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ABSTRACT. We show that the Heisenberg group H™ contains a measure zero
set N such that every Lipschitz function f: H™ — R is Pansu differentiable at
a point of N. The proof adapts the construction of small ‘universal differen-
tiability sets’ in the Euclidean setting: we find a point of N and a horizontal
direction where the directional derivative in horizontal directions is almost
locally maximal, then deduce Pansu differentiability at such a point.

1. INTRODUCTION

Rademacher’s theorem states that every Lipschitz function f: R™ — R™ is dif-
ferentiable almost everywhere with respect to Lebesgue measure. This result is
classical but has many applications and has inspired much research. One direction
of this research is the extension of Rademacher’s theorem to more general spaces,
while another involves finding points of differentiability in extremely small sets. In
this article we investigate both directions, by constructing a measure zero ‘univer-
sal differentiability set’ in the Heisenberg group (Theorem 2.12), the most studied
non-Fuclidean Carnot group.

A Carnot group is a Lie group (smooth manifold which is also a group with
smooth operations) whose Lie algebra (tangent space at the identity) admits a
stratification. This stratification decomposes the Lie algebra as a direct sum of
finitely many vector spaces; one of these consists of privileged ‘horizontal directions’
which generate the other directions using Lie brackets. The stratification allows one
to define dilations on the group. Carnot groups have a natural metric, defined using
lengths of horizontal curves, and Haar measure invariant under group operations.

Using the group translations and dilations, one can define Pansu differentia-
bility of functions between Carnot groups. Pansu’s theorem states that Lipschitz
functions between Carnot groups are Pansu differentiable almost everywhere with
respect to the Haar measure [23]. This can be applied to show that every Carnot
group (other than Euclidean space itself) contains no subset of positive measure
which bi-Lipschitz embeds into a Euclidean space. Carnot groups are a source of
many questions in analysis and geometry [8, 17, 18, 22, 26, 28].

The Heisenberg group H" (Definition 2.1) is the simplest non-Euclidean Carnot
group, but is still not completely understood. For example, a geometric notion
of intrinsic Lipschitz function between subgroups of H"™ was introduced in [16] to
study rectifiable sets [14, 15, 20] and minimal surfaces [5, 6, 21, 27]. Intrinsic
Lipschitz functions need not be metric Lipschitz but for certain subgroups they are
intrinsically differentiable almost everywhere [16]. The most general statement for
subgroups is not yet known.

Differentiability and Rademacher’s theorem are also studied for functions be-
tween Banach spaces. There are versions of Rademacher’s theorem for Gateaux
differentiability of Lipschitz functions, but the case of the stronger Fréchet differ-
entiability is not fully understood [19]. One of the main ideas in the present article
is that (almost local) maximality of directional derivatives implies differentiability.
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This was first used by Preiss [24] to find points of Fréchet differentiability of Lips-
chitz functions on Banach spaces with separable dual. However, [24] does not give
an ‘almost everywhere’ type result. Indeed, it is not known if three real-valued
Lipschitz functions on a separable Hilbert space have a common point of Fréchet
differentiability.

Cheeger [7] gave a generalization of Rademacher’s theorem for Lipschitz func-
tions defined on metric spaces equipped with a doubling measure and satisfying a
Poincaré inequality. This has inspired much research in the area of analysis on met-
ric measure spaces. Bate [3] showed that Cheeger differentiability is strongly related
to existence of many directional derivatives. However, in this context, the emphasis
is on differentiability almost everywhere, rather than pointwise differentiability.

A rather different direction of research asks whether one can find points of dif-
ferentiability in extremely small sets. In particular, we can ask if Rademacher’s
theorem is sharp: given a set N C R"™ of Lebesgue measure zero, does there exist a
Lipschitz function f: R™ — R™ which is differentiable at no point of N?

If n < m the answer is yes: for n = 1 this is rather easy [29], while the general
case is very difficult and combines ongoing work of multiple authors [2, 9]. This
implies that in Rademacher’s theorem, the Lebesgue measure cannot be replaced
by a singular measure. The recent paper [1] proves a Rademacher type theorem
for an arbitrary finite measure, but in this case the directions of differentiability at
almost every point depend on the measure.

If n > m the answer to our question is no: there are Lebesgue measure zero sets
N C R" such that every Lipschitz function f: R™ — R™ is differentiable at a point
of N. The case m = 1 was a surprising corollary of the previously mentioned result
in Banach spaces by Preiss [24]. The case m > 1 were resolved by combining tools
from the Banach space theory with a technique for avoiding porous sets [25]. In all
cases, maximizing directional derivatives had a crucial role.

Sets N C R™ containing a point of differentiability for every real-valued Lipschitz
function are now called universal differentiability sets. The argument in [24] was
greatly refined to show that R™, n > 1, contains universal differentiability sets
which are compact and of Hausdorfl dimension one [10, 11]. This was improved to
obtain a set which even has Minkowski dimension one [12].

In the present article we show that one can adapt the ideas of [24] to the Heisen-
berg group. Our main result is Theorem 2.12 which asserts the following: there is a
Lebesgue measure zero set N C H” such that every Lipschitz function f: H™ — R
is Pansu differentiable at a point of N. This illustrates both the flexibility of Preiss’
argument and the geometry of H™, which is rather far from being a Banach space.
We now give an overview of the paper and information about the proof of Theorem
2.12. See Section 2 for the relevant definitions.

In Section 3 we first introduce directional derivatives in horizontal directions for
Lipschitz functions f: H" — R, and compare the supremum of directional deriva-
tives with the Lipschitz constant. We then construct simple horizontal curves join-
ing the origin to other points, and use these curves to study Pansu differentiability
of the Carnot-Carathéodory distance. Finally we show that existence of a maximal
horizontal directional derivative implies Pansu differentiability (Theorem 3.6). This
is an adaptation of a similar statement in Banach spaces [13, Theorem 2.4]. We
do not claim that such a maximal horizontal directional derivative exists; ‘almost
maximal’ horizontal directional derivatives have a role in the rest of the article.

In Section 4 we define our ‘universal differentiability set’ N, which may be chosen
as any Lebesgue null G set containing all horizontal lines joining points of Q?"+1!.
We construct useful horizontal curves inside this set, which allow us to modify a



A UNIVERSAL DIFFERENTIABILITY SET IN THE HEISENBERG GROUP 3

piece of a horizontal line to pass through a nearby point, without distorting the
length or Lipschitz constant too much.

In Section 5 we first estimate how horizontal lines diverge in H" and study
some simple H-linear maps. We then state Theorem 5.6, which is one of two
theorems that taken together will prove Theorem 2.12. Theorem 5.6 states that if
2 € N and F is a horizontal direction at which the directional derivative Ef(x)
is ‘almost maximal’, then f is Pansu differentiable at x. This is an adaptation of
[24, Theorem 4.1]. Intuitively, almost maximality means that competing directional
derivatives must satisfy an estimate which bounds changes in difference quotients
by changes in directional derivatives. Such a bound is useful later when one wants
to construct an almost maximal directional derivative. To prove Theorem 5.6 one
uses a contradiction argument. If f is not differentiable at x then there is some
nearby point where the change in f is too large. One modifies the line along which
the directional derivative is large to form an auxillary curve inside N which passes
through the nearby point. On this curve we find a point and direction giving a larger
directional derivative and satisfying the required bound on difference quotients.
This gives a contradiction to almost maximality. New ideas in our adaptation
to H" include a restriction to horizontal directional derivatives and choosing an
auxillary curve which is horizontal, with carefully estimated length and direction.

In Section 6 we adapt [10, Theorem 3.1] to show that one can actually construct
an almost maximal directional derivative in the sense of Theorem 5.6. Proposition
6.1 states that if fy: H™ — R is Lipschitz then one can find f: H” — R such that
f—fo is H-linear and f has an almost maximal directional derivative at a point of N.
This is done by constructing sequences x,, € N, E,, and f,, such that f, — fo is H-
linear and the directional derivatives E,, f,,(x,) are closer and closer to being almost
maximal compared to the allowed competitors. Then z,, — z, and f, — f for some
xz, and f since at every stage the changes were small, while E,, — F for some F
since H-linear perturbations are added to make directional derivatives in directions
close to E, larger. We ensure x, € N by using the fact that N is Gs. Finally
one must show that the directional derivative E f(x) exists and is almost maximal;
to prove this it is crucial that at each stage we maximize over a constrainted set
of points and directions. Our argument follows very closely that of [10], modified
to use horizontal directions, H-linear maps and Holder equivalence of the Carnot-
Carathéodory and Euclidean distance. Finally we observe that combining Theorem
5.6 and Proposition 6.1 gives Theorem 2.12.

One might ask if Theorem 2.12 can be extended to general Carnot groups, or
to construct compact sets of small dimension as in the Euclidean theory. Since
this would require further new ideas and the proof of Theorem 2.12 is already
complicated, we do not address this here.

Acknowledgement. This work was carried out with the support of the grant
ERC ADG GeMeThNES. The authors thank Luigi Ambrosio for his support and
David Preiss for suggesting that one first finds the analogue in H™ of the observation,
previously applied in Banach spaces, that existence of a (truly, not almost) maximal
directional derivative implies differentiability.

The authors thank kind referees for suggesting numerous improvements to this
article.

2. PRELIMINARIES

In this section we recall the Heisenberg group, horizontal curves, the Carnot-
Carathéodory distance and Pansu differentiability [4, 8, 17, 18, 22, 28].

Denote the Euclidean norm and inner product by |- | and (-, -) respectively. We
represent points of R?"*1 as triples (a, b, c), where a,b € R" and ¢ € R.
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Definition 2.1. The Heisenberg group H" is R?"*! equipped with the non com-
mutative group law:

(a,b,c)(a’ b/, )= (a+d, b+, c+c —2({(a,b) — (b,ad))).
The identity element in H™ is 0 and inverses are given by 27! = —x.
Definition 2.2. For r > 0 define dilations 4,.: H" — H" by:
6.(a,b,c) = (ra,rb,r’c),
where a,b € R™ and ¢ € R.

Dilations 6,: H* — H" and the projection p: H* — R2" onto the first 2n
coordinates are group homomorphisms, where R?" is considered as a group with
the operation of addition.

As sets there is no difference between H" and R?2"!. Nevertheless, we sometimes
think of elements of H” as points and elements of R?"*! as vectors. Let e; denote
the standard basis vectors of R??*1 for 1 < § < 2n+1. That is, e; has all coordinates
equal to 0 except for a 1 in the i’th coordinate. Note that, in much of the literature
on Carnot groups, the notation 9/0x; is used instead of e;. We next define a
distinguished family of ‘horizontal’ directions.

Definition 2.3. For 1 < i < n define vector fields on H” by:
Xi(a,b,c) = e; + 2bjeany1,  Yi(a,b,c) = €ipn — 2ai€2741.

Let V = Span{X,,Y; : 1 <i < n} and w be the inner product norm on V making
{X;,Y; : 1 < i < n} an orthonormal basis. We say that the elements of V' are
horizontal vector fields or horizontal directions.

An easy calculation shows that if £ € V' then
z(tE(0)) =z + tE(x) (2.1)

for any x € H” and ¢t € R. That is, ‘horizontal lines’ are preserved by group
translations. If E € V then E(0) is a vector v € R?"*! with vy, 11 = 0. Conversely,
for any such v there exists E € V such that E(0) =v. If E € V then p(E(x)) is
independent of x, so we can unambiguously define p(E) € R?". The norm w is then
equivalently given by w(E) = |p(E)]|.

We now use the horizontal directions to define horizontal curves and horizontal
length in H". Let I denote a subinterval of R. Recall that a map ~v: I — R2"*1 is
absolutely continuous if it is differentiable almost everywhere and (t) —~(s) = fst o
whenever s,t € I.

