REGULARITY PROPERTIES OF SPHERES IN
HOMOGENEOUS GROUPS

ENRICO LE DONNE AND SEBASTIANO NICOLUSSI GOLO

ABSTRACT. We study left-invariant distances on Lie groups for
which there exists a one-parameter family of homothetic automor-
phisms. The main examples are Carnot groups, in particular the
Heisenberg group with the standard dilations. We are interested
in criteria implying that, locally and away from the diagonal, the
distance is Euclidean Lipschitz and, consequently, that the metric
spheres are boundaries of Lipschitz domains in the Euclidean sense.
In the first part of the paper, we consider geodesic distances. In
this case, we actually prove the regularity of the distance in the
more general context of sub-Finsler manifolds with no abnormal
geodesics. Secondly, for general groups we identify an algebraic
criterium in terms of the dilating automorphisms, which for ex-
ample makes us conclude the regularity of homogeneous distances
on the Heisenberg group. In such a group, we analyze in more
details the geometry of metric spheres. We also provide examples
of homogeneous groups where spheres presents cusps.
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1. INTRODUCTION

The study of the asymptotic geometry of groups lead us to investi-
gate spheres in homogeneous groups, examples of which are asymptotic
cones of finitely generated nilpotent groups. A homogeneous group is
a Lie group G endowed with a family of Lie group automorphisms
{dr}r>0 and a left-invariant distance d for which each ¢, multiplies the
distance by A, see Section 2.2. An algebraic characterization of these
groups is known by [Sie86]. In fact, the Lie algebra g of G’ admits a
grading, i.e., a decomposition g = €, V; such that [V;,V;] C V4;.
For simplicity, we assume that the dilations are the ones induced by
the grading. Namely, the dilation of factor A relative to the grading is
the one such that (dy).(v) = Ao for all v € V;. Not all homogeneous
metrics admit this type of dilations. We denote by 0 the neutral ele-
ment of G and by S; the unit sphere at 0 for a distance d on G, i.e.,
Sq:={pe€G:d0,p) =1}

In this paper we want to exclude cusps in spheres since their presence
in the asymptotic cone of a finitely generated nilpotent group may give
a slower rate of convergence in the blow down, see [BLD13]. We find
criteria implying that the metric spheres are boundaries of Lipschitz
domains and in fact that the distance function from a point is a locally
Lipschitz function with respect to a Riemannian metric.

First, we address the case where the distance d is a length distance.
Thanks to a characterization of Carnot groups, see [LD15b], the group
G is in this case a stratified group and d is a sub-Finsler distance.
Being a stratified group means that the grading of g is such that the
first layer Vi generates g. Being a sub-Finsler distance means that
there are a left-invariant subbundle A C T'G and a left-invariant norm
Il || on A such that the length induced by d of an absolutely continuous

curve v : [0,1] — G is equal to fol |17/ (¢)|| dt, where ||7/(t)]] = +oo if
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v'(t) ¢ A. The left-invariant subbundle A is actually the one generated
by V.

In the sub-Finsler case, an obstruction to Lipschitz regularity of the
sphere comes from the presence of length-minimizing curves (also called
geodesics) that are not regular, in the sense that the first variation par-
allel to the subbundle A does not have maximal rank, see Definition 2.6.

Theorem 1.1. Let G be a stratified group endowed with a sub-Finsler
metric d. Let dy : G — [0,400), p — d(0,p). Let p € G be such
that all geodesics from 0 to p are reqular. Then, for any Riemannian
metric p on G the function dy is Lipschitz with respect to p in some
netghborhood of p.

We will actually state and prove Theorem 1.1 in the more general
setting of sub-Finsler manifolds of constant-type norm, see Section 2.1.

In case of homogeneity, the regularity of the distance implies also
the regularity of the spheres. Hence, using Theorem 1.1 we easily get
the second result for sub-Finsler homogeneous groups.

Theorem 1.2. Let G be a stratified group endowed with a sub-Finsler
metric d. Let p € Sy be such that all geodesics from 0 to p are reg-
ular. Then, in smooth coordinates, the set Sy is a Lipschitz graph in
some neighborhood of p. In particular, if all non-constant geodesics are
reqular, then metric balls are Lipschitz domains.

Notice that a ball may be a Lipschitz domain even if the distance
from a point is not Lipschitz (we give an example in Remark 5.5). In
Section 5 we also present examples of sub-Riemannian and sub-Finsler
distances whose balls have a cusp.

At a second stage, we drop the hypothesis of d being a length distance
and we present a result similar to the previous Theorem 1.2 in the
context of homogeneous groups. Hereafter we denote by L, and R,
the left and the right translations on G, respectively, and by d(p) the
vector <£0,(p)| ., € T,G, where {6;}+~0 are the dilations relative to a
grading.

Theorem 1.3. Let (G,d) be a homogeneous group with dilations rela-
tive to a grading, see Definition 2.12. Assume p € Sy is such that

(1) dL,(V1) + dR,(V4) + span{d(p)} = T,G.
Then, in some neighborhood of p we have that the sphere Sy is a Lip-

schitz graph and the distance dy from the identity is Lipschitz with
respect to any Riemannian metric p.

The similarity between Theorem 1.2 and Theorem 1.3 consists in the
fact that, if d is a sub-Finsler distance, then condition (1) implies that
all geodesics from 0 to p are regular, see Remark 4.5.
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The equality (1) or the absence of non-regular geodesics are actu-
ally quite strong conditions. However, in general we can give an upper
bound for the Hausdorff dimension of spheres. In fact, if d is a homo-
geneous distance on a graded group of maximal degree s, then

2) dim?, (G) — 1 < dim?,(Sq) < dim, (G) — —,
S

where dim%; is the Hausdorff dimension with respect to some (therefore
any) Riemannian metric p. We show with Proposition 5.1 that this es-
timate is sharp.

In the last part of the paper, we analyze in more details an important
specific example: the Heisenberg group. In this graded group we con-
sider all possible homogeneous distances and prove that in exponential
coordinates

(i) the unit ball is a star-shaped Lipschitz domain (Proposition 6.1);
(ii) the unit sphere is a locally Lipschitz graph with respect to the
direction of the center of the group (Proposition 6.2).

We also give a method to construct homogeneous distances in the
Heisenberg group with arbitrary Lipschitz regularity of the sphere.
Namely, the graph of each Lipschitz function defined on the unit disk,
up to adding to it a constant, is the sphere of some homogeneous dis-
tance, see Proposition 6.3. The investigation of this class of examples is
meaningful in connection to Besicovitch’s covering property as studied

in [LDR14] and [LDRI15].

The paper is organized as follows. In section 2 we will present all
preliminary notions needed in the paper. We introduce sub-Finsler
manifolds of constant-type norm, graded and homogeneous groups and
Carnot groups. Section 3 is devoted to the proof of Theorem 1.1;
first in the setting of sub-Finsler manifolds, see Theorem 3.1 proved
in Section 3.4, then with a more specific result for Carnot groups, see
Proposition 3.3. In Section 4 we see metric spheres as graphs over
smooth spheres. Hence, we show Theorem 1.2, the inequalities (2),
and Theorem 1.3. In Section 5 we present six examples: three dif-
ferent grading of R?, the Heisenberg group, a sub-Finsler sphere with
a cusp and a sub-Riemannian sphere with a cusp. In Section 6 we
prove stronger properties for spheres of homogeneous distances on the
Heisenberg group.

2. PRELIMINARIES

2.1. Sub-Finsler structures. Let M be a manifold of dimension n.
We will write 7'M for the tangent bundle and Vec(M) for the space of
smooth vector fields on M.
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Definition 2.1 (Sub-Finsler structure). A sub-Finsler structure (of
constant-type norm) of rank r on a manifold M is a triple (E, || - ||, f),
where (E, ||-]|) is a normed vector space of dimension r and £ : M xE —
TM is a smooth bundle morphism with f£({p} x E) C T,M, for all
p e M.

Definition 2.2 (Horizontal curve). A curve v : [0,1] — M is a hor-
izontal curve if it is absolutely continuous and there is u : [0,1] — E
measurable, which is called a control of v, such that

Y (t) = £(y(t), u(t)) for a.e. t € [0, 1].
In this case v is called integral curve of u and we write ~,.

Definition 2.3 (Space of controls). The space of L-controls is defined

as’

L>([0,1;E) := {u : [0, 1] — E measurable, esssup ||u(t)| < oo} .

te(0,1]
This is a Banach space with norm ||ul|e := esssup;ep 1y [|u(t)]|-

Thanks to known results for ordinary differential equations, see [Rif14],
given a control u € L>([0, 1]; E), there is an open neighborhood M* C
M x [0,1] of M x {0} and a map ®“ : M* — M, such that for all
p € M the set M* N ({p} x [0, 1]) is connected and contains (p,0), and
the curve v(t) := ®%(p, t) is the unique solution to the Cauchy problem

7(0) =p
V() =£(y(t),u(t)) for a.e. t with (p,t) € M*.
The map ¢* is called flow of u.

Remark 2.4. We will always assume that every u € L>([0, 1];E) has
a flow defined on the entire interval [0,1], i.e., M* = M x [0,1]. This
happens in many cases, for example for left-invariant sub-Finsler struc-
tures on Lie groups, in particular in Carnot groups.

