A DYNAMIC EVOLUTION MODEL
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ABSTRACT. We consider the dynamic evolution of a linearly elastic-perfectly plastic thin
plate subject to a purely vertical body load. As the thickness of the plate goes to zero, we
prove that the three-dimensional evolutions converge to a solution of a certain reduced
model. In the limiting model admissible displacements are of Kirchhoff-Love type. More-
over, the motion of the body is governed by an equilibrium equation for the stretching
stress, a hyperbolic equation involving the vertical displacement and the bending stress,
and a rate-independent plastic flow rule. Some further properties of the reduced model
are also discussed.

1. INTRODUCTION

Thin structures, such as beams, plates, or shells, are ubiquitous in the real world. A pre-
cise understanding of the laws governing their motion is therefore crucial in a large number
of applications in mechanics and in civil engineering. From a mathematical point of view,
the rigorous derivation of lower dimensional models for thin structures can be performed
starting from their three-dimensional counterparts by using I'-convergence techniques. This
approach has been successfully applied to the stationary case: for instance, in the framework
of nonlinear elasticity, to plates [18, 19, 23], beams [3, 29, 30, 32, 33], and shells [17, 24, 25].
We refer to [8] for the classical results in the framework of linearised elasticity. More recently,
the I'-convergence approach has been adapted to the evolutionary setting, as well: in non-
linear elastodynamics [1, 2], crack evolution [6, 16], plasticity [11, 26, 27], and delamination
problems [28].

The subject of this paper is the rigorous derivation of a dynamic evolution model for a
thin plate in perfect plasticity. The framework is that of small strain plasticity with additive
decomposition for the strain field. The quasistatic case was treated in [11].

Let w C R? be a domain with a C? boundary and let h > 0. We consider a plate, whose
reference configuration is given by the set

Qp = w X (—%, %)

Here w represents the mid-surface of the plate, while the parameter h denotes its thickness.
The plate is assumed to be made of a homogeneous and isotropic material, whose elastic
behaviour is linear and whose plastic response follows the Prandtl-Reuss law of perfect
plasticity.

In this framework the dynamic evolution problem can be formulated as follows. Let up(s)
be the displacement field at time s and let Euy(s) be the symmetric gradient of uy(s). The
linearised strain Fup(s) is decomposed as the sum of two symmetric matrices: the elastic
strain ey (s) and the plastic strain pp(s). In the modelling of plastic behaviour of metals
plastic deformation is usually assumed to be volume preserving: for this reason, we assume
pr(s,x) to be a deviatoric matrix for every x € Qp, and every time s. We further suppose
that the evolution is driven by a purely vertical time-dependent body load f;(s) and by a
time-dependent boundary displacement wy,(s) prescribed on a portion Iy j, := v4 X (—5, 5
of the lateral boundary of the plate. The dynamic evolution problem consists in finding a
triplet (up, ep, pr) such that the following conditions hold for every s > 0:
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(d1) kinematic admissibility: Eup(s) = ep(s) + pn(s) in Qp and up(s) = wp(s) on Ly p;

(d2) constitutive equation: op(s) := Cep(s) in 2, where oy (s) is the stress field at time
s and C is the elasticity tensor;

(d3) equation of motion: iip(s) — divop(s) = fr(s)es in Qp, and ox(s)vaq, = 0 on 0, \
L4 p, where vpq, is the outer unit normal to 9€;

(d4) stress constraint: (op)p(s) € K in Qp, where (03,)p is the deviatoric part of o, and
K is a convex and compact set in the space of deviatoric matrices MgDX3;

(d5) flow rule: pr(s,x) belongs to the normal cone to K at (o) p(s,x) for every x € Q.

Under suitable assumptions on the data, existence and uniqueness of solutions to system
(d1)—(d5) has been proved in [5] and recently revisited in [7]. The natural setting for solutions
is the space BD(2;) of functions with bounded deformation on €2, for the displacement wy,
the space L*(€2,; M2x% ) for the elastic strain ey, and the space Mj (€2, ULy n; M3 of M33-
valued bounded Radon measures on £, U Ty, for the plastic strain pj,. From a mechanical
point of view this formulation is consistent with the well known fact that displacements in
perfect plasticity can develop jump discontinuities along so-called slip-surfaces, on which
plastic strain concentrates. Furthermore, the Dirichlet boundary condition on Iy, has to be

relaxed and takes the form

pi(s) = (wi(s) — un(s)) © voa,H> on Typ,
where H? denotes the two-dimensional Hausdorff measure and ® is the symmetrised tensor
product. The mechanical interpretation of this condition is the following: if the prescribed
boundary displacement is not attained at time s, a plastic slip develops at the boundary
with a strength proportional to wp,(s) — up(s).

Because of the weak regularity of py (p, and pj, are only measures in the space variable),
the meaning of condition (d5) has to be clarified. In [5] this issue is overcome by expressing
(d5) as a variational inequality involving only the stress variable op, and the velocity @y. In
[7] the authors replace condition (d5) by its equivalent form

(d5)" mazimum dissipation principle: H(pr(s)) = (on)p(s) : pr(s) in Qp,

where H(§) := sup, ¢k & : 1 is the support function of K. The advantage of condition (d5)’,
compared to (d5), is that one can give a meaning to the equality in (d5)’ in a measure setting.
This relies on a notion of duality beween stresses and plastic strains that was introduced in
[22] and further developed in [9, 15]. However, the definition of the duality requires some
regularity of 0€2;, and of the relative boundary of I'y 5 in 0€2j. Since in our framework 02,
has only Lipschitz regularity, we prefer not to dwell on duality and we formulate (d5) as an
energy inequality:

(d5)" energy inequality: for every 0 <t < t9
to

Onen(tz)) + glin(e2)l3a + [ HoGon(s)) ds

ty

< Qulen(ta) + glin(elE + [ [ (@) Bine) +in(s) () dads

+ /t 5 fr(s)es - (an(s) —in(s)) dz ds,

where )
Onlen(s)) === Cen(s, ) : ep(s,x) dx
2 Ja,

is the stored elastic energy at time s, while Hp,(pp(s)) is the plastic dissipation potential
at time s, defined according to the theory of convex functions of measure (see Section 2.2).
When the stress-strain duality is defined and (d1)—(d4) are satisfied, one can prove that
conditions (d5)" and (d5)” are in fact equivalent. For the reader’s convenience the proof of the
existence for system (d1)—(d4) and (d5)” is sketched in Section 3. In view of the subsequent
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analysis, a particular attention is paid to the dependence of the involved quantities on the
thickness parameter h.

Existence of a dynamic evolution (up,ep,ppn) in Qp is therefore established for every
h > 0. Our main goal is to study the asymptotic behaviour of (up,en,pp), as h tends to 0,
and characterise its limit as a solution of a suitable limiting problem. This is the object of
Section 4.

To discuss the limiting behaviour of (up, e, pp) it is convenient to rescale €2, to a domain
Q independent of h and to rescale time by setting ¢ := hs. According to this change of
variables, we define the rescaled displacement u" on [0, +00) x 2 as

u(t,z) = (un(L, (2', has)) - ea, hun(L, (2, has)) - e3)  for z = (2',23), a=1,2. (1.1)

The spatial scaling of uy is consistent with that of dimension reduction problems in lin-
earised elasticity. In particular, the ratio of order h between the vertical and the tangential
displacements can be rigorously justified starting from nonlinear elasticity, under the small
strain assumption [19]. Note, however, that in linearised elasticity the problem is invariant
under further scalings of u”, while this is not the case in plasticity, because of the different
homogeneity of the elastic energy and the dissipation potential. The scaling (1.1) is the
correct one to see both elastic and plastic contributions in the limit as h — 0 (see also [11]).

The time scaling of uy, is also consistent with the results in the context of elasticity (see,
e.g., [1]): oscillations in €, occur at a slow time scale, so that a time scaling is needed to
observe oscillations in the limit as h — 0.

The scaling for ej, and py, is chosen in such a way that the rescaled triplet (u”(t), " (t), p"(t))
still satisfies the additive decomposition Eu”(t) = e"(t) + p"(t) in Q for every t. Finally, we
perform the same scaling as in (1.1) on the boundary datum wy,, while for the body load we
set

fh(taw) = %fh(%a (xla th))
In Theorem 4.1 we prove that, under suitable assumptions on the initial data and on
the rescaled boundary condition and body load, the rescaled triplets (u"(t),e"(t),p"(t))

converge, up to subsequences, to a limiting triplet (u(t), e(t), p(t)) for every time ¢t > 0.
We now describe the conditions satisfied by the limiting triplet. For every ¢t > 0 we have

(d1), reduced kinematic admissibility: u(t) is a Kirchhoff-Love displacement, that is,
u(t, ) = (U (t, ') — 2300us(t,2'),us(t,z’)) for z = (2/,23), a = 1,2,

where 4(t) € BD(w) and ug(t) € BH(w), the space of functions with bounded
Hessian. The strains e(t) and p(t) satisfy
Bult)=e(t) +p(t) mQ,  p(t) = (w(t) —u(t) ® voeH> onTy,
€i3(t) =0 in Q, pi3(t) =0 inQuUIly, 1=1,2,3.

We note that the averaged tangential displacement @(t) may have jump discontinuities,
while, because of the embedding of BH(w) into C(w), the normal displacement wusz(t) is
continuous, but its gradient may have jump discontinuities. In particular, the discontinuity
sets of u(t), that is, the limiting slip surfaces, are vertical surfaces. Condition (d1), does not
imply, in general, that e(t) and p(t) are affine with respect to x3. However, they admit the
following decomposition:

e(t) = &(t) + z3é(t) +er(t),  pt) =p(t) ® L1 +p(t) @ 2Ll —eL (1),
where é(t),é(t) € L*(w; M2;2), e1 (t) € L*(Q;M22), p(t), p(t) € My(w Uva; M252) satisfy

Balt) = e(t) +5(t) inw,  B(t) = (@(t) - (t)) © vouH'  on v,
and

—D?us(t) =e(t) +p(t) inw,  Pt) = (Vua(t) = Vws(t)) Ova,H"  on ya.
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Moreover, the vertical displacement wuz(t) attains the boundary conditions ug(t) = ws(t)
on 74. Here, w(t) and ws(t) are the Kirchhoff-Love components of the limiting displacement
w(t).