Definition 2.4. An absolutely continuous curve ~v: I — H™ is a horizontal curve
if there is h: I — R?" such that for almost every t € I:
V(1) =D (hi®)Xi(V(t) + hngs () Yi(v(1))).
i=1

Define the horizontal length of such a curve by:

La(y) = [ 1hl

Notice that in Definition 2.4 we have [(p o v)'(t)| = |h(t)| for almost every ¢, so
Ly () is computed by integrating |(p o)’ (¢)|. That is, Ly(y) = Lg(p o 7), where
Lg is the Euclidean length of a curve in Euclidean space. It can be shown that left
group translations preserve horizontal lengths of horizontal curves.

In the next lemma we recall that horizontal curves are lifts of curves in R?".
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Lemma 2.5. An absolutely continuous curve ~v: I — H™ is a horizontal curve if
and only if for almost every t € I:

Yont (£) =2 _Z(%‘ (O nti(t) = Ynpi(D)7(2)-

Proof. By definition, v is horizontal if and only if there exists h: I — R?™ such
that for almost every t € I:

n

V() =Y ((O)Xi(V(1) + huss(DYi (1 (1))

i=1

Using Definition 2.3, the right hand side of this expression is exactly
(ha()s -+ hon(£),2 D (hi()ymsi(8) = 2hnri(B)%(8))-
i=1
By examining the initial coordinates we see v/ (t) = h;(t) for 1 < i < 2n. Hence:

Vont (t) =2 Z(%{(t)%z-&-i(t) = Tnpi(t)7i(1)

for almost every t € I. O

Any two points of H™ can be joined by a horizontal curve of finite horizontal
length. This is a particular instance of Chow’s Theorem in subriemannian geometry.
We use this fact to define the Carnot-Carathéodory distance.

Definition 2.6. Define the Carnot-Carathéodory distance d on H” by:
d(z,y) = inf{Ly(7y): ~ is a horizontal curve joining z to y}.
Denote d(z) = d(z,0) and By(z,r) :={y € H": d(z,y) < r}.
It is known that geodesics exist in the Heisenberg group. That is, the infimum in

Definition 2.6 is actually a minimum. The Carnot-Carathéodory distance respects
the group law and dilations [4, (5.10) and (5.11)] - for every g, z,y € H" and r > 0:
* d(gx, gy) = d(z,y),
o d(6,(x),6,(y)) = rd(z,y).
Notice d(z,y) > |p(y) — p(x)|, since the projection of a horizontal curve joining
x to y is a curve in R?" joining p(x) to p(y). Using the known fact that projections
of geodesics in H" are arcs of circles, it is also possible to show [8, page 32]:

d(z) > v/|zant1l- (2.2)

The Carnot-Carathéodory distance and the Euclidean distance are topologically
equivalent but not Lipschitz equivalent. However, they are Holder equivalent on
compact sets [4, Corollary 5.2.10 and Proposition 5.15.1].

Proposition 2.7. Let K C H" be a compact set. Then there exists a constant
Cu = Chsider (K) > 1 such that for any x,y € K:
1
|z —y|/Cu < d(z,y) < Culz —y|*.

The Koranyi distance is Lipschitz equivalent to the Carnot-Carathéodory dis-
tance and given by the formula:

dic(w,y) = [z y|lxc, where [|(a,b,0)[[x = (/(a,b)|* +¢*)7. (2.3)

We use the Koranyi distance occasionally to simplify some calculations.
We now make some simple observations about the distances introduced. They
behave very simply if we follow a fixed horizontal direction.
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Lemma 2.8. If £ €V then:
* |E(0)| = w(E) = d(E(0)),
o dx,z+tE(x)) = tw(E) for any x € H" and t € R.
Proof. The first equality is true because w(F) = |p(E)|, as noted earlier, and
Ip(E)| = |E(0)|, since E(0) € R?"*! has final coordinate equal to 0.
The inequality d(E(0)) < w(FE) is trivial since t — tE(0), t € [0, 1], is a horizontal
curve joining 0 to E(0) of horizontal length exactly w(FE).
Suppose v is a horizontal curve joining 0 and E(0). Then Ly(vy) = Lg(po7)

as noted in the discussion after Definition 2.4. Since p o v is a curve joining 0 and
p(E) we deduce:

Lg(pov) = [p(E)| = w(E).
This holds for any horizontal curve v joining 0 to E(0), so d(E(0)) > w(E).
For the final statement we calculate as follows:
d(z,x +tE(z)) = d(z, 2(tE(0)))
=d(tE(0))
=tw(E).
O

If f: H* —» R or v: R — H" we denote the Lipschitz constant (not necessarily
finite) of f or -y with respect to d (in the domain or target respectively) by Lipg(f)
and Lipg(y). If we use the Euclidean distance then we use the notation Lipg(f)
and Lipg(y). Throughout this article ‘Lipschitz’ means with respect to the Carnot-
Carathéodory distance if the domain or target is H", unless otherwise stated. For
horizontal curves we have the following relation between Lipschitz constants.

Lemma 2.9. Suppose v: I — H" is a horizontal curve. Then:

Lipy(y) = Lipg(p o).
Proof. Suppose s,t € I with s < t. Then:

Ip(v(t)) — p(y(s)] < d(v(t),7(s)) < Lipu(y)[t — s|.

Hence Lipg(poy) < Lipy(y). For the opposite inequality, notice |, is a horizontal
curve joining v(s) to y(t). Since |(po~)’| < Lipg(po~y), we can estimate as follows:

d(v(s),7(t)) < Lu(V|s,6)

= /: [(pov)|

< Lipg(po)(t — s).

Hence Lipg(y) < Lipg(p o 7y), which proves the lemma. O

Lebesgue measure £2"%! is the natural Haar measure on H". It is compatible
with group translations and dilations [4, page 44] - for every g € H", r > 0 and
A CH™

o L2 ({gx: x € A}) = L2 T1(A),
° £2n+1(6r(A)) — 7,.2n+2£2n+1(A).
We have defined group translations, dilations, distance and measure on H™. We

can now introduce Pansu differentiability and state Pansu’s theorem [23]. Intu-
itively, one replaces Euclidean objects by the corresponding ones in H"™.
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Definition 2.10. A function L: H" — R is H-linear if L(xy) = L(z) + L(y) and
L(6,(x)) = rL(x) for all z,y € H" and r > 0.

Let f: H® — R and « € H®. We say that f is Pansu differentiable at x if there
is a H-linear map L: H™ — R such that:

i W) — f@) L(z~'y)|

=0.
y—w d(zx,y)

In this case we say that L is the Pansu derivative of f.

Clearly a H-linear map is Pansu differentiable at every point. Pansu’s theorem
is the natural version of Rademacher’s theorem in H™.

Theorem 2.11 (Pansu). A Lipschitz function f: H" — R is Pansu differentiable
Lebesgue almost everywhere.

We can now state formally our main result.

Theorem 2.12. There is a Lebesgue measure zero set N C H"™ such that every
Lipschitz function f: H® — R is Pansu differentiable at a point of N.

3. MAXIMALITY OF DIRECTIONAL DERIVATIVES IMPLIES PANSU
DIFFERENTIABILITY

We begin this section by defining directional derivatives in horizontal directions
and comparing them to the Lipschitz constant (Lemma 3.3). We then construct
simple horizontal curves connecting the origin to other points and estimate their
horizontal length and direction (Lemma 3.4). We use these curves to investigate
Pansu differentiability of the Carnot-Carathéodory distance (Lemma 3.5). Finally
we prove that existence of a maximal horizontal directional derivative implies Pansu
differentiability (Theorem 3.6).

Proposition 2.7 implies that curves in H” which are Lipschitz with respect to the
Carnot-Carathéodory distance are locally Lipschitz with respect to the Euclidean
distance. Hence they are differentiable (in the usual sense) almost everywhere.
We now show that derivatives of Lipschitz functions in horizontal directions can be
defined by composing with any Lipschitz curve with tangent of the correct direction.
Throughout this article C' will denote a constant that may change from line to line
but remains bounded.

Lemma 3.1. Let g,h: I — H™ be Lipschitz horizontal curves which are differen-
tiable at ¢ € I with g(c) = h(c) and ¢'(c) = h'(c). Let f: H* — R be Lipschitz. If
(fog)(c) exists then (f o h)'(c) exists and (f o g)'(c) = (f o h)'(c).

Proof. For convenience assume that ¢ = 0 and [ is a neighbourhood of 0. Using left
group translations we may also assume that g(0) = h(0) = 0. Since f is Lipschitz,

to prove the lemma it suffices to check that d(g(t),h(t))/t — 0 as ¢ — 0. For this
we use the Koranyi distance (2.3). An easy calculation gives:

i (g(t), h(t)) < Clh(t) — g(t)]

+ Clhons1(t) — gont1(t) +2 Z(gi () hnyi(t) = gngs(t)hi(t))

[N

Since ¢g(0) = h(0) =0 and ¢'(0) = A/(0) we see:
|h(t) — g(t)]/t — |R'(0) — ¢'(0)] =0 ast — 0. (3.1)
Similarly for each 1 <i < n:
(i ()4 (8) = gnri(Ohi(t) /£ = gi(0)h7,15(0) = g1 43 (0)5(0) = 0.
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Hence it suffices to show that (ho,i1(t) — gant1(t))/t> — 0 as t — 0. Since h and
g are Lipschitz we use Lemma 2.9 to see that for 1 < i < 2n and some constant C"

|h;(s) — gi(s)| < Lipg(poh —pog) = Lipg(h—g) <C.

Suppose without loss of generality that ¢ > 0. We use Lemma 2.5 to estimate as
follows:

hont1(t) — gonan (t 2 — [*
Pl 2ol < 25 [ 100 = i) = ) = (s = i) s = 90)
=1

12

C& [t
< 722/0 (1Pn+i = gnail + [hi — gil)-
i=1

Let € > 0. By (3.1) we know |A(s) — g(s)| < es for sufficiently small s > 0. Hence
for sufficiently small ¢ > 0:

Rons1(t) — gongn (t “Lt
|ha +1()t292 +1(1)] ng/ %es ds < Ck,
i=170

for a new constant C' depending on n. This shows (han1(t) — goni1(t))/t?2 — 0 as
t — 0, so concludes the proof. O

Definition 3.2. Let f: H" — R be a Lipschitz function and £ € V. Define
Ef(z) := (f o)'(t) whenever it exists, where « is any Lipschitz horizontal curve
with v(¢) = z and +/(t) = E(x).

Notice that Lemma 3.1 implies Definition 3.2 makes sense. Suppose f is a
Lipschitz function and v is a Lipschitz horizontal curve. Then fo~: R — R
is Lipschitz, so differentiable almost everywhere. Hence Lipschitz functions have
many directional derivatives in horizontal directions. We often use horizontal lines
v(t) = 2 + tE(x) to calculate directional derivatives when they exist:

Biie) = i LT 1)

Lipschitz constants with respect to the Euclidean distance are given by the supre-
mum of directional derivatives over directions of Euclidean length 1. We now prove
an analogue of this for the Carnot-Carathéodory distance.

Lemma 3.3. Suppose f: H" — R s Lipschitz. Then:
Lipy(f) =sup{|Ef(2)|: z € H", E € V, w(F) =1, Ef(z) exists}.

Proof. Temporarily denote the right side of the above equality by Lipp(f). Fix
x,y € H" and a Lipschitz horizontal curve «: [0, d(z,y)] — H" joining = to y such
that |(po~y)'(t)| = 1 for almost every ¢. Let G be the set of t € [0, d(z, y)] for which:

o (f o) (t) exists,

e ~/(t) exists,

o (t) € Span{X;(7(?)), Yi(v(t)): 1 <i <n},

o [(pey) () =1
Since 7 is a horizontal curve and fo-~ is Lipschitz, we know that G has full measure.
We estimate as follows:

o —swi=| [ oy

< d(z,y)sup{|(f o) (t)|: t € G}
S d(x,y)LipD(f).
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Here we used Definition 3.2: ~/(t) € Span{X;(v(¢)),Yi(v(t)): 1 < i < n} implies
that there exists E € V with E(y(t)) = +/(¢), and |(p o v)'(t)| = 1 then implies
w(E) = 1. Hence Lipy(f) < Lipp(f).