Definition 2.5 (End-point map). Fix o € M. Define the End-point
map with basis point o, End, : L°([0, 1]; E) — M, as
End,(u) = ®“(o,1).
By standard result of ODE the map End, is of class €, see [Rif14].

Definition 2.6 (Regular curves). Given o € M, a control u € L*>([0, 1]; E)
is said to be regular if it is a regular point of End,, i.e., if dEnd,(u) :
L>®([0,1; E) — Tgna,u)M is surjective. A singular control is a control
that is not regular.

I Among the three norms L, L2 and L* for controls, we chose the latter because
the unit ball in L!([0, 1]; E) is not weakly compact and the L2-space is not a Hilbert
space in our contest.
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Definition 2.7 (Sub-Finsler distance). The sub-Finsler distance, also
called Carnot-Carathéodory distance, between two points p,q € M is

d(p,q) := inf {/01 |lu(t)|| dt : uw € L*°([0, 1]; E) with End,(u) = q} :

Clearly (M, d) is a metric space, even though it might happen d(p, ¢) =
oo. Let £4(y) be the length of a curve v with respect to d, see [AT04].
It can be proven that a curve 7 : [0, 1] — (M, d) is Lipschitz if and only
if it is horizontal and it admits a control in L*°([0, 1]; E). Moreover, if
v is Lipschitz, then

ly(y) = inf {/o |u(t)|| dt : w € L=°([0, 1]; E) control of 'y} :

We will use the term geodesic as a synonym of length-minimizer.
The distance can be expressed by using the L>-norm as an energy,
i.e., for every p,q € M

d(p,q) = inf {||u[|re : u € L*°([0, 1}; E) with End,(u) = ¢} .

Moreover, if u realizes the infimum above, then its integral curve 7,
starting from p is a length-minimizing curve parametrized by constant
velocity, i.e.,

d(p,q) = ||u)lre = La(Yu) = |Ju(t)]], for a.e.t € [0, 1].

Definition 2.8 (Bracket-generating condition). Let .o/ be the Lie al-
gebra generated by the set

{p—£(p,X(p)): X : M — E smooth} C Vec(M).

We say that the sub-Finsler structure (E, || - ||,£f) on M satisfies the
bracket-generating condition if for all p € M

{V(p):V e} =T,M.

As a consequence of the Orbit Theorem [Jur97|, we have the following
basic well-known fact.

Lemma 2.9. If (E, || - ||,f) satisfies the bracket-generating condition,
then the distance d induces the original topology of M and (M,d) is a
locally compact and locally geodesic length space.

By the Hopf-Rinow Theorem, see [BBIO1|, the assumption in Re-
mark 2.4 implies that (M, d) is a complete, boundedly compact metric
space.

2.2. Graded groups. All Lie algebras considered here are over R and
finite-dimensional.

Definition 2.10 (Graded group). A Lie algebra g is graded if it is
equipped with grading, i.e., with a vector-space decomposition g =
D,., Vi, where i > 0 means ¢ € (0,00), such that for all 7,7 > 0 it
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holds [V;,V;] C Viy;. A graded Lie group is a simply connected Lie
group GG whose Lie algebra is graded. The mazimal degree of a graded
group G is the maximum ¢ such that V; # {0}.

Graded groups are nilpotent and the exponential map exp : g — G
is a global diffeomorphism. We will denote by 0 the neutral element of
G and identify g = TyG.

Definition 2.11 (Dilations). In a graded group for which the Lie alge-
bra has the grading g = @,., Vi, the dilations relative to the grading
are the group homomorphisms d, : G — G, for A € (0,00), such that
(6x)«(v) = Xow for all v € V.

In the definition above, ¢, denotes the Lie algebra homomorphism
associated to a Lie group homomorphism ¢, in particular, ¢ o exp =
exp og,. Since a graded group is simply connected, §, is well defined.
Notice that, for any A,z > 0, d) 09, = dx,.

Definition 2.12 (Homogeneous distances). Let G be a graded group
with a dilations {d) } >0, relative to the grading. We say that a distance
d on G is homogeneous if it is left-invariant, i.e., for every g,z,y € G
we have d(gz, gy) = d(z,y), and one-homogeneous with respect to the
dilations, i.e., for all A > 0 and all z,y € G we have d(d\z,0,y) =
Ad(z,y). If d is one such a distance, then (G, d) is called homogeneous
group (with dilations relative to the grading).

Remark 2.13. A graded group admits a homogeneous distance if and
only if for i € (0,1) we have V; = {0}, see [HS90].

Given a homogeneous distance d, the function p — dy(p) := d(0, p)
is a homogeneous norm. Here with the term homogeneous norm we
mean a function N : G — [0,400) such that for all p,q € G and all
A > 0 it holds

(1) N(p) =0 < p=0;
(2) N(pa) < N(p) + N(q);
(3) N(p~') = N(p);
(4) N(dap) = AN(p).

In fact, homogeneous distances are in bijection with homogeneous norms
on G through the formula d(p,q) = N(p~'q).

Homogeneous distances induce the original topology of G, see [LDR15].
Moreover, given two homogeneous distances d;, dy on G, there is a con-
stant C' > 0 such that for all p,q € G

(3) %dl (p,q) < da(p,q) < Cdi(p, q).

Lemma 2.14. Let G be a graded group and 0 < ky < ko such that
Vi = {0} for all i < ky and all i > ko. Let d be a homogeneous
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distance and p a left-invariant Riemannian metric on G. Then there
are C e > 0 such that for all p,q € G with p(p,q) < € it holds

1 1 1
(4) P )™ < dp.g) < Cp(p,a)*.
In particular, the homogeneous norm dy is locally k—i-Hb’lder.

Proof. We identify G = g via the exponential map. So, if p € G, we
denote by p; the i-th component in the decomposition p = ). p; with
p; € V;. Fix anorm |- | on g. For any pair (p,q) € G x G define

)"

The function 7 is a so-called quasi-distance, see [LDR15|. In particular,
7 is continuous, left-invariant and one-homogeneous with respect to the
dilations d,. Therefore, if d is a homogeneous distance, then there is
C > 0 such that

n(p, q) = n(0,p~"q), where (0, p) := max(|p;

én(p, ¢) < d(p.q) < Cn(p.q).

So, we can prove (4) only for 7.
Let C,e > 0 be with C'e < 1 and such that, if p(0,p) < €, then

1
(5) 5[)(0,19) < max pi] < Cp(0, p).

Therefore, if p(p, q) < ¢, then |(p~1q);] < Cp(p,q) < 1 for all i and

L _ 1 - =
(6)  max|(p~'q)il < max(|(p~'q)il)* = n(p,q) < max|(p'q)i|",

thanks to the monotonicity of the function x +— a” for 0 < a < 1. The
thesis follows immediately from (5) and (6) combined. O

Next lemma gives a characterization of sets that are the unit ball of a
homogeneous distance. In this paper, we denote by int(B) the interior
part of a subset B. The proof of the following fact is straightforward
and hence omitted.

Lemma 2.15. Let G be a graded group with dilations 6y, A > 0. A set
B C G s the unit ball with center O of a homogeneous distance on G
if and only if B is compact, 0 € int(B), B = B~! and

(7) Vp,q € B, Yt € [0,1] ,(p)d1_+(q) € B.

Definition 2.16 (Stratified group). A stratified group is a graded
group G such that its Lie algebra g is generated by the layer V) of
the grading of g.

Notice that in a stratified group G the maximal degree s of the
grading equals the nilpotency step of G and it holds g = €@;_, V; with
(V1,V;] = Viyq for all i € {1,..., s}, with Vi1 = {0}. We also remark
that all stratifications of a group G are isomorphic to each other, i.e.,
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if g = @f/:l W, is a second stratification, then there is a Lie group
automorphism ¢ : G — G such that ¢,(W;) =V, for all 4, see [LD15a].
In a stratified group, the map f : GxV; = TG, £(g,v) := dL,(v), is
a bundle morphism with £(g, v) € T,G. So, if ||-|| is any norm on Vj, the
triple (V4, |||, £) is a sub-Finsler structure on G. The stratified group G
endowed with the corresponding sub-Finsler distance d is called Carnot
group. Such a d is an example of a homogeneous distance on G.

Remark 2.17. As already stated, singular curves play a central role
in our analysis, because they disrupt the Lipschitz regularity of the
distance function. We remark that every Carnot group of nilpotency
step s > 3 has singular geodesics. More precisely, there is X € V) such
that the curve t — exp(tX) is a singular geodesic. In particular, if all
non-constant length-minimizing curves are regular, then the step of the
group is necessarily at most 2.

3. REGULARITY OF SUB-FINSLER DISTANCES

We will prove in this section that sub-Finsler distances are Lipschitz
whenever all length-minimizing curves are regular, see Theorem 3.1.
Theorem 1.1 expresses this result for Carnot groups.

