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1. INTRODUCTION

In this paper we develop a homogeneity improvement approach to the thin obstacle
problem following the pioneering work by Weiss [20] for the classical obstacle prob-
lem. For the sake of simplicity we have restricted ourselves to the simplest case of the
Signorini problem consisting in minimizing the Dirichlet energy among functions with
positive traces on a given hyperplane. Loosely speaking we show that around suitable
free boundary points the solutions quantitatively improve the degree of their homo-
geneity. This fact implies a number of consequences for the study of the regularity
property of the free boundary itself as recalled in what follows.

In order to explain the main results of the paper we recall some of the basic known
facts on the thin obstacle problem that are most relevant for our purposes. We consider
the minimizers of the Dirichlet energy

& (u) ::/ |Vu|?da
B

1

in the class of admissible functions
Ay ={u€H" (Bf): u>0 onBj,u=w on (0B)"}, (1.1)

where for any subset A C R™ we shall indicate by AT the set AN {z € R" : x,, > 0},
B} := 0B n{x, = 0}. The function w € H'(B;") above prescribes the boundary
conditions on (9B;)" and satisfies the obvious compatibility condition w > 0 on Bj
(in the usual sense of traces). For the sake of convenience in what follows we shall
automatically extend every function in &7, by even symmetry. For u € argmin, & we
denote by A(u) its coincidence set, i.e. the set where the solution touches the obstacle

A(u) == {(2,0) € B} :u(%,0) =0},

and by I'(u) the free boundary, namely the topological boundary of A(u) in the relative
topology of Bj.

Points in the free boundary of u can be classified according to their frequencies.
Indeed, Athanasopoulos, Caffarelli and Salsa have established in [3, Lemma 1] that in



2 M. FocARDI & E. SPADARO

every free boundary point xg Almgren’s frequency function

r [ (z0) |Vu|? do
(0,1 —|zo|) 7 — N™(r,u) := 20 —
fBBT(mO) u2 dH—1

is nondecreasing and has a finite limit as r | 0 satisfying N*° (07, u) € [3/2,00). Clearly,
N7 (r,u) is well-defined if u|yp, (z,) Z 0, otherwise one can prove that actually u = 0
in B, (x0).

Following the original works by Weiss [19, 20], Garofalo and Petrosyan [10] have
then introduced a family of monotonicity formulas exploiting a parametrized family of
boundary adjusted energies a la Weiss: for g € I'(u), A > 0 and r € (0,1 — |zo])

1 A
Wie(r,u) == —/ \Vu|? dz — / u? dH" L
A Tn+1 By (o) ,rn+2 9B, (z0)

[10, Theorem 1.4.1] shows that the boundary adjusted energy W{° corresponding to
A = N#% (0T, u) is monotone non-decreasing. More precisely,

d 2 2 —1
o =~ cx—Au) dH" . 1.2
o Wi (r, u) )Y /8B,,,(m0) (Vu-x— )" dH (1.2)

Note that the right-hand side of (1.2) measures the distance of u from a A\-homogeneous
function, and essentially explains why suitable rescalings of u converge to homogeneous
functions.

In this paper we show that, analogously to the case of the classical obstacle problem
as discovered by Weiss [20], there are classes of points z( of the free boundary of u
where the monotonicity of W{° can be explicitly quantified, meaning that there exist
constants 7y, rg, C' > 0 such that

Wi (r,u) <Cr? Yre(0,r), (1.3)

thus leading to the above mentioned homogeneity improvement of the solutions. Rather
than explaining the important consequences of (1.3) (for which we give only a small
essay in § 4), we focus in this paper on the way (1.3) is proven, i.e. by means of what
Weiss called epiperimetric inequality in homage to Reifenberg’s famous result [15] on
minimal surfaces. In order to give an idea of the topic, let us discuss here the case of
lowest frequency A = 3/2: roughly speaking, in this case the epiperimetric inequality
asserts that, for dimensional constants r, § > 0 if ¢ € H'(B;) is a 3/2>-homogeneous
function with positive trace on By that is d-close to the cone of 3/2-homogeneous global
solutions, then there exists a function v with the same boundary values of ¢ such that

Ws),(1,0) < (1= k) Way,(1,¢). (1.4)

The derivation of (1.3) from the epiperimetric inequality (1.4) is then done via simple
algebraic relations on the boundary adjusted energy WS(_)/Q, linking its derivative with
the energy of the 3/2-homogeneous extension of the boundary values of the solution.
Comparing the energy of the latter with that of the solution itself leads to a differential
inequality finally implying (1.3) (cp. § 4 for the details).

The main focus of the present note is however the method of proving (1.4). There
are indeed only few examples of problems in geometric analysis where such kind of
inequality has been established, with a number of far-reaching applications and con-
sequences. The first instance is the remarkable work by Reifenberg [15] on minimal
surfaces, then successfully extended in various directions: by Taylor [18] for what con-
cerns soap-films and soap-bubbles minimal surfaces, by White [21] for tangent cones
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to two-dimensional area minimizing integral currents, by Chang [5] for the analysis of
branch points in two-dimensional area minimizing integral currents, and by De Lellis
and Spadaro [7] for two-dimensional multiple valued functions minimizing the general-
ized Dirichlet energy. In all of these instances the proof of the epiperimetric inequality
is constructive, i.e. it is performed via an explicit computation of the energy of a suit-
able comparison solution, most of the time allowing to give an explicit bound on the
constant k.

On the other hand, the proof given by Weiss for the classical obstacle problem [20]
is indirect, it exploits an infinite-dimensional version of a simple stability argument:
namely, if ¢ € C?(R") satisfies Vo(yo) = 0 and D?@(yo) is positive definite, then
yo € R™ is an attractive point for the dynamical system y = —V¢(y). In regard
to this, it is worth mentioning that the infinite-dimensional extension of the quoted
stability argument is in general subtle. For what concerns the present paper, the energy
involved in the obstacle problem is not regular (because of the constraint given by the
obstacle), and in addition, its second variation is not positive definite since there are
entire directions where the functional is constant. This point of view shares some
similarities with the approach by Allard and Almgren [1] and by Simon [16] for the
analysis of the asymptotic of minimal cones with isolated singularities.

Our proof of the epiperimetric inequality for the thin obstacle problem is inspired
by the fundamental paper by Weiss [20]. For instance, following Weiss [20] the method
of proof is a contradiction argument. However, rather than faithfully reproducing the
whole proof in [20], we underline two variational principles at the heart of it, that are
more likely to be generalized to other contexts. In the contradiction argument we note
that the failure of the epiperimetric inequality leads to a quasi-minimality condition for
a sequence of auxiliary functionals related to the second variation of the original energy.
The goal is then to understand the asymptotic behavior of such new energies. Indeed,
the minimizers of their I'-limits characterize the directions along which the epiperimet-
ric inequality may fail. To exclude this occurrence, another variational argument leads
to an orthogonality condition between the minimizers of the mentioned I'-limits and a
suitable tangent cone to the spaces of blowups, thus giving a contradiction.

We think that this scheme based on two competing variational principles can be
applied in many other problems. For this reason, in order to make it as transparent as
possible, we have detailed the proof of our main results in several steps, hoping that
this effort could be useful for the reader.

