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Abstract

We present a Korn-Poincaré-type inequality in a planar setting which is
in the spirit of the Poincaré inequality in SBV due to De Giorgi, Carriero,
Leaci (see [14]). We show that for each function in SBD? one can find
a modification which differs from the original displacement field only on
a small set such that the distance of the modification from a suitable
infinitesimal rigid motion can be controlled by an appropriate combination
of the elastic and the surface energy. In particular, the result can be used
to obtain compactness estimates for functions of bounded deformation.
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1 Introduction

The propagation of crack has been studied in the realm of linearized elasticity
since the seminal work of Griffith (see [21]) and led to a lot of realistic appli-
cations in engineering. Also from a mathematical point of view the theory is
well developed (see [1, 3]) and adopted in many recent works in applied analysis
(see e.g. [3, 4, 7,8, 16, 22, 23]). A natural framework for the investigation of
fracture models in a geometrically linear setting is given by the space of functions
of bounded deformation, denoted by BD(€Q,R%), which consists of all functions
u € L', R?) whose symmetrized distributional derivative Eu := 3((Du)” + Du)
is a finite R%:¢-valued Radon measure. To study problems in fracture mechan-
ics with variational methods Francfort and Marigo [17] have introduced energy
functionals which are essentially of the form

/Q]e(u)Ide—l—Hd_l(Ju), (1.1)

where u € SBD?(Q,R%). (For the definition and properties of this space we
refer to Section 2.1 below.) These so-called Griffith functionals comprise elastic
bulk contributions for the unfractured regions of the body represented by the
linear elastic strain e(u) := 3(Vu! + Vu) and surface terms that assign energy
contributions on the crack paths comparable to the size of the crack H41(J,).
A major difficulty of these problems is given by the fact that there is no
control over the skew-symmetric part of the distributional derivative. Indeed, it
would be desirable that uniform bounds on (1.1) induce estimates for the strain
Vu or the function u itself and that accordingly suitable compactness results can
be derived. However, simple examples (see e.g. [1]) show that such properties
cannot be inferred in general as the behavior of small pieces being almost or
completely separated from the bulk part may not be controlled. On the one
hand, this observation particularly implies that SBD is not contained in SBV.
(For the definition and properties of SBV we refer to [2].) On the other hand,



it leads to the natural question if certain estimates still hold (1) up to a small
exceptional set or (2) after passing to a slightly modified displacement field. The
goal of the work at hand is to show that indeed the distance of the function u from
an infinitesimal rigid motion can be estimated by an appropriate combination of
the energy terms given in (1.1).

The starting point of our analysis is the classical Korn-Poincaré inequality
in BD (see [5, 24]) stating that there is a constant C(2) depending only on the
domain 2 C R? such that

< C(Q)|Eul(€) (1.2)

lu— Pul| 4
LT-1(Q)
for all u € BD(Q,R?), where P is a linear projection onto the space of in-
finitesimal rigid motions and |Fu| denotes the total variation of the symmetrized
distributional derivative. This is a remarkable result in consideration of the fact
that corresponding estimates also involving the absolutely continuous part of the
derivative Vu do not hold since Korn’s inequality fails in BD (cf. [11]).

It first appears that the inequality is not adapted for problems of the form
(1.1) as in |Eu|(2) the jump height is involved and in (1.1) we only have control
over the size of the crack. However, the main strategy of our approach is to
prove that one may indeed find bounds on the jump heights after a suitable
modification of the jump set and the displacement field whose total energy (1.1)
almost coincides with the original energy. In particular, (1.2) is then applicable
and it can be shown that the distance of the modification from an infinitesimal
rigid motion can already be controlled in terms of the elastic energy.

We goal of this work is to prove the following Korn-Poincaré-type inequality
for SBD? functions. For u > 0 let Q, = (—u,p)? and by diam(R) denote the
diameter of a rectangle R C @,,.

Theorem 1.1 Let 1 < p < 2. Lete > 0 and h, > 0 sufficiently small. Then
there is a constant C = C(h,) and a universal constant ¢ > 0 such that for all
u € SBD*(Q,,R?*) N LP(Q,, R?) the following holds: We get pairwise disjoint,
paraxial rectangles Ry, ..., R, with

ijl diam(R;) < (1 + ch,) (H'(J.) + €*1||e(u)|]%2(Qu))
such that for £ := \Jj_, R; and the square Q = (—f, ji)? with fi = max{u —
23, diam(R;),0} we have |E| < ¢(37, diam(R;))* and

lu(z) = (Az + | ) < Cut (lle(u)li(qg,) + <M (Ju)

2
LP(Q\E

for some A € RY? and c € R?.

skew

As a direct consequence we obtain a modification @ € SBD?*(Q,, R?) with
t=wuonQ,\E and a(z) = Ax+c for x € E such that the estimate in Theorem
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1.1 still holds. To the best of our knowledge our Korn-Poincaré inequality differs
from other inequalities of this type available in the SBV-setting (see [6, 14]) as
it is not based on a truncation of the function (which is forbidden in the SBD
framework), but on a modification of the displacement field on an exceptional
set £ = ; R;. This set is associated to the parts of @), being detached from
the bulk part of @, by J,. In contrast to the recently established estimate in [9],
Theorem 1.1 provides an exceptional set with a rather simple geometry. Most
notably we have control over H'(OF) which allows to apply compactness results
for GSBD functions (see [12]).

Moreover, for h, < 1 and € > |le(u )HL2(Q y(H 1(J,))~! we obtain a fine esti-
mate on the sum of the diameter of the rectangles which will be fundamental in
the rigidity estimates in [18], where based on Theorem 1.1 we construct a mod-
ification whose crack length essentially coincides with the surface energy of the
original displacement field. Moreover, this particular choice of £ shows that the
distance from an infinitesimal rigid motions may indeed be controlled exclusively
by the elastic part of the energy.

We comment that the original motivation for establishing Theorem 1.1 was the
investigation of quantitative geometric rigidity results in SBD and the derivation
of linearized Griffith energies from nonlinear models (see [18, 19]) generalizing
the results in nonlinear elasticity theory (cf. [13, 20]) to the framework of brittle
materials. Nevertheless, we believe that this inequality is of independent interest
and may contribute to solve related problems in the future, especially concerning
fracture models in the realm of linearized elasticity which are related to problems
in SBV where Poincaré inequalities (see [14]) have proved to be useful. Moreover,
we hope that a combination of the Korn-Poincaré inequality and the modification
scheme presented in [18] may help to answer the question in which sense an
analogous result to Theorem 1.1 can be derived for Vu.

Similarly as other results in this context (see [6, 9, 14]), Theorem 1.1 pro-
vides an estimate only for functions whose jump set is small with respect to
the size of the domain. In fact, if the jump set is large, the specimen may be
separated into different parts of comparable size. Theorem 1.1 together with a
localization argument shows that in the general case one can derive a piecewise
Korn-Poincaré inequality, i.e. the specimen may be broken into different sets
and on each connected component the distance of the displacement field from a
certain infinitesimal rigid motion can be controlled. This problem is quite similar
to the problem considered in [18] and we refer therein for further details.

The derivation of our main result is very involved as apart from the fact that
the body may be disconnected by the jump set one has to face the problems that
e.g. (1) the body might be still connected but only in a small region where the
elastic energy is possibly large, (2) the crack geometry might become extremely
complex including highly oscillating crack paths, (3) there might be infinite crack
patterns occurring on different scales. The common difficulty of all these phenom-
ena is the possible high irregularity of the jump set whence there are no uniform
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bounds for the constant in (1.2). Therefore, our proof is based on a modification
algorithm which analyzes the problem iteratively on regions of mesoscopic size
gradually becoming larger. In each step we have to carefully balance the elastic
and surface contributions as well as the crack geometry and decide whether to
establish an estimate for the function using (1.2) or to alter the jump set.

Although we in principle believe that the main strategy and a lot of techniques
can be employed to treat the problem in arbitrary space dimension, we only prove
the result in a planar setting in order to avoid even more technical difficulties
concerning the topological structure of the crack geometries occurring in d > 3.

As the proof of Theorem 1.1 is very technical and long, we give a short
overview and highlight the principal proof strategies for the convenience of the
reader at the end of this introduction. The rest of the paper is then organized as
follows. Section 2 is devoted to some preliminaries, where we carry out a careful
analysis for the constant of the Korn-Poincaré inequality in BD (see (1.2)) and
establish a trace theorem in SBD which allows to control the L?-norm of the
functions on the boundary. In Section 3 we introduce the notion of boundary
components and provide a suitable modification scheme to alter the jump set.
Section 4 is then devoted to a fine investigation of the elastic energy and the
crack geometry in the neighborhood of a jump component. Section 6 contains
the main technical estimates for the analysis of the jump height. In Section 5
we combine the previously established results and present an algorithm which
iteratively modifies the jump set such that the estimates on the jump height may
be applied.

Overview of the proof

Above we have already motivated that the fundamental idea in the derivation
of Theorem 1.1 is the determination of the jump heights and the application of
(1.2). More precisely, we have to show that [u] ~ /¢ in a suitable sense. By a
density argument (see Theorem 2.3 below and cf. also [8]) we can assume that
the jump set is contained in a finite number of rectangle boundaries. (We will call
these sets boundary components or cracks in the following.) These boundaries
will be altered during an iterative procedure. Clearly, we have to assure that in
this process the length of the boundary components does not increase too much.
To this end, it is convenient to measure the length of the jump set by a convex
combination of the Hausdorff-measure H! and the ‘diameter’ of a crack given by

IT|so = V/|miT)2 + |mT 2, (1.3)

where I' denotes the boundary component and 7, w5 the orthogonal projections
onto the coordinate axes. One of the advantages of | - |, in contrast to H' is that
due to the strict convexity of | - |, it is often energetically favorable if different
cracks are combined to one larger boundary component leading to a simplification
of the jump set.



Nevertheless, during the modification process it cannot be avoided that addi-
tional cracks are added near original ones. To keep track of this amplification, the
boundary components have to be assigned with a weight which indicates if (or:
how much) this crack has already been ‘used’ to introduce another discontinuity
set. Now a further difficulty arises from the the fact that during each iteration
step of the modification these weights have to be carefully adjusted (see Section
3.2).

The overall aim of the modification is to assure that in a small neighborhood
of a boundary component I' the energy can be controlled. Indeed, it turns out
that if the elastic energy exceeds ¢|I'|s or the size of the jump set in a neigh-
borhood is much larger than |['|., then it is energetically favorable to replace
the crack by a larger rectangle and to replace the function w in the interior of
the rectangle by an infinitesimal rigid motion (see proof of Theorem 5.2a),b)).
Moreover, the modification of the jump set occurs not only due to energetic but
also due to geometrical reasons. Exploiting the properties of | - | we can find a
finer characterization of the cracks in the neighborhood, e.g. one can show that
there are at most two cracks whose size is comparable to |I'|o (see Corollary 4.4).
Furthermore, we can always find small stripes in the neighborhood which do not
intersect the jump set (see Lemma 4.5).

Having these properties for the neighborhood of a rectangle I' and assuming
that for all smaller cracks I'; we have already established that [u] ~ \/|I'|x¢,
the main technical issue is to derive a trace estimate on the boundary of T
Then replacing the function v by an appropriate infinitesimal rigid motion in the
interior of the rectangle we will indeed obtain [u] ~ /|T'|oce on the boundary of
I'. Consequently, the assertion can be proved using an algorithm which iteratively
changes the jump set and determines the trace at boundary components once the
required conditions in a neighborhood are fulfilled (see Theorem 5.2).

Obviously one expects that the crack opening of small cracks is generically
small. In our framework this heuristically follows by a rescaling argument in
(1.2) and the observation that after modification the energy in a neighborhood
is bounded by ~ |I'|oce. However, a rigorous investigation of the trace on the
boundary of T' is very subtle as due to the iterative application of the arguments
the involved constants might become arbitrarily large. The proof will be carried
out in several steps.

In the first step we assume that in the neighborhood N of I' only small cracks
', are present. This indeed induces that |Fu|(N) is sufficiently small as on each
', we have already shown [u] ~ \/|['/|€. In general, the idea is to construct thin
long paths in N which avoid cracks being to large. We then first measure the
distance of the function from an infinitesimal rigid motion only on this path and
may apply this result to estimate the distance in the whole set N afterwards (see
Section 6.2). A major drawback of such a technique is that the constant in (1.2)
crucially depends on the domain and explodes for sets getting arbitrarily thin.
Consequently, in this context we have to carry out a careful quantitative analysis



how the constant in (1.2) depends on the shape of the domain (see Section 2.2).

It turns out, however, that the paths in general cannot be selected in a way
such that they only intersect sufficiently small cracks. Nevertheless, it can be
shown that boundary components being too large for a direct application of the
above ideas occupy only a comparably small region. In this region we then do
not use the Korn-Poincaré inequality in (1.2), but circumvent the estimation of
the surface energy by a slicing technique. Indeed, by the modification procedure
alluded to above we always find small stripes in the neighborhood which do not
intersect the jump set at all. The assertion then follows as this exceptional set
can then taken arbitrarily small by an iterative application of the slicing method
(see Section 6.3). We briefly note that such a technique is only employable as we
treat a linear problem rendering the derivation of Theorem 1.1 easier than the
geometrically nonlinear results in [18]. (Compare also [10], where the treatment
of the linearized version is remarkably easier than the nonlinear problem due to
the applicability of a slicing method.)

Finally, one has to face the problem that there are (at most) two other cracks
['1, Ty intersecting N being larger than I'. In particular, (1.2) cannot be directly
applied since no estimate of the jump heights at I'; and I'; is available. However,
the result can also be established in this case if the elastic and surface energy in
the two areas close to I',I'y and I, Iy is sufficiently small (see Section 6.5). In
fact, such a smallness assumption can always be inferred by a careful modification
of the crack set (see proof of Theorem 5.2¢) and Section 4.2). Finally, we remark
that the result crucially depends on the application of a suitable L2- trace theorem
for SBD functions (see Lemma 2.3) which can be established in our framework
because of the sufficiently regular jump set. Moreover, it is essential that there
are at most two large cracks in a neighborhood. Already with three or four cracks
the configurations might be significantly less rigid.

2 Preliminaries

In this preparatory section we recall the definition and basic properties of func-
tions of bounded deformation, establish a trace theorem and analyze how the
constant in the Korn-Poincaré-inequality (see (1.2)) depends on the shape of the
domain.

2.1 Functions of bounded deformation

We collect the definitions and some fundamental properties of functions of bounded
deformation. Let €2 C R? open, bounded with Lipschitz boundary. Recall that
the space BD(Q,R?) of functions of bounded deformation consists of functions
u € L', R?) whose symmetrized distributional derivative Eu := W is a

finite R%%%-valued Radon measure. In [1] it is shown that it can be decomposed



as
Bu = e(u)L'+ E'u = e(u) L+ [u] © EHT 5, + E(u), (2.1)

where e(u) is the absolutely continuous part of Eu with respect to the Lebesgue
measure, £¢(u) denotes the ‘Cantor part’, J, (the ‘crack path’) is an H? -
rectifiable set in €2, &, is a normal of J, and [u] = u™ — u~ (the ‘crack opening’)
with u* being the one-sided limits of u at J,. Here £ denotes the d-dimensional
Lebesgue measure, H ! denotes the (d — 1)-dimensional Hausdorff measure and
a®b=1(a®b+bRa).

The space SBD(Q,R?) of special functions of bounded deformation consists
of all u € BD(Q, R?) with £¢(u) = 0. If in addition e(u) € L*(Q) and H41(J,) <
0o, we write u € SBD?*(2). For basic properties of this function space we refer
to [1, 3.

We recall a Korn-Poincaré inequality and a trace theorem in BD (see [5, 24]).

Theorem 2.1 Let Q C R? bounded, connected with Lipschitz boundary and let
P: L2(Q,RY) — L*(Q,R?) be a linear projection onto the space of infinitesimal
rigid motions. Then there is a constant C' > 0, which is invariant under rescaling
of the domain, such that for all u € BD(Q,R%)

lu—Pul| a < C|Eu|(9).
LTT(Q)

Theorem 2.2 Let Q C R? bounded, connected with Lipschitz boundary. There
exists a constant C' > 0 such that the trace mapping v : BD(Q,R?) — L'(99Q, R?)
1s well defined and satisfies the estimate

vl 10y < C(HUHD(Q) + ’EU‘(Q))

for each uw € BD(Q,R?).

For sets which are related through bi-Lipschitzian homeomorphisms with Lip-
schitz constants of both the homeomorphism itself and its inverse uniformly
bounded the constants in Theorem 2.1 can be chosen independently of these
sets, see e.g. [20].

We now present a density result in SBD?(2) being a variant of the theorem in
8] without the additional assumption that the functions lie in L*(€2). Although
a generalization to arbitrary space dimension is possible, we state the result only
for d = 2 for the sake of simplicity.

Theorem 2.3 Let 1 < p < oo and § > 0. For every u € SBD*(Q) N L*(Q)
and for every set ¥ CC Q with Lipschitz boundary there are paraxial rectangles



Ry, ..., Ry with |UjL, Ryl < 6 and a function @ € HY(Q), where Q@ = Q' \
Uiz, By, such that

(@) llw—all oy <9,
(i) lle(u) = o)l 2y < 2.2)
(m)}jlmmm)gﬁgm+d

Proof. Let w € SBD?*(Q2) N L?(Q) be given and let v > 0 sufficiently small.
Recall that J, is rectifiable (see [2, Section 2.9]), i.e. there is a countable union
of C* curves (T';);en such that H'(J, \ U, ;) = 0. Covering J, with small balls
and applying Besicovitch’s covering theorem (see [15, Corollary 1, p. 35]) we find
finitely many closed, pairwise disjoint balls B; = B,(z;),j=1,...,nwithr; <v
such that H'(J, \ Uj_, Bj) < v. Moreover, we get H'(J, N Bj) > 2(1 —v)r;
and for each B; we find a C' curve [';; such that T';, N FJ is connected and
HY((Ty,AJ,) N By) < 2vry < 22HY(J, N Bj). (Here A denotes the symmetric
difference of two sets.) For a detailed proof we refer to [8, Theorem 2].

We choose paraxial rectangles ; with diam(Q;) < 2v/2r; such that HY(Ty, N
(B;\ @Q;)) = 0 and diam(Q;) < H'(I';; N B;). We then obtain

Z diam(Q);) <Z H* (I, N B;)
< (1 + = V) > H'(JLNB) < (1+CvyH' (L),

(2.3)

As H'(Ju \U;—, Bj) < v, we then also get

HAU_ Q) <ver (U 20 B,\Q)
<o (U, 10 3\@) +# (UL (0,001 )
§u+T%;H%&)SCu (2.4)

where in the last step we have used H'(T';,

N (B; \ Q;)) = 0. Choose paraxial
rectangles Q; with Q; CC Q; such that d1am(@ ) < (1

+ v)diam(Q);) and
H1<Uj 20, N Ju> —0. (2.5)

We define the sets V' = '\ J;Q; and W = Q" \ |, Q; for Q' ccC Q with
Lipschitz boundary. We observe that W C V' and |{J; Q;] < CvH'(J,) by the

isoperimetric inequality. It is not restrictive to assume that corners of @);, Qj do
not coincide and thus W,V are Lipschitz domains.



We now show that there is a function @ € SBD*(W) with [Ju — @|| ey +
|e(u)—e(w)|| 2wy < Cv such that J; is a finite union of closed segments satisfying
H!(J;) < Cv. To this end, we follow the proof in [8] and define

Bu, W) /v (T, W)

as well as E (u, W) = E(u, W) + ¢H'(J, N W), where V(A) := = [, (T AE)* d¢
for A € R**2. (We drop the integration variable if no confus10n arises.) As u €
SBD?*(W) N LP(W) with E(u, W) < +oo and W has Lipschitz boundary, by [8,
Theorem 1] we find a sequence u,, € SBD*(W) N LP(W) with ||u, —u|| ewy = 0
such that J,, is a finite union of closed segments and

limsup E(u,, W) < E.(u, W) < E(u, W) + Cv
n—oo

(2.6)
S/VVV(e(u))+C’V.

In the second and third step we used (2.4). The proof is based on a discretization
argument. Consequently, as a preparation an extension u’ to some set W/ D> W
with E(u/,W') < E(u,W) + ¢ for arbitrary ¢ > 0 had to be constructed (see
[8, Lemma 3.2]). In our framework we can choose v’ = u due to W CC V and
(2.5). Observe that the assumption u € L*(W) was only needed in [8, Lemma
3.2] for the construction of the extension and therefore may be dropped in the
present context, where we obtain u,, — u in LP(W) instead of L*-convergence.
Moreover, strictly speaking, the theorem only states that .J, is essentially closed
and contained in a finite union of closed segments. However, the proof shows that
up to an infinitesimal perturbation of w, (do not set u,, = 0 on a ‘jump square’,
but u,, = ¢ for ¢ &~ 0) the desired property can be achieved.

