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1. INTRODUCTION

Free discontinuity functionals, depending on a function uw and on its jump set J,, have an
increasing importance for several problems in the Calculus of Variations, with applications to image
processing, liquid crystals, and fracture mechanics (see [16, 20, 18, 3, 10]). A large literature is
devoted to the study of the lower semicontinuity properties of free discontinuity functionals (see
[1, 6,12, 13,9, 5, 8, 14, 17]). The techniques used in the proofs of the lower semicontinuity results
strongly depend on the assumptions on the volume term of the functional, which typically involves
the gradient Vu. In the case of superlinear growth in Vu, the volume and the surface term do
not interact, while in the case of linear growth, which occurs in connection with elasto-plasticity
problems, there is a strong interaction, which requires a different treatment.

The prototype of free discontinuity functionals with linear growth is

(11) [£05uhdz+ cpud@ + [olluhare,
Q Ju

where u € BV (), the space of functions of bounded variation, Vu is the density of the absolutely
continuous part of the distributional gradient of w, Du is its Cantor part, J, is the jump set of u,
[u] is the difference between the traces of u on both sides of .J,,, and H" ! is the (n—1)-dimensional
Hausdorff measure. We refer to the book [3] for the definition and properties of BV functions. The
lower semicontinuity of (1.1) has been proved in [6] under the following assumptions: f is convex
and nondecreasing, g is concave, and

(1.2) lim 1) = lim @ =C>0.

Note that when C' < 400 all terms in (1.1) interact and equality (1.2) is a necessary condition for
lower semicontinuity.

The purpose of this paper is to extend this result to functionals defined in the space BD(2) of
functions of bounded deformation. We refer to the book [19] for the general properties of this space
and to [2] for the fine properties of BD functions.

The natural extension of (1.1) to BD(Q) is the functional

(13) [tgunan+ clEmu@) + [gta) an,

Q Ju
where Eu = (Du+ Du") is the symmetric part of the distributional gradient of u, Eu is the
density of the absolutely continuous part of Fu, while Eu is the Cantor part of Fu (defined in [2,
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Definition 4.1]). Here and in the rest of the paper, the space M5 of nxn symmetric matrices is
endowed with the Euclidean norm defined by

n 1
A= (3 a3
i,j=1
and the variation of the measure |E°u| is defined accordingly.

We shall see in Proposition 3.1 that the functional (1.3) cannot be lower semicontinuous. The
main reason is that the last term in (1.3) does not take into account the orientation of the jump
set Ju.

A possible way to overcome this drawback is to consider the restriction to J, of the measure Eu
which is given by

BulJy = [u] O v H" 'L Ju,

where v, is the approximate unit normal to J, and, for every pair of vectors a,b € R", a ® b is
the matrix whose components are %(aibj + a;b;). The matrix [u] ® v, encodes the behavior of the
jump of wu, taking into account also the orientation of the jump set. This suggests that a natural
extension of (1.1) to BD(RQ) is

(1.4) / F(€ul) dz + C|E*ul(9) + / o(|[u] © wal) dH" .
Q

Ju

We shall see in Proposition 3.2 that if g(t) = min{Ct,1} then the functional given by (1.4) is not
lower semicontinuous because the 1-homogeneous extension of the function v — g(]z ® v|) is not
convex on R"™.

The functional we propose as extension of (1.1) to BD(f2) has the form

(1.5) /f |Eu|) dz + C|Eu|(Q /G v) dH™ T

where the function G(z,v) has a specific structure and, in general, does not depend only on |z®v]|.
To explain the hypothesis we will consider on G, it is convenient to anticipate the technique of
the proof. This will be based on a slicing argument which relies on the following formula for the
Fuclidean norm of a symmetric nxn matrix A:

(1.6) |A]* = sup ZIAﬁ &',

gL,

where the supremum is taken over all orthonormal bases £*,...,£™ of R (see Proposition 2.1). This
method suggests that the lower semicontinuity of F can be proved when G satisfies the following
condition: there exists a function g: [0, +00) — [0, 400) such that

(L.7) Glzv) = _sup (Zg|z Ev-e?)’,

.....

where the supremum is taken over all orthonormal bases £',..., €™ of R™.

The main result of the paper (Theorem 4.1) is that the functional F is L'-lower semicontinuous
on BD(Q) under the following assumptions: f is convex and nondecreasing, G is given by (1.7), ¢
is concave, and

(1.8) lim M: lim @:C<+oo.

t—+oo ¢ t—0+
The function G(z,v) defined in (1.7) is computed explicitly in Section 6 in the case g(t) =
min{t¢,1} and n = 2. In particular, we find that in this case G(z,v) = |z0v| if |2] <1, G(z,v) =1
if |z| > v/2, while there is a region in the annulus 1 < |z| < v/2 where G(z,v) < min{|z ® v|,1}.
The results in Section 4 are used to prove a relaxation theorem for functionals of the form

/f |Eu|) dz + C|E u|(Q /w vn) AT
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assuming that f is convex and nondecreasing, and that there exists a concave function g: [0, +00) —
[0, +00) satisfying (1.8) such that

v > (Lalz €)'

for every orthonormal basis £',...,£™ of R™. In this case, the lower semicontinuous envelope sc™ F
takes the form

sc” Flu) = [ f(|€u]) dz + ClEu|(Q) + [ d([u],vu) dH" T,
[ /

for a suitable function %. Note that the function f and the constant C' do not change in the
relaxation process.

2. NOTATION AND PRELIMINARY RESULTS

Throughout the paper Q is a bounded open set of R™, «7(£2) is the class of open sets contained
in 2, and () is the class of Borel sets contained in 2. The notation A € B means that A
is relatively compact in B. The Lebesgue measure on R™ is denoted by £", and the (n — 1)-
dimensional Hausdorff measure by H"~*. The set S”~! is the unit sphere {z € R™ : |z| = 1}, while
O(n) stands for the group of nxn orthogonal matrices.

For every nxn matrix A, the Euclidean norm of A is defined by

n 1
3
|A] = ( 3 Afj) .
i,j=1
The following property will be used in the proof of the lower semicontinuity result.

Proposition 2.1. For every nxn symmetric matriz A we have

n 1
(2.1) Al= sup (Do1agt-¢P)7,
ghm i
where the supremum is taken over all orthonormal bases &*,... " of R™.

Proof. Let A be a symmetric matrix, let €',..., €™ be an orthonormal basis and let R € O(n) be
a rotation such that £ = Re;, where e1,...,e, is the standard basis in R"™. Then

D _1AE €17 =3 |ARei - Rei* = ) |R" ARe: - ei” < |[RTAR|” = |A]".
i=1 i=1 i=1

To show that the supremum in (2.1) is attained, let S € O(n) be a rotation such that STAS is
a diagonal matrix with entries A1,..., \n, and let ¢* := Se; for i =1,...,n. Then ¢*,..., (™ is an
orthonormal basis of R" and we have that

STIAC P =) |ASe; - Seil? =D [STASe; - ei? =D A7 = [STAS|P = AP

i=1 i=1 i=1 i=1
This concludes the proof. O
Remark 2.2. We note that taking the supremum over all orthonormal bases &',... &" of R" is

equivalent to taking the supremum over the columns of all rotations R € O(n). Therefore the
supremum in (2.1) does not change if we consider only a countable dense family in O(n).