We are able to prove the epiperimetric inequality for free boundary points in the
following two classes:

(1) for points with lowest frequency 3/2 (cp. Theorem 3.1);
(2) for isolated points of the free boundary with frequency 2m, m € N\ {0} (cp.
Theorem 3.2).

The condition in (2) for the free boundary points being isolated can equivalently be
rephrased in terms of the properties of the blowup functions. As explained in § 2,
they correspond to the points where the blowups are everywhere positive except at the
origin. We remark that it is still an open problem (except for dimension n = 2) to
classify all the possible limiting values of the frequency: apart from the quoted lower
bound N*° (0%, u) > 3/2 for every xo € I'(u), there are examples of free boundary points
with limiting frequency equal to 2m +1)/2 and 2m for every m € N\ {0} (in dimension
n = 2 these are the unique possible values).
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For even frequencies, the fact that our Theorem 3.2 covers only the case of isolated
points is a consequence of the indirect approach we use. Indeed, the same restriction
holds for the classical obstacle problem, as already explained by Weiss [20], and it is
related to the topology considered in the asymptotic analysis of Theorems 3.1 and 3.2.
Indeed these results are based on the I'-convergence with respect to the weak H' topol-
ogy of a family of functionals under a unilateral obstacle conditions, which does not
pass to the limit in the case the obstacle constraint is imposed on a set of dimension
less than or equal to n — 2. This restriction on the class of points where Theorem 3.2
applies can be removed, if one could find a direct argument to the epiperimetric in-
equality for the obstacle problem by exhibiting comparisons, as in the case of minimal
surfaces.

After the completion of this paper, we discovered that our results have a big overlap
with those contained in a very recent preprint by Garofalo, Petrosyan and Smit Vega
Garcia [11]. In this paper the Authors investigate the regularity of the points with
least frequency of the free boundary of the Signorini problem with variable Lipschitz
coefficients as a consequence of the epiperimetric inequality, as previously done by
the Authors of the present note and Gelli [9] for the classical obstacle problem with
Lipschitz regular coefficients, using the fundamental energetic approach pioneered by
Weiss in [20]. In particular, in [11] the epiperimetric inequality in case (1) above
is proved and the results on the regularity of the free boundary cover the ones in
§ 4. Despite this, we think that the remaining cases of the epiperimetric inequality
in (2) are interesting, and furthermore we believe that the variational approach to the
epiperimetric inequality we have developed can be generalized to other contexts and
therefore that it is worth being shared with the community.

The paper is organized in the following way. In § 2 we give the necessary prelimi-
naries in order to state the epiperimetric inequality. Then in § 3 we provide the proof
of the main results. We state two versions of the epiperimetric inequality covering
the case (1) and (2) above separately, in Theorem 3.1 and Theorem 3.2 respectively.
The proofs of these two results are divided into a sequence of steps, that as explained
above are meant to give a clear overview on the structure of the proof. Since the two
proofs are very much similar, we provide all the details for the first case and for what
concerns the second one, where actually several simplifications occur, we only point
out the main differences. Finally in § 4 we prove the regularity of the free boundary
near points of least frequency as a consequence of the epiperimetric inequality.

ACKNOWLEDGEMENTS

For this research E. Spadaro has been partially supported by GNAMPA Gruppo
Nazionale per I’Analisi Matematica, la Probabilita e le loro Applicazioni of the Isti-
tuto Nazionale di Alta Matematica (INdAAM) through a Visiting Professor Fellowship.
E. Spadaro is very grateful to the DiMal “U. Dini” of the University of Firenze for the
support during the visiting period.

Part of this work was conceived when M. Focardi was visiting the Max-Planck-
Institut in Leipzig in several occurrences. He would like to warmly thank the Institute
for providing a very stimulating scientific atmosphere and for all the support received.

M. Focardi is member of the Gruppo Nazionale per I’Analisi Matematica, la Proba-
bilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica
(INdAM).



EPIPERIMETRIC INEQUALITY FOR THIN OBSTACLES 5

2. NOTATION AND PRELIMINARIES

The open ball in the Euclidean space R™ centered in & and with radius r is denoted
by B,(x), and by B, if the center is the origin. We recall that, given any subset
A C R", we shall indicate by AT the set AN {z € R": z,, > 0}. Moreover we set

By :=0Bf n{z, =0} and B} :=BjN{r,_; <0}.

The Euclidean scalar product in R™ among the vectors £; and &; shall be denoted by
& - &. The scalar product in the Sobolev space H'(B;) shall be denoted by (-,-), and
the corresponding norm by || - ||g1.

We introduce a parametrized family of boundary adjusted energies a la Weiss [20]:
namely, given A > 0 for every u € H'(B), we set

9\ (u) ::/ |Vul2de — X u?dH" (2.1)
By oB,
and note that for all uq, us € 4, in the admissible class 1.1 it holds
g)\(ul) — g)\(UQ) = 2(6(”1) — 5(’(12))
Throughout the whole paper we shall be interested only in range of values A € {32} U

{2m}m6N-

2.1. 3/-homogeneous solutions. Next, let © = (Z,z,) € R™, and adopt the nota-
tion "2 = §"~! N {z,, = 0}. Define for e € S"~2

he(w) = (208 ¢) /G2 T 22) VG Tt +i-e.
It is easy to check that
he(z) = \/iRe[(fc e+ ixn)B/Q],

where one chooses the determination of the complex root satisfying h, > 0 on {x,, = 0}.
Moreover the following properties of h. hold true:

(1) he is even w.r.t. {z, =0}, i.e.
he(Z, —zpn) = he(Z,2n) Y (2,2,) € R™;

(2) he >0o0n {z, =0} and he =0o0n {x, =0, z-e <0};
(3) he is harmonic on Bf” U By ;
(4) he|z, >0y is C1'/2, ie. there exists H, € C1'/2(R™) such that

H,=h, in{z, >0}

(5) for x, > 0 we have

oh T
e e +a2+3-v
Oxy, ) (@-e)2+x%\/ (&-e)
2(%-e) —/(3-e)? + a2 T,

2\/V(i:-e)2+x%+5;-e Vi@ e +ad
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In particular,

Ohe Ohe

0z, (2,07) = a}ﬁlo oz, (2, 2n)
_ {\%L%'elh on{x, =0, z-e <0} (23)
0 on {x, =0, z-e >0},
and by (2)
he(,0) ZZZ (#,0°) =0 on {zy = 0. (2.4)

We introduce next the set of blow-ups at the regular points of the free boundary:
= {Ahe: e €S"?, X €[0,00)} C Hpb (R™).
Note that 77/, is a cone in H} _(R™), the restrictions
Hplp, = {flp, 1 [ € M} C HY(B)

is a closed set and J%, \ {0} is parametrized by an (n — 1)-dimensional manifold by
the map
S"72 x (0,400) 3 (e,)) =  Ah, € Ay \ {0}

Note that ® is an embedding, so that we can then introduce the tangent space to 7/,

at any point A\ohe, as
Ty, heo%/Q = {d(,\o)eo)@(é,a) €ep=E-¢=0,ac R} , (2.5)
and notice that
Taghey Hopy = {0 hey +veo et §en=E-e0=0, a € R}, (2.6)

where we have set

vee(@) = (56 \/ VG e+ oL+ (2.7)
Note moreover that
Vet () = V2(2 - &) Re[(d - e +ixy)?],

where the determination of the complex square root is chosen in such a way that
Ve,e > 0in {z,, = 0}.