It is important to remind what is known in the sub-Riemannian case.
A sub-Riemannian distance is a sub-Finsler distance whose norm on
the bundle E is induced by a scalar product. Rifford proved in [Rif06]
that, if there are no singular length-minimizers, for all o € M, not only
d, is locally Lipschitz, but also the spheres centered at o are Lipschitz
hypersurfaces for almost all radii. The key points of his proof are the
tools of Clarke’s non-smooth calculus (see [Cla+98|) and a version of
Sard’s Lemma for the distance function (see [Rif04]). An exhaustive
exposition of this topic can be found in [ABB15].

In Rifford’s version of Sard’s Lemma, one uses the fact that the
L? norm in the Hilbert space L%([0,1];E) is smooth away from the
origin. If E is equipped with a generic norm, instead, the L? norm on
LP([0,1]; E) with 1 < p < 0o may be non-smooth, hence the proof does
not work in the sub-Finsler case.

The non-smoothness of the norm can be seen in another dissimilarity
between sub-Riemannian and sub-Finsler distances. Sub-Riemannian
distances are proven to be locally semi-concave when there are no sin-
gular length-minimizing curves. We remind that a function f : R® — R
is semi-concave if for each p € R™ there exists a €2 function g : R® — R
such that f < g and f(p) = g(p), see [Rifl4]. Semi-concavity is
a stronger property than being Lipschitz. However, semi-concavity
fails to hold in the sub-Finsler case. For example, the ¢!-distance
d(0, (z,y)) := |z| +|y| on R? is a sub-Finsler distance that is not semi-
concave along the coordinate axis, although all curves are regular.
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We restrict our analysis to the Lipschitz regularity of the distance
function, from which we deduce regularity properties of the spheres by
means of the homogeneity of Carnot groups. With this aim in view,
the core of the proof of Theorem 3.1 is the bound on the point-wise
Lipschitz constant (see (12) at page 16), which already appeared in the
sub-Riemannian contest, see [Agr09]. Our approach differs from the
sub-Riemannian case for the fact that the set of optimal curves joining
two points on a sub-Finsler manifold may not be compact in the W1
topology. As an example, consider the set of all length-minimizers from
(0,0) to (0,1) for the ¢>*-distance d(0, (z,y)) := max{|z], |y|} on R
However, we are still able to obtain a bound on the pointwise Lipschitz
constant, i.e., to prove (12), by use of the weak* topology on controls.

Theorem 3.1. Let (E,|| - ||,£) be a sub-Finsler structure on M with
sub-Finsler distance d. Fix o and p in M. If all the length-minimizing
curves from o to p are regular, then for every Riemannian metric p on
M there are a neighborhood U of p and L > 0 such that

(8) Vg1, €U do(q1) — do(q2) < Lp(q1, G2)-
The proof is presented in Section 3.4.

Remark 3.2. Theorem 3.1 can be made more quantitative. Define
7o := inf {7( dEnd,(u)) : End,(u) = p and ||ul|r~ = d(0,p)},

where 7 the minimal stretching, which we will recall in Definition 3.4.
Then, for every L > %, there exists a neighborhood U of p such that
(8) holds. The hypothesis of regularity of all length-minimizing curves
from o to p is equivalent to 75 > 0.

In the case of Carnot groups (of step 2, see Remark 2.17), we can
obtain a more global result

Proposition 3.3. Let (G,d) be a Carnot group without non-constant
singular geodesics. Then for every left-invariant Riemannian metric p
and every neighborhood U of 0 the function dy : x +— d(0,x) is Lipschitz
on G\ U. Moreover, the function d% : x + d(0,x)? is Lipschitz in a
neighborhood of 0.

Proof. Thanks to Theorem 3.1, one easily shows that there are L > 0
and an open neighborhood €2 of the unit sphere {p : d(0,p) = 1} such
that dy is L-Lipschitz on €.

Next, we claim that dj is locally L-Lipschitz on G\ B4(0,1). Indeed,
let 7 > 0 be such that B,(z,r) C Q for all x € S4(0,1). If ¢1,¢2 €
G\ By(0,1) are such that p(qi,¢2) < r, then there is 0 € G such that
d(0,q1) = d(0,0) + d(o,q1) and d(o,q1) = 1, therefore

do(g2) — do(q1) < d(0,q2) — d(0,q1) < Lp(o™ q2,0" ' q1) = Lp(g2, 1)-
In the second step of the proof, we prove that dy is L-Lipschitz on
G\ B4(0,1). Let p,g € G\ B4(0,1) and v : [0,1] — G a p-length
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minimizing curve from p to ¢q. If Imy C G\ By(0, 1), then there are
0 = t(] S tl S S tk+1 = 1 such that dg(’}/(tl)) — d0(7<t1+1)> S
Lp(y(t;),v(tix1)) for all i. Hence

k

do(p) — do(q) = Zdo(’Y(ti)) — do(y(tis1))

< LY p(y(ts), v(tir)) = Lo(p, q).

If instead Imvy N B4(0,1) # 0, then there are 0 < s < t < 1 such that
do(7(s)) = do(7(1)) = 1 and 7([0,s]) € G\ By(0,1) and »([t,1]) C
G\ B4(0,1). Then
do(p) — do(q) = do(p) — do(7(s)) + do(~(t)) — do(q)
< L(p(p,7(s)) + p(1(1),9)) < Lp(p, ).

Finally, let p,q € G \ By(0,r) for 0 < r < 1. Then 6,-1p,d,-1q €
G\ B4(0,1) and we have

)
do(1)~dofa) = r{dy(5,7) ~do(5,-10)) < Lrp(6,-1p,5,-40) < plp.a),

where we used in the last step the fact that there exists C' > 0 such
that

Vp,q € G, Vr € (0,1)  p(6,-1p,6,-1q) < Cr~%p(p, q).

Now, we need to prove that d3 is Lipschitz on By(0,1). We first
claim that d2 is locally 4L-Lipschitz on By(0,1)\ {0}. Indeed, if p,q €
B4(0,1) \ {0} are such that

then
0 < do(p) + do(q) < 4min{do(p),do(q)}-
Therefore, using (9),

do(p)? — do(q)? = (do(p) + do(q))(do(p) — do(q))

< (do(p) + do(Q))min T doii i (q)}p(p, q)

< (do(p) + do(@l))mp(p, q) =4CLp(p, q).

Finally, using again the fact that p is a geodesic distance, we get that
d? is 4C'L Lipschitz on By(0,1) \ {0} and therefore on By(0,1). O
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3.1. About the minimal stretching.

Definition 3.4 (Minimal Stretching). Let (X, - ||) and (Y,] - ||) be
normed vector spaces. We define for a continuous linear map L : X —
Y the minimal stretching

7(L) == inf{|ly[| : y € Y\ L(Bx(0,1))}
where Bx(p,r) ={q € X : ||lqg —p|| <r}.

It is easy to prove that 7 : L(X;Y) — [0, +00) is continuous, where
L(X;Y) is the space of continuous linear mappings X — Y endowed
with the operator norm.

The next proposition applies this notion to smooth functions. We
omit the proof because it follows the standard arguments for the Im-
plicit Function Theorem.

Proposition 3.5. Let (X, - ||) and (Y,|| - ||) be two Banach spaces
and F : Q =Y a €2 map, where Q C X is open. Fiz & € Q and let
70 = 7(dF(2)) > 0. Then for every C > 1 there is € > 0, such that
for all 0 < € < € it holds

C
B(F(z),e) C F (B(i, —6)) :
To
3.2. The End-point map is weakly* continuous. As before, let
(E,f,| - |I) be a sub-Finsler structure on a manifold M. We want to
prove the following proposition.

Proposition 3.6. Fiz o € M and let o, € M be a sequence converging
to o. Letu, € L>([0,1]; E) be a sequence of controls weakly* converging
to u € L2([0,1;E). Let v (resp. v) be the curve with control uy
(resp. u) and v, (0) = o (resp. v(0) = o). Then i, uniformly converge
to .

In particular, it follows that the End-point map End, : L°([0, 1; E) —
M is weakly™* continuous.

Proof. Since the sequence uy, is bounded in L>([0,1];E) by the Ba-
nach—Steinhaus Theorem and the sequence oy is bounded in (M, d),
then there is a compact set K C M such that v, C K for all k. Let
R > 0 be such that ||ug||.~ < R for all k£ € N.

Thanks to the Whitney Embedding Theorem, we can assume that
M is a submanifold of RV for some N € N. Fix a basis e;,...,e, of E
and define the vector fields X; : M — RY as

Xi(p) :==1(p, €:).

Since they are smooth, they are L-Lipschitz on K for some L > 0. We
extend the vector fields X; : M — R to smooth functions X, : RY —
RY.
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Define 7, : [0,1] — RY as

Me(t) = op + /0 i (5)Xi(7(s)) ds.

Since t +— X;(y(t)) € RN are continuous, then ui X;(7) = u'X;(7),
for all i € {1,...,7}. In particular, ni(t) — ~(t) for each t € [0, 1].
Moreover, since the n;’s have uniformly bounded derivative, they are a
pre-compact family of curves with respect to the topology of uniform
convergence. This fact and the pointwise convergence imply that n, —
~ uniformly on [0, 1].