By [8, Lemma 5.1] we obtain weak convergence e(u,) — e(u) in L?*(W) up
to a not relabeled subsequence Together with the lower semicontinuity results
Jow Vie(u)) < liminf, o [ip V(e(u,)) and H'(J,) < liminf, o H'(Jy,) (see [8,
Lemma 5 1]) we find by (2.6)

/ Vie(u)) < limsup/ V(e(uy)) §/ V(e(u)) + Cu.
Consequently, by weak convergence we obtain

imsup (1) = e(0) ) < climsup [ V(e(u,) = e(w)

n—oo n—o0

< clim sup (/WV(G(Un)) — WV(e(u)))

n—o0

< Cv.
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Then by (2.6) we also get limsup,,_, ., H'(J.,) < Cv. Now choose n large enough
such that @ := u, satisfies ||u—u|| o)+ ||e(w) — (@) || 2wy < Cv and H'(J5) <
Cv for some (' sufficiently large. Choose a finite number of closed segments (SZ-);””/
such that J; N W C |, S; and H'(UJ, Si) < Cv. Then select paraxial rectangles
T; with S; C T; and diam(7}) < (1 + v)H'(S;). Define @ = W\ [, T; and
observe that similarly as before we get [W \ Q| < Cv. Now let (R;)7_, be the
union of the rectangles (Q;); and (T;);. Choosing v sufficiently small we obtain

Q\ Q < |Q\ W]+ [W\ Q| < 4. Moreover, H!'(J;) < Cv together with (2.3)

yields (2.2)(iii). Finally, define the function @ € H'(Q2) by @ = 1|g and observe
that @ satisfies (2.2)(i),(ii). O

2.2 Korn-Poincaré: Dependence on the set shape

In general, the constant of the Korn-Poincaré inequality in Theorem 2.1 depends
crucially on the set shape. This will be discussed in detail in this section. As a
preparation we introduce some notation. For s > 0 we partition R? up to a set
of measure zero into squares Q*(p) = p + s(—1,1)% for p € I* := s(1,1) + 2sZ>.
Let

U = {UCR2:U: (Upele—(m)o: Ic]s}. (2.7)

Here the superscript o denotes the interior of a set. Consider u € SBD?*(U) with
U € U*. On a square Q*(p) C U and subsets V' C U, V € U* we define for
shorthand

E(p) = /QS()|6(U)|+|DjUI(QS(p)), E(V) = /V e(u)| +|Diu|(V),  (258)

where I*(V) := {p € I* : Q*(p) C V'}. Observe that £(V) differs from |Eu|(V)
as we consider the measure D7u instead of E’u.

In order to quantify how the constant in Theorem 2.1 depends on the set
shape we will estimate the variation from a square Q*(a) to a neighboring square
Q*(b), b =a+2sv for v = +e;, i = 1,2 (cf. also [20]). For later purposes, we
first consider more general rectangles and derive the difference of the deformation
on adjacent squares as a special case. Let by,by € R?, and B; = b; + (—I;,1;) x
(—my,m;) € U® for i = 1,2, where we assume without restriction that [; > my >
0, Iy > my > 0. Suppose that there is a point bj, € By N Bs.

For given Ay, Ay, Ajs € RYZ = {G € R¥? : GT = —G} and ¢, ¢, ¢19 € R?

we set B = |[u— (A; - +¢;)[|72(p,) for i = 1,2 and suppose that

lu = (A - +c2) 122 (p,0m,) < C(Er + Ea). (2.9)
As above this implies

1(Ai = Avz) - +(ci = c12)l|72py < C(Br + Ey)  fori=1,2.
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We let B = b + (=1;,0) x (=mg,m;), B = bi + (0,1;) x (=m;,m;) and for
shorthand we write A; = A; — A1a, ¢; = ¢; — ¢12. We then derive

|Bi| 2| A;* < 4)|A; Liedll? ) = 4| A; (- + Liey) + & — A, - ~Gill %2

S S (2.10)
for ¢+ = 1,2 and therefore
’Bl U BQ’(ll -+ 12)2 |A1 — AQ‘Z S CH(El + Eg), (211)

| B1UB2| ( Li+lp
minj ‘le minj lj
the skew symmetry. Since |y — bio| < C(l; + Io) for all y € By U By we likewise
compute

where k = )2. Observe that in the first equality we essentially used

B, UB N ) .
%nm ey + C1BL U Bal(l + 1AL

< Ck(Ey + E»)

|By U By||Aibia + &> < C

for + = 1,2. Employing the triangle inequality we then deduce
|Bl U B2||<A2 — Al) b12 + Cy — Cl|2 S OI{(El -+ Eg) (212)
Consider Z C By U By, Z € U*. Similar arguments yield by (2.11)

(A2 = Ay) - +eo — el F2z) < O(A2 = ADbis + 2 — 1|72z
+ C‘Z‘ max; l]2|A1 - A2‘2

(2.13)
< C%n(ﬂ + E»)
and therefore by the triangle inequality
lu = (Ar - +e)ll72(pynz) < Cllu = (A2 - +e2)l72(5,02)
- C%m(fil + By). (2:14)
In particular, employing Z = B; U B and recalling (2.9) we find
lu = (Ar - +e)ll2(pupy) < Cr(EL+ Ey). (2.15)

Before we treat the case of two adjacent squares we observe that in the above
estimates the constants may be refined in the case that B; C By under additional
assumptions on the energies. Let 0 > Csly'. Let By = (—lo,1y) X (—s,8) € U°
and By C By, By € U® a general set such that |By \ By| < 6|Bs|. In particular,
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this implies that the diameter of each connected component of By \ By is smaller
than Cdl,. Moreover, we assume that for all Z C By, Z € U?® one has

lu = (Ai - +c)||22minz) < |Bi N Z||Bo| ™ H; (2.16)

for Hy, Hy > 0. Arguing similarly as in (2.11) we find |A;—A5|? < C|By| 715 % (H+
H,). (Observe that the connectedness of By is not necessary. Moreover, the es-
timate can also be derived if By consists of several connected components.) We
write A = A; — A, and ¢ = ¢; — ¢y for shorthand. Let by € By and () C B; be the
square containing by. Applying a scaled version of Young’s inequality and using
s < Cdly we compute

QI Aby +2* = | Aby + 172y < L+ A - +El 72y + L+ HIA( = bo)ll72q)
< (L+0)*[lu - (A1 ez + §llu — (A2 - +eo)llZag)

+£|Q1s*| Bo| iy *(Hy + Ha)

(14 C8)|Bo| M QIH: + §|B2| Q| Hs + C|Ba| 7 |QI6(Hy + Ho)

<
< (14 C8)|B| |QIHy + £|Bs| ™ |Q| Ha-

Consider some connected Z C By \ By, Z € U*, and observe that we find some
by € By such that |x — bg| < Cdly. Then repeating the above calculation, again
employing Young’s inequality, we derive

A +ellfagz) < 1+ 0)|Z||Abo + & + (1 + )| 2] max |2 — bo[| A
< (1+CO)|Bo| 7' Z|Hy + §|Ba| | Z| Ha.
Then Young’s inequality yields

Ju— (Ar - +e)[Fogz < (1+ 5)[|A - el Z2z) + (L4 3w — (Az - +e2)l72z)
< (14 C8)|Bo| M Z|Hy + $|Bo| 1| Z| Hs. (2.17)

Finally, it is not hard to see that (2.17) holds for all Z C By, Z € U*.
Now assume the special case that By = Q*(a) and By = Q*(b), b = a + 2sv
A

for v = 4e;, i = 1,2. Then by Theorem 2.1 we obtain A(a), A(b), A(a, b) € RYZ
and c(a), ¢(b), ¢(a, b) such that
Ju—(A(p) - +c(P)l2@py < CE(p)  for p=a,b, (2.18)

lu = (Aa, ) - +c(a, b)) || 2@ (asy) < CE(a,b),

where for shorthand £(a,b) = £(Q°(a,b)). As in this case k = 8, (2.11) and
(2.13) for Z = Q*(a, b) yield

s*|A(a) — A(b)| < C&(a,b),
I(A(b) = A(a)) - +¢(b) = c(a)]l2(@q(aty) < CE(a,D).
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More general, we consider a difference quotient with two arbitrary points a,b €
I*(U). We assume that there is a path € = (&1,...,&,) such that

61:a7 Sm:ba
§ —&j—1 = £2se; for some ¢t = 1,2, Vj=2,...,m

Iterative application of the last estimate yields
!Kfﬂb)—-A(aD '+f(@‘—<iaDHL%Q%w>
< Z [(A(&;) = A(j-1)) - +el§5) — c(&5-1)) 2@ o)
< Z [(A(&;) — A(&j-1)) - +e(§5) = c(&5-1)) 2 s (e)))
+ Z 2s[(A(&;) — A(&5-1)) (b= &)
< cz E(&) + Z 2s5]A(&;) — A(§j-1)Im2s
< szj:25 &> &-1)

(2.19)

and therefore

Ju—(A(a) - +C(a))||%2(QS(b)) < 2w — (A(b) - +C(b))||%2(QS(b))

b) — A(a)) - +¢(b) — e(a)lZ2(gs ) (2.20)

§0m2<2i25(§j>€j 1) <C’m32 E(&:&- 1) :

In the last step we have used Holder’s inequality. We now apply the last estimate
to derive a first weak Korn-Poincaré-type inequality.

)
(

Lemma 2.4 Let p,s > 0 such that | :== us~' € N. Then there is a constant
C > 0 independent of ., s such that for all connected sets U € U*, U C (—p, p)?
the following holds:

)

(i) For all u € SBD?*(U) there is an A € R%2 and ¢ € R? such that

skew
[ @) = (Ax+ P o < U EW))-
(i) More precisely, for all V. C U, V € U* one has (f,, stands for |—‘1/| /)

|U|][ u(z) — (Az + o) de < C(s~2|UDHEWU)2
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Proof. We first show (i). We fix pg € I*(U) and consider an arbitrary p € I*(U).
As U is connected there is a path £ = (&, = py, ..., & = p) with m < |U|(2s) 72
We first apply (2.18) on each square and then by (2.20) we obtain

Ju = (AGpo) ++e(po)) ey < COs 0D (27 €65-1.6))
< C(s*|UN*(EU ))2-
Then setting A = A(py), ¢ = ¢(po) and summing over all p € I*(U) we derive

lu = (A(po) - +e(po)) 72y < CHI(U)(s*IUN*(EU))* < C(s*|UNP(EU))*.

Similarly, (ii) is a direct consequence of (i) since we may replace #1°(U) by
#1°(V') if we only integrate over the set V. O

Remark 2.5 (i) The fact that we covered the sets U with squares is not es-
sential. Recalling how we derived (2.11) we could equally well cover U
with rectangles R; = t; + (—aj,a;) X (=b;,b;), where c1a; < b; < o0y
and c1s < b; < ¢y for constants 0 < ¢; < ¢o. The constant in (2.18)
only depends on ci,cy as all the possible shapes are related to (—s,s)?
through bi-Lipschitzian homeomorphisms with Lipschitz constants of both
the homeomorphism itself and its inverse bounded (see Section 2.1).

(ii) In view of the proof of (i), in the choice of Az + ¢ we have the freedom to
select any of the infinitesimal rigid motions which are given on each square
Q*(p) C U by application of (2.18).

2.3 A trace theorem in SBD?

By the trace theorem for BD functions (Theorem 2.2) one can control the L'-
norm of the function on the boundary. In our framework we may establish a
trace theorem in L? for SBD? functions if the jump set is sufficiently regular: Let
Qu = (—p, p)? and recall the definition of SBD?*(Q,) in Section 2.1. We suppose
that some u € SBD?*(Q,,) satisfies J, = |J; T;NQ,, where I'; = OR; for rectangles
R; = (a%,ab) x (b%,b5) C R? (note that for the application we have in mind we do
not require that the rectangles are subsets of Q,.). Clearly, as u € H*(Q,, \ Ju)
the trace is well defined in L?. More precisely, we have the following statement.

Lemma 2.6 Let yn > 0. There is a constant C' > 0 such that for all u €
SBD*(Q,) with J, = Uj_, T; N Q,, where T'; = OR;, one has

| st < Cullew) g, + Sl

0Qpu
voy wm) Y (e |

1
'] F]‘OQH

(2.21)
]2 an).
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Proof. Let Q, = (—p, p)* and u € SBD*(Q,,) with J, = Jj_; T; N Q,. In what
follows we drop the subscript p for notational convenience. First by approxima-
tion of Sobolev functions on Lipschitz sets (see, e.g., [15, Section 4.2]) we may
assume that u|g, is smooth for j = 0,...,n, where Ry = Q \ U?:l R;. We only
consider the part 9'Q = (—pu, 1) x {u} of the boundary. Let 7, = {x} x R and
compute for the second component uy by a slicing argument in es-direction:

T ) I
//mxx,u)—w,yn dxdy://
- —p —uJ—p

<o [ (uf ot nfas () dedy

z€JuNmy

< Culleu)lag + Cn [ (3 @) de

—H o zed Ny

H 2
/ Douy(z,t) dt’ dx dy

I

In the second step we have used Holder’s inequality. We now estimate the term
on the right side. As I'; is a rectangle, except for two z-values there are exactly

two points ¢}, 15 € R such that I'; Nm, = {(z,]), (x,£3)} if ;N 7, # 0. We write

5], = H'(Ty), |S|,, = >°, H'(T;) for shorthand. Letting z]]” = (z,tF) e R?
and setting |[u](zfx)| =0 if Z;” ¢ QNT;, we then obtain by the discrete version
of Jensen’s inequality

/M )’ x—4/ (XX, 12\21;5”7{ W) |’1:S‘|H> o
§4/MZ]‘ Zk:LQ Q\élz <[ ]( )|“§”Z>
<2AShey (IEI#/MQH“””#)'

Consequently, letting E be the right hand side of (2.21) we derive

zGJuﬂﬂ'x

C T
[ ok < S( [0 [ juaten) - wate. ) Pdvdy + ulig)) < CE.
2'Q KNS —p S —p

The same argument with slicing in the directions & = %(1 —1) and & =

Z5(—1, 1) yields

/ lu-&PdH < CE, / lu-&PdH < CE,
Q 5Q

where 01Q = (—p,0) x {u} and 95Q = (0, ) x {u}. The claim now follows by
combination of the previous estimates. 0

16



3 Boundary components and modification of sets

In this section we first introduce the notion of boundary components for sets U*
and discuss some elementary properties. In particular, we define a suitable mea-
sure for the length of a component being a convex combination of the Hausdorft-
measure H' and the ‘diameter’. Afterwards, we present a first modification pro-
cedure for sets and their associated boundary components.

3.1 Boundary components

Let Q, = (—u,p)?* and recall the definition of U* in (2.7). We will concern
ourselves with subsets V' C @, of the form

Vo= {VCQu:V=0Q,\ U”; X,, X; €U, X, pairwise disjoint}  (3.1)

for s > 0. Note that each set in V' € V?® coincides with a set U € U* up
to subtracting a set of zero Lebesgue measure, i.e. U C V, L2(V \U) =
The essential difference of V' and the corresponding U concerns the connected
components of the complements Qu \ V and @, \ U. Observe that one may
have Q, \ UL, Xi = Qu \ UZ 1X with (Xq,...,Xn) # (Xl,...,Xm), e.g.
by combination of different sets (see Figure 1). In such a case we will regard
Vi=Q,\ U~ X;and Vy = Q, \ U™, X; as different elements of V*. For this
and the following sections we will always tacitly assume that all considered sets
are elements of V* for some small, fixed s > 0.

X5 =Xy
XQCXQ
|
X=X
X3CX2 —
Xi=X
e 4 3

Figure 1: The square @, with a subset V. The set V has two representations Vi =
Qu\ UZ 1 Xiand Vo = @\ UZ 1Xl, where X5 = X5 U X3, which are regarded as
different elements of V*. The corresponding set U € U* arises from V by subtracting
the black boundary lines U?Zl 0X;.
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Let W € V* and arrange the components X1, ..., X,, of the complement such
that 0X; C Q, for 1 <i <n and 0X;N0Q, # () otherwise. Define I';( W) = 0X;
for « = 1,...,n. In the following we will often refer to these sets as boundary
components. Note that | J;_, T';(W) might not cover 9WNQ,, completely if n < m.
We frequently drop the subscript and write I'(W) or just I' if no confusion arises.
In addition to the Hausdorff-measure |T'|3; = H!(T") (we will use both notations)
we define the ‘diameter’ of a boundary component by |I'o := /|m |2 + |mI[2,
where 7, T denote the orthogonal projections onto the coordinate axes.

Note that by definition of V* (in contrast to the definition of *) two compo-
nents in (I';); might not be disjoint. Therefore, we choose an (arbitrary) order
(T, = (Ty(W))™, of the boundary components of W introduce

0, =0,(W)=T1;\ UN T (3.2)

for i = 1,...,n and observe that the boundary components (0;); are pairwise
disjoint. With a slight abuse of notation we define

Again we will often drop the subscript if we consider a fixed boundary component.
We now introduce a convex combination of |- | and |- |4. For an h, > 0 to be
specified below we set

O]s = hi|Oly + (1 — 1) [O] . (3.3)
For sets W € V* we then define
Wz = ZFI 0;(W)lz

for Z = H, 00, *. Note that ||W ||, ||[W]|% and thus also ||W||. are independent
of the specific order which we have chosen in (3.2). Indeed, for ||W || this is clear
as |0;]oo = |00, for |[W]|3 it follows from the fact that [|[W |y = H' (U, [}).

Before we introduce the modification procedure we collect some elementary
properties of | - |..

Lemma 3.1 Let W C Q. LetI' = T'(W) be a boundary component withI' = 0X
and let © C T be the corresponding set defined in (3.2). Moreover, let V € U* be
a rectangle with VN X # 0. Suppose that h, is sufficiently small. Then

(1) |T)« > |OR(T)|. if T is connected, where R(T") denotes the smallest (closed)
rectangle such that I' C R(I'),

(ii) 1O, =T < |0y = [|u,
(iii) [0(X \ V)| <[O]e and |0\ V]p < (O],
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() [0V UX)]. < [OV]. + T,

(v) |0(VUX)|, > |0R(VUX)|, if VUX is connected, where R(V UX) denotes
the smallest rectangle such that VU X C R(V UX).

Now assume that I' = OR for a rectangle R € U*. Then
(vi) 5|0 < 2|00 < [Tl

(vii) |0(VUR)|. < |0V, + 1 ||, provided that T\ 'V is not connected and |I|o <
c|OV |« for a constant ¢ > 0 sufficiently small.

Proof. If T is connected, we obtain |I'|3; > |OR(T")|3 and |I'| = |OR(I")|s. This
yields (i) and likewise we obtain (v). Assertions (ii)-(iv) follow directly from the
definition of | - |,, where in (ii) we particularly use |©| = |I'|oo. Claim (vi) is
elementary. To see (vii) we assume without restriction V' = (—a,a) x (0,b) and
mI' = (—d,d) with d > a as well as mI' C (0,b). An elementary calculation
yields [0(VUR) | = 1/ (2d)2 + > < b+ % < b+ 2 < |9V + 3T|. Here we
used that 4d < b for ¢ small enough. As |0(V U R)|y < |0V |y + |[I'|y the claim
now follows from (3.3) and (vi) if we choose h, small enough. O

The properties stated here will be exploited frequently and we will not always
refer to this lemma.

One method of the modification procedure below will be the ‘combination’ of
different boundary components by adding additional sets to the original boundary
(see case c) in the proof of Theorem 5.2). To keep track of the components we
already ‘used’ to modify the boundary, it is convenient to introduce a weight
Wiin < w(T;) < 1for all T; = T';(W) with 1 < wyin < 1 to be specified below.
We define |0;]z,., = w(I';)|©,|7 and likewise a weighted version of |- || z by setting

[Wllzw = ij(rjﬂ@ﬂz (3.4)

for Z = H, 00, *. For Z = * we write for shorthand |-|, = ||« and ||“]|o = || ||+ -
We briefly note that in contrast to || - ||«, the value of (3.4) depends on the
order given in (3.2) and therefore we will always consider a specific order of the
boundary components in the following.

3.2 Modification of sets

For A > 0 and fixed small v > 0 let W{ C V?® be the subset consisting of the
sets W € V* with a corresponding weight w and an ordering of the boundary
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components (I';)?_; such that the following properties are satisfied:

(i) ©; COR;, T; C R; for arectangle B, VYV I;: w(ly) <1,

(i1) |OR:|. < wii w(Ty)]O64]s VI wly) <1,
(1i1) R; \X is connected for all j =1,. VI w(ly) <1, (3.5)
(iv) w(ly) = VI Dile = 19vA,

(v) Ty = @i = OR; for a rectangle R; VI wly) =1

Observe that (iv),(v) imply that boundary components larger than 19v\ are al-
ways rectangular and pairwise disjoint. In particular, W; consists of the sets
where all boundary components are rectangular. By an elementary argumenta-
tion taking (3.3), (3.5)(i),(ii) into account and recalling wmyin > 3, he < 1, we
observe

ITiloo < |0Ri|oo < C|lloe VIt w(ly) <1, (3.6)

i.e. the diameter of I'; and the corresponding rectangle R; are comparable.
Consider a set W = Q, \ U, Xi € W5, A > 0, and a rectangle V' € U* with
|0V | > A and V C @Q,. We define the modification

W=\, X (3.7)

where X; = X;\V fori=1,...,mand X, = V. We observe that W = (W\V)U
dV (as a subset of R?). Therefore, for shorthand we will write W = (W \ V)UaV
to indicate the element of V* which is given by (3.7).

We have the following boundary components of W: First let To(W) = oV
(it is convenient to start with index 0) and for j > 1 we have by construction
T;(W) = 9(X;\V). Observe that some boundary components may be empty and
therefore reordering the indices we let (I’j(W))?:l for n < n be the nonempty
boundary components. Clearly, for each T'; (W) J > 1, there is exactly one
corresponding 0.X; = I';, (W) such that I';(W) = 9(X;, \ V) (This mapping is
injective.) We order the components of W such that 1 < j; < js if and only if
ij, < ij,, i.e. we preserve the ordering of W.

We now define the corresponding subsets as in (3.2) and obtain ©y(W) = oV
as well as ©;(W) = ©;, (W) \ 'V for j > 1. Moreover, we choose the same corre-
sponding rectangles as given for W by (3.5)(i), i.e. for T';(W) with w(T;(W)) < 1
we define R;(W) = Ry, (W).

