A simple derivation and classical representations
of energy variations for curved cracks

M. Negri

Department of Mathematics - University of Pavia
Via A. Ferrata 1 - 27100 Pavia - Italy
matteo.negriQunipv.it

Abstract. We consider configurational variations of a homogeneous (anisotropic) linear elastic material
Q C R™ with a crack K. First, we provide a simple way to compute configurational variations of energy by
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1 Introduction

In Fracture Mechanics it is common to employ a variational approach in which evolutions are defined
in terms of energies and their variations, most often with respect to variations of the crack set. This
approach dates back to Griffith’s criterion [5] which is formulated right in terms of energy release
G (i.e. variations of potential energy with respect to variations of crack surface area) and toughness
G. (a material parameter). Actually, the mathematical argument of [5] was “just” an algebraic
estimate of the energy release in terms of material and geometrical parameters, based on the results
of Inglis [8] on stress singularities around elliptical holes and cracks.

After [5] energy release became a fundamental concept in Mechanics, through the years it at-
tracted much attention and has been the object of several fundamental contributions. A milestone
is the study of Ehselby [4] which lead to volume and surface integral representations of the energy
release in terms of energy momentum tensor E. It is noteworthy that Eshelby’s works gave general
integral representations applicable in many different context; this is indeed a substantial theoretical
improvement after [5]. Later, Irwin [9] devised an explicit formula for the energy release in terms of
the stress intensity factors, based on Westergaard’s expansions [14] of the stress around the tip, and
Rice [13] introduced a contour integral representation of the energy release, called the J-integral;
this is again a general representation result, infact similar to that of [4], which does not rely on the
singular behaviour of the stress.

Let us turn to the mathematical literature on configurational energy variations for elasticity
problems. First we will make a couple of considerations of technical importance on outer variations
and singularities.

Consider a crack Ky and an incremental variation Kj. Being K, increasing, the spaces W), of
admissible displacement and the corresponding spaces V; of admissible variations are increasing as
well. If wy (for h > 0) denote the equilibrium configuration in W, then for h > 0 and h = 0
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respectively the variational formulation yields
/ o(wp) : €(vp) =0 for every vy, € V,
Q\K),
/ o(wp) : €(vg) =0 for every vg € V.
O\ Ko
Since the spaces are monotone it holds also
/ o(wp) : €(vp, —vo)dz =0 for every vy, € V}, and vy € V.
Q\Kp

Hence by symmetry and coercivity the variation of energy can be written as

%/Q\Kh o(wp) : €(wy) — o (wy) : €(wp) dr = %/Q\Kh o (wo + wp) : €(wo — wp) dx

= %/ o(wy) : €(wy —wp,) dz
Q\K),

= 2/ o(wo —wy) : €(wy — wy) dz > C|lwy, — woll?,
Q\K),

where || - || denotes the norm in Wj. Hence, if the variation of energy is O(h) it tuns out that
wy — W, = O(hl/ 2) in Wj,. In particular the “speed” wy(, is not well defined. For this reason, it
seems not convenient, even if natural, to frame the energy release in terms of linear outer variations;
as we shall see it is more effective to employ inner variations, including in a broad sense blow up
techniques.

Let us turn to regularity, which is a delicate point often behind the mathematical difficulties on
energy release rate. In the mathematical literature there are several results under many different
hypothesis; here we will just mention a couple of them, a classical and a recent one. The first is
a well known result of Grisvard [7] characterizing the regular and singular part of solutions; more
precisely, it asserts that for a polygonal planar domain the displacement field in a neighbourhood
of the crack tip takes the form

u = Kyt; + Kyt + a,

where K; and K, are the stress intensity factors and 4; = ,01/ 2U;(0) (in local polar coordinates)
while @ belongs to the Sobolev space W22, A remarkable generalization for a wide class of cracks
has been recently obtained by Babadjian, Chambolle and Lemenant [1] (extending [2]) together
with an “indirect representation” of the energy release, written in terms of a minimization problem.
Another recent result, in the same spirit of our work but with a different technical approach, may
be found in [10].