Let us now highlight some additional properties enjoyed by functions ¢ € J,,. For
any given ¢ € H'(B1), a simple integration by parts yields

/ Vi - Vedz :/ div(eV)dz
Bf Bf

L / O i

- 9 g — 9V (& 00)dHn
/(6B1)+<pal’ B{waxn(x )

3 oY

= [ ewanrt= [ o 0nan

2 /(8B1)+ B 8wn

where v = \%I and we used that v is 3/2-homogeneous and Ay = 0 in B". Therefore,
by the even symmetry of ¢ we conclude

3
Vz/wV(pdx:f/ <p¢d7—["_1—2/
2 B

9By

9

, @aT(QAL‘,O-"_)dHn_l (28)

B,
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In particular, (2.8) yields that the first variation of %/, at 1 € J%/, in the direction
© € HY(By), formally defined as

Sl i=2 [ Vo-Tpdo-3 [ wpanrt,
Bl 681

satisfies

0
e Y CX T (2.9)

Furthermore, by taking into account (2.4) and (2.8) applied to ¢ = 1, we get
Gs(1) =0 for all v € J7,. (2.10)

2.2. 2m-homogeneous solutions. We introduce the even homogeneous solutions
representing the lowest stratum in the singular part of the free-boundary according
to [10, Theorem 1.3.8].

More precisely, given m € N\ {0} consider the closed convex cone of H'(B;)

Hpy = {w : ¥ 2m-homogeneous, Ay = 0inR", 1 = (L, |x,|), ¥(&,0) > O}.

Note that all the functions in /%3, are actually harmonic polynomials on R™ satisfying

B,
% =0 on B,. (2.11)

Given ¢ € #4,, and ¢ € H(By), an integration by parts leads to

Vi -Veodr =2m o dH" L. (2.12)
By 9B,

Therefore, setting

0%om ()@l =2 | Vi -Veodr—4m o dH !,

By 8B,
it is immediate to check that
Gom(V)[@] =0 for all ) € Hs,, and all p € H'(By), (2.13)
and
Gom(¥) =0 for all ¢ € 5. (2.14)

We can group the functions in %4,, according to the dimension of their invariant
subspace as follows: for iy € J4,, consider the subspace

I, = {€ € R"1: (2,0) = (3 +£,0) Vi € R"7Y,
and, for d € {0,...,n — 2} define
Jé(;,? = {yY € s, : dimIl, =d}.

In what follows we shall be dealing only with the lowest stratum %‘5(7?3 for which we
provide the ensuing alternative characterization.

2.3. Proposition. ¢ € %(12) if and only if ¥(&,0) > 0 for every & # 0.
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PROOF. First note that by the 2m-homogeneity the condition | By > 0 implies that
actually (-, 0) is even w.r.t. x;, fori € {1,...,n—1}.
Suppose then by contradiction that ¢(g,0) = 0 for some 3 # 0, and without loss

of generality assume that 9/|g) = e;. Hence, ¥(x1,0,...,0) =0 for all z; € R, and we
may find a 2(m — £)-homogeneous polynomial ¢, 1 < £ < m, such that ¢(z) = z2‘q(z)
and ¢(0,zs,...,2,) is not identically zero. Computing the Laplacian of ¢ we get

_ 0
0= s = 220~ )22 Vg atadt L aeng
1

and thus for all z; # 0 we have

20(20 — 1) q + 4, 9 +23/Aq = 0.
8:1:1

In turn, by letting 1 — 0 we conclude that ¢(0,zs,...,z,) =0, a contradiction. O

In view of the latter result, it is easy to check that %(ng) is an open subset (with
respect to the Hlloc topology) of the linear space

j%m = {p : p 2m-homogeneous, Ap = 0in R", p = p(&, |xn|)} (2.15)

In particular, J/f;m is a supporting tangent plane at every v € %(T?L) to the convex
cone 55, in the following sense: for every sequence of functions {¢; };en € #,, such
that 1, — ¢ in H'(Bj), there exists a subsequence {I'} C N such that the limit

¢ = limp 100 W exists in H'(B;) and ¢ coincides with the restriction to
! H*(B1)

Bj of a function in .74,,. Note that, in particular, %m D Hom,.

3. THE EPIPERIMETRIC INEQUALITY

In this section we establish an epiperimetric inequality a la Weiss for the thin ob-
stacle problem. In the rest of the section we agree that a function ¢ € HY(By) is
A-homogeneous, A € {3/2} U {2m}.en (o}, if there exists f € H (R™) which is A-
homogeneous and satisfying ¢|g, = f. Moreover, to avoid cumbersome notation, we
shall use, without any risk of ambiguity, the symbol 5%, also to denote the restrictions
of the blowup maps to the unit ball (which in the previous section we denoted by
A B, ). Moreover, given # C H'(B;) closed set, we define

dist g1 (¢, ) := min {||c — @l y1(p,), v € A }.

We are now ready to state the main results of the paper.

3.1. Theorem. There exist dimensional constants k € (0,1) and § > 0 such that if
c € HY(By) is a 3/2-homogeneous function with ¢ > 0 on B} and

dist g1 (¢, #4p) < 6, (3.1)

then

Uiengfjc Gspp(v) < (1= K)Gsp(c). (3.2)

An analogous result for the lowest stratum of the singular set holds.



EPIPERIMETRIC INEQUALITY FOR THIN OBSTACLES 9

3.2. Theorem. There exist dimensional constants k € (0,1) and § > 0 such that if
c € HY(By) is a 2m-homogeneous function with ¢ > 0 on B} and
dist 1 (¢, #op) < 6 and P(c) € 5 (3.3)
where P : HY(By) — b, is the projection operator, then
inf %, (v) < (1 —k)%m(c). (3.4)
vEH,

3.3. The lowest frequency. Here we prove the epiperimetric inequality for those
points of the free boundary with frequency 3/2. To simplify the notation in the proof
below we shall denote %/, only by 4.

PROOF OF THEOREM 3.1. We argue by contradiction. Therefore we start off as-
suming the existence of numbers x;, §; | 0 and of functions ¢; € H'(B;) that are
3/2-homogeneous, ¢; > 0 on B and such that

diStHl (Cj,%ﬁ) = (5j, (35)
and
(1= k() < inf (o). (3.6)

In particular, setting h := h.,_,, up to a change of coordinates depending on j, we
may assume that there exists A; > 0 such that

1/13‘ = /\j h
is a point of minimum distance of ¢; from J4,, i.e.
lej — il = distp (¢j, ) =6, for all j € N. (3.7)

We divide the rest of the proof in some intermediate steps.

Step 1: Introduction of a family of auxiliary functionals. We rewrite inequality
(3.6) conveniently and interpret it as an almost minimality condition for a sequence of
new functionals.

For fixed j, let v € @, and use (2.9) (applied twice to v¢; with test functions
¢ =c¢;—1; and ¢ = v —1;) and (2.10), in order to rewrite (3.6) in the following form

(1= 1) ((cs) = 9 (5) — 69 (y)les — 5] — 4 /B (¢; %)5‘%( 0% )
<YG(v) =G () — 09 (¥;)[v — 5] — 4/,(0 — ;) %(:ﬁ,Oﬂ dH L.