From now on for notational convenience we may assume that ¢; = j for all
j > 1. We obtain the following ‘new’ weights: Set w(FO(W)) =1landforj>1

(3.8)

) 1 if w(I;(W)) = 1,
) {mm{'@ﬂﬂ':w(rj(vv)),@ else.
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We note that
w(T;(W)) > w(T;(W)) and  w(I;(W))|0;(W)], < w(T;(W))|6;(W)]. (3.9)

for all j > 1. To see this, it suffices to show |©;(W)|. < |©;(W)|,. This follows
from Lemma 3.1(iii) and the observation that by construction (recall in particular
(3.2)) we have T;(W) = 9(X; \ V) and ©;(W) = ©;(W) \ V.

Note that W might not be an element of W;. We now show, however, that
W can be modified to a set in W,

Lemma 3.2 Let A > 0 and W € W5, Let W =W\ V)UdV for a rectangle
V e U with |0V | > A and V' C Q. Then there is another rectangle V' € U*
with V-.C V' C Q, such that U := (W \ V') U oV’ € W} and

U < W]l (3.10)
where for both sets W, U we adjusted the weights as in (3.8).

Proof. Without restriction we can assume V N'W # () as otherwise there is
nothing to show. We first see that W clearly satisfies (3.5)(i),(iv). ( Recall
that in (i) we take the same rectangles as for the boundary components of WW.)
To see (3.5)(ii) it suffices to note that for a given ©; (W) with w(T;(W)) <
1, (3.8) implies w(I';(W))[O;(W)[. = w(l';(W ))|@ (W )|* Possibly (3.5)(iii) or
(3 5)(v) are violated, i.e. there areI';, (W) i=1,...,k with w(I';,(W)) = 1 such
that T';,(W) is not rectangular or F (W) #£ 0, ( ) or there are sets ©;, (W),
i=Fk+1,....1, such that for the correspondmg rectangles R;; given by (3.5)(i)
one has that R;, \ X is disconnected for a suitable component X. Note that
OV NL;,(W) # 0 fori =1,....,1 as W € W;. So it remains to modify W
iteratively to obtain a set satisfying (3.5)(iil) and (3.5)(v).

Set Wo = W and Vo = V. Assume W; = (W \ V;) UdV; C W has been
constructed, where V; € U?® is a rectangle with V' C V;. Moreover, suppose that
(3.10) holds replacing U by W; and that W; satisfies (3.5)(i),(ii),(iv) and

FW;)nov; #0 for all (W;) € F; (3.11)

for the boundary component 0V; = Iy(W;) with w(Iy(W;)) = 1. Here F; =
F!UF?, where F! denotes the set of the not rectangular boundary components
L'(W;) with w(T'(W;)) = 1 and F? denotes the set of boundary components for
which the corresponding rectangle is disconnected. Observe that |0V],, > A as
0V ]oo > A If now W; € W5 (i.e F} = F? = (), we stop and set U = W;.
Otherwise, we choose I' € F;. If T € F} we let Viy1 € U* be the smallest (closed)
rectangle containing V; and T'. By Lemma 3.1(v) we get [0Viyq|, < |8(V; U X)|s,
where X is the component of @), \ W; corresponding to . Now by Lemma 3.1(iv)
and (3.5)(v) we obtain

[0Visil < [0(V; U X)), < [0Vl + D] = |0Vilu + O
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for © c T as given by (3.2). If I' € F2\ F}! we let Vi1 € U* be the smallest
rectangle containing V; and AR, where R is the corresponding rectangle given by
(3.5)(i). By (3.5)(ii) and wpim > & we derive |OR|, < 2|6|,. Moreover, the fact
that (3.5)(iii) holds for W, is violated for W; and W; = (W\V;)UdV; implies R\ V;
is disconnected. As |D|s < 190]0V;|o by (3.5)(iv) and thus |0R|s < Cv|0V]|s
by (3.6), Lemma 3.1(v),(vii) then yields for v sufficiently small

[0Visile < |O(ViU R)|. < [0Vl + 3[0R]. < |0Vil + |OL..

Let Wipyn = (Wi \ Vig1) U OViyq (recall (3.7)) and adjust the weights of the
boundary components of W,y as in (3.8). Recall that for all I';(W;;;) with
[';(Wit1) # OVigq we find a (unique) corresponding I';(W;) with I';(W;) # 0V, I.
By (3.9) we then derive

[Witillo = |0Visa |« + Zr-(w-+1)¢av-+l w(l'j(Wit1))|©;(Wig1)le

) (3.12)
< |OVilo + 10l + )

s ST VDIO; W) = Wil
Consequently, (3.10) still holds and arguing as before we see that W, satisfies
(3.5)(1),(ii),(iv). Moreover, (3.5) (iii),(v) can only be violated if (3.11) holds
with F;1 1 # (. We now continue with iteration step 7 + 1 and observe that
after a finite number of steps ¢* we find a rectangle Vi D V and a set W =
(W \ Vis) UOV;x € WY§ as in each step the number of boundary components
decreases. Define V' =V« and U = (W \ V') U oV".

Note that U and W;- coincide as sets in R?, but the weights have been obtained
in a different way. Therefore, to see (3.10) it remains to show w(I';(W;+)) =
w(I';(U)) for all boundary components I';. For I'; = 0V it suffices to recall that
w(@V') = w@V;) = 1forall 1 <i < IfT;NoV’ =0 it follows from the
fact that I'; has not been changed during the modification procedure. Otherwise,
as Wi € Wy and thus boundary components of W;» with weight 1 are pairwise
disjoint (see (3.5)(v)), we know that w(I';(W;+)) < 1. Let ©; C I'; as given in

(3.2) and let ©,(W) be the component corresponding to ©;. Then by iterative

application of (3.9) we get w(I';(W)) < w(I';(W;+)) < 1 and thus using iteratively
(3.8) we find

(T (Wie))|8j] = w(Tj(Wir—1))|8; (Wi 1)l = ... = w(T;(W)|0;(W)]...

Consequently, again employing (3.8) we derive w(I';(W;+)) = @‘J(ﬂw(F](W)) =
w(l';(U)), as desired. O

As a direct consequence of the above result, we get that sets in V* can be
modified such that the boundary components have rectangular form.

22



Corollary 3.3 Let W € V?* with connected boundary components. Then there is
a subset U C W such that |W \ U| < c||U||%, for some ¢ > 0 and all boundary
components of U are rectangular and pairwise disjoint. Moreover, we have

U < W]

In particular, if we introduce a weight w corresponding to U by w([';(U)) =1

for all j and define an (arbitrary) ordering of the boundary components we obtain
UeWw;.
Proof. We follow the lines of the previous proof. Set Wy, = W and assume
W; C W has been constructed with ||[Wi|l. < [|[W].. If W; € W§ we stop,
otherwise we find a component I' = I'(W;) which is not rectangular. Let W;;; =
(Wi \ R(I")) UOR(T"), where R(I") is the smallest closed rectangle which contains
I' and all components I'; with T'; N T" # (. Using Lemma 3.1(i) we clearly have
|OR(T)|« < |T'|,. As in the previous proof, in particular by (3.12), we then get
IWiiille < [[Will« < ||W]|.. We now continue with iteration step i + 1 and note
that we find the desired set U after a finite number of iterations.

Let (I';); be the boundary components of U with corresponding sets (X;);. It
is elementary to see that W\ U C |J, X; and thus by the isoperimetric inequality
we conclude [W\U| <> |X;| < C Y T)? < C|UJ%. O

4 Neighborhoods of boundary components

Consider W € W5, A > 0. In this section we concern ourselves with neigh-
borhoods of a boundary component I' = I'(W) with w(I') = 1 and ||, > A.
This implies that I has rectangular shape by (3.5)(v). We begin with a rectan-
gular neighborhood and show that essentially the neighborhood can contain at
most two other ‘large’ boundary components. Afterwards we will introduce a do-
decagonal neighborhood. The main condition which will allow us to investigate
properties of the neighborhoods will be the following minimality condition for
| - [|w: We require

|[Wllo > |[W]l, for all rectangles V € U* with T C V C Q,,, (4.1)

where W = (W \ V) UV (recall (3.7)) and the weights are adjusted as in (3.8).
In Section 5 we will see that (4.1) is one of the necessary conditions such that
a trace estimate on I' can be established (see Theorem 5.1). On the contrary, if
(4.1) is violated for some W, we will show that it is convenient to replace W by
W (see case a) in the proof of Theorem 5.2).

Without restriction let I' = 0X with X = (=l1,{1) X (=la,l3) for 0 < Iy < 1y
and [y, [y € sN.
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4.1 Rectangular neighborhood

This section is devoted to the definition and properties of rectangular neighbor-
hoods of I'. As the technical proofs in this part are in principle not relevant to
understand the proof of the main result in Section 5, they may be omitted on first
reading. The essential points in this section are the definition of the neighbor-
hood N*(T") (cf. Figure 2), the choice of the size of the neighborhoods (see (4.2)
and (4.14)) and the properties that the length of 9W in N*(T") can be controlled
(see Lemma 4.1) as well as that there are at most two other ‘large’ boundary
components (see Corollary 4.4 and Figure 3). Moreover, Lemma 4.5 shows that
up to two small exceptional sets one can find a covering of the neighborhood
(see Figure 4) such that on each element the projection || - || (see (4.6)) can be
controlled which will be essential for a slicing argument in the proof of Theorem
5.1.
For t € sN with ¢t < I; we set

Nt(F) = (—t — ll, ll + t) X (—t — lg, 12 + t) \77
N;_ (D) := NYT)N{£z; > 1l;} forj=1,2.

(in the following we will use & for shorthand if something holds for sets with
index + and —.) We drop I' in the brackets if no confusion arises.
We cover Ngtvi up to a set of measure 0 with disjoint translates of a ‘quasi

square’ (0,1) x (0,¢), ¥ ~ 1. If Iy > L we cover Nf, \ (Nj_ U N} ) with
translates of the rectangle (0,¢) x (0,a) with 3¢ < a < ¢. By E . we denote
the four squares in the corners whose boundaries contain the points (%ly, £l3),
respectively. For Iy < % we cover each Nf,i by itself, i.e. by a translate of the
rectangle (0,t) x (0,2t + 2l,). For convenience we will often refer to these sets as
‘squares’ in the following. We number the squares by Q, Q1, ..., Q! = Qf such
that Q5N Q% # 0 for j=0,...,n—1and let J* ={Qf,...,Q}}.

For shorthand we define 7 = v|['|o for 0 < v < 1 and we will assume that
(possibly by passing to a smaller s)

T=0vl"ew €sN and 7> s. (4.2)

This assures that all the neighborhoods we consider below can be chosen as
elements of U°. Let (I';); = (I';(W)); be the boundary components of W and
(©;); the corresponding subsets defined by (3.2). Let (R;); be the associated
rectangles as given in (3.5)(i) and (3.5)(v), respectively. We will always add a
subscript to avoid a mix up with I'.
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N'(T)

N _(T)

Figure 2: Neigborhood NY(T') with other small boundary components. The part
Nt () is colored in dark grey.

Lemma 4.1 Let A\ > 0 and ¢ > 0. Let W € W5 and let T be a boundary
component with w(I') =1 and |I'|oc > . Assume that (4.1) holds. Then there is
a constant C' = C(c) such that

(1) OW NNy <O forall t>c7,
(i) |T; NNy < O for all tesN and all T; with w(l';) = 1.

Proof. (i) Let V = (=i —t, 11 +1) x (=la—1, l3+1) € U*, where t = 2max{t,19C7}
with the constant C' from (3.6). Define W = (W \V)UOV and adjust the weights
as in (3.8). It is not hard to see that [0V, < |T'|, + 8.

Let F be the set of boundary components having nonempty intersection with
N' and let G C F be the subset satisfying w(I';(W)) = 1 for T';(W) € G. By
(3.5)(iv) and (3.6) we find ©;(W) C 0R; C V for I';(W) € F\ G. Recall
that due to the choice of  for all T;(W) € F with T;(W) # 9V we find a
(unique) corresponding I';(W) € G with I';(W) # 0V.I'. (Without restriction
we take the same index.) For T';(W) € G it is elementary to see that |©;(W)|, <
IT;(W)|w — keI (W) N V]g. Consequently, using w(0V) = w(I') = 1 we derive

Wl = 10V]+ 37, o @TVDIO,P),

< ||, + 8+ ZF_(W)EQ
J

2 s IDIO (W),

<Wllo+8E— > W) N V= Y w(T;(W))[6;(W)].
r;(W)eg I (W)eF\gG

< Wl + 8t — Wininhs |[OW N N |4

(T3 (W)l = AT (W) OV V)
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For the components not being in F we proceeded as in (3.12). Since ||[W]|, <
|W||,, by condition (4.1) and wyni, > 1, we find [OW N Nt|y < C’hi* < Ci&, where
in the last step we used t > c7.

(ii) We argue as in (i) with the difference that we set f = t and F = G = {I';}.
Then repeating the above calculation we obtain

W lo < Wl + 8 — ha|D; 0 Ny,

where for all other components we proceeded as in (3.12). We conclude by em-
ploying [[W{l,, < [[W|L,. =

We now analyze the components intersecting N* more precisely. In particular,
we will show that at most two large boundary components lie in the neighborhood
of " (see Corollary 4.4). The properties can be established by exploiting elemen-
tary geometric arguments and essential ideas of the procedure are exemplarily
illustrated in Figure 3.

I's Eiv Vﬂ; 1!
i - L
:1‘ i - . —L Lk
2 | 1+ asmsssssRsRRRERnY

Figure 3: The left picture shows three boundary components I'y, 'y, I's intersecting
NYI). Below we argue that such a configuration violates (4.1) for W = (W \ V)UadV,
where V' is dotted rectangle. Indeed, one might have [0V|y > ||y + > 1q 93Tkl
but we can show that one always has [0V|so < oo + D 3=y 9.3 [Tkloo, whereby we
obtain [OV[ < |T|s+ 321 93 [Ukl« for hy sufficiently small. Likewise, we can control
the position of the at most two large components I'',I'? in N*(T'): A configuration
depicted on the right, where I'', T2 do not intersect opposite parts of N*(T"), violates
(4.1) for the dotted rectangle V.

We first introduce a coarser covering of N*: Let ¢7 <t < C7. Let J* be the
union of connected sets Y having the form Y = (Uf: ; Qﬁ)o for Q! € J'. Cover

each set Ny, with seven sets YQJ 4 such that

Y9l 2 O, §CHTo < Y5, NYFEY < jCHT (43)

1
4

for a constant C > 0. If I, > % we proceed likewise for Nf 4 passing possibly
to a smaller constant C. If I, < % we cover Ni . by itself. Denote the covering
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by C' = CY(T") = {Y{,...Y,'} and order the sets in a way that ;! N Y}, # 0 for

all i = 1,...,m, where by convention Y} =Y} .. In particular, (4.3) implies

Y nodm N Y moam = 0 for |i —j| > 2.
This construction implies that for v sufficiently small
RiNnY!#0 = R;NY.,, =0 forll|>3 (4.4)
for all R; and ¢ =1,...,n. To see this, we first observe that
|OR; N N'| < Cth,!. (4.5)

Indeed, if |I'j|c < 197, we obtain |0R;|« < CT by (3.6) and thus |0R;|x
2v/2|R;|o < Ct. Otherwise, recalling |T'|o > A, by (3.5)(iv),(v) we have OR;
I'; and thus employing Lemma 4.1(ii) we get |0R; N Nt|;, < Cth,!.

If now dist(Y;, Y},,) > C|I'| for some |I| > 3, (4.4) follows as |[0R; N N'|3 <
Cth;! < C|I'|« for v small enough (depending on h,).

On the other hand, suppose dist(Y,Y}",;) < C|T|o. This is only possible in
the case I < % if (up to interchanging + and —) Y;' € Nj_ \ (N{_ U Nj ),
Y, € N5 _ and dist(Y, Ni 1) > c|I'|o or dist(Y}};, Nf 1) > ¢|I'|oc. Now assume
that (4.4) was wrong. Then by (4.3) and [0R; N Nty < Cth;! < C|I'| this
would imply R; " N5, # 0 and R; N (N} _UN7 ) = 0. But then we would get

that R; \ X is not connected which contradicts (3.5)(iii).

I IA

7
Y27+
—
—_—— ~
2 3 4

Y5, Yo, NYy
r X

Y'it

————

Figure 4: On the upper left side of the neighorhood N!(T') one can see elements of
the partition C*(T") (which are not necessarily of the same size). The sets where two
elements overlap are striped. In the lower part an element Y;' and the corresponding
enlarged set Yit are highlighted.

For Y € Nt weset R(Y) ={R;: R;NY # 0} and define
|8Rj|7r = m1n{|8RJ|OO, t— maXi;=1,2 diSt(?TiRj, WZF)} (46)
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for all R; € R(N'). It is obvious that |0R;|x < |0R;|e. For a set Y C N* we
then define ||[Y|[ = >"5 cr(y) [0R;|~. The projection [|- ||~ is one essential object
we will need to apply a slicing argument in the investigation of the jump heights
in Section 6.

Remark 4.2 We have already introduced the (small) parameters h., 1 — wpin, v.
In the following sections we will additionally consider ¢,r. The subsequent lem-
mas will hold if we choose the involved parameters sufficiently small. To avoid
confusion about the relation of the different parameters, we state at this point
that the parameters can be chosen in the order h,, ¢, 1 —wmin, 7, v. In what follows,
we will not always repeat the relation of the parameters for convenience.

We now show that we can control || - || in a suitable way. For that purpose,
for a set Y} € C' we define

vi=]J Vi,
% <1 i+

Lemma 4.3 Let A > 0, W € WY§. Let T be a boundary component with w(I') = 1
and [Tl > A. Assume that (4.1) holds. Let ¢ <t < C7. If we choose h,, v
and 1 — wyin small enough, there are two sets Y, Y2 € C* such that ||Y'||. < 33t
for all Yt € Ct with YN (YU Y?) = 0.

Additionally, if |[Y|x, [|Y?||x > 55t, then Y UY? intersects both N | and N{ _
or both Ni  and N} _. Ifly <k, then Y UY? intersects Ni , and Ni _.

We briefly remark that by similar arguments the additional statement can
also be proved without the extra assumption [[Y!||., [|[Y?|, > 55t. We omit the
proof of this fact here as we will not need it in the following.

Proof. For convenience we drop the superscript ¢ in the following proof. We
proceed in two steps:

In a) we first show that it is not possible that there are three sets Y1, Y2 Y3 ¢
C such that Y*NY! =0 if k # l and ||[Y*|, > 3¢ for k,1 = 1,2, 3. Provided that
a) is proven we can then select the two desired sets Y, Y? as follows:

(1) If |[Y]|x < 33t for all Y € C, we can choose arbitrary sets V!, Y2 satisfying
the additional condition. Otherwise, we can assume that there is some Y* with
Ivell, > Lt )

2) If [V < 2t forall Y € C* with Y NY* =0, we set Y! = Y™ and choose
Y? arbitrarily such that the additional condition holds.

(3) Otherwise, we set Y' = Y* and choose Y2 with [[Y?||, > 2t and Y2NY* =
0. Now a) indeed shows that ||V, < 55t for all Y € C* with Y N (Y'UY?) = 0.

In step b) we concern ourselves with the additional assertions on the position
of Y!UY? in case (3).
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a) Suppose that there are three sets Y1, Y2 Y3 € C such that Y*NY! = if
k#1and [|[Y*|, > %t for k,1 = 1,2,3. First note that the assumption implies
that if e.g. Y! =Y, then Y2 Y3 ¢ {Yi o,...,Y2}. Let V be the smallest
rectangle containing T and the sets R := |J;_, R(Y*). Define W = (W \V)UdV
(recall (3.7)). Similarly as in (3.12) we intend to estimate ||IW||,,. To this end, we
have to control the difference of |OR;|, and |0, for R; € R. By (3.5)(ii),(iv),(v)
and (3.6) we have

9] = w(T;)|6;]. > Win| R [OR;|o0 < 19CVA,
— [ I9R;]. else,

with the constant C' from (3.6). For notational convenience we define ||W ||,z =
IWllo + 2 R,er(108;]s = 105l0) = 2ok ¢r 1Oilw + 2ok er |01, We get

Wl < IV 1o+ D70 o soos it = DO
J g jloo

< [Wllw + (wph, = DHYNTOT now) (4.7)

< Wl + C (winin — 1)-
In the second step we used |- |« < |- |3 and in the last step we applied Lemma
4.1(i). We will show below that

0V oo < T + ZRM OR; | — &t. (4.8)

Moreover, it is not hard to see that |0V |y < [Tl + 5 cg [0R;|3 + 8t. Then
recalling [[Wllur = Xog ¢r 19l + 2ok, er [OR; |+ and arguing as in (3.12) we get
[Wllo = IWllwr < —(1 = hy)& + h,8t. Consequently, for h, small enough we
get |[Wllo — [[Wlor < — - and thus by (4.7) we derive Wl — |[W]lo < 0 for
1 — win sufficiently small (with respect to h,). This gives a contradiction to (4.1)
and concludes the proof of a).

We now proceed to show (4.8). Assume V = (—ay_ — {1, L1 +a1+) X (—ag_ —
la,ls + as 1) and select (not necessarily pairwise different) R+ € R such that
+(lg+ak+) € mORg + for k =1,2. (If ax+ = 0 then Ry = (.) We find by (4.6)

|7TkRk,:t| Z ak’i — diSt(?TkRkVi,ﬂ'kF) Z aki —t —f- |8Rk,:t|7r- (49)

We suppose for the moment that Ry # Ry _ for K = 1,2. (In particular, this
implies that three rectangles never coincide.) At the end of the proof we will
briefly indicate how the following arguments can be adapted to the general case.
We first assume that two rectangles coincide, e.g. R = Ry = Ry_. By (4.9)
and an elementary computation we obtain

Va3 + a3 <|OR|w + V2(t — |0R|5) < |0R|w + V2t — |0R| .
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Otherwise, if e.g. Ry _ # Ro _, again applying (4.9) we get

\/ai_ +aj_ < \/(t + (10R1~|oo = [0R1~|2))? + (t + (|OR2,~|oc — |0R2,—|x))?
< V2 +|0Ry _|oo — |ORy |5 + |0Rs_|oo — |ORs_| 1.