Now, we present the content of our paper. First of all, we will work with curved cracks, technically
of class W1 or W2 in R™ for n > 2, and we will employ homogeneous linear (anisotropic)
elasticity. Using a family of diffeomorphisms W to represent the variation of the domain, as a sort
of shape or configuration derivative, we will provide first a simple way to compute a volume integral
representation of energy variations. We remark that our proof does not employ the primal-dual
formulation of linear elasticity employed by Destuynder and Djaoua [3], it is indeed purely based
on variational formulations; moreover it does not rely on regularity (or singularity) properties of
solutions. For this reason it holds in any space dimensions and for anisotropic elasticity.

Then, we show how to recast our volume integral representation in terms of energy momentum
tensor, contour integrals and stress intensity factors. It is interesting to remark that for the first it
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is basically enough to employ symmetry of the stress while for the second and the third some more
information on the regularity of solutions is needed: for the contour integral we employ the fact
that solutions are of class W22 away from the crack front while for the stress intensity factors we
obviously need the exact form of the singularities (and thus the representation holds true only in
the plane strain setting and for isotropic elasticity). To conclude, it is fair to say that it is still not
clear (but under investigation) a possible way to extend the current proof to more general variations
of the domain, including in particular the case of kinked cracks.
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2 Notation

Let Q C R™ (for n > 2) be a bounded, connected, open set with Lipschitz boundary 9. Assume
that the initial crack K C Q is closed and of class W1, Variations of the crack will be of the
form Kj, = ¥, (K) for a suitable family ¥}, of bi-Lipschitz diffeomorphisms. More precisely, assume
that ¥y, is a diffeomorphism of Q of the form Vj(x) = x + h®y(x) for &, uniformly bounded in
WLo°(Q,R") with ®,(z) = 0 on dQ and such that D®), — D® a.e. in Q (and thus &, — & in
Wheo(Q,R")). Note that configurational variations of this type are not necessarily “incremental”,
i.e. the family of cracks K, = W,(K) is not necessarily increasing. Incremental variations are
possible but they require more regularity of the crack set K, as explained in the next example.

2.1 Incremental variations in the plane strain setting

Assume that the initial crack K and its incremental variations K} are both represented by the graph
of a function k of class W% i.e. that Kj, = {(x1,k(z1)) : 71 € [~I,h]} for h > 0. Assume also, for
simplicity, that k(0) = £'(0) = 0.

Let us represent the variations K} in terms of configurational variations of the initial crack K.
To this end, let ¢ € W°°(£,[0,1]) with ¢ = 1 in a neighbourhood of the origin and supp(¢) CC
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and define
\I/h(xl, .%'2) = (.%'1 + h(ﬁ(xh 1'2),.1‘2 + k(l‘l + h¢($1,$2)) — k(l’l))

Let us write ¥p,(z) = z + h®y(x) (for h > 0) where

Oy (21, 10) = <¢($1,x2) ’ k(1 + h(b(xl};a:Q)) - k‘(:pl)>

and let ®(x1,z2) = ¢(x1,22)(1, k' (x1)). Note that &, =P =0 if ¢ = 0.

Lemma 2.1 &, — & strongly in L=°(Q,R™). Moreover D®y, — D® a.e. in Q and Dy, is bounded
in L>°(Q, R?*2),

Proof. It is easy to check that @), — ® a.e. in Q. Write D® = V¢ x (1,k') + ¢ k" é3 x é; and
¢ P

K (z1 + ho) — k' (x1)
h

D®;, =

+ K (z1+ hd)d 1 K (z1+ ho)d

Then, by continuity and a.e. differentiability of the Lipschitz function &', it follows that D®;, — D®
a.e. in Q. Finally, D®;, is uniformly bounded in L> (£, R?*2). [

Remark 2.2 [t is fair to remark that within these variations it is not possible to include kinked
cracks, since in that case only hD®}, is bounded in L°° (2, R?*2).
2.2 Incremental variations in the three dimensional setting