Since the component e () has in general a non trivial dependence on the variable 3,
the limiting problem has a genuinely three-dimensional nature and cannot be reduced to a
purely two-dimensional setting. This feature was already observed in the quasistatic case
[11] and is in contrast with the purely elastic case, see [31].

In addition, the limiting triplet (u(t), e(t), p(t)) satisfies the following conditions for every
t > 0:

(d2), reduced constitutive equation: o(t) := Cre(t) in §2, where C,. is the reduced elasticity
tensor, which is defined through a suitable minimisation formula (see (2.10));

(d3), equations of motion: setting

B 1/2
f(t,2') = / f(t,z)dxs,

—1/2

we have
diva(t) =0 inw, iig(t) — Ldivdive(t) = f(t) inw,
with corresponding Neumann boundary conditions on dw \ vg;

(d4), reduced stress constraint: o(t) € K, in Q, where K, := 0H,(0) is the subdifferential
of the reduced dissipation potential H, (whose expression is given in (2.12) through
a minimisation formula) at 0;

(d5), reduced mazimum dissipation principle: H,(p(t)) = o(t) : p(t) in Q.

In (d3), we denoted the limiting vertical body load by f.
Condition (d5), has to be interpreted in a weak sense, as it is the case for condition (d5)’
in the three-dimensional problem. More precisely, we write (d5), as

H(p(1)) = (o (t), p(1)),.

where the left-hand side is defined using the theory of convex functions of measures, while
the right-hand side involves an ad-hoc notion of “reduced” stress-strain duality, introduced
in [11, Section 7] for the study of the quasistatic case. We refer to Section 2 for the definition
of the duality, as well as for a precise kinematic description of the reduced model.

We note that the stretching component 5(t) and the bending component 6(t) of the
stress decouple in the equations of motion (d3),, while the whole stress o(t) is involved
in the stress constraint (d4), and in the maximum dissipation principle (d5),. Thus, the
component o (t) will in general play a role in satisfying these two conditions, leading to a
non trivial dependence of the solutions on the thickness variable x3. As mentioned earlier,
this behaviour is not peculiar of the dynamic case, but was already observed in the quasistatic
case. Indeed, an explicit example in [12, Section 5] shows that the yielding threshold may
be reached at different times along the vertical fibers of the plate, thus giving rise to a
solution with o # 0. The emergence of this multiyield behaviour was also observed in [21],
where a formal asymptotic expansion of small strain oscillations in an elastoplastic plate
with hardening was considered.

The proof of Theorem 4.1 is based on two main steps: first we deduce suitable compactness
estimates for the three-dimensional evolutions, and then we pass to the limit in the equations
via I-convergence arguments. Compactness estimates are obtained from the energy inequal-
ity (d5)” and from some a posteriori regularity estimates for the three-dimensional problem
(see (3.8) and (3.9)). Clearly the dependence of these inequalities on h is crucial in order
to obtain meaningful bounds. While the behaviour of the energy inequality under scaling
is relatively straightforward, dealing with the a posteriori estimate is more delicate. At this
stage it is essential to have a purely vertical body load. Once these bounds are established,
compactness is granted via Ascoli-Arzela Theorem.
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To pass to the limit in the equations, we cannot rely directly on I'-convergence techniques,
because of the inertial terms. However, the key ideas of the proof are borrowed by this theory.
More precisely, to deduce the limiting equations of motion we construct suitable sequences
of test functions for the three-dimensional problems. This is reminiscent of the recovery
sequence construction in T'-convergence. To pass to the limit in (d5)” we apply the T-liminf
inequality satisfied by Q,. and H,.. Once we have a limiting energy inequality, condition (d5),
follows by using the reduced stress-strain duality and its properties.

The last section of the paper is devoted to the study of some properties of solutions
to the limiting system (d1),—(d5),. In Proposition 5.1 we prove uniqueness of the normal
displacement and of the elastic strain. This does not ensures uniqueness of the solution to
the limiting problem. Indeed, in Proposition 5.2 we show that for “tangential” initial and
boundary data system (d1),—(d5), reduces to a two-dimensional quasistatic evolution, whose
solutions are not unique (see, e.g., [34]).

2. PRELIMINARIES
2.1. Mathematical preliminaries.

Measures. The Lebesgue measure on R™ is denoted by £™ and the (n — 1)-dimensional
Hausdorff measure by H"~!. Given a Borel set B C R™ and a finite dimensional Hilbert
space X, My(B; X) denotes the space of bounded Borel measures on B with values in X,
endowed with the norm ||u|a, = |p|(B), where |u| € Mp(B;R) is the variation of the
measure . For every u € My(B; X) we consider the Lebesgue decomposition p = u® + p®,
where u is absolutely continuous with respect to the Lebesgue measure £™ and p® is singular
with respect to L". If u* = 0, we always identify p with its density with respect to £™. If the
relative topology of B is locally compact, by Riesz Representation Theorem M;(B; X) can be
identified with the dual of Cy(B; X), which is the space of continuous functions ¢ : B — X
such that the set {¢ > e} is compact for every ¢ > 0. The weak* topology of M (B; X) is
defined using this duality. The duality between measures and continuous functions, as well
as between other pairs of spaces, according to the context, is denoted by (-, ).

Matrices. The space of n x n symmetric matrices is denoted by M{i" and is endowed with

the euclidean scalar product £ : ¢ :== )", j &;jCij- The orthogonal complement of the subspace
RI, xn spanned by the identity matrix I,,x,, is the subspace M/y*" of all symmetric matrices

with zero trace. For every § € M[{i", we obtain the orthogonal decomposition

§=¢&p+ l(trg)lnxna
n

where £p € M,*" is the deviatoric part of {. The symmetrised tensor product a ® b of two
vectors a,b € R" is the symmetric matrix with entries (a ® b);; = 1 (a;b; + a;b;).

Functions with bounded deformation. Let U C R™ be an open set. The space BD(U) of func-
tions with bounded deformation is the space of all u € L' (U;R"™), whose symmetric gradient
(in the sense of distributions) Eu := 5(Du+ Du”) belongs to the space My(U; Mz<m). It is
easy to see that BD(U) is a Banach space with the norm

lullBp = llulLr + ([ Eullaz,-

We say that a sequence (uy)r converges to u weakly* in BD(U) if up — wu weakly in
LY (U;R") and Euy, = Eu weakly* in My, (U; MZ"). Every bounded sequence in BD(U) has
a weakly™* converging subsequence. Moreover, if U is bounded and has a Lipschitz boundary,
then BD(U) can be continuously embedded in L™ (=1 (U;R™) and compactly embedded
in LP(U;R™) for every p < n/(n — 1). Moreover, every function v € BD(U) has a trace,
still denoted by u, which belongs to L'(QU;R"), and if I is a nonempty open subset of U,

there exists a constant C' > 0, depending on U and I'; such that
lullzp < C(llullr ) + [1Eu]|ag,)-
For the general properties of BD(U) we refer to [35].
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Functions with bounded Hessian. The space BH(U) of functions with bounded Hessian is
the space of all functions u € W(U), whose Hessian D?u (in the sense of distributions)
belongs to My (U; Mg ). It is easy to see that BH(U) is a Banach space endowed with the
norm
lullzr == lullwrs + [1D*ullag,

If U has the cone property, then BH(U) coincides with the space of functions in L'(U)
whose Hessian belongs to My(U; Mg ). If U is bounded and has a Lipschitz boundary,
BH(U) can be embedded into W™/ (»=1(/). If U is bounded and has a C? boundary, then
for every function «w € BH(U) one can define the traces of u and Vu, still denoted by u and
Vu: they satisfy u € WHH(9U), Vu € LY(OU;R™), and 2* = Vu -7 € L*(9U) for every 7
tangent vector to OU. If in addition n = 2, then BH(U) embeds into C(U), which is the
space of continuous functions on U. For the general properties of BH (U) we refer to [13].

Lipschitz functions with values in a Banach space. Let T > 0 and let X be the dual of a
separable Banach space. We denote by Lip([0,T]; X) the space of Lipschitz functions on
[0,T] with values in X. If f € Lip([0,T]; X), then the weak* limit

R (O R

s—t s —1t

(2.1)

exists for a.e. t € [0,7] (see, e.g., [9, Theorem 7.1]). If in addition X is separable, then for
every f € Lip([0,T]; X) the limit in (2.1) is actually in the strong topology of X, the map
t — f(t) is measurable by Pettis Theorem, and

Lip([0,T]; X) = W"(0,T); X).

2.2. Mechanical preliminaries: the three-dimensional problem. In this section we
describe the setting of the three-dimensional problem.