Simple algebraic manipulations then lead to
oY, n—
(1—nj)(g(cj_¢j)_4/3( — )5 (@0 )

<s¢(v—1pj)—4/3 (v—zpj)ai( L0 dH™ L, (3.8)

for all v € ;.

Next we introduce the following notation. We set

(3.9)
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and, recalling that 1; = \;h, we set

s
9, ==L
J 5]
and
Bj={z€z+H)B): (z+05h)|p; > 0}. (3.10)
Then we define the functionals ¢; : L?(B;y) — (—o0, +00] given by
h
/ V2 |2da — §/ 2Z2dH T —49; | = i(@,oﬂd%”*l
By 2 8B, J B! 6$n
Yi(z) := ! . (3.11)
J if z € %j,
+00 otherwise.

Note that the second term in the formula does not depend on z but only on the
boundary conditions z;|sz, -

Therefore, (3.8) reduces to

(1—-kj)¥9(2) <¥9(z) forall z € A (3.12)
Moreover, note that by (3.7) and (3.9)
lzill g1 (B = 1. (3.13)

This implies that we can extract a subsequence (not relabeled) such that

(a) (25)jen converges weakly in H'(Bj1) to some zoo;
(b) the corresponding traces (z;|p;)jen converge strongly in L?(Bj) U L?(0B);
(¢) (9)jen has a limit 9 € [0, o0].

Step 2: First properties of (¥;);en. We establish the equi-coercivity and some
further properties of the family of the auxiliary functionals (%;);en.

Notice that for all w € %;, being w|ap, = 2;|aB,, it holds that

oh s Nt n—1 __ i oh 5 Nt n—1
_/1waxn(a:,0 VaH _/B1 (w9, 1) 58,07 )dH
oh s 0t n—1
v [ (@, 0h)dH T > 0, (3.14)
B axn

where we used (2.3), (2.4) and (w +9J; h)|p; > 0. Therefore, we deduce from the very
definition (3.11) that for all w € %;

3
/ |Vw|*dz — 7/ Z <
B 2 Jon,

Yj
thus establishing the equi-coercivity of the sequence (%) en.
By taking into account (3.13), if ¢ € [0, 400) then

(w), (3.15)

3 oh
lim inf & (z;) > 1—/ zgo—f/ 22 dH" T =49 | zeo =—(2,0T)dH™ L. (3.16)
J B 9B, B Oy,
Instead, if ¥ = 400 then (3.13) and (3.15) yield

3
liminf %;(z;) > 1 — / 22— 7/ 22 dH" L
J By 2 JoB,
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Hence in all instances, it is not restrictive (up to passing to a further subsequence which
we do not relabel) to assume that (¥;(z;));jen has a limit in (—oo, 4+-00]. Finally, note
that

oh

% %(@,oﬂ dH" ' = —c0. (3.17)

Im%(z;) = +00 <= limﬁj/
J J B

Step 3: Asymptotic analysis of (¢;);en. Here we prove a I'-convergence result for
the family of energies ¥;.

More precisely, we distinguish three cases.
(1) If ¥ € [0, +00), then
(200 + 9 h)|B; >0,

and I'(L%(By))-1lim; ¥; = %(5), where

h
/ |Vz|*dx — §/ 22 dH™ ! — 49 / za—(i,OJr) dH" !
B 2 Jom, B Oxp

(1) o
400 otherwise,
and

B = {z € 2o + HY(B1) : (2 +0h)| 3, > o}.
(2) If ¥ = 400 and lim; ¥, (z;) < +o0, then
Zoo|Bi,— =0

recalling that By~ = B} N {x,_1 < 0}, and T'(L?(By))-lim; ¥; = 92 where

3 1. 2)
Vszx—f/ 22 dH" if z € BY,
G () := /B1 IV 2 Jon, ~

400 otherwise,

and
B — {z € 2o + HY(B1) : 2|y - = o}.
(3) if ¥ = +oo and lim; ¥;(z;) = 4oo, then I'(L?*(By))-lim; ¥, = 9 where
4 = +00 on the whole L2(By).
Equality 4 = ['(L?(By1))-lim; ¢; for i = 1,2, 3 consists, by definition, in showing
the following two assertions:
(a) for all (w;);en and w € L?(By) such that w; — w in L?(B;) we have

lim inf & (w;) > 49 (w); (3.18)
j

(b) for all w € L?(By) there is (w;)jen such that w; — w in L?(B;) and

lim sup % (w;) < 49 (w). (3.19)
J

Proof of the T'-convergence in case (1). For what concerns the lim inf inequality (3.18),
we can assume without loss of generality (up to passing to a subsequence we do not
relabel) that

limjinf%(wj) = lijrrlgj(wj) < 00.
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In view of (3.15), there exists a subsequence (not relabel) such that (w;);en converges
to w weakly in H*(B;) and thus the corresponding traces strongly in L2(0B;)UL?(By).
This implies that w+9h > 0 on B] and, in particular, taking w; = z; and w = 2o, we
deduce that 2z, € %E}). (3.18) is then a simple consequence of the lower semicontinuity
of the Dirichlet energy under the weak convergence in H'.

For what concerns the lim sup inequality (3.19), we start noticing that it is enough
to consider the case w € 33(%) with

supp (W — 200) € B, for some p € (0,1). (3.20)
Indeed, in order to deal with the general case, consider the functions
wy(z) = w(*/t) XB, (T/t) + 200 (/) XB,\B, (z/t) with ¢ > 1.

Clearly, w; € H*(Bi), supp (w; — 200) € By, and w; — w in H'(By) for ¢ | 1.
Since the upper bound inequality (3.19) holds for each wy, a diagonalization argument
provides the conclusion.

Moreover, by a simple contradiction argument it also suffices to show the following:
given w as in (3.20), for every sequence ji T 400 there exist subsequences ji, T 400
and w; — w in L?(By) such that

limsup ¥, (w;) < G0 (w). (3.21)
1

After these reductions, we first use (3.13) to find a subsequences (not relabeled)
such that (|Vz;, |2£" L Bi)pen converges weakly* in the sense of measures to some
finite Radon measure p. Fixed r € (p, 1), let R := 14~ and let ¢ € C!(By) be a cut-off
function such that

4
2] B, = 1, g0|Bl\§R =0 and ||Vg0||Loo S ﬁ

Defining
wi = p(w + (0 = 5)h) + (1 - 9)z,,
we easily infer that wj, € %;, since w € Y, zj, € $Bj, and
wy, +95,h = p(w 4+ 9h) + (1 — ) (25, +7;5,.h).
Moreover, since ¥, — 9 € [0,+00) we get that wl — pw + (1 — ¢)200 in L?(By).

