CHIRALITY TRANSITIONS IN FRUSTRATED S?-VALUED SPIN
SYSTEMS

MARCO CICALESE, MATTHIAS RUF, AND FRANCESCO SOLOMBRINO

ABSTRACT. We study the discrete-to-continuum limit of the helical XY S2-spin system on the
lattice Z2. We scale the interaction parameters in order to reduce the model to a spin chain in
the vicinity of the Landau-Lifschitz point and we prove that at the same energy scaling under
which the S'-model presents scalar chirality transitions, the cost of every vectorial chirality
transition is now zero. In addition we show that if the energy of the system is modified penalizing
the distance of the S? field from a finite number of copies of S!, it is still possible to prove the
emergence of nontrivial (possibly trace dependent) chirality transitions.
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1. INTRODUCTION

In the last decades frustrated spin systems with continuous symmetry have attracted a great
interest both in the physical and in the mathematical community as simple models leading to
helical phases, which turn out to be interesting for possible application as multi-ferroics (see [10]
for a recent review on the subject). Despite a great effort, the phase diagram of these systems
is far from being rigorously described. In this paper we consider the helical XY spin model
(see [19]) on the square lattice Z? as a prototype of such systems and we scale the interaction
parameters in order to study, by variational techniques, the vicinity of the Landau-Lifschitz
point, where the helical behavior is expected, as the continuum limit is approached.

A configuration for the helical XY spin model on the square lattice Z? isamap u:i €
7Z? — u' € S? whose energy reads
E(u) = Z JO(uiv ui+€1) - Jl(ui7ui+261) + J2(ui7ui+82)> (11)
i€z2
where Jp and J; are the interaction parameters for the nearest-neighbors (NN) and the next-
to-nearest-neighbors (NNN) interactions in the direction horizontal e;, respectively, while Jo is
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the interaction parameter for the NN interactions in the vertical direction es. Note that the
behavior of the functional above strongly depends on the values of the interaction parameters
and on the range of the spin field. For instance in the case J; = 0,Jy = J» > 0 and S'-
valued spins, one recovers the classical XY-model whose discrete-to-continuum limit has been
investigated in the variational framework of I'-convergence in [1] (see also [3] and [4]).

In the present paper we consider Jy,Ji,Jo > 0. With this choice the behavior of the
system in the two directions is different. In the direction ey the system is ferromagnetic, the
interaction potential is —Ja(u, u*t?) and favors spin alignment. In the direction e; there are
competing ferromagnetic (F) NN interactions whose potential —Jy(u?, u**) favors alignment
and anti-ferromagnetic (AF) NNN interactions with potential Jj(u?, u'*2¢!) favoring antipodal
spins. This competition acts as a source of frustration. More precisely, along each horizontal
line, the energy accounting for interactions in the e;-direction, namely

F(u) =— Z Jo(u? ™Y — Jy(u? u? ), (1.2)
JEZ

is that of a so called F/AF frustrated chain (note that for Jo = 0 the system would behave as a
collection of independent chains). In this context we say that F' is frustrated because there isn’t
any configuration minimizing all the interactions at once (see [12] for a comprehensive study of
frustrated spin systems).

In this paper we study the functional (1.1) under the natural scaling of the interaction
parameters leading to the easiest possible geometry for helical ground states (for other possible
scaling in a continuous approximation see [18]). To this end we enforce alignment of the spins
in the direction ez by letting Jo diverge positively. As a result, finite energy spin fields v have
a one-dimensional profile; i.e., u(i2) = ¢ for some v : Z — S2. In other words, the system
can be, modulo technicalities, described by studying the behavior of the one-dimensional F/AF
frustrated chain model for S?-valued spins. For the latter chain model it has been conjectured
in the appendix of [14] (the extended version of [13]) that, when Jy and J; are close to the
helimagnetic transition point Jy/J1 = 4, the system presents chirality transitions as in the case
of S'-valued spins whose variational analysis has been recently carried out by the first and the
third authors in [11]. In the present paper we disprove this conjecture showing that in the S? case
the transition energy between ground states with different chiralities is negligible. Furthermore
we propose an alternative minimal model leading to non trivial chirality transitions.

In [11] the continuum limit of the F/AF chain energy in (1.2) has been studied in the case of
S1-valued spins and for a range of interaction parameters close to the ferromagnetic/helimagnetic
transition point. The outcome of the analysis is summarized below. After scaling the functional
by a small parameter % (Ap = 0 as n — 00), and setting Z,, = {j € Z : \,j € [0,1]} one

defines Fy, : {u:j € Z, — u? € S'} = R as

F,(u) = —a Z A (!, w1 + Z A (u?, w2, (1.3)
JE€Ln J€Ln

where o = Jy/Jp is the so called frustration parameter. It turns out that the ground states of F),
can be completely characterized. Neighboring spins are aligned if o > 4 (ferromagnetic order),
while they form a constant angle ¢ = 4+ arccos(a/4) if 0 < a < 4 (helimagnetic order). In this
last case the system shows a chirality symmetry: the two possible choices of ¢ correspond to
either clockwise or counter-clockwise spin rotations, or in other words to a positive or a negative
chirality. The energy necessary to break this symmetry as « is close to 4 can be found letting
the frustration parameter o depend on n and replacing in (1.3) « by «, = 4(1 —§,,) for some
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FiGURE 1. Connecting the chiralities ¢; and ¢o by slowly moving the spin rota-
tion axis

vanishing sequence d,, > 0. One then introduces the renormalized energy

1 , ) 9
Hy(u) = 3 Z A |ud ™2 = 2(1 = 6,)u? ™+l |, (1.4)
J€ZLn
proves that, under periodic boundary conditions on the scalar product of NN interactions,

H,(u) = F,(u) — min F, (1.5)

and computes the I'-limit of H,/ ()\nég/ 2) with respect to the L! convergence of the chirality
order parameter (a proper discrete version of the angular increment between two neighboring
spins) as A, — 0. In the case \,/\/J, — 0 (at other scalings chirality transitions are either
forbidden or not penalized) the limit energy functional is proportional to the number of jumps of
the chirality, namely the number of times the spin configuration changes the sign of its angular
velocity.

In the case of S?-valued spins the picture drastically changes. In analogy with the S' case
described above one may still renormalize the energy and prove that the modulus of (a proper
discrete version of) the angular velocity of a ground state, which one may still interprets as
the chirality of the system, is constant. However, we may now prove that at this scaling the
transition energy between two ground states with different chiralities is zero. The proof uses the
fact that, in contrast to the S'-case, the S2-spin system does not need to jump from one chiral
state to another in order to modify its chirality. Instead, it lets the chirality vary on a slow scale
paying little energy (see Figure 1). This is proved in Theorem 3.8 exploiting the fact that, at
leading order, the renormalized energy can be rewritten as a discrete vectorial Modica-Mortola
functional presenting a potential term with connected wells. Note that in the continuous setting,
the analysis by I'- convergence of such functionals has been performed by [5] and [6]. However
the discreteness of our energies as well as the additional differential constraint defining our order
parameter prevents us from directly using the results contained in those papers.

In the second part of the paper we propose and study two possible spin models leading
to nontrivial chirality transitions in the vicinity of the ferromagnetic/helimagnetic transition
point. To this end we modify the functional H, by adding what we call either a hard or a soft
penalization term. In the hard case we constrain the spin variable to take values only in a subset
of S? consisting of finitely many copies of S*, while in the soft case we penalize the distance of
the spin field from such a set. For the first model we show that the optimal transition is obtained
by first slowing down the angular velocity of the spin field in the first phase until it reaches one
intersection point between the two rotation planes between which the transition occurs with
zero velocity, and then speeding up again the angular velocity in the new phase (see Figure
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q slow down speed up q2

FIGURE 2. Chirality transition between ¢; and ¢». Ball on the left: the transi-
tion path in the chirality space. Ball on the right: the intersection of the two S*
on the transition direction. Bottom: the transition in the real space. The chiral-
ity slows down in the starting rotation plane until the spin reaches the transition
direction and then it speeds up again in the final rotation plane.

2). In terms of chirality, the transition corresponds to first decreasing and then increasing the
length of the chirality vector while keeping its orientation constant in each phase. For the second
model the construction is more involved and the optimal path may, depending on the scaling
of the additional penalization term, be either again the one described in Figure 2 or instead
depend on the shape of the penalization potential. As a result, the limit functionals obtained
with the two proposed models are different: while in the first case the chirality transitions lead
to a constant positive limit energy to be paid for each discontinuity in the chirality (no matter
which chiralities the system is trying to connect), in the second one, under appropriate scaling,
the limit energy may depend on the two transition chiral states (see example 3.17). As a final
technical remark, we notice that the analysis of the discrete-to-continuum limit for the second
model can be seen as a generalization in the vector-valued case of some results concerning the
discrete approximation of Modica-Mortola type functionals obtained in [8].

2. THE ENERGY MODEL: PRELIMINARY CONSIDERATIONS

2.1. Basic notation. Let = (0,1)2 C R? and ), a vanishing sequence of positive numbers.
We set Z2(€2) as the set of those i € Z? such that \,i € \,Z2NQ and R,(Q) := {i € Z2(Q) :
i+ 2e1,i+ ey € Z2(Q}. The symbol B(0,1) stands for the unitary ball of R? centered at the
origin. The symbols S', S? stand as usual for the unit spheres of R? and R3, respectively.
Given two vectors a,b € R? we will denote by (a,b) their scalar product. Moreover we define

U2(9) as the space of functions u : i € Z2(Q) + u* € S? and Hi(Q) as the subspace of those
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functions w such that, for all m € \,Z N (0,1), it holds

(u(imin“rlym), u(lmznym)) — (u(imazym),u(imazfl,m))j (21)
where ipin and i, are the minimum and the maximum of A\,Z N (0, 1), respectively.

2.2. The energy. As pointed out in the introduction, we let the parameters Jy, Ji, Jo in (1.1)
be scale dependent. Without loss of generality we divide the energy by Ji, > 0 and rename

Jo,n and Ja 5, accordingly. Given n € N and a function u € HZ(Q) we consider the energy

E,(u) =— Z A2 (Jon (i, Uie,) = (Uis Uigoe,) + Jon(Uis Uiges))- (2.2)
1€ERL(Q)

We remark that, by considering the energy defined on u € HZ(Q), we are imposing boundary
conditions only in the e;-direction, while we are leaving the spin field in the es-direction un-
constrained. As a matter of fact, as a result of the scaling we are going to choose, constraining
the spins in the es-direction would not affect the asymptotic energy.

2.3. Ground states and renormalized energy. In this paragraph we describe the ground
states of the energy FE,, and compute their energy min F,,. We then define a renormalized energy
H,, which will be the main object to study in order to discuss the asymptotic behavior of the
system in the next sections.

We begin observing that the minimizers of FE,, can be easily computed if one knows the
minimizers of the energy accounting for the interactions in the ej-direction only. Indeed the
ground states of the system are then obtained by extending such minimizers constantly in the
eo-direction as it is explained below. Note that indeed this extension keeps the ferromagnetic
term in the eg-direction minimal.