Set €, 1= sup,eqo 1) IMk(t) — v(t)] + 2|ox — o], so that €, — 0, where |- |
is the usual norm in RV,

By Ascoli-Arzela Theorem, the family of curves {vj}x is also pre-
compact with respect to the uniform convergence. Hence, if we prove
that the only accumulation curve of {7}, is 7, then we obtain that
v, uniformly converges to . So, we can assume v, — £ uniformly for
some ¢ : [0,1] — M. Then we have (sums on ¢ are hidden)

t

ui(8) Xi(y(s)) — w'(5)Xi(v(s)) ds

6(t) = A < lo — o] +
<low—ol + [ ) Xi08(5) = uk(s) (5D ds+

3ﬂmmmwmeWMs

0

gm%—ouTRL/W%@»—w$m5+maw—v@|

<7‘RL/ |7k () (s)| ds + €.

Passing to the limit k& — oo, we get for all ¢ € [0, 1]

(10) () - |<ﬂ%/$§ 5)|ds.

Starting with the fact that || —v||.~ < C' for some C' > 0 and iterating
the previous inequality, we claim that

(rRLt)’
J!
Indeed, by induction, from (10) we get

&) -0 < C vjeN, Vi e 0,1

rRL)H 1
gl 541

() — ()] < rRL/O C(T]j!L)jtj ds = c<

Finally, since lim,_, o “Rﬁﬂj =0, we have |£(t) —~(t)| =0 for all . O
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3.3. The differential of the End-point map is an End-point
map. The End-point map behaves like the exponential map: its dif-
ferential is again an End-point map. In order to make this statement
precise, we consider the case M = R"™. Notice that we don’t need any
bracket-generating condition. In Corollary 3.8 we will use the results
on R"™ to prove a statement for all manifolds.

Let £ : R" x E — R"™ be a smooth map. Given a basis ey, ..., e, of
E, we define the vector fields X; : R® — R" as

Xi(p) = £(p, €i).
The differential of the End-point map with basis point 0 is the map

dEndy : L=([0,1]; E) x L>([0,1; E) — R™
(u,v) —  dEndg(u)[v].

Define V;, Z; : R" x R" - R" x R" fort=1,...,r as

Yi(p, q) == (Xi(p), dX;(p)[a])
Zi(p,q) = (0, Xi(p))

where dX;(p) : R" — R"™ is the differential of X; at p. These vector
fields induce a new End-point map

Endg : L°([0,1; E x E) - R"” x R"
with starting point (0,0) € R™ x R™.
Proposition 3.7. For all u,v € L=([0,1];E) it holds
(Endg(u), dEndg(u)[v]) = Endgo(u, v).

The proof is immediate, and hence omitted, once one has an explicit
representation of the differential dEndy(u)[v], see [Mon02]. This result,
together with Proposition 3.6, gives us the weakly™ continuity of the
differential of the End-point map. The next corollary is an application.

Corollary 3.8. Let (E, £, ||-||) be a sub-Finsler structure on a manifold
M and o € M. Let p be a Riemannian metric on M. Then the
map L>([0,1]; E) — [0, +00), u — 7(dEnd,(u)) is weakly® lower semi-
continuous, where T 1s the minimal stretching computed with respect to
the norm given by p.

Proof. Let {u;}r C L=([0,1];E) be a sequence such that u, — u €
L>([0,1];E). Let ~, be the curve with control u and starting point o.
We can pull back the sub-Finsler structure from a neighborhood of ~,
to an open subset of R" via a covering map, so that we reduce the
statement to the case M = R".

We need to prove

(11) li’?lglfT(dEndo(uk)) > 7(dEnd,(u)).
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Set 7 := 7(dEndg(u)). If 7 = 0, then (11) is fulfilled, so we assume
7 > 0. Let 7 > € > 0. Then there exists a finite-dimensional vector
space W C L*([0, 1]; E) such that

Benay(w)(0, 7 — §> CC dEndy(u)[B~(0,1) N W],

where, for p € R", B, denotes a ball in R" = T,R"™ with respect to
the norm given by p at p, and B~ denotes a ball in L>([0, 1]; E) with
respect to the L>®-norm induced by || - ||. Since dim W < oo and by
Propositions 3.6 and 3.7, the maps dEndg(uy)|w strongly converge to
dEndg(u)|w. Moreover, the norm on R” = T, R™ given by p continuously
depends on p € R™. Therefore, for k large enough we have

BEndo(uk)(()? 7A— — 6) C dEndO(Uk)[BLoo (O, ].) N W]

Hence
liminf 7( dEndg(ug)) > 7 — €.
k—ro0
Since € is arbitrary, (11) follows. O

3.4. The sub-Finsler distance is Lipschitz in absence of singu-
lar geodesics. The proof of Theorem 3.1 is divided into the next two
lemmas from which Theorem 3.1 follows.

Lemma 3.9. Let o,p € M such that all d-minimizing curves from o
to p are reqular. Then there exist a compact neighborhood K C M of
p and a weakly™ compact set & C L>([0,1];E) such that:

(1) End, : & — K is onto;

(2) doc(0,End,y(u)) = ||ul|re for allu € A ;

(3) every u € K is a regular point for End,.

Proof. For any compact neighborhood K of p, define the compact set
H(K) :={ueL>®([0,1};E) : End,(u) € K and d(0,End,(u)) = ||uljr=} .

Since the metric d is geodesic, the End-point map End, : J# (K) —
K is surjective, for all K. Moreover, the second requirement holds
by definition. Finally, suppose that there exist a sequence pp, — p
and a sequence uy € L*([0,1]; E) such that End,(ux) = pk, d(0,px) =
|lug || and wuy is a singular point for End,, for all k. Since the sequence
ug is bounded, thanks to the Banach—Alaoglu Theorem there is u €
L>°([0, 1]; E) such that, up to a subsequence, u; — u. By the continuity
of End,,, we have End,(u) = p. By Corollary 3.8, we have 7( dEnd, (u)) <
lim infg, 7( dEnd,(uy)) = 0. Finally, by the lower-semicontinuity of the
norm with respect to the weak* topology, we have

lu|le < liminf ||ug || = liminf d(o, px) = d(o,p) < ||u|z-
k—o00 k—o0
So, u is the control of a singular length-minimizing curve from o to p,

against the assumption. Therefore, there exists a neighborhood K of
p such that £ (K) contains only regular points for End,. O
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Lemma 3.10. Let o € M, and K C M compact. Suppose there is a
weakly* compact set & C L°([0, 1]; E) that satisfies all three properties
listed in Lemma 5.9. Then for every Riemannian metric p on M there
exists L > 0 such that the function d, : p — d(o, p) is locally L-Lipschitz
on the interior of K.

Proof. Let p be a Riemannian metric on M. We first prove that
AL >0, Vge K, 3¢, >0Vq¢ € K
[p(q, ) < g = do(q') — do(q) < Lp(q,q)]-
Since % is a weakly™ compact set of regular points for End,, then by
Corollary 3.8 the function u +— 7( dEnd,(u)) admits a minimum on %

that is strictly positive. By Proposition 3.5, there is L > 0 such that
for every u € J# there is €, > 0 such that

(13) B, (End,(u),€) C End, (Br=(u, Le)) Ve < é,.

Let ¢,¢ € K be such that ¢ = End,(u) with u € # and € :=
p(q,q") < €,. Then, by the inclusion (13), there is v’ € Bpe(u, Le)
with End,(v') = ¢'. So

do(q) = do(q) < ||/l — [Jullu < [lu" = ull < Le = Lp(q, q)-

(12)

This proves the claim (12).

Finally, if p is an interior point of K, then there is a p-convex neigh-
borhood U of p contained in K (see [O’N83|). So, if ¢,¢ € U, then
there is a p-geodesic £ : [0, 1] — U joining ¢ to ¢’. Since the image of &
is compact, there are 0 =t < 51 <ty < §9 < +++ < 81 < tx = 1 such
that p(&(:),£(8:)) < ey and p(&(si), E(tiv1)) < €g(tiyr)- Therefore

Bld) — o) € 3 dolEltis1)) — doE(52)) + dfE(50) — (€06
< LY p(€ltin), €5) + p(€(s0). £(8)) = Lpla, ).

4. REGULARITY OF SPHERES IN GRADED GROUPS

This section is devoted to the proof of Theorems 1.2 and 1.3 and of
the inequalities (2).

4.1. The sphere as a graph. Let (G,d) be a homogeneous group
and p a Riemannian distance on G. Theorem 1.2 and the estimate (2)
are both based on the following remark.

Remark 4.1. Let g = ®,-0V; be a grading for the Lie algebra of G.
Let | - | be the norm of a scalar product on g that makes the layers
orthogonal to each other and let S = exp({v : |v| = 1}) C G. The
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hypersurface S is smooth and transversal to the dilations, i.e., for all
p € S we have %|t:1§tp ¢ T,S. Define

¢: Sx(0,+00) — G\ {0}
(p,t) > (5%]?.

Since S is transversal to the dilations, ¢ is a diffeomorphism. Moreover,
if I := {(p,do(p)) : p€ S} C S x (0,+00) is the graph of the function
dy restricted to S, then

S4 = 4(T).

Thanks to the last remark, the estimate (2) follows from the next
lemma.