Consequently, we obtain
< — .
F < 2V2t + Zkiqafzk,ﬂw |OR, +|x), (4.10)
where each rectangle is only counted once in the sum and

_ 2 2 2 2 _ 2 2 2 2
F=,jai_+ay_ +,jai, +az, or F'= \/al,— Taz, + \/a1,+ + a3,

Moreover, note that by assumption and (4.4) each boundary component R; in-
tersects at most one of the three sets Y*. Therefore, as | - |, > | - |, we obtain

10V < |T]oo + F < |F|oo+2\/_t+z (|OR; |00 — |OR;|)
_ k
- |F|oo + ZRJER |aRj|oo + 2\/§t o Zk:l HY HW

As > IV >3- 33t this gives (4.8).

(4.11)

b) Suppose that Y',Y? € C with ||V, [|[Y?||x > 33t have been chosen ac-
cording to case (3) above We show that Y1 UY? intersect both Ny , and N; _ or
both Ny y and Ny _ (N4 if o < %) Let V' be the smallest rectangle containing
T and the sets R := Ji_, R(Y*). Set W = (W\V)UAV. As before we define for
convenience [|[Wllur = [[Wllw+ > g er(|0R;|x —[6;].) and note that (4.7) holds.
Observe that by assumption and (4.4) each boundary component R; intersects
at most one of the two sets Y*.

(i) First we assume Y; UY; intersects at most two adjacent parts of the neigh-
borhood, e.g. (YiUY2)N(N{ ,UNj_ ) = 0. This implies V = (—ay—I1, 1) X (—as—
la,ls). Selecting (not necessarily different) Ry, Ry such that —l — ay € m,0Ry, for
k = 1,2 and proceeding as in (4.10) we obtain

Vot ad <vare S (Rl |Rile)

and therefore
k
0V oo < Do + ZR]ER |OR;|0 + V2t — Zk:m 1Y¥]]. (4.12)

Moreover, we have [0V]y < [Dly + 4t + > 5 ER |ORj|3 which together with

S YR > 2-2¢ implies | W |, —||W]lwr < — 1k for h, small enough. Recalling
(4.7) we again obtaln a contradiction to (4.1) for 1 — wy,, sufficiently small.
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(i) We finally show the additional statement that Y3 UY; intersects Ni . in
the case I, < 4. Assume without restriction that (Y; UY3) N Nf_ (') = . Then
we have V = (—a; —l1,11) X (—a_ —ls, I + a, ) and select rectangles Ry, R_, R,
as before. (For the moment we assume Ry, ; # Ry _ for k = 1,2.) Similarly as in

a), we find

a2+ a® < \/_t+z (|0Rkloe — [0Rk]x),  ax < t+|0Ry|w — |ORy ]

Then

|0V |00 = maxeep] (\/ 1 — A|m| + c|ml’| + V1 — c?ag + c(ay + a_)).

o~
—

We define f(c) = (\/1—62 + 1¢) for ¢ > —5 and f(c) = 1 else. Asly <

an elementary argument yields V1 — ¢2|m | 4 ¢|ml’| < f(¢)|l|oo. Using |I'|
(Cv)~'t we then obtain

(AVARN]

0V |oo < maxeeo] (F(€)|T)o + V2t + ct + Z (10Rklo — [0Rx]))

(4.13)
< Pl + tmaxecion r(e) + 32, 10R, N

where 7(c) = (f(c) — 1)(Cv)~' + V2 + ¢. A computation yields 7(c) < B—

for ¢ < y/+ as f < 1. Otherwise we have max[\/— 1](f(c) — 1) < 0 and thus for
5

v sufficiently small we also obtain r(c) < 13 — 155 for ¢ € | 1]. Moreover, we

40’
have |0V |y < ||y + 6t + ZRjeR |OR ;| which together with Zk HYan > 2. %t

implies ||[W ||, — [|[W||, < 0 for hs, 1 — Wiy small enough. This again yields the
desired contradiction.

To finish the proof we briefly indicate how to proceed if e.g. Ro_ = Ry ;.
This may happen in the cases a) and b)ii) above if [y < ;. In this case we reduce
the problem to the above treated situation by applying a translation argument:
We replace R; by R; := R; — ay e for all R; € R as well as V by V' :=
V — as ey Then we may set Ry, = () and can repeat the arguments above to
derive (4.11) and (4.13), respectively, for V' and R} . But then (4.11) and (4.13)
also hold for the original sets V and R; € R as [V'|. = V| and |R), 4| = | R+
Consequently, we may then proceed as before and can employ (4.7) to derive a
contradiction to (4.1). O

As a corollary we obtain that at most two large boundary components lie in
the neighborhood of T'.

Corollary 4.4 Let A > 0, W € W5. Let I' be a boundary component with

w(l) =1 and |T| > X. Assume that (4.1) holds. Let 7 <t < CT. Then for h.,
v and 1 — wyin small enough there are at most two boundary components I'y and
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Ly with |T'i|s > 19t having nonempty intersection with Nt i i
If T'y, Ty ewist, Ty UTy intersects both Ny, and N _ or both Ny, and Nj
Additionally, if l, < % then T'\Ul'y intersects both Ny ,, N{ _ and |m,Tx| > %|7T2Fk|
fork=1,2.

We remark that the additional statement |mI'y| > 1|mD'k| also holds if only
one I';, exists.
Proof. Let 7 <t < C7 be given and assume that there are three components I',
k = 1,2,3, intersecting N* with |Ty|se > 19¢. By (3.5)(iv),(v), (4.2) and £ > 7
we see that 'y are rectangular with w(T'y) = 1 for & = 1,2,3. Set ¢ = 20t and
recalling (4.6) we observe that ||, > 19f = 22¢. We now may follow the lines
of the proof of Lemma 4.3 with the essential difference that we replace the set of
rectangles R = [ J7_, R(Y¥) (see beginning of step a)) by R = {I';}U {Fg} U{ls}
and 111 (4.11) we replace So_ ||[Y*||x by 325_, [Tk|x. Noting that 377 , |Tk|x >
3 - 32t we again obtain a contradiction to (4.1) and thus there are at most two
large components I'y, £ = 1,2, in N7. Likewise, we can proceed to determine the
possible position of the two sets.

It remains to show that |m | < %\ﬂng\ leads to a contradiction if I, < %1
Let V' be the smallest rectangle containing I', I'y, and derive similarly as in (4.13)

10V |00 < maxeep) (V1 — ml| + c|mel| + V1 — (T + |mDx]) + e(7 + [ml%|))
< maxeeqo,1] (f(¢)|T]o + V27 + V1 = @|mDy| + c|mal'kl])),

where we used V1 — 2|m | + ¢|ml’| < f(¢)|I'| due to the fact that |mI'| <
2|ml|. Likewise, we use the assumption |miTy| < 3|ml| to find V1 — ¢|m Iy |+
clmels] < f(V1 — ¢?)|T'k|o and thus obtain

0V |oo < D)o + |Tkoo + V27 + max ((f(c) — Do™'7 + (F(V1 — ) — 1)19%),

c€[0,1]

where we used |T'|oc > v™!7 and |['|o > 19¢. Again separating the cases ¢ > 1/,

where max[\/—l}(f(c) —1) <0, and ¢ < 4/, where (f(v/1—¢?)—1)197 < =3¢,
407

we obtain for v small enough [0V | < [T +[Tkfoe — 7. As [0V ]y < |Tlgy + 41 +

T |3 we derive [|[W ||, — |W ], < 0 for h, small enough, where W = (W\V)UoV.

This gives a contradiction to (4.1) and finishes the proof. 0

We now use Corollary 4.4 for ¢ = 7 to find (at most) two I';, ¢ = 1,2, with
IT1|o0s IT2]00 = 197 intersecting N7. We can choose

T (4.14)

in such a way that the neighborhood N™ = N7(I') satisﬁes L, N N™/2 £ or
LiNNT = fori = 1,2: If Ty, DN N7/890 5 ) choose 7 = F, if I'y, Ta N NT/300 = )
choose 7 = 880, otherw1se choose either 7 = Z or 7 = ET For shorthand we set
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N=N'(T), Ny =N D)js, J=J ={Qo,...,Qn}, Y=Y and C = C" =
{Y1,...,Y,} (recall the constructions before (4.2) and Lemma 4.3).
We are now in a position to formulate the main lemma of this section.

Lemma 4.5 Let A > 0, W € W§. Let T be a boundary component with w(I') = 1
and |I|e > . Assume that (4.1) holds. Choosmg he, v and 1 —wmyi, small enough
we obtain sets Ky, Ky € Y with |K;| < C7-, j = 1,2, and dist(Ky, K3) > [T
for some ¢ > 0 small enough such that

(i) The covering {Yi,...,Yi} of N\ (K U K) consisting of the connected
components of {Y \ (K1 U Ks) : Y € C}, satisfies |Yill= < 57 for all
i=1,.. .k

(1)) T; NN C Ky U Ky for all components T'; with |T';|s > 197.

Proof. By Lemma 4.3 We obtain that there are two sets Y, Y? € C with Y!NY? =
0 such that [[Y|, < $237 for Y € C with Y N (Y*UY?) = 0. We only construct
the set K. Choose Y Y! and set S; = Hl e€Cfor|l| <3. In partlcular we
have Sy NSy # 0 for I = —1,1 and ||S)||» < 27 for I = —3,3. Set S = J_ , S..
Arguing as in (4.12) or (4.13) for ¢t = 7, respectively, depending on whether
S is contained in at most two adjacent parts of the neighborhood or S intersects
three parts of the neighborhood (possible for Iy < 1), we derive |0V | < [T +
> or,er(s) [ORj ot (15— 185)7— S|, where V' is the smallest rectangle containing
I and R(S). (Note that in the above calculation we possibly have to repeat the
translation argument indicated at the end of the proof of Lemma 4.5.) Thus,
arguing as in the proof of Lemma 4.3, in particular taking (4.7) and condition
(4.1) into account, we find

0 < Wl = [Wllo < (1 = ha)5g7 — (1= RSl (4.15)

for h,, 1 — wmin small enough, where W = (W \ V) U dV. We now construct
the set K and the corresponding (at most) two connected components 77, Ty of
S\ K by distinction of the two following cases:

a) If there is some R; with |0R;|, > 7‘ we choose K; € ) as the smallest set
such that R; N N C K. Then the (at most) two connected components 77, T, of
S\ Ky satisfy ||T;||lx < 307 by (4.15). Using (4.5) we derive that |K;| < C’;—i, as
desired.

b) Otherwise, we choose K as follows. Assume S = (Uf/ 1 Q,)° for Q; E J and
let k& € {0,.. ’} be the index (if ex1stent) such that ||(UZ 1Q)°llx < 27 and

(U Qi)e ||7T 197, Now define 71 = (U}, @;)° and choose K, = (UZ o1 @i)°
for [ large enough such that |K;| > ég. Finally, let 7o = S\ (T3 U K;) and
observe that for ¢ large enough also || T3]l < 557 by (4.15) and (4.5) since each
rectangle can intersect at most one of the sets 71, 1.
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Let S}, S? be the connected components of S;\ K; for I = —2,—1,0,1,2. Both
cases a),b) above imply ||} \ Ki|l» < max—1 || Tllx < 307 for I = —=2,...,2,
i = 1,2, which gives assertion (i). Assertion (ii) follows from the construction

of the set K and definition (4.14). Indeed, if T; N N # ), then I; N N7/20
and thus recalling (4.6) we find |T;|; > 87 and then [y, N N C Y' U Y2
Finally, dist(K;, Ks) > ¢|'|» follows directly from the fact that in the case
1Y, IY2]|lx > 327 the set Y UY? intersects both Ny and Ny _ or both Ny

and N27_ (Nl,:l: if Zg S %) U

4.2 Dodecagonal neighborhood

We now introduce neighborhoods of I' which in general have dodecagonal shape
and differ from N*(I") near the corners of I'. These neighborhoods will be essential
in the modification algorithm below (see Section 5.2) as we have to treat the
modification near the corners of a boundary component with special care. For
t > 0 we define

MYT) = U'—m{x € NYT) : |o; + ;| > qh 't o — ;| > qh't) (4.16)

for ¢ > 1 to be specified below. Moreover, for [ = [; + min{t, ¢ 'h.ls} let
MY(T) := co(MY(T) UT U (I,0) U (=,0)) N NY(I), (4.17)

where co(-) denotes the convex hull of a set. Observe that M*(I') > M*(T') and
that M*(I"), M*(T") differ by some triangles. Moreover, the shape of M*(T) is
dodecagonal for Iy > gh; 1t and decagonal otherwise, cf. Figure 7. For shorthand
we write M = M7(T') and M = M™(T) for a choice of 7 satisfying (4.14). For
later reference we also define

ML(T) = MYT) N (N, (T)UN,_(T)) for k=1,2. (4.18)

Recall the definition in (4.2). Let K, Ky € Y be the sets constructed in
Lemma 4.5. Let I';, = I';,(W) be another boundary component satisfying I',,, N
K # () for some K € {K;, K>} and [T > q]j—j with ¢ given in (4.16). For ¢ large
enough we have |I';,|o > 197 and thus w(I',,) = 1 by (3.5)(iv). Moreover, (4.14)
implies that I, is one of the (at most) two rectangular boundary components
given by Corollary 4.4. By the choice in (4.14), K is constructed in case a) of
the proof of Lemma 4.5 and therefore it is not hard to see that K is contained
in one of the sets N, 4+, j = 1,2. Let X,, € U® be the corresponding component
of @, \ W. We now treat two different cases depending on whether K is near a
corner of I' or not:

(I) Assume KNM # (). As K is contained in one of the sets N, 1, j = 1,2 we
assume e.g. K C Ny _. As |K| < C;—i by Lemma 4.5, we find |moly,| < Cy- and
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thus |m Ly, | > |mol',|. Consequently, for ¢ sufficiently large we have |m [y, | > 7
which implies

T N {=ly — 217} x R # 0. (4.19)

Let Q1, Q2 € J be the neighboring squares of K, i.e. Q;NK = () and 0KNOQ; # ()
for i = 1,2, Let ¥ = (Q1 UK UQ: \ X;,,)° and observe that ¥ C N; _ as
KNM # 0. By (4.19) the set ¥ = ¥ UW,U W3 decomposes into three rectangles,
where (up to translation and sets of measure zero) Uy = (0,7) x (0,7 + ay),
Wy = (0,) x (0,7) and U3 = (0,7) x (0,7 + as) for —37 < ai,a3 < 7. (Recall
the construction of K in the proof of Lemma 4.5 a).) Furthermore, let

¢ ={reqQ,:dist(z, V) < 207}.

Before we go on with case (II) we state two observations. We say that two sets
are C-Lipschitz equivalent if they are related through a bi-Lipschitzian home-
omorphism with Lipschitz constants of both the homeomorphism itself and its
inverse bounded by C.

Figure 5: Neigborhood M(T') with two other boundary components '} . T2 (the
interiors X}, X2 are striped) and corresponding neighborhoods W' and W2,

Lemma 4.6 Let I',T,, with w(l'y,) = w(l') =1 and [T > A, [Tinloe > ¢°5% be
given. In the situation of (1) the following holds:
(i) Let V € U* be the smallest rectangle containing X and X,,. Then ® C V.
(i1) )< C’h%. In particular, there is a suitable set Wo C W5 C W such that each

set Uy, Wi W3 is C'(hy)-Lipschitz equivalent to a square.
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Proof. (i) As K N M # () we get that ® C N* := NZ'T\ (NZ'7 U N2'7) if we again
choose ¢ large enough. By (4.19) we have ON*NT,, # (. Therefore, the smallest
rectangle V containing I' and T, satisfies N* C V which gives the assertion.

(ii) By Lemma 4.1(ii) we obtain ¢) < |Tp, N N2¥|y < C”’Z’ If also ) > herp we
set U} = Wy, otherwise we choose some W3 D Wy with ]7r2\112| = O

(IT) Assume now K N M = (). (i) We first treat the case Iy > 7~ and similarly
as in (I) suppose without restriction that K C N;_. Again let "Q1, Q> be the
neighboring squares of K and set U = (QUKUQ2\ Xp)°. If Q; € Ny _ for
j =1,2 the set ¥ decomposes as before in (I).

Otherwise, we may assume that e.g. Q1 C Ny_ \ N;_. Observe that then
Ky,Qy C Ny _ as |K;| < CT2 and I > ;~. As indicated in Figure 5, the set v

contains three rectangles \111, \112, \113, where (up to translation and sets of measure

zero) Wy = (0,7 + ) x (0,7), Uy = (0,4) x (0,¢) and U3 = (0,7) x (0,7 + as)
for 0 < az < 7. Note that ¢ = () is possible and that an argumentation as in

Lemma 4.6 yields 1[1 < C’;f’—*. Now let

N _ _ 3 —\©°
W= 0\ (MPTD) UMETT,), =123, v= (T,
‘]:

where 7,,, = v|[';,|. Furthermore, let ® = {z € @), : dist(z, V) < 207}.

r : ﬁMlmFm (T'm)

Figure 6: Sketch of ¥ (grey) in the case (II)(ii), where only parts of the boundary
components I',T';,, are depicted. In particular M7 (T, )NW # () and M7 (T)NW = (.
Also note that M?'7 (T',,) is dodecagonal, whereas M?'7(T) is decagonal. Moreover, for

later reference (see proof of Lemma 5.5) we have also drawn two boundary components
Oy,,0;, € M*7(T,,) in dashed lines.

(ii) We finally treat the case that I, is small with respect to [; (i.e. Iy < Cy-)
which particularly implies that M?7(T") is decagonal. Suppose without restriction
that K C N;_. If KN N2+ =0 or KN Ny_ = we may proceed as before in
(I)(i). Otherwise, the set ¥ > ¥y UP,U¥; contains three rectangles, where (up to

36



translation and sets of measure zero) W, = (0, 74+v) x (0,7), ¥y = (0,4) x (0, 2l,)
and W5 = (0, 741) x (0,7) (cf. Figure 6). The same argumentation as in Lemma
4.6(ii) yields 2ly < C’h%. We let W; = W, \ M?'7(I) for j = 1,2,3. Observe that
in contrast to case (II)(i) we only subtract the set M*7(I"). We now have the
following properties.

Lemma 4.7 Let T', T, with w(Ty) = w(T') =1 and [T|ee > X, [Tiloe > ¢*% be
given. In the situation of (II) the following holds:

(i) Let V- € U* be the smallest rectangle containing X and X,,. Then we have
dN{r:xy > -l —}nNM*'"™(T,,)CV.

(ii) In the cases (I1)(i),(ii) we have i < C’¢ and 2ly; < C’ —, respectively.
Moreover, there is a suitable set Vo C W} C U such that each set Wy, W3, Wy
is C(hy)-Lipschitz equivalent to a square.

Proof. (i) Tt suffices to note that {x : xy > —Il; — ¢} N M?Y™(T,,) C [~ —
¥,00) X ml'y, and m® C (—o0, 1] (cf. Figure 6).

(ii) The bounds on w and [ were already discussed above. As in the proof of
Lemma 4.6(ii) we can choose W% D W, such that W3 is C(h,)-Lipschitz equivalent
to a square. Let W% = W} \ (leT(I‘) U MQle(Fm)) or U5 = Wi\ M¥7(T),
respectively, depending on the cases (IT)(i) and (II)(ii). For ¢ sufficiently large in
(4.16) it is elementary to see that Wy, W3 W3 are C'(h,)-Lipschitz equivalent to a
square. [

5 Proof of the Korn-Poincaré-inequality

This section is devoted to the main proof of Theorem 1.1. We concern ourselves
with functions v € H*(W) on W € V¥, W C Q, (recall (2.7), (3.1)). In the
following we will again omit to write V. For shorthand we set a(U) = |le(u)||3. )
for U Cc W.

As a further preparation, we define H(W) D W € V*® as the ‘variant of W
without holes’. Arrange the components Xi,..., X, such that 0X;, C @, for
1 <i<nand0X;N0Q, # 0 otherwise. We set

HW) =W U j X (5.1)

The main idea will be to analyze the trace of u at the boundary components.

Therefore, we will have to change the set W iteratively. We first introduce fur-

ther conditions for the neighborhood of a boundary component which allows us to

apply a trace estimate. Then we present the main modification algorithm. After-

wards, the proof of Theorem 1.1 will be straightforward by employing Theorem
2.1 and Theorem 2.3.
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5.1 Conditions for boundary components and trace esti-
mate

Recall definition (3.5) and assume that in an iteration step W; € W5 for A > 0
with the corresponding weight w and a specific ordering of the boundary compo-
nents (I'(W;);)4_, is given. Consider I' = I'(W;) with |'|c > A and recall that
' = O is rectangular by (3.5)(v). Let N = N¥(T'), where

7= ¢@7h, ' = bl s < Mo (5.2)

with ¢ from (4.16) and 7 as defined in (4.2). Recall that 7 is the least length of
boundary components considered in Section 4.2. The latter inequality holds if
we choose v sufficiently small with respect to ¢q. For ¢ > 0 and for D = D(h,)
sufficiently large we require

(N NW;) + |dW; N N|y < De?. (5.3)

Moreover, let W7 and 7, j = 1,2, be defined as in Section 4.2 (I),(II) corre-
sponding to the sets K;, j = 1,2, provided by Lemma 4.5. We introduce the
condition

(W NW;) +eloW; N W |y < D(1 — wpin)~te? (5.4)

for j = 1,2, where D = D(h,) as in (5.3). For n > 0 we let 7,,(W;) be the set of
[y(W;) satistying |T')(W;) | < 1 and

N*"(OR;) C H(W;),
where 7; = ¢?v|Ty|ooh;t (cf. (5.2)) and R; is the corresponding rectangle given
in (3.5)(i) or (3.5)(v), respectively. Moreover, recalling again the definition of
O(W;) Cc Ty (W;) = 0X; in (3.2) we define
S\ = O, (W), (55)

I (Wi)esx(W;)

where S)\<Wl) = {Fl . ‘Fl|oo > )\} U {Fl . W(Fl) = 1, N%(aRl) ¢ H(VVZ)} (Note
that by (3.5)(iv) all components of Sy(W;) have weight 1.)
We assume that for all I';y(W;) € T:(W;) there are 4; € RY2 | ¢ € R? such

skew ?
that for the extension u € SBD(W>), W; := W, U UF;(Wi)eﬁ o Xt defined by

(W,

i(z) = {Al:lr—i—cl z € X, for Ty(W;) € To(W;)

u(z) else (5.6)

we have the trace estimate

/ () — (A + )| dH\(z) = / [@)(2) [ dH (x)
O (W;) 1 (Ws) (5.7)

c4
< C*; ©,(W))]?
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for some C, = Ci(h,) > 0 sufficiently large. (The left hand side has to be
understood as the trace of @|w,\x, on ©;(W;).)