We now find the ground states of E, adapting the idea in the proof of Proposition 3.2
of [11]. We repeat the argument for the reader’s convenience. Setting the renormalized energy
H, as

1 o Jom A A ,
Hn(u) — 5 | Z )\i|uz _ Tnuz—i-el +uz+251|2 + J2,nl Z )\721|u2+€2 — U 2 ’
i€RA(Q) i€ R (Q)
we observe that
Ton
E,(u)=Hp(u)— 1+ ?’ + Jon | (1 —an), (2.3)

)\?L is such that lim, a, = 0.

where a, =1 — Zz‘eRn(Q)
In the case Jo, < 4 we take ¢, € [—g, %] such that cos ¢, = (Jon/4) and, for all i = (I, m),
we define the three dimensional vector u, as

ul, = (cos(pnl)| sin(¢nl)|0). (2.4)

We have that uit¢2 — ! = 0 for all i while, by means of trigonometrical identities it holds that

N .
i, = B i —g, 25)

2
therefore w,, is a ground state and min F,, = E,(u,) = — (1 + % + Jg’n> (1 —ap). By the

rotational invariance of the energy, all those states obtained rotating u,, by a fixed SO(3) matrix
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are ground states, too.
Conversely, let v, be a ground state of FE,,. We have that H,(v,) = 0 which implies that

. 2 .
viter = 2 (i i), (2.6)
JO,n
Uf;rez’ = va

so that v/ is independent on the vertical coordinate and lies on a fixed plane. By taking the
modulus squared in (2.6) we further get that

. , 8 o
[+ 02 P = o (1 + (v, 0 ™*),

1
T

R
by which

2
(vf, vit?) = J%’n - 1.

n»-n

By this equality, using again (2.6) we also get

2 o Jo,
i i+ (1+ (o o 21)) = 222,

i iteny _ 2 i i+2e1y _
(vy,, v Jom (vy,, vy, + 0 ) Tom
Since all the v? lie on a fixed plane the previous equality implies that v, agrees with the ground
state u, defined in (2.4) up to a fixed rotation R € SO(3).

The case Jy,, > 4 trivially leads to ferromagnetic ground states (see also remark 3.3 in [11]).

As a result of this preliminary analysis, from now on we will focus on the asymptotics of the
renormalized energy H,, . In particular, in what follows we consider the case when the parameter
Jo,n is in the vicinity of the Landau-Lifschitz point Jy = 4 and the parameter Js, diverges. To
this end we introduce d,, — 0 and consider Jy, = 4(1 — 6,) so that H,, takes now the form:

1 ) . ) ) )
Hy(u) = 5 DN =21 = S )u T TP Ty > Nt =P L (27)
i€ERA(Q) 1€RR(Q)

Within this choice stable states have a one dimensional helical structure and may exhibit chirality
transitions in the propagation direction, which in our case is the horizontal axis. Consequently
the analysis we are going to perform starts by considering energies on one dimensional horizontal
slices of the domain. As we are going to show, this reduction to one dimensional spin chains
still presents relevant differences with the case of S'-valued spins considered in [11].

2.4. One-dimensional slices. In order to deal with one-dimensional energy slices we introduce
the following additional notation. Let I = (0,1) we define Z, (I) as the set of those points i € Z
such that A,i € [0,1]. We also define R, (I) :={i € Z,(I): i+ 2 € Z,(I)}. Similar to the
two-dimensional case we will denote by U,(I) the space of functions u : i € Z,(I) — u’ € S?
and by U, (I) the subspace of those u such that

(ul, u®) = (ult/An] /A=), (2.8)

It is convenient to embed the family of configurations into a common function space. To this
end we associate to any u € U, (I) a piecewise-constant interpolation belonging to the class

Co(I,5%) = {u €Up(I) : u(z) = u(Aui) if 2 € \y(i +1[0,1)), i € Zn(I)}. (2.9)
The one-dimensional (sliced) renormalized energy is denoted by H2! : L°(I,R3) — [0, 4+-00] and
takes the form below:

i i i|2
) = {% > ieRn(D) M |uit? = 2(1 = 6, u' ™ + " if u e Cyp(1,57),

i (2.10)
+o00 otherwise.
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At first let us observe that the zero order I'-limit is trivial. Indeed, the following result holds
true.

Proposition 2.1. Let H2! : L(1,R?) — [0, +00] be the functional in (2.10). Then T-lim,, HZ (u)
with respect to the weak-* convergence in L 1is given by

Hsl(u) o 0 Zf |’LL’ < 1)
" | +oo  otherwise in L=°(I,R3).

Proof. By [2, Theorem 5.3] there exists a convex function fpem : B(0,1) — [0, +00) such that

ol () — {fI Trom (u(x) dz - if ful <1, 2.11)
+o0 otherwise in L>=(I,R?).
Let u(z) = u € S? be a constant function. Then, by a direct computation we have
0 < from(u) = /1 Fhom(w) dar < lim inf Hel(u) < lim inf 202 = 0. (2.12)
The result follows by the convexity of from - O

The degeneracy of the minima of H*® in the statement of Proposition 2.1 suggests to perform
a higher order analysis by I'-convergence in the spirit of [7].
Let us recall a preliminary compactness result for scaled energies that was proved in [11,

Proposition 4.3] for spin variables taking values in S! and whose proof works also for spins in
S2,

Proposition 2.2. Let p, — 0 and let u, € Cn(I,S?) be such that
sup H (1) < Chppim, (2.13)
n
then, for all i, we have
. 4 1
(1= 8) = (urt up)| < O

In particular this implies that (uttt, ul) — 1 uniformly.

3. I'-CONVERGENCE ON SLICES

This section is devoted to the study of the asymptotic behavior of the of one-dimensional
renormalized energy (2.10). We begin by introducing a convenient order parameter. Given a

function u € G, (I, S?), for all i € {0,..., [ﬁ] — 1} we set
6" (u) = arccos((u’,u1)) € [0, 7] (3.1)
and w' = u’ x u't!. We now introduce a new order parameter z : Z,(I) — R? defined by
i 1 _ ut x yitt (3.2)

= w .
V20, V20,
which stands for a rescaled angular velocity. Such a z will be extended in L!(I, R3) by piecewise-
constant interpolation. Note that the map T, : Cyn(I,S?) — L'(I,R?) associating to u the
corresponding z according to (3.2) is not injective and that if u satisfies periodic boundary
conditions in the sense of 2.8, then |z| is periodic and viceversa. As a result it can easily be

seen that the energy cannot be uniquely defined by the function z. Therefore we define HS' on
LY(I,R3) by setting

Hol(z) = {inan(u):Z HY(u) if z = Ty, (u) for some u € C, (I, 5?),

. (3.3)
400 otherwise.
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Remark 3.1. We stress that taking the infimum in the definition above has no effect in the
asymptotic analysis we are going to perform. Indeed, if u,,v, are two sequences in L>(I,R3)
satisfying the energy bound (2.13) and such that z, = T, (u,) = T,(v,), it easily follows

from Proposition 2.2 that for all n large enough n, we have (ul,uit!) = (vi, vitl) for all
ie{0,..., [ﬁ] — 1}. This also implies, by means of the identity

(up, > up ™ ™ oxcunt?) = (upy, up ™) (unt ug?) = (ug, )
that (ul,uit?) = (vi,vi*2) so that H?!(z,) does not depend on the element we choose in
T, (2n)-

3.1. General energy bounds. As a preliminary result we point out some useful bounds on
sl 3/2
H?' at the energy scale A,

Proposition 3.2. Let z, be a sequence in L>°(I,R?) such that

and let u, € Cn(I,S?%) be such that z, = T,,(u,) for all n. Then there exists a sequence of
positive real numbers v, — 0 such that for n sufficiently large the following two bounds hold

true:
He () \/7 witl i |2 2 Ay Sl i 2
s> > A T“ —1 F —m) Y A (3.4)
V20,02 An i€R,(I) n i€ R (I)
Hel () F witl i |2 2 A Ll _ i |2
s < > T" —1 +m > | n (3.5)
V2AGE M cmin " " i Rn(l) n

Proof. Since our assumption implies the energy bound (2.13), following remark 3.1, for n suffi-
ciently large the energy H:'(z,) can be rewritten in terms of u, € T~1(2,) and does not depend
on the chosen element in 77 (z,). A straightforward calculations shows that

Afupt™ = [ = Jup™ = |41 = (ug ™ )?). (3.6)

» N

Thus we can rewrite the energy of H*!(z,) in terms of u, as

) . A )
Hl(zn) = > 201 = 6p)Anfuf™ — ul|? - gyu:j? —ul |2+ 20,62

1€R,(I)

-3 ( Z+1_u;y4_25nyu;+l_u;y2+zag)

t€Rn (1)

. 1. .
PR (20— ) - 1 - i) (3.7)
1€RR(
. , . 1. ,

:E;szn(zwuz“—uw ) + GRZDA( - () - Sl - i)
7 n % n

22 (”1 ul | ) Z 1 a2y L2 g2
=24 An L= 1) + An <2(1—(u’n Jun)?) — =|un ™ — | >

i€Rn( V/20n i€R, () 2
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We now claim that there exists a sequence of number 7, — 0 such that the following two
inequalities hold:

A . 1 . , .
S (20 @D - G - R) 2 Gms Xl AP e
i€Rn(I) i€Rn ()

. . 1 . , , ,
S (20 - T - S - P) < 6 X a - s (3.9)
i€Rn (I) i€Rn(I)

If the claim is proved the inequalities in the statement follow by (3.7) on dividing by v/2\, (53/ 2

We are then only left to show the validity of (3.8) and (3.9). We first notice that by definition
of z, we have

1— (ul,ubth2 = 26,2 |2 (3.10)
Setting 6% = 0(u,)" according to (3.1) we observe that using the triple product expansion
utt? = — it s w4 cos(60TL) witt,
ul, =wl x ubtt 4 cos(0%) ubtt.

Thus we can write
a2 — d |2 = (Wit wl) x ul 4 (cos(6h) — cos(6)yubtt |
= (it 4wt x w1 1 [cos(6EH) — cos(6)|?
= ‘w#l + wﬁ’ + ‘COS (051 — cos(@%)‘z (3.11)
This immediately implies that
%'“#2 —upl 2 a2 (3.12)

By Proposition 2.2 we have that 6%, — 0 uniformly in i. Combining that with the elementary
fact that around zero |sin(x)| = sin(|z|), it holds:

| cos(071) — cos(6;)] = [ cos(|6]) — cos(|6,])]
< allsin(@ )] = [sin(0))|] < ynlwyt = wy,

for some sequence 7, converging to 0. It then follows that
1 . . , ) , .
Slun™ = unl* <0 (127 + 2+l = 2f7) - (3.13)

Inserting this estimate as well as (3.10) in the left hand side of (3.8) and using the periodicity
of |z,| we have

. 1 . .
S (20 0 - Gl - i)

1€R, (1)
o M@zl =1+ 2P =l - 2

1€R,(I)
D A @l 20 P = 2T 4 2P — et = 2]
1€RL(I)
=01 =7m) D Anlzit! =22
i€Rn(I)

This proves claim (3.8). A similar argument using (3.12) in place of (3.13) proves claim (3.9). O
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From the previous result we can deduce compactness with respect to the weak*-convergence
in L*°. The bounds we find are indeed the best we can hope for in this case (see Remark
3.9 below), nevertheless they will play an important role in Section 3.3 when we will discuss
the coupling of the functional with other terms and we will use them in order to improve the
compactness of sequences with equibounded energy. The arguments are similar to the ones used
in the proof of Theorem 1.2 in [16].

Proposition 3.3. Assume that 2= — 0 and let z, € L>®(I,R3) be a sequence such that

Von
Hsl n
sup ng < C < +o0.
V2068

Then ||zp||lco s equibounded and, up to subsequences, z, converges weakly™ in L>°(I) to some
z € L®(1,B(0,1)). If in addition z, — z in L'(I), then z € L*>(I,S?).

Proof. Let uy, be such that T),(u) = z,. By (3.4) we have that, for large n,

2\F 2 M ( l+\/125ua B 1) 2«ﬁ > A ZHA .
An i€R(I) " i€Rn (I) "
1+1 u 2 Sl i
>2 > M R | "
1€ERn(I) n An
First we observe that
; ;12 i+l 0 2
urt — g |° e (6 e) — 1)
_ = > 0. 3.14
= -l > (3.14)
As a result we can continue the lower bound above deducing that
Sl _ i
C>6 An |2 ” 3.15
- Z _ n A\ ( )
1€RR(I): |2}|>2
Exploiting again (3.4), we may also deduce that
sup |20HL — 21?2 < 20/ 6. (3.16)

We now fix ng such that 2C\/5, < ; for all n > ng. Given n > ng, we claim that |[2,]/ec <
max{4,3+ £}. To this end assume 1t exists j such that |27,| > 4, otherwise the claim is proved.

We observe that, combining (3.4) with (3.14), there exists i(n) € R, (I) such that |zil(n)|2 <
2. Without loss of generality we may suppose that i(n) < j. Let us define

k(n) +1:=min{i: i(n) <i < jwith|z\| >3, Vi <1< j}.