The reference configuration. Let h > 0 and let w C R? be a domain (that is, an open,
connected, and bounded set) with a C? boundary. We consider a thin plate whose reference
configuration is given by
Qni=wx (2,5

We set Q := Q; and for € Q we write = (2/,23), where 2’ € w and z3 € (—1/2,1/2).
We suppose that the boundary of w is partitioned into two disjoint open sets g4, v, (which
are the Dirichlet and the Neumann part of dw, respectively) and their common boundary
a‘aw’yd, that is,

0w = va U vn U 0\gu,Vd-
We assume that 05,74 = {Py, P,}, where P, and P, are two points of dw. Moreover, we
define Iy p, 1= vq X (—%, %) and T, , := 0Qp \ Ty . We also set [y :=Ty1 and Ty, := T, 1.
We will denote the outer unit normal to 92, and to Ow by vpq, and by vg,,, respectively.
The stored elastic energy. Let C be the three-dimensional elasticity tensor, considered as a
symmetric positive definite linear operator C : M3 — M2%3 and let @ : M2)% — [0, +00)

be the quadratic form associated with C, defined ‘by

sym*

Q) == %Cg & for every € € M3X3

It turns out that there exists two positive constants ac and (¢, with ac < B¢, such that

aclé]? < Q(€) < Belé)*  for every € € M‘Z’;n?; (2.2)
These inequalities imply that
|CE| < 2B¢|¢|  for every £ € MZ’;,;O; (2.3)

It is convenient to introduce the quadratic form Qp, : L*(€2,; M2,%) — [0, 400) given by

Qnle) == [ Qle(x))dx

Qp
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for every e € L?(Qp; Mf;ﬁ) It describes the stored elastic energy of a configuration of €,

whose elastic strain is e. Since Q is a convex functional, it is lower semicontinuous with
respect to the weak convergence of L?(Q;;M3X3). We set Q := Q.

sym

The plastic dissipation. Let K be a convex and compact set in M‘;’)X‘?, whose boundary 0K
is interpreted as the yield surface. We assume that there exist two positive constants rx and
Ry, with rg < Ry, such that

B(O,?"K) CKC B(O,RK), (24)
where B(0,7) := {¢& € M5 : |¢| < r}. The support function of K, which represents the

three-dimensional plastic dissipation potential, is the function H : M%X3 — R given by

H(¢):=sup&:7 for every £ € M%<,
TEK

It is easy to see that H is convex, positively 1-homogeneous, and satisfies the triangle
inequality. Moreover, by (2.4) one deduces that

rilé| < H(E) < Rgl¢|  for every € € M. (2.5)

From standard convex analysis we also have that the set K coincides with the subdifferential
OH(0) of H at 0.

Let 11 € My(Qp UTyp; M5®) and let dju/d|u| be the Radon-Nikodym derivative of y with
respect to its variation |u|. According to the theory of convex functions of measures (see
[20]), we define the nonnegative Radon measure Hp,(p) as

Ha()(B) = /B H(%) dlul

for every Borel set B C ), UIy ;. We also consider the functional
Hy, - Mb(Qh U Fd7h;M3DX3) — [0, +OO)
defined by

Hp (1) == Hp (1) (Q2n U Tan)-
One can prove (see, e.g., [35, Chapter II, Section 4]) that

Hp(p) = sup { /Q

From this characterisation it is clear that Hj is lower semicontinuous with respect to the
weak* convergence of M;(Qp, U Ty p; M3P).

We also define the total variation of a function g : [0,7] — My(Qp, U Ty p; M5 in an
interval [a,b] C [0,T] as

Tiodp o T € Co(Qn UFd,h;M?’DX‘?’), 7(x) € K for a.e. z € Qp U I‘dﬁ}.

nUL4,n

N
Vil a,0) 1= sup { 3 lluls;) = plss1)lag, + @ =50 <1<+ <sy =b, NN},
j=1

and the dissipation of y in [a,b] as

N
Dr(u; a,b) :=sup { Z?—lh(u(sj) —u(sj—1)): a=s9<s1<---<sy=b, N¢€ N}.

j=1
It follows from (2.5) that
riVa(p; a,b) < Dp(psa,b) < R V(s a,b).

Moreover, if p is absolutely continuous on [a,b] with values in M; (€, U Fd7h;M?]DX3), then
one has

b
Duliah) = [ Hai(s)) ds (26)
(see [9, Theorem 7.1]). We set H :=H;, V :=V;, and D := D;.
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Kinematic admissibility. Given a boundary datum w € H'(Q;R3), we define the class
Ap (w) of admissible displacements and strains, as the set of all triplets (u, e, p) € BD(§) x
L2(Q; M23) X My (Qp U Ly s M3®) such that

Eu=e+p in Qp, p= (w—u)@yag,b?-[? on I'yp.
We set A(w) := A (w) for every w € H(;R3).

The trace of stresses. We recall that, if o € L?(Qp; M223) with dive € L2(Q2,;R3), we can

sym
define the trace [ovgq,] € H™'/?(092,;R3) of its normal component through the formula

([ovaq,], ¢) == / o: Egada:Jr/ divo - pdx
Qh, Qh
for every ¢ € H'(Qp;R?). In the following we say that [ovsq,] = 0 on L, p, if {[ovaq, ], ¢) =0
for every ¢ € H'(Q),; R3) with ¢ = 0 on Iy 5.

2.3. Mechanical preliminaries: the reduced problem. In this section we introduce the
setting of the limiting problem.

The reduced stored elastic energy. Let M : M2X2 — M3*3 be the operator given by

sym sym
§11 &2 M)
M¢ = | &2 &2 A2(§) for every ¢ € ngxnzw (2.7)

A(€) A2(8)  As(§)
where the triplet (A (£), A2(£), A3(€)) is the unique solution of the minimum problem
1 &2 M

/1\111%62 12 & Ao
€ AMod A

We observe that (A1(£), A2(£), A\3(£)) can be characterised as the unique solution of the linear
system

0 0 G
CME: O 0 C) =0 (2.8)
G G G
for every (; € R, i =1,2,3. This implies that M is a linear map and
(CMiE);5 = (CME)5; =0 for every 4 =1,2,3. (2.9)

Let @, : M2X2 — R be the quadratic form given by

sym
Q- (&) :=QM¢) for every € € Mi;ﬁ
It follows from (2.2) that
aclé? < Q. (€) < Bclé]*  for every € € MZT.

We define the reduced elasticity tensor as the linear operator C, : M2x2 — M2X3 given by

C.£:=CME for every £ € Mf;,i (2.10)

2X2

o in view of (2.9). Moreover,

Note that we can always identify C,.£ with an element of M
by (2.8) we have

Gi1 G2 0 ,
Ck:(=C,¢: |2 G2 O for every £ € Mi;ﬁ” ¢ e Mfzﬁfl (2.11)
0 0 O
This implies that
&1 &2 O

1
Qr(g):icrg: £12 &n O for every £ € M2)2.
0 0 0
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Finally, we introduce the functional Q, : L?(€; M2X2) — [0, +00), defined as

sym

QM%{A@@@Mx

for every e € L*(Q; M2<2). Tt describes the reduced elastic energy of a configuration, whose
elastic strain is e.

The reduced plastic dissipation. In the reduced problem the plastic dissipation potential is
given by the function H, : M2X2 — [0, +00), defined as

sym
511 612 )\1
Ho () = min H | &2 &2 A2 (2.12)
< A Ao — (&1 +&o2)

for every £ € ngxr,% From the properties of H it follows that H, is convex, positively

1-homogeneous, and satisfies

ric|¢) < H,(€) < V3Rl for every & € M2)2

sym*
The set K, := 0H,(0) represents the set of admissible stresses in the reduced problem and
can be characterised as follows:

1 &2 O 1
f cK, <& 512 522 0] — 7(trf)13><3 eK, (213)
o o of 3

(see [11, Section 3.2]).
For every p € M,(QQUT4;M2%2) we define the functional

sym

dp
H, = / H,.(——)d|u|.
(k) Qury (dlu\> .

We also define the reduced dissipation of a function p : [0, 7] — M(Q2 U Tg; M2%2) in an
interval [a,b] C [0,7T] as

N
D, (u;a,b) := sup{Z’Hr(u(sj) —u(sj_1)) a=s9<s<---<sy=b, Ne¢ N}.

j=1

If 41 is absolutely continuous on [a, b] with values in M, (22U T'y; M222), then

sym

quwa/%M@m& (2.14)

Reduced kinematic admissibility. We introduce the set K L() of Kirchhoff-Love displace-
ments, defined as

KL(Q):={ue BD(Q): (Fu);3 =0, i=1,2,3}.
We note that v € KL() if and only if us € BH(w) and there exists & € BD(w) such that
Ua(T) = U (2') — 2300uz(z’)  for x = (2/,23) € Q, a=1,2.

We call @, uz the Kirchhoff-Love components of u.
Given a prescribed displacement w € H'(Q;R3) N K L(2), we introduce the set Ak (w)
of Kirchhoff-Love admissible triplets, defined as the class of all triplets

(u,e,p) € KL(Q) x L*(Q;M223) x My(QUTg;M2X3)

sym sym

such that

EFu=ec¢+p inQ, p=(w—u) OvgaH? on Iy,

61‘320 in Q, pi3:0 in QUFd, 221,2,3
The linear space {{ € Miyx,,i : &3 =0, i = 1,2,3} is isomorphic to Mg;n% Thus, in the
following, given (u, e, p) € Axr(w), we will always identify e with a function in L?(Q; M2x?2)
and p with a measure in My (Q U Tg;M2X2).

sym
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The following closure property holds.

Lemma 2.1. Let (wy,), be a sequence in H*(Q;R3)NKL(Q) and let (up, en, prn) € Arr(wy,)
be a sequence of admissible triplets. Assume that u, — u weakly* in BD(Q), e, — e weakly
in L2(Q;M2%2), p, — p weakly* in My(QUT 4;M2%2), and w, — w weakly in H*(2;R3).

sym sym

Then (u,e,p) € Axr(w).
Proof. The result easily follows by adapting the proof of [9, Lemma 2.1]. ]

We now give a characterisation of the class of Kirchhoff-Love admissible triplets. To this
purpose, we introduce the following definitions.

Definition 2.2. Let f € L2(;M2%2). We denote by f, f € L2(w;M2%2) and by f, €

sym sym
L?(Q; M%) the following orthogonal components (in the sense of L*(€;MZ2x2)) of f:

1

f(@) = 21 f@' x3) dxs, f(a:’) = 12/21 z3f(x', x3) drs
for a.e. ' € w, and

fulz) = f(a) = f(2) — 23 f(a’)

for a.e. x € Q. We call f the zeroth order moment of f and f the first order moment of f.