We now state that under suitable conditions also I' = I'(W;) with |I'| > A
satisfies an estimate similar to (5.7).

Theorem 5.1 Let v, hy, e, wpnin > 0 and X > 0. Then there is a constant C =
C(hy) > 0 such that for v sufficiently small (depending on h, and wyy) the
following holds: For all W; € W5, for all u € H'(W;) and boundary components
[ = T(W;) with || > A such that (4.1), (5.3), (5.4), N*(T') ¢ H(W;) hold and
(5.7) is satisfied for T-(W;) one has (in the sense of traces)

~ o Oy €
_ 2 1 * 2
/F|u(x) ~(Az—oPan'@) < (¢ + ) SIrp (5.8)
for suitable A € RY2 | c € R2.

As the proof of this assertion is very technical and involves several steps we
postpone it to Section 6.

5.2 Modification algorithm

We now show that we may modify the set W iteratively such that successively
we find a component I' which satisfies the conditions (4.1), (5.3), (5.4) and (5.7)
such that Theorem 5.1 can be applied. Define W* = [ J,,, W5.

Theorem 5.2 Lete > 0 and h, > o > 0 sufficiently small. Let Cy = Ci(o, hy) >
1 large, 0 < Cy = Cy(o,hy) < 1 small enough and let ¢ > 0 be a universal

constant. For all W € V* with connected boundary components and u € H'(W)
there is a set U € W with |U \ W| = 0 and an extension i defined by

A X, r ith N2% H
() = { 1x+c xe X, forally(U) with (OR;) C H(U), (5.9)
u(z) else,
such that for all T)(U) with N*"(0R;) C H(U)
| l@@)P @) < Celeu) (5.0
0u(U)
Moreover, one has |[W \ U| < c||U||%, and
elUlls + a(U) < (1 + o) (W]l + a(W)). (5.11)

Remark 5.3 (i) In the proofs of Theorem 5.2 and Theorem 5.1 we will see that
the constants C; = C;(o, h,) have polynomial growth in o: We find z € N large
enough such that Cy (o, h.) < C(h.)o™* and Csy(o, hy) > C(h.)o?.

(ii) Although we only state that the extensions are elements of SBD, it is
clear that they also lie in SBV due to the regularity of the jump set and Korn’s
inequality.
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The proof relies on an iterative modification procedure. First choose
Cy=Cv (5.12)

for C' small enough and consider W € V* as an element of V2* such that (4.2) is
satisfied for all boundary components I';(W). From now on we will always tacitly
assume that all involved sets lie in V2 and write W, instead of W/\CQS. In the
proof below we will show that C} is in fact a constant only depending on h, and
.

We set Wy = W, where W is the modification constructed in Corollary 3.3.
Choosing an ordering of the boundary components and setting w(I';(W)) = 1
for all j we obtain W, € Wy. Moreover, we let A\g = 0, B = (. Assume that
Ao < ... <\ and that Wi C ... C Wy, W; € Wy, are given (the inclusion holds
up to sets of negligible £L%-measure) as well as {Bi tk=0,...,j forj=0,...,i.
In each iteration step the sets Bi, k =0,...,7, will describe the set where we
already ‘used’ the ‘energy lying in the set’ to modify W.

Suppose that in an iteration step ¢ the following conditions are satisfied:

i

Wil + a(W3) < el[Wl + a(W) + hu(l = wnin) > a(B)) (5.13)

=0
as well as
(i) Each z € Q, lies in at most two different B, B}, and
each x € W; lies in at most one B;-, JyJ1,72 € {0, ... i},
(77) Either ©,(W;) C B;- for some 0 < j < or

W, eg = {Fl N Uj‘o B; = (), w() = 1} for all T';(W;), (5.14)

(ifi) Bach B! with Bi \W; # 0, satisfies B 0 W; € M, (T)(W3)),
for some I')(W;) € G; and k € {1,2}, j=0,...,i.
Here i} := 21v min{|T}(W;)|s0, Ai} = min{217, 21v);} and the neighborhood M;
was defined in (4.18). Moreover, recalling (5.5) we suppose

a(NTH(Ty(W;)) N W) + e[ N7 (L (W) 0 (OW; \ S, (Wi))lw < Dey

1
for all FZ<W1) egn 7;\1<W1) (5 5)

where D is defined as in (5.3). Furthermore, recalling (5.6) we assume that there
is an extension @; € SBD?*(W,,) such that all boundary components I';(W;) €
Ty, (W;) satisty

i 2 191 A N w(Ty(W))? ¢ )
/@z(W-) |ui(z) — (Ajz — )| dH* < C’; <§> WF‘@Z(W’)‘* (5.16)
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for Ay € RS2, ¢, € R?, where @;(y(W;)) := 1 — Z=smin 05 =0, i : ©,(W;) C

skew )

B} and C is the constant from (5.8). In particular, this implies that (5.7)
is satisfied if we replace C, by Cwi2 320 _(2/3)" as @i(T1(W;)) > Wi (see
(5.14)(i), (ii)). Finally, we assume

(1) w(@(Wi)) = @i(Tu(W5)), v I,
(ii) [0R(Wi)l. < w(Ty(W))(@i(Ti(W)) " &n(Wi)le, VTt w(Iy) < L.

The second condition is a refinement of (3.5)(ii).

Recall that OW; NQ, C W; by definition (see (3.1)). This particularly implies
that each ©;(W;) is contained in at most one set B! (see (5.14)(i),(ii)). Before we
give the proof of Theorem 5.2 we first observe that the above stated properties
are preserved under modification.

(5.17)

Lemma 5.4 Let ¢ > 0 and X > 0. Let W; € Wy, @; and {B} : j = 0,...,i}
be given such that (5.13)-(5.17) hold for Wi, u; and X (replace \; by A). For a
rectangle V. C Q,, with |0V | > A, let W; = (W; \ V) UV and assume that
(recall (3.7), (3.8))

Wil + a(Wi) < el Will, + a(W5).

Let Wiy € Wy be the set given by Lemma 3.2 and define Bi™' = Bi\S\(Wiy1) for
j=0,...,4 (recall (5.5)) and BT} =0 as well as ;11 = u;. Then (5.13)-(5.17)
hold for Wi.1, t;y1 and X (replace Aiyq by A).

Proof. Let W = (W; \ V) UV for some rectangle V with |V|s > A and choose
V' O V such that Wi, := (W; \ V') U OV’ € W, as in Lemma 3.2. Then by
assumption and (3.10) we have e||[Wii1 |l + a(Wit1) < e||Willw + a(W;), where
we adjust the weights as described in (3.8). As [Bi\ Bi*'| = 0 for all j =0, .
(5.13) is trivially satisfied.

Clearly, (5.14)(i) still holds as B;H C Bj for all j = 0,...,i. Moreover,

Ty(Wirr) N ULy BiY' = 0 for all T}(Wis1) € Sx(Wigs) by definition. Conse-

quently, SA(W,H) C Git1 and to confirm (5.14)(ii) it suffices to consider the
components not lying in Sy(W;y1). Let I''(W;i1) ¢ Sx(Wiyq). Using that
oV’ € 8§\(W;41) and arguing similarly as in Section 3.2 (see remark after (3.7))
we find a (unique) corresponding I';(W;) (for notational convenience we use the
same index) such that ©;(W;,,) = ©;(W;) \ V. If T)(W;) € G; we immedi-
ately get I'y(Wi1) € Gipq by (3.9) and the fact that the sets (B?)i_; do not
become larger. Consequently, we can assume that ©;(W;) C B; for some j and
it now remains to show ©;(W;.) C B;“. To see this, it suffices to observe
01 (Wis1) = ©,(W)\ V' € 6,(W;) and ©;(W;y1) N Sx(Wiy1) = 0, where the latter
holds as the sets (0;(W;41)); are pairwise disjoint (see (3.2)).

Due to the modification procedure (see the construction of V’ in the proof of
Lemma 3.2), for all I'(W;) € G; we find a I';(W;41) € Giyq such that I'y(W;) C
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X;j(Wit1), where 0X(Wiy1) = I'j(Wiy1)). In fact, one can choose either I'y(W;)
itself or OV’. (Note that both are elements of G;,.) Therefore, M,?;(Fl(Wi)) C

M,j;r (I';(Wisq)) for k = 1,2 and thus condition (5.14)(iii) holds.

To confirm (5.17)(i) we first observe that w;1(0V’) = w(0V’) = 1. Moreover,
we see that w;1(I(Wis1)) = @ (Ty(W;)) for all I'y(Wiyq) # 0V’ where I')(W;)
is the unique corresponding component. In fact, @; 1 (I(Wi1)) > @i (T(W;))
follows immediately from the definition of (B{*')’X] and the reverse inequality
follows from the observation that ©;(W;) C B} implies ©,(W; 1) C Bi*' (see
above). Now this together with the fact that w(I'}(Wi1)) > w(I'(W;)) (see
(3.9)) yields (5.17)(i).

We now show that (5.16) remains true. Similarly as before we find for all
[y (Wiy1) € Ta(Wig1) a (unique) corresponding T'y(W;). If T'y(Wiq) N oV’ = 0,
then ©;(W,;;1) = ©,(W;) and there is nothing to show since I';(W;) € T\(W;) due
to the fact that [T)(W;)|e = [Ti(Wis1)|eo < A and w(I'y(W5)), @i (Ty(W;)) remain
unchanged. Otherwise, w(I';(W;41)) < 1 by (3.5)(v) and thus

w(l(Wis1))[O(Wis)) |« = w(Ti(Wi))|©(Wi) (5.18)

by (3.8), which together with the fact that ;.1 = @; and @1 (Iy(Wip1)) =
w; (L (W;)) implies (5.16). To see that |I'}(W;)|ec < A also holds in this case
(and thus I'y(W;) € TA(W;)) we note that [T)(W;i1)|ew < 190X by (3.5)(iv) and
therefore (5.18) together with (3.5)(i) and (3.6) implies |I';(W;)|oo < A for v small
enough.

Observe that by the same argument as in (5.18) property (5.17)(ii) is satisfied.
(Recall that in the modification procedure we never change the rectangles 0R;.)

Finally, (5.15) holds. Indeed, for a given I')(W,;11) € T\(W;41)NG;11 we deduce
L(Wig) NV =0 by (3.5)(v) and thus T'y(W;, 1) = T';(W;), where I'y(W;) is the
corresponding component of W;. The assertion now follows from the i-th iteration
step of (5.15). In fact, for the left part it suffices to recall W;,; C W;. For the
right part we note Sx(W;11) = OV' U (Sx(W;) NOW;41) D Sx(W;) NOW;11 (again
recall that we did not change the rectangles OR;) and OW,;,; \ OW; C 9V’ C
Sx(Wit1) which then yields OW, 1 \ Sa(Wis1) C OW; \ Sx(W;) by an elementary
computation. O

We are now in a position to prove Theorem 5.2.

Proof of Theorem 5.2. Using Corollary 3.3 we first see that (5.13)-(5.17) hold for
Wo =W and A = 0, BY = 0. Assume that W; € Wy, , A, {B!:j =0,...,i}
and u; have already been constructed and that (5.13)-(5.17) hold.

If now all [;(W;) with N?%(0R,(W;)) € H(W;) satisfy |T;(W)|e < \i we
stop and set U = W,;. We observe that in this case (5.10) holds for C} =
CA'Z:’ZO(2/3)”(&;112](11)_‘L by (5.16). Otherwise, there is some smallest I' = I'(;)
with respect to | - | satisfying |T'|o > A; and N?*(T') € H(W;). To simplify the
exposition, we will suppose that the choice of I is unique. At the end of the proof
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we briefly indicate the necessary changes if there are several components of the
same size.

Choose wpin > \/g. We observe that 7: C T, for 7 as defined in (5.2).
Indeed, for 7 < ); it is obvious and for 7 > ); it follows from the choice of I"
with respect to | - [o. Thus, by (5.16) we get that (5.7) is satisfied replacing C.
by %é Yor—o(2/3)". If T' additionally fulfills (4.1), (5.3) and (5.4), we may apply
Theorem 5.1. Therefore, recalling w(I') = 1 we get that for suitable A € R2*?

ceR? skew
/qu — (Az +¢o)Pdz < <C+_ _(jzn ) (_) )%Ifli
< C’ZZ-H ( ) ; |F|2

Thus, (5.16) holds, as desired. We define @;11(z) = Az +cfor x € X and w41 =
u; else, where 0X = T'. Moreover, we set W11 = W, A\iy1 = |To, B;+1 = B; for
j=0,...,iand B{fj = 0. Clearly, (5.13)-(5.17) still hold due to choice of I with
respect to ||oe- In particular, for (5.16) we note that 7,,, (Wiy1) = Tx, (W) U{T'}.
Likewise, (5.15) is fulfilled by (5.3) and the fact that Sy, , (Wis1) = Sy, (W;) (recall
(5.5)). Moreover, (5.14)(iii) still holds as A\;y1 > A;. As also (3.5) is satisfied for
i1, we get Wi € Wy, We continue with the next iteration step.
Otherwise (a) (4.1), (b) (5.3) or (c) (5.4) is violated.

In case (a) we find some V' 2 T such that setting W, = (W;\V)UdV, we get
Wil < Wil and therefore

ellWill + a(W:) < e|Will, + a(W5).

Here we adjusted the weights as in (3.8). Let A;41 = |I'|. It is not hard to see
that W; € W,,,, satisfies (5.13)-(5.17) also for A;41. In fact, (5.16) follows from
the choice of I with respect to |- |« and the fact that |0V |, > A;1. For the other
properties we may argue as before. Now Lemma 5.4 yields a set Wi, € W,
with Wiy, € W; as well as (B“Ll)’i1 and ;41 = @; such that (5.13)-(5.17) hold
for W1, 4;41 and \;y1. We now continue with the next iteration step.

In case b) set W; = (W;\V)UIV, where V is the smallest rectangle containing
N*(T'). Observe that [0V, < ||, + C7. Choosing D = D(h,) > 3¢ >
and arguing as in the proof of Lemma 4.1 we derive

e|Will + a(W;) < elWillw + a(Wi) + Cef — a(V N W)
~ ehutominlOWi 0 Ny < [ Willy + (W),

h*wmln

As usual we adjusted the weights as in (3.8). We now may proceed as in case (a)
and then continue with the next iteration step.
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Finally, consider case (c). Let ¥; = W/ and v¢; = 7, where ¥/ is a set
such that (5.4) is violated. As derived above in Section 4.2, we find a boundary
component I',, = T',,(W;) with |T)y]ee > 7, w(T'yy) = 1. Moreover, there is a
rectangle T C Q,, with [0T |y < 4¢; and TNT # 0, TNT,, # 0 (cf. Figure 8).

Let A; € (I(W5)) \{T", T'sn } be the boundary components with ©,(W;)NW; #
0 or, if T;(W;) = ©,(W;) € G;, with M (Ty(W;)) N ¥; # . We now define an
additional set B, ,, where we will ‘use the energy’ to modify W;. Let

B, = ((\112- NnWw;)u Umwi)eAi GZ(WZ-)) \ UB;.EBZ_ B,

where B; := {B} : B.NW; C M"(T;(W;)) for some Iy(W;) € A; N G;}. In the
definition of B, it is essential to subtract the set on the right hand side such
that we will be able to assure (5.14)(i).

\
3
/
3

\\ am Bi
J2
X ’ I:lr‘_T X Bi
== & . )
—= ) ——
1

;-4

Figure 7: On the left side ¥ (the set surrounded by the dashed grey line) and parts
of T', T, are sketched. Observe that M2 (T,,,) N ¥ = M27(I') N ¥ = (. Moreover,
the picture includes several boundary components with corresponding dodecagonal or
decagonal neighborhoods as well as four striped sets Bi .. i . On the right hand
side the resulting B, ; is drawn, where 0B, ; is black and the 1nter1or (BL,)° is grey.
Observe that in general only parts of 9B! i1 are contained in B

Note that by (5.14) we have for all I';(W;) € A; either ©,(W;) C Bi,, or
©,(W;) N Bl = 0 depending on whether ©;(W;) N UBiEB B =0 or ©,(W;) C
B! € B;. Moreover, the components I'y(W;) ¢ A; clearly satlsfy e (W))NBl, = 0.
Denote by A; C A; the boundary components completely contained in B! 41 and
observe that G;NA; C A, .

By (5.21) below we obtain |I'}(W;)|. < 197 for all T';(W;) € A; which by
(5.2) for v sufficiently small implies N27(9R;) ¢ N?*(I') C H(W;). Moreover, as
[T/ (Wi)|oo < |I'|oo, by the choice of I" with respect to |-|o we obtain [I')(W;)|e < A;
for all T'y(W;) € A; and thus A; C T,,(W;). As T,,(W;) NSy, (W;) = 0, this also
yields ¥; NSy, (W;) = 0. This together with (5.15) shows that v(M?'7(T)(W;))) <
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Det, for all T'y(W;) € A; N G;, where
Y(A) = a(ANW;NY,) +e|AN (OW; N,)|x

for A C R?. Observe that ; = 217 as |T)(W;)]s < A; for all T)(W;) € A;. Using
the definition of B;, (5.2), (5.15) and recalling D = D(h,) we find for v small
enough (with respect to h)

i 217
Z@wﬂ@ﬂéig woenng TALTTV)))
<D e ST Wi oo < el Bioy N Wil

In the first step we used that B;a N B, NW; = 0 for j; # j» by (5.14)(i) and

OW;NQ, C W;. The last step follows from the definition of .[lz Recall that The
fact that (5.4) is violated and the definition of B! ; then imply

D(l — wmin)ilc‘:wi < Oé(‘Ifl N Wz) + 5|8VVZ N \Ifl‘q.,g

< (T VW) + €|OW; N, |y — ZBi’er ~v(B?)

+€|8WiﬂBf+1|H
< a(BZ+1) + 2e[0W; N Bf+1|7-l'

We adjust the weights for components in A;: Let W = W; and w(Iy(W})) =
w(y(W;)) — % for T')(W}) = T(W;) € A; and w(l(W7)) = w(l(W;)) oth-
erwise. (The set as a subset of R? is left unchanged, we have only changed the
weights of the boundary components.) This implies

Wil < IWillo = 57(1 = wiin)|OW; 0 By e (5.20)

We briefly note that (5.16), (5.17) are still satisfied for W;* if we replace w; by &7, ;,
where @7 (T, (W) =1 — 1= {5 = 0,.. i+ 1: 6,(W;) C Bi}. Indeed, as
wi(Ty(W;)) > @i (Ty(W;)) by (5.17) we find

wi(Li(W7))  _ wi(@Wi)) = (1 = wnin)/2 _ wi(Tu(W5))

Gra (T VE)) — Gu(TuW)) — (1 — )2~ Gu(T(W)) =

for T,(W;) € A;. (Observe that @y, may slightly differ from the desired w;; as
given in (5.16). Below we will see, however, that the properties are still satisfied
for w;41.)

We set W; = (W7 \ V) U9V, where V is the smallest rectangle containing
I, Ty, and 7. As usual we define w(0V) = 1 and adjust the other weights as in
(3.8). We then derive by (5.19) and (5.20)

[Willo < Wi llw + 10T |3 < [Willo = $ha(1 — wunin) |OWi 0 Byl + 0T |3
S HW’LHLU + h*( wmln) 4c (BZZ+1) 1h*D¢1 + |8T’H7
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where for the other boundary components not involved we proceeded as in (3.12).
Recall [0T |3 < 41p;. Now choosing D > 12 we conclude

ellWillo + a(Wi) < e|Willy + a(Wi) + hu(1 = wain)a (B, )-

Define A\;41 = |I'|oo and @;41 = @;. Observe that W} € W,,. In fact, (3.5)(iv)
follows from the definition of the weights and (5.21) below. Moreover, (3.5)(ii) is
a consequence of (5.17)(ii). As before, following the proof of Lemma 5.4, we find
aset Wiy = (W \V)UoV' € Wy,,, for a rectangle V' O V with W, C W,
and B/ = Bi\ Sy, (Wi) for j = 0,...,i+ 1 such that (5.13), (5.15) hold
and (5.16), (5.17) are satisfied for @, 1. Observe that (5.14) does not follow from
Lemma 5.4 as BZH # (). We postpone the proof of (5.14) to Lemma 5.5 below.
We now continue with the next iteration step.

In each iteration step either the number of components satisfying (5.16) in-
creases or the volume of W; decreases by at least (2Cys)?. Consequently, after a
finite number of steps, denoted by i*, we find a set U = Wy € W5, Ay > 0, satis-
fying (5.16) for all boundary components I';(U) with N?%(0R;(U)) C H(U). Let
@ = u;+. Then (5.10) holds for all such boundary components as ) . (2/3)" < oo,
O(I(U)) = Wiy for all I'y(U) by (5.14)(i) and since v can be chosen in depen-
dence of h,. Similarly, by (5.14)(i) we find 3" a(Bi") < 2a(W) and by (5.17)
we get w(L(U)) > wmin for all T'y(U). Setting 0 = 2(1 — wmin), by (5.13) and
h, <1 we conclude

elUll + a(U) < (1= 30) " elWll + (1 + 0)a(W) < (1+ o) (el[W]. + a(W)).