For the opposite inequality fix € H” and E € V such that w(F) =1 and Ef(x)
exists. Use Lemma 2.8 to estimate as follows:

flx+tE(x)) - f(x)

[Ef(2)] = | lim t
< lim sup Pa()d(@, 2 + tE())
t—0 t
= Lipy (/).
Hence Lipp (f) < Lipg(f) which concludes the proof. .

The Carnot-Carathéodory distance d is invariant under left group translations.
Hence to understand d it suffices to understand d(z) = d(z,0) for z € H". For
this purpose we construct explicit Lipschitz horizontal curves joining 0 to points
x € H™. Our curves are simple concatenations of straight lines, but their Lipschitz
constants and directions are sufficiently controlled for our applications.

Lemma 3.4. Suppose y € H" with p(y) # 0. Write y = (a,b, c) with a,b € R™ and
¢ € R. Denote L = |p(y)| and define ~: [0,1] — H" by:
( t(a—%,b+%7 ) ifo<t<1/2,
() =
%(a— be b+ %,0) + (t— %) <a+ be b — %,20) if1/2<t<1.
Then:
(1) ~ is a Lipschitz horizontal curve joining (0,0,0) € H" to y = (a,b,c) € H,
1
(2) Lipg() < L(1+ &+ %)
(3) ¥ (t) exists and |¥'(t) — (a,b,0)] < £(1 +4L2)z fort € [0,1]\ {1/2} .
We denote such a curve vy by y,.
Proof. Notice v(0) =0 and y(1) = (a, b, ¢). Recall that for 1 <4 <mn:
Xi(a' b, ) =e; + 2bean 1, Yi(d', V', ) = eijrn — 2a}eap41.

For t € (0,1/2) clearly

We verify that for ¢t € (1/2,1):
(1) = (0 + 29) Xua (1) + (b~ 25 ¥ila 1),

i=1
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Validity of this equality for the first 2n coordinates is clear. The final coordinate
of the right side is given by:

S (a1 + 29) @il + (b~ 29) (~23:(0)
S () (a3

1
# (0 7) (= (0= 5) - -0 (a4 35))

bic\ a;c a;c\ bic
2 (ot 72) 75+ (0= 72) 13
" ra?c bl
B 2; (L2 L? )

Hence v is a horizontal curve. Since « is Lipschitz with respect to the Euclidean
distance, Lemma 2.9 implies that ~ is a Lipschitz horizontal curve. This proves (1).
A straightforward computation shows that:

1
) L<1+z’é)2 if0<t<1/2
Y = 1

L1+ +4)" if12<e<t.

Using Lemma 2.9 this gives the desired estimate of the Lipschitz constant:

i i 2 4P\
Lipg (v) < Lipg(7) < L(l + o+ ﬁ)

This proves (2). The estimate in (3) is also straightforward. O

Next we will study the Carnot-Carathéodory distance near points of the form
u = E(0) for some E € V.

Lemma 3.5. Fiz uy,us € R™ not both zero and let u = (uy,us,0) € H*. Then:
(1) d(uz) > d(u) + (z,u/d(u)) for any z € H",
(2) d(uz) =d(u)+(z,u/d(u))+0(d(z)) as = — 0. That is, the Pansu derivative
of d at u is L(z) := (x,u/d(u)).

Proof. We may assume that d(u) = 1 throughout the proof, since the general
statement can be deduced using dilations. To prove (1) first recall d(x) > [p(z)|
for all x € H", while Lemma 2.8 shows d(u) = |p(u)| for our particular choice of
u. Clearly also (p(z),p(u)) = (z,u) for such u. We use Pythagoras’ theorem and
d(u) = |p(u)| =1 to estimate as follows:

d(uz) = [p(uz)]

To prove (2) it suffices to show that d(uz) < d(u) + (z,u/d(u)) + o(d(z)) as
z = 0. Let (a,b,¢) = uz and L = |p(uz)| = |p(u) + p(z)|. Assume d(z) < 1/2.
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Using |p(u)] = 1 and |p(z)| < d(z) < 1/2, we see 1/2 < L < 2. Using the formula
for the group law and |29, 11| < d(z)? from (2.2), we can estimate c as follows:

lc| < [22n+1] + 4|p(u)[|p(2)]
< d(2)? +4d(z)
< 5d(z2).

Lemma 3.4 and the definition of the Carnot-Carathéodory distance gives:

2 4c\3
d(zw) < L(1+ 7a + F)Z
< L(1+800d(z)%)2

< L+ o(d(2)).

To conclude the proof of (2) we claim that L < 1+ (z,u) 4+ o(d(z)). Estimate as
follows:

The claim then follows since d(z)/(1 + (z,u)) < 2d(z) — 0 as d(z) — 0. O

We now use Lemma 3.5 to show that existence of a maximal horizontal directional
derivative implies Pansu differentiability. This is an adaptation of [13, Theorem
2.4]. By Lemma 3.3, existence of a maximal horizontal directional derivative is
equivalent to the agreement of a directional derivative with the Lipschitz constant.

Theorem 3.6. Let f: H" — R be Lipschitz, x € H" and E € V with w(E) = 1.
Suppose Ef(x) exists and E f(x) = Lipg(f). Then f is Pansu differentiable at x
with deriwative L(x) := Lipy(f){x, E(0)) = Lipg(f){p(z),p(E)).

Proof. Let 0 < ¢ < 1/2. Using Lemma 3.5, we can choose 0 < « < ¢ such that
whenever d(z) < a:

d(E(0)z) — d(E(0)) < (2, E(0)) + d(z).
Use existence of Ef(x) to fix > 0 such that whenever [t| < ¢:
|f(z +tE(2)) = f(z) — tEf(z)| < o®Jt].

Suppose that 0 < d(w) < ad and t = a~'d(w). Then 0 < t <4, d(6;-1(w)) = «

and 2d(w) = 2at < t. Recall that w(E) = 1 implies d(F(0)) = 1. We use also left
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invariance of the Carnot-Carathéodory distance to estimate as follows:
flaw) = f(z) = (f(zw) — f(z = tE(2))) + (f(z — tE(z)) — f(z))
< Lipg(f)d(zw,z — tE(z)) —tEf(z) + ot
= Lipy (f)d(zw, 2(~tE(0))) — tEf(z) + a’t
= Lipy (f)d((tE(0))w) — tLipy(f) + a’t
= tLipy (f)(d(B(0)d;-1 (w)) — d(E(0))) + a’t
< tLipy (f)({(§¢-1 (w), E(0)) + ed(d;-1 (w))) + a’t
< Lipy(f)(w, £(0)) + eLipg(f)d(w) + ad(w)
< Lipy (f){w, E(0)) 4 e(Lipg(f) + 1)d(w).
For the opposite inequality we have:

flaw) = f(z) = (f(zw) = f(z +1E(x))) + (f(x + tE(z)) - f(2))

> —Lipy(f)d(zw, z + tE(z)) + tEf(x) — o*t
—Lip(f)d(zw, 2(tE(0))) + tEf(z) — ot

= —Lipy(f)d((—tE(0))w) + tLipg(f) — ot

= —tLipy (f)(d((=E(0))8¢-1 (w)) — d(E(0))) — ot

> —tLipy (f) ({01 (w), —E(0)) + £d(8;-1 (w))) — ot

> —Lipg (f)(w, —B(0)) — eLipg(f)d(w) — ot

) — eLipy (f)d(w) — ad(w)
) — (Lipg (f) + 1)d(w).
This shows that d(w) < ad implies:

|f(zw) = f(z) — Lipy (f)(w, E(0))| < (Lipg(f) + 1ed(w).
Hence f is Pansu differentiable at x with derivative Lipy(f){-, £(0)). O

An arbitrary Lipschitz function may not have a maximal horizontal directional
derivative as in Theorem 3.6. Construction of almost locally maximal horizontal di-
rectional derivatives inside a measure zero set, and deducing Pansu differentiability
at such points, is the content of the rest of the paper.

4. THE UNIVERSAL DIFFERENTIABILITY SET AND HORIZONTAL CURVES

In this section we identify our measure zero universal differentiability set (Lemma
4.1) and construct useful horizontal curves inside this set (Lemma 4.2). Recall that
a set in a topological space is Gy if it is a countable intersection of open sets.

Lemma 4.1. There is a Lebesgue measure zero Gs set N C H" containing all
straight lines which are also horizontal curves and join pairs of points of Q2"+1.
Any such set contains the image of:

(1) the line x + tE(x) whenever x € Q*" ! and E € V is a linear combination
of {X;,Y: : 1 <i<n} with rational coefficients,

(2) all curves of the form vy, for x,y € Q**! with p(y) # 0, where v, is the
curve constructed in Lemma 3.4.

Proof. There exist open sets of of arbitrarily small measure containing a fixed line.
By taking a union of countably many such open sets with decreasing measure, we
find an open set of arbitrarily small measure containing all horizontal lines joining
points of Q?"*1. By taking a countable intersection of such sets with measures
converging to 0, we obtain the required measure zero G5 set N.
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The horizontal line x + tE(z) joins x to x + E(x) so its image is a subset of N
whenever € Q*"™! and E € V is a linear combination of {X;,Y; : 1 < i < n}
with rational coefficients. By examining the formula for v, in Lemma 3.4, we see
each curve zv,, for x,y € Q™ with p(y) # 0, is a union of two such horizontal lines.
This proves the lemma. O

To prove Theorem 5.6 (an almost maximal directional derivative implies Pansu
differentiability) we will modify horizontal line segments (along which a Lipschitz
function will have a large directional derivative) to pass through nearby points
(which intuitively show non-Pansu differentiability at some point). In the next
lemma we see how to do this without changing the length or direction of the line
too much.

Lemma 4.2. Given n > 0, there is 0 < A(n) < 1/2 and Cp, = Chyoaity > 1 such
that the following holds whenever 0 < A < A(n). Suppose:

o x,u € H" with d(u) <1,

o FEcV withw(FE)=1,

e 0<r <A ands:=r/A.
Then there is a Lipschitz horizontal curve g: R — H" such that:

(1) g(t) = x +tE(z) for [t| = s,

(2) g(C) = x(sr(u)) where ¢ 1= r(u, E(O)>:

(3) Lipu(g) <1414,

(4) ¢'(t) exists and |(po g)'(t) — p(E)| < CnA fort € R outside a finite set.
Suppose additionally x,u € Q*" "1 E is a linear combination of {X;,Y; : 1 <i < n}
with rational coefficients and r,s € Q. Then g is a concatenation of curves from
Lemma 4.1(1,2).

Proof. The distance d is invariant under left group translations and the group law
is linear in the first 2n coordinates. Hence to prove (1)—(4) we can assume z = 0.
From the proof it will be clear that this also suffices for the final statement.

For [t| > s the curve g(t) is explicitly defined by (1) and satisfies (3) and (4).
To define g(t) for |t| < s we consider the two cases —s <t < ( and ( <t < s.
These are similar so we show how to define the curve for —s <t < {. By using left
group translations by +sF(0) and reparameterizing the curve, it suffices to show
the following claim.

Claim. Suppose 0 < A < 1/1632. Then there exists a Lipschitz horizontal curve
©: [0, 5+ ¢] = H" such that ¢(0) =0, ¢(s+ ¢) = (sE£(0))d,(u) and:
(B) ¢'(t) exists and |(po @) (t) —p(E)| < 184A for t € [0, s + (] outside a finite
set.
Proof of Claim. Let (a,b,c) := (sE(0))d,(u) and L :=|(a,b)|. Observe:
L = |sp(E) + rp(u)| = s|p(E) + Ap(u)|.
Our assumptions imply |[p(F)| = w(E) =1 and |p(u)| < d(u) < 1. Using also (2.2)
gives |ugp+1]| < 1. Since 0 < A < 1/2 we deduce s/2 < L < 2s. Definition 2.1 and
Definition 2.2 give:
le| < 72 |ugny1| + 4rs < r? + 4rs < 5rs.