Definition 2.3. Let ¢ € M,(QUTy;M2X2). We denote by g, § € My(wU~v4;M2X2) and by

sym sym

q1 € My(QUT 4;M2%2) the following measures:

sym

/ @:dq::/ @ :dgq, / gp:d(j::l?/ T3 @ dg
wUvyq QuUIy wUyq QUIy

for every o € Co(w U ~yg; M2X2), and

sym
L =q—qoL -Gzl
where ® denotes the usual product of measures. We call g the zeroth order moment of ¢ and

q the first order moment of q.

With these definitions at hand one can easily prove the following characterisation of the
class Agp(w).

Proposition 2.4. Let w € H*(;R3) N KL(Q) and let (u,e,p) € KL(Q) x L2(Q;M272) x

sym

My(QUTq; M252%). Then (u,e,p) € Axr(w) if and only if the following three conditions are
satisfied:
(i) BEu=é+pinw andp= (0 — 1) ® va, H' on vq;
(i) D?u3 = —(é+p) in w, uz = w3 on g, and p = (Vuz — Vws) ® v, H' on vq4;
(iii) pp = —eyg in Q andp; =0 on Ty.

Proof. The statement easily follows from the definition of moments and from the formula
(Eu)ap = (E)ap — wgﬁiﬁwg for a, 8 =1, 2. O

Stress-strain duality. In the reduced model, we shall consider the set () of admissible
stresses, defined as

N(Q) :={o € L®(M22) : dive € L*(w;R?), divdivé € L*(w)}.

sym

For every o € %(Q) we can define the trace [gvg,] € L™ (0w;R?) of its zeroth order moment
normal component as

([6vaw], ) = / o: Eydr + / diva - da’ (2.15)

for every ¢ € W' (w; R?). Note that, since o € L™ (w;M2x2) and W' ! (w;R?) embeds into
L?(w;R?), all terms at the right-hand side of (2.15) are well defined.
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Let T(W?%1(w)) be the space of all traces of functions in W21!(w) and let (T(W?1(w)))’
be its dual space. For every o € £(£2) we can define the traces by(6) € (T(W?!(w)))’ and
b1(6) € L= (dw) of its first order moment as

—<b0(&),¢>+<b1(&),%> ::/Er:Dzwdx’—/wdivdiv&dx’ (2.16)

for every ¢ € W2!(w). Note that the right-hand side of (2.16) is well defined since & €

L (w; M2)T).
If 6 € C*(w,M22), one can prove that

. . o .
bo(O’) =divo - Vo + W (UTBw . Vaw)v

ow
b1(6'> = 0Vow " Vow,
where T, is the tangent vector to dw.

Since [Gva,] € L (0w;R?), the expression [6vs,] = 0 on 7, has a clear meaning. The
same applies to by (6). As for by (6), in the following we say that by(6) = 0 on v, if (bg(6),9) =
0 for every v € W2!(w) with ¢ = 0 on ~y.

We also consider the space of admissible plastic strains I, (), which is the set of all
measures p € My(Q U g; M25%) for which there exists (u,e, w) € BD(Q) x L*(;M252) x
(HY(;R3) N KL(Q)) such that (u,e,p) € Axr(w).

For every o € X(Q2) and £ € BD(w) we define the distribution [7 : F{] on w as

(o : B¢, @) ::—/godiv&-gdx’—/ 7: (Voo&)d

for every ¢ € C®(w). It follows from [22, Theorem 3.2] that [¢ : F{] € M(w) and its
variation satisfies

llo: E¢ll < llollee=|EE] inw.
Given o € £(2) and p € I, (£2), we define the measure [ : p] € My(w U vq) as

[6:13}:_{[0:Eu]_0:e in w,
[6vow] - (0w —ua)H'  on 4.

For every o € ¥(f2) and v € BH (w) we define the distribution [6 : D?v] on w as

([6 : D*v], %) :z/z/wdivdiv&dx’—Q/éz(VU@Vi/))dw’—/v&:Dzwdﬂc'

for every ¢ € C°(w). From [14, Proposition 2.1] it follows that [¢ : D?v] € My(w) and its
variation satisfies

|6 : D*v]| < ||6]|z~|D%*v| in w.
Given o € () and p € I, (), we define the measure [6 : p| € My(w U~q) as

—[6:D%*u3] —6:¢6  inw,

[5— ﬁ] = 8("&3 — U)g)

b1(6) H' on v,

aVaw

We are now in a position to introduce a duality between 3(€2) and IIp,(€2). For every
o € () and p € I, (Q) we define the measure [0 : p|, € M(QUT,) as

1
[0 : ]y = [51ﬁ]®£1+ﬁ[62ﬁ]®ﬁlfol:el.

We also introduce the duality pairings
(0,p) =0 :Pl(wUra),  (6,p):=16:pl(wU"a)
and

(0.9 := [0 pl,(QUT) = (5. 5) (2.17)

+
>
’\E/>
|
S~
Q
'_
®
|7
ISH
&
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One can show (see [11, Proposition 7.8]) that
H,(p) =sup {{o,p)r : 0 €X(Q), o(z) € K, for a.e. z € Q}. (2.18)
Finally, the following integration by parts formula holds (see [12, Proposition 3.5]).
Proposition 2.5. Let o € 2(Q), w € H' (4 R?) N KL(Q), and (u,e,p) € Axr(w). Then

/ @d[a:p]r—i—/goaz(e—Ew)dx
Qury, Q

- —/w(_f:(ch@(ﬂ—ﬁ)))dx'—/div&-gp(ﬂ—w)dx/

w

+ [ [ovaw] - (a — w) dH' + L / 6 (uz — ws3)D*pda’

Tn 12
1 1

+ 6 6: (Vo ® (Vug — Vws)) dr' — E o(ug — wsz)divdiv 6 da’
1 A 1 L\ O(p(uz —ws3)) 1

+ g 0e) et — ) — g [ 0@ TG

for every p € C%(w).

3. EXISTENCE OF THREE-DIMENSIONAL DYNAMIC EVOLUTIONS

In this section we adapt the existence result [5, Theorem 1.3] of a dynamic evolution
for perfectly plastic bodies to the context of a thin plate. Indeed, in view of the dimension
reduction analysis of the next section, it is crucial to understand the dependence of all the
involved quantities on the thickness parameter h.

We start by describing the assumptions on the data of the problem.

Forces. We assume the applied body loads to be purely vertical and with the following
regularity:
fn € WEL([0,4+00); L2 (). (3.1)

loc

We assume there are no traction forces on the Neumann part of the boundary I, 5.

Boundary displacement. On Iy, we prescribe a boundary displacement

wy, € HE ([0, +00); H (Q; R*) N W2L([0, 400); L2 (0 R?)). (3.2)

loc

Initial data. Let
(0,5 €0,n5 Po,n) € An(wn(0)) N (H(Qn;R3) x L2(Q; MEX3) x L2 (Q; ME?)),

vo.n € HY(Qn; R?), (33)
be the initial data. Setting o 5 := Ceg,p, we assume that
—divogp = fn(0)es in Qp,  [oonvon,] =0on T, (0on)p € K a.e. in Q, (3.4)
and
vo,n, = Wr(0) on Ty p. (3.5)

Theorem 3.1. Assume (3.1)—(3.5). Then there exists a triplet (up,en,pp), with
up, € Wi ([0, +00); L2(Q4; R?)) N Lipioe ([0, +00); BD()),
en € Wi ([0,400); L2 (s M2X3)),  pa € Liproc([0, +00); My (2, U Ty M),
satisfying the following system of equations:
(i) kinematic admissibility: (up(t), en(£), pr(t)) € Ap(wy(t)) for every t > 0;
(ii) initial conditions: (up(0), ex(0),pn(0)) = (vo,h,€0,1,P0,n) and un(0) = vo p;

(iii) stress constraint: (o5,)p(t) € K a.e. in Qy, for every t > 0, where o (t) := Cep(t);
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(iv) equation of motion: for a.e. t >0

i),h(t) — diVO’h(t) = fh(t)eg mn Qh,
[Uh(t>VOQh,] =0 on Fn,h?

(v) energy inequality: for every 0 < t; < tq
1. 2 b2 . 1. 2
Qn(en(tz)) + 5 llan(t2)llz2 + | Ha(pn(s))ds < Qulen(tr)) + 5 llan(ta)lz:
ty

tz to
+/ / (on(s) : Edp(s)+iin(s)-wn(s)) dx ds+/ fn(s) ((4p)s(s)—(wn)s(s)) dx ds.
t1 Qp t1 Qpn
(3.7)
Moreover, the following estimates hold:

e there exists a constant C > 0, independent of h, such that

liin || Lo 0,4 22) + l1enllz=(o,6:02) < C(I1Evonllrz + 1 fnllz (o,0:12)

+ 1@l o,02) + 60| oo 0,3:£2) + VEI Bl 20,0:22))  (3:8)
for every t > 0;

e there exists a constant C' > 0, independent of h, such that
[pn(t2) — pr(t)llar, < Cl(Heh”L‘X’([O,T];Lz)Heh(t2) —en(t1)| r2

ta
+ [[@nll Lo (0, 77;2) [1n (t2) — wn(t1)]| L2 + Heh||L°°([O,T];L2)/ | B (t)]| L2 dt
ty

to 12
Hlinllmgomyes) [ lin(®llede+ s~ nllieoryan) [ 15Ol de) (39
t1 t1

for every T > 0 and every t1,ts € [0,T].