Simple calculations then lead to

/B|Vw;|2dxg/ Vw+ (0 — 0, ) Vh|da

r

+/ |Vw§k|2dx+/ |Vzj,|?dz  (3.22)
Br\B., Bi\Br

:2Ik

By taking into account that r > p, we estimate the term I above as follows

I, §2/ Vw + (9 — 9, )Vh|da
Br\Br

+ 2/ V2, [2dar + 2/ VP 2 — 25 + (0 — 95 )hPde. (3.23)
BR\ET BR\ET
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Hence, provided p(9B,) = 0, from (3.22) and (3.23) we deduce that

limsup/ |Vwi|2de < / |Vw|?dx + / |Vw|?de+3 (B \ B,).  (3.24)
k B Br Bgr\B,

In particular, we may apply the construction above to a sequence r; T 1 and R; := 12” ,
such that u(0B,,) = 0 for alll € N. A diagonalization argument provides a subsequence
Jk, T oo such that w; := w,g — w in L?(B;) and

limsup/ |le\2dac§/ |Vw|?dz,
l B By

and (3.21) follows at once by considering the strong convergence of traces of Zj,, in
L*(BY).

Proof of the T'-convergence in case (2). For what concerns the lim inf inequality (3.18),
we assume without loss of generality that

lim inf &; (w;) = lim %} (w;) < co.
i J

Since w; € %;, the stated convergences yield that w > 0 on B)~. Moreover, (3.14)
gives

0<—9; wj%(as,oﬂdw—l < Gi(w;) + g/ Zy dH !
Bi n 631

3
<sup <€4j(wj) + 5/ z? d’H"1> < +o0.
J 9B1

Therefore the convergence of traces implies

oh oh
/ W (7,07) dH Y = lim [ w; e (2,07) dH L = 0.
B! Ln J B! &L‘n

1 1

By (2.3) we deduce that actually w = 0 on B}, i.e. w € S particular, this holds
true for z, by taking into account that sup; ¢4;(z;) < +oc0. The inequality (3.18) then

follows at once.
Let us now deal with the lim sup inequality (3.19). Arguing as in case (1), we need

only to consider the case of w € 9353,) such that (3.20) holds and, for every ji 1 +o0,
we need to find a subsequence ji, 1 +0o and a sequence w; — w in L?(By) such that

limsup %, (w;) < 70 (w). (3.25)
!

Introduce the positive Radon measures

oh _
vp = V2, PL7 LBy — 49, (2, + ﬁjkh)%(~,0+)H”’1LB1’ .

Note that, for k£ sufficiently large it follows that

ve(B1) = 9, (25,) + g/ z5 dH" " <sup¥(z;) + 2/ 22 dH" ! < oo,
9B, J 9B,
Thus, (vk)ken is equi-bounded in mass and, up to a subsequence that we do not relabel,
we may assume that (v )ren converges weakly* to a finite positive Radon measure v.
Next we fix two constants €, > 0 sufficiently small and we introduce the sets
K :=0ByUB}” and G, := {z € By : dist(x, K) > &} for every ¢ > 0. In order to find
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the sequence in (3.25), we modify w in two different steps. First we find w®? € %g)
such that

w5,6

c. € C7(G.) (3.26)

lw — w0 ||%: = / (Jw — w2 + |Vw — V™ [?) dz < 6. (3.27)

By
This modification can be achieved in view of Meyers & Serrin’s approximation result
that provides a function v € C°°(By) with ||[v — w| g1 < §', for some small §’ to be
specified in what follows, and having the same trace as w on dB;. Then set
w* = ¢ v+ (1 — ¢ ) w,

where ¢ : By — [0,1] is a smooth cut-off function such that ¢. =1 on G and ¢. =0
on By \ Gep, and [|[Ve|| L= < 4/e. Since w®® —w = ¢ (v — w), it follows that

16
4 — wle < o= ulf (16 +1V0.13) < @ (14+57) <5

for ¢’ suitably chosen and depending only on ¢ and e.
Next we consider the Lipschitz functions ., x. : By — R defined by

1 Bi_o
Ye(w) =41 E B\ By,
0 B\ Bi_.,

and )
Xe(x) := (2 — —dist(z, {xy, = 2p_1 = O})) A1VO.
€
Note that actually x.(x) = xe(@n—1,2n) With
1 22 +22 [ <¢?

xTr) =
xe(®) {0 22 + a2 | > 48t

Set ¢ :=1b. A (1 — xc), then ¢. € Lip(R™, [0, 1]) with |[Vie|[p~ < 1, and

(0o =0} ={th. =0} U{xe =1} = (B, \ B1_.) U {,/x% a2, < g} (3.28)
{pe =1} = {th. =1} N {xe =0} = By_s. N {,/le e 25} (3.29)

We finally define

w?é = Pe w®? + (1 - <Ps)zjm
where jj is the sequence considered for (3.25). First, we show that w,i’é € #j, for k
sufficiently large. By construction wi’6|631 = 2, |ap,. Moreover, we have that

£,0 ,
w,” + 95, h= ¢ (waé"'ﬁjk h) + (1 _Ws)(zjk +9;,.h),
and both the two terms above are positive on Bj. Indeed, for what concerns the latter

one, it is enough to recall that z;, € %;, and that 1 — ¢, > 0. Instead, for the former
addend we notice that (w®° +1;, h)| .- = 0 and, due to the fact that
1

(i) w®? is smooth in G. by (3.26),

(ii) A > c. >0 on B} NG, for some positive constant c. > 0,
(iii) supp . N B} = G. N By (cp. (3.28)),

(iV) ﬁjk T 400
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for sufficiently large k it follows that
pe (W + 95, h) > oo (— |0 || Lo (Gonpy) + Y, cc) >0 on Bf\ By
We now compute the distance between wi"; and w. By (3.27) we have that

0 ;
lwi® = wllze < w™ = wllraes) + llw = 2, 22 (ge. <1y)

<0+ (200 = 2 lz2(By) + 200l L2 (fp. <1}y + [WllL2(fp<1y)- (3:30)

Furthermore, straightforward computations just like in (3.22) and (3.23) give

=/ |Vw5’5|2dx+/ |Vwi’6|2dx+/ V2, [2dx
{pe=1} {0<pe<1} {pe=0}

< / |V |2 da + 2/ |V | da + 2/ Vzj,|*dz
{p=1} {0<pe<1} {0<pe<1}

2
ta WPt [ VP (331
€ {0<pe<1} {p=0}

Taking into account (3.27), we obtain from (3.31)

| Iveitpan < [ wupao s | Vs P de
B, B, {0<pe<1}
16

4
{pe<1} €% J{o<p.<1} €
By choosing §. = £, and setting w§ := wi’és, we conclude from (3.32) that

/ |Vws|?dx S/ |Vwa’5f|2das—|—/ |Vws |2 da
Bq B

{0<pc<1}

4
+3/ V2, [Pde + — lw— zj,|> +4€%  (3.33)
{pe<1} €7 J{o<p.<1}

Next, in view of (2.3), (2.4) and since (w®% +4;, h)|Bi” = 0, the very definition of
wy, gives

(&,07) dH" 1

oh
0 S —4’[9jk w,i
B L

oh o
i [ o o P
oh 5~ 0t n—1
< —4’l9jk (ij + 19jk h)i(.ﬁ, 0 ) dH y (334)
By {p.<1} Oy

having also used in the last inequality that z;, € %, .
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Therefore, by the very definition of v and by collecting (3.33) and (3.34) we conclude,
provided v(9{p. < 1}) = 0, that

limsup &, (wg) < /
k

Vw0 |2da + / (Vw0 2da + 3v({p. < 1})
B,

{O<395<1}
4
+ =

3
- / W — 2oo|?dx +4€2 — 7/ 22 dH™, (3.35)
€ Bi_N{e?<z? _, +a? <4e?} 2 OB,

I.:=

where we have used (3.20), as p > 1 — ¢ for € small enough, and the equality

{0 <. <1} =
{r€B_.\Bigc: 22 | +22 > U{reBy .:e? <a? | +a2 <4e?},
that follows from (3.28) and (3.29). We next claim that

lim I, = 0. 3.36
lin 7. (3.36)
To this aim we use Fubini’s theorem, a scaling argument and a 2-dimensional Poincare
inequality (recalling that the trace of w — z, is null on By ™) to deduce that for some
positive constant C' independent of £ we have
4