Lemma 3.4 provides a Lipschitz horizontal curve «: [0,1] — H™ joining 0 to (a, b, ¢)
such that:

(A) Lipg(y) S L(1+ 2+ 45) ",
(B’) 7/(t) exists and |y/(t) — (a,b,0)| < £(1 + 412)% for t € [0,1]\ {1/2}.
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We verify the claim with ¢: [0, s+ (] — H"™ defined by ¢(t) = v(¢t/(s + ¢)). Notice

that o is a Lipschitz horizontal curve with ¢(0) = 0 and ¢(s + () =

(sE(0))dr(w).

Proof of (A). We first develop the estimate (A’). For this we use our estimates

of ¢ and L, the inequality s < 1, and the equality r = As:

Lipg (7 )<L(1+C—+—

[N

< L(l +400(r2/s?) + 4007’2)

< r(1+8004%)"

< L +800sA>
To estimate L = |p((sE)(d,(u)))| more carefully, first recall:

¢ =r(u, E(0)) = r{p(u), p(E)).
We use the orthogonal decomposition:
p((sE)dr(u)) = (s + Op(E) + (rp(u) — Cp(E)).

Using d(u) < 1 and w(E) < 1 gives [¢| < r < s/2 and |rp(u)
estimate as follows:
)+ lrp(u) — Cp(B)*)2
)2 +4r2)%
)%+ 4A25%)2
(
(
(

L=(

(

(

= (s+ O)(1 +4A28%/(s + ¢)2)?
(s+¢)

(

S

(s+¢
(s+¢
(s+¢

IA

S

s+ C)(1+16A2)2
s+ ¢)(1+8A?)
+ ¢+ 16sA2.

IN

<
<

Putting together these estimates gives:

Lipy (¢) < Lipy(v)/(s +¢)
< (s+ ¢+ 8165A%) /(s + )
<1+ 1632A2.

Hence Lipg(p) < 1+ nA since 0 < A < 1/1632. This proves (A).

Proof of (B). The decomposition (4.1) implies:
P((sE(0))dr(u)) — (s + Op(E)| < 2r = 2As.
Since E € V and (a,b, ¢) = (sB(0))5, (u) we deduce:
[(a,0,0) = (s + QE(0)] < 2As.
Using (B") shows that for ¢ € [0, 1] \ {1/2}:
7/ (8) = (s + QE(O)] < 285 + 7 (1+4L%)}

< 2As + 10As(1 + 1652) 2
< 92As.

(4.1)

—(p(E)| < 2r. We
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Hence for t € [0,s+ (] \ {(s +¢)/2}:
[(po @) (t) = p(E)| < |¢'(t) — E(0)]
< 92As/(s+ ()
< 184A.

This verifies (B). The final statement of the lemma is clear from the construction.
|

5. ALMOST MAXIMALITY OF DIRECTIONAL DERIVATIVES IMPLIES PANSU
DIFFERENTIABILITY

In this section we first estimate how Lipschitz horizontal curves with the same
starting point and moving in similar directions stay close together (Lemma 5.1).
We then give simple properties of the maps x — (z, E(0)) (Lemma 5.2) and quote
a mean value estimate (Lemma 5.3) by Preiss [24, Lemma 3.4]. Finally we show
that existence of an almost locally maximal horizontal directional derivative implies
Pansu differentiability (Theorem 5.6).

Lemma 5.1. Given S > 0, there is a constant Cy = Cangle(S) > 1 for which the
following is true. Suppose:

e g,h: I — H" are Lipschitz horizontal curves with Lipy(g), Lipg(h) < S,

e g(c) = h(c) for somece I,

o there exists 0 < A < 1 such that |(po g)'(t) — (po h)(t)] < A for almost

everyt € I.

Then d(g(t), h(t)) < Cav/Alt — ¢| for every t € I.
Proof. Assume ¢ = 0 € I and, using left group translations, g(0) = h(0) = 0. We
estimate using the equivalent Koranyi distance (2.3):

d(g(t),h(t)) < Cdr (g(t), h(t)) (5.1)

< CZ |hi(t) — gi ()]

[N

+ Cfana(6) = o () 2 3 (0:(Ohata(t) = guss (DR(D)

Let 1 < j < 2n. Using [(pog)(t) — (poh)'(t)] < A almost everywhere implies
|hj(t) — gj(t)] < A|t| for every t € I. Lemma 2.9 and Lipy(g) < S give the
inequality Lipg(g;) < S. Using also ¢g(0) = 0 then gives |g;(t)| < S|t| for t € I. For
1<i<nandtel:

19i () hnti(t) — gnti(ORi ()] = 19i(#) (hnti (1) — gnti (1)) + gnri(t)(9i(t) — hi(2))]
< S[t|hn+i(t) = gn+i ()] + S[tlgi(t) — hi(?)]
< SA.

We estimate the final term using Lemma 2.5:

nooat
o () — g (D] <23 / (W= g (i — Gots) — (Wrss — gas) (s — g2)]
=1

nooat
< 4AQZ/ sds
i=170

= 2n A2,

Combining our estimates of each term in (5.1) gives d(g(t), h(t)) < CVAJt| for
t € I, where C is a constant depending on S. O
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We will use the maps z — (z, E(0)) for E € V both as Pansu derivatives and as
perturbations to construct an almost maximal directional derivative in the proof of
Proposition 6.1. We now give simple properties of these maps.

Lemma 5.2. Suppose E € V with w(E) =1 and let L: H* — R be the function
L(z) = (z, E(0)). Then:

(1) L is H-linear and Lipy(L) =1,

(2) forz e H" and E € V:

EL(z) = L(E(0)) = (p(E), p(E)).

Proof. Since E € V we know that the final coordinate of E(0) is 0. Suppose
x,y € H" and r > 0. In the first 2n coordinates the group product and dilations
are Euclidean, hence:

L(z) + L(y) = (z +y, E(0)) = (zy, £(0)) = L(zy)
and
L(ér(z)) = (6,(z), E(0)) = r{z, E(0)) = rL(z).
This shows that L is H-linear.

It follows from H-linearity that L(x) — L(y) = L(xy~!). To bound the Lipschitz
constant from above it is enough to use w(E) =1 to observe:

[(z, E(0)] < Ip(x)| < d(z).

Conversely, L(E(0)) — L(0) = (E(0), E(0)) = 1, so equals d(E(0)) by Lemma 2.8.
This proves (1).
To prove (2) we observe:

EL(z) = lim t
. T+ tE(m) —x
- %1{35< ¢ ’E(O)>
= (E(z), £(0))
= (E(0), E(0))

d

A key feature of the special pairs used to define almost maximal directional
derivatives will be that changes in difference quotients are bounded by changes in
directional derivatives. We use the following lemma [24, Lemma 3.4].

Lemma 5.3. Suppose |{|] < s < p, 0 < v < 1/32, 0 >0 and L > 0 are real
numbers. Let p,¢: R — R satisfy Lipg () + Lipg(¢) < L, ¢(t) = ¥(t) for |t| > s
and ¢(C) # ¥(C). Suppose, moreover, that ' (0) exists and that

[¥(t) = (0) — t)(0)] < oLt

whenever t| < p,

p = sV (sL)/(vle(¢) = (O,
and
P(O) = P(0)\?
7t ()
Then there is T € (—s,s) \ {C} such that ¢'(7) exists,

(1) = 9'(0) + vlp(C) = ¥(Q)/s,

and

[(p(r+18) = p()) = () = (0)] < 4(1+200)y/ (' (1) — ' (0)) L]
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for every t € R.

Remark 5.4. By examining the proof of Lemma 5.3 in [24] it is easy to see that
7 can additionally be chosen outside a given Lebesgue measure zero subset of R.
A stronger observation, that 7 can be chosen outside a set of sufficiently small yet
positive measure, is used in [24] to prove [24, Theorem 6.3].

We can now prove that existence of an almost locally maximal horizontal direc-
tional derivative implies Pansu differentiability. The argument is based on that of
[24, Theorem 4.1], but we use our analysis of the Carnot-Carathéodory distance and
use exclusively horizontal curves and directional derivatives in horizontal directions.

Notation 5.5. Fix a Lebesgue null Gs set N C H" as in Lemma 4.1 for the
remainder of the article. For any Lipschitz function f : H® — R define:

D) :={(z,E) € N xV:w(E) =1, Ef(x) exists}.

Theorem 5.6. Let f: H" — R be a Lipschitz function with Lipy(f) < 1/2.
Suppose (x.,E,) € D/. Let M denote the set of pairs (z,E) € D/ such that
Ef(x) > E.f(zs) and

|(f(z+tE(2)) — f(@) = (f (@ + tE(2)) — f(24))]
< 6ltl((Bf (@) — Buf (2))Lipa(f))
for every t € (—1,1). If
%iﬁ)lsup{Ef(x): (x,E) € M and d(xz,x,) < 6} < Ef(x)

then f is Pansu differentiable at x, with Pansu derivative
L(z) = E. f(2.)(z, E«(0)) = E.f(z.){p(z), p(Ex))-

Remark 5.7. Since we will apply Lemma 5.3, it may seem more intuitive to instead
bound |(f(z 4+ tE(z)) — f(z)) — (f(z« + tE«(xx)) — f(z4))| in the statement of
Theorem 5.6. The precise form in Theorem 5.6 will be useful when we construct
an almost locally maximal horizontal directional derivative in Proposition 6.1.

We will prove Theorem 5.6 by contradiction. We first use Lemma 4.2 to modify
the line z, + tE.(z.) to form a Lipschitz horizontal curve g in N which passes
through a nearby point showing non-Pansu differentiability at .. We then apply
Lemma 5.3 with ¢ = f o g to obtain a large directional derivative along g and
estimates for difference quotients in the new direction. We then develop these
estimates to show that the new point and direction form a pair in M. This shows
that there is a nearby pair in M giving a larger directional derivative than (z., Ey),
a contradiction.

Proof of Theorem 5.6. We can assume Lipy(f) > 0 since otherwise the statement
is trivial. Let € > 0 and fix various parameters as follows.

Parameters. Choose:

(1) 0 < v < 1/32 such that 4(1 4 20v)1/(2 4+ v)/(1 —v) + v < 6,

(2) n = ev?/3200,

3) A(n/2), Cn, and Cy = Capgle(2) using Lemma 4.2 and Lemma 5.1,
n g

(4) rational 0 < A < min{nv?, A(n/2), ev®/(8C2 CiLipy(£)*)},

(5) o = 9e2v5A? /256,

(6) 0 < p < 1 such that

(a4 tEu(22)) — f() — tBuf(2.)] < oLipg (Dl (5.2)
for every |t| < p,
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(7) 0 <6 < pvV3evA3/4 such that
Ef(z) < Exf(x.) +evA/2
whenever (z,E) € M and d(z,z,) < 46(1 +1/A).

To prove Pansu differentiability of f at x, we will show:

whenever d(h) < 1 and 0 < ¢t < §. Suppose this is not true. Then there exists
u € Q2" with d(u) < 1 and rational 0 < r < § such that:

|f(@207-(w) = f(z2) = B f(2:) (u, Ex(0))] > er. (5-3)

Let s =r/A € Q. We next construct Lipschitz horizontal curves g and h for which
we can apply Lemma 5.3 with ¢ := fog and ¢ := f o h.

Construction of g. To ensure that the image of g is a subset of the set IV, we
first introduce rational approximations to =, and F,.

