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ABSTRACT. The L'-Sobolev inequality states that for compactly sup-
ported functions u on the Euclidean n-space, the L™ ™ Y_norm of a
compactly supported function is controlled by the L'-norm of its gra-
dient. The generalization to differential forms (due to Lanzani & Stein
and Bourgain & Brezis) is recent, and states that a the L™ =Y _norm
of a compactly supported differential h-form is controlled by the L'-
norm of its exterior differential du and its exterior codifferential du (in
special cases the L'-norm must be replaced by the #!-Hardy norm).
We shall extend this result to Heisenberg groups in the framework of an
appropriate complex of differential forms.

1. INTRODUCTION

The L'-Sobolev inequality (also known as Gagliardo-Nirenberg inequal-
ity) states that for compactly supported functions u on the Euclidean n-
space,

(1) [wll /oy gy < el Vull prgny-

The generalization to differential forms is recent (due to Bourgain & Brezis
and Lanzani & Stein), and states that the L= _norm of a compactly
supported differential h-form is controlled by the L'-norm of its exterior
differential du and its exterior codifferential du (in special cases the L'-norm
must be replaced by the H!-Hardy norm). We shall extend this result to

Heisenberg groups in the framework of an appropriate complex of differential
forms.

1.1. The Euclidean theory. In a series of papers ([10], [11], [12]), Bour-
gain and Brezis establish new estimates for the Laplacian, the div-curl sys-
tem, and more general Hodge systems in R™ and they show in particular

that if F is a compactly supported smooth vector field in R™, with n > 3,
ﬁ.
and if curl F f and div F= 0, then there exists a constant C' > 0 so that

(2) | F Lot < | i Lt (rny -

1991 Mathematics Subject Classification. 58 A10, 35R03, 26D15, 43A80, 46E35, 35F35.
Key words and phrases. Heisenberg groups, differential forms, Gagliardo-Nirenberg in-
equalities, div-curl systems, symbols of differential operators.

A.B. and B.F. are supported by University of Bologna, funds for selected research topics,
by GNAMPA of INdAM, Italy and by MAnET Marie Curie Initial Training Network.
P.P. is supported by Agence Nationale de la Recherche, ANR-10-BLAN 0116.

1



This result does not follow straightforwardly from Calderon-Zygmund theory
and Sobolev inequality. Indeed, suppose for sake of simplicity n = 3 and let

_>
F be a compactly supported smooth vector field, and consider the system

1 F—f
curl F'=

(3) .
div F=0.

N
It is well known that E: (—=A)~teurl f is a solution of (3). Then, by
Calderén-Zygmund theory we can say that

- -
IV Fllre@sy < Cpll f llzpmsy, for 1<p<oo.

Then, by Sobolev inequality, if 1 < p < 3 we have:

— -
| F lpoemsy < || f llzoey s

where 1% = % — % When we turn to the case p = 1 the first inequality fails.
The second remains true. This is exactly the result proved by Bourgain and
Brezis.

In [22] Lanzani & Stein proved that (1) is the first link of a chain of
analogous inequalities for compactly supported smooth differential h-forms

in R" n > 3,

4)  ullpo/o-v@ny < C (ldullpreny + [10ullpr@ny) i b # 1,0 =1
) Nullpase-n gy < C (ldullpr@ny + 10ullgp@ny) ifh=1;
C

6)  lullpr/on @ny < C (lldullpg ny + 10wl rny)  if h=n—1,

where d is the exterior differential, and 0 (the exterior codifferential) is its
formal L?-adjoint. Here H!(R") is the real Hardy space (see e.g. [31]). In
other words, the main result of [22] provides a priori estimates for a div-curl
systems with data in L!(R™). We stress that inequalities (5) and (6) fail if
we replace the Hardy norm with the L!'-norm. Indeed (for instance), the
inequality

(7) [ull posn-1) gy < C (dull L1 @ny + 16ull L1 ny)

is false for 1-forms. The counterexample is given by E.M. Stein in [30], p.
191. Indeed, take fx € D(R") such that ||f|[;1@mn) = 1 for all k € N and
such that (fx)ken tends to the Dirac ¢ in the sense of distribution. Set
now v := A71lf;. Then estimate (7) would yield that {|Vuvg| ; k € N}
is bounded in L™ (™~1(R"), and then, taking the limit as k¥ — oo that
||~ € LY(R™).

1.2. The Heisenberg setting. Recently, in [14], Chanillo & Van Schaftin-
gen extended Bourgain-Brezis inequality to a class of vector fields in Carnot
groups. Some of the results of [14] are presented in Theorems 4.2 and 4.3
below in the setting of Heisenberg groups. These are the main tool that al-
lows us to give a Heisenberg version of Lanzani & Stein’s result. We describe
now the operators that will enter our theorem.
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We denote by H" the n-dimensional Heisenberg group. It is well known
that the Lie algebra § of the left-invariant vector fields admits the stratifi-
cation b = h1 @ ho. We shall refer to the elements of by as to the horizontal
derivatives on H".

Heisenberg groups admit a one-parameter group of automorphisms called
dilations. Whereas, in Euclidean space, all exterior forms of degree h have
homogeneity h under Fuclidean dilations, on the contrary, because of the
stratification of b, h-forms on Heisenberg groups split into two weight spaces,
with weights h and h + 1. This leads to a modification (Ej,d.) of the de
Rham complex introduced by Rumin. Bundles of covectors are replaced by
subbundles Eg and the exterior differentials by differential operators d. on
spaces I'(E%) of smooth sections of these subbundles.

It turns out that this complex, which is both invariant under left-translations
and dilations, is easier to work with that ordinary differential forms.

The core of Rumin’s theory relies on the following result.

Theorem 1.1. If0 < h < 2n + 1 there exists a linear map
d.: T(E — T(EM

such that
i) d2 =0 (i.e. Ey:=(E},d.) is a complez);

ii) the complex Ey is exact;

iii) d. : T(EL}) — F(Eg“) is an homogeneous differential operator in
the horizontal derivatives of order 1 if h # n, whereas d. : I'(Ef) —
T(EJTY) is an homogeneous differential operator in the horizontal
derivatives of order 2;

iv) if 0 < h < n, then xE} = EZ"T1=h;

v) the operator 8, := (—1)M2" ) x d x is the formal L?-adjoint of d...

Definition 1.2. If 0 < h < 2n+1, 1 < p < oo, we denote by LP(H", El)
the space of all sections of E(})L such that their components with respect a
given left-invariant basis belong to LP(H"), endowed with its natural norm.
Clearly, this definition is independent of the choice of the basis itself. If
h = 0, we write LP(H") for LP(H", EY).

The notations D(H", E}), S(H", El), E(H", El), and H'(H", E}) have
an analogous meaning (here H' is the Hardy space in H" defined in [17],
p.75).

Now can state our main result that generalizes the results of [4] to all
Heisenberg groups.