2

As v is chosen in dependence of h, and o, the constant Cy in (5.12) depends only
on h, and o. Finally, the property |W \ U| < ¢||U||%, relies on the isoperimetric
inequality and can be derived as in Corollary 3.3.

It remains to indicate the necessary changes if in some iteration step ¢ the
choice of I is not unique. If there are several components I'y, ..., I',, with ;1 :=
I'jleo > A for j = 1,...,m we choose an order such that I'y,... I, m’ < m,
are the components satisfying (4.1), (5.3), (5.4). We now apply Theorem 5.1
successively on each I';, j = 1,...,m/, and replace Ty, (Wi41) in (5.15), (5.16)
by 7Z+1(W/Z~+1) = T\,(Wi) UUl_{Tx}. Foreach T';, j = m' +1,....m, we
proceed as in one of the cases a) - ¢) and let 7;9;+1(Wi+1) =Ty, (W;) U U’,;”:,I{Fk}
in (5.15), (5.16). 0

It remains to show (5.14) in case c).

Lemma 5.5 If in the i-th iteration step of the above modification procedure case
c) is applied, then (5.14) holds for Wi;.

Proof. We first show that

46



For sets I, = T';(W;) intersecting W; C N7(I") this is clear by construction of
U, and Corollary 4.4. (We can assume that property (4.1) holds and Corollary
4.4 is applicable as otherwise we would have applied case (a).) Now assume
[;NNT(T) = 0 but M™(T) N, # () for I'; € G;, which implies dist(T;, ¥;) <
nt < 21lv)\; < 217. In particular, this yields I, N N227(T') # . Recall that
[Ny # 0 and [Tyyle > 7 > 19 - 227 for ¢ large enough. Therefore, applying
Corollary 4.4 for t = 227 we derive that that ||, < 19 - 227. Repeating the
above arguments we obtain dist(I';, ¥;) < 21} =217 <v-21-19-227 < L for v
small enough due to the choice of I' with respect to | - |o. This gives the second
part of (5.21). Moreover, we have I'; N N7(T') # () as M7 (T)) " N"(T') # () and
T < g by (4.14). This, however, gives a contradiction to the assumption and thus
[N NT(T) # 0. Then the first part of (5.21) follows again from Corollary 4.4.

We now show that (5.14) holds for W; ;. Note that by Lemma 5.4 we have
Wi = (Wr\V)UOV’ for a rectangle V' which contains I', I',, and T'. Moreover,
recall that W; = W only differ by the definition of the weights.

First of all, to see (5.14)(ii) it suffices to show that either ©,;(W;*) C B; for
some 0 < j <i+1or ©,(W}) HU’H Bl = () and w(T';(W;)) = 1. In fact, we can
then follow the argumentation in the proof of Lemma 5.4 to obtain the desired
property also for the sets B;H = Bi\ Sy, (Wit1), 5 =0,...,i+ 1.

Recall that ©,(W}) C Bl or ©,(W;) N Bl = 0 for all (T',(W;)),. Thus, if
O (W) ¢ B} for some 0 < j < i+ 1 we find ©,(W;) N UZJrl Bl = () by (5.14)(ii)
for iteration step i. This particularly implies I'y(W;*) ¢ A; as @l(VVi*) NBL, =0.
Again by (5.14)(ii) and the construction of the weights in (5.20) we then get
w(l(WF)) =1, as desired.

We concern ourselves with (5.14)(i). First, the assertion is clear for z €

Wi \ Wi as Wi \ W; € OV’ and 0V’ € S,\M( Wit1). For x ¢ Wiy \ Wi it is
enough to show the property for (Bl)“rl1 since B’Jrl C Bl for j=0,...,i+1. As
Ui, ©:(W;) € W; and thus Bl,, C W;, it is elementary to see that 1t suffices to
confirm B!, N U;:O B; C Wi\ Wiy1. Recall that I', T, ¢ A;. By the definition
of B, we have

z+1ﬂU B C BN (F(MPT(IT) U f(MP™(T,0))),

where f(A) = Aif ANW,; # 0 and f(A) = 0 else for A C R?. (The possible differ-
ent cases can be seen in Figure 5, 6, 7.) To see this, let A* C {I",T',,} such that
the boundary component is contained in A* if the corresponding neighborhood
intersects W;. Observe that if B: N B, # 0, then by (5.14)(iii) (for W;) we get
BinBi,, C BinW; C M" () for some I, € G; \ A; = G; \ A;. (The last equal-
ity follows from G:NA; C A;.) On the other hand, by (5.14)(ii),(iii) we derive
that each I'y(W;) € A; with ©,(W;) C Bi satisfies I'y(W;) ¢ G, ©,(W;) N¥; # 0
and thus ©;(W;) N M”li(l“l) = forall T, € G\ (A4 UA*). Likewise, we get
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W; ML) =0 for all Ty € G; \ (A; UA*) and thus (BiN Bi,,) N M(Ty) =0
for all Ty € G; \ (A; U .A*). This implies Bi N B}, C M"i(T;) for some I'; € A*.
Setting @ := {x € Q,, : dist(z, ¥;) < 207} and recalling (5.21) we then find

BN Uj’o B;- c N (f(MPT(T) U f(M>™(T,,))).

We now differ the cases (I) and (II) as considered in Lemma 4.6, 4.7. In case (I)
we get N W; ;1 = 0 as by Lemma 4.6(i) the rectangle V' satisfies ® C V’. In
(IT)(i) the assertion follows as M?'7(T"), M*' ™ (T,,) N ¥; = () . Finally, in (II)(ii)
it suffices to derive

BN U;:o Bl C®N{z:m > —l — ¢} N M (T,,), (5.22)

where without restriction we treat the case I';, N N(I') C N; _(I'). Then Lemma
4.7(1) gives @ N{z : &y > —l; — ¢} N M>*"(T,,) C V' which finishes the proof of
(5.14)(i). To see (5.22), first note that f(M?'"(T)) =0 and U; C {z: z1 > —l; —
1}. Consequently, recalling (5.14)(ii),(iii) if the assertion was wrong, there would
be some I';(W;) € A; \ G; which satisfies ©;(W;) ¢ M*™(T,,) and ©,(W;) N {z :
r; < —ly — ¥} # 0. Again by (5.14)(iii) we then get ©;(W;) € M3™(T,,) (see
Figure 6) and therefore ©,(W;) N ¥; = (). This implies T';(W;) ¢ A; and yields a
contradiction.

Finally we show (5.14)(iii). It suffices to consider B{f] as for the other sets the
property follows from Lemma 5.4. Without restriction we set V' = (—vy,v1) X
(—va,v9). We first observe that ® \ V/ € N (9V'), where A = v\;;;. This is a
consequence of the definition of ® and the fact that A = 7. We may assume that
|| > %\@Fm|. In fact, if [, < % this follows from Corollary 4.4, if [, > 4

2
then [y, l5 are comparable and the assumption holds possibly after a rotation of

the components by 7. Recalling |I';,|oc > 7 we thus obtain |7,I'y,| > \/ig% = q;: )
Recall that |m Ty, NmT| < Cy- by Lemma 4.1(ii).
MZ™(0V)
!
T
M 0V)

Figure 8: Sketch of the components I', I';,,, 9T and in dashed lines the corresponding
rectangle V' (which in this example coincides with V’). The ball B is chosen large
enough such that ® C B. (The proportions were adapted for illustration purposes.)
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We now find for all x € & \ V' with z1,29 >0

v =T min{|m, |, |7 |} — CTh! - ¢*7(v/5h,)t — C7h!

> ght
To — Vo - 217_' - 217_' = 4

for ¢ sufficiently large and may proceed likewise for £z, =25 > 0. Thus, upon
recalling (4.16) and (4.17), we obtain BL; N W,y C @\ V' C M (9V’). As
V[0V |0 > A, w(0V') =1 and aV’ﬂU;j) B;+1 = 0 (since OV’ C Si,,,(Wiy1)) we
finally obtain (5.14)(iii). O

Remark 5.6 (i) During the modification process in Theorem 5.2 the compo-
nents X,+1(W),..., X,,(W) at the boundary of ¢, might be changed and the
corresponding components of U are given by X;(U) = X;(W)\ H(U) for j =
n+1,...,m. In particular, we observe |0X;(U)}. < |0X;(W)|. arguing as in
Lemma 3.1.

(ii) In general, the components of the set U might not be connected as they
can be separated by other components during the modification process. However,
by application of Corollary 3.3 we obtain a set U’ C U with ||U’||. < ||U]|« and
U\ U'| < C|U'A < Cu||U'||s such that all components of U’ are pairwise
disjoint and rectangular and thus particularly connected. Moreover, recalling the
modification process (cf. Section 8.2) we find that for each I'(U) the correspond-
ing rectangle R(U) given by (3.5) is contained in a component of U’.

5.3 Proof of the main theorem

We now are in a position to prove our Korn-Poincaré-type inequality. We split
the proof into three steps and begin with a corollary of Theorem 5.2. In what
follows, we will frequently employ (5.10) and in doing so we apply the inequalities

Ol < ClOL. < O|T|w < CIT],  O1. < |0R]. < [9R], (5.23)

for a boundary component © C I' and the corresponding rectangle R given by
(3.5). The properties follow from (3.5)(i), (3.6) and Lemma 3.1(vi)). Moreover,
we observe that for W € V* and a subset A C @, one has 31 ) [Ti(W)N Ay <
2|0W N A]. Recall the definition of W2* in Theorem 5.2 as well as (2.8) and
(2.1).

Corollary 5.7 Let €,p,h, > 0. Let U C Q, = (—p, )2, U € WO and u €
HYU). Assume there is a square Q = (—fi, 1)> C Q such that (5.10) is satisfied

for all components ©,(U) having nonempty intersection with @, where @ is the
extension of u defined in (5.6). Then there is a universal constant C' such that

Eal(Q)” < (£(Q)) < CRle(w)|Pagng + CC1eldU N QludU A Qla.

where C is the constant in Theorem 5.2.
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Proof. Recall a(V) = ||e(H)H%2(V) for V'.C U. Note that by Holder’s inequality
we have
2

[ d’H1> (5.24)

VNnJg

Bal(V)? < (V)2 < CV]a(V) +C /

for V' C U. Moreover, observe that J; N Q = |J,0;(U) N Q. We now derive by
(5.10) and (5.23)

2

(E(Q) < CRPal@) + (Y, 1o 10O N QL 120,0)
< Cii*a(Q) + CCreldU N QL Y IO
< CRPa(QNU) + CCypicldU 1 QlloU 1 Qly

In the second and third step we employed Holder’s inequality. In the last step we
used a(Q\ U) by (5.9) as well as |[I'}(U)]o < 2pand Y, [I1(U)|e < ClOUNQ| 4.
O

We now formulate and prove the main theorem of this paper first in terms of
sets W € V*. The assertion follows combining Theorem 5.2, Corollary 5.7 and
Theorem 2.1.

Theorem 5.8 Let e, 0 > 0 and h, > 0 sufficiently small. There is a constant
C = C(hy) and a universal constant ¢ > 0 such that for all sets W C Q, =
(—p, )%, W € V5, with connected boundary components, and all u € H*(W) the
following holds: There is a set U € W* with [U\W| = 0, |[W\U| < ¢|oUNQ,|%

and
ellUll + lle(@)llZ2wy < (14 ha) (llW Il + lle(u) 1 Z2w))
such that for the square Q = (—fi, fi)? with i = max{u—2[0UNQ,|x, 0} we have
(@) = (A2 + OlEang) < Crtlle)Eagrg + Creldl N QE,

for some A € R¥? and ¢ € R?.

skew

Proof. Choose o = o(h,) < h, and apply Theorem 5.2 to get a set U € W*
with |U\ W| = 0 satisfying (5.11). We can assume that it = p—2|10UNQ,|» > 0
as otherwise there is nothing to show. By definition of @ and (5.2) it is not
hard to see that every boundary component I'y(U) with ©,(U) N Q # § fulfills
N*(9R;(U)) € H(U) and therefore (5.10) holds. The claim now follows from
Theorem 2.1 and Corollary 5.7. U

We can now finally give the proof of Theorem 1.1.
Proof of Theorem 1.1. Let u € SBD*(Q,) N LP(Q,) for 1 < p < 2 be given.
By Theorem 2.3 we find a set W = @\ Uj_, @; with rectangles (Q;); and
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a modification @ € H'(W) with ||a — ul|zrw) + |le(@) — e(w)| 2wy < 8 for
0 > 0 arbitrarily small. Possibly replacing the rectangles by infinitesimally larger
rectangles we can assume that there is some s > 0 such that Q; € U° for j =
1,...,n and thus W € V* with connected boundary components and

Wl < (1 eh) 377 diam(Q)) < (1+eh.) (K} (L) +6) < (1 + chaJH' ()

for ¢ sufficiently small. We now apply Theorem 5.8 on 4 and W. Up to a
modification by applying Corollary 3.3 we can assume that the components of
U are pairwise disjoint rectangles Ry, ..., R, with >, [R;|. < [|U]|l. which yields
> [Rjlee < (L+ch)[|U]l. < (1 +ch )(H (Ju) + 5_1He(&)|\%2(w)). Clearly, we
have |Q, \U| < &(3=; |Rjle)?. Finally, as we may assume [|[U[l. < Cp (otherwise
Q = 0) we conclude by Holder’s inequality

lu(z) = (Az + )13, png < CO° + CuPlu(e) = (Az + )72 ng)
< O8 + Cp?|le(@) |22 gy + P el U|I2
< C(1+p*?)8 + Cu (le(w) 720, + €M (Ju))-

As ¢ was arbitrary, we obtain the desired estimate. O

6 Trace estimates for boundary components

This section is entirely devoted to the proof of Theorem 5.1. We start with some
preliminary estimates including an approximation of v by a piecewise infinites-
imal rigid motion. Here we also discuss the passage from an estimate in the
neighborhood to a trace estimate. Afterwards the proof is performed in several
steps. We will first assume that in a neighborhood of I' only small boundary
components are present (Step 1). Then we suppose that we have a bound on
the projection || - || (recall definition (4.6)) which will allow us to apply a slicing
method in the regions of the domain where too large boundary components exist
(Step 2). In this context, we have to be particularly careful at the corners of '
(Step 3). Finally, we present the general proof taking into account the possible
existence of sets W', W2 discussed in Section 4.2 (Step 4). At this point, the trace
theorem we derived in Section 2.3 will play an essential role.

6.1 Preliminary estimates

Assume h,, q, wnin > 0 have been chosen in the previous section (in this order,
see Remark 4.2). The parameter v > 0 considered before is not assumed to
be already chosen, but will be specified below. Moreover, let » > 0 such that
7(1 — Wmin)® > v. This implies v = v(h., ¢, Wmin, 7). Moreover, we will show
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r = r(hy, q) and recalling that 0 = 2(1 — wp,) (see proof of Theorem 5.2) as well
as using q = q(h.) we will find v ~ C'(h,)o? (cf. Remark 5.3).

Let ¢ > 0, A > 0 and let w € H (W) for W = W, € W;. (We drop
the subscript ¢ in the following.) Recall o(U) = |le(u )||L2(U for U € W. Let
I' =T'(W) with |I'|loc > A and the corresponding neighborhoods N(I') = N7(I")
and N(T') = N?7(I') be given. In addition, we define N(I') = N(I') \ (X' U X?),
where 0X! = T'l, 9X? = T'? are the boundary components satisfying |I'|,, >
7 = ¢*h; |l and T; N N(T) # 0, see Corollary 4.4 (note that Xy, X = 0 is
possible). As before, for shorthand we will write NV, N and N if no confusion
arises. By Remark 2.5( ) it is not restrictive to assume that J = J(I') as defined
before equation (4.2) consists of (almost) squares. Suppose that (4.1), (5.3), (5.4)
and (5.7) for T:(W) hold. Assume that N** C H(W).

Note that the inclusion W NN C N may be strict due to boundary compo-
nents ['; with ||, < 7 having nonempty intersection with N. Observe that by
(3.5)(iv),(v) and (3.6) for ¢ large we have |0R)|o < 7 for these I';, where R; is
the corresponding rectangle given by (3.5)(i),(v). Then for v sufficiently small
we get

N*(OR)) Cc N*'(T') ¢ H(W) (6.1)

and thus I'; € T:(W). Consequently, we can extend u as an SBD function from
NNW to N as defined in (5.6). For convenience we denote this extension still
by u. Clearly, one has a(N) = a(W N N).

We now begin with some preliminary estimates. Recall definition (2.8) as well
as (5.24). First assume N = N. We apply Theorem 2.1 on each Q € .J recalling
that the constant is invariant under rescaling of the domain: This yields functions
A: N —R22 ¢: N — R? being constant on each () € J such that by (5.3) and

skew ?

(5.7) we obtain

/|u Ax+c)|2d:p<02 (Q))* < C(E(N))?
< Colla(N) +C(D |@mN|”2||[ Illz2e0)°
< CVT e+ CCu™*|oW N Ny Zl ’@l|*)2
< CVATPe + CCw™eloW NN, < C(1 + C)v T e

(6.2)

for some C' = C(hs,q). In the third step we employed Holder’s inequality and
|N| < Cv|T4. In the penultimate step we used Y, [0], < C >, [T|» < ClOWN
Nlz by (5.23) and (6.1). The constants used in this section may as usual vary
from line to line but are always independent of the parameters r, wp, and v.

In the general case, recall the definition of ¥ and ¥? in Section 4.2. By
Lemma 4.6(ii) and Lemma 4.7(ii) it is not restrictive to assume that Wi, W5* ¥}
are squares for ¢+ = 1, 2. Similarly as in the previous estimate we obtain functions
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A:N — RY2 ¢: N — R? being constant on each Q € J with QN (¥ UW2) =)

skew ?

and \11;’ ,=1,2, 7 =1,2,3, such that

o u(e) — (Az + O de < C(1+ Co e,
N\(T1uw?2) ) | (6.3)
(i) u(z) — (Az + )P dv < O(1+ Cu |5,
J
To see (ii), we apply Theorem 2.1 on the sets W¢, W5* Wi and follow the
lines of the previous estimate to obtain that the left hand side is bounded
by Cull[Z,a(¥%) + CCo™*eloW N Wily|0W N N[5, We then use a(¥)) <
De(1 = win) """ < Dev™'9" and [0W N W[y, < Co~'y* by (5.3), (5.4).
The goal will be to replace the functions A, & in (6.3) by constants A € R%*2
and ¢ € R? such that

(1) [ lu(z) — (Az+c)Pdx < O(1 +rC v 3T ¢,
N\(T3U¥3) (6.4)
(11) lu(z) — (Az +¢)Pdr < C(1+rCHv T2 0%,
v

for i = 1,2 and for r(1 — wpi)® > v. Then the trace theorem applied on each
square (if J or W/, j = 1,2, consist also of rectangles, they can be covered by

possibly overlapping squares) implies the assertion:
To satisfy the assumptions of Lemma 2.6, the jump set has to be the union
of rectangle boundaries. Therefore, we extend J, N N to J, = = J,0R; N N by

[u](z) = 0 for = € J, \ J,, where R, are the corresponding rectangles given in
(3.5)(i). We observe that by (3.5)(ii) and (5.23) we get

D ORI <CY Ol Y 0RO <CY el (6.5)

Note that by every boundary component I'; is contained in at most C'(h,) different
squares (see Lemma 4.1). Then by Lemma 2.6, either for u ~ v|['|s or p ~ o7,
(6.4) and (5.7) we obtain for v small enough

/|u —(Az+ o) dH (x)

< Cv|l|sa(N) +CC*Z |8R1|HZ |OR; |7/ ev™4|0,?

+ C(v|l')™ 1““ —(A- +C)||L2 (N\(T3Uw2) + Z C(y 1”“ — (A - +C)||L2 o)
<COA+rCH v 2Tf2e +C(1 +rCHv I 2e < C( + TC*)SU%]F\*,

where for the first two terms we proceeded similarly as in (6.2), also taking
(6.5) into account. Finally, choosing ' = C' = C(h.,q) and r = r(h.,q) small
enough (i.e. also v small enough) such that rC' < 1 we get (5.8), as desired.

2
Consequently, it suffices to establish (6.4).
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6.2 Step 1: Small boundary components

We first treat the case that only small components ['; liein N. For 1 >r > v >0
define T' = |log,.(v)| and let

SQ)=1{T:TiNQ #0, v*'r 0| < [Ti]oe < 07200}
for all t € N and So(Q) = {[;: T'NQ # 0, |T]oo < 077270}

Lemma 6.1 Theorem 5.1 holds under the additional assumption that there is
some £+2 <t < L1 such that J,., Ss(Q) = 0 for allQ € J and Yo #SHQ) <

,U73T2t+3 .