Assume again that the initial crack K C  is represented by a graph, i.e. that K = (K b) with
K(x1,29) = (1,22, k(z1,22)) for k of class W2 and K° C R? compact and connected. Let
¢ € WH(Q,R?) with |¢| < 1 and supp(¢) CC Q. For h > 0 define the mapping

Uy (x) = 2+ (hor(z), hoa(x), k(21 + hé1(x), 22 + hoo(x)) — k(z1,22))

and the corresponding variations of the crack K = U, (K). Denote also Kp(x1,z2) = ¥y oK(x1, z2)
so that K = Kp(K”). Introducing ¢”(x1,z2) = é(21, 2, k(x1, 2)) the map K, can be written as

Kn(z1,22) = (21 + he (2), 22 + heh (), k(21 + he) (2), 22 + heh(z))) = K(a, ),

where (2?,28) = (21, 22) + h¢® (21, 29) represent the corresponding variation of the domain K.

2.3 Energy
We consider homogeneous linearized energy with density
W (Du) = 1 Du: C[Du] = 1 e(u) : o(u),

for €(u) = (Du+ Du’)/2 and C[Du] = o(u). Note that for the moment, and in most of the paper,
we will not assume isotropic elasticity, which will be needed only in §6 to obtain Irwin’s formula.

For dp{) relatively open in 9 and g € W12(Q,R") let

U, = {uc WH2(Q\ K,,R") : u = g 9pQ}
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be the space of admissible displacements. For f € W1P(Q, R") (for some p > 1) the energy is of the
form F(u) = E(u) — L(u) where

E(u) = W(Du) dz, L(u) = / f-udz.
O\K), Q\K},

Now, given u € Uy by a change of variable, write

E(u) = Ep(uo¥y) =1 D(uo W) : Cp[D(uo Wy)]dx (1)
O\K
where Cj[F] = C[FDU, | DV, "detD¥), and
L(u) = Ly(uo ¥y) = fn - (woWy)dx (2)

O\K

for fr, = (f o ¥y)detDW¥y. Since ¥j induces a one to one correspondence between Uy and Uy, for
our purposes it will be equivalent to consider the energy Fj(u) = Ep(u) — Lp(u) in Uy instead of
the energy F(u) = E(u) — L(u) in Up,.

3 Variational representation of energy variations

3.1 Expansions

Lemma 3.1 U, — id in WH°(Q,R"). Moreover, for h < 1 we have the following expansions

DY, ' =) (~hD®p)" = I — hD®;, + o(h)
n=0
detD¥y, =14 htrD®y, + o(h),

which hold in L (2, R™*™) (and thus a.e. in Q).

Proof. Since DV, (x) = I + hD®p(x) with D®;, uniformly bounded it is clear that ¥;, — id in
Wheo(Q, R"). Moreover for h < 1 the inverse matrix can be expanded as

DY, ' =) (~hD®p)" = I — hD®), + o(h).
n=0
Finally detD®;, = 1+ htrD®, + o(h). All the expansions above hold in L (2, R™*"). ]

Lemma 3.2 Let w € WH2(Q\ K,R"), then Cy[Dw] — C[Dw] in L*(Q\ K,R™*") and

Cp[Dw] — C[Dw]
h

— C'[Dw] = —C[DwD®;| — C[Dw]D®L + C[Dw]trDd,

in L?(Q\ K,R™™). Moreover f, — f in LP(Q,R") and

In—1f
h

—~ f'=Df®+ ftrD® in LP(Q,R).
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Proof. Write C;,[Dw| = C[DwD¥,'|D¥, Tdet DV;,. Since DY, — I in L®(€, R™*") (by Lemma
3.1) it follows that Cp,[Dw] — C[Dw] in L*(Q \ K, R™ "),
From the expansions of Lemma 3.1 we get, a.e. in €,