Given a metric space X and a functional F : X — [0, +oc], we recall that F is lower semicon-
tinuous if for every sequence xj € X such that xx — x we have

The following localization lemma is a classical tool useful to prove the lower semicontinuity of integral
functionals. Its proof can be found, e.g., in [11, Lemma 15.2].
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Lemma 2.3. Let A be a function defined on the family of open subsets of 2, which is superadditive
on open sets with disjoint compact closure. Let A\ be a positive measure on €2, let ¢;, j € N, be
nonnegative Borel functions such that

[esar<aw)

for every open set A C Q, for every compact set K C A, and for every j € N. Then

/sqp @; d\ = sup { Z /ij dX: (Kj)gzl disjoint compact subsets of K, r € N} < A(A)
3
K

jle]‘

for every open set A C Q and for every compact set K C A.

We now recall some lower semicontinuity results about one dimensional functionals defined on
the space BV (U), where U is a bounded open subset of R. Let us consider the functional ® :
BV (U)xa(U) — [0,400) defined by

(2.2) P(u, A) := /f(IVul)dt+C|DCU\(A)+ > 9@,
A

teJy,NA

for every u € BV (U) and for every open set A contained in U. Even in dimension one we keep the
notation Vu for the absolutely continuous part of the distributional derivative Du of u. It is well
known that the functional ® is lower semicontinuous with respect to the weak* topology in BV (U)
under the following assumptions: f is convex and nondecreasing, ¢ is concave, and (1.2) holds. For
a proof of this result we refer to [7] and [3, Theorem 5.2]. In the next theorem we prove that the
functional ® is lower semicontinuous with respect to the L' topology, which is weaker than the
weak™® topology in BV (U).

Proposition 2.4. Let f be a convexr and nondecreasing function, let g be a concave function, and
assume that (1.2) holds. Then the functional ®(-,U) defined in (2.2) is L*-lower semicontinuous
on BV (U), i.e., for every ux,u € BV(U) such that ux — u in L*(U), we have that

(2.3) ®(u,U) < liminf ®(ug,U).
k—+oco

Proof. Tt is enough to prove the result when U is a bounded open interval, denoted by I. Let us
fix ug,u € BV (I) such that ux, — v in L*(I). Up to extracting a subsequence, we can assume that
ur — u a.e. in 2, that the liminf in (2.3) is finite, and that it is actually a limit. Therefore

(2.4) Q(uk, 1) < M

for some positive constant M .

We start by proving that the number of large jumps of the functions wg is equibounded. Since
g is a concave function, there exist a constant ¢ > 0 such that g(¢) > cmin{¢,1}. By (2.4), this
implies that there exists a constant M’ > 0 such that

(2.5) [Durl(I\ o) +H (o) < M,

where J,, := {t € Ju, : |[ux](t)] > 1} and H° is the counting measure. Hence, up to a subsequence,
we can assume that there exists an integer m > 1 such that J&k = {t’f7 ey tfn}, with t§ < - <tk .
We can also assume that t¥ — ¢; as k — 400, for 4 = 1,...,m, where t; < --+ < t,,. Let us

consider $1 < -+ < s¢ such that {s1,...,s¢} = {t1,...,tm}. Let us fix § > 0 such that the following
properties are satisfied:
- the intervals [s; — d,s; + 0], i = 1,...,£, are pairwise disjoint;

si — 6 and s; +d do not belong to Uk Ju, Udu

ug(s; —8) = u(s;i —0) and ug(s; +9) = u(s; +0) as k — +oo, for 1 =1,...,¢L.
Let us consider the open set As := I\ Ule[si — 4,8, + 0]. First of all, we notice that, for k large
enough, we have that |[ux](t)] < 1 for all ¢t € Ju, N As, ie., Jy, NAs = @. Hence, by (2.5), we
have that |Dug|(As) < M’ for all k. This implies that ux — u in BV (As), and by the lower
semicontinuity of ®(-, As) with respect to the weak* convergence of BV (As), we deduce that

(2.6) ®(u, As) < liminf &(ug, As) .
k—+oco
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Let us now fix i = 1,...,£ and let I := (s; — 6, 5; +J). By (1.2), given € > 0 there exists t. > 0
such that for every ¢t > t. we have that
(2.7) f(t)> (C—ext.
We claim that
(2.8) g(Jur(si +0) —ur(si — 9)|) < &@(uk,ﬁg) + w(g, d),
where w(e,d) — 0 for § — 0. First of all we observe that

Juk (si + 8) — ui(s: = )| < [Du| (1) = / [Vurldt+ D uel (1) + D7 |[ua](0)]
Ig tGJukﬁlg
and therefore, by the subadditivity of g and by the inequality g(t) < Ct,
alunls: +8) = wnlos = O)) = € [[Fuilde < g (0wt + Y Ifusl(0)])

Ig tGJukﬁI("g

<CIDwl(I5) + . g(uxl@®))-

t€ Ty, NIL

(2.9)

By (2.9) and (2.7) we get

) = 5o [F(Vud e+ Cipuli + Y gl

I teJukmlg
C
> m/f(|vuk|)dt+g(|uk(8i+5) —uk(si — )|) —C/\Vuk|dt
I I
C
>5[ Vet s+ 6) — s - )

{IVug|>teInig
_c / Vue| dt — C / Vg | dt
(IVug|>t 301 {(IVugl<toyni
> g(|un(si + 8) — ur(si = 8)[) — CL (1)t .
Since £!(I%) = 24, this proves (2.8).
Letting k — +o0 in (2.8) we obtain

(2.10) g(lu(si +90) —u(si — 9)|) < liminf

k—+oco — €

Summing (2.6) and (2.10) for ¢ =1,...,¢, it follows that

cI)(uka Ig) + w(€7 6) .

L

c ...
D(u, As) + Z}gﬂu(si +9) —u(si —9)]) < o hkrgg.}fé(uk, I)+ £ w(e, ).
Letting 6 — 0 and then ¢ — 0, we conclude the proof of (2.3). O

3. SOME EXAMPLES

In this section we show that, in general, the functionals defined in (1.3) and in (1.4) are not
L' -lower semicontinuous on BD(Q).
We start by studying the functional G;: BD(§2) — [0, +o0) defined by

(3.1) Gi(u) = / F(€ul) dz + C|E*ul(Q) + / g(I[ull) A",
Q Ju

where f: [0,+00) — [0,400) is a convex nondecreasing function such that

(3.2) im LY ¢,
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with 0 < C < 400, and g: [0, +00) — [0, 400) is a concave function. As we shall see in the following
proposition, the reason why the functional G; fails to be lower semicontinuous is the fact that the
surface density only depends on |[u]].

Proposition 3.1. The functional Gi defined in (3.1) is not L' -lower semicontinuous on BD(Q).

Proof. For the sake of simplicity, we give the proof only when € is the unit cube in R™ centered
at the origin, i.e., @ = (—%,3)". Let Q' be the unit cube in R"™', ie., Q = (—3,%)"". For
every z € Q, let o’ be the vector in Q' with components (z1,...,2,—1). Finally, let ¢’(0) be the
right derivative of the function g at 0. Let us assume, by contradiction, that the functional G; is
L' -lower semicontinuous on BD(RQ).

