n+1(77+

5,0,T), gno(T) = @(n,v,7) if (5,7) € Q1 := [—d2,d2] X B(vg,d1) X [19 — 61,70 + d1] and
1 € [no — d2,m0 + 2], v € B(vy, d2) are fixed. By (4.4) and since

Li(fomv, 10— 01,70 + 01]) < Li(f2, 1) < 0o Vn € [no — d2,m0 + 2], v € B(vg, 01),

we can argue as before to obtain (4.2). O

(4.4)
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Remark 4.2. In order to obtain (4.1) and (4.2), by Remark 3.4, we can actually weaken
the assumption wy41 € Lip(I,,(Ao)) with

sup { [Wat1(A) = Was1(B) A= (n,71),B= 1) € L,(Ay), A# B} <oo ifn=1and

|A— B

|A— B

n A - n B - '
Sllp{‘w +1( ) w+1( )‘ :A:<777’U77_>7B:(7’],U,7")EITO(A0)7A7EB}<OO IfTLZQ

Proof of Theorem 1.5. : Let Ag € w and ro > 0 be such that I,,(Ap) € w. We need only
to prove that ¢ € Lip(I,.(Ap)) for some 0 < r < 7.

Let Ay = (no,0) € R? if n = 1, Ag = (10,v0,70) € R?>" if n > 2. Observe that, by
Theorem 1.2, ¢ is a broad* solution of the system
(4.5) V% = w inw:= I,,(Ap).

Then we can apply Lemma 4.1 and, for some 0 < r < rg, we obtain that

‘¢(777T) - ¢(7777'/)’ <L ‘T - 7-I| vn € [770 —7r,no0 + T]a T7T/ € [TO — 7,70+ T]

if n =1 and
|¢(77>U77-)_¢)(777,U>7J)‘ < L |7-_7J| VT/ € [770—7“7 170—1—7”], v e B(’U(),T), TaT/ € [7'0—7“,7'(]4‘7"]
if n > 2. Notice also that in both cases there exists

(4.6) g@f) € L®(w)

in the sense of distributions. Moreover, through a standard approximation argument by
convolution,

962 0
(4.7) aii = 2¢>i5 € L®(w)

in the sense of distributions. Let us recall now that by Corollary 3.6 ¢ is also a distribu-
tional solution of (4.5). By (3.35) and (4.7) there exists

¢ 1 0¢?

o = Wn4l — 55— € L=(w).
Meanwhile, by (4.6) and (3.34), there exist
gz_wy“‘vj;ngqsehoc( w), E)Ziz_wﬂn_ggngLZOC( w).
O
Let us deal now with the case n > 2.
Theorem 4.3. Letw C R?" be an open set withn > 2, let ¢ : w — R, w = (wa, ..., Wyt 1, ...

w — R2=1 Let us assume
it g€ LS (w), w; € L (w) Vi=2,...,2n and, for some iy = 2,...,n, there exists

(48) Xiowio-‘rn Y oWip € Lloc( )

in the sense of distributions;
ii: ¢ is a distributional solution of the system (1.1).

) w?n) :
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Then ¢ € Lipjoe(w).

Proof. Because of the commutator relation [sz Y; o) = T, there exists
) - -
(4'9) g = XigWig4n — Yiowi, € Lloc?c<w)
in the sense of distributions. By (4.9), there exist, for j = 2,...,n,
¢ Vjtn 0P ¢ v; 0
87,1)], = w] =+ -72n 8 (= LZOC(W), m = w]-i—” ; 8 S Lloc( )

in the sense of distributions. Arguing now as in the proof of (4.7), there exists

d¢* 9¢
(410) a 2(257 loc(w) .
. e 1 0¢?
in sense of distributions. Then o =Wnt1 — 55— €Ly (w) . O
Corollary 4.4. Following the same assumptions of Theorem 4.3, let us replace (4.8) with
(4.11) w; € C*(w)

forj =2,...,2n, and some integer k > 1. Then ¢ € C*(w).
Proof. By Theorem 4.3, (4.11) and (4.9) ¢ € Lipjoc(w) and there exists

0 ~
(4.12) 8—¢ = XiyWigtn — Yigws, € CF 1 (w)
T

As in the proof of Theorem 4.3, there exists for j =2....,n

d9 Vjgn OO 1 0p v 09 e
4.13 IR e O — Wiy, — 222 e Okl
( ) a,U] wy + 2 Or € (w)v avj+n Wi+ 9 a (w)
in the sense of distributions. In order to complete the proof we need to show there exists

¢ k—1

4.14 —eC
(4.14) 5 €0 W)

in the sense of distributions. In fact, from (4.12), (4.13) and (4.14), through a standard
approximation argument by convolution, it follows that ¢ € C*(w). Let us prove (4.14).
As in (4.10), we need only to prove there exists

o 2
W~ 22 e oty
This, for instance, follows by induction with respect to k. O

Remark 4.5. The example given in the introduction shows that Corollary 4.4 falls down
when n = 1.

Proof of Theorem 1.4. : We need only to prove that

o¢ 0
4.15 — C .
(4.15) % e o)
Indeed, by (4.15) and arguing as in the proof of Corollary 4.4, we obtain ¢ € Cl(w).