The minimum is well defined since the set contains at least j. Note that k(n) +1 > i(n), that

gives k(n) > 0 and |zﬁ(")| < 3. By (3.16) and the choice of n > ng we also have that \zs(n)\ >2.
Therefore we have that |z,| > 2 for all k(n) <1 < j and by (3.15) we eventually have that

7] < 2™ + Z An

which proves the claim. As a result equiboundedness as well as L weak* compactness are
shown.

l+1 l

C
<3+
< +6’
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We now prove that |z,| — 1 almost everywhere in I. Setting 6! = 6'(u,) according to
(3.1) we define the piecewise constant function ¢, whose value on the nodes of the lattice is

: 2 0
T __ i P -n
Cp = 5. sm<2>‘.
. i1y
We notice that for all i € R,,(I) one has by definition that (% = |2 \/25;“ n| . Since by Proposition
2.2 0%, — 0 uniformly in i, by the equiboundedness of |z} | = \Si\;%?il)\ and trigonometric identities

we get that |||z,| — Culloc — 0. By (3.4) we may now write that, for any interval I’ CC I,

i+1
(e

20,

n

9 2
0=1lmC An > lim sup E An ( — 1) > lim sup/ (Cn(t)2 — 1)2 dt.
n I/

2/05 " ieRL(D)

Therefore ¢, — 1 pointwise almost everywhere due to the arbitrariness of I’ which implies that
|zn| — 1 almost everywhere. It follows that any weak limit of z, belongs to L>°(I, B(0,1)) and
that if in addition 2, — 2 strongly in L' then z € L>(I, 5?). O

Remark 3.4. If z, is as in Proposition 3.3 and z; denotes the piecewise affine interpolation
on Zy(I) of zy, then it follows from (3.16) that

sup |22(t) — za(8)]? < 2C/6,,.

tel
This estimate of course also holds if we rescale the variable ¢.

3.2. Zero energy chirality transitions: In this section we will prove that, in contrast to the
S1-valued spin system studied in [11], in the present case the functional Hfll does not penalize
chirality transitions between ground states. In other words the optimal asymptotic energy for a
transition turns out to be zero, as it is explained below. Before entering into the details of the
proof we need to introduce some notation. Given two unit vectors z_, z4 € 52 we set

H;ﬂz+ = {w =uxu, u€ HIQOC(R, 52) : tii?oow(t) — Zi} )
We first prove the following lemma.

Lemma 3.5. Let u € HE, (R, S?) and let w=uxu'. Then w € H}

L(R,R3) and w' =uxu”.
Moreover, if u € H. (R,S?) and w=uxu € H. (R,R3), then u € H? (R, S5?%).

Proof. The first statement can be proved by approximation with smooth functions. Concerning

the second one, note that
uxw=ux (uxu)=(uu)u— (u,u)u =—u,

where we have used that |u| = 1, so that (u,u’) = 0 almost everywhere. On every bounded
interval J we have u,w € H'(J,R3) N L*>(J,R3), so that u x w € H*(J,R3). O

We define the transition energy function g : S? x S — [0, +c0) by

g(z1,29) := inf {/}R(|w(t)|2 —1)2dt + /R W' (t))?dt : w e Hle’z2} . (3.17)

In the following lemma we show that actually the infimum is zero for every z;, 2o € S2.
Lemma 3.6. For all z1, 2y € S? we have

g(z1,22) = 0.
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Proof. The function ¢ is invariant under rotations so we may assume that z; = e3 and zy =
Aeg + peg with A2 + p? = 1. Now we take a C? cut-off function v : R — [0,1] such that

(1) = 0 t<0,
W= t> 1.

Given p > 1, we define 7, : R — [0, 1] as 7,(t) = fy(%). We consider the matrix
1 0 0
A=10 pu A
0 =X u

which belongs to SO(3) and maps z; to z2. Let B be an antisymmetric matrix such that
A = exp(B). We define the test function in the infimum problem defining g by

up(t) := exp(7,(t)B)(cos(t),sin(t),0). (3.18)
Then u, € H? (R, S?) and, since B commutes with exp(y,(t)B),
w,(t) = 7,(t) Buy(t) + exp(v,(t) B)(— sin(t), cos(t), 0). (3.19)
Since ,(t) = 0 for ¢ ¢ (0, p) it follows that w, = u, x u;, satisfies
t<0
w,(t) = {63 = (3.20)
Aeg + pez  t = p.

By Lemma 3.5, w, € H} (R) so that w, € H

21,22 °

Moreover from (3.19) it follows that there
exists a constant C' depending only on |B| and on the C?-norm of v in [0, 1], such that

1-Cpt< Juy, ()] < 1 +Cpt ifte(0,p).

Taking squares in the previous inequality and since |w,(t)| = |uj,(t)| we deduce that

(lwp ()2 =1)* < Cp~2. (3.21)
Since the second derivative of u, reads as

w, () = 7, () Bup(t) + 7, (t) Buy(t) + exp(y,(t) B)7y,(t) B(—sin(t), cos(t), 0) — u,(t).
we infer that

W (8)]7 = Jup(t) x ull(8)]* < Cp~2 it t € (0, p). (3.22)

For t ¢ (0,p) by (3.20)w,(t) does not contribute to (3.17). It then follows from (3.21) and
(3.22) that

9(z1,22) < Cp,
which implies g(z1, 22) = 0 by the arbitrariness of p. O

We are now going to compute the T'-limit of H3' with respect to the weak* convergence
where we have proved a compactness result (see Proposition 3.3). First notice that this choice
forces us to restrict the domain of the functional to some a priori fixed ball of L where the
weak™ topology is metrizable. On the other hand, as it will be clear from our I'-limsup construc-
tion, without the addition of other terms to the functional, there is no hope for compactness in
a finer topology.

The following lemma will be used in the proof of the next theorem as well as in the sequel
of the paper.

Lemma 3.7. Let u € C'((a,b),5?) and w € S? be such that u(s) xu'(s) = w for all s € (a,b).
Then, for all s1,s2 € (a,b) it holds

u(s1) X u(s2) = sin(sg — s1) w. (3.23)
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Proof. The result follows from a direct computation. O

For every R > 1 we define the functional HPR as follows:

Hi(z) = {

The following I'-convergence result holds.

Hyl(z) if ||zl < R,

] (3.24)
+00 otherwise.

Theorem 3.8. Let R > 1 and Hi"™ : L1(I,R3) — [0, 400] be defined as in (5.24). Assume that
H:LZ,R

% — 0. Then the functionals = I'-converge with respect to the weak™ L°° -convergence
" V267

to the functional

Hsl(z)_ 0 ZfZGLOO(IvB(Oal))’
" | +oo  otherwise. '

Proof. liminf-inequality. Since HEM > 0 i only suffices to check that any weak™ limit of

sl,R

sequences 2, such that sup,, L(ZQ) < C < +o0o belongs to L*(I,S5?). This is ensured by
V2Anoi

Proposition 3.3.

limsup-inequality: By density it suffices to prove the inequality for a S?-valued piecewise
constant function z. Since the construction of the recovery sequence will be local we can assume
that z = 211y 1, —i—zz]l(%’l] with |21| = |22 = 1. Given € > 0 we find a function u € H2, (R, S?)

2
such that w = u x u’ is admissible in the infimum problem defining g(z1, 2z2) in (3.17) and

/(yw(t)|2 124t +/ !/ ()2 dE < e. (3.25)
R R

Having in mind the family constructed in the proof of Lemma 3.6 we can further assume that
u € C?(R,S?), that it has bounded and uniformly continuous first and second derivative, that
it satisfies the bound ||v/||cc < 1+ ¢ and that there exists ¢ > 0 such that

w(t) =2z Vt<O0, (3.26)
w(t) =2z Vt>t,,. (3.27)

We consider the sequence o, = %\/%5") and we observe that 1 —4d,, = cos(a,/20,) and that

lim,, o, = 1. We now define the function u, € Cy(I,S?) setting

. W 1

By the uniform continuity of u we have that, for large enough n, for j € {1,2} lub — ul| — 0
uniformly with respect to i € R, (I). In particular this implies that

(7 ul) >0, forj € {1,2}. (3.28)

We now fix i = [ﬁ} and iy = {ﬁ + - f/sf} + 1 and observe that it € R, (I) for n large
V20n

enough. Applying Lemma 3.7 to the function « in the interval (—oo, anT()\ni, - %)) we get
that for all ¢ < ¢_ — 1 it holds that

ufz X ufjl = sin (an 25n> z1, u% X uil+2 = sin (Qan\/26n> 1.
Using (3.28) we get

(up, up™) = cos (an\/ﬁ) =1—=06n,  (up,up?) = cos (2% 25") =21-6) -1 (3.29)
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which further implies

i i+1 i+2 _ i+1
- n . .
u,, — 2u, " +u, 20nu,, (3.30)

Using the same argument in the interval (o, \/f?"(/\nu —1),+00) with 2 in place of z; it can
be shown that (3.29) and (3.30) hold for all ¢ > i;. In particular the first equality in (3.29)
implies that wu, satisfies the boundary conditions in (2.8).
We now consider the sequence z, := T),(uy). It holds that for all i € R, (I)
i+1
2h] = fup, x = -
20 20n,

Furthermore, since the first derivative of v is uniformly continuous on R, z,, converges pointwise
almost everywhere to z and on applying dominated convergence also in L' as well as in the
weak-* convergence of L* by (3.31). Thus z, is an admissible recovery sequence. We now
define the auxiliary functions Z, : R — R3 by

_ u' ui+1

(2 7
= <[ 2 < o[t < an(1+6). (3.31)

V20n

e Wl U if g e [2ay@n (), — 1), @By (i41) — 1)), i €0,..., [L] -2,
" u'(s) otherwise.

By the change of variables s — % == i‘/”ft we have

. 2 5
N N A VB, (] (onva, 1\
MU | T S n|——(—=35)])] -1 ds
n i—0 205, An 0 A 2
1 axnfﬂ 1
2Xn ~ 9 2 ~ ) 9

T A0 = 1) dbs 2= (1Z(OF = 1) di 32
o o (2O = 1) dr < = [ () = 1)° at (3.32)

V2

Since (—00,~3) C (—00, 00 Y22 (A\yie — 3)) and (t: + 1,4+00) C (Y2 (Anis — 3)), using
(3.26), (3.27) and (3.29) one has that

2a(s)| = 1 Vs € (oo, —%) U (fo + 1, 400). (3.33)

Since v’ is uniformly continuous and «, — 1 it is easy to see that Z, converges uniformly to
w on [—3,t. + 1]. By (3.33) we can apply dominated convergence in the r.h.s of (3.32). Since
[u/(s)] = Jw(s)| for all s € R, we deduce

/55— [1/An] =2 i+l i |2 2
lim sup Y200 An [ [E | g/ (Jw(t)> = 1)* dt. (3.34)
n—00 )\n =0 25n R

We now define the auxiliary function %, : R — R3 as

Z+1 Zi 1 Qn n ; On .
Zn(s) = ”\/ﬁn if s € ,\,25 (Ani = 3), :\/TLW(A (i+1)—3),i€0,...,[x] -2,
w'(s) otherwise.