Remark 3.2. The energy inequality (v) formally corresponds to the inequality

AwiwmwmeMZHmMm (3.10)

for a.e. t > 0. Indeed, it is enough to choose t; = ¢ and t3 = ¢t + § in (v), divide the
inequality by 0, and pass to the limit as § tends to zero. Using the kinematic admissibility
én(t) = Eup(t)—pn(t), integration by parts, and (3.6), eventually yield (3.10). Note, however,
that the left-handside of (3.10) is in general not well defined, since (o) p(t) € L>(,; M5?)
and ph(t) S Mb(Qh U Fd,h; M%X:S).

The formal equivalence of (v) and (3.10) suggests that (v) contains all the relevant in-
formation stored in the Prandtl-Reuss flow rule (see equation (d5)’ in the introduction).
Indeed, the converse inequality

(O'h)D(t) :ph(t) < Hh(ph(t)) in QU Fd,h

is an immediate consequence of (iii) and of the definition of H}, (if the left-handside is well
defined). Moreover, as we will see in the proof of Theorem 4.1, condition (v) is enough to
recover the limiting flow rule in the dimension reduction analysis of next section.

If the stress-strain duality in the sense of [22, 9, 15] is defined, the formal arguments
above can be rigorously justified; thus, one can show that any solution to (i)—(v) satisfies
condition (3.7) with an equality and this energy equality is equivalent to the Prandtl-Reuss
flow rule (see, e.g., [7]). In this case uniqueness of solutions for the system (i)—(v) can also
be proved by standard methods.
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Proof of Theorem 3.1. We give here only a sketch of the proof (all the details can be found
in [5, Theorem 1.3] or in [7, Theorem 4.1] in a slightly different setting). In order to simplify
the notation we omit the dependence of the fields on h. Moreover, we denote the space
{ue HY(OQ;R3) :u =0 on 'y} by H%d(Q;R‘?’) and its dual by HE;(Q;RS).

We first prove existence for a visco-elastic regularisation of the problem. We start by
regularising the initial velocities. More precisely, let € > 0 and let v§ € H(£;R?) be the
solution of the boundary value problem

—ediv Evg + v5 = v in Q,
v§ = w(0) on Ty, (3.11)
[Evivaa] =0 on Ty,.
The standard theory of linear elliptic equations gives
vs — o in HY(Q;R?)
and
edivEvy — 0 in L*(Q;R?).
Using a time-discretisation procedure and arguing exactly as in [7, Theorem 3.1], one can
prove the existence and uniqueness of a triplet (u.,ec,p:), with
ue € Hp,, ([0, 400); HY(Q;R?) N W2 ([0, +00); L2 R?)) N HE,([0, +00); Hy (95 RY)),
e € H}, ([0, +00); LX(UMER)),  pe € HJ, ([0, +00); L (2 MB?)),
satisfying the following conditions:
o kinematic admissibility: (ue(t), ec(t),p:(t)) € A(w(t)) for every t > 0;
e initial conditions: (uc(0),e-(0),p:(0)) = (ug, €0, po) and . (0) = v§;
o stress constraint: (o.)p(t) € K a.e. in Q for every t > 0, where o.(t) := Ce.(t);
e cquation of motion: for every t > 0 and every ¢ € L2(0,t; Hlld (Q;R?))

/ ie(s), () ds + / t [ (@) +eBi): Potsydeds = [ t | e)en dodss (312

o flow rule: for a.e. t >0
H(pe(t)) = (0e)p(t) : pe(t) ae. in Q. (3.13)
We now prove the following bound: for every ¢ > 0

||ﬂaH%oc([o,t];L2) + ||é€||2L°°([O,t];L2) + 5||E718H%2([o,t];m) < C(e?||div Bvg 172 + (| Bvgll7e

+ ||f||2Ll([O,t];L2) + ||w||2L1([o,t];L2) + ”wH%C’O([O,t];Lz) +(e+ t)HE'LDH%Q([O,t];L?))’ (3.14)
where C' > 0 is a constant independent of ¢ and h.
To prove (3.14), we extend continuously the fields involved by setting for s < 0
us(s) = uo +svg, w(s) =w(0)+sw(0), e(s)=eo, pe(s)=po, f(s)=/(0).
We introduce the time incremental quotient
a(t) —a(t —9)
3 .

Let T > 0, ¢ € (0,7], and § > 0. Using the equation of motion, for every test function
@ € L*([0,t + 6]; Hf (% R?)) we have (3.12) and

Dla(t) :=

t+6 46
/6 (tic(s — 8),p(s)) als+/[s /9(05(575) +eFu.(s —0)) : Ep(s)dxds

-/ w [ 6= hents) .
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Subtracting (3.12) from the previous equation and choosing ¢ = %X(Oﬂf)D‘s(iLs — W) yield
t t
/ (D (it — 1)(s), D (e — )(s)) ds + / / D (0. + eBi)(s) : DPElit. — ) (s) da ds
0 0o Jo

+/t/D51D(S)~D5(1l5U'J)(S)dxds/Ot/QDtSf(S)D(s((ﬂs)Sw3)(s)dzds
- / /f ((de)s — w3)(s) dw ds

—= oo(s vE(s)) : DOE (. — w)(s) dx ds.
L[ oo+ =Buite)) : DBt~ g (o) ded

Integrating by parts, the right-hand side can be rewritten as
5/ / f(0)D°((te)3 — w3)(s) drds + 6/ /le oo(s) + eEvg(s)) - D (1. — w)(s) dz ds
- / ([(00ls) + =B (s))von). DP (e — )(s)) ds

= 5/ /dlva0 DO (i, — ) (s) drds < EHdiVE’U(E)HL2||D6('L.L6—11:))||Loo([0,T];L2),

where the equality follows from (3.4) and (3.11). We now focus on the term

t
/ /D‘Sas(s):D‘SEug(s) dx ds.
0 Jo

Using the kinematic admissibility Fu. = é. 4 pe a.e. in [0, 4+00) x Q, we have that for every
7€ L2([0,t + 0]; L2 (S M3X32))

sym

t
//Eug(s). dxds-/ /e6 o T dscds—l—/ /pE :7(s)dxds
0 Ja

and

t+5 t+5
/ /Eug(s— dxds-/ /egs— 7(s)dxds
5 Q
t+5
/ /pE 5 — 7(s) dx ds.

Testing the difference of the two previous equations by 7 = % X(O,t)D‘Sag, we obtain

/ /D‘sEug( ): Do (s)dxds

//D%E : Do, (s )dxder/ /D‘Sps s): D°(0.)p(s)dxds
7/ /EvS:DéaE(s)dxds

> Q(D’.( //Evo Do, (s)dx ds,

where we used that D%, (0) = 0 and

//D‘5 : D%(0.)p(s)dzds >0
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as a consequence of the stress constraint and of the flow rule (3.13). Since D (1. —1)(0)
applying the Holder inequality we deduce

0,

1 . . .
21D (e — )O3 + QD%eelt)) + 1D Biel3a .1,
< elldiv EUS”L?”DE(T'LE - w)”Lw([o,T];L?) =+ 25<C||EU8HL2||D5€e||L°C([0,T];L2)
+ 1D fll 2 o.17:22) |1 D ((ise)3 — t3) | Los (f0,77:22)
+ (28 VH|ID el poe 0,17;22) + €| D° Ble| 2 10,17:12) ) | D° Bl | 2 10,77:22)
+1D° (e = )| o< (o, 11522 1Dl 2 (0,7:1.2)
for every T' > 0 and t € [0, T]. By Young inequality and passing to the limit as § tends to 0,
we obtain (3.14).
As a consequence of (3.14), we deduce, in particular, that u. € W;>°([0, +00); L?(€; R3)),

loc
so that the equation of motion (3.12) can be written in the strong formulation

{ﬂe(t) — div(o.(t) + eBu.(t)) = f(t)es in Q,

[(0-(t) + eEi(t))vaa] =0 on T, (3.15)

for a.e. t > 0.
We now discuss how to pass to the limit, as ¢ — 0. Arguing as in [7, Proposition 4.3],
from the equation of motion and the flow rule we obtain the following energy balance:

Qec(t) + 5Ol + [ W) ds+e [ [ 1Bi(o) deds = Ofeo) + 5151

+ / / (02() +eBite(s)) : Bu(s) it (3)-1i(s)) de ds+ / / f<s><<u5>3<s>—w3<s>>dt5i6)

for every € > 0 and every ¢ > 0. Combining this inequality with (3.14) and using Ascoli-
Arzela and Helly Theorem, we deduce the existence of

uw € Wi ([0, 400): LA (5 R?)) N BVioe([0, +00); BD(Q),

loc

e € Wh([0, +00); L2(Q; M3X3)), p € BVioe([0, +00); My (Q U T 4; M3?))

loc sym

such that, up to subsequences,
ue(t) = u(t) weakly* in BD(Q), U (t) — u(t) weakly in L?(Q;R3),
ec(t) —e(t) weakly in L*(;M2x3), pe(t) — p(t)  weakly* in My(QUT 4 M3?)
(3.17)
for every t € [0,T]. From these convergences we immediately deduce that (u,e,p) satisfies
conditions (i)-(iii). By (3.16) we have that e Ei. — 0 strongly in L7, ([0, +-00); L*(€2; M2<3 ).