Since the Carnot-Carathéodory and Euclidean distances are topologically equiv-
alent, Q2" is dense in R?™*! with respect to the distance d. The set

{F € V:w(F) =1, E arational linear combination of X;,Y;, 1 <i <n}

is dense in {E € V: w(E) = 1} with respect to the norm w. To see this, suppose
E € V satisfies w(E) = 1. The Euclidean sphere S?"~! C R?" contains a dense
set S of points with rational coordinates. This fact is well known, e.g. one can use
stereographic projection. Let ¢ = (q1,...,q2,) € S?* ! be the coefficients of E in
the basis {X;,Y; : 1 <1i < n}. Take g € S such that |¢ — q| is small and define the
rational approximation of F as the linear combination of {X;,Y; : 1 <14 < n} with
coeflicients g;.
Define

Ay = (10 /C,)? (5.4)

and

2+ v\ 3 2 (A /2)Lipy (f))?
Ay = (6— (4 1+ 20 (7) )) . 5.5
: W) ) it >
Notice Ay, Ay > 0 using, in particular, our choice of v. Choose T, € Q?"*! and
E. € V with w(E,) = 1, a rational linear combination of {X;,Y; : 1 < i < n},
sufficiently close to z, and FE, to ensure:

d(Z 0 (u), x4) < 2r, (5.6)
d(Z40r(u), 2400 (u)) < or, (5.7)
w(E'* — E.) <min{o, C,A, Ay, Ao}, (5.8)

which is possible since all terms on the right side of the above inequalities are
strictly positive. Additionally, we choose Z, and E, sufficiently close to x, and F,
so that if a,b € R™ and ¢ € R are defined by

(a,b,¢) = (.« + (s/2) Eu(2.)) " (@o + sEL(2)),

then:
! 2 4c? P nA
2073 (1 ¢ <1412 :
(a® +b?) (+(a2+b2)2+(a2+b2)) _2<+ 2) (5.9)
d
" — & (1+4(a®+ )} < Zmin{A, A5} (5.10)
(a2 +02)? =2 b '
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To show these requirements can be satisfied, we remark that

(s + (5D Fal2)) ™ (@0 + 5Fu(22)) = (20 exp((5/2) E)) " (2 exp(sE.))
= exp(—(s/2)E.)x; 'z, exp(sE,)
= exp((s/2) Ex)
= (s/2)E.(0),
which has final coordinate zero and satisfies [p((s/2)E.(0))| = s/2. We also choose
Z, and E, so that (5.9) and (5.10) hold if instead:

(a,b,¢) = (T2 — sE.(.)) " (e — (5/2) Bu(a2)),

with a similar justification.
Note 0 < r < A and recall s = r/A is rational. To construct g we apply Lemma
4.2 with the following parameters:

e 7,7, A and u as defined above in (5.3),
e r=2,and £ =F,.
This gives a Lipschitz horizontal curve g: R — H"™ with the following properties:

(1) g(t) = Tu + tE.(2.) for [t > s,

(2) 9(¢) = #.0,(u), where ¢ == r{u, E,(0)),

(3) Lipu(g) <1+nA/2, _

(4) ¢'(¢t) exists and |(po g)'(t) — p(E.)| < CpA for t € R outside a finite set.
Since the relevant quantities were rational and the set N was chosen using Lemma
4.1, we also know that the image of ¢ is contained in N.

Construction of h. Denote q1 = x, + (s/2)E,(z,) and qo = T, + sE,(T.).
Applying Lemma 3.4 with (a,b,c) = ¢; *¢2 and using inequalities (5.9) and (5.10)
gives hy: [0,1] — H" such that:

(1) hy is a Lipschitz horizontal curve joining 0 to ¢; ¢z,

(2) Lipg(h1) < (s/2)(1+1A/2),

(3) h}(t) exists and satisfies

|(po )/ (£) = (s/2)p(E.)| < (s/2) min{A,, A}
for t € [0,1]\ {1/2}.
Define hy: [s/2,s] — H" by:

Ba() = @B ((2/5)(t — 5/2).
Then h; is a Lipschitz horizontal curve joining g; to g2 with
Lipg(h1) <1+ nA/2.
The derivative k) (¢) exists and satisfies
|(po h1)'(t) — p(E.)| < min{A;, Ay}

for t € [s/2, s]\{3s/4}, since left translations act linearly in the first 2n coordinates.
Similarly, there is a Lipschitz horizontal curve hy: [—s,—s/2] — H" joining
Ty — SE(Tx) to xy — (8/2)Ey(x,) satistying
Lipg(h2) <1+nA/2
and
|(poh2)(t) — p(E.)| < min{A;, Ay}
for t € [—s,—s/2] \ {—3s/4}.
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Define a Lipschitz horizontal curve h: R — H" by:

T, +tE(F,) if|t| > s,

Ty +tE(zy) if |t] < s/2,

hi(t) if s/2 <t<s,
ha(t) if —s<t<—s/2.

h(t) =

Using the inequalities Lipy(hy), Lipg(he) <14 nA/2 and w(E*),w(E*) <1 gives:
Lipy(h) < 1+nA/2.
Also W (t) exists for ¢ € R\ {£3s/4,+s/2, £s} and
[(poh)(t) = p(Ey)| < min{Ay, Ay},

using the corresponding bounds for hq,he and w(E, — E*) < min{A;, A} from
(5.8).

Application of Lemma 5.3. We now prove that the assumptions of Lemma 5.3
hold with L := (2 + nA)Lipg(f), ¢ := fog and ¢ := f o h. The inequalities
I¢] < s <p, 0<v<1/32 and the equality p(t) = 1 (¢) for |t| > s are clear. Using
Lipg(g), Lipg(h) < 1+ nA/2 gives Lipg(y) + Lipg(¢) < L.

Notice that (5.7) implies:

|f (@67 (u)) — f (2467 (u))| < orLipg(f).

Since |¢] < r < p, we may substitute ¢t = ¢ in (5.2) to obtain

|f (s + CE(2)) = fl2x) = CELf ()| < oLipg(f)[C]
< orLipg(f).
Next note that (5.8) implies |E,(0) — E,(0)] < 0. We use also ¢ = r(u, E,(0)) to
estimate as follows:
CE. f(2.) = (u, Bo(0)) . f ()| = 7| Ew f (2| (u, E(0) = E.(0))]
< rLipg(f)|E.(0) — E.(0)
< orLipg(f).

Hence we obtain,

s+ CBu(a.)) — flan) = ru, B (0) B f(2)| < 200Lipy(f).  (5.10)

Notice [¢| < r = As < s/2, so the definition of the h gives h(¢) = x4 + (Ex(x4).
The definition of g gives g(¢) = Z.0,(u). Using also (5.3) and (5.11), we can
estimate as follows:

() = (Ol = [£(9(Q)) = f(R(O))]
= [f(@6r(u) = f(2s + CEu(24))]
2 [f(@:0r(u)) = f(@s + CEw(22))] = [f(220r(u)) — f (220, (u))]
> [f(2dr(w) = () = 7 EL f () (u, E.(0))]

= [f(@s + CEu(24)) — f(@2) = 7B f(24) (u, £(0))]
— orLipy(f)
> er — 20rLipy(f) — orLipg(f)
= er — 3orLipg(f)
> 3er/4. (5.12)

In particular, ¢(¢) # ¥(¢).
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We next check that ¢'(0) exists and

[¥(t) — (0) — )’ (0)] < oLt (5.13)
whenever |t| < p. Notice ¢'(0) exists and equals E, f(z.), since F, f(z,) exists and
P(t) = f(ze + tE(x)) for |t| < s/2. Recall |(poh) —p(Ey)| < A; and also the
definition A; = (nA/C,)? from (5.4). Since h(0) = z,, Lemma 5.1 implies that

d(zy + tE(24), h(t)) < Car/ A1lt] < nAlt].
Hence, using also (5.2) and L = (2 + nA)Lipy(f),
W) = ¥(0) =t (0)| < [f (s + tEx(24)) — f(2s) — tELf(x)]|
+ [f (e + B (24)) — f(R(2))]
< aLipy (f)[t] + Lipy (f)nAlt|
< oLlt|.
Recall that Lipy(f) < 1/2, which implies L < 4. Using also r < 4, s = /A,
(5.12) and the definition of ¢ in Parameters (7) we deduce:
sv/sL(v]e(Q) = (Q)]) < 4dsv/s/(3erv)
= 4r/v3evA3
< 46/V3evA3

<p.

Finally we use (5.12), L < 4 and the definition of ¢ in Parameters (5) to observe:

v (|0(¢) = (Q)I/(sL))? = v*(3er/165)?
= 9203 A% /256
> 0.

We may now apply Lemma 5.3. We obtain 7 € (—s,s) \ {¢} such that ¢'(7)
exists,

@' (1) = 9'(0) + vlp(¢) — (O)/s, (5.14)
and
((T+1) = (7)) = (¥(t) = (0))] < 4(1 +200)\/(¢' (1) — ¢ (0)) L]t (5.15)

for every t € R. Since g is a horizontal curve, we may use Remark 5.4 to additionally
choose 7 such that ¢’(7) exists and is in Span{X;(g(7)),Yi(g9(7)): 1 <i < n}.

Conclusion. Let x = g(7) € N and choose E € V with E(g(7)) = ¢'(7)/|p(¢'(7))|,
which implies that w(E) = 1. We will transform (5.14) and (5.15) into

Ef(x) > E.f(x.) +evA/2 (5.16)

and
(x,E) e M. (5.17)
We first observe that this suffices to conclude the proof. Recall d(Z.d,(u), z.) < 2r
from (5.6). Using ¢g(7) = « and ¢({) = Z..0,(u) gives:
Az, 2.) < d(g(r), 9(0)) + d(F.5,(u), 2.)

< Lipy(g)|7 = ¢l +2r

<d4(s+r)

=4r(1+1/A)

<45(141/A).
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Since x € N, combining this with (5.16) and (5.17) contradicts the choice of § in
Parameters (7). This contradiction forces us to conclude that (5.3) is false, finishing
the proof.

Proof of (5.16). Using (5.12) and (5.14) we see:
o' (1) — ' (0) > 3evr/4s = 3evA /4. (5.18)

Notice that ¢'(7) = Ef(z)|p(¢'(7))| using Definition 3.2 and our choice of E. Since

w(E) =1 implies |Ef(x)| < Lipg(f), we deduce |’ (7)]/|p(g'(7))| < Lipg(f). Also
Ip(g’'(7))| < Lipg(g) < 1+ nA. Using ¢'(0) = E, f(x,) and (5.18) gives:

Ef(z) — Exf(zs) — (1 —v)(¢'(7 ) ¥'(0))
= (¢ (1) = ¢'(0)) + (1 = [p(g'(T)))¢'(7)/Ip(g' (7))
> 3cv®A/4 — nALipy(f)
>0,

where in the last inequality we used Lipg(f) < 1/2 and n < 3v?/2 from Parameters
(2). From this we use 0 < v < 1/32 and (5.18) again to deduce:

Ef(z) = E.f(2:) 2 (1 = 0)(¢'(1) = ¢'(0)) 2 cvA/2 (5.19)
which proves (5.16).

Proof of (5.17). Recall that |(po g)(t) — p(E,)| < CmA for all but finitely many
t, from our construction of g. Using (5.8), this implies |(po g)'(t) — p(Ex)| < 2CnA
for all but finitely many ¢. Since x = g(7), we can apply Lemma 5.1 to obtain

d(g(T + 1),z 4+ tE,(2)) < Car/2CmAlt]
for ¢ € R. By (5.19) we have A < 2(Ef(x) — E.f(x4))/(ev). Using also the
definition of A from Parameters (4), we deduce that for ¢ € R:
|(f(z + tEw(2)) — f(2)) = (f(9(7 + 1)) = f(g(7)))]
= [f(z +1E.(2)) = f(g(T + 1))
< Lipg (f)d(g(T + 1),z + tE.(x))

< Can/2C ALipy (£

< C \/WLIPH ‘t|A ( (Ef(x) ;UE*f(l‘*)))%
1 2 4 i 3 %
< oltl((EF (&) ~ B fw)Lipg () (2 Ce2HPalIy
< oft|((Ef(2) — B.f(x.))Lipa(f)) . (5.20)
Combining (5.15), (5.19) and L = (2 4+ nA)Lipy(f) < (2 + v)Lipy(f) gives:
[((T +1) — (7)) = (¥(t) — (0))]
< (1 4 200) o (Pl BT 0) = B T () ) e

for t € R. Using Lipy(f) < 1/2 gives the simple bound:

((Bf(2) = Bof (@) Lipg(f)* < (Bf(2) = Bof(w.))Lipg (/)
since both sides are less than 1. Hence adding (5.20) and (5.21) and using the
definition ¢ = f o g gives:

[f(x +tE(z) — f(x)) — (4(t) — ¢ (0))]

< (4014200 (ZE0) 4 ) H(BF@) ~ Buf@)Lipa(F)t (5.22)

Nl=

—v
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for t € R.
Recall ¢ = f o h and h(0) = z,.. Using the inequality |(p o h)" — p(Ey)| < As,
Lemma 5.1, our definition of Ay in (5.5) and (5.16), we can estimate as follows:
[((8) = 9(0)) = (f (2« + tEu(24)) — f ()]
= |f(h(t)) = f (s + tEL(24))]
< Lipy (f)d(h(t), . + tE.(2.))