I.=— dy |(w—2o0) (y, 5, ) |Pds dt
€7 J{yeRn—2: ly|<1—e}/ {(5,t) ER?: 2 <5212 <de? A((1—¢)* —|y[?)}

<C V(0w — 200)|?du,
Bi_.n{e2<x?2 _ 42 <4e?}
from which (3.36) follows at once.
To provide the recovery sequence we perform the construction above for a sequence
i | 0 such that v(0{p., < 1}) = 0 for all i € N, with the choice §; := &}. In
view of (3.27), (3.29), (3.30), (3.35) and (3.36) a simple diagonal argument implies the
existence of a subsequence ji, 1 oo such that wy’ — w in L?(B;) and

limsup ¥, (wZ:) < %(3) (w).

Proof of the T'-convergence in case (3). The proof of (3.18) and (3.19) in case (3) is
immediate: the former follows, indeed, from (3.12) and the fact that lim; %, (z) = +oo;
while the latter is trivial.

Step 4: Improving the convergence of (z;);en if lim; ¥;(z;) < +oo. Standing the
latter assumption, we show that actually (z;)jen converges strongly to 2o, in H'(By).

To this aim, we use some standard results in the theory of I'-convergence. The equi-
coercivity of (¥;);en established in (3.15), the Poincare inequality and the condition
|2j]|%;: =1 in (3.13) imply the existence of an absolute minimizer ¢; of ¢; on L? with
fixed i € {1,2}. By [6, Theorem 7.4], for i = 1,2 we have that there exists (, € H*(B;)
such that

(= (oo in L2(By), (3.37)
G5(¢5) = 99 (Coo), (3.38)

and (s is the unique minimizer of ¥{), (3.39)
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where we have used the strict convexity of {%@ to deduce the uniqueness of the

minimizer of %@. In addition, using the strong convergence of the traces in
L?(0B;1) U L?(B}) and the estimate

9;(¢5) < 9(z5) < sup¥;(z;) < +o0, (3.40)
J

we infer that

/\ch|2dm—>/ |V ool ?de,
Bl Bl

in turn implying the strong convergence of ({;)jen to (s in H'(By).
Next note that by (3.12) and (3.40) z; is an almost minimizer of ¢;, in the following
sense:

0 <9(2) —9((;) < k; Y5(2)) < k- sup¥j(z)).
J

Hence, by taking into account that x; is infinitesimal, that z; — 2 weakly in HY(By)
and (3.38), Step 3 yields that

Yoo (200) < hm,infgj(zj) = hmgj(Cj) = go(é)(COO)v
J J

in both cases i = 1,2. Therefore, by the uniqueness of the absolute minimizer of go(é),
we conclude that 2o, = (. Arguing as above, the strong convergence of (z;)jen t0 zoo
in H'(By) follows. In particular, note that by (3.13) we infer

200 [l = 1. (3.41)

The rest of the proof is devoted to find a contradiction to all the instances in Step 3.
We start with the easier cases (1) and (3). Instead, to rule out case (2) we shall need
to establish more refined properties of the function z...

Step 5: Case (1) cannot occur. We recall what we have achieved so far about z.,
namely

(1) [zool[mrr = 1,
(i) zeo is 3/2-homogeneous and even with respect to x, = 0,
(iii) 2eo is the unique minimizer of @'Y with respect to its own boundary conditions,

(iv) zeo € %’Q, ie. 200 + 9h >0 on Bj.
As an easy consequence of the properties above, we show now that

Weo := Zoo + h

minimizes the Dirichlet energy among all maps w such that w € we, + Hg(B1) and
w > 0 in B} in the sense of traces. In other words, ws, is a solution of the Signorini

problem. To show this claim, for every z € 93&) we set w := z + ¥ h and by means of
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(2.9) we write
g0 (2) :/ |Vw|2da:—192/ |Vh|2dx—§/ 2 gy
B4 By 2 OB,

—29 | Vz-Vhdr —49 z@(@,m)(m”*l
B Bi 8xn

. 3
@)/ |Vw|2dm—192/ \Vh\2dx—f/ 22 dH" !
B4 B4 2 0B,

— 3¢ Zoo hdH™ L.
831

Therefore, since z, is the unique minimizer of %& ) and we, > 0 on Bj, it follows from
the previous computation that w is a solution of the Signorini problem. Using now
the 3/2-homogeneity of we, and the classification of global solutions of the thin obstacle
problem with such homogeneity in [3, Theorem 3] (see also [14, Proposition 9.9]), we
deduce that

Weo = Aol € Hsp, for some Ao > 0 and vo, € S*2.
Eventually, in view of (3.7), we reach the desired contradiction: by the strong conver-
gence z; — zoo in H'(By1) (cp. Step 4 above) and by (3.9), we deduce that
%:ﬁjmzj — O+ 2oo = Wao € Ay, in H'(By), (3.42)
which implies, for j sufficiently large,
) 3.42) )

dist g1 (cj, Hp) < |lcj — 0 hachwe |1 (By) ¢4 0(05) < 6; = disty(c;, ),

having used in the last line that 6;Aoch,, € ).

Step 6: Case (3) cannot occur. The heuristic idea to rule out case (3) is to
correct the scaling of the energies in order to get a non-trivial I'-limit for the rescaled
functionals.

More in details, we start recalling that by (3.17) if lim; ¢;(z;) = +oo, then
oh

2 (a0t n—1 4
. Z; oz, (,07)dH" ™ T +o0. (3.43)

vy = —49,;

Further, the convergence z; — 2o in L*(Bf) and (3.14) yield

; h h
lir_nl = —4lim zja—(ﬁ,OJr) dH" ! = —4/ zooa—(:%,OJr)d"H"*l € [0, 4+00),
so that

95 7;1/2 1 +oo. (3.44)

It is then immediate to deduce that the right rescaling of the functionals ¢; is obtained
by dividing by a factor 73._1: namely, for every z € %; we consider ;- '4,(z) and notice
that

77 (2) = G (7 ). (3.45)
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where the functional 5/% is given by

3 9; oh
2, 9 2 g1 _ 4 Yi / & 0F) dHmt
/Bl|Vw| dz 2/831111 dH 7 Biwaxn(x,() )dH

G (w) — 7 N
j(w) = if w e 2,
400 otherwise,
(3.46)
where
~ —1/2 1 =1/
B = {wE'yj zj+Hy(B1): (w97 " h)lp 20}. (3.47)

Setting z; := 7;1/2,2]-, by (3.13) and ~; T 400 we get z; — 0 in H'(Bj). In addition,
(3.45) and the very definition of ; in (3.43) imply that
Z(5) = 1+0(;7). (3.48)
Furthermore, (3.12) rewrites as
(1-5)%(5) S %(3)  forall z € 5.
In particular, by taking into account (3.44), Z; — 0 in H'(B;) and (3.48), namely
lim; ¥;(z;) < 400, we can argue exactly as in case (2) of Step 3 to deduce that

D(L2(By))-lim¥; = %o
J

with
__ / IVZ2dz if 7 € B,
Yoo (E) = By

400 otherwise,

where B 1= {Z € H}(B1) : 2|~ = 0}

By Step 4 and the convergence z; — 0 in H'(Bj), the null function turns out
to be the unique minimizer of ¥, and lim; ¥;(z;) = ¥,(0) = 0, thus leading to a
contradiction to (3.48).