[DwDV; '] DY, " det DYy,

[Dw (I — hD®, + o(h))] (I — hD®y, + o(h))" (1 + htrD®), + o(h))
Duw] + h( — C[DwD®}] — C[Dw|D®} + C[DwltrD®},) + o(h)
Duw] + hC},[Dw] + o(h),

where
C},[Dw] = —C[DwD®;] — C[Dw]D®} + C[Dw]trD®y,.
Since D®}, is uniformly bounded in L?(Q2\ K,R"*") and converge a.e. to D®, by dominated con-
vergence it follows that C}[Dw] — C'[Dw] in L*(Q2\ K,R™*").
The convergence to f’ of the difference quotient follows from Lemmas 2.1 and 3.1 together with
a classical result on difference quotient for Sobolev functions, see instance [11]. [

3.2 Variational representation

In this section we show a volume integral representation of the energy release, obtained without
any regularity assumption on the displacement field. Let w; € argmin{F(w) : w € Uy} be the
displacement field in Q \ K} and let u; € argmin {Fj,(u) : u € Up} be its pull back in Q \ K. We
will denote by Gg(up) the variation of energy, i.e.

F(wp) — F(uo) Fy(up) — F(uo)

Galuo) = limy h = h ’ (3)
since F'(wp,) = Fp,(up).
Theorem 3.3 The variation of energy reads
Go(uo) = 3 Duyg : C'[Dug) dz — f - updx, (4)
O\K O\K

where C' and f' have been defined in Lemma 3.2.

Proof. First, let us see that u, — up in WH2(Q \ K,R"). For convenience, let us introduce the
bilinear forms

Ap(u,v) = Dv : Cp[Duy) dez, A(u,v) = Dv : C[Du] dz,
O\K O\K

so that the Euler-Lagrange equation for u; reads Ap(up,v) = Lp(v) for every v € Vy. It is not
difficult to check that Ay is elliptic and continuous in W12(Q \ K, R") uniformly with respect to
h. Tt follows that wuy is bounded in W2(Q2\ K, R") and thus (up to subsequences) that uj, — w
in WH2(Q\ K,R") and thus strongly in L?(2\ K,R"). Passing to the limit in the variational
formulation Ap(up,v) = Lp(v) leads to A(w,v) = L(v) for every v € Vy. Hence w = up and
up — up in WH2(Q\ K,R").

By the variational formulations, for every u € Uy we have

Ah(uh, uh) = Ah(uh —u, uh) + Ah(u, uh) = Lh(uh - U) + Ah(u, uh).
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Hence
Fy(up) = Ap(up, un) — Ly(up) = 3L (up — uo) + 3 Ap(uo, up) — Li(up)

= 3 An(uo,up) — 5L (up + uo).

In the same way F(ug) = 5 A(up,up) — 3L(ug + up). Writing explicitly we get
%Ah(uo,uh) — %A(uh,uo) = % o\ Duh : (Ch[Duo] — C[DUO]) dx
K
and
5 Ln(un + uo) — 5 L(up + ug) = %/Q\ (fn = f) - (un + uo) d.
K

Hence by Lemma 3.2

F - F
h(un) (uo) 1 Dug : C'[Dug) dz — I uodz,

h 2 Q\K O\K

which concludes the proof. [ |

Note that Theorem 3.3 employs only the weak convergence of wy, in particular it does not rely
on quantitative estimates of up — ug. Note also that G (up) is the sum of a configurational force f’
1

and a configurational stress C'[Dug]. Finally, introducing F'(u) = 5A'(u,u) — L'(u) where

Al(u,w) = Du : C'[Dw] dx, L'(u) = / f - uda,
O\K O\K

equation (4) reads simply Go(ug) = F'(up).
Remark 3.4 In the case of “incremental variations” Gg provides the energy release up to a multi-

plicative constant. Strictly speaking, the classical definition of elastic energy release (for incremental
cracks) would be