Using again the same change of variables as above we get

[1/An]— St i 2 [1/)\n] 9 At )
)\ “n A,
v Z wo
anén
20n, /20y, 1 2 1 S rwalll )
”(An“—z)) ds=— [0 E(oPa (33)
V2An
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We first claim that Zz, converges to w’ in LIOC(R). To see this let us set h,, = a,v/26,, and note
that

Zi+1 _ Zi ) ui+2 _ 2ui+1 + ui
En(s) _ n 25” n o_ O[721 u;Ll+1 ( n h%n n)
u(&, + hn) — 2u(&),) +u(&), — hn)

2 e

= oy u(én) X h% )

for some |¢, — s] < hy,. By the continuity of «”, since h, — 0 and «,, — 1, we have Z,(s) —
u(s) x u”(s) = w'(s) which proves the pointwise convergence of z,, to w’. Since u” is uniformly

bounded on R it follows that Z,, is equibounded which gives the Ll o convergence. On the other

hand, thanks to (3.30), we have that Z,(s) = 0 for all s € (—oo0, —3) U (. + 1, +00). Therefore
we can let n — +oo in (3.35) and deduce
[1/An]—

'L+1 'L'
limsup —=

)\ / w'(t)]? dt. 3.36
mow 2= 3 w/(0) (3.36)
Combining (3.5), (3.25), (3.34) and (3.36), by the arbitrainess of € we infer that

Hsl
I’ — limsup % <0. (3.37)
O

Remark 3.9. Assume that \;\E — 0. Then there exists a sequence of functions z, € C, (I, R?)
such that ,

Hl (zn) < CApd3
such that no subsequence converges strongly in L!(I,R3). In fact, let us fix 1, = c,\, where
¢, € N is such that \/)‘”— << np << 1. Let us consider u, € H (R, 52) such that wy, = u, x u),

with w,, satisfying the properties (3.26) and (3.27) with z2 = —z; and such that (3.25) holds

with 72 in place of . For all i € {0, ..., 2)%} we set
~ 20 .
Uy, = Up (an)\n()\nz — nn)>
n

and we define u, € C,(I,S?) as the 2n,-periodic extension of the function above. Setting
zn = T (uy) by construction we have that z, — 0 in the weak™ topology of L*°. By repeating
the same argument in the proof of the I'-limsup inequality, the energy stored in each interval of
length 7, is at most 72, so that

HSZ(ZTL) nn
VING =

The sequence constructed in this way cannot converge strongly to z = 0, otherwise by Propo-
sition 3.3 we would get z € L'(I,S?).

3.3. S?-chirality transitions under additional constraints. As discussed in the previous
section, it is not possible to energetically detect chirality transitions by using as energy H,,, that
is the scaled NN and NNN frustrated spin chain model as in [13]. Nevertheless, transitions with
non trivial energy may appear if we modify the functional H, by adding what we call either a
hard or a soft penalization term. In the hard case we will force the spin variable to take values
only in a subset of S? consisting of finitely many copies of S!, while in the soft case we will
penalize the distance of the spin field from such a set. The main difference between the two
cases is that, while in the first case we will prove that chirality transitions leads to a constant
positive limit energy to be paid for each discontinuity in the chirality, in the second one we can
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present some examples showing dependence of the limit energy on the two chiral states between
which the transition occurs.

3.3.1. Chirality transitions via hard penalization. Let qi,...,q. be a fixed family of distinct
points in S?, where k > 1. For [ € {1,2,...,k} we set S} = 52N qlJ-. To reduce notation we
set

k

k
Qr :={xq1,...,xq}, My:= U St Ly := U span(q;). (3.38)
=1 =1

We then restrict the spin variable u to take values only in Mj. We define the space C,, (I, M)
as the subset of C,(I,5%) of those functions taking values in M. We define the energy

HHF LI = [0, 400] as

b () = infr(y)—s H(u) if z = Tn(u) for some u € Cy, (I, My), (3.39)
400 otherwise.
Moreover we set
Hy . (My) = {w =uxu, uc HE.(R, M) : tl}rinoow(t) = qi}
and define the function Ay : Qr X Qr — R by
hi(q—, qp) == inf{/R(|w(t)|2 - 1)2dt+/Ryw’(t)\2dt: w € H;’%(Mk)}. (3.40)

In this setting the function hj turns out to be independent of the k as well as of (¢q_,q4) €
Qr X Qr and reduces to the well-known transition energy for scalar problems as shown in the
next lemma.

Lemma 3.10. Let q—,q+ € Qk, q— # q+. Then hi(q—,q+) = % and we have equivalently

hi(q—,qy) = inf {/R(‘w(t)Z D24’ (t)2dt: we HE (R, L), lim w(t) = qi} ,

t—=o0

which is solved by the function wy_ 4, defined as

|tanh(t)|q— ift <0,
Wq_q. (t) = :
|tanh(t)|q+ if t > 0.

Proof. We first show that w,_ 4, is the solution of the minimum problem if we replace the cross
product constraint by requiring w € H*(R, L;). To this end (taking a continuous representative)
note that we don’t increase the energy if we stay in the half line g,, := {Ag4 : A > 0} as soon
as we reach the origin for the first time coming from ¢_. Indeed, if ty = inf{t € R: w(t) = 0}
and t; = sup{t € R: w(t) = 0}, then the function

() = {w(t) if ¢ < to, (3.41)

w(t —to+t1) if t >t
gives the same or less energy as w. Now given such a function w we define v € H'(R) setting

o(t) = {—|w<t>| if w(t) € g,

lw(t)]  otherwise.
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Then we have lim;, 1. v(t) = £1 and therefore by the usual Modica-Mortola’s trick (see for
example [17])

/ (w2 — 1) + [ (B dt = / (0(t)? — 1) + o/ ()% dt
R R
8

> /(tanh(t)2 — 1) + tanh’(t)? dt = /(|wq,q+ O —1)* + |w;,_,, () dt = 3
R R

It therefore only remains to show that w, 4, € Hy , (Mj). Therefore we choose rotations
R, and R,, suchthat R, e3 = —¢_ and R, e3 = ¢4 and let (t) = log(cosh(t)) be a primitive

of tanh(t). We set

t0),0) ift <0,
Rq, (cos(y(t) +t1),sin(y(t) +t1),0) if ¢ >0,
where tg,t; are chosen such that R,_(cos(to),sin(to),0) = Ry, (cos(t1),sin(t1),0) therefore u is
continuous at ¢ = 0. Observing that +/(0) = 0 we also have that u/(0) exists and is equal to 0.

Then u € HfOC(]R, M};), while a direct computation gives u X v’ = wq_ 4, . O

u(t) = {Rq— (cos(v(t) + to), sin(y(t) jr_

The following compactness result holds true.

Proposition 3.11. Assume that \%Ln — 0 and let z, = Tp(uy) for some u, € C,(I, M) be
such that

3
HEF (2,) < CN62.
Then (up to subsequences) z, converges strongly in L' to a function z € BV (I, Q).

Proof. By Proposition 3.3 we have that sup,, ||zn|lcc < +00. Therefore it is enough to show
that, up to subsequences, z, converges in measure to a function z € BV (I,Qy). Given n > 0
we define the set

Ay = {z € R : dist(x, L) > 1} (3.42)

We now claim that, for n large enough, we have 2!, ¢ A, for all i € R,(I). Assume by
contradiction that the claim does not hold. Passing to a subsequence we have that for each n
there exists i = i(n) such that zit1 € A,. From (3.16) we infer that for n large enough

P L An. (3.43)

As a result we have that for all j = 1,...,k, if utl e S} for some | € {1,2,...,k}
then u4 ™ e Sl for some m # [. Moreover, up subsequences we may suppose that, for all

j=1,...,k+1 there exists [; € {1,2,...,k} such that
L )
up? € Sp, (3.44)
where, by the previous discussion we have that [; # ;1. Let @ be a limit point for w4 . Since
by Proposition 2.2 \uf;”/ - uln+J| — 0 uniformly in j,j" € {1,...,k + 1}, we have that that for
all fixed j € {1,...,k+1}, uh’” — u with the property that @ e ﬂfill Sllj. Since |z, | > 7,

by the definition of 25 and (3.16), for all j =1,...,k+1 there exists a constant C' = C,, > 0
such that

1 o o
S0 < [T — P <08, V=1 k. (3.45)

Thanks to the second inequality above we have

(2 2nt) .

Ean EAs
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We now claim that

1 o
500 < Ju —al?<Cs, Vji=1...k+1 (3.47)

itj —
Indeed, suppose by contradiction that W — 0. Then for j € {1,2,...,k}

i _ ul i+j > uZ+J+1 (u%-i-J _ﬁ) > ug—l—]-&-l N U X u:}+]+1 ¢ )
= 2
20, 20, 20, /2

for n large enough, so that the first inequality holds. The case j = k£ + 1 is proved with the
same argument, exchanging the role of ub™” and uh P!, The second inequality in (3.47) can
be proven as follows. By (3.45) we have

iti+l itj i+l i+7 i+l — it
C>|uz J ;LJ|2 - |u;3 —u|2 ]u;] —u’Q 2 ( () -, uan _ )‘ il u‘|u1’+] -
= 571 - 6n 5n ”LLH_]-H 7” +j |
O A N W A G e W U
= T iyl i+t S + S ZcC 5 )
[un — ul|un, al n n n
where we used that 5’1 # Sl I

By (3.45) and (3. 47) up to extracting a further subsequence, we have that the sequences
(ah)nen definded as
j uifj —u
al = ———
26,

converge to different points a’ forall j=1,...,k+ 1. We observe that forall j =1,....k+1
we have that @’ belongs to the 1-dimensional subspace Vi, := at N ql# with [; given by (3.44).
Indeed ‘

(up,w) 1
V20,

[(a?,T)| = lim

by (3.47). On the other hand (aj,qu) = 0 simply follows by (3.44) since ¢, L Sllj. We now
show that all a’/ are collinear. Indeed, by definition (3.2) we have that

‘\/1 (uijjJrl %+j)2
26, '

On the other hand, again by (3.2) and the well-known formula (a x b,¢ x d) = (a,c)(b,d) —
(b,c)(a,d) we have that

i+j+2 i+j+1  itj+1 i+j i+j+1 _itg
(un] _unj ’unj — U, ])_2571(271] ) Zn ])

= —(1 = (72, w7 (A = (7 ug))
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From the previous two equalities, together with Proposition 2.2 and (3.46) we then get that for
all j €{1,2,...,k—1}

4 , ) , o Gl it o
a2 — i+l it al) . (uffﬁ' . u:l+J+ ,u§1+3+ - u?—y)
= lim

G2 _ gLl _ g — — — —
a a Ha CL| n—00 \/(2—2(U%+]+2,U7Z@+]+1))(2—2(U7%L+J+1,U,¥Ll+))

12}

i+7+1  _i+g i+74+2 +7+1 i+g+1 i+7 i+7+1  _i+yg
26n(zn] y ”n J>+(un] _Unj 7unj — Un ])_2571(271] y Zn ])

= lim
o V(@ = 2022 - 2 i)
)

= o0 |Z:L+J+1HZ:L+J’ 2

(1 + (U#j+2,u%+j+l))(1 + (u;—i-j-&-l’uil—l-j))

_ n]LH;O 5\/((1 _ (u%+J+27u%+J+1))(1 _ (U%ﬂ-l-l’u%ﬂ)) =1,
which is equivalent to say that all o/ with j € {1,2,...,k + 1} are collinear. This gives a
contradiction, as the line containing the a’’s should then intersect in k + 1 distinct points the
set U§:1 Vi, , which instead consists of at most £ 1-dimensional linear subspaces. This proves
our claim that for n large enough 2% ¢ A, for all i € R,(I) which implies that dist(z,, L) —

0 uniformly. Since as in the proof of Proposition 3.3 |z,| — 1 almost everywhere in I we
deduce that

dist(zp, Qx) — 0 in measure. (3.48)

Now we argue similar to the proof of Lemma 6.2 in [9]. At first we chose r > 0 such that
the family of balls {Bs,(2)}.cq, is pairwise disjoint. We set

d:= inf dist(Bar(q1), Bar(g2)) > 0.
q1,92€Q%
Q1#q2

Suppose z, takes values in different balls B,.(q1) and B;(g2). Then, by (3.16) there exists a
path z%,..., 2,7 such that r < |2/ — q| < 2r and r < |24 — ¢2| < 2r and such that
2 ¢ | Barle) Vi<l<i+j.
q€Qk

Defining A, as in (3.42), from the first part of the proof we know that z, ¢ A, for n large
enough. Choosing a suitable n = n(r) we deduce that, for n large enough,

inf  dist(z),5%) >, |28 — 2] > d. (3.49)
l=t,...,i+J
Now we use the classical Modica-Mortola trick to estimate the energy of such a path. By the
uniform energy bound Hfll’k(zn) < O we get He (uy,) < C 632 Since z, is uniformly
bounded by Proposition 3.3 and (u’'!, u!) converges uniformly to 1 by Proposition 2.2 we may
then write, for n large enough, the following estimate

11— (upth )| < 3(1 = (up™, up,)?) < 66,2, ° < C6,. (3.50)
As a result we have
. . 2 . .
ui — (1= @)
-

- 1P| -

20y, 26, -
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so that using (3.49) it holds that
itj—1 i+j—1

2
d< Z ]zl‘H zfl §; Z An

i+1 i 2
Uy — — Up

I=i 20n,

z+J1 i 12 2 i+j—1
(M 1) 2 B

from which we deduce that such a transition costs a finite amount of positive energy, depending
only on r. Thus we have only finitely many of these transitions, their number being bounded
uniformly with respect to n. It follows that, up to subsequences, z, converges in measure to a
piecewise constant function with values in Q. We omit the details.