Since i, — i weakly* in L2 ([0, +00); L?(Q;R?)), we can pass to the limit in the weak

formulation of (3.15) and, thus, deduce condition (iv).
Taking the difference of the equations of motion (3.15) and (3.6) and testing by 4. — w
on [0,t] x §2, one can prove (see [7, Lemma 4.5]) that

e =  strongly in L2 ([0, +00); L2(Q; R?)),

loc

e — e strongly in L ([0, +00); L?(Q; R3)).

loc

(3.18)
We now write the energy balance (3.16) between two times ¢; < ¢3 and using the previous

convergences and the lower semicontinuity of the elastic energy and of the dissipation, we
obtain

Qe(ta)) + 3 lt2)[32 + Dby, 1) < Qlelta)) + 1 (1) 32

+/t1 /Q(J(S):Ew(S)-l-il(S)-w(s))dmds—&—/tl /Qf(s) (13(s) —1s(s)) drds. (3.19)
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Let T > 0. Using the inequality

ri|p(t2) — p(t)l[a, < D(p;ta,ta)
in (3.19), we deduce that

i |[p(t2) —p(t1)l| s, < 28cllellLeejo,m;02) le(t2) —e(t1)|| L2+l Lo (o, 1);22) |2 (t2) = (t1) || 2

t2 t?
4 28clell ooy [ 1B de+ il oo [ Io(O)]se
t1 tl

ta
s~ sl qomyany [ 1@zt (320)
t1

for every ti,t2 € [0,T] with ¢t; < to. Hence, p is locally Lipschitz continuous on [0, 4+00)
with values in M,(QUTg; M%5?), inequality (3.9) is satisfied, and (3.19) gives condition (v).
Using the kinematic admissibility, one can prove that w is locally Lipschitz continuous on
[0, +00) with values in BD(£2). Finally, inequality (3.8) easily follows from (3.14). O

4. CONVERGENCE OF DYNAMIC EVOLUTIONS

In this section we discuss the convergence of three-dimensional dynamic evolutions, when
the parameter h tends to 0. As it is usual in dimension reduction problems, we perform
a change of variable in order to set the problem on a fixed domain 2. We also perform a
rescaling of the time variable (as done, e.g., in [1] in the context of nonlinear elasticity). We
thus consider the change of variable ¢, : Q — €, given by

on(x) = (2', hxs)

for every x = (2/,z3) € Q. We define the linear operator Ay, : M3X3 — M2%3 as

sym sym
& &2 s
Apé =] &2 &n  +&os
313 73 26ss
for every £ € M2x3.
Let t — (up(t),en(t), pr(t)) be a dynamic evolution in §2;, with boundary datum wy,, force

term f, and initial conditions (ug n,€0,n,Po,n) and vo p, as in Theorem 3.1. We associate
with it an h-rescaled dynamic evolution in €2, defined as follows:
t s (uh(t), e (), p"(t) € BD(Q) x L2 M323) x My(QUTg; M323),

sym sym
where for every t > 0 and a.e. x € Q)
ul (t,z) = (uh)a(%,gbh(x)) a=1,2, ub(t, ) := h(uh)g(%,(bh(x)),
el(t,x) :== A;leh(%,th(x)),
and for every t > 0
P () = AL T o ()
Here ¢#q € Mp(QQUTy; M%XB) denotes the pull-back measure of ¢, defined as

/ ¢:d¢#q::/ 1/)o¢;1:dq
QUTy QpUTg,n

for every ¢ € Co(QU Ty; MSDX?’). Finally, we rescale the boundary datum wy, as
wh(t, @) == (wn)a(f,on(x)) a=1,2,  w(t,x) :=h(ws)s(f,on(x))

for every t > 0 and a.e. x € ), and the vertical force fj as
't x) = 5 fn(Fs dn(2)

for every t > 0 and a.e. x € (.
The rescaled triplet satisfies the following conditions:
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e Linematic admissibility: for every t > 0 we have
Eul(t) = e (t) + p"(t) in Q, ph(t) = (wh(t) — u(t)) ® vagH? on Ty,

. (4.1)
Pl (t) + Pha(t) + 72ph3(t) = 0 in QU y;

e stress constraint: o (t) € K a.e. in Q for every t > 0, where o (t) := CApe”(t);

e cquation of motion: for a.e. t > 0

2::h
(h..ﬁ“t)) —div Apo"(t) = f"(t)es in Q,

i ()
[Ano” (t)vaa] = 0 on T'y;

o cnergy inequality: for every 0 < ¢t < to

o+ | (i ) 2 +/:H(Ahph(s>>dssQ(Aheh<1 3l (i) |
[ Llornovs () () s
w7 e - abendsas. 13)

We now state the assumptions on the rescaled data of the problem.

L2

Forces. We consider a sequence of vertical loads () C Wllocl([O, +00); L2(£2)) such that for
every T > 0 there exists a constant C(T") > 0 for which

1w o2y < C(T) (4.4)
for every h > 0. We also assume that there exists f € L2 ([0, +00); L?(Q)) such that
f(t) — f(t) strongly in L*(Q) (4.5)

for every t > 0.

Boundary displacements. We consider a sequence of boundary displacements

(w") € HE,.([0,+00); H (4 R?)) N W21 ([0, +00); L2 (2 R?)) (4.6)

loc

such that for every T > 0 there exists a constant C'(T') > 0 for which

H ( ) HW2 1((0,7);L2) + | A Bw™ || g2 0, 13;02) < C(T) (4.7)

for every h > 0. We assume that for every t > 0

wh(t) = w(t) weakly in L2(Q;R?), (4.8)
ApEw"(t) = n(t)  strongly in L*(Q;M2x3), (4.9)

and
(hul)zg) — abgez  strongly in L}, ([0, +o00); L*(Q; R?)) (4.10)

for some w € H ([0, 4+00); H' (4 R3) N KL(Q)) and some n € H} ([0, +00); L2(; M3%3)).

sym
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Initial data. We fix a triplet (ul, elt, ph) € H*(Q; R3)x L?(; Mz‘yﬁi) X L2(€; M2 3 ) satisfying

the kinematic admissibility conditions (4.1) and an initial velocity v2 € H'(Q;R?) such that,
setting ot := CApell, we have

—divApol = f(0)es in Q, [Anohveg] =0onT,, (of)p € K ae. in Q, (4.11)

and
vl = w"(0) on Ty (4.12)
for every h > 0. Moreover, we suppose that
h
(h(v}? )O‘> — vpes strongly in L2 (€;R?), (4.13)
(vg)3
Apely — & strongly in L?(€; M3x3), (4.14)
[AnEvG (|22 + [ Anphllaz, < C (4.15)
for some vy € H'(Q;R?), &y € L*(Q;M23), and some constant C' independent of .

We are now in a position to state the main result of this paper.

Theorem 4.1. Assume (4.4)—(4.15) and let (u”, e", p") be an h-rescaled dynamic evolution
for the boundary datum w", the force term f", and the initial data (ul, e, pk) and vf. Then
there exists a map t — (u(t),e(t),p(t)) of class

Liproc([0, +00); KL(2) x LA M2)70) x My(Q U Tg; MZ3))

sym sym

with ug € WZQO’;O([O, +00); L2(w)), such that, up to subsequences,

ul(t) = u(t) weakly* in BD(Q), (4.16)

Wk (t) — us(t)  strongly in L*(), (4.17)

e'(t) —e(t) strongly in L*(Q;M2x3), (4.18)
Apel(t) — Me(t)  strongly in L*(Q;M2X3), (4.19)
PH(H) = plt)  weakly” in My(QU Ty MES) (4.20)

for every t > 0. The map t — (u(t), e(t),p(t)) satisfies the following system of equations:
(i) kinematic admissibility: (u(t),e(t),p(t)) € Axr(w(t)) for every t > 0;
(ii) initial conditions: (u(0),e(0),p(0)) = (uo, eo, o) and u3(0) = (’1)0)3, where uf} — ug
weakly* in BD(Q), el — eo strongly in L*(Q;M3X2), and p} — po weakly* in

sym

My(QU Fd,Mfyx,i) (these limits exist, up to subsequences);
(iii) stress constraint: o(t) € K, a.e. in Q for every t > 0, where o(t) := Cre(t);
(iv) equations of motion: for everyt >0
(Piosai o
and for a.e. t >0

tig(t) — lediv divéa(t) = ( ) inw,
{60(6(t)) =b(6(t)=0 on v, (4.22)

where

1/2
f@) = / f(&' x3)drs  for a.e. 2’ € w;

—1/2

(v) flow rule: for a.e. t >0
Hr(B(t)) = {o(t), p(1)), - (4.23)
Proof. The proof of Theorem 4.1 is subdivided into six steps.
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Step 1: Compactness estimates. We first deduce some a priori estimates.
Writing the estimate (3.8) on [0,t/h] and performing the scaling, we obtain

() g * 10 oy < € (IAnButlae + 1o

t| Ay Ew" :
+ H ( ik ) ’Ll([O 1):12) H ( ) HLOO(Ot] L2) VA ED ”Lz([o’t]’p)>

for every t > 0. By the assumptions on the data we deduce that for every T' > 0 there exists
a constant C(T') > 0, depending on T but independent of h, such that

H ( ) HLOC [0,T);L2) + ”Ahéh”“"([O,T];Lz) < (7). (4.24)

We now write the rescaled energy inequality (4.3) with ¢; = 0 and ¢2 € [0,¢]. By (2.2) and
(2.3) we have

ol
aCHAhGhH%w([o,q;ﬂ) + 2” ( ) HLOO (0.1:2%) < BellAned 7. + 2” ( 0 % > ’L2

hait
# 2l lomoaiesy | B Oz ds+ | (M) | ()

t
+ ([t poe o,4512) + HwQHLm([o,t];Lz))/O 1" ()]l 22 ds.

2

ds
L2

By the Cauchy inequality, the assumptions on the data and (4.24), we deduce that for every
T > 0 there exists a constant C'(T") > 0, depending on T" but independent of h, such that

||Ahe | o= ([0,7;22) + H ( )

Finally, we perform the scaling in (3.9) and by (4.24) and (4.25) we get

HLoo([o T):L2) < (D). (4.25)

800" (1) ~ Ao (1) s, < c(T)(HAheh<t2> e (el | (hj.j%(?) )|

(t2) — i3 (t1)
f2 - h hw h
+ [ ARB @) dt + o H dt + ||f (t)ll22 dt)  (4.26)
tl tl
for every T > 0 and every tq,t5 € [0,7].