. Fp(up) — Fuo
g(u()) =—lim <_1) ( )a
h—0 H (K, \ K)
i.e. the negative derivative with respect to variations of crack surface area, and not with respect the
parametrization parameter h. Thus, apart from the minus sign, Go(ug) differs from G(ug) by a

multiplicative constant, which measures the variation of surface area with respect to h. (Under the
assumptions of § 2.1 it turns out that Go(ug) = —G(ug) since the length £(h) of the cracks K}, is

h

) = [ (@ ()22 ds
—1

and thus ¢'(0) = 1). Finally, note that Ge(ug) depends linearly on ®, through C' and f'. As

a matter of fact the energy release depends only on the variations of the crack; indeed, if K; =

Uy(K) = Ui(K) for every h > 0 then Fp(up) = Fp(ap) = F(wy) and thus by definition (3) it is

independent of the choice of the configurational map.

In the next sections we will obtain from (4) a cascade of classical representations of energy
variations (including of course the energy release): to re-write (4) we will use both algebraic and
regularity properties of ug but we will not use any more the definition (3).
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4 Representation with the energy momentum tensor

With few algebraic manipulations which do not require further regularity of uy we can write (4) in
terms of the Eshelby tensor
E(ug) = W (Dug)I — Dul o (u).

Theorem 4.1 The variation of energy can be written as

Go(up) = / E(ug) : D® dx — I ug du, (5)
O\K O\K

where f' = Df ® + ftrD®.

Proof. Since
F:C[FIMT = FM : C[F] = C[FM]: F = F : C[F M)

we can write (for M = D®)
F:C'|[F] = F: (~C[FD®] — C[F|D®T + C[F|trD®) =
= F: (—2C[F|D®" 4 C[F]trD®)
= F : C[F|(-2D®" + trD®1).

Remembering that D® : I = trD® and that 1F : C[F] = W(F) we can write
SF:C[F]=-D®: F'C[F]+ D® : W(F)I.
For F' = Dugy we get
2Dug : C'[Dug) = =D® : Duf o(ug) + D® : W (Dugp)I = D® : E(up).

Hence (5) follows from (4). ]

5 Representation with contour integrals

In this section we will show the representation of Gg by means of contour integrals. We will get first
a "generalized J-integral” [12] and then, under special hypothesis, the classical path-independent
J-integral [13]. We will assume that the crack is of class W2°°, that the map ® is compactly
supported, tangent to the crack (i.e. that ® -7 =0 on K) and that f' = 0.

In order to define a contour integral it is necessary to have more information on the regularity of
the displacement field ug. Singular expansions in terms of the stress intensity factors are not strictly
necessary; what is actually needed is indeed the "elliptic regularity” of ug. Let I' denote the crack
front or tip, then by [6, 7] ug € W22(Q'\ K,R") for every ' C Q with Q' € Q and TN = (note
that € may intersect to crack K but not its front/tip T'). Therefore, E(ug) € WH4(Q'\ K,R") for
some ¢ > 1 and o (ug)n = 0 in K* N in the sense of traces, and thus in L'(K U Q' R").

Lemma 5.1 The following representation holds,
Goluo) = / div (BT (u0)®) dz.
O\K

In particular div(ET (ug)®) € L'(Q\ K).
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Proof. Denote for simplicity E = E(ug), o = o(up) and u = uy.
Since ® € W1 we have ET® € W;9(Q\ K) for some ¢ > 1. Let us check that

loc

div(E) =0, div(IETCI)) =div(E)- @+ E: D® =E: D®. (6)
Denote by divy the k-component of the vectorial divergence. Being Cijin = Cpnij and u €
Wlif(Q \ K,R?) we have

din (W(DU)I) = %(0’ : Du)Jg = %(U,‘j uz',j),k = %(Cijmnum,n ui’j)7k
= 2CsjmntUmnk Wij + 5Crmnijlimn Wijk = Oij Ui jk,

divi(Du’ o) = (Du" o )ijj = (wig 0ij) j = Uikj Tij + Uik Tijj = Uik Tij + Uiy Tijj-

Hence divy(E) = diviy(WI — Du'o) = —ui 0ij; = —uy - div(o) = 0. By the regularity of ET®,
we can write

div(ET®) = (E;;®;); = Ej;;®; + E;;®;; = div(E) - &+ E: D& = E : DO,

which concludes the proof by Theorem 4.1. [ ]