I+1 l
Zn T *p

— 1|t =n
An

l+1 l

, (3.51)

g

After establishing compactness for sequences with equi-bounded energy, we are in a position
to prove the following I'-convergence result. In the proof of the lower bound we will make use
of the area formula for absolutely continuous function, which we briefly recall: for every positive
Borel function h, every absolutely continuous function ( : [a,b] — R it holds

/C ([a,b])

(see [15, Theorem 3.65)).

b
h(s) dv:/ h(s)[¢'(s)|ds (3.52)
SECT1(v) ¢

Theorem 3.12. Let Hsz’k s LYI) — [0,400] be defined as in (3.39). Assume that 2= — 0.

Von
Then the functionals H;! I" -converge with respect to the strong L' -topology to the functional
fAn
Hsl,k(z) — %#S(Z) ZfZ € BV(Ia Qk); )
+o00 otherwise.

Proof. We start with the lower bound. Without loss of generality we may consider z, = T}, (u,)
for some u, € C,, (I, M) such that z, — z in L'(I,R?) and

sl
liminfM < C < 4o0.
"V2008

From Proposition 3.11 we know that z € BV (I, Q). Furthermore, if we denote by z% denote
the piecewise affine interpolation of z, on the lattice A\,Z N I, we also have that z? — z in
L'(I,R?). Passing to a subsequence (not relabeled) we can assume that 2% converges to z
almost everywhere. Furthermore, for all 7 > 0, defining A, as in (3.42), for n large enough, we
have z!, ¢ A, for all i € R,(I) and this in turn implies that

dist(z2, L) — 0 (3.53)
uniformly. Let now ¢; < --- < t; be the jump set of z. Let & > 0 be such that [-2a + ty,, t,m +
2a0) N [—2a + t;,t; + 2a] = O for all j # m. By the choice of « it holds that

Hslk: - l
hmlnfﬁ > Z hm inf F)(2y),
ERV W - B

where
‘ . 2 . .
V25, uil =l [P An ikl _ i |2
™ Ani—tm|<20 " ™ Api—tm|<2a "
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We now fix t,, and to reduce notation we set g+ := z(t,, £ ). Our goal is to show that

liminf F)*(2,) > g ,

n

which yields the lower bound.
To prove our claim, we begin by observing that, due to almost everywhere convergence, we
can assume that

Zp(tm £ @) = g+ (3.54)
when n — +00. Furthermore, since
i+l _ i |2 9 4
| = el (3.55)
20, 1+ (ub™,ud)

we can write
i+l g0

2
V23, 5 <u 2 > 26, o a2
A || =2 —1) = > w18 -1)
T Ani—tm|<2a 20n An [Ani—tm|<2a

where we have denoted by 3, € C,,(I,R) the sequence of piecewise constant functions such that

Bl = W which converges uniformly to 1. We now show that we can switch from the

piecewise constant interpolation to the affine one without increasing the energy. Indeed, given
o > 0, we have

a+tm

a+tm
[ @R -1t ds< (40) [ (Bl - 1) as

—a+tm —a+tm

1 e S (129(s)|2 = |2n(s)[2)* ds
w(142) [ B0l (50 ~ o) @
. . a+tm
<(1+4o0) Z An (\5}12/;’2_1)2_,_0(14—;)/ 128(5) — zn(s) > ds

[Ani—tm| <20 —attm
o 9 1 v ,
<(1+0) > M(BEP-1)"+C (1 + U) > At AP
[Ani—tm|<2a [Ani—tm|<2a
. 1
<A+0) DY M8 - 1)*+cC (1 + ) VO An,s
[Ani—tm|<2a g

where we have used the energy bound (3.4) and the fact that both 3, and z, are equibounded
sequences. Multiplying the last inequality by —ij” we obtain

\/fT” T 18a()22(5) 2 — 1)2ds < (14 0) lim inf F S (B2 -1)

n —a+itm

lim inf
n
\)\nz tm| <2«

By the arbitrariness of ¢ we deduce that

8 [ (e 1)

a+tm

\/7 —o+tm
We now fix an arbitrary € > 0: due to (3.54), when n is sufficiently large we have
1
14+e

liminf F"(2zy,) > lim inf

n

+ hrn inf

|(z0) (s)[* ds. (3.56)

|z (tm £ )| > (3.57)
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Furthermore, using (3.53), the continuity of z% and (3.54), for all n sufficiently large there exists
a point 7, € (t, — a, b, + «) such that
|z2(1p)| < €. (3.58)

We define the absolutely continuous function (, by (,(s) := [z%(s)|. Applying the Cauchy-
Schwarz inequality to the right-hand side of (3.56), and taking into account that |C],| < [(22)/|
we have

a+tm
lim inf F™(2,) > lim inf 2 / 1Ba()22()% — 1] |(z2)(s)] ds
o
>liminf2/ 1B (5)* Gu()> = 1] [¢h(s)| ds (3.59)
n —attm
Zlimian/Tn 18a()2 Ca(5)2 — 1] |C(s)]| ds (3.60)
+liminf2/ 1B (5)? Ca(s)? = 1] |G(5)] ds.

Using formula (3.52) with h(s) = |[B8,(s)? (a(s)? — 1] and ¢ = (, and observing that, by (3.57)
and (3.58), [e, 1—;] C Cu([—a + tim, Tn]), we have

1
Tn m
/ ‘&L( ) Cn(s)” — 1‘ |(n )‘ ds 2/ Z \@L(s)zvz —1] | dv.
—attm : €6 (v)
Since 3, — 1 uniformly, when n is large enough we have that (,,(s) < 1+ ¢ for all s. Using
the elementary inequality
0207 — 1| =1 —6%% > 1 — (14 ¢)%0?

for all € [0,1+¢] and v € [¢ we deduce that

=]
) 14elo
/n 1B (5)2 Ga(5)? — 1] |Ch( )|d32/1+5(1—(1+5)2v2)dv.
—a+tm €

The same estimate holds also for the other summand in the right-hand side of (3.59). Therefore

we conclude .

lim inf F" (2 )>4/ (1-(1+e)%?)dv.

Since ¢ was arbitrary, we conclude that
1

lim inf F™(z,,) > 4/ (1—vHdv= -,
n 0

which gives the required lower bound.

The upper bound follows as in the proof of Theorem 3.8. We only indicate here the major
changes. Since the argument is local, let us assume that z = qlll[oé) + qgﬂ(%’l] for some

q1,q2 € Q. Given € > 0 we set
if t <
w.(t) = 4 el <0,
|f-(t)g2 ift >0,

where f. is defined by the construction below. Let t. > 0 be such that |tanh(+t.) — (+1)| <e
and

8
/ { tanh(t)[* — 1)2 + | tanh'(¢)[?dt > - — .
jt]<te 3
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We then define f. : R — R as an odd C' function such that
tanh(t) if t € [0,¢¢],
fe(t) :== { pe(t) if t € (te,te +€), (3.61)
1 if t € (. 4 €, +00),
where p. is a suitable third order interpolating polynomial that we may choose such that

[ptlle < 2. Note that w. € Hy , (M}) and by construction

[ (P -1 + 0P ac < 5+ e
R

for some constant C > 0. Let u € HfoC(R, Mjp,) be such that w. = u x v'. For each n € N we

let
arccos(1 — dy,)

V260,

and then define the function u, € C, (I, S?) setting

. %, .1

From now on we proceed as in the proof of Theorem 3.8, the only change is that the corresponding
function u is not twice differentiable in the origin. But this does not really affect the argument.
We obtain

Ay —

Hsl,k ]
I' — lim sup — (Zé) < g—i-C's,
T V2062
which yields the claim by the arbitrariness of €. O

3.3.2. Chirality transitions via soft penalization. In the previous model we forced the spin vari-
able to take values only in finitely many rotated copies of S'. As we have seen, this restriction
leads to a positive limit energy when changing the chirality. However, this energy is independent
of the distance between two chirality vectors in contrast to the results conjectured in [14]. To ob-
tain such a dependence we propose another model, where we penalize the distance of u from the
set M} with an additional energy term. Choosing the right scaling this penalization preserves
compactness, but yields more freedom for the optimal chirality transition. Given u € Cy,(I, S?)
we define the already normalized new energy by

HP(u) = Hi'(u) + i Y MG’ x u'th), (3.62)
1€R,(I)

where j1, > 0 and G : R3\{0} — [0,+00) is a continuous, zero-homogeneous function that we
consider extended at 0 setting G(0) := 0 and such that

{zeR?: G(2) =0} = Ly, (3.63)

with L as in (3.38). Without changing notation we define Hf : L'(I,R3) — [0,400) in the
z-variable setting

. . _ 2
HY(2) = {me(u):Z Hi(u) if z= T(u) for some u € C,,(I,5%), (3.64)
+00 otherwise.
For Qj as in (3.38), we introduce hg : Qr X Qr — [0, +00) setting
G(w(t
ha(q1, q2) := inf {/R(|w(t)|2 — 1)2 + (1121()) dt + /]R |w'(t)]2dt Tw e qulm} . (3.65)

Note that hg(q1,q2) < % since the minimizer of the optimal profile problem defined in (3.40) is
admissible and G vanishes by (3.63).
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For the penalized energies the following compactness result holds true.

Lemma 3.13. Assume that lim,, 2 \ﬁ = 0 and liminf,, &2 s > ¢y > 0. Let z, € Cyn(I, R3) be
such that

3
HP(z,) < O\, 05.
Then (up to subsequences) z, converges strongly in L' to a function z € BV (I,Qy).

Proof. Applying Lemma 3.3 we infer that ||z,|o is uniformly bounded so it is enough to prove

convergence in measure. Without loss of generality we assume that —— > Y=o 20n . Then, by
\f)\ 6§

(3.4), we may find a vanishing sequence ~,, > 0 such that
i+l _ i

V205 R
D P (u

" ieR, () 20n

H—l i

9 2 .
G(zh) (1 =) An
- 1) L G| o > M
2 n 1€R,(I)

Defining W (2) = (|z|*> —1)? + % we have that W is non-negative, lower semicontinuous with
zeros exactly in S? N Ly = Q. Therefore, if we consider the set Q) := {z € R?: dist(z, Q) >
n}, by a coercivity argument we have

inf W(z)= min W(z) =¢, > 0. 3.66
I, (2) min (2) = ¢ (3.66)

Combining (3.66) with (3.50) we deduce that z, converges in measure to the set Q. The rest
of the statement follows now arguing as in the proof of Proposition 3.11. O

Before we prove a I'-convergence result, we need the following two auxiliary lemmata.
Roughly speaking, the first one states that we can connect two paths, that are near to the same
point in Qg , by paying very small energy.