Theorem 1.3. Denote by (Ej,d.) the Rumin’s complex in H", n > 2 (for
the cases n = 1,2 we refer to [4]). Then there exists C > 0 such that for
any h-form u € D(H", E(}), 0<h<2n+1, such that

deu=f
{5cu:g

we have:



i) if h=0,2n+1, then
llull Les@-1) @ny < Cllflpr @, m1):
||U||LQ/<Q—1>(Hn,Eg"+1) = CHgHLl(H",ES");

ii) if h =1,2n, then

lull Las@-n@n, g1y < C(1f L @n,z2) + 19ll20@n))s

lull os@-1 @n,gzny < C (11302 gn g2n+1y + 9l prgn g2o-1y)s
iii) if 1 <h <2n and h #n,n+ 1, then

lull os@-v gy < C UL L gn gery + 19l o pn pn-1))s

iv) if h=n,n+1, then

HUHLQ/(Q*Q)(Hn,Eg) < C(Hf“p(Hn,EgH) + ||dcg||L1(Hn,Eg));

||U||LQ/(Q—2>(Hn,Eg+1) < C(||5cf“L1(Hn,Eg+l) + ||9||L1(Hn,Eg));

lull Lor@-v @ gpy < Cllgllprn o1y 4 f=0;

lull sorce-vsn gty < Clfllsen sy 9 =0

The proof of Theorem 1.3 follows the lines of the proofs in [4] of the
corresponding results for H' and H?. The new crucial contribution of the
present paper in contained in Theorem 5.1 that, roughly speaking, states
that the components with respect to a given basis of closed forms in ESL
are linear combinations of the components of a horizontal vector field with
vanishing “generalized horizontal divergence”. This is obtained by proving
that the symbol of the intrinsic differential d. is left-invariant and invertible
(see Corollary 5.5 and Proposition 5.6).

In Section 2 we fix the notations we shall use throughout this paper. In
Section 3 we gather some more or less known results about tensor analysis in
Heisenberg groups. Section 4 recalls results borrowed to Chanillo and Van
Schaftingen. Section 5 contains Theorem 5.1 together with several auxiliary
results. The proof of Theorem 1.3 is completed in Section 6. Section 7
contains a variant of Theorem 1.3 where no differential operator occurs on
the right hand side.

2. NOTATIONS AND DEFINITIONS

As above, we denote by H" the n-dimensional Heisenberg group identified
with R?"*! through exponential coordinates. A point p € H" is denoted by
p = (z,y,t), with both z,y € R® and t € R. If p and p’ € H", the group
operation is defined as

1 n
prf=(@+ay+y b+t 4o > (i — yia))).
j=1

In particular for any p € H" there is a familiy of (left) translations 7, :
H™ — H" defined by

q:=p-q qeH".
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For a general review on Heisenberg groups and their properties, we refer to
[31], [21], [8], and to [33]. We limit ourselves to fix some notations, following
[19].

We denote by h the Lie algebra of the left invariant vector fields of H™.
As customary, b is identified with the tangent space T.H" at the origin. The
standard basis of b is given, for i = 1,...,n, by

1 1
Xi 1= Oy — iyiat, Yii= 0y, + 5331'@, T := 0.

The only non-trivial commutation relations are [X;,Y;] =T, forj = 1,...,n.
The horizontal subspace h1 is the subspace of § spanned by Xq,...,X,
and Y7, ...,Y,. Coherently, from now on, we refer to X1,..., X,,Y1,..., Y,
(identified with first order differential operators) as to the horizontal deriva-
tives. Denoting by ho the linear span of T', the 2-step stratification of b is
expressed by

h =b1 D bo.

The stratification of the Lie algebra h induces a family of non-isotropic
dilations 9y, A > 0 in H". The homogeneous dimension of H"” with respect
to dx, A > 0 is

Q=2n+2.

The vector space h can be endowed with an inner product, indicated by
(-,), making Xy,...,X,, Y1,...,Y, and T orthonormal.

Throughout this paper, to avoid cumbersome notations, we write also

(8) Wi=X;, Wign: =Y, Wo:=T, fori=1,--- ,n.

The dual space of b is denoted by /\1 bh. The basis of /\1 b, dual to the ba-
sis {X1,...,Y,, T}, is the family of covectors {dx1,...,dz,,dyi, ..., dy,,0}

where
n

1
0:=dt -5 > (wjdy; — yjday)
j=1
is called the contact form in H™.

We indicate as (-, -) also the inner product in /\1 b that makes (dzq, ..., dyn,0)

an orthonormal basis. The same notation will be used to denote the scalar
product in /\; h that makes (X,...,X,,T) an orthonormal basis.
Coherently with the previous notation (8), we set

w; =dx;, Witn =dy;, wopt1:=0, fori=1,--- n.
Weput/\oh::/\Of):Rand,forlgk§2n—l—1,
/\kh::span{Wil/\---/\Wik:1§731<---<ik§2n+1}::span\llk,
/\kh::span{wil/\~--/\wik:1§i1<---<ik§2n+1}::span‘lfk.

The inner product (-, -) extends canonically to A, b and to /\kh making
both bases ¥, and UF orthonormal.
If 1 <k <2n+ 1, we denote by * the Hodge isomorphism

. /\kh PN /\Qn-l-l—kh
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associated with the scalar product (-,-) and the volume form
AV :=wi A Awoy N 6.
The same construction can be performed starting from the vector sub-

space h1 C b, obtaining the horizontal k-vectors and horizontal k-covectors

/\kbl ::span{Wil/\---/\Wikzlgil<---<ik§2n}

k
/\ b1 :=span{w;, A+ Aw;, 1 <3 <--- <ip < 2n}.

It is well known that the Lie algebra h can be identified with the tangent
space at the origin e = 0 of H", and hence the horizontal layer h; can be
identified with a subspace of THY that we can still denote by A, b.

In addition, the symplectic 2-form

—df = zn: dx; N\ dy;
=1

induces on h; a symplectic structure. We point out that this symplectic
structure is compatible with our fixed scalar product (-,-) and with the
canonical almost complex structure on h; = C™.
Horizontal k-vectors can be identified with skew-symmetric k-tensor in
®Fh1.
To fix our notations, we remind the following definition.
Definition 2.1. If VW are finite dimensional linear vector spaces and
S :V — W is a linear isomorphism, we define a map
RS RV - QW
as the linear map defined by
(®rS)(v1®---®@vp) =5(v1) @+ ®S(vr),
and a map
®SS . ®Sw* N ®Sv*
as the linear map defined by
(@°S)()|v1 @ - @ vs) = (a](®s9) (V1 ® - - @ vs))
for any av € @*W* and any s-tensor v; ® --- ® vs € ®°V. Finally, we define
(®@75) 1 (@"V) ® (®°V7F) = (@"W) @ (¥°WT)
as follows:
(®:9) (v @ w) := (®,.5)(v) ® (*S™ ) (w).
Throughout this paper, we shall deal with (r, s)-tensors in
(e"h) @ (e°h7),
with r,s € Z, r,s > 0, that, in turn define a left-invariant fiber bundle over
H", that we still denote by (®” b) ® (®5 []*) as follows: first we identify
(®”" b) ® (®5 f)*) with a subspace of (®” TEH") ® (®5 T;H") that we denote
by
(®T h)e ® (®S b*)e'
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Then the fiber of (®T f))p ® (®S h*)p of (®T h) ® (®s f)*) over p € H" is

(®"h),® ("), = (@ dry(e)(®" ), ® (&"dr,1(p)) (@ b7),.
The elements of the space of smooth sections of this bundle, i.e.
P(H", (@"h) @ (@°h7)),

are called (r, s)-tensors fields.
A special instance will be the horizontal tensors belonging to

(@ h1) ® (@7 bi).