< Lipy (f)Ca/Azt|
= (6— (4 (14 20v) ( 1))5 v>>|t|(auA/2)LipH(f))% (5.23)

< (6 (40 +200) (2E2)" +0) )(EF (@) ~ B fle)lima£))F (5.24)
for all t € R. Adding (5.22) and (5.23) gives:
|(f(z + tEu(2)) — f(2)) = (f (24 + tEW(24)) = f(22))]
< 61t ((Ef(x) — Buf(2.))Lipg(f)) ¥
for ¢ € R. This implies (5.17), hence proving the theorem. O

[y

6. CONSTRUCTION OF AN ALMOST MAXIMAL DIRECTIONAL DERIVATIVE

The main result of this section is Proposition 6.1, which is an adaptation of
[10, Theorem 3.1] to H™. It shows that given a Lipschitz function fo: H* — R,
there is a Lipschitz function f: H™ — R such that f — fy is H-linear and f has an
almost locally maximal horizontal directional derivative in the sense of Theorem
5.6. We will conclude that any Lipschitz function fy is Pansu differentiable at a
point of N, proving Theorem 2.12. Our argument follows very closely that of [10],
modified to use horizontal directions, H-linear maps and Hélder equivalence of the
Carnot-Carathéodory and Euclidean distance.

Recall the measure zero G5 set N and the notation D7 fixed in Notation 5.5. In
particular, the statement (z, E) € Df implies that + € N. Note that if f — f, is
H-linear then Df = Do and also the functions f and f, have the same points of
Pansu differentiability.

Proposition 6.1. Suppose fo : H* — R is a Lipschitz function, (zq, Eg) € Do
and dg, b, K > 0. Then there is a Lipschitz function f : H" — R such that f — fy
is H-linear with Lipy(f — fo) < w, and a pair (z., E,) € DY with d(x.,z¢) < &
such that E, f(xs) > 0 is almost locally mazimal in the following sense.
For any £ > 0 there is 6. > 0 such that whenever (x, E) € DI satisfies both:
(1) d(z,zy) < 6c, Ef(x) =2 By f(zs),
(2) for anyte (—1,1):

|(f(z +tE(2)) — f(z)) = (f(zs + tE(24)) — f(24))]
< K[t|(Ef(x) — Buf(z.)7,
then:
Ef(z) < B, f(z,) +¢.

We use the remainder of this section to prove Proposition 6.1. Fix parameters
fo, g, Eo, o, pt, KK as given in the statement of the theorem.

Assumptions 6.2. Without loss of generality, we make the following assumptions:

e K > 8, since increasing K makes the statement of Proposition 6.1 stronger,
e Lipy(fo) < 1/2, after multiplying fo by a positive constant and possibly
increasing K,
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e FEyf(zg) > 0, by replacing Ey by —Ey if necessary.

We prove Proposition 6.1 by using Algorithm 6.4 below to construct pairs (z,,, E,)
and Lipschitz functions f,, satisfying various constraints, such that E, f(x,) is
closer and closer to maximal. We then show that the limits (z., Fx) and f have
the properties stated in Proposition 6.1. Algorithm 6.4 is an adaptation of [10,
Algorithm 3.2]. We use the following notation to repeatedly find better pairs.

Notation 6.3. Suppose h : H® — R is Lipschitz, the pairs (z, F) and (a/, E')
belong to Dh7 and o > 0. We write:

(l‘,E) S(h,o) (xlvE/)
if Eh(z) < E’'h(2’) and for all t € (—1,1):
[(h(2" +tE(2")) — h(z")) — (h(z + tE(z)) — h())]
< K(o+ (E'f(a') = Ef(x)1)]t].

In the language of Notation 6.3, Proposition 6.1(2) means (., E.) <(s,0) (7, E).

In Algorithm 6.4 we introduce parameters satisfying various estimates, but the
most important factor is the order in which the parameters are chosen. We use the
following constants:

o C, = Cangle(1) > 1 chosen by applying Lemma 5.1 with S =1,

e (' = Cusider > 1 denotes the constant in Proposition 2.7 for the compact
set By(zo,2+ d§p) C H",

e Cy > 1 such that Lipg(E) < Cy whenever E € V and w(E) = 1. This is
possible since V' = Span{X,,Y; : 1 <i < n} and {X;,Y; : 1 <i < n} are
Lipschitz functions R?**t! — R?"*! with respect to the Euclidean distance.

Since N is G5 we can fix open sets Uy C H" such that N = N2 U,. We may
assume that Uy = H".

Algorithm 6.4. Recall fy,zq, By and 69 from the hypotheses of Proposition 6.1.
Let 0g := 2 and to := min{1/4, p/2}.
Suppose that m > 1 and the parameters fm—1,Tm—1,FEm—1,0m—1,tm—1,0m—1
have already been defined. Then we can choose:
(1) fm(x) = fm—l(m) + tm—l<x7Em—1(0)>7
(2) om € (0,0m—1/4),
(3) tm € (0, min{tn—1/2, om-1/(4m)}),
(4) Am € (0, tmop,/(2C1)),
(5) D,y to be the set of pairs (x, E) € Dfm = D¥o such that d(z,%m—1) < Sm—1
and
(Tm—1, Em—1) <(fp.om_1—2) (@, E)
for some g € (0,0m-1),
(6) (vm, Fm) € Dy such that Efpy(x) < Epfm(zm) + A for every pair
(z,E) € Dy,
(7) €m € (0,0m—1) such that (Tm—1, Em—1) <(f.0m_1—2m) (Tms Em),
(8) 6m € (0, (6m—1 — d(Tm, Tm—1))/2) such that Bu(xm, ) C Up, and for all
It] < CA(1+ Cv)262 /em:

[(fm(@m + tEm(2m)) = fm(@m)) = (fm (Zm-1 + tEm—1(Tm-1)) = fm(Tm-1))]
S (Emfm(wm) - Emflfm(xmfl) + 0m71)|t|~

Proof. Clearly one can make choices satisfying (1)—(5).



A UNIVERSAL DIFFERENTIABILITY SET IN THE HEISENBERG GROUP 25

For (6) first notice that (-1, Fm—1) € Dy, and hence D,, # 0. By Lemma
5.2, the functions f,,: H” — R are Lipschitz and

m—1
fnl@) = fol@) + (2. > teEw(0)). (6.1)
k=0

Using Lipy(fo) < 1/2, tgy1 < tx/2, to < 1/4 and Lemma 5.2 gives Lipy(fm) < 1.
Lemma 3.3 implies |E f, ()] < w(E)Lipg(fm). Hence sup(, pyep,, Efm(z) <1, 50
we can choose (T, En) € Dy, as in (6).

The definition of D,, in (5) implies that one can choose €, as in (7).

Notice that (6) and the definition of D,, in (5) imply that x,, € N C Up,
d(@m, Tm—1) < Om—1 and Ep, fm(tm) = Fm—1fm(@m-1). Therefore we can use
existence of the directional derivatives of f,,, to choose d,, as in (8). O

We record for later use that Lipg(fn) < 1 for all m > 1. We next show that
several parameters in Algorithm 6.4 converge to 0 and the balls By(z,, d,,) form
a decreasing sequence.

Lemma 6.5. The sequences oy, tm, Am, Om, Em converge to 0. For every m > 1
the following inclusion holds:

BH(xma (;m) C BH(xm—la (;m—l)-

Proof. Algorithm 6.4(2) and o¢ = 2 gives 0 < oy, < 2/4™ 80 0, — 0. Combining
this with Algorithm 6.4(3,4,7,8) shows the other sequences converge to 0. Let
2 € By(Zm, 0m). Then Algorithm 6.4(6,8) gives:

d(l‘vxm—l) S 5m + d(l’m,l'm_l)
< 5m—1/2 + d(l?m, xm—l)/Q
< Om—1.

This shows the desired inclusion. O

Define €/, > 0 by:
e, =min{en /2, om_1/2}. (6.2)
We next show that the sets D,,, of special pairs form a decreasing sequence. This
is an adaptation of [10, Lemma 3.3].

Lemma 6.6. The following statements hold:
(1) If m > 1 and (x, E) € Dyyq1 then:
(-’I;mfla Emfl) S(fm,omfsgn) (1’, E)7

(2) If m > 1 then Dy,41 C Dy,
(3) If m >0 and (z, E) € D41 then d(E(0), E,,,(0)) < 0,

Proof. If m = 0 then (3) holds since:
d(E(0), Eo(0)) < d(E(0),0) +d(0, Eo(0)) < 2 = 0o.

It is enough to check that whenever m > 1 and (3) holds for m — 1, then (1), (2)
and (3) hold for m. Fix m > 1 and assume that (3) holds for m — 1:

d(E(0),En-1(0)) < opm_q forall (x,E) € Dy,.

Proof of (1). Algorithm 6.4(6) states that (x,,, Ey) € D,y,. Hence:
d(Em(0), En—1(0)) < 0m—1. (6.3)

Let (x, E) € Dp,y1. In particular, we have E fy,11(2) > En frt1(2m) by Algorithm
6.4(5). Notice that, since w(E,,) = w(E) = 1, we have (E,,(0), E,,(0)) = 1 and
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(E(0),E,(0)) < 1. Let A := Efp(x) — Epfm(zm). Using Lemma 5.2 and the
inequality Efy,+1(x) > Ep fma1 () gives:
A= Efunr(2) = Eunfns1 (2m) — tan (E(0), E(0)) + > 0.
Using Algorithm 6.4(5) again, together with the above inequality, gives:
Efm(z) 2 Em fm(tm) 2 Em—1fm(Tm-1).