Lemma 3.14. Let 0 < n << 1 be small and let wg,w; € R3 be such that there exists § € Qg
with max; |w; — §| < n. Moreover, for i = 0,1, let u; € S*N wil. Then there exists an interval
[0,t*] C [0,3 + 47 and a C?-function u : [0,t*] — S? such that, setting w = u x u’, it holds

u(0) = ug, u(t*) = uq,

w(0) = wp, w(t*) = wy,

t* G t t*

[ e -0+ S8y [opa<a,
with lim, o C; = 0.
Proof. First note that if 7 is small enough, for ¢ = 0,1 we have w; # 0 and ||1sz| —q| < 2n.
Thus, for every z € {sw; + (1 — s)125 : s € [0,1]} we have the estimate G(z) < cG(Zn), where

|w|

c is a modulus of continuity of G|g2. Moreover let Ry € SO(3) be such that ‘w = = Rpesz and
R§ ity = ez + pes.
We start constructing a path joining wg and o] ‘ Let us choose a C?-function 7o : [0,1] — R

with the following properties:
(i) 70(0) = 0(1) =0,
(if) 79(0) = [wo| — 1, 79(1) =0,
(i) +(0) = 4(1) = 0.
Since ||wo| — 1| < n we can choose the function vy such that

max{[[7)[s0 [0 oo} < C- (3.67)
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Now we define ug : [0,1] — S? via

ug(t) = Ro(cos(t + vo(t) + to),sin(t + vo(t) + to),0),
where ¢y € [0,27) is such that Ro(cos(to),sin(to),0) = ug. We further set wy = up x ug. Then
we have ug(0) = ug, wo(t) = (1 + ()= and w((t) = 7 (t)72;, and therefore wy(0) =

[wol |wol *
wo

wop, wo(l) = Tl and

1 1
/0 (|wo(ze)121)2+G(wz()(t))c1t+/O lwh(t))? dt < Cn? 4 cq(2n).

We continue by joining ﬁ and ﬁ Let us take B as a suitable logarithm of the matrix

1 0 0
A=(10 p A
0 =X u

Now we choose a C? cut-off function v; : R — [0, 1] such that

{0 t=1,
L R}
We set uq : [1,2] — S? as
u1(t) = Roexp(y(t)B)(cos(t + to),sin(t + to), 0).

Defining wy : [1,2] — R3 via w; = u; X u}, by the same calculations as in the proof of Lemma
3.6 we get

(wi()]? =1)* < C (1B|+|BP)*, (3.68)

wi(®)? < C (1Bl +|BP)’. (3.69)

In order to estimate G(wi(t)), observe that for one particular matrix logarithm and the
Frobenius norm, we have ||B||r = | arccos(%ﬂ = | arccos(u)|, so that by the equivalence of

all matrix norms we infer |B| < C|arccos(u)|. Moreover, it holds that
Tl =les — Aea — pes| > |1 — pl,

so if 7 is small enough, we have |B| < 1. We deduce that

e (£) = 2| = Jus (£) x u} () — | < C|B| + | exp(v(t) B)es — e3

|wo

< C|B| +exp(|B|) — 1 < (C + exp(1))|B]. (3.70)

Wo

|wo

By calculating the leading order term of arccos?(z) at = 1 we get
|BI? < Clarccos(p)?| < C|1— p| < C,
so that, combined with (3.70) we have
w1 (t) wo

Feor(®)] ~ Tl

which implies G(w1(t)) < cq(C4/n). Integrating (3.68), (3.69) and the previous bound we infer

2 2
[ Guop -1+ E2 gk [Cutpar < on+ ooy,
1 1

| <CVn+ 1= |wi(®)] <Oy, (3.71)
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As a last part we join % and wy. We define s : [2,+00) — R setting
F0(3 —t ift <3,
(t) = 4 0G0 .
(Jwi] = 1)(t —3) otherwise,

where 7 fulfills the same requirements as vy with w; instead of wg. Then ~, is of class C?
and defining ug(t) = RoA(cos(t + va(t) + to), sin(t + v2(t) + t0),0) as well as wg = ug X ufy we
have

3 3
/2 (Jwa(t))* - 1)2 + G(w;(t))dt +/2 lwh(t) > dt < Cn? + cq(2n).

By the intermediate value theorem, if 7 < 1 there exists t* € [3,3 + 4] such that ua(t*) = uy,
where we have used that RpAes = ﬁﬁ—h, so that ua(t) € wi. Moreover, since 1+ 5(t) = |wy]
for ¢t > 3, one can easily show that

/; (Jwa(t))* - 1)2 + G(w;(t))dt + /St lwh(t))? dt < Cn? + cq(2n).

Finally we set J = [0,¢*] and a lenghty, but straightforward calculation shows that if we define
w:[0,t*] — S? as
up(t) if t € [0,1],
u(t) = qui(t) iftell,2],
ug(t) if t € [2,t*],
we preserve the C?-regularity. By construction this function fulfills all required properties since
G)s2 is uniformly continuous. O

For technical reasons we need to show that the class of admissible functions defining hg(q1, ¢2)
in (3.65) can be taken to be more regular.

Lemma 3.15. Let g+ € Q. Then the infimum in (3.65) can be taken equivalently over all

functions w € W/IQO’COO(R, R3) N Hy . such that

w(t) =q- YVt <ty,
w(t) =qy Vt>to
for some t1 < ta, U’ is piecewise continuous and the set {w(t) = 0} is finite.

Proof. Given £ > 0 we find a function @ € HZ (R, S?) such that @ = @ x @ is admissible in
the infimum problem defining hg(g—,¢+) in (3.65) and

/ (i(ey2 - 12 + SO gy 4 / (1) dt < helg-,qs) + .
R R

Without loss of generality we may assume that {t € R : w@(t) = 0} is at most a singleton,
otherwise a construction as in (3.41) reduces the energy. Moreover, by the existence of the
limits at 400, we find ¢. > 0 such that

|w(t) —q-| <e Vt<—t, (3.72)

|w(t) — gy <e Vt>t.,. (3.73)
Approximating @ in H2((—t. — 3,t. + 3)) (note that C2°(R, S?) is dense in H?((a,b),S?) for
every bounded interval (a,b)) we can assume that @ is smooth in [—t..t.], that (3.72), (3.73)
still hold at least at ¢ = +t. respectively and

/_t: (Jw(@t))? —1)% + G(UQ]@) dt + /_tt |’ (t)|? dt < ha(q_,qv) + 2
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since approximation of @ in H?((—t. — 3,t. + 3)) implies approximation of w in H!((—t.,t.))
and the discontinuity set of G can be neglected. Preserving at least a bounded weak second
derivative of @ in (—t.,t.) we can again assume that {w = 0} is at most a singleton.

We now modify the function 4 where |t| > t. in the following way: From (3.27) it follows
that |@/(¢.)| # 0. Consider then the matrix

/(te)
el Vo

R = |a(t) |

S

where v € S? is the vector that makes the matrix orthogonal. Now we take a C?-function
v i [te,te + 1] = R with the following properties:

(i) y(te) = ~y(t- +1) =0,
(i) ~'(te) = |a'(tc)| — 1,
(i) v'(t:+1)=9"(t-+1)=0
and extend it to 0 for ¢ > .+ 1. This extension (not relabeled) is obviously C2-regular. v can
be chosen such that max{||7y|lco, |7 ||ocs |7’ lec} < Ce with a positive constant independent of
@ and €. The modification u of @ on (—t.,t. + 2) now is defined as

0 o {70 it <t.,
T Re(cos(t — te + (1)), sin(t — te +4(£)),0) if t € (b, te + 2).

Note that u € H?((—t.,t.+2),S?) and its weak second derivative is bounded (but not necessarily
continuous at t.). A straightforward calculation shows that for ¢ € (t.,t. + 2) we have

W/ ()] = |1+ +'(t)],
lu(t) x " (t)| < |y (t)].
Moreover we have

u(te +2) x u'(te +2) =v =

so that by the choice of ¢,
[(ute +2) x u/(te +2)) — g4 | S e+ |(alte) x @ (te)) — — 5~ <

For t € (t.,t- +2) we also have by the zero-homogeneity of G that
G(u(t) x v/ (t)) = G(v) = G(w(t:)) < cqle).

We now use the same method as in the second part of the proof of Lemma 3.14 to construct
a further C%-extension on [t. + 2,t. + 3] that ends in the constant rotation with velocity 1 in
the plane perpendicular to ¢;. The same procedure can be applied at —t.. Keeping in mind
(3.74) and Lemma 3.14 we have constructed a new function u € H2 (R, S?) with bounded weak
second derivative and ¢, > 0 such that

u(t) = Ry(cos(t),sin(t),0) WVt < —tL,
u(t) = Ro(cos(t),sin(t),0) Vt >t
with Ry, Ry € SO(3), the function w = u x ' is admissible in the definition of hg(g—,¢+) and
there exists C. > 0 with lim._,g C. = 0 such that
G(w(t
/(yw(t)y2 —1)% 4 (1;()) dt +/ lw'(t)]* dt < halq_,qs) + C-.
R R

Moreover, u” is continuous except in at most three points. The claim follows by the arbitrariness
of €, since the other inequality is trivial. O
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Depending on the behaviour of the sequence p, we have different variational limits.

Theorem 3.16. Let H} : L'(I,R3) — [0,+0c0] be defined as in (3.64). Assume that B, :=

% — 0 and let p, := —t2—~ . Then the T -limit of the functionals H, = with respect to
" V2Anéi V2Ané

the strong L' -topology is given by the functional HP : L'(I,R3) — [0, +oc], depending on the
following four cases:
(i) limy, pp, =p < +o0:

Hp(z) — {pfl G<z(t))dt if z € Ll(L 52);

400 otherwise.
(i1) limy, p, = 400, lim, p,B, = 0:
: 1
HP(z) {0 if € L\(I,Qu),

400 otherwise.
(iil) limg, pp, = +oo, limy, ppfy, = 1:
HP(z) = {Ztes(z) ha(g-,qv) i 2 € BV(I,Qx),

400 otherwise,

where q_ and qy are the left and right limit of z at a discontinuity point t.
(iv) limy, p, = +o0, lim, p,5, = 400

HP(z) = {2#5(2) if z€ BV(I,Qy),

400 otherwise.

Proof. (i): Let z, converge to z in L'(I,R3). By Proposition 3.3 we know that z € L'(I,S?).
We now show that

lim p,, Z MG (2) :p/G(z(t))dt.
t€Rn(I)

Up to a subsequence, we can assume that z,(t) — z(t) € S? for almost every ¢ € I. In particular,
by the continuity of G' in R3\{0} we may assume that G(z,(t)) — G(z(t)) for almost every
t € I. Moreover ||G||o < 400, so that by dominated convergence the above limit relation holds
true for the whole sequence. With the above limit, the upper bound follows considering the
same recovery sequence as in Theorem 3.8, while the lower bound is obvious since the remaining
part of the energy is nonnegative.

(ii): To prove the lower bound, note that since p, — 400, the penalization forces any L'-
converging sequence with bounded energy to have a limit z € L'(I,Q}). For the upper bound
we can use exactely the same construction as in the proof of Theorem 3.8 upon noticing that
the assumption p, 5, — 0 is enough to kill the penalization term after rescaling.