Let us start by proving that ¢'(0) > C. Let us fix t > 2, z € R", and let us define the function

u which connects linearly the vector 0 and the vector z in the rectangle @Q’x[0, % :

z if 1 <@n <3,
w(x', xzn) = { tza, if0<mn<%,
0 if —3 <z, <0.

We now define a sequence of pure jump functions uy which approximate in L' the function . For

every k € N let
k

ak(s) == Z%ﬂ(@ L)(S)v 5€(0,%),
= Kt okt
where 17 is the indicator function of the interval I. Let
z if % <zn < %,
up(x', mn) 1= { tzap(zn) 0 <an <1,
0 if —5 <z, <0.

: ,
t
1
0 i
Figure 1. Graph of the function oy .

It is easy to see that uy — u in L'(Q;R™). Therefore, by the lower semicontinuity of G; we get

fUlzoen) _ _
Hezzeed — [ pgul)do = 6w

. . 1 . n—1 1 . l
< liminf Gy (ue) = liminf [ g([us][)dH™" = liminf kg(y|2])

Juy,

=9g'(0)]2|.
Letting ¢t — +oco in the inequality above, by (3.2) we get
Clz ®en| < g'(0)]2].
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If we choose z = e, , this proves that ¢'(0) > C.
Let us now prove that ¢’(0) < % This will lead to a contradiction. Let z € R™ and let us
consider the pure jump function u defined by

, )z fo<an <3,
u(z', zn) = ] L
0 if —1<a,<0.

We now construct a sequence of piecewise affine functions us which approximate u in L'. For
every ke N, k> 2, let

z if + <an <3,
uk(z', xn) = { kzan if0<23n<%7
0 if —3 <z, <0.

By the lower semicontinuity of Gi and by (3.2), we have that

o) = [ gl a™! =Gu(w)
Ju
< liminf G1(ug) = lim inf /f(|5uk\) dz = liminf M
k—+o0 k——+oo k—+o0
Q
=ClzOen].

By choosing z of the form z = de; = (4,0,...,0) we get
g([9e1]) c
gl < W= =

5 < Cle1 © en] 7
and therefore, by letting 6 — 07, we obtain ¢’(0) < %
This concludes the proof. O

Let us now consider the functional G2: BD(€) — [0,400) defined by

(33 Ga(u) = [ Fllgul) do + ClE (@) + [ gl vy dr™ ",
Q Ju
where f: [0,+00) — [0,400) is a convex nondecreasing function such that
(3.4) lim ol =C,
t—+oo

with 0 < C < 400, and g(t) = min{C%, 1}. In the next proposition, we prove that G is not lower
semicontinuous. In this case, the main issue is the fact that the surface density does not satisfy a
necessary condition for the lower semicontinuity of the functional, i.e., the function ¥: R" xR" —
[0, +00) defined by

(3.5) W(zv) = {g(lz © 5yl ifv#0

0 ifr=0
is not convex in the variable v.

Proposition 3.2. The functional Go defined in (3.3) is not L' -lower semicontinuous on BD(Q).

Proof. For simplicity, we assume C' = 1. Let us show that the function % is not convex with respect
to the variable v, i.e., there exist four vectors z,vo,v1,v2 € R™ such that vo = Ay + (1 — A)ve for
some 0 < A <1 and

(3.6) ¥(z,v0) > A(z,01) + (1 = A)b(z,12) .
Indeed, let z = pe1 = (p,0,...,0), with p > 0. Then, if v = (a1, a2,0,...,0), we have that
¥ (z,v)" = min{p?(al + ja3), ai +a3}.

For 1 < p < /2, the set ¥(z,v) < 1 is not convex, and it is possible to find vp,v1,v2 € R™ such
that vo = Avi + (1 — A)ve for some 0 < A < 1, ¢¥(z,v1) = ¢¥(z,v2) = 1 and ¥(z,10) > 1 (see
Figure 2). This concludes the proof of (3.6).
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i ,02((1%4»%(1%):1

1) \

Vo

V1

af—l—a%:l

Figure 2. Construction of the vectors vo,v1,vs.

Let us consider the functional ® defined on the collection of sets of finite perimeter in 2 by

B(E) := Go(1pz) = /w(z,uE)dH"*,
O*E
where 0*FE is the reduced boundary of E and vg is the approximate unit normal to F. Since
¥(z,-) is not convex, the functional & is not L'-lower semicontinuous (see [3, Theorem 5.11]), and
therefore Go is not L'-lower semicontinuous. O

4. SEMICONTINUITY BY SLICING

In this section we prove the lower semicontinuity of the functional F: BD(2) — [0,40c0) de-
fined by

(4.1) Flu) = /f(|6u|)dx+C|Ecu\(Q) +/G([u],uu)d7-["_1,
Q Ju
under the following assumptions:

(H1) f:[0,400) = [0,400) is a convex nondecreasing function;
(H2) there exists a concave function g: [0, 4+00) — [0, +00) such that the function G': R xS" ™! —
[0,4+00) can be written as

G(z,v) sup (Zg |z &) - €' ) for every z € R*,v € 8",
£7L .

where the supremum is taken over all orthonormal bases &',... " of R™;
(H3) 0<C < 400 and
lim @: lim ﬂzC.
t—+oo ¢t t—0+ &
The following theorem is the main result of the paper.

Theorem 4.1. Under assumptions (H1)—~(H3), the functional F defined in (4.1) is L' -lower
semicontinuous on BD(Q), i.e.,
< lim;
Flu) < lklgligof}—(Uk)
for every sequence ux € BD(Q) and u € BD(Q) such that ux — u in L' (Q;R™).

In the proof of Theorem 4.1 it is convenient to localize the functional F, i.e., to consider the
functional F: BD(Q)x47(2) — [0,+00) defined by

(4.2) Flu, A) /f |Eu|) dz + C|Eul(A / G([u],v) dH" !

JuNA
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for every u € BD(2) and A € &7(Q). Clearly we have F(u) = F(u,).

The proof is based on a slicing argument, which allows us to reduce the problem to the one-
dimensional setting. We recall here some notation and some preliminary results about slicing. For
every ¢ € S"! and for every set B C R™, we define

I :={zeR":2-£=0} and B§ ={teR:y+tfe B} foreveryyell.
If w: Q2 — R is a scalar function and v: Q@ — R" is a vector function, we define their slices
wgz Qi—ﬂR and 175: Q§—>R by
wg(t) =w(y+t€) and f)g = (v- 5)5 ,

respectively. If uy is a sequence in L*(Q; R™) such that uy — u in L'(Q;R™), using Fubini Theorem
we can prove that for every & € S"™! there exists a subsequence ug; such that (ﬂkj)g — 115 in
LY(Q5) for H™" '-ae. y € II°.

We recall that a function u € L*(€;R™) belongs to BD() if and only if we have

a5, € BV(Q5) for H" "-ae.y € TI° and /\Du§|(Q§)dH"_1(y) < 400,
¢
for every direction ¢ € S*"'. Moreover, we have that (Eu¢ - )5 coincides L£'-a.e. in Qf with

the density V?lf, of the absolutely continuous part of the distributional derivative of ﬁg; as for the
Cantor part, we have

Bu(B)g €= [ Dra(Bf) an
11é

for every Borel set B C Q; finally, for " '-a.e. y € II* we have that (J§)§ = Je and [u](y+t€) -
Y

¢ = [a5](t), where JS = {z € Ju : [u](z) - € # 0}. For more details about slicing of BD functions,
we refer to [2].