Proof. We first observe that the assumption implies N = N. Let %—1—2 <t< %—1

with the above properties be given and write 0 = v?r~*3" for shorthand. For
later we note that

VirTE <O < viT. (6.6)

We cover N with squares Q(&) = Q= (&) of length 20|T'|s and midpoint &.
(If the sets in J = J(I') constructed in Section 4.1 are not perfect squares, the
sets Q(f) shall be chosen appropriately. The difference in the possible shapes,
however, does not affect the following estimates by Remark 2.5(i).) We will
now consider a rectangular path, i.e. a path & = (&,...&, = &) of square
midpoints intersecting all () € J such that there are indices 41,72, 43 with & —
§i—1 = £20|I'| e for all 0 < j <y, ip < j < iz and & — &1 = £20|I'| e, else.
Observe that the number of squares in a path satisfies n < C0~! and that we
can find ~ v0~! disjoint rectangular paths in N. Consequently, by assumption

and (5.3) we can find at least one rectangular path P :=J; Q(&;) such that

a(P) < Coelllee, Y [Nileo < Colln, #8(P) < CZu~**  (6.7)
FZGS(P)

for some sufficiently large constant C' = C/(hs, ¢), where S(P) = {T; : TN P # 0}
and S'(P) = S(P) N U Si(Q). Here we used that each I' € Upe; U, <; Ss(Q)
intersects at most four adjacent squares @ because |0R| < CO*r7 DNy <
0|l | by (3.6), (6.6) and I, C R; (see (3.5)(i)). Observe that the above path
can be chosen in the way that also [P N Q| > C2|Q] for @ = E 1, where E, 4
denote the squares in the corners of N, i.e. (&1, +ly) N Ey 4 # (. This implies
|[PNQ| > CLlQ| for all Q € J. Tt is convenient to write the above estimate in
the form

VT HTIEL = 2l LS Pyt 22 < Cor. (6.8)
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We now apply Lemma 2.4(i) with s = 0|T'|o and |V| = |P| ~ 0|T'|%. Recall that

we get ||l oy < VIO 20y < CVOZUTO1fY* by (5.7, (5.23) and
Holder’s inequality. Arguing similarly as in (6.2) we find A € R%*2 and ¢ € R?

such that by (6.1), (6.7), (6.8) and (5.23) e
/ lu(z) — (Az + c)Pdx < CO3(E(P))?
(©4.)*?)*
< Co TP + CCo T vi(zrlesm Tw)®  (6.9)

A1 < 2
+CCO™ 7| 4(ZF S |r,|oo)

< Co Y TEe+ CC, vr ]F\S + CC, UT‘ ]F|3

Observing that 9! < 0v=* by definition of 0, we derive
/ ulz) — (Az + )P dr < O+ Car) 0 ST = F (6.10)

We now pass from an estimate on P to an estimate on N. For later purpose
in Section 6.3, we consider general subsets V' C N consisting of squares in J.
Then repeating (6.9) we obtain by Lemma 2.4(ii) |ju(zx) — (Ax + c)H%Q(PmV) <

|PNV||P|7'CF.
Since |P N Q| > C2|Q| for all Q € J we find ||1‘\//|\ > C"VI;;|P| > Cv. Therefore,

by (6.2) (recall that N = N) and v < 0r (see (6.6)) we also have

/ () — (Az+)[2dz < |V A P|[P|'CF < C|V||N|"F.

We apply (2.15) on each Q C V with B; = PN Q, By = @ noting that A, ¢ are
constant on each square. (Although PN @ is not a rectangle if Q = E ., we can
still argue as in (2.15) since PNQ consists of two rectangles.) As [PNQ| > C2|Q)]
for all @ € J we obtain

lue)~(Az+0)lagy < O3 ( [ o) ~(Arso)fdas [ puia)~(Ar+o)fde)

PNQ

and thus summing over all ) C V we derive
|N|][ ule) — (Az + )P de < ComwF = O+ Cor) SITR. (6.11)

Consequently, setting V' = N, (6.4)(i) is established, as desired. O
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6.3 Step 2: Subset with small projection of components

The next step will be the case that || - || is not too large. For that purpose,
recall (4.6) and the definition of Y (see before (4.3)). Consider some U € Y with
|U| > Cw|T|%,. Moreover, by )V’ we denote the set of subsets of N consisting of
squares in J. (In contrast to ) the connectedness of the sets is not required.) In
this section we show that for all Z C U, Z € ), one has

\U|][ lu(z) — (A x +cp)Pde < C(1+rCHv 3 T2e (6.12)
zZ

for Ay € R2*2 | ¢y € R2. Recall that E, 1 denote the squares at the corners of

skew?
I' (see construction before (4.2)).

Lemma 6.2 Let r > v > 0. Let U € Y with |U| > Cull'|%, and UN Ey 1 =0
be given and assume that |U|. < 327. Then there is a subset U' C U, U' € V',

with U\ U'| < Cr|U| such that (6.12) holds for all Z C U', Z € )".

Proof. Let U € Y be given with ||U]|; < 537 and assume without restriction
U C Nay \ (N1- UN;4). By the choice of 7 in (4.14) we obtain that all I
having nonempty intersection with U satisfy |I'j|oc < 197. In particular, this
implies U N N = U. Let (OR;); be the rectangles corresponding to (I';); as given
by (3.5)(i),(v). We first prove that there is a £ +2 <t < £ —1 such that
ZQcU #8:(Q) < v73r**3 as in the assumption of Lemma 6.1. If the claim were
false, we would have (assume without restriction that 7" € 4N)

_ A |
oW N NUHOT, > CZ:_ . ZQCU #8,(Q)v*r oo = CTvr? |0
t
> Clog, (V)7 V|l s > |1 (6.13)

for v small enough (with respect to r = r(h.,q)) giving a contradiction to
(5.3). In the first step we used that |0R)| < 19CT by (3.6) which implies
I, ¢ NOH99T(T) and assures that I'; intersects only a uniformly bounded num-
ber of different squares @ C U (independently of r,v). As before, we define
& = v*r~*%" for shorthand.

As in the previous proof we will select a path in U with certain properties.
Recalling (4.6) it is not hard to see that |me(R;NU)| < |OR;|-. As by assumption
|U||» < 537, we find a set S C (Iy, Iy + 7) being the union of intervals 2k's +

(—s,5),k" € Z, with |S| > 7 such that the stripe U =Un{(R x S) satisfies
own U= (. We cover U by k horizontal paths P = (F);, i = 1,..., k consisting
of Q(&) = QI>(¢), i.e. k =[(20|D|o) '7] as |mU| = 7. We can find a subset

P1 C P with #P; > ¢k for ¢; small enough such that

I,NP =0 forall | > C*|w and P e P, (6.14)
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and |S Ny UPi€ﬁ1P"‘ > o0

|mo1y| > CO|T|o} this follows by an elementary argument. On the other hand,
by (3.6) we see that each component in G := {I; : |Tj|e > C?0|T|s0, |maly] <

CO|l's} intersects at most ~ C;Tl‘,l‘ﬂ""j = C different P; € P and thus using (5.3)

G intersects at most C’CQC‘EOO ~ vIFloo < \FI = different P; € P. )
Moreover, it is not hard to see that there is a subset 732 - 731 with #Py > ok

for ¢y sufficiently small such that

if C' is chosen sufficiently large. Indeed, for {I'; :

Ima(PNU)| > 5207, forall P, € Py (6.15)

Recall that we have already found a £ 42 <t < £ —1 such that Yocu #S(Q) <

v=3r?#*3. Using (6.14) we can now choose a path P = J; Q(&;) € Py such that
(6.7) is satisfied possibly passing to a larger constant C' > 0 depending on C.
(The essential difference to the argument developed in (6.7) is the fact that every
boundary component may intersect not only four squares but a number depending

on C.) Observe that n ~ 07!, where n denotes the number of squares in the path
P. Recall S(P) ={T,: ;N P # 0} and let

SL(P)={T,:TyNP#0,I' e UQGJ Um S.(Q)}. (6.16)

Moreover, define K = {Q = Q(fj) QNI =0 forall Ty € S’;(P)} By
(6.7) it is elementary to see that #S%(P) < CO|T|o(v'r 27 2|0|50) "' = Co ™!
Consequently, as by (6.14) every I'; € 3’; (P) intersects only a uniformly bounded
number of adjacent sets, we find

n — #K < O#SL(P) < Co~ ', (6.17)

Consider two squares Q(a),@(b) € K and the path (§ = a,&,...,&, = b).
Define D = |/, Q(&;). Without restriction we assume Qy := Q(a) = pu(—1,1)?

and Q,, = Q(b) = u((2m, 0)+(—1,1)2), where for shorthand we write j = 0|Tw.
We will now derive an estimate of the form (2.19). First of all, Theorem 2.1 (see
also (2.18)), Theorem 2.2 and a rescaling argument show

lu — (A" - "‘Ci)HLl(aQi) < CE(Qy) (6.18)
for A* € Rzkxefv, ¢ €R? i=0,m,anda constant independent of pu. For shorthand
let £ = £(Qo) + £(Q,,) and define &(D = [, le(u)|. We claim that

p2la® —a™| + pl|d — | < CE + Ca(D),

6.19
pled — | < Omé + Cma(D), (6.19)

where ¢, denotes the j-th component of ¢/, i = 0,m, and a°,a™ are defined such

that A" = < Oi
—a

%). By (6.15) we find two (measurable) sets By, By C pu(—1,1)
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such that |B;| > 47, dist(By, By) > 45 and E := pu(—1,2m +1) x BiU B, C W.

We apply a slicing argument in the first coordinate direction and obtain

/B futzm = 1)) = )| dy

S /
B1UB>o

This together with (6.18) and the triangle inequality yields

(6.20)

pw(2m—1)
/ i (t,y) dt| dy < Ca(E).
o

I(a® = a™) - +(&) = )| gio < CE + Ca(E).

Choose f : By — R such that id + f : By — By is piecewise constant and
bijective. Thanks to |B:| > £ and f(y) > £ for y € B, we derive

pila” —a™ < Cll(a® = a™) fO)llzr(my < Cll(@” = a™) - +(c) = )|y
+C (@ —a™) (- + () + (A = )y < CE + Ca(E)
and likewise u|c? — '] < CE 4+ C&(F). This gives the first bound in (6.19) since
E C D. Analogously, we slice in ( = p(2m — 2, ¢) direction for 0 < ¢ < 1. By
(6.7) we find |m(OW N P;)| < Cpu. Consequently, choosing ¢ small enough and
recalling (6.15), we find a set By C p(—1,1 — ¢) with | B3| > 5;20|I'|5 = 4 such
that {u} x Bs+[0,1]¢ C W. Letting { = % we get

ey ¢ —u((p.y) +¢) - Cldy < Ca(E)
similarly to (6.20) and thus, using (6.18) and the fact that A™ -( = 0, we derive
(A=A () G (= ) - (Jdy < CE + Ca(E).
X
This together with first part of (6.19) then leads to

pled =+ (am - aﬂwﬁ < Ca(E) + CE

and implies the second part of (6.19) as F C D. Summarizing, (6.19) yields
€€ =™+ (A% = A™) 2y < Cm(E(Qo) +E(Qm)) + Cma(D),  (6.21)

which is an estimate of the form (2.19) with the difference that £ is replaced by
the elastic part of the energy & in squares not contained in K. We briefly note
that in (6.21) we can replace Q(a) by Q(b) due to (6.19).
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Define P = UQE,C Q Recall that the essential point for the derivation of
Lemma 2.4 was an estimate of the form (2.19), (2.20). Consequently, arguing
similarly as in Lemma 2.4(i) for s = 0|T'|« and |V| = |P| ~ 0|T'|%, and derive

lu = (A - +0) 725, < COP((E(P))* + (a(P))?) (6.22)

for suitable A € R2*2 and ¢ € R2. Recall the definition of K (cf. (6.16)) and note

skew

that I; N P = 0 for all T; € SL. Proceeding as in (6.9) and (6.10), in particular
using (6.7) and (6.8), it is not hard to see that

€
lw— (A - +c)||i2(15) <CO(1+C.r) UF|F|20. (6.23)

Note that the difference to the estimate in the proof of Lemma 6.1 is that due to
the above slicing argument it suffices to consider the elastic part of the energy in
the connected components of P\ P. Now let J' C J be the set of squares such
that |Q N P| > Cvd|T'2, > C2|Q] for all Q € J'. Setting U' = (Uge, @)° € V'
it is not hard to see that |U \ U’| < Cr|U]| for 7 small enough as | P\ P| < Cr|P]
by (6.17). Let Z C U’, Z € ). As before in Lemma 6.1, applying Lemma 2.4(ii)
instead of Lemma 2.4(i), (6.23) yields

~ - L€
lu = (A - +)f2prz < CIP N ZI|PITHL + C’*T)UE|F|§O.
Then applying (2.15), (6.2) and arguing as in (6.11) we derive
|U'|][ lu(z) — (Az +c)Pdx < C(1 + C,r) 3|1"|20.

As |U\ U'| < Cr|U|, this gives (6.12), as desired. O
The next step will be to replace U’ by U in Lemma 6.2. To this end, we will
apply the above arguments iteratively.

Lemma 6.3 Letr > v >0. Let U € Y with [U| > Cu|T|%, and UNE++ =0 be
giwen and assume that ||U]|» < 537. Then (6.12) holds.

Proof. Define Uy = U’ and J; = J' as given in Lemma 6.2. Assume that

U, = (UQeJi@)O, J; C J, with Uy C ... C U is given such that for C' > 0
sufficiently large

U\ Uy < Cr|U| (6.24)

and for all Z C U;, Z € ), one has

/ u—(AetoPde < |ZlU O] ey e (6.25)
Z J=
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where A € R2S2, ¢ € R? as given by Lemma 6.2 and G := (14 C,r) 5|3

skew?
Observe that (6.24), (6.25) hold for ¢ = 1 by Lemma 6.2. We now pass from
1 to i + 1 and suppose ¢ < T + 2. First, it is not restrictive to assume that
\U\U;| > Crit|U| for C' > 0 as above since otherwise we may set U, = U;. We
cover U \ U; with pairwise disjoint, connected sets N}, ..., N/® € ), such that

(2

NF| < INFA U < 2r3|NF| (6.26)

1 &
1r8
ZT

for all kK = 1,...,m. This can be done in the following way: Let Vj = U =
(Uj= Q;)°. First, to construct N} let I;, I be the smallest and largest index,
respectively, such that @, C U \ U; and choose | = [ if [; < n— Iy and [ =
ly otherwise. Then add neighbors Q;_1,Qi41 C U, Qi—2,Qiy2 C U, ... until
N} \ U;| < 2r5|N}| holds. (Le. the right inequality in (6.26) is satisfied.) This
is possible due to the fact that V5 \ U] < Cri|Vp| < 1rs|Vg| by (6.24) for r
sufficiently small. Then note that also 5| N}| < |N}\ U;] holds, in particular the
left inequality in (6.26) is fulfilled. We now define V; as the connected component
of Vo \ N} which is not completely contained in U;. (If both are contained in Uj
we have finished.) We repeat the procedure on sets V; to define Nf , 1 <5 <k,
satisfying (6.26), where k is the smallest index such that [V; \ U;| > 1rs|V;]. We
now define N/ = N/ for j < k and N} := NF U V4.

It remains to show that also N} satisfies (6.26). Recall [Vj,_1\U;| < 3r3[Vj_q].
As due to the choice of [ and the fact that r&|N¥71| < N1\ U;| we have |V;| >
31Veor| = INFY and [Vi\ Uil = [Vieat \ Uil = INFTI\ UL < 578 Vi = 5| NPT,
we find |V, \ U;| < 7%|Vi|. This together with (6.26) for N* implies the desired
property for NF.

Let N; = -, Nf. Similarly as in (6.13) we find some £ +2 <¢ < Z —1
such that for t; = t + § - & we have Yoocn, #S6(Q) < vt Again set

2
o = v*r~*3". Arguing as in (6.15) we can find a horizontal path P; consisting

of Q(&;) = Ql=(¢;), j =1,...,n,, and lying in N; such that (6.7), (6.14) and
(6.15) are satisfied replacing ¢ by ¢;. By (6.24) and (6.26) we obtain

i

Critto=t <n; <CCrmso™, (6.27)

Clearly, in general the path P; is not connected. Define Si(Pl) and /C; similarly
as in (6.16). By (6.7) it is elementary to see that

#S4(P) < COT | (v 2T o) ™" < OOt = Co7 s,
Therefore, letting P; = Uoex, Q C P, we find by (6.14) (cf. (6.17))

ni — #K; < Co~ st and  |B| — |P| < Crstto|DA. (6.28)
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We now repeat the slicing arguments above on each N¥ and obtain expressions
similar to (6.21). As before, applying Lemma 2.4(i) we get (cf. (6.22))

lu = (A* -+ oney < C@FPEP N NF) +&(P, N NF))?

for suitable A¥ € R2<? and ¥ € R?, where as before &(D) = [, |e(u)| for D C N.

skew

Here n* denotes the number of squares forming the path PN NZ"“' , particularly

= >t n*. We observe that by (6.7) the estimate in (6.8) can now be replaced
by

ot ~9 _9; ot —
U4T‘ 2t;—1+1 :U2T‘ 8z:l:l #St,( ) 4 2t;—2 <CUT

Consequently, recalling n; < CCrsip=! by (6.27), t; = t+ 2. £ and following the
arguments in (6.9), (6.22) and (6.23) we obtain

Zk(nk)il”u — (A" -+ )2 (NFNP;)
<CY (PAENEN B) + a(NF O B)? < Cr2(E(P) + a(P)?
< Cori'o 3 (E(P) + a(Py))? < Coritr %'F < Corz F
where F' was defined in (6.10). Observe that in the calculation the additional
=80 in front of F occurs as in (6.8) v*r=21%! was replaced by vtr—2— 145,

Moreover, the above estimate can be repeated applying Lemma 2.4(ii) instead of
Lemma 2.4(i): For Z C N;, Z € ), we obtain

> (") 7NNF P lu(z) — (AF 2+ M2 de < CorsF,

NkNPNZ

Define JF C J such that |Q N (P, N NF)| > CvolT)% > C2|Q| for Q € JF and
set NF = Ugess @ Assume NF O Z # 0 which implies [N} N Z| > v?[T|%.

Observe © > vir~2 > v2r~i~! by (6.6) and the fact that i < T + 2. As
|NE|(n¥)~! < CovulT|%, we find by (6.2)

> ()N u(z) = (Az +¢)* du
k Nknz
< Cov~ / lu(z) — (Ax+¢)Pde < Cov™ v*(0or)'F < CoriF.

Again arguing as in (6.11), in particular applying (2.15), we derive

nF) 1 Nk w(z) — (A z + &P dx < C’@ri o WF = CrivF. 6.29
k (A

We set UF = NF if |[N¥\ NF| < r&|N¥| and UF = @ else for all k = 1,....m
We now estimate the difference between A, ¢ given in (6.25) and A*, c* for k =
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1,...,m. Consider U¥ such that U¥ = N¥. Then |UF| > (1 — r8)|N¥| and thus
by (6.26) we have

UFNU| > INFAU| = [NF\ NEF| > (1= Crs)|NF| > (1 = Crs)|UF|

for r sufficiently small and some C' > 0. Consequently, we are in the position to
apply (2.17) for By = UF, By = UF N U; and s = 5,0 = Crs, where we observe
0 > Cs|my(UF)|™" by (6.26). (Recall the remark in Section 2.2 that By does not
have to be connected.) Set C; = C H;;B (1+ Cr%) (cf. (6.25)). Using (6.25) and
(6.29), in particular recalling that the sets (NF); are pairwise disjoint, we find
for ZCcU,Ze)

||u - (A ' +C)||iQ(U§mUmZ) < |UZ€ nu;N Z||Uik|_1Hf,

lu = (A" -+ G2 pnz < IUFNZIUF|™ H,

where H* = |U¥||U|7XC;G and HE = Cn*rivF. Therefore, (2.17) yiclds

lu = (A - +0)T2rnz < |UFNZIUFT A+ Cro)|UFIUIT GG

i e i (6.30)
+ U N Z||\UF|~"Cr~sn®rsuF.

For shorthand we write U* = (-, U_f“)O and define U, = (U;UU~)°. We recall
N; = U, NF as constructed in (6.26). We claim

|N; \ U*| < Cr't|U| (6.31)

and postpone the proof of this assertion to the end of the proof. Then (6.27)

for C' sufficiently large implies |U*| > |N;| — Cri*!|U| > en;o0|U|. As for UF # 0
we have |NF| < (1 —r5)7YUF|, it is not hard to see that % < C7 and thus

nk|UFI~L < ClU*|7tn; < CJU|7107 Let V. C Uy, V € Y. Now by (6.30), the
fact that the sets UF are pairwise disjoint and F' < Cov~'G we derive
Zk lu = (A - +E) |2 rery < [UFNVIUITHC(L + Cr3)G + Crs Q)
< U NV||U[TCinG,
The last estimate follows for C' sufficiently large. By (6.25) we now conclude for
V C Ui
lu = (A - +0)[Za0y = llu = (A - +) gy + D, u— (A -+

< VAUUITI GG+ U N VU7 Cim G

< |VI[UI"'CinG.
This yields (6.25). To see (6.24) for i + 1, we apply (6.31) to obtain [U\ Ui <
(U\U;) \ Ni| + |[N; \ U*| <0+ CrittU|. Here we used that U \ U; C N;.
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Finally, we choose 7, < i
(v|T'|o0)? for r sufficiently small which implies U;, = U. Consequently, thanks to
(6.25), (6.12) holds.

It remains to show (6.31). First, by (6.28) and the construction of N* we
have |, N¥ \ U, NF| = 32, |NF\ NF| < Creit1o|T|% < Cri#U|. Therefore,

it suffices to prove
Tk k -4 k\ Tk
§k|Ni\Ui|ST8§k|Ni\Ni| (6.32)

as then we conclude |N; \ U*| < 32, |NF\ NF| + 3, [NF\ UF| < Crit1U|.

To see (6.32) we observe that if N¥ # U*, then |N¥| < |NF | NEN\ N,
Consequently, we calculate 3, |NF\ UF| = Zk:Uf:@ |NF| < r—% Zk:UZ.’“:(Z) |NF A\
NE| < p~s S INE\ NF|, as desired. O

Remark 6.4 We briefly note that the previous proof shows that the assertion of
Lemma 6.3 holds for U € Y with U N EL 1 = ) of arbitrary size. In fact, we can
choose 0 < ig < T + 2 such that Crotlu|T2 < |U| < Crov|T|2, and begin the
induction in (6.24), (6.25) not for i = 0, but for ¢ = iy. For the first step i = i
we do not apply Lemma 6.2, but follow the lines of the proof of Lemma 6.3 for
one single set N} = U.