We now deduce some compactness properties for the triplets (u”, e’ p"), as h — 0. By

(4.24), (4.25), and the Ascoli-Arzela Theorem we infer the existence of
e, € W2 ([0,400); L2 (2 M33))

sym

L2

with eqg = €qp for a, 8 = 1,2 and e;3 = 0 for ¢ = 1,2, 3, such that, up to subsequences,

e'(t) —e(t) weakly in L2(;M3x3), (4.27)
Apel(t) — é(t)  weakly in L?(Q; M2x3) (4.28)

for every ¢t > 0. Moreover, by (4.24) and (4.26) the functions Ajp" are equi-Lipschitz con-
tinuous in time with values in M (2 U Fd;M?j’jX3). Therefore, again by the Ascoli-Arzela
Theorem and by (4.15) there exist

P € Lipioc([0, +00); My(QUT ;s M2x%)),  p € Lipoc([0, +00); Mp(Q U T g; ME)),
with pag = Pag for a,f =1,2 and p;3 = 0 for < = 1,2, 3, such that, up to subsequences,

p"(t) = p(t)  weakly* in My(Q2UTq; M2x3), (4.29)
Apph(t) = p(t)  weakly* in M,(QU T g; M%) (4.30)

for every t > 0.
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We now prove the weak* compactness in BD(2) of the sequence of displacements (u”).
Since 4 is open in Ow, there exists an open set A C R? such that 7q = AN dw. Let

Q= (wUA) x (—3,3). By (4.7) and (4.8) we have that

Ew"(t) = Bw(t) weakly in L*(€;M3%3) (4.31)

sym

for every ¢ > 0. Thus, for every ¢ > 0 we can extend w”(t) and w(t) to €' in such a way
that w"(t) — w(t) weakly in L*(/;R?) and Ew"(t) = Ew(t) weakly in L?(/; M2X3) for
every t > 0.

We now extend the triplets (u

ul(t) == w"(t) in Q' \ Q, e (t) := Bw"(t) in Q' \ Q, P (t) :==0in Q' \ (QUTY)

h el p") to Q' by setting

and we note that Eu"(t) = () + p"(t) in Q'. Similarly, we set
e(t) :== Fw(t) in Q' \ Q, p(t) :==01in Q' \ (QUT,).

By (4.27) and (4.29) we deduce that e"(t) — e(t) weakly in L*(Q'; M2x%) and p"(t) — p(t)
weakly* in M, (Q;M3X3), for every t > 0. Thus,

sym

Eul(t) = e"(t) + p"(t) — e(t) + p(t)  weakly* in M, (Q'; M2X3).

sym

Since u(t) = wh(t) in Q' \ Q and w"(¢) is bounded in L?(€)';R?), the Korn-Poincaré in-
equality implies that the sequence (u"(t)) is uniformly bounded in BD(Q’ ). Consequently,
there exist u(t) € BD(Y') and a subsequence u"i(t) such that u"i(t) — wu(t) weakly* in
BD(€Y'). Since

ut) =w(t) in Q\Q and FEu(t) = e(t) +p(t) in ',

the Korn-Poincaré inequality ensures that the limit u(¢) is uniquely determined. Therefore,
the whole sequence converges in ' and in particular,

ul(t) = u(t) weakly* in BD(Q) (4.32)
for every t > 0.
Since e;3(t) = pis(t) = 0, it is easy to see that
(u(t),e(t),p(t)) € Axr(w(t))

for every t > 0. Moreover, u € Lip;o.([0,+00); K L(Q)), owing to the time regularity of e, p,
and w, and as a consequence of Lemma 2.1,

(a(t), é(t), p(t)) € Axr(w(t)) (4.33)

for a.e. t > 0.
Finally, combining (4.24), (4.25), (4.32), together with the Ascoli-Arzela Theorem, we
conclude that

uz € Wi ([0, +00); L*())

and
hul(t) =0 weakly in L3(Q) for a = 1,2, (4.34)
b (t) — us(t)  weakly in L2(Q) (4.35)
for every t > 0. Moreover, we also have that
hal — 0  weakly* in W1>°([0,T]; L*(Q2)) for a = 1,2, (4.36)
b — 1z weakly* in W2 ([0, T]; L2(Q)) (4.37)

for every T > 0.
The previous arguments also prove that, up to subsequences, uf — 1 weakly* in BD((Q2),
el — e strongly in L2(£); M‘:’;,fl) and p} — po weakly* in Mb(Q U Fd,Mg’?ﬁ’l) for some

(uo, €0,p0) € Arr(w(0)), and the initial conditions are satisfied.
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Step 2: Identification of the limiting elastic strain. We claim that
é(t) = Me(t) (4.38)

for every t > 0, where € satisfies (4.28) and M is the operator defined in (2.7).
We first show that (4.38) holds for a.e. t > 0. Owing to (2.8), this is equivalent to prove
that for a.e. t > 0

0 0 X
Cé(t,l‘) : 0 0 )\2 =0
A1 A2 A3
for every \; € R and a.e. z € Q. Let (a,b) C (—%,3) and let U C w be an open set. Let
(6,) C CH([-3%,1]) and (M) C C}(w) be two sequences such that £, — x(4p) strongly in
L4(f%, %) and A}, — \;xu strongly in L*(w) for every i = 1,2,3, as n — oo.
We define
2hAL (2")0, (23)
(;SZ(t,:C) =1(1) 2h)‘%(x/>€n(m3) )
h2X3 (2') 0, (x3)

where ¢ € L2(0, +00). Testing (4.2) by ¢! yields

/0 L) o awas /O+DO/Q<CAheh<t):AhE¢Z(t> do dt

+oo
=/0 ) (0)3(t) d .

Owing to (4.25), (4.28), (4.36), and (4.37), we can pass to the limlt as h — 0 and then, as
n — 4o00. This yields

+oo 0 0 /\1
/ / WO Ceta): [0 0 Ao | dedt=o0.
0 U % (a,b) M Aa A3

Since the sets (a,b), U and the function ¢ are arbitrary, we deduce that for a.e. ¢ > 0
é(t) = Me(t) a.e. in . Since é and Me are continuous functions of time, this implies (4.38).
This argument also proves that éy = Meg, where € is the limit in (4.14).

Step 3: Equations of motions. Let T > 0. Let ¢ € L*([0,T]; KL(Q)NH'(Q;R?)) with p =0
on I'y. We test the rescaled equation of motion (4.2) by ¢ on [0,T] x €. This yields

/ / (h2 o )-so(t) du dt + /O ' /Q CAne® (t) : Bg(t) de dt = /O : /Q P (E)pa(t) da dt,

where we used that ApEp(t) = Eo(t) since p(t) € KL(). As a consequence of (4.25),
(4.28), (4.36), and (4.37), we can pass to the limit in the previous equation and obtain

/0 /U3() p3(t) dx’ dt+/ / ( _?DQ(’OS() 8) dx dt
:/OT/Wf(t)gog(t) da' dt, (4.39)
where o(t) := C,e(t) = CMe(t).

By choosing ¢ = (,0) with ¢ € L?([0,7]; H'(w;R?)), ¢(t) = 0 on 74, in (4.39) we

deduce that .
/ /&(t) : Eg(t)dx’ dt = 0.
0 w

This implies that for a.e. t > 0
/ a(t): Epdx' =0
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for every ¢ € H'(w;R?), = 0 on ~y4. The continuity of & with respect to time implies that
the above equation is actually satisfied for every ¢ > 0. By [11, Lemma 7.10-(i)] we conclude
that

diva(t) =0inw, [7(t)ves] =0 on vy,
for every t > 0.
We now choose ¢ in (4.39) of the form ¢ = @zes3, with @3 € L2([0,T]; H*(w)), ¢3(t) =0
and Vs(t) = 0 on 4 and obtain

/0 /u3( s (t) dz’ dt — 7/ / 3(t) da’ dt = /OT/wf(t)cpg(t) dx’ dt.

By [11, Lemma 7.10-(ii)] this implies that
1 _
ii3(t) — Ediv diva(t) = f(t) in [0,400) X w
together with the corresponding Neumann boundary conditions.

Step 4: Stress constraint. We recall that (CApe)p(t) € K a.e. in Q for every t > 0 and
every h. Since CApe™(t) — o(t) weakly in L2(Q;M3X2) for every t > 0 and K is a closed

sym
and convex set, we have that op(t) € K a.e. in . By (2.13) this is equivalent to saying that
o(t) € K, a.e. in Q for every t > 0.

Step 5: Flow rule. We first observe that

He(p(t) = (o(t), p(1))r (4.40)

for a.e. ¢ > 0. This follows from (2.18) combined with the fact that o(t) € K, a.e. in Q for
every t > 0. Moreover, as a consequence of Proposition 2.5, (4.21), (4.22), and (4.33), we
have that

(o(t), p(t)), = /Q o(t) : (Bi(t) — é(t)) do — 1% div div & (t) (s () — w3 (t)) da’

= /fo(t) F(E(t) — (1)) de +/(f( ) — (1)) (s (t) — s(t)) da’  (4.41)

for a.e. t > 0.

On the other hand, we can pass to the limit in the rescaled energy inequality arguing as
follows. By (4.30), the lower semicontinuity of the dissipation and the definition of D,., it
turns out that

D, (p;0,T) < lim jglfD(Ahph; 0,7)

for every T' > 0. Combining this inequality with the regularity of p, (2.6), and (2.14), we
have that

/ H(p(t)) dt < hmlnf/ H(ALP" (1)) dt (4.42)

for every T > 0. We now write the rescaled energy inequality (4.3) with t; =0 and o = T.
Using the lower semicontinuity of Q, the definition of Q,., and the assumptions on the data
(4.7) and (4.9)—(4.14), we deduce that

0, (e(T) + il + [ Ho(h(0)dt < @, (e(0) + a0
+ /0 /Q (Crelt) : Bat) + iis(t)ubs (1)) dardt + /0 / F(0) (i (t) — g (£)) da’ dt - (4.43)

for every T' > 0. Here we used that 1,3(t) = Ewap(t) by (4.9) and (4.31). By the time
regularity of e and u, inequality (4.43) can be rewritten as

/OT”HT( dt</ / dxdt+/ / (3 (t) 13 () da’ dt.
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Hence, by (4.41)
T
/ H,(p(t)) dt < / (o(t),p(t)), dt. (4.44)

Combining the above inequality with (4.40), we deduce the flow rule (4.23).