The horizontal (r,0)-tensors fields will be called also horizontal r-vector
fields. The skew-symmetric horizontal (0, s)-tensors fields are identified with
the horizontal differential forms.

Moreover, to avoid cumbersome notations, from now on, when dealing
with a vector bundle A over H", if there is no way to misunderstand we
shall write also

L(N) for T(H",N).
Finally, a subbundle N of ( Q" f)) ® (®3 h*) is said left invariant if
9) N, = (@3dr,(e))Ne.

It is customary (see e.g. [34], Chapter I) to denote by

I /\h []1 . /\h+2 f)l

the Lefschetz operator defined by L« := df A «, and by A its dual operator
with respect to (-,-). If 2 < h < 2n, we denote by P" C /\h b1 the space of
primitive h-covectors defined by

1 h
(10) Pl:i= A\ b and P'i=kerAn/\ b, 2<h<2n

Following [27], [28], for h = 0,1,...,2n + 1 we define a linear subspace
E(]}, of /\hh as follows:

Definition 2.2. We set

e if 1 < h < n then E} = P
e ifn<h<2n+1then El = {a=8A0, B N b, L3 =0}.

Remark 2.3. Definition 2.2 is not the original definition due to M. Rumin,
but is indeed a characterization of Rumin’s classes that is proved in [27] (see
also [26], [4] and [3]).

By (9), the spaces Ej define a family of left-invariant subbundles (still
denoted by Eg, h=0,...,2n+1). It turns out that we can identify Eg and

(E5)e-
7



3. BASIC FACTS ON TENSOR ANALYSIS IN HEISENBERG GROUPS
The following decomposition theorem holds.

Proposition 3.1. The space of 2-contravariant horizontal tensors @%by can
be written as a direct (orthogonal) sum

®°h1 = Sym (@°h1) & /\2 b1

of the space Sym (®2h1) of the symmetric 2-tensors and of the space N2 b1
of the skew-symmetric 2-tensors.

An orthonormal basis of Sym (®2h1) with respect to the canonical scalar
product in @%by is

1
{2(Wi®vvj+Wj®Wi);i§j},
whereas the canonical orthonormal basis Wo of N\, b1 can be identified with
1 .
{Q(Wi®Wj—Wj®Wi);Z<j}.

Definition 3.2 (See [2], Definition 1.7.16). If ¢ : H® — H" is a diffeomor-
phism, then the push-forward of a tensor field ¢t := v ® o, with v € ®"h and
a € ®°h*, then its push-forward ¢.t at a point p € H” is defined as

$ut(p) 1= (@7 dg(p)) ((v ® @)(p)),
where p := ¢~ !(p). Moreover, the pull-back ¢*t of ¢ is defined by
¢t = (67
A tensor field
U®04€F(H",(®T h) ® (®5 f)*))
is said left invariant if
(1), v®a=v®a forall qgecH".
Lemma 3.3. Letv®¢§ € (®T h)e ® (®S h*)e be given. If p € H", we set
To(v@¢€) = (n)(v®E) € (@ h) & (®°h") .
Then the map p — Tp(v ® §) is left-invariant.

Thus, if V@ W is a linear subspace of ( " f))e ® (®S h*)e, then {T,(v®
£),vREe VW, peH"} defines a left-invariant subbundle of ( " h) ®
(®%h*). In addition, if {v;®¢&;, i =1,...N,j =1,...M} is a basis of
VoW, then {To(v®§), i=1,...N,j=1,... M} is a left-invariant basts
of the fiber over p € H".

We remind the following well-known identity (see e.g. [1], Proposition
6.16):

Remark 3.4. If W € b is identified with a first order differential operator
and ¢ : H" — H" is a diffeomorphism, then

W(uo ¢)(z) = [(¢:W)u] (¢(x)).
Moreover, if W, Z € b1, then

G(W R Z) = W @ ¢uZ.
8



Set Nj := dim El!. Given a family of left-invariant bases {{Z, k =
1,... Ny} of E'(})L, 1 < h < n as in Lemma 3.3, the differential d. can be
written “in coordinates” as follows.

Proposition 3.5. If 0 < h < 2n and
a=> o € T(ED),
k

then
h+1
deav = Z Py oy 771,
Ik
where

i) if h # n, then the Pry’s are linear homogeneous polynomials in
Wh,...,Way, € b1 (that are identified with homogeneous with first
order left invariant horizontal differential operators), i.e.

Pry = Z FriWi,
i

where the Fr;’s are real constants;

ii) if h = n, then then the Pry’s are linear homogeneous polynomials
in W;@W; € ®%h1, 4, =1,...,2n (that are identified with homoge-
neous second order left invariant differential horizontal operators),
i.€.

Pry = Z Fri Wi ® W,
i’j
where the Fy . ; ;’s are real constants.
Definition 3.6. If 0 < h < n we denote o(d.) the symbol of the intrinsic
differential d. that is a smooth field of homomorphisms

o(de) € T(Hom (El!, by ® EIY))

defined as follows: if p € H", & = 3, arél(p) € (E}),, then we can assume
there exists a smooth differential form o = Y, ax&l! € T(E}) such that
a = a(p). Thus, if u € E(H") satisfies u(p) = 0, then we have

do(ue)(p) = Y (Pru)(p)an(p)Er T (p).
L.k

Hence we set
o(de)(p)a ==Y a;Pri(p) @ & (p).
Ik

If h = n, d. is now a second order differential operator in the horizontal
vector fields and then its symbol o(d.) can be identified with a section

o(d.) € T'(Hom (EY, ®%h; @ EJ))

as follows: ifp e H", & = >, o £ (p) € (EY)p, then we we can assume there
exists a smooth differential form a = Y, oy & € Ef such that a = a(p).
Thus, if v € E(H") satisfies u(p) = 0 and Wju(p) =0, ¢ = 1,...,2n, then

we have
de(ua)(p) = Y (Priu)(p)ar(p) & ().

Ik
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Hence we set
o(de)(p)a ==Y arPri(p) @ & (p).
Ik

On the other hand, the canonical projection

®%hy
5]
1

p: @’ @ Byt ® Extt

given by
p(Wi @ W; @ &) := [W; @ Wil @ ¢

defines a new symbol (the symmetric part of the symbol)

®?h

S(de) := po o(d.) € Hom (Ef, N Egth.

1

Clearly, since we are dealing with 2-tensors, [W; ® W] can be represented
by

WiW;+W; @ W;).