We now drop the assumption that U € ) does not intersect a corner of I'.

Corollary 6.5 Letr > v > 0. Let U € Y be given and assume that |U|| < 327
Then (6.12) holds.

Proof. Assume without restriction £, ; C U and define U’ = U \ E, ;. Using
Lemma 6.3 and Remark 6.4 we find

|U'|][ lu(z) — (Az 4+ c)*dx < OG

for Z C U, Z €Y', where G := (14 C.r)5|T|3,. Let Q € J, @ C U’ such that
aQ N By # (). Setting Z = @ in the above inequality and arguing as in (6.2)
we find A € R2? ¢ e R? such that

skew ?

/ u(z) — (Az +c)|* dz < CvG, u(z) — (Az +¢)dz < Cv*r™'G.

QUE, 4

Applying (2.15) on B; = Q and By = QUE, , we find |Ju— (A -+c)|%2(QUE++) <
CvG as v < r. Now it is not hard to see that (6.12) is satisfied.
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6.4 Step 3: Neighborhood with small projection of com-
ponents

Recall the covering C of the neighborhood N introduced in (4.3). We now treat
the case that ||U[|, is small for all U € C. It is essential that adjacent elements of
the covering overlap sufficiently. Therefore, we introduce another covering C C C

as follows. First assume 5 > % If some U € C intersects only one of the four

sets Njx, j = 1,2, we let U € C. Then eight sets Ul ,,U? . remain where
UL NEis#0and UL C N;_ UN; for i =1,2. As before Eii denote the
sets at the corners of I'. Add the four sets Uy , UUZ | to C. If l; < 4 we proceed
likewise with the only difference that instead of Ui,i UUZ . we add the two sets
U2, VUL, UUL_UUZ_, k=+,—, toC. (Note that by definition of C we have
Ui, =Ui_= Ny in this case.)

Lemma 6.6 Theorem 5.1 holds under the additional assumption that ||U|l, <
é—gT for all U € C.

Proof. It suffices to show that for all U € C there are Ay € ]Rskxefv, cy € R? such
that

|U|][ lu(z) — (Apx +cp)Pdr < C(1+rCHv 3 T)2e (6.33)

holds for all Z C U, Z € y: . Indeed, the desired result then follows from the
construction of the covering C and the arguments developed in Section 2.2: Write

C={Uy,....U,} with Ui_yNU; # 0 for all i = 1,...,n, where Uy = U,. Now let
D:{Ui\Ui,1UUi+1:izO,...,n—l}U{UiﬂUiH:i:(),...,n—l},

where U_; = U,,_1. Note that the elements in D are pairwise disjoint. We write
D ={Vi,...,Vy,} such that 9V;_1N9V; # 0 fori = 1,...,m, where Vj = V,,. By
(4.3) and the definition of the ‘combined sets’ in C, we find |V;| ~ v|T|%. Clearly,
(6.33) also holds for all V; € D for corresponding infinitesimal rigid motions as
cach set is contained in an element of C. We can now estimate the difference of the
infinitesimal rigid motions of By = V;_y and By = V;, 7 = 1,..., m, proceeding as
n (2.11), (2.13) and (2.15). Here it is essential to observe that assumption (2.9)
is satisfied as By UB, C U for some U € C and so (6.33) may be applied. We now
obtain (6.4) following the argument in (2.19), (2.20) replacing the squares (Q(§;));
by the elements of D and noting that #D is uniformly bounded independently
of v.

More general, taking (6.33) and (2.14) into account, we have even shown that

|N|][ (@) — (Az + )P dz < C(1 +rC )3T (6.34)

64



forallV C N,V e ).

It remains to establish (6.33) for U € C. By assumption and Lemma 6.3 the
assertion is clear if U N Ey 1 = () as then particularly U € C. Therefore, we first
let I5 > % and assume that e.g. U N E;  # (. The necessary changes for the
case [ < % are indicated at the end of the proof.

Asin (6.13) we find £ +2 < < T — 1 such that Y5, #85:(Q) < v3r?+3,

2 2t41

Again let © = v*r~"2 . As before, the main strategy will be to construct a
suitable path in U. Let (I'); be the boundary components such that the cor-
responding rectangles (OR;); given by (3.5)(i) and (3.5)(v), respectively, satisfy
ORNU # 0 and |0OR;|x # |0R)|s. Let Vi C N be the smallest rectangle contain-
ing R, NN and (I; + 7,0y + 7). We partition (1}), into V; and V, depending on
whether |m V)| < |mVj| or |m V)| > |mVi|. Recalling (4.6) it is not hard to see that
|m;Vi| = |Ry| for V, € V; for j = 1,2. Let a; = inf{s e R: s € 7;V] for a V| € V;}
and define the stripes

Ay = (—00,a1) X (—00,a2) " N1y NU, Ay =(—00,a1) x (—00,a2) N Ny y NU.

- OR,,

Ry,

- OR,,

N(T)

Figure 9: Sketch of a part of N(I') containing U} , UUF ,. The sets A;, Ay are
highlighted in grey.

As by assumption |U|, < 237 for all U € C, we find sets S; C (I;,a;) with
Sj] > 55 such that the stripes A = AN (S1 xR) € U* and Ay = Ay (Rx Sy) €
U* satisty oW N Aj = () for j = 1,2. Moreover, observe that |a; — ;| > 5 for
j =1,2. We cover A; by vertical paths Py = (P});, i = 1,...,k, and A, by
horizontal paths Py = (P?);,i = 1,. .., ks, consisting of squares Q"= (¢) = Q(¢&),
ie. kj = [(20|Ts) " (a; — 1;)]. As in (6.15) it is not hard to see that there
are subsets 75j C P; with #753- > ck; > cv0™! for ¢ > 0 sufficiently small
such that (6.14) and (6.15) hold for all P/ € P;, j = 1,2. We can now choose
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Pic 75]-, j = 1,2, such that (6.7) is satisfied possibly passing to a larger constant.
Moreover, this can be done in a way that Q* := P' N P? satisfies

I DNNLTREL U

N (6.35)
Q NTy =0 forall Ty, : [Ty > Co*v T,

for C' > 0 sufficiently large. To see the latter, note that we have ~ 72(0|T|o0) 2 =

0202 possibilities to combine paths in Py, P, such that (6.7) hold. Moreover,
we also have ~ 72(0|T|) "2 = 0202 possibilities to combine paths in Py, Ps
such that Q* additionally has empty intersection with all I'y, satisfying [I'x|oo >
C*v™T|s. This follows from (6.14) and the fact that by (5.3) we derive

#{Q : 30}, : CO*0 Yoo < |Tkloo < COD|oe, e N Q # 0} < CC 102072,
Since all other components 'y, intersect at most four adjacent squares Q, using
again (5.3) we can select Q* such that also Y1 0. |Tkloo < C|T|v ™20 holds.

Let P = P'uU QU PQ, where Pj, j = 1,2, is the connected component of
P7\ Q* not completely contained in Ey ;. Denote the midpoints of the squares
in P by (&,...,&,). Recall the definition of S% in (6.16) and let

K={Q=Q(&):QNT,=0 forall T, e S (P)}U{Q*}.

Consider two sets Q(a), Q(b) € K and the path (& = a,...,&n = b). We can
repeat the slicing method of the previous proofs and end up with an estimate of
the form (cf. (6.21))

lea = 1+ (Aa = 43) [l 2o < Cm(E(Q(@) +EQW) +E(Q) + (D))

for suitable A,, Ay, € R22 ¢, ¢, € R?, where D = U;.”ZO Q(fj). In fact, if

skew?
Q(a), Q(b) C P7 for some j = 1,2, this follows immediately. Otherwise, we apply
the arguments leading to (6.19) on each pair Q(a), @* and Q*, Q(b) and employ
the triangle inequality.
Defining P = Uoex Q and arguing as in (6.22), we then obtain

Jum (A0 S COEP)P+HalP)?) < CUHCr) TR Q)

for some A € RY? and ¢ € R2. In the last step we proceeded as in (6.23) (see
also (6.9)), observing that the paths P defined here and in the proof of Lemma
6.2 differ essentially by the square Q*. By (6.6) we get 0302 < Or and using
(6.35) as well as (5.7) we derive (cf. (6.9))

.3 A5\ 2 A 1173 3~ & 3/2)2
OTHE@N) < CoT e+ COTC— (D (1810)7)

L1173 L1, 1 € 2
< OO NP e + O ot C*J(E:mw@'r”m) (6.36)
~ € 3
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Consequently, we have re-derived (6.23). Proceeding as in Lemma 6.2 we obtain
a set U' C U with |U \ U'| < Cr|U]| such that

|U\][ lu(z) — (Az +¢)?de < C(1 + C’*T)%\F@O
z

for Z C U', Z € Y. On the other hand, by Corollary 6.5 we find A; € R%2
¢; € R? for j = 1,2 such that

U NN | u(z) = (A2 +¢))Pde < C(L+ Cur) 5T, (637)
ZNN; 4 v

forall Z Cc U, Z € Y'. Now (6.34) follows by applying (2.14) on By = U' N N; 4
and B2 =Un NJH"

Finally, the essentially difference in the treatment of the case Iy < % is that
in the construction of the path P one has to choose two sets Q7,05 where the
path changes its direction. Following the above arguments it is not hard to see
that these sets can be selected so that the required conditions are satisfied. Note
that in the derivation of (6.37) we then exploit that Corollary 6.5 also holds for
sets which are much smaller than v|T|%,. O

6.5 Step 4: General case

We are eventually in a position to give the proof of Theorem 5.1. We briefly
remark that the following proof crucially depends on the trace theorem estab-
lished in Lemma 2.3 and the fact that there are at most two large cracks in the
neighborhood of T'.

Proof of Theorem 5.1. In the general situation we possibly have N # N =
N\ (Xj U Xs). Let C be the covering considered in Lemma 6.6. Let K;, Ks
with dist(K;, K3) > ¢|T|s be the sets given by Lemma 4.5 and let C be the
covering of N \ (K; U K3) consisting of the connected components of the sets
U\ (K1 UK,), U € C. To simplify the exposition we prefer to present first a
special case where Kj, Ky have the form K_ := Ky = (=7 — l;,—l1) X (—7,7)
and K, := Ky = (l1,l1 + 7) x (—=7,7). Moreover, we suppose that the sets
U+ associated to boundary components larger than 7 — if they exist at all —
have the form UF = UF U UF U UF| where UF = (£, +(I; + 7)) x (¥F,27),
U5 = (Ely, £( +¢F)) x (=, ) and U5 = (£, £(l + 7)) x (=27, —¢F).
Here ¢* denote the corresponding values to U= (see Section 4.2).

If U~ or ¥+ do not exist, we set U, = K, U5 = K,, respectively, and let
\I/f, j = 1,3, be the adjacent squares. In addition, we then define ¥* = 7. We
will treat both cases simultaneously in the following.

This special case already covers the fundamental ideas of the proof as the
arguments essentially rely on the property that dist(K7, K3) > ¢|I'|s and the
fact that the shapes of all sets are comparable (through homeomorphisms with
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constants depending on h,) to squares. We will indicate the necessary adaptions
for the general case at the end of the proof.

Let N. = Nn{xz, > 0} \ (K; U K3). By Lemma 4.5 the assumptions
of Lemma 6.6 are satisfied on each set N, and N’. Consequently, there are
A € R¥2 and ci € R? such that for all Vo € N, Vi € ), one has

skew

N4 Ju(z) — (Apz — cy)[Pde < O(1 + C’J)%H’@O =G (6.38)
Vi
by (6.34). We let 25 = (Iy,1; +¢T) x {0}, Z5 = (=l — ¥, =) x {0} and
without restriction (possibly after a small translation in e,-direction) we can
assume H'(ZF NOW) = 0. The goal is to show

L (A — ALYz + (cp — co)PdH' (z) < C LLe) (6.39)

= - ol

We prove this only for Z;. As a preparation let U7 = (=% — Iy, —l) x (v, %7’),

g = (=2 =1, =) x (=37,—¢~) and U = (\if_fU\I/_;U\if_g)o. We observe

Zrm—#@ Tilpe < C(L = wiin) ™47 (6.40)

for C = C(hy,q). If ¥~ > (1 — wWpin)7 this follows from (5.3) and the fact
that T; ¢ N = N¥(T) for all T, with T; N U~ # @ (recall |T}|s < 7 by the
construction in Section 4.2). If 1~ < ¢(1 — wmin)7, by (5.4) we obtain |¥™ N
OW |y < D(1 — wyin) 2~ < 7 taking ¢ > 0 sufficiently small. Thus, we can
assume that Iy C W= if ;0™ # 0. This implies Y g [Tils < ClO™NOW |y
and gives the assertion.

Recall that v < r(1 —wmin)? (see beginning of Section 6.1). Applying Theorem
2.1 we obtain by (5.4), (5.7), (6.40) and the fact that ¥~ < v|I'|« (cf. also (6.2)

for a similar estimate)
| Ju(a) = (A + ) do
¥
- » . )
< ;o) + CCeo oW NG (3 o )’ (6.4
< CUPT2,(1 = wnin) ~'etp™ + CCL(1 — wipin) ev D200~
< C(L+Carp™[Py7e

for A; € RY2 and ¢; € R?, i = 1,3. Likewise using particularly (6.40) and

skew

Wy | < C(y7)? we get

/ lu(z)—(Agx + )P dr < C(1+ Cur)v T oo (v )%e (6.42)

2
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for Ay € RY2 and ¢, € R% By (6.38) for Vi = U, \ K1, U5 \ K| we see that

skew
||u - (A-i- T+ C+)||i2(\1,1—\K1) + ||u - (A— T+ C—)Hi2(\y3—\]{1) < CuG.
Applying (2.11) and (2.12) on B; = ¥, \ Ky, B, = U7 i = 1,3, we then derive
by (6.41) employing ¥~ < v|['|«

AL = AP+ oy — e+ (Ap = A) by P < C(0[T12) G,

6.43
THAL — AP+ e — s+ (AL — A3)b_|* < C(vT)%) '@, (6.43)

where b_ = (I, —7)T and b, = (—ly,7)T. Furthermore, Lemma 2.6, (5.4), (5.7),
(6.5), (6.40) and (6.41) yield

/8\1]'_|u(x) ~ (At o) dH (@)

< C(IP]oe) Mlu = (Ai - )72, + ColT oo (V7))

—4
+ CCLev Zrlm\i;ﬂ) 1O Zrmil;;é@ [P
< C(1+7rC)v Dty ™e < Oy~ (v[T%) G

(6.44)

for ¢ = 1, 3, where we tacitly assumed that all boundary components are rectangu-
lar (cf. discussion after (6.4)). In the penultimate step we again used ¢~ < v|I'|«
and v < (1 — wpin)®. Likewise, we get

/WUE u(z) = (Asz + )| dH' (z) < CY~(ITL)7'G,  (6.45)

where we replaced (v|I'|o) ™! by (7)1 and used (6.42) instead of (6.41). Observe
that (6.45) is well defined in the sense of traces since H'(Z; N OW) = 0. Define
=i = (=% — i, —l) x {&~} and note that =, C 9V, N OU] and Z- C
ov; N 8@5 . Again up to a small translation in e,-direction we may suppose
HY(ZLNOW) = 0. Combining the estimates (6.43), (6.44) for i = 1,3 we obtain

[

Using once more the techniques provided in Section 2.2 we may estimate the
difference of Ay, Ay and ¢4, ¢z on the boundaries Z (replace the sets By, By in
(2.11), (2.12) by the surfaces =) and obtain by (6.45) an expression similar to
(6.43):

()| Ar — Ao + [ex — o + (Ax — Ap) b < C([D[2) ' G, (6.46)
where by = (—1;,0)T. Together with (6.45) this leads to

() — (Ay x4+ )2 dH! + / fu() — (A_z+e )P dH! < Cv~ (u[T12) G,

+ =

/: Jule) - (Asz + cx) P dH (z) < Cvm (WITE) G

0
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and then by the triangle inequality we derive

[0 = A)a ok (e = )P @) < OO (IR G.

0

This gives the desired estimate (6.39). From (6.39) applied on both sets, =, and

=+
=

o » we deduce

—Cho)?|(Ay — A elP+| = (Ay —A) ey + (cp — )P < Cu[T2)'G
and
—C(Lo)’|(Ar — Ad) e[ + [(As — A ) ey + ey — )] < C(u[T[5) G

Combining these two estimates we find for v sufficiently small I?|A, — A_|* =
281(AL — A )e > < C(w|T|A)7'G and then also |c, — c_|? < C(v|T2)!G.
(This is the step where we fundamentally use dist(K;, K3) > ¢|I'|«.) We choose
A= A_ and ¢ = c_. Recalling the definition of G and |N| < v|['|%, we obtain by
(6.38) for Vi = N,

[ )~ (e = 9P e < 0L+ Ca) ST
N’ UN" v

which together with the estimates (6.41) and (6.43) gives (6.4)(i). Finally, (6.46)
yields (¢7)?|A — A < C(|T)%)7'G and |c — ¢ + (A — Ay) (—11,0)T]2 <
C(v|T|%)"'G. Then by (6.42) and the fact that |5 | < C(¢7)* < CY |l we
conclude
lu(z) — (Az +c)Pde < C(1+rCHv T2 e
¥y
giving (6.4)(ii). The estimate for W3 follows analogously.

It remains to briefly indicate the necessary adaptions for the general case. The
main differences are (i) the shape of the sets W i = 1,2,3 and (ii) the position
of the sets K, K,. For (i) we observe that ¥ i = 1,3, are C(h,)-Lipschitz
equivalent to a square by Lemma 4.6(ii) and Lemma 4.7(ii) whereby (6.41) can
still be derived (cf. Remark 2.5(i)). (Note that the sets are even related by
affine mappings.) Likewise, an estimate of the form (6.42) can be derived for sets
(IF)* D W3 which have been constructed in Section 4.2. Moreover, although
not stated explicitly in Section 2.3, the trace estimate used in (6.44), (6.45) can
also be applied for sets being an affine transformation of a square. The rest
of the arguments concerning the difference of infinitesimal rigid motions (see
(6.43), (6.46)) remains unchanged. For (ii) we observe that in the derivation of
A, — A_|? < CI2(v|T|%)7'G we fundamentally used that dist(Kj, Ky) ~ Iy,
but the exact position of the sets K, Ky was not essential. OJ

We briefly explain Remark 5.3. At the beginning of Section 6.1 we have
already observed that v ~ C'(h,)o3. Now the property for Cs follows immediately
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(see (5.12)). For C; we use (5.16) and the fact that C' = C'(h,) (see end of Section
6.1).

We close this section with an estimate for the skew symmetric matrices in-
volved in the above results which will be needed in the derivation of the nonlinear
rigidity estimates in [18].

Lemma 6.7 Let be given the situation of Theorem 5.2 for a functionu € H'(W)
and define y = R (id +u), where id denotes the identity function and R € SO(2).
Let V C Q, be a rectangle and let F(V') be the boundary components (I'); =
(T)(U)); satisfying N (OR;) C V and (5.10). Then there is a C3 = Cs(o, h,)
such that

Zple}-(v) |Xl | AP < OB(HVy R”Lp Vaw) + (88_1)5_1€|3U N V|9_[)

forp =24, where X; C Q,, A € RY?

s, is given in (5.9).

Remark 6.8 Similarly as in Remark 5.3 we note that the constant C3 = C5(0, h.)
has polynomial growth in o, i.e. C3(o, hy) < C(h,)o~* for some z € N,

Proof. Let p = 2,4. Consider a component I' = I';(U) with corresponding rect-
angle R and X with 9X =T It suffices to show |R|% |A|P < C5(||Vy — RHLP(N)

(es™1)271¢|T'}3) for this component, where N = N7(0R) \ Ur,ezay NV T(OR;) and
Z(I') = AT : |I't)oo < ||oo}. Then the assertion follows by summation over all
components and the fact that | X | < |R|.

As T satisfies (5.10), we observe that we applied Theorem 5.1 on R in some
iteration step, in particular (6.4) is satisfied. Choose U € C with U C N*7 as

considered in Lemma 6.3. By assumption we find a set S C (lo,ls + 7) with
|S| > 1T such that for T = (R x S) NU we have TN Ur,ezm) N7(OR;) = 0 by

220
(5.2). It is not restrictive to assume that S is connected as otherwise we follow

the subsequent arguments for every connected component of S. Recall |I'|o, <
|OR|o < CT'| by (3.6). The Poincaré inequality and a rescaling argument

imply
N _2 —
/T fu() — & dz < CIT] 3T Wy — Rl

for a constant ¢ € R? and p = 2,4. This together with (6.4) yields
A+ =i do < CQITE) HTRITY = Rl +CCY (2) v
Ta:cc:):_voo VY = Rl|7o 5) v Ile
n=0

For the constant in the latter part see below (5.16). Arguing as in (2.11) we find

IT||T2 AP < 0/ Az + ¢ — ¢ da.
T
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Thus, by |T| > Cv|T'|%, and an elementary calculation we derive

[RE,JAI < CITR AL < Co~! [ Wy = Rllfuqr, + Co®e

As |OR|, > s, we obtain |['|y > C|0R|. > Cs by (3.5)(ii). Choose Cj large
enough and recall ' C N™(I') \ Up, ez N(0R;) C V as well as the fact that
v > C(h,)o?. This yields

[RIJAI" < CITEJAI* < CslIVy — Rl 5, + Cses™ el Tl

giving the claim for p = 4. Likewise, for p = 2 we deduce

[RIZJA]? < CITIZ AP < Co™[Vy = Rl 720y + Cv el |
< Gs||Vy — RHizm) + Cse[Ty.
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