Let us introduce the contour integral: consider a family U, of Lipschitz neighbourhoods of the
crack front/tip I'. Assume that U, C {x : d(z,I') < r}. Denoting, I', = 0U, \ K the contour integral
or “generalized J-integral” [12] will be

Jo(ug,T'y) = / ®TE(ug) nds (7)
where 1 denotes the outward unit normal for U,.. Note that in the case of curved cracks the contour
integral depends both on the tangent field ® and on the boundary I',. We will recover the classic
path-independent J-integral of [13] in the case of a straight crack in §5.1. Let us see the relationship
between Gg¢ and Jg.

Theorem 5.2 The following asymptotic contour integral representation holds,

— Go(uo) = lim Jo (ug, T') = lim OTE(ug) nds . (8)
r—r

r—0 T,

Proof. Denote E = E(ug), o0 = o(ug) and Q, = Q\ (K UU,). Without loss of generality we assume
that » < 1. Being div(ET®) € L}(Q\ K)

/ div(ET®) dz = lim [ div(ET®) dz. (9)
O\K

r—0 Qr

As ® is compactly supported in © we have ET® € W14(Q,., R?) for some ¢ > 1 and we are allowed
to write

/ div(Ech)da::—/ dTEn ds,
Qp oQy

because ET® e Ll(aﬁr,R”) and becuase n is the inward unit normal to €2,.. Let us split €2, as
00U (KT N o) UT, and check that

/ ®TEnds =0, / ®TEnds = 0.
o) K*noQ,
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The first integral vanishes simply because ® has compact support in 2. The second vanishes since
®TEn =0 on K* N o9Q,, indeed we have

TEn = dT(WI — Dulo)n = (®Ta) W — T Dul (en) = 0, (10)
being ® -7 = 0 (because here @ is tangent to the crack) and on = 0 (by equilibrium). Hence by (9)
/ div(ET (ug)®) dz = — lim [ ®TE(ug)nds = — lim Jg(ug, '), (11)
Q\K r—0 T, r—0
which concludes the proof ]

Corollary 5.3 (Path Dependence) Let U; (for i = 1,2) be admissible neighbourhoods for (7).
Assume that Uy C U;. Then we have

Jo(T'1) — Jo(T'y) = /U v div (ET (ug) D®) dz. (12)

Note that div(E” (ug) D®) = E(ug) : D® in general does not vanish in Uy \ Us.

Proof. It is sufficient to write

/ div(ET (ug) D®) dx = / OTE(ug) 1 ds,
Ui\U2 A(U1\Uz)

where 7 is the outward unit normal for Uy \ Ua. Since E(ug)n = 0 on 9(Uy \ Uz) N K* (see the proof
of Theorem 5.2) and since —n on I'y is the outward unit vector for Uz we get (12). ]

Figure 1: A curved crack and a couple of admissible contours for the evaluation of Jg.

5.1 Path independent J-integral

In this subsection we will restrict ourselves to the setting of [13]: assume that 2 C R? and consider
a straight crack K = [—[,0] x {0}. Consider also a simple Lipschitz curve v : [0,1] — Q\ {0} with
(1) € KT and v(0) € K~. Denote I' = ([0, 1]) and define the J-integral as

J = —/élE(UQ)’ﬁ,dS,
r

where n is again the outward normal.

Let ¢ € C§°(€,]0,1]) with ¢ = 1 in a (small) neighbourhood of the origin (the crack tip). Let
® = é1p. For h < 1 the map ¥y (z) = x+h®(x) is a smooth diffeomorphism of Q with K;, = &, (K).
Clearly —Gg(up) is the energy release with respect to the variations K of K.
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Proposition 5.4 J is independent of I' and J = —Gg(up).