Lemma 4.2. Let ) C R"™ be an open set and let f : 0 — R be an
a-Holder function, i.e., for all x,y € € we have

|f(x) = f(y)| < Cle —y|*,
for some C' > 0, where a € (0, 1]. Define the graph of f as
T;:={(z, f(x)):x € Q} CR"™.

Then
n<dmygl'f<n+1-aqa,

where dimy is the Hausdorff dimension. Moreover, this estimate is
sharp, i.e., there exists f such that dimy 'y =n+1— a.

The proof is straightforward by use of a simple covering argument or
by an estimate of the Minkowski content of the graph. The sharpness
of this result has been shown in [BU37| for the case n = 1. The general
case, as stated here, is a simple consequence. Indeed, if g : (0,1) - R
is a a-Holder function such that dimy(I'y) = 2 — «, then the graph of
the function f(x1,...,2,) := g(a1) is I'y =Ty x (0,1)""'. Therefore,
dlmH(Ff) =n+1-—qa.

In the next easy-to-prove lemma we point out that a homogenous
distance is locally Lipschitz if and only if the spheres are Lipschitz
graphs in the directions of the dilations.

Lemma 4.3. Let d be a homogeneous distance on G. Let S and S,
be as in Remark 4.1 and p € S. Then the following conditions are
equivalent:
(i) Setting p = S4(p)-1(p) € Sq, the sphere Sq is a Lipschitz graph
in the direction &(p) in some neighborhood of p;
(i) dols : S — (0,+00) is Lipschitz in some neighborhood of p in S;
(i1i) dy is Lipschitz in some neighborhood of d,p for one, hence all,
A> 0.

Thanks to Lemma 4.3, Theorem 1.2 is a consequence of Theorem 1.1.
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4.2. An intrinsic approach. In this section we will prove Theo-
rem 1.3. We define a cone in R" as

Cone(a, h,v) :={z € R": |z| < h and Z(z,v) < a} C R",

where o € [0,7], h € (0,400, v € R" is the axis of the cone, and
Z(x,v) is the angle between x and v. The following lemma is a simple
calculus exercise and it will be used later in the proof of Theorem 1.3.

Lemma 4.4. Let m,k,n €N, p € R™ andyy € R*. Let ¢ : R" xRF —
R™ be a smooth map such that d(¢,)(yo) : R¥ — R" is surjective, where
b (y) = d(z,y). Let C" C R* be a cone with axis v' € RE. Then there
exist a cone C' C R™ with axis d(¢,)(yo)v" and an open neighborhood
U C R™ of p such that for all g € U

Gq(y0) + C C ¢q(yo + C).

Proof of Theorem 1.5. In this proof, we consider the dilations ¢, as
defined for A < 0 too, with the same definition as for A\ > 0. Notice
that in this way the map G x R — G, (p, \) — 0,p, is a smooth map.

Let vy,...,v, be a basis for V] and set p; := exp(v;) € G. Up to
a rescaling, we can assume dy(p;) < 1 for all i. For p € G define
¢ R¥H — G as

Gp(Ut, .oy Uy S, V1, o, V) = Oy D1 -+ Oy Dy - OsD - Oy D1 -+ * Oy, D

Let & € R?**! be the point with u; = 0, s = 1 and v; = 0, so that
¢p(2) = p. The differential of ¢, at & is given by the partial derivatives

oo, . . d d

(@) = Sylea G ) = ARy (o) ) = R (0),
0%y
0s

0, . . d d
01}? (x) = E|t:0 (P : 5th‘) = de <E|t0(5tpi)) = de(Ui)-

Therefore, if p € S, is such that the condition (1) is true, then the
differential d¢, has full rank at &, hence in a neighborhood of .
Define

() = < ler (5) = 3(0),

A= {(u1,... U, 5 01,...,0.) ER"T 54 Z(|uz| + Ju) < 1}
i=1
We identify G' with R"™ through an arbitrary diffeomorphism. So, by
Lemma 4.4, there is a cone C' with axis d(p) and a neighborhood U of
p such that for all ¢ € U

q+C C ¢ (A).

Up to restricting U, for all ¢ € U there are cones C, with axis §(q), fixed
amplitude and fixed height such that ¢+, C ¢+C'" Notice that for all
q € Sq we have ¢,(A) C By(0,1) and ¢4(A) NSy = {¢}. In particular,
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for all ¢ € Sy N U, we have ¢ + C, C B4(0,1) and (¢ + C,) NSy = {q},
i.e., SyNU is a Lipschitz graph in the direction of the dilations. Thanks
to Lemma 4.3, we get that dy is Lipschitz in a neighborhood of p. [

Finally, some considerations on condition (1) are due.

Remark 4.5. If (1) holds at p € G and u € L*°([0, 1]; V}) is a control
such that Endg(u) = p, then the differential dEndg(u) is surjective, i.e.,
p is a regular value of End. Indeed, by [LD+15] (see (2.6) and (2.11)
there), we have

dL,(V1) + dR,(V4) + span{d(p)} C Im(dEndy(u)),
because ¢ +— 6(q) is a contact vector field of G.
Proposition 4.6. Let X € V. If (1) holds for p = exp(X), then
g=Vi+[X W]
Proof. Let X1,..., X, be abasis for V] and Y7, ..., Y} a basis for [X, V]].
Let o) € R be such that [X, Xj] = Z§:1 a'Y;. First, notice that
TG = dLeXp(—X) (dLeXp(X)(V1> + dReXp(X)(Vl))

= Vi 4 dLexp(—x) © dRexp(x) (V1)

=Vi+ AdeXp(X)(Vl)-
Then, using the formula Adexpx)(Y) = e*dx (V) = 377 ) Ladi (Y), we

have

=1
Adexp(x) (Xi) = X + ( Eadl}_l([Xa Xz‘]))

k=1

= X; + (i ad’;gl(z a;'.Yj)>

k=1
)4 ' 00

=X;+ Z o (Z ad])“{l(Yj)> :
j=1 k=1

It follows that dim (V1 + Adexp X)Vl) < r 4+ ¢ and therefore dimg <
r+/{ e, g=V+[X, V] O

Proposition 4.7. Let Z € V, where k > 0 is such that V; = {0} for
all i > k. If (1) holds for p = exp(Z), then

g = Vi +span{Z}.

Proof. Since [Z, g] = {0}, we have R, = L,. Moreover, 0(p) = dL,(kZ).
So, condition (1) becomes dL,(V;) + dL,(span{Z}) = T,,G. O

In particular, if (1) holds for all p € G\ {0}, then g =V} & V4 with
dimV; <1 and [X, V] = V4 for all non-zero X € V;.
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5. EXAMPLES

5.1. Three gradings on R?. We will present three examples of di-
lations on R?. In particular we want to illustrate two applications of
Theorem 1.3 and show the sharpness of the dimension estimate (2). In
Remark 5.5 we give an easy example of a homogeneous distance whose
unit ball is a Lipschitz domain, but the distance is not locally Lipschitz
away from the diagonal.

The first and the easiest is

5)\(‘7:7 y) = ()"T7 )\y),

which gives rise to the known structure of vector space. Here, ho-
mogeneous distances are given by norms and balls are convex, hence
Lipschitz domains. It’s trivial to see that condition (1) holds for all
p € R2,
The second example is given by the dilations
5)\(1‘, y) = ()\(L’, )‘Qy)

In this case, R? = V; & V, with V; = R x {0} and V5 = {0} x R, and
5(z,y) = (v,2y). Condition (1) holds for all (z,y) € R? with y # 0.
One can actually show that, for any homogeneous metric on (R?, d))
with closed unit ball B centered at 0, the set [ = {z € R: (z,0) € B}

is a closed interval and there exists a function f : I — R that is locally
Lipschitz on the interior of I such that

San{(z,y) :y 2 0} = {(z, f(2)) s w € [}.

We will prove a similar statement in the Heisenberg group with an
argument that applies here too, see Section 6.
The third example is given by the dilations

(14> (5,\(%, y) = ()\233', Azy)a
and it is interesting because of the next proposition.

Proposition 5.1. There exists a homogeneous (with respect to dila-
tions (14)) distance d on R? whose unit sphere has Euclidean Hausdorff

dimension %

Notice that % is the maximal Hausdorff dimension that one gets by
the estimate (2).

For proving Proposition 5.1, we need to find a set B C R? that
satisfies all four conditions listed in Lemma 2.15, in particular

(15) Vp,q € B, Vt € [0,1] t*p+ (1 —t)’¢ € B.
One easily proves the following preliminary facts.

Lemma 5.2. Let p,q € R? and v : [0,1] — R?, y(t) := t*p+ (1 — t)%q.

(1) The curve 7y is contained in the triangle of vertices 0, p, q.
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(2) The curve 7y is an arc of the parabola passing through p and q
and that is tangent to the lines span{p} and span{q}.

(3) If B satisfies (15) and A : R? — R? is a linear map, then A(B)
satisfies (15) as well.

Lemma 5.3. For 0 < C' < 1, define

Yo ={(z,y): 2| <1, y <1+ CV/ [z}
Then Y¢ satisfies (15).

Proof. Let p,q € Yo and set y(t) = (7.(£),7,(t)) := t*p + (1 — t)%q.