The first step of the proof of Theorem 4.1 is a result about the lower semicontinuity of the
functional F¢: BD(Q)x.a () — [0, 4+00) defined for every ¢ € S™™' by

Fe(u, A) = /f(IEU€~£|)dw+C|ECUE~§|(A)+ / g(l[u] - €))[v - €[ AR
A JuNA

for every u € BD(Q2) and for every open set A C Q. In the previous formula, |E°ué-£| is the total
variation of the scalar measure E°ué - £ defined by (Eué - £)(B) := E°u(B)¢ - € for every Borel set
B cCQ.

Remark 4.2. Let us consider, for every £ € S"7! and for H" '-a.e. y € II*, the one dimensional
functional ®¢,: BV (Q5)xa(Q5) — [0, +0c) defined by

(4.3) Dey(v,U) = /f(le\)dt+C|Dcv|(U)+ > gD
U

teJ,NU

for every v € BV(Q%) and for every open set U C Qg Using the Area Formula and the slicing
properties mentioned above, it is easy to see that

(4.4) Felus ) = [[@e, (a5, 45) 41 ()
¢
for every u € BD(2) and for every open set A C Q.
Under assumptions (H1)—(H3), the lower semicontinuity of the functional F¢ is easily obtained

from the lower semicontinuity of the one dimensional functionals ®¢ , proved in Proposition 2.4 and
from formula (4.4), as the following lemma shows.

Lemma 4.3. Let £ € S™™' and let ugx,u € BD(Q) be such that ux, — u in L'(Q;R™). Assume
that (H1)-(H3) hold. Then

(4.5) Fe(u, A) < liminf Fe(ug, A)

k—+oo

for every open set A C Q).
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Proof. Let A be an open set contained in 2. Up to a subsequence, we can assume that the liminf
n (4.5) is actually a limit and that ()5 — @§ in L'(Q5) for H" '-ae. y € II*. Since by
Proposition 2.4 the one dimensional functional ®¢ , defined in (4.3) is L'-lower semicontinuous, we
obtain that

(4.6) Dy (45, AS) < hminf Dey ((r)5, AS)
for H"'-a.e. y € II°. Integrating (4.6) with respect to y, by the Fatou Lemma we deduce that

(4.7) [ et A5 an @) < timint [ @, (@05, 45 41 ).
1é 1é

Inequality (4.5) simply follows from the inequality above and from (4.4). O

We prove now a lower semicontinuity result for functionals which are less than or equal to the
original functional F, but which have a much simpler structure. For every a € [0,C], we consider
the concave function g“(t) := min{at,g(t)} and we define the function G*: R"xS"~! — [0, +00)
by

@s) Gw)i= s (3ol €T

where the supremum is taken over all orthonormal bases £',...,™ of R™. In the following two
lemmas, we shall study the functional

(4.9) /\5u|dm+a|Ecu| / G*([u], v) dH" .
JunA
Note that, if b > 0 is such that at — b < f(t) for every t € [0,400), then
/(a|€u| —b)dz + a|Eu|(A / G*([u], vu) AH" ™" < F(u, A)
A JunA

for every open set A contained in 2. We will deduce the lower semicontinuity of F from the lower
semicontinuity of the functional defined in (4.9) by passing to the supremum among all possible
a,b >0 such that at — b < f(t).

We start with a technical lemma.

Lemma 4.4. Let a € [0,C], let £',... €™ be an orthonormal basis of R™, and let u € BD(R).
Then, for every open set A C €,

(4.10) a(i (/|5u,5".g"|dx 2)% /|5u|dm,
i=1 A

(4.11) a(DECusi-gﬂ(A)Z)E < a|E°ul(4),

n

(4.12) ( ( / |- €)|va - €]dH" 1) % /G ([u], v) AH" "

=1 ;A JuNA

Proof. Let us prove (4.10). By the Holder 1nequahty with respect to the measure |Eu|L™, we get

/|5us ¢ldr) /\|gu|£ 3 /]‘ g ¢

Summing with respect to i, from (2.1) it follows that
; 1
2 /|€u\dx 2 /|€u\dx

/|€u§ g\dx /Z)

which proves (4.10).

\€u|dx /|5u\dx
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To prove (4.11), we use the Holder inequality with respect to the measure |E°u| and we obtain

Eug’ - €')(4 / |SEe €] AEul)’ / |4t ul) | Eul(4).

Therefore, by (2.1),
. 3 dE
(DE ug'-€(4)?)” /Z\CHEC“

since ’%‘ =1 |El-a.e. in Q.
The strategy to prove (4.12) is the same. By the Holder inequality with respect to the measure

G*([u], vu)H" ™" we have
(] e erane)' = (f CUEERR o v ane )

G ([u], vu)
JuNA JuNA

1
ul)* |Bul(4)F < |E°ul(4),

ga(”u] |) |Vu 5 |2 a n—1 a n—1
< / G llul, va)? G*([u],vu)dH / G*([u], vu)dH

JunA JunA
and hence, by (2.1) and by (4.8) we obtain

(% /9a<l[ul-£i|>|uu-gi|dw*1)2)%

i=1

JunA
g |[u ‘VU 5 | a n—1 % a n—1 %
< /Z Gy G ) am ) ( /G ([u),va) dH" )
JunA =1 Y JuNA
< / G ([u], va) dH" .
JunA
This concludes the proof. O

In the following lemma, we prove a preliminary result which is strongly connected with the lower
semicontinuity of the functional defined in (4.9). The main idea of the proof is based on the following
remark: by Proposition 2.1 we have that

Eul = sup (3 [eug; - &)
J i=1

where {531, ...,&} + j € N} is a suitable countable collection of orthonormal bases of R". Therefore
we can apply a localization argument based on Lemma 2.3 which leads to

T n 1 .
/|5u| dx = sup { Z/ (Z |Eug; ~§§|2)2 da : (K7)j—; disjoint compact subsets of K, r € N} .
4 =1t =

This will allow us to use the semicontinuity result already proved for }—gi. defined in (4.17) below.
Lemma 4.5. Let a € [0,C], let ug,u € BD(Q) be such that ui, — u in L'(;R™), and let

(4.13) A(A) = lkiminf /|5uk\dx+a|E ukl(A / G ([uk), vu, ) dH" ™ 1]

Ju

for every open set A C Q2. Then

(4.14) a/\5u| dz < A(A),
(4.15) alE“u|(K) < A(A),
(4.16) / G*([u), va) dH" ™ < A(A)

for every compact set K and for every open set A such that K C A C Q.
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Proof. Let us fix an orthonormal basis &*,...,£" of R™. For every i = 1,...,n, let us consider the
functional Ffi: BD(Q2)x (1) — [0, +00) defined by

(4.17) Féi(u, A) :=a/\5u£i-£i|dx+a|Ecu5"-£"|<A)+ /g”(|[u]~£"|)\uuf"ldH”‘%
A JuNA

for every u € BD()) and for every open set A C Q. Since J-"gi satisfies the hypotheses of Lemma 4.3,
we have that