N |

Thus
Y(de)a

1
=3 SO ar(Fruig+ Fregs) (Wi @ W+ W; @ Wi) @ g4
(11) T igk
=: Z Z @kF],k,i,j (WZ & Wj + Wj & VVZ) & f?—H.
1 i7j7k
Remark 3.7. If 0 < h < n, mimicking the usual definition of the principal
symbol o(P) of a differential operator P (see e.g. [24], Definition 3.3.13 or
[25], TV.3), one can cook up a notion of horizontal principal symbol that
takes into account Heisenberg homogeneity. For d., this map would belong
to
I'(Hom (Eg ® b}, Eg™)).
However, our notation is not misleading, since, by [15] (16.8.2.3) and (16.18.3.4),
Hom (E! ® h’lk,Eg'H) =~ Hom (Eg, Hom (b7, E(])H'l) )
> Hom (El, b1 @ EI*).
An analogous comment applies when h = n. In this case, only the projection
¥(d.) of the symbol onto symmetric tensors will be used.

Since b1, d. and E{ are invariant under left translations, then the symbol
o(d.) is uniquely determined by its value at the point p = e. More precisely,
we have:

Proposition 3.8. If 1 < h < n and p € H", then the following diagram is
commutative:

(E§)p
(12) @hw)l

(EQ)e (h)e ® (EGT)e
An analogous comment applies when h = n.
10
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4. ANALYTIC FACTS

The proof of Theorem 1.3 consists in applying the following two results
due to Chanillo & Van Schaftingen, after an algebraic reduction that will
be performed in the next section.

Definition 4.1. If f : H® — R, we denote by Vi f the horizontal vector
field

2n
Vaf=> (Wif)Wi
i=1
whose coordinates are (Wi f, ..., Wa, f). If ® is a horizontal vector field, then

Vi@ is defined componentwise.

Theorem 4.2 ([14], Theorem 1). Let ® € D(H", b;) be a smooth compactly
supported horizontal vector field. Suppose G € L%OC(H", h1) is H-divergence
free, i.e. if

G=> GiW;, then Y W;Gi=0 inD'H").

Then
(G, ®) r2qn )| < ClIG L ) IVER | L (1 1) -

We notice that a stronger version of this result can be found in [35],
Theorem 1.9.

As in the Euclidean case, estimates similar to Theorem 4.2 still hold when
the condition on the divergence is replaced by a condition on higher-order
derivatives [32]. Similar ideas have been applied in nilpotent homogeneous
groups by S. Chanillo and J. Van Schaftingen as follows.

Let k& > 1 be fixed, and let G € L'(H", ®"h;) belong to the space of
horizontal k-tensors. We can write

G = Z Gil,...,ikWil ® e ® W/Lk'
We remind that G can be identified with the differential operator
u — Gu = Z Gil,---,’ikwh s Wzku

Denoting by D(H", Sym(®¥b;)) the subspace of compactly supported smooth
symmetric horizontal k-tensors, we have:

Theorem 4.3 ([14], Theorem 5). Let k > 1 and
G € L'(H",®"h1), @ € D(H",Sym(c"hy)).
Suppose that
> Wi Wi Giy iy =0 in D'(H").

U150tk

Then
| [ (®.G)dn| < UG Laqn ot IV cogan oo,
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5. MAIN ALGEBRAIC STEP

As in [4], our proof of Theorem 1.3 relies on the fact (precisely stated
in Theorem 5.1 below) that the components with respect to a given basis
of closed forms in E! can be viewed as the components of a horizontal
vector field with vanishing horizontal divergence if h # n,n+ 1 or vanishing
“generalized horizontal divergence” if h = n,n+ 1. More precisely, we have:

Theorem 5.1. Let o =) ; an§ € T(ER), 1 < h < 2n, be such that
de.a = 0.
Then

e if h # n then each component oy of o, J = 1,...,dimE(’}, can be
written as
dlmE‘]H'1

Z ZbZ[GIu

where the b;]J ’s are real constants and for any I = 1,...,dim E{}H
the Gr;’s are the components of a horizontal vector field

Gr =) GrW

with
> WiGri=0, I=1,...,dmE}"".

Moreover there exist a geometric constant C > 0 such that for I =
.,dimE(’)H'1 and 1 <p<oo

(13) 1G1ll Lo A, 00) < Clledl Lo 1)

o If h = n, then each component ay of o, J =1,...,dim Ef, can be
written as

dim Ep!

Z Zbuleym
=1 %,]

Here the b i ’s are real constants and for any I = 1,...,dim Eg"'l

the (Gsym)” s are the components of the symmetric part (see Propo-
sition 3.1) of the 2-tensor

Gr = Z Gr,i; Wi @ W;

that satisfies
> WiW;Grij=0, I=1,.. dimEj*"
Z’?j
Moreover there exist a geometric constant C > 0 such that for I =
.,dimEg+1 and 1 <p<oo
(14) |G 1l Lrm @26,) < Cllall Le@n, Ep)-
12



The proof of this theorem requires several preliminary steps. First of all,
we want to prove that the exterior differential d. is invariant (i.e. “natural”)
under the action of a class of intrinsic transformation of H".

Theorem 5.2. If A belongs to the symplectic group Span(R), we associate
with A the real (2n+ 1) x (2n 4 1) matrix

(15) fath b, fa= ( A Oy >

O1x2n
Then

i) fa(h1) =by;

ii) fa induces a homogeneous group isomorphism expofs oexp ! still
denoted by fa such that fa : H* — H"”;

iii) £ T(EG) — T(EG);
iv) for any h-form a € T(El)
de(faar) = fa(de);

Proof. See [29] or [20].
U

The next step consists in proving that the symbols o(d.) and ¥(d.) are
injective.

First of all, we remind that, by [34], Chapter I, Theorem 3 and Corollary
at p. 28), the following proposition holds:

Proposition 5.3. Let P" be space of primitive forms defined in (10). Then
i) if 1 < h < 2n, then the following orthogonal decomposition holds:

/\hblz B iy,

i>(n—h)*

ii = {0} ifh>n

) P
iii) the map L™ " /\ b — /\2" "By is a linear isomorphism;
iv) if h <n, then Ph ker L"—h+1;
v) the map L™~ h. ph /\2" hb ﬁ ker L is a linear isomorphism;
vi) a symplectic map A € Span(R) commutes with L, i.e. if 1 < h <
2n — 2, then [®"A, L] = 0.

The injectivity of the symbols will follow from the following result.

Proposition 5.4. The symplectic group Spsn(R) acts irreducibly on P" for
h=1,...,nand onkerL forh=n+1,...,2n—1.

Proof. If 1 < h < n, then the statement is proved in [9], p. 203. Suppose now
h > n. If A € Sps,(R) and « € ker L, then by Proposition 5.3, vi), ®" AL €
ker L, so that A acts on ker A. On the other hand, if V C ker L N /\h by is
invariant under the action of Spa,(R), then, by Proposition 5.3, v) and vi),
(L"=")~1V is also invariant under the action of Spa,(R), and the assertion
follows by the first part of the proof. O

Using Definition 2.2, we have:
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Corollary 5.5. If A € Spa,(R) and fa is defined as in (15), then fa acts
irreducibly on El' for h=1,...,2n.