We are then left with excluding case (2) of Step 3 to end the contradiction argument.
To this aim, as already pointed out, we need to investigate more closely the properties
of the limit 2.

From now on we assume that we are in the setting of case (2) of Step 3: i.e. ¥ = +o0
and lim; ¥ (z;) < +o0.

Step 7: An orthogonality condition. We exploit the fact that v; is a point of
minimal distance of ¢; from 7, to deduce that 2 is orthogonal to the tangent space
Th%/Q.

We start noticing that 1 = +oo implies that A; > 0 for all j large enough. Moreover,
by the minimal distance condition (3.7) we infer that, for all v € S"~2 and X > 0,

lej = ¥illa < llej — A |,
that, by the very definition of z; in (3.9), can actually be rewritten as
Gjllzjll e < [l45 — A + 6525 ]| e

or, equivalently,
— 15 = Ml s,y < 20525, 95 — M) (3.49)
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Therefore, assuming (A, e,—1) # (A, v) and renormalizing (3.49), we get
Y; — Ahy
95 — M || 2™
and by taking the limit (\,v) — (A;,e,—1) we conclude (recall the definition of the
tangent space in (2.5))
(2j,¢) =0 for all ¢ € Ty, ), = Ty s,

where we used that A; > 0 in computing the tangent vectors. Now letting j 1 oo in
the equality above we get that

(200,C) =0 for all ¢ € Ty 5, (3.50)

—[lebj — A |l < 255(2,

Step 8: Identification of z., in case (2) of Step 3. We show that

n—2
2o () = ag h(z) + <Z a; xl> \/\/x%_l + 22 + Ty, (3.51)
i=1

for some ag, ..., an—2 € R, ie. 200 € T, (cp. (2.6)).
The above claim is consequence of the following facts:

(a) 2o solves the boundary value problem

{Azoo =0 in By Bi’_,

3.52
Zoo =0 on By ; ( )

(b) Zoo(x/axn) = Zoo(x/a 71’71) for every (x/axn) € Bl;
(¢) zoo is 3/2-homogeneous.
The proof consists of three parts:
(I) to show the Holder regularity of zo and of all its transversal derivatives in the
sense of distributions
6041 aan72 Zoo
v = PR
“ 9 oz
(IT) the use of a bidimensional conformal transformation in the variable (x,_1, %)
to reduce the problem to the upper half ball Bf ;
(III) the classification of all 3/2-homogeneous solutions.

with o = (ay,...,a,_2) € N2

As for (I), we start noticing that for every a € N"~2 (in particular also for z,, =
(,...,0)), it follows from (a) and (b) that Ua|Bl+ is a solution to the boundary value
problem

Av, =0 in B,

ve =0 on By, (3.53)
Sva =0 on B\ B~

It then follows from [17, Theorem 14.5] that the distributions v, are represented by
uniformly Hélder continuous functions in every B with » < 1. In particular, by
homogeneity, we conclude that v, is Holder continuous in the whole B; C R”.

Next, for (IT) we follow a suggestion by S. Luckhaus [13] (see also the appendix of [8]
for a similar procedure) and consider the conformal transformation ® : B” — By \ By~
defined by

(xla ey Tn—2,Y1, y?) = (mla cee 733n7273/§ - y%7 _291 92)7 (354>
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and set
Uy =V 0® VaeN2

We next introduce the following Laplace operators:

0? 0?
A= 42
0z? et oz?_,
0? 02
A=+
ox?_, * oz2
0? 0?
Ay = =+ =—.
oyt oy
By a simple computation, it follows that (we set for simplicity @’ := (21,...,2p—_2))

Ayua (', y1,y2) = 4 (yi +v3) Ava(2',y5 — ¥3, —2y1 ¥2)
3.52
O 42+ 42) Alva (2,53 — ¥2 21 ) (3.55)

for all a € N2 and for all (2/,y1,92) € By .

Note that the right hand side of (3.55) is Holder continuous, because by (I) A'v,
is Holder continuous for every a € N"~2. Therefore, the usual Schauder theory for
the Laplace equation implies that u, is twice continuously differentiable with Holder
continuous second order partial derivatives.

We can then bootstrap this conclusion and infer that

A'va (2,43 — y7, =241 y2) = A'ua(@’, y1,y2)
n—2
= Z Un+2e; (Il7 Y1, yQ) (356)
i=1
with e; = (1,0,...,0),ea = (0,1,...,0),...,en_2 = (0,0,...,1) € N*=2 and therefore
A"v, is twice differentiable, thus implying by (3.55) that u,, is C** for some x € (0, 1),
and so on. In conclusion, it follows from (3.53), (3.55) and (3.56) that ug € C*°(B;)
and

uo(z',y1,0) =0 V|(z',y1,0)] < 1. (3.57)

In order to perform the final classification in (III), we consider a Taylor expansion
of up up to order three. For the sake of simplicity we write (w1,...,w,) = (', y1, y2)
and use (3.57) to simplify the expansion: there exist real numbers b;,b; ; € R for
1€{0,...,n} and i,j € {1,...,n} such that b; ; = b;, for every ¢, j and

n n
ug(w) = wy | bo + Zbi w; + Z bijwiw; | +g(w),
i=1 ij=1

with g(w) < C'|w|* for every w € By for some C > 0.
Next we perform the change of coordinates ®~! to deduce an expansion for 2.
First note that
ot B\ (BN {r,1 <0}) — B

O Ny, ...z, = (xl, . ,xn_g,f(xn_l,xn),g(xn_l,mn)).

f(@n_1,2n) = Sgl\lg") \/\/xi_l + a2 — 2, (3.58)

with
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1 /
g(xnfl,l'n) = \/5\/ x?7171 + 1’% + Xpn_1 (359)

and

1 ifz,>0
en(Tn) =91 . <o

Therefore, for every x € By \ By~ we have
n—2
Zoo () = ug 0 7N (x) = g(Tp_1,20) (bo + Z b; xi> (3.60)
i=1

n—2
+ g(xnflyxn)<bnfl f(xnfla xn) + bn g(‘rnflaxn) + Z bi,jxi .’IJ]) (361)
i,7=1
n—2
+ 2g(xn717 l'n) Z (bi,nfl T f(xnfla xn) + bi,n T g(xnfla xn)) (362)
i=1
+ bn—l,n—l g(mn—h xn) fQ(xn—la -Tn) +2 bn—Ln f(-rn—h xn) QQ(xn—la xn)
+ bn,n 93(*’571—1» xn) + H($), (363)

with
|H(z)| < Clz|* VaeB \B~

for some C' > 0.