(iii): Lower bound. Without loss of generality let C,,(I,R3) 3 2z, — z in L'(I,R3) such
that

Hy(zn) im 7H£(zn) < (C < 400
7 < .

liminf ———5 =1i
VR T V2008
From Proposition 3.13 we know that z € BV(I,Qy). Passing to a further subsequence (not
relabeled) we can assume that z, converges to z almost everywhere. Let ¢; < --- < #; be the
jumpset of z. Let a > 0 be such that [-2a + ¢, tp, + 2] N [-2a + ¢, t; + 2a] = O for all
j #m. Fix t,, and set g4 := 2(t;, ). Let now u, € T, *(2,) be such that H(u,) = Hh(z).
By (3.4) it is enough to show that
liminf FS™(2,) > ha(q—, q4),

n
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where
TR S N ([l S NCIEY
" P . " 20p, 2
[Ani—tm|<2a
An ZiHl i 2
)\n n n
v DD i

[Ani—tm|<2«

Using (3.55), again we can write

mZAn<

™ Ani—tm|<2a

i+l _ i
UTL uTL

V20,

with a function B, € C,(I,R) converging uniformly to 1. Let ul be the piecewise affine
interpolation of w, and observe that by Proposition 3.3 and (3.55) we have

Von
Ao

2 2
20y, i i
_1> ) > a8 -

[Ani—tm|<2c

1(u) oo < C

(3.75)

Now we define the rescaled piecewise affine and piecewise constant functions a2 : ¥ fﬁ” (-2, 2c0) —
S? and %, : ”)\23"(—2@,2@) — R3 setting

A A
e (t) = u® "ttty ], Z.(t) =z Dttty ).
Note that Z,, is constant on intervals of length /26,,, and that (3.16) implies
1Z0(t1) = Za(t2)|> < CV/6,, (3.76)
whenever |t; — ta| < /20,,. Moreover, by the definition of piecewise interpolations, for almost
every t it holds that

Zn(t) = iy (t) x (115)'(2). (3.77)
while (3.75) implies that
(@) e < C'. (3.78)
We also notice that by Remark 3.4 we have
120 — Z3lloc — 0, (3.79)

where Z? denotes the piecewise affine interpolation of Z,. Rewriting the energy in terms of
these interpolations leads to

lim inf F&™(z,) >

n

tm+a tm+a
tn inf Vf5 - (1Bu()zas)? 1)+ SN g \/27 /tm_a (=Y (s)2ds = (3.80)
V265, V28n
R s e 2 GGa() R v 2
fmind | (1B ()22 = 1) + 50 e+ _a@m (1) dt,

where we used the change of variables s = ¥ ff"t +t,, and the function Bn is defined as Bn(t) =
Bn(s), so that it still converges uniformly to 1. Let 0 < n < %min{dis‘c(ql, dm) Q5 qm € Qi}.
By (3.76) there exists t? € —Vi‘f”(—a, «) such that miny |Z,(t}) —q+| > n. Then let t* <t} <7
be respectively the largest and the smallest point such that

Zn(th) — qx| <. (3.81)

We now prove the following claim.
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Claim: to the given n and for all n large enough, it exists an interval I,, = (7,7, 7,7)
having equibounded measure with respect to n, three sequences w,, w, and u, equibounded
in L®(1,; R3), WLo(I,,; R3), and W1°(1,,; §%), respectively, and a sequence B, satisfying the
following properties:

lwn(r,) —a-1 <ny Jwa(m)) —ael <0, 1B = Uleo(r,m) = 0

||U)n — ?I}nHLoo(In;RB) -0, w, =1u, X (’l_j,n)/

lim inf F9™(z,) > (3.82)

n

lin%inf/l (|Bn(t)wn(t)\2 - 1)2 + G(“’;(t)) dt +

for some constant Co, — 0 when 1 — 0. All the constructed sequences as well as the interval
I,, will be depending on n, but we omit this dependence in order to ease notation.
In order to prove this claim, we follow an algorithmic construction. We first notice that the

\//\iTn(—a, a) : dist(2,(t), Qr) > n}

has finite measure uniformly in n, due to the energy bound.

Step 0: if |t} —t,;] is equibounded, the claim is proved with I,, = (¢,,,t}), w, = Z,,
Wy, = 22, Uy, = ud, and B, = Bn, due to (3.77), (3.78), (3.80), (3.79), and (3.81). If not, we
proceed to Step 1, upon noticing that, if this is the case, the inclusion (¢, ,t}) C J; is not
satisfied, otherwise |t} — ¢,;| would be equibounded.

Step 1: weset 7,, =1, , ot = th, and ID := (7‘7;,7'»2’4_). We define the functions 8) = By

f |(wn) (1) dt — (2k — 2)Cayy,

set

Jl={te

wl = Z,, w2 = 2% and @) = 4%. Let us number the points qi,...,qx 2 € Qk \ {g+}. By
construction of 7,; and T2’+, for all t € (7,; ,TS’+) it holds
: 0 0
min{|wy, (t) — g, [wy (t) — ¢+ [} >n (3.83)
Since (7, 7w") is not contained in J;!, also using (3.76), it must exist a minimal time &y~ €

(77,7 such that
dist(wy (t, ™), Qk) < m;

due to (3.83) and our choice of 7, to the time thT it corresponds a uniquely determined point
@1 € Qi \ {¢q+} such that

wp (ty™) — @] <.
Notice that by construction 5™ must be the left endpoint of an interval where w? is constant,
therefore

wp(ty ™) = Wty 7). (3.84)
We define

= supft € (th7,79%) + [wl(e) — o] < ),

again noticing that, since |w?(ra ")

small than 7" thanks to (3.76). By construction ty" must be the left endpoint of an interval

where w? is constant, therefore

— ¢+| <7, the above supremum is well defined and strictly

wp(ty ™) = @y (ty"). (3.85)
Furthermore, due to (3.76), one has for n large enough that

wn (t) — a1l < 21.
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If now |tn " — < 3+4n and the function u € C?([0, t*] S?%) and
w=uxu € Hl([O ], R3) given by Lemma 3.14 with data wo = w? (ty ") and wy = w®(ty™) as
well as ug = @0ty ) and uy = @O (ty1). Weset 7™ =t~ +t*, " = mo T —[(t T —tw ™) —*],
and we define

wl(t) it <ty

wh(t) = {w(t — ) ifty” <t<m,
WO ()t —tw T+t %) it <t<mT,
w(t) it <ty

W) = wt — ) ifty” <t<my,
@)t -t + by +t*) T <t <7,
al (t) it <ty

al(t) = ult—ty7) ifty” <t<my,
W)t —twt T+t T <t <7,

Balt) = {ﬁg(t) L+ | - %ftlé—ﬂlfj 1+
Bt —t "+t +t*) ifmy <t <7y

We set I} := (7'7? B 7',1 +). The above construction preserves continuity, and then Sobolev

regularity of w} because of (3.84) and (3 85).
The bound on the norms of w}, w. and @} on I! are satisfied by construction, as well as
the relation w)l = ul x (ul)" and it clearly holds
[[wp, () — @ () | oo (11.73) = [lwh) — WY | poo (10 r3) (3.86)
as well as
185 = Ulzoe(zzy < 118 = Ulzoo (1) - (3.87)

By construction we have

wn (1) = Za(ty), wp(ry™) = Za(ty) -

It holds furthermore

|| < [T +1-(B+4m) + |yt =707 ). (3.88)
Since in (7,7 ,ty”) and in (7,7 ") we contructed the functions w?(¢), w,ll(t), ﬁ,ll(t), and
BL(t) are constructed by applying the same translation to the functions w?(¢), w9 (¢), w2 (t),
and B9(t) it clearly holds
G(wp(t
liminf/ (I8 (Dbt — 1) + Flenl®)) g, +/ (@L) (1)2 dt <
no I ) 2 \(t;—m% -
liminf/ (182wl ()2 —1)* + dt+/ [(@2) ()] dt .

Since (t}l’_,rﬁ’_) has equibounded measure, using the uniform convergence of 8. to 1 and
Lemma 3.14 we get

lim sup /t:n’ (185 ()wy (8)|* — 1)2 + W dt + /t:” \(@}) (¢)2dt <

n

/Ot (\w<t>2—1)2+c’(1‘;“”dt+/ot ! (1) 2 dt < Ca,
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so that summing the two above inequalities we arrive at

lim inf 1 1 2 2
im in /I}L (185 (&) wy (1] 1) dt—l—/ |(wy,) (t)]"dt <
liminf/ (182wl ()2 —1)* + dt+/ [(@2) (£)? dt + Cay - (3.89)

If instead ]t,lﬁ thT < = tiﬁ, it — 79 With this choice,
(3.88) clearly holds and all the properties (3.86), (3.87), and (3.89) are satlsﬁed by simply setting
wh =wd, wh=wd, ul =u) and Bl = py.

We now deﬁne

It =t € I, « dist(w, (1), Qx) > n}
and observe that by construction

|JIH < [T 4+ 1 (34 47). (3.90)

If now (25,11 Tn ) C J? the construction stops, if not we go to the next step.
Step £: ﬁret observe that by construction, it holds

dist(wfb_l(t), {e=,q+,q1,-- -, q-1}) >n (3.91)

forall t € (5 7,75 5T). One sets wt (t) = w2(t) for all t € (17,75 "], etc., and performs
the construction described in Step 1 in the interval (74 "7, 75 ). For If = (17, 75") one
can see that all the properties (3.86), (3.87), (3.88),(3.89), and (3.90) hold with ¢ in place of 1
and ¢ — 1 in place of 0.

Proof of the claim: By (3.91) the construction ends in a finite number ¢ of steps with

¢ < (2k —2). We then set I, := If; and consequently 7,7 = T»,l; We set w,, := wz , Wy 1= wﬁ

Uy 1= ﬁfL and (B, := 5,‘;. By construction we have w,, = @, X (4,)" and

wy (7, ) = Zn(t,) wn(ﬂj) = én(tjz_) .

Since at the final step it holds (7'5’7, T£’+) C JTTZ’Z, combining the inequalities
L] < T2+ - (3+4m) + |7oF — 707
and i i i
It =TT S LI < I+ A3+ 4)
we get that I, has equibounded measure. All the other properties in (3.83) follow by iteratively
applying (3.86), (3.87), (3.88),(3.89), and (3.90) with £ in place of 1 and £—1 in place of 0 for
all 1 <2 <¥.
Conclusion of the lower bound: Possibly after a translation not changing the energy we can

assume that I,, = [0, 7,] with 7,, equibounded. Since Bn converges uniformly to 1 we deduce
from (3.83) that

lim inf F9™(z,) >
n

lim in /OT" (Jwn(®)[2 — 1) +G(“’;(t” at + /OT" (@) (O) At — (2K — 2)Cy. (3.92)

n

Let 7 = liminf,, 7,,. Since ||w, —wy| s — 0 and the bound on the H'-norm of w, is independent
of n, up to subsequences w, and w, are locally uniformly converging to a function w €
H'((0,7);R3). By this convergence we have

[w(0) —g-| <n



CHIRALITY TRANSITIONS IN FRUSTRATED S2?-VALUED SPIN SYSTEMS 33

while, by means of a simple equicontinuity argument, we get liminf,, |w(7) — w,(7,)| = 0 and
therefore

lw(r) —q4| <n.
Since w, = i, x (4,) and u, is an equibounded sequence in W1°(I;S?), it exists u €
Whee(I;8?) such that w = @ x (@)'. Furthermore by lower semincontinuity we have

2
/ (o) - 1)° + G(I;(t))dt + / ! (1) dt (3.93)
0 0

Using Lemma 3.14 we can now extend w to a function in H;¢ . such that

[ wor -1+ QD [ utpars

.. ™ 2 2 G(wn(t)) " . 2
hn%mf/o (Jun(@®)? = 1) +dt—i—/0 |(wy,) (t)|* dt >

/OT (Jw(t)? —1)° + G(“;(t))dwr /OT lw' (12 dt + 2C, .

Since the first member of the inequality is by definition larger than hg(q—, ¢+ ), combining this
with (3.92) and (3.93) we finally get

lin%inf FS™(2,) > ha(q—, qy) — 2C, — (2k — 2)Cyy,

and the lower bound follows by letting n — 0.
Upper bound: In order to prove the upper bound, as usual we provide a local construction
and restrict to the case of #S5(z) = 1, so without loss generality we may assume z = qlll[o 1+
2

q2]1(%71] for some g1 # q2. Given € > 0 we find a function w = u X ¢’ as in Lemma 3.15 such
that

[wr -2+ “8 D g [P ar < ot + =
R R

The interpolation of the function u in order to construct a recovery sequence now is the same
as in the proof of Theorem 3.8. Note that we can pass to the limit in (3.34) again, and the limit
in (3.36) follows since u” is bounded and has only finitely many discontinuities.
Therefore, it only remains to prove that
< [ Cw,
R

V20, G(z,)
Z An 9

n

lim su
n P 2

1€R,(I)
This is done as usual with a change of variables and using the fact that {w(t) = 0} is finite, so
that the discontinuity of G in the origin can be neglected.