Since d. is equivariant under all smooth contact transformations, it is
in particular Spa,(R)-equivariant. It follows that the kernels ker o(d.) and
ker 3(d.) are invariant subspaces for the action of Sps,(R), so that the
injectivity will follow. In fact, we have:

Proposition 5.6. Keeping in mind Definition 3.6, if 1 < h < 2n
n, then kero(d.)(e) is invariant under the action of Spa,(R), i.e. i
Span(R), then we have:

if @€ El and o(d.)(e)(@) =0 then o(d.)(e)((®"A) &) = 0.

If h = n, then ker ¥(d;)(e) is invariant under the action of Spa,(R), i.e.,
A € SpauR), then we have:

if @€ Bl and 2(d)(e)(@) =0 then X(d.)(e)((®"A) @) = 0.

Proof. Suppose first h < n and let o € T'(E!) be a differential form such
that a(e) = a&. Let fa be the matrix associated with A as in (15). We notice
first that

(16) fale)(e) = (®"4)a,

since fa(e) = e. Let now u be a smooth function such that u(e) = 0. We set
v:=wuo f;'. Keeping again in mind that (16), we have also that v(e) = 0.
By Theorem 5.2 and Remark 3.4, we have:

de(ufaa)(e) = de(fa(va))(e) = fa(de(var))(e)
= (" fa)(de(va)(e)) = (@"T1A) (de(var)(e))

(17)
= S (A Pru)(e)an(@" A E (e).
1.k

Hence, by (16)
o(de)(e)(®"A)a) = a(dc)(e)((fAa)(e))

=y At (Z dkpf,k(€)> ® (" A) (€T (e)).
1 k

On the other hand, by assumption,

Z o?kPLk(e) &® f?—i_l(@) = O,

NG

(18)

so that
> arPri(e)=0 I=1,...,dimE}",
k

?H’s are linearly independent. Thus eventually from (18)

o(de)(e)((®"A) @) = 0.

Consider now the case h = n, when d. is a second order operator in the

horizontal derivatives. We stress that E{f“ contains only vertical forms,
14
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i.e. forms that are multiple of the contact form 6. Suppose X(d.)(e)a = 0.
Then, by (11),

19) > @Frpi, W@ W;+W;@W;) =0, I=1,...,dimE"".
irj,k
We take now u € £(H") satisfies u(e) = 0 and Wju(e) =0,i=1,...,2n.
As above, we set v := uofgl. Keeping in mind that f4(e) = e, we have also
that v(e) =0 and (Wjv)(e) = 0,4 =1,...,2n. Then equations (17) become
de(ufra)(e) = de(fa(va))(e) = fi(de(va))(e)
= (®"" fa)(de(va)(e))
=2 D Frpas (AT W) (AT Wy)ule)an(@™ £4) (€] (0)).
Lk ij
Therefore, keeping in mind Remark 3.4 and (16), we have:
2(de)(e) (" A)a) = B(de)(e) ((faa)(e))
= Y e Fr kg (AWi)(e) @ (A7) (e)
I gk
HATIW))(e) @ (ATIWi)(e)) @ (@™ fa) (€ (e))
= Z At ( Z dkFI,k,i,j (Wi(e) ® Wj(e)
I ivj,k
+ Wj(e) @ Wie)) ) @ (2" £ () = 0,

by (19).
Finally, the proof for h > n can be carried out precisely as in the case
h < n, with only minor changes. In particular, (16) must be replaced taking

into account that a form a € E(}} has also a vertical component of the form
B A0 and that

FA(BAO)(e) = (@"A)B(e) A 6.

This completes the proof of the proposition.
O

Proof of Theorem 5.1. First of all, we notice that, by Corollary 5.5 and
Proposition 5.6, both kero(d.)(e) (if h # n) and ker X(d.)(e) (if h = n)
are the null space {0}, and hence both o(d.)(e) and X(d.)(e) have a left

inverse
By, € Hom (hy ® (EM™Y)., (ER).) if h # n.
and
B,, € Hom (Sym (2%h1) @ (Eg™)e, (E)e) if b = n.

By the commutativity of the diagram (12), By, and B,, can be identified with
constant coefficient maps

By, € Hom (h, ® EST EY), B, € Hom (Sym (2%h1) ® EF™, EY)
such that

(20) a = Bp(o(d.)a) for all a € T(E}), h # n,
15



and
(21) a = B,(X(d.)a) for all a € T'(E]).
We deal first with the case h # n and we set
By(W; @ €ty Z b/,

Then, if we write a = > ; as&" € T(EL) and
Pry=>_ Fr.iWi,
i

(where the F7 ;s are real constants) identity (20) becomes

a=By> apPrr®th)

Ik
(22)
—Z > b Py o | €5,
Lk
so that
(23) ay =Y bl Frriop, for J=1,... dimE}.

Ik,

Suppose now d.a = 0. Then, writing the identity in coordinates, if I =
1,.. d1mEh+1, we have

> ow; (Z Fl,k,z‘ak> =0,
i k

so that, if we denote by G the horizontal vector field

Gr=> GrWi:=) (Z Ff,k,iak> W,
% % k

then
> WiGri=0, I=1,... dimE}""

Thus (23) reads as

J
g = Zb@[GI,ia
I3

achieving the proof in the case h < n.
We deal now with the case h = n and we set

Bo(W; @ Wi + W; @ W) @ €n ) Zb“g]

Thus, if we write @ = > ; ;&% € T(ER) by (11), identity (21) becomes

a=Bu( Y anFrpi; (Wi @ W+ W; @ W) @)
Ik,
(24)
=D | Do vliaFrrigen | €5,
J \ILkij

16



so that
(25) ag = Z b%],jJFI,k,i,jaka for J = 1,...,dimE6‘.
Lkyi,j

Denote by G the horizontal tensor field

(26) Gr = Z Gl,i,jWi & Wj = Z (Z F[’k’iﬂ'ak) W; ® Wj.

] i.J k
By Proposition 3.1 we can write
S
Gr = GP™ + Gkev,
where

Sym Sym
GP™ = (GP™)i (Wi @ W + W, @ W)

2%
=y (Z Fl,k’i,jak> (Wi @ Wy + W; @ Wi).
2 k
We suppose now that d.a = 0, that, by (26), in coordinates is
Y WiW;Gri;=0, I=1,... dimEj*".
2%
Thus (25) reads as
ay =3 bl (GP™)iy for J=1,... dimE},
Lijg

achieving the proof in the case h = n.

6. PROOF OF THEOREM 1.3

The proof follows the lines of [4]. Let us reming few facts of harmonic
analysis in homogeneous groups.
A differential operator P : T'(E}) — T'(EF) is said left-invariant if for all
q € H”
P(1))«a = (15)«(Pa) for all « € T(ED}).

If f is a real function defined in H", we denote by Y f the function defined
by Vf(p) := f(p~'), and, if T € D'(H"), then T is the distribution defined
by ("T'|¢) := (T|'¢) for any test function ¢.