(4.18) Fei(u, A) < lklgirgof]:g, (uk, A),

for every ¢ = 1,...,n and for every open set A C Q.
In order to prove (4.14), we observe that by (4.18)

a / |Eug’ - &' dw < Fei (u, A) < liminf FE (ux, A)
k—+oo
K

for every compact set K C A. From this inequality and from the superadditivity of the liminf, it
follows that

- 0 1 2 % . . < a 2 %
. : < . .
(4.19) a<;(/|€u§ ¢ |d:c) ) _ggfg(;fg (ui, A) )
=1 3 —
By the triangle inequality of the Euclidean norm in R™ and by Lemma 4.4, we obtain

(Zn:f& (uk,A)Q)% < a(Z (/\suksi & dx)z)% + G(Z | B un€' -fi\(A)Q)%
=1 =1 ‘A =1

(.20) (S ([ o €Dz )

i=1 Juy NA
< a/|5uk|dx+a|Ecuk|(A)+ G ([ur], vy, ) dH™ .
A JupNA

Hence, by (4.19) and (4.20) it follows that
n o 2\1
(35 (flenetc1ae)) < acn
=1 p

for every compact set K, for every open set A such that K C A C 2, and for every orthonormal
basis &',..., €™,

Let us fix a sequence R; dense in O(n) and let f}, ...,&; be the column vectors of R;. Let us
define the vector functions ¢’ = (¢7,...,¢J) with components given by ¢! = |Eugl-€l|,i=1,...,n.
By the previous inequality, under the same assumptions on K and A, we have

a‘ /cpj d:r’ < A(A)
K
for every j. Since A is superadditive, we obtain

a/|gaj| dz = sup { Za‘ /goj dx’ - (K™)p—, disjoint compact subsets of K, r € N}
h=1
(4.21) K Kh
< sup { Z A(AM) - (A™)_, disjoint open subsets of A, r € N} < A(A)
h=1

for every compact set K and for every open set A such that K C A C . By Lemma 2.3 we deduce
that

a/sup|g0j|d:v <A(4).
J
K

On the other hand, by Proposition 2.1 and by Remark 2.2, we have that sup, |¢’| = [€u|. Together
with the previous inequality, this concludes the proof of (4.14).
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Let us now prove (4.15). Arguing as in the first part of the proof, we obtain that
n 1
a( Do 1Eug - €1(K)?)* < A(4)
i=1

for every compact set K, for every open set A such that K C A C Q, and for every orthonormal

basis £',...,€". Let fjl-, ...,&; be the sequence of orthonormal bases introduced above. We now
define a sequence of vector functions ij = (go{, RN @ZL) with components given by
) dEu .
J_ iel|
v ‘ dBeu] 5

The inequality above gives, under the same assumptions on K and A,
al /wﬂ' d[E“ul| < A(A)
K
for every j. As in (4.21), we obtain that
a 191410l < A4),
K

hence, by Lemma 2.3, we deduce that

o [ sl dlEm] < A4)
J
K

for every compact set K and for every open set A such that K C A C 2. On the other hand, since
ngCZd =1 |E‘ul-a.e. in Q, we have sup; |¢’| = 1 |El-a.e. in Q, by Proposition 2.1 and by

Remark 2.2. Together with the previous inequality, this concludes the proof of (4.15).
The proof of (4.16) follows the same steps. Arguing as in the first part of the proof we obtain
that

n ) ) 2.1
(X( [ oG-l -€1arn ) )" < aca)

=1 J.nK
for every compact set K, for every open set A such that K C A C Q, and for every orthonormal
basis £!,...,£™. We now continue as in the previous step, replacing the measure |E°u| by H""'LJ,
and defining ¢! := ¢°(|[u]-&}|)[vu-€L|. Since now sup; |¢’| = G*([u], vu), we finally obtain (4.16). O

Remark 4.6. In order to treat separately the three terms of the functional F, given u € BD(Q), it
is useful to consider a partition of 2 into three Borel sets Bi, Ba, B3 such that

(4.22) LM(Q\ B) =0,
(4.23) |E“ul(Q\ B2) =0,
(4.24) H" N ((Ju \ B3) U (Bs\ Ju)) =0.

Let € > 0 and let Ki, K2, K3 be three pairwise disjoint compact sets such that K, C Bj for
h=1,2,3 and

(4.25) / F(lEu]) dz < <,
B1\K1
(4.26) C|E6u|(BQ \ KQ) <eg,
(4.27) / G[u), ve) dH™ ' < e
B3\ K3

Finally, let A, A2, As be three pairwise disjoint open subsets of 2 such that K, C Ap for h =
1,2,3.

We now exploit the property that a convex function can be written as the supremum of affine
functions, which combined with Lemma 4.5 gives the following result.
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Lemma 4.7. Let ux,u € BD(Q) be such that upx — u in Ll(Q;R") and let Ky, K2, K3 and
A1, Az, As be as in Remark 4.6. Then

(4.28) /f(|8u|) dz < liminf F(ug, A1),
k—+o0
Ky
(4.29) C|E‘u|(K2) < liminf F(ux, A2),
k—+4o00
(4.30) / G([u], va) M < lim inf F(ux, As).
k—4oc0
K3

Proof. Without loss of generality, we can assume f(0) = 0. Since f is convex and nonnegative,
there exists a family of functions f;(t) = (a;t — b;)" = max{a;t — b;,0}, with a;,b; > 0, such that
fi < f and f(t) = sup; f;(t), for every t € [0, +00). Hence, by Lemma 2.3, given ¢ > 0 there exists
a finite family of disjoint compact sets K7,..., K] contained in K; such that

(4.31) /f(|8u|)dx < Z /(aj\sm —bj)tdz+4.

For every j =1,...,r, let us fix a compact set KI C KJ N{a;|Eu| —b; > 0} such that
/(aj\sm —by)tde < /(aj|gu| ~by)dt 2.

Let us consider a family of pairwise disjoint open sets Af,..., AT such that I?{ C A{ C A; and
b L™ (A} \ KY) < 6/r.

Note that by (H3) we have that a; < C, since a;t —b; < f(t). Therefore, we can apply (4.14)
to IN({ and AJ to obtain

as / £uldz < liminf [o, / x| dz + a5 | Eur|(AL) + / G (i, v ) AH" ]

K Al Ju NAJ
for every j =1,...,r, and therefore
/(aj\€u| — b)) de < /(aj|5u| —b;)dz + ° < liminf F(uy, A]) + » ,
r k—+o00 T

J K
Ky K

where we have used the inequality b;£"(AJ \ KI) < &/r. This implies, by (4.31) and by the
superadditivity of the liminf, that

/f(\€u|) dz < liminf F(ug, A1) + 36 .
k—4oc0
Ky

Letting 6 — 0, we conclude the proof of (4.28).

To prove (4.29) and (4.30), first of all we note that sup; a; = C'. Indeed, given § > 0, by (H3)
there exists T > 0 such that C' < f(T)/T + d. Since f(T) = sup; f;(T), there exists a j such
that f(T) < f;(T) 4+ 6T < a;T + 6T. Therefore C < aj + 2§. Letting 6 — 0, we conclude that
sup,; a; = C'.