We restrict to deal with the linear system Vqu = Wp41 in w, where VH is the family
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of vector fields defined in (2.8) and W,41 := (wa, ..., Wy, Wpt2,...,wa,) . Without loss
of generality, we can suppose that w = R?". Otherwise, for a fixed open set ' € w,
let x € C®(w) be a cut- off function such that x = 1 in «’. Then we can replace
¢ and Wy41 by ¢* := x¢ € Lip(R*™) and 0}, = (w},...,w} wn+2,...,w§n) where

wi = xwj + )A(ijxtb € Lip(R*") if j = 2,...n and wi = xwj + Y})a]ﬁ € Lip(R?*").

Moreover we can suppose that 6]1-1@(14) = wWpy1(A) for all A € R?" since w is continuous.
We split the proof in four steps.
Step 1: We observe that there exist

(4.16) <)~(jgf,17jgf> = @?,agﬂfl) e (L®([®R™M))?

in the sense of distributions, for j = 2,...,n

Step 2: Fix n € R and define u,(v,7) := g—f(n,vﬁ) for (v,7) € R?*»~1. By (4.16) and
Theorem 2.4, we obtain that

(4.17) uy € Lipy (H"™')  VneR,

where Lipg(H" 1) denotes the space of intrinsic locally Lipschitz functions in H"!, with

respect to the distance (1.5) doo in H* 1 = R?”_)l and

@) (B o) < (52 2222)

d
Observe also that a—¢(77, ) e COH™ 1) Vn € R. In fact, by (4.17) and Remark 2.3, it
T

follows that u, € Lipg(H""1) C CO(H"1).

< 00 vn e R.
(Loo(RZn))2

¢
or
(no, v, 7). Because of )~(j¢(nh,v,7') =

Step 3: Let us prove that, for every fixed (v,7) € H* 1, (,v,7) € C°(R). We need

only to show that if 1, — 79 then @(nh, v, T) — ¢
or or

w;(np, v, T) and 17]¢(17h,v,7) = Wj4n(Nh, v, T), then, £ —qge (v,7) € H L,
0¢ ~ ~ ~ ~ ~ ~
(419) E(nhv v, 7_) = (XJY3¢ - }/}X]¢> (77h7 v, 7-) = ijj+n(77h7 v, T) - Y?w](nha v, T)‘

Let us define, for (v,7) € H* ! and a fixed j € {2,...,n}, wp(v,7) = )N(jwj+n(77h,v,7) —
Yjw;(np,v, 7). The sequence (wp), C L°(H"!) and sup |Jwp|| e n-1) < 00, then there
heN

exists w* € L°°(H""1) such that, up to a subsequence, wy, — w* in L°°(H""!) -weak*.
We show now that, £2"~! —a.e. (v,7) € H" !,

. > 13}
(4.20) w* (v, 7) = Xjwj(no,v,7) — Yw]+n(770,v T) = a—¢(n0,v,7).
Using the definition of weak*- convergence, Vo € CL(H"1)
/ w* (v, 7)p(v, 7) dvdr = lim wp (v, T)p(v, 7) dvdr =
Hn—1 h Hnr—1
=t [ [(Kgwgen) Gnovsr) = (Vi) (movm)] (0, ) dvdr =
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== h}rln |:wj+n(77h7 v, T)j\(/j@(v7 T) — Wy (Tlha v, 7)373'90(”7 T):| dvdr =
Hn—1

T /Hn—1 [wj+”<n°’ v, 7) X0, 7) = w; (0, v, T)YjSD(v,T)] dv dr =

= /Hn—l [()?jwj—i-n) (no,v,7) — (ﬁ-wj) (?7(),?},7')} o(v,7)dvdr =
= / ?(WOJ),T)(P(U,T) dvdr
Hn—1 OT

and so we obtain (4.20). Define uy (v, 7) := uy, (v,7) = gf(nh,vﬁ) (v,7) € H* L.
By (4.19) and (4.20)

(4.21) Up, — U, in L (H" ) —weaks .

Moreover with step 1 we understand that the sequence (up);, C Lipg(H" ') and

9¢

or

sup |up| < sup
Hnr—1 R2n

dL>0: ‘uh(v,T) - uh(v',T/)l < Ld ((v,7), W, 7)) V(v,7),(v',7) € H" !, Vh eN.
Referring to Arzeld- Ascoli’s Theorem, up to a subsequence, there exists u* € Lipg(H" 1)
such that

(4.22) up — u” uniformly on the compact setsof H" 1.

Using the uniqueness, (4.21) and (4.22) u,, = u* £* !-a.e. in H*~!. Moreover, because
of up,,u* € CO(H"1),

(4.23) %(no, v, 7) =u"(v,7) V(v,7) € H" L.

From (4.22) and (4.23) we have the desired result.
Step 4: Let us show (4.15). We shall prove that for each sequence ((nx,vn, 7h))n C R??

0 0
with (g, vp, ) — (10, v0,70), then hlim g(nh,vh,m) = 6—(770,110,7'0). Observe that
—o0 0T T

99

0
E(Tlhavhﬂ'h) - a*f("?o,voﬁo) =

0 0 0 0
= <af(77h,vh,7h) - aj?(nm%;m)) + <af(77h,110,7'0) - aj?(ﬁoﬂoﬁo)) = ]}(11) + 1,52)~
By step 2, there exists L > 0 such that V (v, 7), (v/,7') € H" 1, ¥n € R

¢ 0%

< Lds ((U,T), (U/,T/)) )

Thus }llir% 1 }(ll) = 0 and step 3 implies }llir% 1 ,52) =0 as well. U

Proof of Corollary 1.5: This follows by applying, respectively, Theorems 1.2, 1.4 and
4.3 and Corollaries 3.6 and 4.11. O
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