Following e.g. [17], we can define a group convolution in H": if, for
instance, f € D(H") and g € L{ (H"), we set

loc

(27) fg(p) = / F@gla™ -p)dg for g € H",

We remind that, if (say) ¢ is a smooth function and P is a left invariant
differential operator, then

P(f+g)= [« Py.
17



We remind also that the convolution is again well defined when f,g €
D'(H"), provided at least one of them has compact support. In this case
the following identities hold

(28) (fxglg)=1(gl"f+d) and (fx*gle)= (fl¢p*"g)

for any test function ¢.

As in [17], we also adopt the following multi-index notation for higher-
order derivatives. If I = (i,...,42n,41) is a multi-index, we set W/ =
Wfl e W;fl” T?n+1, By the Poincaré-Birkhoff-Witt theorem, the differen-
tial operators W/ form a basis for the algebra of left invariant differential
operators in H". Furthermore, we set |I| := i1 + - -+ + i2, + 9241 the order
of the differential operator W, and d(I) :=1i1+ - +ion + 2ign41 its degree
of homogeneity with respect to group dilations.

Suppose now f € &'(H") and g € D'(H"). Then, if ¢ € D(H"), we have

(WTF)* glw) = (W Flp*Vg) = (=DM (fly = (W Vg))

(29)
= (D) f W Vgl),

Following [16], we remind now the notion of kernel of order a, as well as
some basic properties.

Definition 6.1. A kernel of order a is a homogeneous distribution of degree
a— @ (with respect to group dilations), that is smooth outside of the origin.

Proposition 6.2. Let K € D'(H") be a kernel of order a.

i) YK is again a kernel of order a;
ii) WyK is a a kernel of order a—1 for any horizontal derivative WK ,
£=1,...,2n;
iii) Ifa >0, then K € LL (H").

loc

Definition 6.3. In H", following [27], we define the operator Ay j, on E}
by setting

dcéc + 6cdc 1f h 7é n,n =+ 17
Agp =1 (debe)? +6ed. if h=mn;
debe + (00dc)? if h=n-+1.

Notice that —Ag o = Z?Zl(Wf) is the usual sub-Laplacian of H".
For sake of simplicity, once a basis of E{f is fixed, the operator Ay j can
be identified with a matrix-valued map, still denoted by Ag 4

(30) Amp = (AF ij=1,..5, : D/(H",RY) — D/(H", RM"),

This identification makes possible to avoid the notion of currents: we refer
to [5] for this more elegant presentation.

Combining [27], Section 3, and [6], Theorems 3.1 and 4.1, we obtain the
following result.

Theorem 6.4. If 0 < h < 2n + 1, then the differential operator Aw p is
hypoelliptic of order a, where a =2 if h#n,n+1 anda=4 ifh=n,n+1
with respect to group dilations. Then

18



i) for j=1,..., Ny there exists
(31) Kj=(Kyj,....Kn,j), j=1,...Ny
with K;; € D'(H") N EMH" \ {0}), ¢, =1,...,N;
ii) if a < Q, then the K;;’s are kernels of type a fori,j =1,..., N
Ifa = Q, then the K;;’s satisfy the logarithmic estimate |K;;(p)| <
C(1+ |Inp(p)|) and hence belong to Li (H"™). Moreover, their hor-

loc

izontal derivatives WyK;;, £ = 1,...,2n, are kernels of type Q — 1;
iii) when a € D(H",RN®), if we set

(32) Ko ::(Z%*Ku,---»ZQj*KNhJ)’
j J

J

then Ag Ko = a. Moreover, if a < @, also KAg po = o.
iv) ifa = Q, then for any o € D(H", RN®) there exists B = (1, . . . ,BN,) €
RN such that
KAg po — o = Bq.

Remark 6.5. Coherently with formula (30), the operator K can be iden-
tified with an operator (still denoted by K) acting on smooth compactly
supported differential forms in D(H", E}).

Proof of Theorem 1.3. The case h = 0 is well known ([18], [13], [23]).
Case 1 <h<2nand h#n,n+1.If u,¢ € D(H", E!), we can write
(u, @) L2, gry = (U AHAK) L2 (mn, 1)

= (u, (Ocde + dedc) &) 12 gn g1y-

Consider now the first term in the previous sum,

(33)

(11, 0edeKd) 125y = (et AeCD) 1o gy on

If we write f := d.u, then d.f = 0. From now on, without loss of generality,
for 1 < h < 2n + 1 we take an orthonormal basis of E(’}, still denoted

by {¢}; ¢ =1,...,dim E}}. Thus, since f,d.K¢ € Eg“, we can write

dim EM Y pq dim EM 1 hal
F =20 " fgfg—i_ y Ao =30, (deKo), €+ , and hence we can
reduce ourselves to estimate

(34) (fo, (deK)g) poquny for £=1,... dim EgH'.
By Theorem 5.1, if h #£ n — 1 | each component f; of f can be written as

dim E} T2 9y,
fo= > > biiGrs
I=1 i=1
where the bﬁl’s are real constants and for any I = 1,...,dim Eg+2 the Gr;’s
are the components of an horizontal vector field
Gr=>Y GrW;
i
with
(35) > WiGri=0, I=1,... dimE}"
i
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On the other hand, for h = n—1, each component f,of f, ¢/ =1,...,dim Ef,
can be written as

dim By
{4 S
fo= 2 D bGP i
I=1 iy
Here the bﬁj,I’s are real constants and for any I = 1,...,dim E(’}H the

(G?ym)iyj’s are the components of the symmetric part (see Proposition 3.1)
of the 2-tensor

Gr=) Gri; Wi W,
i
that satisfies
(36) > WiW;Gri;j=0, I=1,... dimEj*".
7:7‘7‘
Suppose now h # n — 1. In order to estimate the terms of (34), we have to
estimate terms of the form

(37) (Gris (deKP)e) 2mny = (G1, P) L2 1)
where
O = (d.o)W;.
We can apply Theorem 4.2. Keeping in mind (13), we obtain
(38) ’<f€a (ch¢)€>L2(Hn)‘ < CHf”Ll(Hn,Eg“)”decICQSHLQ(Hn?Eg“)‘

On the other hand, Vyd K¢ can be expressed as a sum of terms with com-
ponents of the form

¢ WIK;; with d(I) = 2.

By Theorem 6.4, iv) and Proposition 6.2, i) W/ f(ij are kernels of type O,
so that, by [16], Proposition 1.9 we have

(39) |{fe, (deKD)e) 2 @my| < ClSN 1 gn, gy 101 Lo, 1) -
The same argument can be carried out for all the components of f, yielding
(40) |<f7 dc’C¢>L2(Hn,E(’;+1)| < CHfHLl(Hn,E(’)L“)||¢||LQ(IHI”,E6L)'

Suppose now h = n — 1 then we have to estimate terms of the form
(41) (GT™)igs (K D)) 2(am) = (Cr, ®) 12 (im0,

o = (dchd))g(Wi X Wj + Wj X WZ) € F(Hn, Sym (®2f)1)).

We can apply Theorem 4.3 and we obtain
(42) [(fs deKd) L2 m mmy| < CHfHLl(H",E{;)H¢HLQ(Hn7Eg*1)'

This achieve the estimate of the first term of (33) for all 1 < h < 2n,
h#n,n+1.