Since L"(K2) = 0, for every 6 > 0 and for every j there exists an open set A% such that
Ka C A} C Ay and b;L"(A%) < 6. Applying (4.15) we have that

a;|E“ul(K2) < lkiglinf [a]- /|5uk\ dz + a;|Eui|(A}) + / G ([uk], vuy) dH"_l]
A} Juy, NAS
< liminf F(ug, A)) 4 b; £ (A3) < liminf F(ur, A2) + 9.
k—+oo k—+oo
Recalling that sup; a; = C, we obtain
C|E‘u|(K2) < liminf F(uk, A2) + 6
k—+oo

and by the arbitrariness of ¢, we deduce (4.29).
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Finally, let us prove (4.30). Arguing as in the previous step, for every § > 0 and for every j we
have that

/Gaj ([u], o) dH" " < liminf F(ug, Az) + 5.
k—+oco
K3
Letting 6 — 0, we obtain

(4.32) / G ([u], o) dH™ " < liminf F(uy, A3) .
k—+oco
K3
Since sup; a; = C, either there exists jo such that aj, = C' or there exists a strictly increasing
subsequence a;, converging to C'. In the first case, we have g%o = g, hence G%0 = G, and (4.32)
with jo coincides with (4.30). In the other case, g“/» is an increasing sequence and converges to
g. Consequently, G%r is an increasing sequence and converges to G. Therefore, we can pass to
the limit in (4.32) along the sequence j5 using the monotone convergence theorem, and we obtain
(4.30). O

Theorem 4.1 is now a simple consequence of Lemma 4.7, thanks to the choice of K1, K2, K3 made
in Remark 4.6.

Proof of Theorem 4.1. Let us fix ug,u € BD(Q) such that u, — v in L*(Q;R™). Let us consider
the three disjoint Borel sets B, B2, B3z, the three disjoint compact sets K1, K2, K3, and the three
disjoint open sets Ai, Az, As as in Remark 4.6. By Lemma 4.7 and by the superadditivity of the
liminf, we have

/f(|£'u|)dw + C|Eu|(K2) + /G([u], va)dH" T < lkim}_nf}"(uk,ﬂ) .
K3 K3

From this inequality and from (4.22)—(4.27) we obtain

Flu,Q) = /f(|€u|)d:r + C|Eu|(B2) + /G([u],uu) dH™ "

By By
< [ fleu) o+ e+ ClEul() + £+ [ Gllul ) an 4 2
K 2

< liminf F(ug, Q) + 3e.
k——+oco
Letting € — 0, we conclude the proof of Theorem 4.1. O

5. A RELAXATION RESULT FOR FUNCTIONALS DEFINED ON BD(Q)

The aim of this section is to obtain an integral representation for the relaxation of the functional
F: BD(Q) — [0,+00) defined by

(5.1) Flu) := /f(|gu\)dx+C\Ecu\(Q)+/¢([u],yu)d7¢"*1,
Q Ju

for every u € BD(2). We assume that:

(H1") f:1]0,4+00) — [0,+00) is a convex nondecreasing function;
(H2'") there exist a constant ¢; > 0 and a concave function g: [0,+00) — [0, +00) such that for
every orthonormal basis &', ... €"

(X gz €12l €7)" <w(zv) < ermingle], 13,

for every z € R” and v € S"7! ;
(H3') 0<C < +co and
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Remark 5.1. Note that, by assumption (H3'), there exist two constants a, 8 > 0 such that
(5.2) alt—1) < f(t) < B(E+1)
for every t > 0. Moreover, we claim that there exists a constant ca > 0 such that
comin{|z|,1} < ¥(z,v).
Indeed, let ¢ > 0 be such that g(t) > cmin{t,1}. Let £' be the unit vector lying on the plane

spanned by z and v with the direction of the bisector of the angle in [0, 7] between the directions

+v and Z. Note that |z - & > §|z| and |v- €' > @ Let ¢2,...,6™ € S"™! be such that

=]

€',...,€" is an orthonormal basis of R™. Then, by (H2'), we have
n 1
b(z,0) > (Y gz €12l €)= eminflz - €1, 1} - €'
=1

> cmin{§|z|7 l}g > comin{|z|,1},
for a suitable constant cz > 0.
In order to state the main theorem of this section, it is convenient to consider the localized version

of the functional F defined as in (4.2). The lower semicontinuous envelope on BD(2) of F is the
functional sc™F: BD(Q)x /() — [0,400) defined by

(sc” F)(u, A) == inf{lkimﬁi_nf]:(uk,A) ‘uk € BD(Q), ur — uin L'(R™)},

for every u € BD(2) and A € &/(Q).
We are now in a position to state our relaxation result.

Theorem 5.2. Under assumptions (H1')~(H3'), there exists a Borel function 1: R"xS"™1 —
[0, +00) such that

(5.3) s Flu, Q) = / F(Eul) dz + C|Eul(9) + / B[], v) dH Y,
Q Ju

for every u € BD(R).

One of the main tools used to prove Theorem 5.2 is the following integral representation result
for the surface part of functionals defined on the space BD(Q2). We only state Theorem 5.3, since
it can be proved by following the arguments of the proof of [4, Proposition 5.1]. We recall that a
functional G: BD(Q)x 47 (2) — [0,+00) is said to be local if for every A € &/ (Q) and for every
u,v € BD(Q) such that u = v a.e. in A, we have G(u, A) = G(v, A). In the following statement,
Q7 denotes a cube of side € centered at the origin with two faces orthogonal to v and u is the

pure jump function defined by
W (z) = {z ifz-v>0,

0 ifz-v<O0.

Theorem 5.3. Assume that G: BD(Q) x4/ (2) — [0,+00) satisfies the following properties:
G is local;
- G(-,A) is L' -lower semicontinuous, for every A € o/ (Q);
- there exists a constant ¢ > 0 such that G(u, A) < c(|Eu|(A)+L"(A)), for every u € BD(Q)
and for every A € o (Q);
- for every u € BD(Q), G(u,-) is the restriction to </ (Q2) of a Radon measure;
G(u(- —xo) + b,xo + A) = G(u, A) for all b€ R™ and xo € R™ such that xo + A C Q.
Then, for every w € BD(Q) and for every A € o/ (Q)), we have that

Glu, Ju N A) = / B([u], v) dHY,
JuNA

where

(5.4) Bzv) = limsup [Ein inf{G(v, Q) v € BD(QY), v(x) = u(x) on QL] .

We will show that the lower semicontinuous envelope of F satisfies the assumptions of Theo-
rem 5.3. We start by proving a weak form of the subadditivity condition for sc™F.



LOWER SEMICONTINUITY OF A CLASS OF INTEGRAL FUNCTIONALS ON BD 17

Lemma 5.4. Let A,B € o/ (Q) and A’ € &/ (Q) such that A’ € A. Then
(5.5) sc” F(u, A" UB) <sc” F(u, A) +sc” F(u,B),
for every u € BD(R).

Proof. Let us fix u € BD(Q2) and let us consider two sequences uj and uf in BD(Q) converging
in L'(;R™) to the function v such that

(5.6) sc” F(u, A) = lim F(up,A) and sc” F(u,B)= lim F(up,B).
——+o0

k—+oco

It suffices to prove (5.5) when the right hand side is finite. Hence we can assume that F(uj’, A) and
F(uB,B) are equibounded sequences.