Proof. By the assumptions on I' for r sufficiently small we can apply Corollary 5.3 with I'y = T
and I'y = B,. Denoting by A the region “enclosed” by I', 9B, and K+, we get by (6)

/ éﬂE(’U,o)ﬁ ds — / éﬂE(uO)fL ds = / E(uo) : Dél dx = 0.
r 0B A
On the other hand, by (7)
G@(Uo) = —lim élE(uo) nds = — / élE(uo)ﬁ ds, (13)
r—0 8BT T

which gives the representation of the energy release in terms of the J-integral [13]. This argument
holds for every curve I'" and thus J is independent of T'. [ |

To be precise, the original way [13] of writing the J-integral is the following:
= / Wdzy —T -u;ds,
r

where the first term is a differential form (and I' denotes a counter-clockwise contour) while the
second is a (non-oriented) line integral. Now, consider a counter-clockwise arc length parametrization
~v of I'. Since 7 is the unit tangent vector and 7 is the unit outward vector, we have 42 = n; and
thus the differential form Wdxs reads

/FWdzL'gz/OLW(Duo( ()3 (1) dt = /W Dug)nldS—/W Dug)is - &1 ds.

The second is instead a line integral for T' = o (up)n and u; = Dugé;. Thus

/uyl -Tds = /(Duoél)To'(uo)ﬁds:/é{DuOTU(uo)ﬁds.
T r T

Taking the difference, we get

:/W(DUQ) é{ﬁ—é{Duga(UO)ﬁds:/é{E(uo)ﬁds.
r r

6 Representation with the stress intensity factors

In this section we will work under the following assumptions: Q C R? and the crack K is of class
W2 (in particular it is not necessarily straight). Without loss of generality we assume that the tip
is in the origin with tangent é;. Finally, we assume that f’ = 0 and, most important, we consider
isotropic elasticity with C[Du] = o(u) = 2ue(u) + Atr(e(u))I, for A, u > 0 the Lamé constants.
First of all let us introduce the singular displacement fields

Uy = 91/2U1(9)7 Uy = P1/2011(9)a
where the fields U; take the form
U1(0) = (a5 cos(0/2) + by cos(30/2), ¢; sin(0/2) + dy sin(30/2)),
Un(0) = (an sin(6/2) + by sin(36/2), ¢y cos(8/2) + di; cos(360/2))
U:(0) = acos(0/2)(8 — cos 0),sin(0/2)(3 — cos b)),
Un(0) = a(sin(0/2)(8 + 2 + cos ), — cos(8/2) (8 — 2 + cosh)),
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for a suitable choice of the scalars depending only on the Lamé parameters. Now, given ug let us

introduce the rescaled field
u(™ (z) = T71/2u0(m:).

Then by [1] there exist K, Ky (the stress intensity factors) such that
Du'") — KD, + KDy, strongly in L?(B;, R**?). (14)
In the case of a smooth crack the above convergence follows easily from the singular expansion
proved by Grisvard in [7].
The following result gives Irwin’s formula for the representation of the energy release —Gg(up)

in terms of the stress intensity factors.
Theorem 6.1 Let the map ® be compactly supported and tangent to the crack K. Then

— Ga(ug) = (1 - v*) (K} + K3) /B, (15)
where v = A/2(A+ u) and E = 2(1 4+ v)p are respectively Poisson’s ratio and Young’s modulus.

Proof. For 0 < r < 1let ¢ (z) = |1 — |x|/r|+ (where |- |+ denotes the positive part). Given the
tangent field ® let ®,.(z1,22) = ¢p(2)@(x). Clearly Vo, (z) = 0 in Q \ B, and Ve, (x) = é,/r in
B,., thus

D®, =é,® ®/r + 0, DD.
By (5) we have

Go(up) = lim E(ug) : DO, dx. (16)

In the ball B, it holds |® — é;| < ¢r and hence |[D®, —¢é, ® é1/r| < C, with C independent of
r. Since E(ug) € L! it follows that