(iv): To prove the lower bound, let C,,(I,R3) 3 2z, — z in L*(I,R?) such that

P P
lim inf 22Z0) gy HnE)

3 3
VRN T V2M67

From Proposition 3.13 we know that z € BV(I,Qy). Passing to a further subsequence (not
relabeled) we can assume that z, converges to z almost everywhere. Let t; < --- < ¢; be the
jumpset of z. Let o > 0 be such that [—2a + ty, ty, + 2a] N [-2a + t5,t; + 2a] = O for all
j # m. Fix t,, and set ¢1 := z(t;, = a). We now prove that

dist(z5, L) — 0 uniformly on (t,, — o, tm + ). (3.94)
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To this end, we fix 7 > 0 and assume by contradiction, that for every mn there exists
T € (tm—a, ty+a) with dist(22(7,), L) > 1. Using L!-convergence, without loss of generality
we may assume that there exists t,, — a < 7/, < 7, such that

71 =sup{t: ty, —a <t <7y, dist(z2(t), L) < g}
Since z? is equibounded in L*(I) we deduce from Remark 3.4 and (3.63) that
= inf{G(2,(t)) : t € (1),,70)} > 0. (3.95)

Let C; > 0. By the assumptions on u,, for n large enough, applying the Cauchy-Schwarz
inequality and (3.95) we have

c>—— / G(zn(s / 2ds
\[)\ 52 \/2(5 ‘
> 01/ VGG()I(=5) ()l ds > Cry/eglzim) = zi(ma)] > Cry/egs.

This yields a contradiction since Cj was arbitrary, so (3.94) holds. From this, arguing as in the
proof of Theorem 3.12, the lower bound follows.

The construction of a recovery sequence is the same as in Theorem 3.12 since we can assure
that G(z,) = 0 up to minor details in the case when 3 is not a lattice point. This can solved
by modifying the function f. defined in (3.61) such that f.(¢) =0 if |¢| < ¢ increasing the test
energy only by Ce. 0

Having described the different effects of the penalization term that prescribes the possible
directions of the chiralty vector, there is only one case where we see a dependence on the distance
between two chiral vectors, namely case (iii) in Theorem 3.16. Since the nonlinear constraint
w = u x v is non-trivial we are not able to solve the optimal profile problem explicitly. However
we can qualitatively discuss an example where the transition energy is not constant.

Example 3.17. Let k = 2, let Q2 = {£q1,+q2}, where ¢1 = €1 and g2 = (cos(«), sin(«), 0) for
a > 0. Consider G|g2 = dist(-,Q2). Since G is 1-Lipschitz, we can take cg(n) = n as modulus
of continuity in Lemma 3.14. By the construction there, it follows that there exists a universal
constant C', not depending on G, nor on «, such that

ha(qi,q2) < Clg1 — qal.

Now, for w € H'(R,R?) such that lim; 4., w(t) = £¢; we take the continuous representative.
Then, provided we have chosen |a| suitably small, the balls Bi(%q;) contain 4+¢2. Due to
8

continuity, there exists an interval (t_,¢;) such that w(t) ¢ Bi(:i:ql) and 1 < |w(t)| forall t €

(t—,t4) . If now c is the strictly positive infimum of \/g on R3\ (B (q1) U B% (—q1) U B% (O)) )

we have

1
1

Jtuop - 12+ SED s poparz e [Tl due) - we)l 2

e

Thus, hg(q1, —q1) > §. Since the constants ¢ and C' are independent of «, for a suitable choice
of a we will have
ha(ai, —q1) > ha(qr, g2)-
Therefore the transition energy is in this case actually depending on the left and right limit of
z at a discontinuity point, differently than in the case of hard penalization.
We also notice that with a similar argument we can show that hg(qi1,q2) > 0, therefore it
is not possible to have transitions with 0 energy, differently than in the case of Theorem 3.8.
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4. MAIN RESULTS FOR THE HELICAL XY-MODEL

Thanks to the results of the previous section, we can now study the asymptotic behavior of

3
the renormalized energy H,, defined in (2.7), scaled by A\,0;3 , in the limit of strong ferromagnetic
interaction. To be precise, we will assume that

An An
0, Jop—>c>0. 4.1
N SRV .

As it is usual in the variational analysis of discrete systems we embed the energies in a common

function space. To this end we identify every function v € U, (2) with its piecewise-constant
interpolation belonging to the space

Cra(€,82) = {u € UA(Q) : u(x) = u(Mni) if 2 € \(i+[0,1)2), i € Z2(Q)}. (4.2)

Thus we can extend the functional H, to a functional on defined on L®°(£2,R?®) by setting

H () = Hy(u) if u € Cp2(,S?),
" T 40 otherwise.

The analysis of one-dimensional slices (see Remark 3.9) has already shown that without
further constraints on the spin variable we cannot expect L'-compactness for sequences of
bounded energy. This is why we add a penalization term, not changing the minimal energy of
the system, to the normalized helical XY -model. Given a function G as in Section 3.3.2 and
u € Cp2(Q, 5?), we namely set

Pi(u) =67 > MG xut),
1ERL ()
For u € Cp,2(9, 5?) we define z € Cy, 2(2, R3) via
ui % ui—i—el
20,

Zi:

and write for short z = Th(u). Now we can define the energy HS : L' (Q, R?) — [0, +-00] setting

: G : _ 2
HE () = {1nfT2(u)Z Hy(u) + Py (u) if z =Th(u) for some u € Cp2(Q2, 5%), (4.3)

+00 otherwise.

Observe that we only deal with a two-dimensional analogue of the energy in Theorem 3.16 (iii).

A hard penalization like in paragraph 3.3.1, or a different scaling of the additional term PS like

in Theorem 3.16 (iv) could be also considered, and the arguments we are going to use here would

lead also in those cases to the analog of the results discussed in the one-dimensional case. We

prefer anyway to focus on the choice of PnG that gives in our opinion more significant results.
We now state and prove a compactness result for the energy HS(z).

Proposition 4.1. Assume that (4.1) holds and let z, € L*(Q,R3) be such that

o 3
HS(2,) < CAnd2.
Then (up to subsequences) z, converges strongly in L' to a function z € BV (Q, Q) depending
only on x.
Proof. By choosing appropriate candidates for the infimum problem defining HS (z,,) there exists

3
a sequence u, € Cy2(9,S?) such that To(un) = 2z, and HS (u,) < (C + 1)A\,07 . Notice that
for a.e. y € I the function u,(-,y) is an element of C,(I;S?) and 2,(-,y) = T, (un(-,y). Since
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u, is a piecewise constant function we have by the assumptions and the definitions (4.3) and
(3.62) of HS and HJ that

1 gp
H )
or1> [ Holnbw) g, (4.4)
0 V2X,63
Applying Fatou’s lemma we deduce that, for almost every y € I, we have

HE .

timint 220 C0) (4.5)
" V2A, 07

so that by Lemma 3.13, for almost every y € I 2,(-,y) is compact in L'(I;R3). In particular,
given a countable dense set D C I, by a diagonal argument there exists a common subsequence
ng such that z,,(-,y) is converging for all y € D.

Without loss of generality we assume 1 € D. We now show that the sequence z,, is a
Cauchy-sequence in L'(Q,R3). Let ¢ > 0 and consider 0 =yp < y; < --- <yy = 1 € DU{0,1}
such that sup; |yi+1 — 4| < . Then we have

/|anyzm(l'y|dxy /
0

1 N

g/oz

=1

N 1
<>y yz_l/ o (2 31) — 2on (230 iz
=1 0

/ |z (2, y) — 2zm(z,y)| dy dz
Yi—1

=1

Y
/ |Zn(x7y) - Zn(x7yl)| + |Zn(l’,yl) - Zm(1:7yl)| + |Zm(I,yl) - zm(x,y)| dyde‘
Yi—1

Y
A / o) = 2 (@ 90)| + 12 () — 2, )| dy
Yi—1

We start by bounding the last term. To this end note that, for any n € N,

2 N2
Z/|%m |y S35 s [2n(ois) — o)

1 yE[yi-1.,91]
Ny
Z Z ’Zn(faj+)‘ )_anj Z ‘an]'f')‘ )—Zn(l’,j)| (46)
I=1 ]EZn([yl—lvyl]) EZn(I)
From the very definition of z, we infer
V|2 — 2] = (e x a0 ) — (ud, x ui )
< U x (uHe e )| 4 (e — ) x it

< JuffFerer — ke 4 futer — g . (4.7)

Combining (4.6), (4.7) and integrating with respect to  we deduce from the periodic boundary
conditions that

1 Ny
/0 Z/ 20 (2, y) — 2n(z, )| dy dz < V2 Z )\2

I=1"9i-1 1€ERA (D)

2+62 _ u'

N\F)\
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Applying Jensen’s inequality we obtain

2
i |
(/ / |zn (2, y) (x,yz)ldyda:> g Z )\2’ul+€2 _ UHQ
0 Yi—1 n

" icR, ()

§(¢;Z;;><£n> (%)<

N 1
g
té&dxw—%mmy\dwy E:w—yzﬂﬂl%@wﬂ—%d%wWM+,

For N large enough, this yields

g (4.8)

from which we deduce the Cauchy property taking m,n large enough for the finitely many
Cauchy sequences zy, (-, y1)-

Let now z € L'(Q,R3) be the limit of z,,. By Lemma 3.13, z(-,y) € BV (I, Qy) for almost
every y € I, and therefore z € L'(Q, Q). We now claim that z is independent of y. Observe
that if this holds, we immediately get z € BV (9, Qk).

We are therefore only left to prove the claim. To this aim, for x € I we de[n;)te] by
}1 An]—1

a
z,n

Since z,, converges to z in LY (;R3), up to a subsequence, independent of 2 and that we do
not relabel, z,,(r,-) converges to z(z,-) in L'(I;R?) for a.e. x € I. Then also the piecewise
affine interpolations 2¢,, (-) converge to z(z,-) in L'(I;R3)for almost every x € I. Further-
more, by definition

/ / | mnd |2ddeL’_ Z >\

ZeRnd ()

28, € HYI,R?) the piecewise affine interpolation between the points {z,(x, \.j)

Using now (4.1) and (4.7), and since uy,, € Cy, 2(£;5%), we deduce

; .2
I 1 uiter —ul, HE, (2n,) 26,
J R e S A e I e B L
0 Jo nd V2\,02 na2,nq

zGRnd( )

By Fatou’s Lemma this implies

hmlnf/ [(22.n,) ) (y)]? dy < +oo

for almost every x € I. It follows that z(z,-) € H'(I,R3) and since it takes only finitely many
values we have that z(x,-) is constant, which yields the claim. O

Concerning the I'-limit of the rescaled and normalized energies, we obtain the following
result.

Theorem 4.2. Let HG Ll(Q R3) — [0, +00] be defined as in (3.39). Assume that 22 — 0.

Von
Then the functionals = [ -converge with respect to the strong ! -topology to the functional
\/§>\n62
1 .
HE(z) = fS(z) ha(z—,z4)dH*  if z € BV(Q,Qy) does not depend on vy,
+oo otherwise,

where hg is defined by (3.65) and z_, z4 are the one-sided limits of z at a discontinuity point.



38 MARCO CICALESE, MATTHIAS RUF, AND FRANCESCO SOLOMBRINO

Proof. For the lower bound consider a sequence 2z, € Cp,2(Q,R?) converging in L'(,R?) to

some z such that sup,, Hi’?3 < C. By Proposition 4.1 we get immediately that z € BV (Q, Qx)
V2And2

and that z does not depend on y. Let us denote by z9 € BV (I, Q) the slice of z in the z-

direction. For each n let u, € Cy (€, M) be such that T(u,) = 2, and

Hy(un) + Pr?(un) < HnG(Zn) 4 1

3 = 3 :
V2,62 V202 "

From Theorem 3.16 we deduce
Hn n PG n ! Hg n\’
lim i 2 (n) & P () z/ lim inf 2000 9) 4
" V2,07 o " V2007
1
> [ hotezdy= [ hate,z i,
0

teS(z0) S(2)

Y

where we used that z does not depend on y.

The upper bound is proved by taking a recovery sequence @, € C,(I,S?) for the one
dimensional energy H} defined by (3.62). Setting ui, = @ for all i = (i1,i2) € R,(Q) we
obviously have |u‘*¢2 — u?| = 0 for all i and the result follows from Theorem 3.16 (iii). O
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