We now use the De Giorgi slicing and averaging argument to construct a suitable sequence
ur € BD(Q) converging to u in L'(Q;R"). Let d := dist(4’,0A) > 0 and let h € N. Let
Ao := A’ and Apy; ;= A. We consider a chain of open sets Ai,..., A, such that A; € A1
and dist(A4;,0A;41) < d/(h + 1) for every 0 < i < h. Let @; € C(R) be such that 0 < ¢; < 1,
supp(pi) C Ait1, and @; = 1 in a neighborhood of A;. We assume in addition that [|Veill Lo ) <
2(h+1)/d. We set

(5.7) uh = gt + (1 - puf € BD(Q),
for i =0,...,h. By the locality of F, we obtain
F(ul, A" UB) < F(up, Ai) + F(up, BN (Ait1 \ As)) + Fluj, B\ Ait1)
(5.8) = F(uii, Ai) + F(ui, BN (Ais1 \ Ai)) + F(ui, B\ Aiyr)
< Flui, A) + F(ug, BN (Aig1 \ Ai)) + F(uk, B),

since ut = uft on A; and ul = u? outside A;y1. Let S; := BN (Aix1 \ As) and let us estimate
F(uk,S:). From (5.7) we deduce that

Buj, = piEuj + (1 — @) Buf, + Vi O (ujt — uy)
and therefore
Fluj, s /f piEuit + (1 — p)Eul + Vi, © (uft —uf))) do+

(5.9)
+ Clpi E“up + (1 — 0i) E°uy; | / ([uk], vy ) dH" T

k

By (5.2) we have that

/ Flpi€ud + (1 — o)l + Vi © (uft — ub)]) da

<3 / piult 1+ (1— p)Eu? + Vi ® (uf — u)|da + BL™(S:)

(5.10)
< 6[/|5uf|dx+/|5uf|dm+/|V<pi@(uf —ukB)\dx—l—E"(S’i)]
Si S; Si

c[/f(|€uf|)dx+/f(\SukBDdx—i-(h+1)/|uf—ukB|dac+£"(Si)],
S; Si S

where ¢ > 0 is a suitable constant. Moreover
(5.11) C\cp,-ECu‘,? +(1— Lp,-)EcukB|(S,-) < C\Ecuﬁ(Si) + C|EcukB|(Si) .
Finally, from (5.7) we deduce that

k] < Il ]l + [uk]|
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and therefore, thanks to the bounds ¢z min{|z|,1} < ¢(z,v) < ¢y min{|z|,1}, that

B(luk], vy ) AR < e / min{|[ub]], 1} dH"~!
J ;NS;

J,i NS i NS;

Y “k

<al [ wi(udl e [ minguf) g ane]
J,ANS; J,BNS;
k k

Sc[ / w([uf},uu?)dﬂn—l_i_ / ¢([UkB]7VukB)dH"_1],

J,ANS; J,BNS;
k k
where ¢ > 0 is a suitable constant. Summing (5.10)—(5.12), by (5.8) and (5.9) we get
Fuk, A"UB) < Fui', A) + F(ug', B) + [F(uit, S)+F (uid, Si)+L7(S0)] + e(h+1) / Juid — uil| da.
Si

Summing the inequality above for i =0, ..., h and taking the average with respect to i, we obtain
that there exists an index 7, such that

F(ulk, A'UB) < F(up,A) + F(ur, B)

+ (i, B (A\ A)) + Ful, B (A\AY) + £"(B N (A\ A))] + ¢ / uf — u?|dz

BN(A\A')

c
h—l—l[]:

< Fluf, A) + Ful B) + S [F(ui, 4) + Ful, B) + L"(Q)] + ¢ / juft — u®|da.

BN(A\A')

_c
h+1
Let us define uy := uZ’“ . Letting £k — 400 and h — 400 in the inequality above, we conclude that
s¢” F(u, A" U B) < liminf F(ug, A’ UB) < lim F(uj,A)+ lim F(uf,B).
k—+oo k—+oco k—+oo
By (5.6), this gives (5.5). O
We are now able to prove that the functional sc™ F satisfies all the hypotheses of Theorem 5.3.

Lemma 5.5. The functional sc™ F satisfies the following properties:
sc” F s local;
sc” F(-, A) is L* -lower semicontinuous, for every A € o7 (Q);
- sc” F(u, A) < C|Eul(A) + f(0)L™(A), for every uw € BD(Q) and for every A € o/(Q);
- for every u € BD(Q), sc” F(u,-) is the restriction to o/(Q2) of a Radon measure;
sc” F(u(-—z0)+b,z0+A) =sc” F(u, A) for all b € R" and xo € R™ such that zo+A C Q.

Proof. The proofs of the lower semicontinuity, of the upper bound, and of the translation invariance
are immediate. The functional sc™F is local by [15, Proposition 16.15].

In order to prove that sc” F(u,-) is a measure, it is convenient to introduce the inner regular
envelope of sc™F, i.e., the functional F: BD(Q)x <7 (Q) — [0, +co) defined by

F(u, A) :==sup{(sc” F)(uw,U) : U € &(Q2), U € A},

for every u € BD(2) and A € «/(f). Note that F(u, A) < sc” F(u,A). Let us fix u € BD(R).
We claim that

(5.13) F(u, A) =sc” F(u, A),

for every A € &7(Q2). Indeed, let € > 0. There exists a compact set K C A such that F(u, A\ K) <
e. Let us fix A", A” € &(Q) such that K C A’ € A” € A. Then, by Lemma 5.4, we have that

s F(u, A) = sc” F(u, AU (A\ K)) <sc” F(u, A") +sc” F(u, A\ K)
< F(u, A) + Fu, A\ K) < F(u,A) +¢.

Letting ¢ — 0, we conclude the proof of (5.13). This implies that sc™F(u,-) is inner regular
on &/(Q), for every u € BD(Q2). By [15, Proposition 16.12], sc” F(u,-) is superadditive. The
subadditivity of sc”F(u,-) follows from Lemma 5.4 and from the inner regularity. Hence, we can
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apply [15, Proposition 14.23] to extend sc™F(u,-) to a Borel measure. Actually, it is a bounded
measure thanks to the upper bound sc™F(u, A) < C|Eul(A) + f(0)L"(A). O

In order to prove Theorem 5.2, it is useful to bound from below the functional F with the
functional Fg: BD(Q)x.e7(2) — [0, +00) defined by

(5.14) Fa(u, A) == /f(|€u|)d;r+C’\Ecu\(A)+ / G([u], ) dH™ !
A JunA

for every u € BD(2) and for every open set A C Q, where G is the function introduced in (1.7).
Note that, by Theorem 4.1, the functional Fg (-, A) is L' -lower semicontinuous for every A € &7 ().