Go(ug) = lim E(ug) : D®, dz = lim 7‘_1/ E(ug) : €, ® é1dx .
=0 /B \K r—0 B, \K

In terms of the rescaled field (™ the variation of energy reads

Go(up) = lim E(u™): ¢, ® é da,
r—0 BI\K(T)

where K(") = K /r. By (14) it follows that E(u(") — E(K,t; + Kyty) strongly in L'(By, R?*?) and
thus
GcI)(U[)) = / E(Kl'al + Knﬁn) : ép ® él dx.
B1

It is convenient to write explicitly the Eshelby tensor as

11
E(KIQI + Knan) - Z Kin Ei,ja

4, =1
where E; ; = €(i;) : o(a;)I — Dalo(a; ) is of the form p_ls”i,j(Q) (for 4,7 =1, 11). Denoting
Cij= / Eij:é,®é dr = / P18 i(0) : é,(0) ® &1 pdpdf
B1 Bl

= [ Si;(0):¢,(0)®¢é do

—T
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we obtain

X Frorga the classical result of Irwin it holds CA’LH = 011,1 = 0 (by symmetry arguments) and that
CI,I = CII,II = _(1 - ’/2)/E‘ u

To conclude this section, we observe that in our setting Green’s formula

/ div(ET (ug)®) dx:/ OTE (ug) 1 ds
O\K A(Q\K)

does not hold true. Indeed,
Golug) = / div(ET (ug)®)dz  while / OTE(ug) nds = 0,
O\K H(O\K)

since ®TE(ug) 7 = 0 a.e. on KT, as shown in (10). However, by Lemma 5.1 and Theorem 6.1 the
following ” generalized Green’s formula” holds

/ div (BT (ug)®) da = / OTE(ug)nds — (1 —v?) (K2 + K2)/E.
O\K I(ONK)

In general, since E belongs to L!(div;Q \ K,R™*") Green’s formula (cf. Theorem A.1) takes the
form

/ div(ET (ug)®) dz = (T4 (E(uo)), ®), (17)
Q\K

where T'; @ L!(div;Q \ K,R™") — (Wh°(K,R"))* is a bounded linear operator. In general I';
does not enjoy an integral representation, i.e. it does not belong to L'(K,R™). In our setting, given
up, if ® is tangential it holds

Li(E(uo)) = —(1 = v*) (KT + Kf)/E.

A Green’s formula in L'(div)
Let A be a bounded, Lipschitz domain in R™ and define
LY(div; A, R™™) = {¢ € L' (A, R™") : div(¢) € L'(A,R")}

endowed with the norm (||| z1(givy = ||l + [|div(§)[|z1. The following Theorem defines the normal
trace in L!(div; A, R™*") as an element of (W1>°(9A4,R"))*, the dual of W1 (9A, R").

Theorem A.1 Let & € L'(div; A,R™"). There exists a bounded linear operator
Ts o L (div; A, R™™) — (WH2(9A,R™))*
such that

[ divien) = [div(©) v+ ¢ Dudo = (Tal©) vl for v e WHR(ARY,

and such that T;(€) = &n for € € CH(A,R™™). Brackets (-,-) above denote the duality between
WL (9A,R™) and its dual (W (DA, R™))*.
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Proof. If £ € C1(A,R™™) then &y € WH*°(A,R") and classical Green’s formula holds in integral
form as

/div(fw)—/div(f)-¢+§:D¢dx— ¥ - Ends.
A A 0A

Let us define I'y, : C1(A,R™") — (WL>(9A,R™))* by

<rﬁ<§>,w>:/div@)-ws:wdm

A

where 1) € W (A,R") is a lifting of ¥ € WH°(9A,R"). Clearly I';, is linear and bounded with
respect to the norm of L!(div; A, R™*"), indeed by definition

ITA () | wree(@arnys = sup {(Ta(€), ¥) : 1 € WHP(JA,R™) with [[¢)]| 1.0 9arny < 1}

and by continuity of the lifting operator

(Ta(8), ) = /A div(é) - + & : DY da < Ol 11 (div, anxn)-

We conclude extending I'; (in a unique way) since C*°(A, R"*") is dense in L!(div; 4,R™"). =
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