If both p and ¢ stay on one side with respect to the vertical axis,
then v(t) € Y¢ for all ¢ € [0,1] thanks to the first point of Lemma 5.2
and because the two sets Yo N {x > 0} and Yo N {z < 0} are convex.

Therefore, we suppose that

p=(=pepy) 1= (G )
with p,, ¢ > 0. Let tg € [0, 1] be the unique value such that v, (¢y) = 0.
Then the curve v lies in the union of the two triangles with vertices
0,7(0),v(to) and 0,7(1),v(to), respectively. Therefore, ~ lies in Y¢ if
and only if v,(to) < 1. Solving the equation 7, (tg) = t3(qx — pz) —
2q,t0 + q. = 0, one gets

pp— Yl (1—t):—\/p_x
N VTP Y V@t /Pe

From the expression of v, (ty) = t2p, + (1 — t0)*q,, we notice that, p,
and g, fixed, the worst case is when p, and ¢, are maximal, i.e.,

py =14+ C\/pa, gy =1+C\/q.

Finally
Yy(to) = t%py +(1- tO)QQy
dx
=—— —(1+C/ps 14+ CV/q.
Ve v OV (e (4 OV
1
(Ve + e 1o P e G )
— 14+ _2\/p:c(Jz+CQx\/p_w+sz\/q_x
(Vs + /Ps)?
_2+C QI+ Pz
1t g S V),
(V= + /Px)
Since —2+C(\/qz +/Pz) < 0, then we have ~,(ty) < 1, as wanted. [
Lemma 5.4. Let o, 3 > 0. Forall0<e<aandallO<C’<f, the

set

Y(e,8,0) = {(z,y): 2| < e, y < B+CVal
satisfies (15).
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Proof. Define the linear map A(z,y) := (ax, fy) and set C" := C\/?a <
1. Then one just needs to check that

Y(e,8,C) = A(Yer) N {(z,y) : || < €},
where Y is defined as in the previous Lemma 5.3. Il

Proof of Proposition 5.1. First of all, let 6, > 0 be such that for all
10| < 6y it holds

0

(16) % < ]cos(g +60)| = |sinf| < 2/0].
Moreover, let L, m, M,C > 0 be such that

Vo oo om

vm T T /2M6,

Let f: R — (0,400) be a function such that

(17) Vs,t €R |f(¢) s)| < Ly/]t — s,
(18) VieR m< f(t)< M

We claim that, for 0| < 6y, we have
Vs i . T T
(19) f (5 + 6> : (cos(§ + 9),sm(§ + 0)) cY <2M«90,f(§), C’)

where Y (2M 6y, f(%),C) is defined as in Lemma 5.4. Indeed, we have
on one side

2| = |f(g +0) Cos(g 1 0)| < M2|9] < 2M6,.
On the other side,
yi= (5 +0)sin(5 +6) < f(5 +6)
<G+ (G +06) - f<f> <J(§)+ LVl

< 1+ 1 2GLOTGED  ymy VL
f(§)+0\/m-

So (19) is satisfied.
Since for o := 2M 6, and 3 := f(5) we have

B m
Va o 2M6, ~ \/2M6,

Lemma 5.4 applies and we get that Y (2M 6y, f(Z),C) satisfies (15).
For any 6 we set Ay to be the counterclockwise rotation of angle 6:

cosf) —sinb
Ay = (sinQ cos 6 ) ’

>C,
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Define the curve ¢(t) := f(t)(cost,sint). Notice that Ago(t) = f((t —
0) 4+ 0)(cos(t +0),sin(t + 6)) and that the function s — f(s+0) is still
satisfying both (17) and (18). So we have that, for ||, |s| < %,

05 +1) € AY (M0, (5 +5),0)]

2
and the set A,[Y (2M6y, f(5 + s), C)] satisfies (15).
Set
B= () (Aly@Mb, F(G +5), O N =AY (2M8y, f(5 + 5), o).
Jsl<

The set B satisfies all three conditions of Lemma 2.15, hence it is the
unit ball of a homogeneous metric. Moreover,

(o5 +1): 1t < %} c 9B,

The statement of Proposition 5.1 follows because there are functions
f R — [0,400) that satisfy (17) and (18) and such that the image
of the curve ¢ has Hausdorff dimension % Indeed, the image of ¢ has
the same Hausdorff dimension of the graph of f, and then one uses the

sharpness of Lemma 4.2. O

Remark 5.5. Using the same arguments as in the proof of Lemma 5.3,
one easily shows that the set

B:={(z,y) eR*: |z| <1, —f(-z) <y < f(a)},

1 <0
Ja) = {14—\/5 x>0,

is the unit ball of a homogeneous distance on R? with dilations (14).
Notice that such B is a Lipschitz domain, but the associated homoge-
neous distance is not Lipschitz in any neighborhood of the point (0, 1),
thanks to Lemma 4.3.

where

5.2. The Heisenberg groups. In the Heisenberg groups H" (for an
introduction see [Cap07]) condition (1) holds at every non-zero point.
Therefore, balls of any homogeneous metric on H" are Lipschitz do-
mains. We will treat more in detail the first Heisenberg group in Sec-
tion 6.

5.3. A sub-Finsler sphere with a cusp. Let H be the first Heisen-
berg group (see Section 6 for the definition). The group G = H x R is
a stratified group with grading (V7 x R) @ V5, where V; @ V5 is a strati-
fication for H. The line {Og} x R is a singular curve in G. Moreover, it
has been shown in [BLD13] that there exists a sub-Finsler distance on
G whose unit sphere S, has a cusp in the intersection Sq N ({0} x R).
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However, for sub-Riemannian metrics we still have balls that are Lips-
chitz domains, as the following Proposition 5.7 shows. But let us first
recall a simple fact:

Lemma 5.6. Let A and B be two stratified groups with stratifications
@D V: and @ W;, respectively. Endow Vi and Wy with a scalar product
each and let da,dpg be the corresponding homogeneous sub-Riemannian
distances.

Then A x B is a Carnot group with stratification @, V; x W; and
metric

d((a,b), (a',0) := \/da(a,a)? + dg(b, V)2,

which s the sub—Rzemanman metric generated by the scalar product on
Vi x Wy induced by the scalar products on Vi and Wj.

One proves this lemma by using the fact that the energy of curves
on A xB (i.e., the integral of the squared norm of the derivative) is the
sum of the energies of the two components of the curve.

Proposition 5.7. Any homogeneous sub-Riemannian metric on H xR
1s locally Lipschitz away from the diagonal.

Proof. First of all, we show that, up to isometry, there is only one
homogeneous sub-Riemannian distance on H x R. Let (X7, Y;,77) and
(X, Y2, Ty) be two basis of V] x R that are orthonormal for two sub-
Riemannian structures, respectively. We may assume 77,75 € {0} x R.
Notice that [X;,Y;] ¢ V3 x R. The linear map such that X; — Xo,
Yi = Yy, Th — Ty, [X1,Y1] — [X5,Y5] is an automorphism of Lie
algebras and induces an isometry between the two sub-Riemannian
structures.

Denoting by dy and dgr the standard metrics on H and R, respec-
tively, we prove the proposition for the product metric as in Lemma 5.6.
Namely, we need to check that the function

(20) (p,t) = d((0,0), (p, 1)) = \/du(0,p)* + 1>
is locally Lipschitz at all (p,#) # (0,0). This follows directly from
Proposition 3.3. Il

5.4. A sub-Riemannian sphere with a cusp.

Proposition 5.8. Let G be a Carnot group of step 3 endowed with a
sub-Riemannian distance da. Then the sub-Riemannian distance d on
G x R giwen by

d((p7 7 \/dE + |t—8|2

has a unit sphere with a cusp at (Og, 1).

Proof. Let g = @le Vi be the Lie algebra of G and fix Z € V3 \ {0}.
We identify g with G through the exponential map.
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The intersection of the unit sphere in (G x R,d) with the plane
span{Z} x R is given by all points (zZ,t) such that

(21) dg(0,22)* + > = 1.

Since dg is homogeneous on G, there exists C' > 0 such that for all
zeR

(22) d(0,22) = C|z|5.

Putting together (21) and (22) we obtain that this intersection consists
of all the points (27, t) such that

14t)2 g
= (") a0t

One then easily sees that this set in R? has a cusp at (0, 1). O

6. A CLOSER LOOK AT THE HEISENBERG GROUP

The Heisenberg group H is the easiest example of a stratified group
that is not Abelian and for this reason it has been studied in large
extend. The most common homogeneous metrics on H are the Korany
metric and the sub-Riemannian metric. Sub-Finsler metrics on H arise
in the study of finitely-generated groups, see [Brel4] and references
therein. The geometry of spheres has been studied in [LDR14] and
[DM14].

The Lie algebra b of the Heisenberg group is a three dimensional
vector space span{ X, Y, Z} with a Lie bracket operation defined by the
only nontrivial relation [X,Y] = Z.

We identify the Heisenberg group H again with span{ X, Y, Z}, where
we define the group operation

1
p-q:=p+q+=pq  VpqgeH

2
Hence b is the Lie algebra of H and the exponential map ) — H is the
identity map. Notice that the inverse of an element p is p~! = —p.