Proof of Theorem 5.2. Let us fix u € BD(Q). By (H2'), we have that G < and hence
Fa(u, A) < F(u, A),
for every open set A C Q. Therefore, by the lower semicontinuity of Fg(-, A) ,
Fa(u, A) <sc” F(u,A) < F(u, A),

for every open set A C Q. By Lemma 5.5, sc” F(u, -) is the restriction to &7 () of a Radon measure
defined on A(Q), still denoted by sc™ F(u,-). Hence

]:G(uvB) S SCi]:('LL,B) S F(uvB)v

for every Borel set B C Q. Let us consider the sets B1, B2, Bs € #(f2) as in Remark 4.6. We recall
that Bi, B2, Bs are pairwise disjoint and B; U B2 U Bs = 2. Moreover, L™ is concentrated on Bi,
E‘u is concentrated on Bs, and H" *((J, \ B3) U (B3 \ Ju)) = 0. Then

/f(\€u|) dz = Fg(u,B1) <sc” F(u,B1) < F(u,B1) = /f(|8u|)dx,

C|E‘u|(B2) = Fa(u, B2) < sc” F(u, B2) < F(u, B2) = C|E“u|(B2)

and therefore

(5.15) sc” F(u, B1) = /f(|5u|)dx,
Q
(5.16) sc” F(u, B2) = C|E“u|(2).
On the other hand, by Theorem 5.3 we have that
(5.17) sc™ F(u, Bs) = sc™ Flu, Ju) = / B[], v) dHY
Ju
where
(5.18) P(z,v) = limsup [Ei" inf{sc” F(v,Qz) : v € BD(QY), v(z) = us(z) on 8QZ}} .
e—=0
Summing (5.15), (5.16), and (5.17) we obtain (5.3). O

6. AN EXAMPLE OF SURFACE DENSITY

In this section we provide the explicit expression of the surface density G(z,v) defined in (1.7)
when ¢(t) = min{¢, 1}, ie.,

n 1
(6.1) G(zv)i= sup (D min{lz- €111 -€7)",
el,.em Vi
where the supremum is taken over all orthonormal bases £%,...,£" of R™.

First of all we prove that the function G in (6.1) is invariant under rotations.

Lemma 6.1. Let G be the function defined in (6.1). Then for every z € R, v € S" ', and
R € O(n) we have that G(z,v) = G(Rz, Rv). Moreover G(z,v) = G(—z,v) = G(z,—v).
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Proof. Let us fix z € R", v € S"7', and R € O(n). For every orthonormal basis ¢',...,£™ we have
that RT¢Y, ..., RT¢™ is an orthonormal basis. Moreover, for every orthonormal basis ¢t ..
there exists an orthonormal basis &',...,£™ such that ¢* = RT¢*, i =1,...,n. Therefore

G(Rz,Rv) = sup (ngz ¢')? Ry - 5|) = swp (Ygll=- RT€Pv- RTE)

€l,...gn gh,..gn

s (Zg|z P P) = Gle)

.....

The symmetry of the function G stated in the lemma is a straightforward consequence of (1.7).
O

We study the function G in the two dimensional case, i.e., when n = 2. Let us fix v € S'.
Thanks to Lemma 6.1, we can reduce to the case v = (1,0) by applying a suitable rotation. To
study the function z — G(z,v), it is convenient to express the vector z € R? in polar coordinates.
Let p be the norm of z and let ¢ be the angle between v and z. By Lemma 6.1, it is enough to
study the case ¢ € [0, 5]. In this way z = (pcosyp, psinyp).

Proposition 6.2. Let v = (1,0). Let p>0, ¢ €[0,%], and z = (pcos p, psinp). Then

1
p(cos4(§) +sin4(§))2 if pcos(¥%) <1,
(6.2) G(z,v) =41 if pcosep >1 or p> /2,
1
(cos (p* — l)sinQ(@))2 otherwise,
where 0 = ¢ — arccos( )€[0,%].

Proof. By (1.7) we have that
(6.3) G(zv)* = Eslug(g(lz D€+ g(z- )2 €2,

where the supremum is taken over all orthonormal bases of R?. If we write £' in polar coordinates,
it is easy to see that (6.3) is equivalent to

(6.4) G(z,v)’= sup ~(0).

=5 <0<¢

where
v(0) := min{p| cos(¢ — )|, 1}* cos®(#) + min{p|sin(p — 0),1}*sin*(9) .
Indeed, it is sufficient to take the supremum in (6.3) for 6 ranging in an interval of length 7. Note

that G(z,v) <1, because y(f) <1 for p — 5 <0 < go
Let us assume that pcos(¥$) < 1. Then, for ¢ — % <0< @, we have that

7(8) < p®cos® (¢ — 6) cos”(0) + p*sin’ (¢ — 0)” sin”(0)

6.5
(65) = %pzcos(2<p—49)+p2(zos4(§)+pgsin4(§)—i.

Since —1 < —2¢p < 2p — 40 < 27 — 2p < 27, the function 6 — cos(2¢ — 46) attains its maximum at
6= %. Since pcos(§) <1 and 0 < ¥ < 7, we also have that psm( ) < 1 This implies that ~y(0)
attalns its maximum at = £ and therefore G(z,v)? = p*cos* (£ )+ p’sin*(£). This concludes
the study of the case pcos(%§) < 1.

We therefore suppose that pcos(5) > 1 in what follows.

Let us assume that pcosp > 1 ﬁrst We simply note that in this case the maximum of ~(0) is
attained at 6 =0 and (0) = 1.

Hence, let pcosgo < 1 and p < /2. We claim that the maximum in (6.4) is attained at
f=6= —arccos( ). Note that 0 < 8 < £, since pcosep < 1 and pcos(£) > 1. For § <6 < ¢,

we have that pcos(np 0) > 1, and therefore p?sin(¢ — ) < p?> —1 < 1. This implies that
v(0) < cos®(0) + p® sin® (¢ — 0)*sin®(0) < cos”(0) + (p° — 1) sin’(0)

(6.6) ) 9 )
=(p " —1)+(2—p)cos 0.
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The function 6 +— (p*> — 1) + (2 — p*)cos’® @ is nonincreasing for & € [0, ], and therefore its
maximum in the interval [, o] is attained at § = . Since pcos(p —8) = 1 and psin(p —8) < 1,

we get that the maximum of the function () in the interval [0, (] is attained at § = 6. For
p—5 <0< 0, the maximum of the function 6 + cos(2¢ — 46) is attained at ¢ = 6, since
0<2p—40 < 2p —40 < 2 —2p < 27 and 6 > 0. Hence, by inequality (6.5), we have that the
maximum of the function () in the interval (¢ — £,6] is attained at ¢ = 6. This concludes the
study of the case pcosp < 1 and p < V2.

We conclude the proof by observing that if pcosp < 1 and p > /2, then () = 1. Indeed,

pcos(p —0) =1 and p?sin®(p — 0) = p*> — p*cos® (¢ —0) = p* — 1 > 1. O

Figure 3. Behavior of the function z — G(z,v).

Remark 6.3. Let us fix v € S""!. For every z € R™ we have that

1

o] = \z|(cos4(g) +sm4(§))2 ,

where ¢ € [0, 7] is the angle formed by the directions v and To7- Hence, by formula (6.2), for
|z[cos(%) < 1, i.e., in the region colored in light gray in Figure 3, we have that G(z,v) = |z © v|.
For |z| > /2 or |z|cos(p) > 1, i.e., outside the colored regions in Figure 3, by (6.2) we obtain
G(z,v) = 1. In the remaining part of R?, i.e., in the region colored in dark gray in Figure 3, the
function z — G(z,v) makes a transition between the function z — |z ® v| and the function with
constant value 1.
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