In particular, Efp,(z) > Ep—1fm(@m-1) proves the first part of the statement
('rm—la Em—l) S(fm,o'mfsﬁn) ('Ta E)
Let B := Efp(z) — Ep—1 f(€m—1) > 0. Lemma 3.3 and Lipy(fm) < 1 imply
that 0 < A, B < 2. Using these inequalities and K > 8 gives:
K(B% — A%) > (B% + BT A7 + Bi A% + A1)(Bi — A%)
=B-A
= mfm(xm) - Em—lfm(-rm—l)- (64)

Since A > Eft1(x) — Ep fm+1(2m), (6.4) implies:
Enfn(@m) = Em-t fn(@m-1) + K(Efmi1(2) = Emfrni1 (@) ¥
< KBi. (6.5)
To prove the second part of (Tm—1, Em-1) <(f,,,0—c ) (T, E) we need to estimate:
|(fm (& + tEm-1(2)) = fin(2)) = (fm(Tm-1 + tEm-1(2m-1)) = fm(Zm-1))|- (6.6)

We consider two cases, depending on whether t is small or large.
1
Suppose [t| < CA(1+ Cy)282 /en,. Estimate (6.6) as follows:

|(fm (@ 4 tEpm—1(x)) = fm(2)) = (fm(@Zm-1 + tEm—1(Tm-1)) = fin(Tm-1))]
< |(fmlz +1En(2) = fm(@)) = (fr(@m + tEm (2m)) = fm(zm))]
+ | (frm(@m + tEp(m)) — fm(zm))
= (fm(@m-1 + tEpn—1(Tm-1)) = fm(Tm-1))|
+ | fm(@+ tEn_1(2)) — fm(z + tE,(2))]. (6.7)

We consider the three terms on the right side of (6.7) separately.
Firstly, Algorithm 6.4(1) and Lemma 5.2 give:

(fm(z +tEn(2) — fm(2)) = (fm(@m + tEn(m)) — fim(zm)) (6.8)
= (fm+1(x + tEm(2)) = frm41(@) = (fns1(@m + tEm(Tm)) — fm1(zm))
—tm{x +tEy(z), En(0)) + tm(z, Emn(0))
+ ti (T + tEm (Xm), Em(0)) — t{@m, Em(0))
= (fm+1(2 + tEm(2) — fm41(2)) = (fns1(@m + tEm(Tm)) — fmt1(zm))-
Using (6.8) and (z, E') € D,,41 then gives:
|(fm(z + tEm(2)) = fn(2)) = (fm(@m + 1Em(zm)) — fm(@m))]
< K(0m + (Bfmir(2) = Bo frns1 (@) 9]t (6.9)

For the second term in (6.7) we recall that, for the values of ¢ we are considering,
Algorithm 6.4(8) states:

[(fm(@m + tEm(2m)) = fm(@m)) = (fm (Zm-1 + tEm 1 (Tm-1)) = fm(Tm-1))]
S (Emfm(xm) - Emflfm($m71> + 0m71)|t|-



A UNIVERSAL DIFFERENTIABILITY SET IN THE HEISENBERG GROUP 27
The final term in (6.7) is estimated using Lipy(fn) < 1, (2.1) and (6.3):

| f(z + tEn—1(2)) — fi(x + tE,(2))] < d(z + tEpn—_1(x),x + tE,,(z))
=d(tEn—-1(0),tEn,(0))
S Um71|t|-

Adding the three estimates and using (6.5) then (6.2) and Algorithm 6.4(2)
allows us to develop (6.7):

|(fm(z +tEm-1(z)) = fn(®)) = (fn(Tm—1 + tEm 1(Tm—1)) = frn(Tm-1))|
< K(0m + (Efms1(2) = Ep fns1 (2m)) 1)t]
+ (Emfm(xm) - Emflfm(xmfl) + 0m71)|t|
=+ Um,1|t|

< K(0m-1 — ey + (Efin(@) = Em1 frn(2m-1)) )]t].

This gives the required estimate of (6.6) for small .

Suppose CE(1 + C’V)%&%/em < |t] < 1. In particular, this implies:
O < 22 /CH(1+ Cy) < enlt|. (6.10)
The last inequality above used that
emtl/Cl(1+Cv) < em/CH(1+Cy) < 1,

using €, < 2 and Cg,Cy > 1.
Estimate (6.6) as follows:

[(fm(x + tEp1(2)) = fm(2) = (fm(@m-1 + tEm—1(2m-1)) = frm(Tm-1))|
< |(fm(@m 4+ tEm—1(@m)) = fim(zm))
— (frm(Tm_1 + tEmfl(xmfl)) - fm(-Tm*l))l
+ [fm (@) = fn ()|
+ | fm(z + tEn-1(2)) = frm(@m + tEm-1(zm))|.

The estimate of the first term is given by Algorithm 6.4(7). This states:
(-Tmfh Emfl) S(fm,crm,lfsm) (xmv Em)7
which gives the inequality:

|(frn(@m + tEm—1(m)) = fm(Tm)) = (frn(@m—1 + B 1(Zm—1)) = fi(Tm-1))]
< K(0m1 — £m + (B fon(@m) = B fon (1)) 1) [t]-
The estimate of the second term uses Lipy(f,,) < 1 and (6.10):
| fm () = fm ()| < d(2,2m) < 0m < emt] < Keplt|/8.
We estimate the final term using Proposition 2.7 to compare the Carnot-Carathéodory

and the Euclidean distance. Notice that x +tE,,—1(x) and &, +tE,,—1 (2, ) belong
to Br(xo,2 + ). Hence we can use the constants Cy and Cy defined immediately
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before Algorithm 6.4. For our current values of ¢t we can estimate as follows:
|fm (@ + tEm 1 (%)) = fin(Tm + 1Em—1(2m))]
<d(z+tEn_1(x),zm + tEn_1(zm))
< Onla + tEp_1 () — @ — tEm_1 ()|
< Cu(1+Ov)i |z — |
< CH(1+ Cy)2d(z, )3

1

< CE(1+Cy)Eoa
< emlt]
< Kepnlt]/8.
Combine the estimates of the three terms and use A > 0 to obtain:
|(fm (@ 4 tEm—1(x)) = fm(2)) = (fm(@Zm-1 + tEm—1(Tm-1)) = fin(Tm-1))]
< K(Um—l - 5m/2 + (Emfm(xm) - Em—lfm(xm—l))%)
< K(0m-1 = & + (Efin(@) = Emt frn(@m—1)) 7).
This gives the correct estimate of (6.6) for large t. Combining the two cases proves
(1) for m.

Proof of (2). Suppose (2, E) € Dyy 1. Then (x, E) € Dfm+1 = Df» and Lemma
6.5 implies d(z, Tm—1) < 0m—1. Combining this with (1) gives (x, E) € D,,. This
proves (2) for m.

Proof of (3). Suppose (x,E) € Dy,y1. Then En, fri1(2m) < Efrmg1(x) using
Algorithm 6.4(5). Equivalently, by Algorithm 6.4(1):

B fn(2m) + tm(Em(0), Em(0)) < Efm(x) + tm(E(0), En(0)).
Also (z, E) € Dy, by (2) above, so Algorithm 6.4(6) implies:
Efm(x) < Emfm(xm) + >\m-

Combining the two inequalities above gives t,, < t,,(E(0), E;,(0)) + Ay. Rearrang-
ing, this implies:
(E(0), En(0)) > 1 — A/t
Lemma 5.1 applied to g(t) := tE(0) and h(¢t) := tE,,(0) gives:
d(E(0), En(0)) < Cal E(0) = En(0)]

= Cal2 = 2B(0), Em(0))

< Ca(2Am/tm)

< Om
by Algorithm 6.4(4). This proves (3) for m. O

We next study the convergence of (x,,, E,,) and f,,. We show that the directional
derivatives converge to a directional derivative of the limiting function, and the limit
of (@, By belongs to D, for every m. This is our adaptation of [10, Lemma 3.4].

Lemma 6.7. The following statements hold:
(1) fm — f pointwise, where f : H™ — R is Lipschitz and Lipg(f) < 1,
(2) f— fm is H-linear and Lipy(f — fim) < 2t form >0,
(3) &m — x+ € N and E,,(0) — E.(0) for some E, € V with w(E,) =1. For
m > 0:

A, Zm) < 0 and  d(E.(0), Ep,(0)) < o,
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(4) E.f(x.) exists, is strictly positive and Ey, fom(2m) T Exf(x4),
(5) (mm—lvE’m—l) S(fm,am,lfsﬁn) (J?*,E*) fO?” m > 1,
(6) (z«, Ey) € Dy, for m > 1.

Proof. We prove each statement individually.
Proof of (1). Algorithm 6.4(1) gives f,(z) = fo(z) + (z, Z:ol txE(0)). Define
f:H® - R by
f(@) = folz) + <$> ZtkEk(0)>« (6.11)
k=0
Notice |f(z) — fm(2)| < |2| Y5, t|Ex(0)|. Hence f,, — f pointwise and, since
Lipy(fm) < 1, we deduce Lipg(f) < 1.

Proof of (2). Lemma 5.2 shows that f — f,, is H-linear. Using also Algorithm
6.4(3) shows that for every m > 0:

S o
. 1
Lipy(f — fm) < § g <tm E Sh—m < 2.
k=m k=m

Proof of (3). Let ¢ > m > 0. The definition of D,y; in Algorithm 6.4(5) shows
that (x4, Ey) € Dg+1. Hence Lemma 6.6(2,3) imply that (x4, Ey) € Dyyy1, and
consequently:

A(E,(0), Ep(0)) < 0. (6.12)
Since (x4, Eq) € Dyyy1, Algorithm 6.4(5) implies:
d(zg, Tm) < O (6.13)

Since o, 6 — 0 we see that (z,,)5°_; and (E,,(0))5°_; are Cauchy sequences,
so converge to some x, € H" and v € H". Since E,, € V and w(E,,) = 1, we
know |p(v)] = 1 and vg,4+1 = 0. Using group translations, we can extend v to a
vector field E, € V with w(E,) =1 and E,(0) = v. Letting ¢ — oo in (6.12) and
(6.13) implies d(E.(0), E,,(0)) < oy, and d(zs, Tm) < 6. Lemma 6.5 then gives
the strict inequality d(z.,Tm) < dpp-

We now know that x, € By(@m,, d) for every m > 1. Recall that N = NS_yU,,
for open sets U,, C H", and Algorithm 6.4(8) states By (Zm,0m) C Un. Hence
T, € N.

Proof of (4). As in the proof of (3) we have (x4, Ey) € Dy41 for every ¢ > m > 0.
Therefore, using Lemma 6.6(1), ¢ > m > 1 implies:

(xm—laEm—l) S(f'nuo"mflfslm,) (xq)Eq)~ (6-14)
Applying Algorithm 6.4(1) and (6.14) (with m and ¢ replaced by ¢+ 1) gives:
E,fq(zq) < Egfgr1(zq) < Egp1fgr1(xqe1) for ¢>0. (6.15)

Hence (Eqfy(74))52 is strictly increasing and positive as Eg fo(wo) > 0.

Recall Lipy(f,) < 1 for ¢ > 1. Hence, by Lemma 3.3, the sequence (E, fq(z4))<;
is bounded above by 1. Consequently E, f,(z,) — L for some 0 < L < 1. Inequality
(6.15) implies that also E, fq+1(zq) — L. Further:

Eqof(zq) = Eqfq(zq) + E¢(f — fo)(zq)

and |Eq(f — fq)(zq)| < Lipy(f — fy) < 2ty — 0. Hence also E, f(x,) — L.
Let ¢ > m > 0 and consider:

Sm,q ‘= qum(xq) - Emflfm(xmfl)~
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By (6.14) we have s, 4 > 0. Letting ¢ — oo, writing f,,, = f + (fm — f), and using
H-linearity of f,, — f and E,f(z,) — L implies:

Smyg = Sm = (fm — f)(Ex(0)) + L — Epy1 frn(Trm—1) > 0. (6.16)

Also s, — 0 as m — oo since Lipy(fm — f) < 2ty and En1 fon(@m-1) — L.
Using (6.14) shows that for t € (—1,1):

|(fm(2q + tEm—1(2q)) = fm(2q)) = (fm(@m—1 + tEm—1(Tm-1)) = fr(¥m-1))]
< K(Om_1— &) + (Sm.q) D)IE]. (6.17)
Letting ¢ — oo in (6.17) shows that for ¢t € (—1,1):
|(fm(x* + tEmfl(x*)) - fm(x*)) - (fm(xmfl + tEmfl(xmfl)) - fm(mmfl)”
< K(0m-1 =&+ (5m) )t (6.18)
Using Lipy(f) < 1 and d(E,(0), Epn—1(0)) < 0ym—1 from (3) of the present Lemma
gives:
|f (@ +tE(24)) = [ + tEm 1 (24))] < d(24(EEL(0)), 24 (tEm-1(0)))
< Om-1lt]
Since f — fu, is H-linear we can use Lipy(f — fim) < 2t,, to estimate:
[(f = fm) (@« + tEm—1(2x)) — (f = fm) (@) = [(f = frn) (tEm—1(0))]
< tLipy(f — fm)
< 2t t].
Combining the previous three inequalities shows that for ¢t € (—1,1):
[(f(ze +1EL(24)) = f(24)) = (frn(@m—1 + tEm_1(Tm-1)) = fm(Zm-1))]
S|(fm(e + tEm—1(24)) = fm(24))
= (fm(@m-1 + tEm—1(Tm-1)) = fim(Tm-1))|
+ [ (@s + 1B (24)) = f(@s + tEm_1(z4))]|
+(f = fm) (@ + tEm 1 (24)) — (f = i) (24)]
< (K (0me1 =€+ (5m) %) + 0t + 2]
Fix € > 0 and choose m > 1 such that:
K(om_1—¢c\ + ($m)7) + Om_1 + 2t < /3
and
B fon(wm1) — L] < ¢/3.
Using the definition of E,,_1 fm(Zm—1), fix 0 < d < 1 such that for |¢| < d:
[fm(@m—1 + tEm 1 (Tm-1)) = fim(Tm—1) = tEm—1 frn(2m—1)| < €lt]/3.
Hence for |t| < §:
(s + tB(2.)) - f(a.) — L]
<|(f(ze + 1B (24)) = f(24) = (frn(@m—1 + tEm 1 (2m-1)) = fm(Tm-1))]
+ | fm(@m—1 + tEm—1(@m-1)) = fmn(Tm-1) — tEp—1fm(@m-1)|
+ [Em—1fm(@m-1) — LI[t]
<celt|.