The Heisenberg algebra admits the stratification h = V; & V5, with
Vi = span{X, Y} and V4, = span{Z}. Denote by 7 the linear projection
h — V; along V,. Notice that this map, regarded as 7 : (H, -) — (V4,+),
is a group morphism.

The dilations 6, : H — H are explicitly expressed by

On(xX +yY +27) = 2AX +y\Y + 2\*7, VA > 0.

These are both Lie algebra automorphisms 9y : h — b and Lie group
automorphisms H — H.
Three are the main results of this section.
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Proposition 6.1. Let N : H — [0,+00) be a homogeneous norm.
Then the unit ball
B:={peH:N(p) <1}

18 a star-like Lipschitz domain.

Proof. One easily shows that condition (1) holds for all p € H\ {0}. In
order to prove that B is star-like, one first notice that if p € B, then
—p € B, hence 0,(p)d1_+(—p) = (2t — 1)p € B for all t € [0, 1], and this

is a straight line passing through zero. U
Proposition 6.2. Let N and B as in Proposition 6.1. Set K =
m(B) € Vi. Then K is a compact, convexr set with K = —K and

K = c(int(K)), and there ezists a function f : K — [0,400), locally
Lipschitz on int(K), such that

(23) B={v+z2Z: veK, —f(—v)<z<f(v)}

The proof is postponed to Section 6.1.

We remark that homogeneous distances and sub-Finsler homoge-
neous distances on H have a precise relation. Indeed, if d is a homoge-
neous distance on H, then it is easy to show that the length distance
generated by d is exactly the sub-Finsler distance that has the norm
on V; generated by the set K defined in Proposition 6.2.

Proposition 6.3. Let K C Vi be a compact, conver set with —K = K
and 0 € int(K). Let g : K — R be Lipschitz. Then there ezists b € R
such that for f := g+ b the set B as in (23) is the unit ball of a
homogeneous norm.

The proof will appear in Section 6.2.

As a consequence of Proposition 6.3, we get the existence of homoge-
neous distances on H that are not almost convex in the sense of [DS14].
Indeed, one can take the distance associated to g(zX +yY) = |z| from
Proposition 6.3.

6.1. Proof of Proposition 6.2.

Lemma 6.4. Let B C H be an arbitrary closed set satisfying (7). If
p=v+zZ € Bwithv=mn(p) € V1, thenv+szZ € B, forall s € [0,1].
In particular,

(1) 7(B) = BNVy;

(2) m(B) C Vi is convex.
Proof. We have that for all ¢ € [0, 1]

B36p-0ip=v+(t*+(1—1)*z22.

Since the image of [0, 1] through the map ¢ — (2 + (1 — ¢)?) is [3,1],
then it follows v +s52Z € B for all s € [%, 1]. Iterating this process and
using the closeness of B, we get v + szZ € B for all s € [0,1]. For the
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last statement, take v,w € 7(B) C B and notice that tv 4+ (1 — t)w =
m(dv - §1_w) € w(B). O

Let B = {N < 1} be the unit ball of a homogeneous norm and
set K := 7(B) C V; and Q := int(K). First, we check that Q = K.
On the one hand, clearly we have ) C K. On the other hand, if
v € K, then for any ¢t € [0,1) we have N(&v) = tN(v) < 1, ie.,
Sov=1tv €intBNV C Q. Hence v € Q.

If we define f: K — [0,4+00) as f(v) := max{z: v+ zZ € @}, then
we have (23). In order to prove that f is locally Lipschitz on €, we
need to prove

Vpe dBN{z>0}Nna"1(N),
(24) 3U > p open , C' vertical cone, s.t.
Vg € UNOB it holds ¢+ C C B.

Here a vertical cone is a Euclidean cone with axis —Z and non-empty
interior.
So, fix p € 9Q N {z > 0} such that 7(p) € Q. Define for § € R and
e>0
vg = 19X + ypY = ecos(0)X + esin()Y.
For € > 0 small enough, 7(p) 4+ vg € € for all 6. Define

o(t,0) = (5(1_75)]) 04 (m(p) + vg).

Clearly ¢(t,6) € B for t € [0,1] and 6§ € R, and ¢(0,6) = p for all
6. Geometrically, ¢([0,1] x R) is a “tent” inside B standing above the
whole vertical segment from 7(p) to p. Notice that p # 7(p), indeed
N(p) =1 while N(7(p)) < 1, because m(p) € Q.

We only need to prove that the curves t — ¢(t, §) meet this vertical
segment by an angle bounded away from 0. Some computations are
needed: set p = p1 X + poY + psZ, then

0(4.0) = 1) + 11 + 5101 = O)prsn = pure) + (1= 0P ) 2

We take care only of the third coordinate. Set

g(t) : = %t(l —t)(p1ye — paxe) + (1 — t)%ps

1 1
= (=5 (P1ys = Pato) +p3) + t (5(Prys — Pozo) = 2ps) + ps.
Saying that the angle between the curve t — ¢(t,0) and the vertical
segment at p is uniformly grater than zero, is equivalent to give an
upper bound to the derivative of g at 0 for all 6. Since

1
9/(0) = é(pﬂ/e — Pag) — 2ps,
we are done.
Finally, since both € and ¢'(0) depend continuously on p, then (24)

is satisfied. 0
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6.2. Proof of Proposition 6.3. We consider the bilinear map w :
Vi x Vi — R given by

W X + Y, w1 X +wY) := vjwe — vowy.

Lemma 6.5. For any continuous function f : K — [0,400), the set
B as in (23) is the unit ball of a homogeneous norm on H if and only

of
Yo,we KVt € 0,1]

Flto+ (1 —thw) — 2f(v) — (1 — )2 f(w) — LLw(v,w) > 0.

Proof. One easily sees that B = B~!. Notice that B is the unit ball of
a homogeneous norm if and only if it satisfies (7).
Assume that B satisfies (7). Then for any v, w € K we have

(25)

B3 6(v+ f(v)Z) - 6a—p(w+ f(w)Z) =

=tv+ (1 —t)w+ (t2f(v) + (1=t f(w) + %t(l - t)w(v,w)) Z,

hence

2F) + (1 — 12 f(w) + %t(l — Hw(v,w) < Flto + (1 — tw).

Suppose [ satisfies (25). Define

Bt :={v+z2Z:ve K and z < f(v)},

B i ={v+2Z:ve K and — f(—v) < z}.
We will show that both Bt and B~ satisfy (7), from which it follows
that B = BT N B~ satisfies (7) as well.

So, let v,w € K and z;,2; € R such that v + 1 Z,w + 2,Z € B™".
Then the third coordinate of 6,(v + 212) - 61—y (w + 222) satisfies

1
22 + (1 —t)%2 + 575(1 —tw(v,w) <
1
<t f(v) + (1 =) f(w) + 5l = w(v,w) < fltw + (1 = t)v),
therefore we have 0;,(v + 21Z) - 61—y (w + 202) € BT for all t € [0, 1].

The calculation for B~ is similar. O

The verification of the next lemma is simple and therefore it is omit-
ted.

Lemma 6.6. Suppose that g : K — R is a continuous function such
that there is a constant A € R with

Vo,w e K, Vt € [0,1]

B0 g+ (1 tyw) — 2g(v) — (1~ 1)2g(w) > At(1 1),
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Then f := g+ B satisfies (25) with

B := sup 1 (%w(v,w) — A) = %1 ( sup w(v,w)) — %A_

v,weK 2 v,weK
Lemma 6.7. Let g : K — R be L-Lipschitz. Then g satisfies (26) for
A = —2Ldiam(K) — 4sup|g(p)|.
peK

Proof. Notice that we need to show that (26) holds only for ¢ € (0, 1)
and that (26) is symmetric in ¢ and (1 —¢). So, it is enough to consider
only the case t € (0, 5]:

g(tv + (1 = hw) — t?g(v) — (1 = t)*g(w)
(1=t
_gw+tv—w) —gw) (-1 -t))g(w) ¢ (v)
t1—1) t(1—1) 17
> Aol 22y - g
> —2Ldiam(K) — 451€1£ lg(p)|.

g

Putting together Lemmas 6.7, 6.6, and 6.5, we get Proposition 6.3.
0

REFERENCES

[ABB15] A. A. Agrachév, D. Barilari, and U. Boscain. Introduction
to Riemannian and sub-Riemannian geometry. Tech. rep.
2015. URL: http://webusers . imj - prg . fr/ “davide .
barilari/Notes.php.

[Agr09]  A. A. Agrachév. “Any sub-Riemannian metric has points of
smoothness”. In: Dokl. Akad. Nauk 424.3 (2009), pp. 295
298. 1SSN: 0869-5652. DOI: 10.1134/5106456240901013X.
URL: http://dx.doi.org/10.1134/5S106456240901013X.

[ATO04] L. Ambrosio and P. Tilli. Topics on analysis in metric spaces.
Vol. 25. Oxford Lecture Series in Mathematics and its Ap-

plications. Oxford University Press, Oxford, 2004, pp. viii-+133.