(43) ‘<u> 5cch¢>L2(Hn,Eg)| < CHfHLl(Hn,ESL“)H¢HLQ(H”,EQ)‘
Consider now the second term in (33)
(u, dcécK@B(Hﬂ,EQ) = (bcu, 56K¢>L2(H",E§’l)

= <gv 5C’C¢>L2(H”,E(};71) = <*g7 *6CK¢>L2(Hn7E§n+27’l)7
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where * denotes the Hodge duality. We notice now that from d.u = g, by
Hodge duality we have d. * u = *g. Hence d.(xg) = 0, and thus, arguing
precisely as above, we get

(44) (U, dcdcK ) L2(H",E})

Combining (44) with (43), we get eventually

< CHQHLl(Hn,E(’;H)H¢HLQ(H",E6L)'

|(u, ¢>L2(HW,E{;)| < C(Hf”[,l(Hn’EgH) + ’|9HL1(Hn,E3*1))||¢”LQ(H",E6L)7
and hence
HUHLQ/(Qfl)(Hn,Eg) < C(Hf”[,l(Hn,Eg'H) + Hg”Ll(HmEg—l))‘

This completes the proof of statement iii) of the theorem.
Case h =1,2n. By Hodge duality we may restrict ourselves to the case
h = 1. Again we write

(u, ¢>L2(HH,E3) = (u, AH,h’C@L?(HmEg)
(45) = (u, 0cdcK) p2mn, g1y + (s debK ) 2 (gn m1)
=(/, dc’C¢>L2(Hn,E3) + <g75CK¢>L2(H",E3)'

In order to estimate the first term (f, dCIC¢)L2(Hn7E(1)), we repeat verbatim
the arguments above for the corresponding term in the case h # n,n + 1.
As for the second term, by Theorem 6.4, formula (32), and keeping in mind
that J. is an operator of order 1 in the horizontal derivatives when acting
on E} the quantity 0. ¢ can be written as a sum of terms such as

¢j*W€}%ij7 with £ = 1,...,2TL.
On the other hand,
(g, 05 % WeKij) paqamy = (g % ¥ (WeK i), ¢5) r2am)

Notice the ng(ij’s and hence the V(ng(ij)’s are kernels of type 1. Thus,
by Theorem 6.10 in [17],

(g, &5 * WeKij) r2@am)| < Cllgll @m0l e n, 52)-

Combining this estimate with the one in (43), we get eventually
[(u, ¢>L2(Hn,E3)| < C(HfHLl(Hn,Eg) + HQHHl(Hn))”¢HLQ(HH,E3)7

and hence

HUHLQ/(Q—U(H”,E(%) < C(HfHLl(Hn,Eg) + HgHHl(H”))-
This completes the proof of statement ii) of the theorem.
Case h = n,n + 1. By Hodge duality we may restrict ourselves to the case
h =n.

If u, ¢ € Ej are smooth compactly supported forms, then we can write

(w, @) p2(wn, By = (U AWK O) L2 B

46
(46) = (u, (0cde + (debe)*)KS) 2(an )

Consider now the term

<U, 5CdC’C¢>L2(H",E6L) = <dCU, dCK¢>L2(H”7Eg+1) = <f, ch¢>L2(H",E8+1)'
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Let us write f := d.u. Again, d.f = 0, and hence, as above, if f =

dim E5 !

dim Eg*t o i nt1
Do fe§) T dKhp =30, (dcK)e€) ", and thus we can reduce
ourselves to estimate
(47) (fo, (deK o)) pomny for £=1,... dim E§T.

By Theorem 5.1, each component fy of f can be written as

dim 72 9

fo= Y0 D biGr,
I=1 =1

where the bf}l’s are real constants and for any I = 1,...,dim Eg” the G1;’s
are the components of an horizontal vector field
G = Z Gr:W;
i
with
(48) > WiGri=0, I=1,...,dimE;"
i

As in the previous cases, in order to estimate the terms of (47), we have
to deal terms of the form

(49) (Gri, (dcKP)e) 2mmy = (G1, P) 281 1)
where
¢ = (ch¢)€Wz
We can apply Theorem 4.2. Again keeping in mind (13), we obtain

(50) |<fé, (dCK¢)€>L2(H”)‘ < CHfHLI(Hn,Eg“)||VHchC¢HLQ(Hn,E6L+1)-

On the other hand, Vygd K¢ can be expressed as a sum of terms with com-
ponents of the form

¢j* WK, with d(I) = 3,

since the differential d. on n-forms has order 2 in the horizontal derivatives.
By Theorem 6.4, iv) and Proposition 6.2, ii) W!K;; are kernels of type 1,
so that, by [16], Proposition 1.11 we have

(51) [(fe, (deK@)e) L2qumy| < ClFN 1 n gy 19l Larzaan, gy -
The same argument can be carried out for all the components of f, yielding
(52) (f, dc’C¢>L2(Hn,E6L+1)| < CHfH;;l(Hn,EgH)||¢||LQ/2(Hn7Eg)-
Consider now the second term in (46). We have
(t, (de6e)*KP) 12 (1, ) = (debett, debeKCP) L2 (1am )
= <dcg, dcéchb)LQ (Hn,E‘(T)L) .

We notice now that d.g is a d.-closed form in E, and then we can repeat
the arguments leading to (42) for f in the case h = n — 1, obtaining

(53)  |(deg, dedKP) L2(mn | < ldegll 1 ) [IVEAOK D La 1m, 1m)
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As above, Vd.0.K¢ can be expressed as a sum of terms with components
of the form

oj * WIK;;, with d(I) =3,
since 0. : B — ESL_I is an operator of order 1 in the horizontal derivatives,
as well as d. : E)”' — EI. By Theorem 6.4, iv) and Proposition 6.2, ii)
WIK;; are kernels of type 1, so that, by [16], Proposition 1.11 we have

[(deg, dedcK o) p2un )| < Clldegl 1 ) |9l Loz, gy
Combining this estimate with the one in (52), we get eventually
(s &) p2gan,55)) < CIf |, gty + ldegll o an ) 161 Larzan )
and hence
el rco ez gy < CUL s sy + Ndeglla aon )

To achieve the proof of statement iv) of the theorem we have to consider
separately the cases f =0 and g = 0. Suppose h =n+ 1 (i.e. ¢ =0). The
proof for h =n (i.e. f =0) follows by Hodge duality. In the case h =n+ 1
identity (46) read as

(16) g g1y = (0 As 1K) o oty = (1t (5ede)2KC6) o gy i)
= <f, dcécch¢>L2(Hn’Eg+2)'
Since d.f = 0, by Theorem 5.1 we can apply Theorem 4.2, and we get
‘(% ¢>L2(Hn,Eg+1)’ < C”fﬂLl(Hn,EgH)HVHdcécdc’CQSHLQ(Hn’Eg“)
el 1] Py Pl j—
by [16], Proposition 1.9, since Vyd.d.d.K is a kernel of type 0. Then we
can conclude by duality as of the proof of case iii), achieving the proof of

statement iv) of the theorem that now is completely proved.
O

7. FINAL REMARKS

The estimates in Theorem 1.3 for n-forms and (n + 1)-forms can be re-
formulated in the spirit of the estimates proved in [7]. To state our result,
we must recall preliminarily few definitions of the function spaces we need
for our results.