This proves that E, f () exists and is equal to L. We already saw that (E, f,(z4))5%4
is a strictly increasing sequence of positive numbers. This proves (4).



A UNIVERSAL DIFFERENTIABILITY SET IN THE HEISENBERG GROUP 31

Proof of (5). The definition of L and Lemma 5.2 implies:

Eyfm(xs) = L+ Eu(fm — [)(@:) = L+ (fin — f)(E4(0)).
Using (6.16) shows s, = Eyfim(2x) — Bt fon(Tm—1) > 0. Substituting this in
(6.18) gives (5).
Proof of (6). Property (6) is a consequence of (3), (4) and (5). O

We now prove that the limit directional derivative E, f(x.) is almost locally
maximal in horizontal directions. This is our adaptation of [10, Lemma 3.5].

Lemma 6.8. For all ¢ > 0 there is 6. > 0 such that if (v, E) € DJ satisfies
d(xs,x) < e and (z+, Ey) <50y (x, E) then:
Ef(z) < Exf(x.) +e.
Proof. Fix ¢ > 0. Use Lemma 6.5 to choose m > 1 such that:
m>4/et and  Ap,tm < /4. (6.19)
Recall €/, = min{e,,/2, opm—1/2}. Using Lemma 6.7(3), fix 5i > 0 such that
8. < Om_1 — d(&s, Zp_1) such that for every [t| < CZ(1+ Cy)262 /¢!, :
|(.fm($* + tE*(J?*)) - fm(x*)) - (fm(xm—l + tEm—l(xm—l)) - fm(xm—l))l

< (E*fm(x*) - Em—lfm(l'm—l) + Um—1)|t|~ (620)
Such . exists since Lemma 6.7(5) implies Ey f(24) > Ep—1 fm(Tm—1).

We argue by contradiction. Suppose that (z, E) € D/ satisfies d(z.,z) < 4.,
(74, Ey) <(5,0) (z, E) and Ef(z) > E, f(z.)+¢c. We plan to show that (z, E) € D,,.
We first observe that this gives a contradiction. Indeed, Algorithm 6.4(6) and the
monotone convergence E,, i, (€m) T Exf(2.) would then imply:

Efm(2) < B fm(Tm) + Am < Exf(24) + A
From Lemma 6.7(2) and (6.19) we deduce:
Ef(@) = Bof(w.) = (Efu(®) = E.f(w.)) + B(f — fu)(@)
< 3e/4.
This contradicts the assumption that Ef(x) > E.f(x.) + €.
Proof that (z,E) € D,,. Notice that (z,E) € D/m since (z,E) € D/ and
DI = Df» because f — f,, is H-linear. Next observe:
d(x, xm-1) < d(z,24) + d(Ts, Tm-1) < Im—1.
Hence it suffices to show that (2m—1, Em—1) <(f,,,00m_1—c,/2) (¢, F). Lemma 3.3
implies:
\E(f = fm)@)| [E<(f = fm)(@:)| < Lipg(f = fm)-

Hence using (6.19) and our definition of (z, F), we deduce:

Efm(x) = Evfm(zs) 2 Ef (x) — Ex f(2x) — 2Lipg (fm — f)
>e—4t, > 0.

Lemma 6.7(6) states that (z., Ex) € Dy, which implies Ep,_1 fr (m—1) < Ex fin(24).
Hence:
Efm(x) > E*fm(x*) > Em—lfm(xTn—l)'
In particular, the inequality Ef,,(x) > E—1fm(@m—1) proves the first half of the
statement (z,,—1, Epm_1) L (fonsom1—e, /2) (z, E).
We next deduce several inequalities from our hypotheses. Denote:
o A= Bf(x) - B.f(z.),
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o B:=Efn(z) = B fm(zs),

o C:=Efn(z)— Ep_1fm(@m=-1)-
Our definition of (z, E) states A > e, while the inequalities above give 0 < B < C.
Also A, B, C <2 by Lemma 3.3. Recall the factorization:

(A7 — B%)(B1 + B7A7 + BiA? + A1) = A—B. (6.21)
Using Lemma 6.7(2), (6.19) and Algorithm 6.4(3), we obtain:
<(A-B)/et
= (B(f = fn) (@) = Eo(f = fu)(@.)) /e
< 4tm/s%
< mipy,
<om-1/4.
Since B, C' < 2 and K > 8 we have:
Bi + B3A% 4 BiAY + A1 <8< K.

A% _ pi

Hence using (6.21) with A replaced by C' gives:
KCi — KB >C —B =B, fm(:) — Em—1fm(Zm_1).
Combining our estimates gives:
E.fun(.) = Bt fn(@n—1) + K(Ef(2) = E.f(2.))t
= By f(22) — Eme1fin(Tm_1) + KA7
< KC% — KB% + K(B% + 0,,_1/4)
= K((Efu(®) = Em-1fu(@n-1)* +0m-1/4). (6:22)

We can now prove the second half of (Zm—1, Em-1) <(f,,,00_1—¢, /2) (¥, E). We
need to estimate:

((fn (2 + tEm—1(2)) = fim(2)) = (fm(@m—1 + tEm1(2m-1)) = fm(zm-1))|- (6.23)

We consider two cases, depending on whether t is small or large.
1
Suppose |t| < CZ(1+ Cy)282 /e!,. To estimate (6.23) we use the inequality:

[(fm(@ + tEm1(2)) = frn(2)) = (fn (@m—1 + B2 (¥m—1)) = fon (Tm-1)]
<|(fm(@ +1E(2)) = fin(2)) = (fn (@0 + 1B (24)) = fin(22))]
+ (o (s + tE(22)) = frn(24))
— (fm(Tm-1 + tEm—1(Tm-1)) = frn(Tm-1))|
+ | fm (@ + tEp1(2)) = fm(z + LEL(2))]. (6.24)
Using Lemma 5.2, the hypothesis (2., E.) <(f0) (2, E) and H-linearity of f,, — f,
we can estimate the first term in (6.24):
(i + B (22)) = fin(e)) = (e + £B2(2)) = Fne)
= [z +tE.(z)) - f(2)) = (f (2 + tEu(24)) — f(24))]
< K(Bf(r) = Bof (2:)) 1] (6.25)
Using (6.20) and the assumption that ¢ is small bounds the second term in (6.24)
by:
(E*fm(x*) - Emflfm(xmfl) + Umfl)‘ﬂ'
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Lemma 6.7 implies that the third term of (6.24) is bounded above by o,,_1[t|. By
combining the estimates of each term and using (6.22) we develop (6.24):

|(fm(x + tEm71($)> - fm(l’)) - (fm(xmfl + tEmfl(xmfl)) - fm(-rmfl))l
< (K(Bf(x) = Buf(2.))% + Eu fon(2) = Bt fon(@m—1) + 200 1) [t
< (K((Efm(z) — Em—lfm(xm—l))% +om-1/4) +20m-1)[t|
< K (0m-1 =€ /2 4 (Efin(®) = Em frn (#m=1)) e, (6.26)
using €/, < 0,,—1/2 and K > 8 in the final line. This gives the correct estimate of
(6.23) for small t.
Suppose CZ (1 + Cv)%éé /el < |t] < 1. To estimate (6.23) we use the inequality:
|(fm(@ + tEm—1(x)) = fm(@)) = (fm(@m-1 + tEm-1(@m-1)) — fin(Tm-1))]
< |(fm(x* + tEmfl(m*» - fm(x*))
- (f’m(xm—l + tEm—l(xm—l)) - fm(xm—l)”
+ (@) = fin (@) + | fon (@ + LB 1 (2)) = fin (s + tEpm—1(24))].
Lemma 6.7(5) shows that the first term is bounded above by:
K(m-1 = + (Bufn(:) = Bn fon(@m—1)) It
The second term is bounded by d(x,,z) < 6. < &/ |t| < Kel |t|/4. For the third
term we use Proposition 2.7 to relate the Carnot-Carathéodory distance and the
Euclidean distance. Notice & + tE,,—1 (), z« + tEpm—_1(x«) € Bu(xg, 2 + dp). Hence
we can use the constants Cy and Cy fixed before Algorithm 6.4:

[fm (2 + tEm—1(2)) = fin (24 + tEm_1(2.))|
< Cylz + tEm_1(z) — 2y — tEpm_1(z:)|2
< Cu(l1+Cy)? |z, — 2|2
< CE(1+Cy)2d(w,,2)?
< CA(1+Cy)ia?
< e t]
< Ke), |t|/4.
Putting together the three estimates and using Ey fr,(x.) < Efp,(x) gives:
[(fm(x +tEm1(2)) = fm(2) = (fm(@m-1 + tEm—1(2m-1)) = frm(Tm-1))]
< K(0mo1 = €ip/2 4 (Bfm(®) = B (@ 1)) 9]

This gives the correct estimate of (6.23) for large ¢.
Combining the two cases estimates (6.23) for any ¢ € (—1,1). Hence:

(mmflvEmfl) S(fnuo'm,—l_sin/2) (va)
This concludes the proof. O

We can now conclude by proving Proposition 6.1 and hence, using also Theorem
5.6, prove Theorem 2.12.

Proof of Proposition 6.1. Lemma 6.7 and Lemma 6.8 prove Proposition 6.1. In-
deed, Lemma 6.7 states that there is f: H” — R Lipschitz such that f — fj is linear
and Lipy(f — fo) < 2to < p. It also states that there is (z., E.) € D/ satisfying,
among other properties, d(z.,zp) < dp and E, f(x,) > 0. Lemma 6.8 then shows
that E,f(x.) is almost locally maximal in the sense of Proposition 6.1. O
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Proof of Theorem 2.12. Let fo: H"™ — R be a Lipschitz function. Multiplying fo by
a non-zero constant does not change the set of points where it is Pansu differentiable.
Hence we can assume Lipg(fo) < 1/4. Fix an arbitrary pair (zq, Ey) € D,

Apply Proposition 6.1 with §o = 1, p = 1/4 and K = 8. This gives a Lipschitz
function f: H™ — R such that f — fp is H-linear with Lipy(f — fo) < 1/4 and a
pair (z., E,) € Df, in particular z, € N, such that E, f(z.) > 0 is almost locally
maximal in the following sense.

For any ¢ > 0 there is d. > 0 such that whenever (z, E) € D/ satisfies both:

(1) d(z,2.) < b, Ef(x) = Eif (),
(2) for any t € (—1,1):
|(f(z + 1B (x)) — f(2)) = (f (s + tE(24)) — f(24))]
< SItIEf(x) = Buf(x)t,
then:
Ef(z) < Exf(z.) +e.

Combining Lipy(fo) < 1/4 and Lipy(f — fo) < 1/4 gives Lipy(f) < 1/2. Notice
that (x., Ey) is also almost locally maximal in the sense of Theorem 5.6, since the
restriction on pairs above is weaker than that in Theorem 5.6. Hence Theorem
5.6 implies that f is Pansu differentiable at z, € N. A H-linear function is Pansu

differentiable everywhere. Consequently fo is Pansu differentiable at x,, proving
Theorem 2.12. O
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