ISBN: 0-19-852938-4.
[BBIO1]  D. Burago, Y. Burago, and S. Ivanov. A course in metric

geometry. Providence, RI: American Mathematical Society,
2001. 1SBN: 0821821296.


http://webusers.imj-prg.fr/~davide.barilari/Notes.php
http://webusers.imj-prg.fr/~davide.barilari/Notes.php
http://dx.doi.org/10.1134/S106456240901013X
http://dx.doi.org/10.1134/S106456240901013X

30

[BLD13]

[Brel4|

[BU37]

[Cap+07]

[Cla-+98|

IDM14]

IDS14]

[HS90]

[Jur97]

[LD-+15]

REFERENCES

E. Breuillard and E. Le Donne. “On the rate of convergence
to the asymptotic cone for nilpotent groups and subFinsler
geometry”. In: Proc. Natl. Acad. Sci. USA 110.48 (2013),
pp- 19220-19226. 18SN: 1091-6490. DOI: 10 . 1073/ pnas .
1203854109. URL: http://dx.doi.org/10.1073/pnas.
12038541009.

E. Breuillard. “Geometry of locally compact groups of poly-
nomial growth and shape of large balls”. In: Groups Geom.
Dyn. 8.3 (2014), pp. 669-732. 1SSN: 1661-7207. DOI: 10 .
4171/GGD/244. URL: http://dx.doi.org/10.4171/GGD/
244,

A. S. Besicovitch and H. D. Ursell. “Sets of Fractional Di-
mensions (V): on dimensional numbers of some continuous
curves”. In: J. London Math. Soc. 01 (1937), pp. 18-25.

L. Capogna, D. Danielli, S. D. Pauls, and J. T. Tyson. An
introduction to the Heisenberg group and the sub-Riemannian
1soperimetric problem. Vol. 259. Progress in Mathematics.
Birkh&auser Verlag, Basel, 2007, pp. xvi+223. ISBN: 978-3-
7643-8132-5; 3-7643-8132-9.

F. H. Clarke, Y. S. Ledyaev, R. J. Stern, and P. R. Wolenski.
Nonsmooth analysis and control theory. Vol. 178. Graduate
Texts in Mathematics. Springer-Verlag, New York, 1998,
pp. xiv+276. ISBN: 0-387-98336-8.

M. Duchin and C. Mooney. “Fine asymptotic geometry in
the Heisenberg group”. In: Indiana Univ. Math. J. 63.3
(2014), pp. 885-916. 1SSN: 0022-2518. DOIL: 10.1512/iumj.
2014.63.5308. URL: http://dx.doi.org/10.1512/iumj.
2014.63.5308.

M. Duchin and M. Shapiro. “Rational growth in the Heisen-
berg group”. In: ArXiv e-prints (Nov. 2014). arXiv: 1411 .
4201 [math.GR].

W. Hebisch and A. Sikora. “A smooth subadditive homo-
geneous norm on a homogeneous group”. In: Studia Math.
96.3 (1990), pp. 231-236. 1SSN: 0039-3223.

V. Jurdjevic. Geometric control theory. Vol. 52. Cambridge
Studies in Advanced Mathematics. Cambridge University
Press, Cambridge, 1997, pp. xviii4+492. 1SBN: 0-521-49502-
4.

E. Le Donne, R. Montgomery, A. Ottazzi, P. Pansu, and
D. Vittone. “Sard property for the endpoint map on some
Carnot groups”. In: Annales de [’Institut Henri Poincare
(C) Non Linear Analysis (2015), pp. — ISSN: 0294-1449.
DOI: http://dx.doi.org/10.1016/j .anihpc.2015.
07.004. URL: http://www.sciencedirect.com/science/
article/pii/S029414491500075X.


http://dx.doi.org/10.1073/pnas.1203854109
http://dx.doi.org/10.1073/pnas.1203854109
http://dx.doi.org/10.1073/pnas.1203854109
http://dx.doi.org/10.1073/pnas.1203854109
http://dx.doi.org/10.4171/GGD/244
http://dx.doi.org/10.4171/GGD/244
http://dx.doi.org/10.4171/GGD/244
http://dx.doi.org/10.4171/GGD/244
http://dx.doi.org/10.1512/iumj.2014.63.5308
http://dx.doi.org/10.1512/iumj.2014.63.5308
http://dx.doi.org/10.1512/iumj.2014.63.5308
http://dx.doi.org/10.1512/iumj.2014.63.5308
http://arxiv.org/abs/1411.4201
http://arxiv.org/abs/1411.4201
http://dx.doi.org/http://dx.doi.org/10.1016/j.anihpc.2015.07.004
http://dx.doi.org/http://dx.doi.org/10.1016/j.anihpc.2015.07.004
http://www.sciencedirect.com/science/article/pii/S029414491500075X
http://www.sciencedirect.com/science/article/pii/S029414491500075X

[LD15a]
[LD15b)

[LDR14|

[LDR15]

[Mon02]

[O’N83]

Rif04]

[Rif06]

[Rif14]

[SieS6]

REFERENCES 31

E. Le Donne. A course on Carnot groups. Manuscript. 2015.

E. Le Donne. “A metric characterization of Carnot groups”.

In: Proc. Amer. Math. Soc. 143.2 (2015), pp. 845-849. I1SSN:

0002-9939. por: 10.1090/50002-9939-2014 - 12244 - 1.

URL: http://dx.doi.org/10.1090/S0002-9939-2014-

12244-1.

E. Le Donne and S. Rigot. “Besicovitch Covering Property
for homogeneous distances in the Heisenberg groups”. In:

ArXiv e-prints (June 2014). arXiv: 1406.1484 [math.MG].

E. Le Donne and S. Rigot. “Remarks about Besicovitch cov-

ering property in Carnot groups of step 3 and higher”. In:

Proc. Amer. Math. Soc. (2015).

R. Montgomery. A tour of subriemannian geometries, their
geodesics and applications. Vol. 91. Mathematical Surveys
and Monographs. Providence, RI: American Mathematical
Society, 2002, pp. xx+259. 1SBN: 0-8218-1391-9.

B. O'Neill. Semi-Riemannian geometry : with applications
to relativity. Pure and applied mathematics. New York:

Academic Press, 1983. 1SBN: 0-12-526740-1.

L. Rifford. “A Morse-Sard theorem for the distance function
on Riemannian manifolds”. In: Manuscripta Math. 113.2

(2004), pp. 251-265. 1SSN: 0025-2611. DOI: 10.1007/s00229-
003-0436-7. URL: http://dx.doi.org/10.1007/s00229-

003-0436-7.

L. Rifford. “A propos des sphéres sous-riemanniennes”. In:

Bull. Belg. Math. Soc. Simon Stevin 13.3 (2006), pp. 521—
526. 1SSN: 1370-1444. URL: http://projecteuclid.org/

euclid.bbms/1161350693.

L. Rifford. Sub-Riemannian geometry and optimal trans-

port. Springer Briefs in Mathematics. Springer, Cham, 2014,

pp. viii4+140. 1SBN: 978-3-319-04803-1; 978-3-319-04804-8.

DOI: 10.1007/978-3-319-04804-8. URL: http://dx.

doi.org/10.1007/978-3-319-04804-8.

E. Siebert. “Contractive automorphisms on locally compact

groups”. In: Math. Z. 191.1 (1986), pp. 73-90. 1SSN: 0025-

5874. DOI: 10.1007/BF01163611. URL: http://dx.doi .

org/10.1007/BF01163611.

(Le Donne, Nicolussi Golo) UNIVERSITY OF JYVASKYLA, FINLAND


http://dx.doi.org/10.1090/S0002-9939-2014-12244-1
http://dx.doi.org/10.1090/S0002-9939-2014-12244-1
http://dx.doi.org/10.1090/S0002-9939-2014-12244-1
http://arxiv.org/abs/1406.1484
http://dx.doi.org/10.1007/s00229-003-0436-7
http://dx.doi.org/10.1007/s00229-003-0436-7
http://dx.doi.org/10.1007/s00229-003-0436-7
http://dx.doi.org/10.1007/s00229-003-0436-7
http://projecteuclid.org/euclid.bbms/1161350693
http://projecteuclid.org/euclid.bbms/1161350693
http://dx.doi.org/10.1007/978-3-319-04804-8
http://dx.doi.org/10.1007/978-3-319-04804-8
http://dx.doi.org/10.1007/978-3-319-04804-8
http://dx.doi.org/10.1007/BF01163611
http://dx.doi.org/10.1007/BF01163611
http://dx.doi.org/10.1007/BF01163611

	Contents
	1. Introduction
	2. Preliminaries
	2.1. Sub-Finsler structures
	2.2. Graded groups

	3. Regularity of sub-Finsler distances
	3.1. About the minimal stretching
	3.2. The End-point map is weakly* continuous
	3.3. The differential of the End-point map is an End-point map
	3.4. The sub-Finsler distance is Lipschitz in absence of singular geodesics

	4. Regularity of spheres in graded groups
	4.1. The sphere as a graph
	4.2. An intrinsic approach

	5. Examples
	5.1. Three gradings on R2
	5.2. The Heisenberg groups
	5.3. A sub-Finsler sphere with a cusp
	5.4. A sub-Riemannian sphere with a cusp

	6. A closer look at the Heisenberg group
	6.1. Proof of Proposition 6.2
	6.2. Proof of Proposition 6.3

	References