If p,q € [1,00], we define the space

LPA(H") := LP(H™) N LI(H")

endowed with the norm

el poaqeamy = (el Foquny + el Fagen)) /2

We have:

e [P4(H"™) is a Banach space;
e D(H") is dense in LP9(H").
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Again if p, g € [1, 00], we can endow the vector space LP(H") + LI(H") with
the norm

Hu”LP(H")Jqu(H”) = inf{(Hul”%l’(H") + ”UQH%Q(HVL))UQ;

up € LP(H"),ug € LY(H"),u = uy + uz}.

We stress that LP(H")+ LY(H") C L{ (H"). Analogous spaces of forms can
be defined in the usual way.

The following characterization of (LP4(H"))* can be proved by standard
arguments of functional analysis.

Proposition 7.1. If p,q € (1,00) and p',q’ are their conjugate exponents,
then
i) if u = uy +uy € LY (H") + LY (H"), with uy € LP (H") and uy €
LY (H"), then the map

¢— | (w¢+uxp)dp for ¢ e LPI(H")
Hn

belongs to (LPI(E"))* and lull Ly ooy s or iy = Il
ii) if u € LP (H") 4+ LY (H"), then there exist u; € LP (H") and uy €

LT (H") such that u = uy+ug and ||uHLp/(Hn)+Lq/Hn) = (HulH%p(Hn)—F
1/2

||u2”%q(Hn)) . Moreover the functional

n

6= F(@)i= [ (wo+uo)dp foro e L)
belongs to (LP(H"))* and ||F|| ~ |[ull y (g4 Lo’ (110 -

iii) reciprocally, if F € (LP9(H™))*, then there exist u; € LP (H") and
ug € LY (H") such that

F(O)= [ (wo+ud)dp for all 6 € LPo(H")

If we set u == uy +up € L (H") 4 LY (H"), then Hu||Lp/(Hn)+Lq/Hn) =
1E][-
iv) if ugp € Li (H") satisfies

loc

[ w06 o] < Clol

for some C > 0 and for all ¢ € D(H"), then ug € LP (H") + LY (H")
and

[|luo HLP(H”)—i—LQ(Hn) <(C.

Using the function spaces defined above, we can reformulate Theorem 1.3
in the critical cases h = n as follows. Since a similar formulations lacks in
[4], we state and prove the theorem also of n = 1.

Theorem 7.2. Denote by (Ej,d.) the Rumin’s complex in H", n > 1.
Consider the system
deu=f
bt =g
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If n > 2, then there exists C > 0 such that
HUHLQ/(Q*m(H”,E{})-&-LQ/(Q*U(H”,E(’}) < C(||f||L1(Hn,Eg+1) + HQHLl(Hn,Eg—l))§
HUHLQ/(Q—2>(Hn,EgH)_;.LQ/(Q—l)(HmEgH) < C(HfHLl(Hn,Eg“) + HgHLl(Hn,Eg))v
or any u € D(H", E?) and for any u € D(H", EMY), respectively.

0 0
Ifn=1,
lull per@-2 @ g4 Lere-v gy < C (L i@, z2) + 19170 @ 59));
HUHLQ/(Q*%(H17E8)+LQ/(Q71)(H1,E3) < C(”fHHI(Hl,Eg) + ”g”Ll(Hl,Eé));
or any u € D(H', E}) and for any v € D(H', E?), respectively.
0 0

Proof. By Hodge duality we may restrict ourselves to the case h = n.
If u, ¢ € Eff are smooth compactly supported forms, then we can write

(w, @) L2(m, 7y = (U, A ) L2 (1 )
= (u, (0cdc + (d050)2)K¢>L2(H",E(’})
(54) = (u, 0cdcK o) 25 ) + (U, (dc5c)2)’c¢>L2(Hn,Eg)
= {det, dK ) g i1y + (0ctt 8oedK D) g 1,
= (£ deK0) e oty + (900K ) 12 g -

The estimate of the first term of the last line of (54) is already given in (52)
and reads

(55) ’<fa d0K¢>L2(H”,Eg+1)| < CHfHLl(HmEgH)H¢||LQ/2(H",E6L),

and, eventually,

I/, d0K¢>L2(H",Eg+1)’

(56)
< ClF s gan gty (18] oran, gy + 18l oqan. i) ) -

Consider now the second term in the last line of (54). If n > 2, we have
(57) <97 5cdcdclc¢> L2 (Hn7E61*1) = <*g> *5Cd050K¢>L2 (H",Eg+2)

We notice now that *g is a d.-closed form in E6L+2. Then we can repeat the
arguments of the proof of Theorem 1.3 and we get

(58) |(x9, #0edcBK®) 2 sam gnt2y |

< HQHLl(Hn,Eg*H||vH5cdc§ch¢||LQ(H”,Eg)

As in the proof of Theorem 1.3, Vid.d.0.K¢ can be expressed as a sum of
terms with components of the form

oj * WK, with d(I) = 4,
since 6. : B — Egil is an operator of order 1 in the horizontal derivatives,
as well as d. : Eg_l — E{. By Theorem 6.4, iv) and Proposition 6.2, ii)
wi K;; are kernels of type 0, so that, keeping in mind (57), by Proposition
1.9 we have
‘ <g, 5Cd656K¢>L2(Hn Enfl) ‘
o
(59)

< Cllgll g an gty (191l sz an ) + 9]l e p)) -
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If n = 1, we write instead
<g, 5cd050K¢>L2(H1,E8) = <g * K? ¢>L2(H1,E8)7
where K is a kernel of type 1. By Holder inequality and [17], Theorem 6.10,
{9 % K, &) 2 o)
< llg * Kl per@-v @, 59) |21l o @, £9)
< N9l e, 20y €Ml Lo e, )
This yields
(60)
(9,0cdc0cKd) 2 £0) < 9llar g m0) (19]] Lo e ) | + 10l Larzan g9))-

To conclude the proof, if n > 1, combining (59) with (56) or (60), we get
eventually

(61) ‘<g75Cd050K¢>L2(H”,E371)’ S C (||f||L1(H"7Eg+1) + HgHLl(Hn7E6L*1)>

: (H¢HLQ/2(Hn,E3) + H<Z5||LQ(Hn,Eg)> :

If n = 1 the same estimate holds with ||g||;1 replaced with ||g||4:.
Indeed, if n > 1 and we replace (56) and (61) in (54), we obtain by duality
(Proposition 7.1 - iv) )

||uHLQ/(Q_2)(H”7E6L)+LQ/(Q—1)(H71,E‘6L)
< C(”f”Ll(Hn,EgH) + ||9||L1(H7L,Eg—1))-

Again, ||g||;1 must be replaced by ||g||4 if n = 1. This completes the proof
of the theorem.
U
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