We also note, for future references, that the flow rule implies that the inequality in (4.44)
is actually an equality. Therefore, by (4.41) inequality (4.43) is an equality, as well. In other
words, the following energy balance holds:

1 T 1
Q,(e(T)) + *||1'L3(T)H2Lz +/ H,(p(t)) dt = Q,(e(0)) + *H%(O)H%z
/ /cc e(t) : Bu(t dxdt+/ / iis ()5 (2) + F(8) (s () — wbs())) da’ dt - (4.45)

for every T > 0.

Step 6: Strong convergence of the stress and the velocity. We conclude the proof by showing

the strong convergence of the sequences (1% (t)), (e"(t)), and (Ane”(t)).

By (4.3), (4.45), and the assumptions on the data we have
. hal
lim sup {Q(Aheh(T)) + 5” ( s ) / H(ALP"( }
Q. (e(0) + 5lia(0) s + / [ ote)s Biate) de a

h—0
[ [ Gstoristo) + 50)st0) - () '

IN

= Q) + YD+ [ o0
Recalling (4.42) and
Q,(e(T)) < liminf Q(Ape"(T)),  [laa(T)||22 < liminf a5 (T)]Z.,
h—0 h—0
the inequality above implies that % (¢) — ws3(t) strongly in L?(2) and

Q(Ane" (1)) = Qr(e(t)) = Q(Me(t))

for every t > 0. Since

Q(Ane”(t) — Me(t)) = Q(Ane”(t)) + Q(Me(t)) — A CApe(t) : Me(t) dz,

equations (4.28) and (4.38) imply that

lim Q(Ape”(t) — Me(t)) = 0

h—0
for every t > 0. Hence, by (2.2) we conclude that Aje” () — Me(t) strongly in L?(Q; M2x3)
for every ¢ > 0. As an immediate consequence, we deduce that e"(t) — e(t) strongly in
L?(Q; M3 53 for every t > 0.

This concludes the proof of Theorem 4.1. O

5. SOME PROPERTIES OF THE REDUCED MODEL

In this section we collect some results about uniqueness for the reduced dynamic model,
that has been derived in the previous section. We first prove uniqueness of the vertical
displacement, of the elastic strain, and of some components of the plastic strain.

Proposition 5.1. Lett — (u(t),e(t),p(t)) be a reduced dynamic evolution, that is, a solution
to the system (i)-(v) in Theorem 4.1. Then the vertical displacement us, the elastic strain
e, and the plastic strain components p and py are unique.
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Proof. Let (u,e,p) and (v,n,q) be two solutions. Let o(t) := C,e(t) and 7(t) := C,n(t).
Subtracting the two equations of motion for ug and vs leads to

i (1) — s (t) — %div div (6(t) — #(£)) =0 inw

for a.e. t > 0. Multiplying this equation by us3(t) — v5(¢) and integrating on [0, 7] X w yields
T
| tste) = ) ia(e) — inte) d’
0 w
1 /7
- 3/ / div div (6(t) — #(8)) (i (t) — (8)) da dt = 0. (5.1)

Since u3(0) = v3(0), we have

[ st st — o) ' @ = Yo sl (52)
On the other hand, by Proposition 2.5, (4.21), and (4.22), we obtain

T
112 / divdiv (6(t) — 7(8)) (as(t) — v3(t)) da’ dt
= [ [0~ 6 -y avar+ [ o0 70,50 - a0, @, (53)

where we have also used that (4(t) — v(¢), é(t) — n(t),p(t) — ¢(t)) € Axr(0) for a.e. t > 0.
Since e(0) = n(0), we have

/ [t  (€(6) — (1)) do dt = Q(e(T) — n(T)). (5.4)
Moreover, using the flow rule, (2.18), and the fact that 7(t) € K, a.e. in 2, we infer that
(a(t) = 7(t),p(t))r 2 0
for a.e. t > 0. Similarly,
(r(t) —o(t),q(t))r = 0
for a.e. ¢ > 0. Summing up the previous inequalities and integrating in time yields
T
| o)~ (0.5t = dte). di 20 (5:5)
0
Gathering (5.1)—(5.5) we deduce that
1. .
3 l(T) = 43(T) |72 + Qn(e(T) = n(T)) < 0.

By (2.2) we conclude that 45 = 03, hence uz = v3, and that e = . Finally, by Proposition 2.4
we deduce that p=¢ and p;, =q.. O

The following proposition gives a two-dimensional characterisation of the reduced dy-
namic evolution model for a specific choice of the data.

Proposition 5.2. For every t > 0 let
- /
w(t,z) = (w(téx )> for a.e. x € 9,
where w € HE, ([0, +00); H' (w; R?)). Let (ug, eo,po) € Arr(w(0)) be of the form

ug(z) = (uogx’)) , eo(x) =&y(z’)  for a.e. x € Q, po = po ® L.
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Then a map t — (u(t),e(t),p(t)) is a reduced dynamic evolution, that is, a solution to
(i)-(v) in Theorem 4.1, with boundary datum w, force term f = 0, and initial conditions

(u(0),e(0),p(0)) = (ug, €0, po) and u3(0) =0, if and only if
u(t,z) = (u(t(,):z:’)) , e(t,z) = é(t,z’)  for a.e. z € Q, p(t) =pt)® L' (5.6)

for every t > 0, where
t (a(t),et),p(t)) € BD(w) x L*(w;M2%2) x Mpy(w U vq; M222)

sym
satisfies the following conditions:

(a) Eu(t) =e(t) +p(t) in w, p(t) = (w(t) —u(t)) © vau,H' on yq for every t > 0;

(b) (u(0),€(0),p(0)) = (uo, o, Po);

(c) a(t) € K, a.e. inw for every t > 0;

(d) for everyt >0

diva(t) =0 inw,
{[o(tmw] —0 on

(e) Hr(p(t)) = (a(t),p(t)) for a.e. t > 0.
Proof. Assume that t — (u(t),e(t),p(t)) is a reduced dynamic evolution with the given
data. We have to prove that (5.6) and (a)—(e) are satisfied. To do this we argue as in [11,
Proposition 7.16]. The theory of convex functions of measure ensures that

He(B(t)) = He(p* (1)) + Hr(P° (1)) (5.7)

By the Fubini-Tonelli Theorem and the Jensen inequality we have

/ / H,(p(t) + z3p®(t) — é.1(t)) des da’
wUyq %

~/UJU’Yd tr ( /j (5 (1) + w3p™(t) — €. (1)) d$3) da’

H,(p(t)) (5.8)

for a.e. t > 0. Let A(t) := |p*(t)| + [p*(t)| for a.e. t > 0. Then the measure p*(t) + x3p®(t)
is absolutely continuous with respect to A(t) for every 3 € (—3,3). Thus, by the Radon-
Nikodym Theorem we can write

Hr(p(1))

v

() = (Cgf(it)) i Cﬁzﬁ:((;;)W) oL

where gég " denotes the generalised product of measures (see, e.g., [4, Definition 2.27]). By
the Fubini-Tonelli Theorem and the Jensen inequality, we obtain

W) = /U /; t + s ‘g(( ))) day dA(2)
> dp? (t) dp* (t)
> /md H(/_ (dA(t) + a3 d)\(t))dxg) dA(t)
= H:(p°(1)) (5.9)
for a.e. t > 0. Combining (5.7)—(5.9), we conclude that
Ho(D(t) = He(p* (1) + Hre(P* () = Har(p(2)) (5.10)

for a.e. t > 0.
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On the other hand, by (2.17), (2.18), (4.22), (4.23), and Proposition 2.5, we deduce that

Hr(p(t) = (o(t), p(1))r = (3 (1), (1)) + %@(t),ﬁ(t» - /ch(t) céy(t)dx
< H (p(t)) — /chl(t) céy(t)de — 1—12/ 6(t) : é(t) da’ — / g (t)iiz(t) da’.

(5.11)

Here we used that ws(t) = 0 and f(t) = 0 for every ¢ > 0.
Therefore, by (5.10) we have

/QUJ_(t):éJ_(t)dx—&-%/6(75):é(t)dx/+/u3(t)ii3(t)dx’

= G(@ e () + W) + 3lis(0]E:) <0

for a.e. t > 0. Integrating with respect to time, this inequality yields

O (e (1)) + 13 @ (E(t)) + £ (03 < Q61 (0) + 15 Qr(e(0)) + 1 lis(0) 3 = 0.

Since u3(0) = 0, this implies that ug = 0 and é = e; = 0. By Proposition 2.4 we deduce
that p = p; = 0. In other words, (5.6) is satisfied.

Condition (a) follows immediately from Proposition 2.4, (b) is straightforward, and (d)
follows from (4.21). Since o(t) € K, a.e. in €, it is easy to check that &(t) € K, a.e. in w,
that is, (c) holds. Finally, (5.11) and (5.10) yield (e).

Conversely, if t — (u(t),e(t), p(t)) is of the form (5.6) and conditions (a)—(e) are satisfied,
it is trivial to check that t — (u(¢),e(t),p(t)) is a reduced dynamic evolution. O

Remark 5.3. The previous proposition suggests that, in general, one cannot expect unique-
ness for the components u and p of a reduced dynamic evolution. Indeed, Proposition 5.2
shows that for some specific choice of the data the reduced dynamic evolution coincides
with a two-dimensional quasistatic model, for which uniqueness of displacement and plastic
strain in general fails (see, e.g., [34]).
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