Due to the 3/2-homogeneity of z,, and the !/2-homogeneity of f and g, we deduce
that the first term in (3.60), as well as the first two terms of (3.61), (3.62) and the
function H in (3.63) have the wrong homogeneity and therefore are identically zero,
thus reducing the expansion of z., to the following

n—2

Zoo (-7;) = g(xnflv xn) Z bz T + bnfl,nflg<xn71a xn) fg(xnfla xn)

i=1

+2 bn—l,n f(xn—la mn) 92(xn—17 xn) + bn,ngs(xn—la mn) (364)

In addition, (3.58) and (3.59) yield

x
f(l'nflv xn) g(xnfla xn) = 777,’
and, in turn, plugging the latter identity in (3.64) implies

Zoo(2) = g(Tp_1,Tn)
n—2

. (Z b x; + bn—l,n—l fQ(-rn—la xn) + bn—l,n Ty + bn,n 92(33n—17 xn)) (365)

=1

To conclude the proof of Step 8 we need only to check for which choices of the coefficients
the right hand side of (3.65) is harmonic. To this aim we notice that g is itself a
harmonic function, i.e. Ag = 0 in By \ Bi’_. Therefore, we compute Az, thanks to
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(3.58), (3.59) and (3.65) as follows

(3 bn,n + bn—l,n—l)\/Q \/m + Tp—1

+ bn1mTn (3.66)

2 | +a2 \/\/ 2 a4 xn

Note that the function on the right hand side of (3.66) is identically zero on By \ B}~
if and only if

Azoo(z) =

3bpn +byn—1n—1=0 and b,_1, =0.
Thus, coming back to (3.65) we conclude that

Zoo( )_g Tn— 17]"71 (Zb .131— n,an(xn—lamn)+bn,n92(xn—17xn))

n—2

(3.58), (3.59) 9(Tn_1,2n) Z bi i + by g(Tn_1,20) <2 Tpo1— /22 + x%) ,

i=1
which is the desired formula (3.51) for ag = by, and a; =b; fori=1,...,n —2.
Step 9: Case (2) of Step 3 cannot occur. We finally reach a contradiction by
excluding also case (2) in Step 3.
We use the orthogonality condition derived in Step 7, i.e.,

(200,¢) =0 for all ¢ € Ty, 3,. (3.67)

Since zy has the form in (3.51), we can choose h as test function in (3.67) to deduce
ap = 0. Then take ¢ = ve, , ¢ (cp. (2.7)) to deduce a3 = ... = a2 = 0 by the
arbitrariness of £ € S"! with £ - e, =& -e,—1 = 0.

Therefore, zo, is the null function, contradicting (3.41). In this way we have excluded
all the cases of Step 3 and conclude the proof of the theorem. O

3.4. Even frequencies: the lowest stratum of the singular set. In this sub-
section we prove Theorem 3.2. As already remarked the arguments are similar to
those of Theorem 3.1, some simplifications are actually occurring. Therefore, we shall
only underline the substantial changes. Further, we keep the notation introduced in
Theorem 3.1 except for ¢, that in the ensuing proof stands for %, .

PRrROOF OF THEOREM 3.2. We start off as in Theorem 3.1 with a contradiction ar-
gument assuming the existence of rj, d; | 0, and of ¢; € H'(By) such that ¢; is
2m-homogeneous, ¢; > 0 on B,

dist g1 (Cj, %m) = 5j, (368)
(- )0 < nf () (3.69)

and ©; := P(cj) € %(T?l) with
le; = ¥l = distg (¢j, #m) = 0; for all j € N. (3.70)
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We divide the rest of the proof in some intermediate steps corresponding to those
of Theorem 3.1.

Step 1: Introduction of a family of auxiliary functionals. We rewrite inequality
(3.69) conveniently and interpret it as an almost minimality condition.

For fixed j, we use (2.13) and algebraic manipulations to rewrite (3.69) for allv € .27,
as

(1= 5;)9(c; —tbj) <G (v —1y). (3.71)
Setting
zj = ngi% (3.72)
j
p ) (1451l 1
= and ;= ,
Y Tl =,
(3.71) reduces to
(1—- k)9 (%) <¥9(z) forall z € %, (3.73)

where ¥, : L?(B1) — (—o0, +00] is given by

/ |V2|2dx — 2m ZJ2 dH" 1 if 2 € B,
Bl 631

Gi(z) = (3.74)
+00 otherwise,
and
B; = {z € 2+ HY(B1) : (24 0503y > o} . (3.75)
Moreover, note that by (3.70) and (3.72)
12l 2B,y = 1. (3.76)

This implies that we can extract a subsequence (not relabeled) such that
(a) (z)jen converges weakly in H'(Bj) to some zeo;

(b) the corresponding traces (z;]p;)jen; converge strongly in L?(B]) U L*(0B);

(¢) (¥5)jen has a limit ¥ € [0, 00];

(d) (¥;);en converges in H'(B;) to some non-trivial 2m-homogeneous harmonic
polynomial 1), satisfying 1o, > 0 on Bj. Actually, being the 7,’s polynomials
the convergence occurs in any C*(B;) norm.

Step 2: First properties of (¥;);en. We establish the equi-coercivity and some
further properties of the family of the auxiliary functionals (¥;);en.

In this case equi-coercivity is a straightforward consequence of definition (3.74) and
item (b) in Step 1: for j sufficiently large and for all w € H'(By)

/ |Vw|?dz — 3m 22 < Y(w). (3.77)
Bi B,
Moreover notice that (3.76) and item (b) imply

sup |¥(z;)| < oo. (3.78)
J

Step 3: Asymptotic analysis of (¢;);en. Here we prove a I'-convergence result for
the family of energies ¥;.

More precisely, we distinguish two cases.
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(1) If ¥ € [0,400), then
and T'(L2(By))-1lim; % = 4, where

) / |Vz|?dx — 2m 22 dH"l ifz € %ﬁi’,
goo (Z) = B1 0By
400 otherwise,

and BY = {2 € 200 + HY(B1) : (24 9|y > O}
(2) If ¥ = +oo , [(L2(By))-lim; % = 92, where

2 2 -1 . (2)
gy [, [Pt [ L™tz ot
+oo otherwise,
and B 1= 200 + H}(By).

Proof of the T'-convergence in case (1). The fact that 2z, € 2 and the liminf
inequality (3.18) can be deduced exactly as in case (1) of Theorem 3.1.

Instead, for what concerns the lim sup inequality (3.19), after performing the reduc-
tions in the corresponding step of Theorem 3.1, one has to take

wf, 1= (w4 Voo — U5, U5) + (1= 9) 25,
to infer (3.24). The conclusion then follows by a diagonalization argument.

Proof of the T'-convergence in case (2). The fact that z. € %Sﬁ’ and the liminf
inequality (3.18) are simple consequences of the lower semicontinuity of the Dirichlet
energy under L? convergence and of the equi-coercivity of (¥;) ey in (3.77).

For the proof of the the limsup inequality (3.19) we need first to observe that the
set {thoo = 0} N Bj is contained in a (n — 2)-dimensional subspace H. In order to
prove this claim, we start noticing that 1 is a non-trivial 2m-homogeneous harmonic
polynomial satisfying ¢, > 0 on Bj. Therefore, its zero set is a cone containing the
origin. Moreover, 9;|p; is convex by [2, Theorem 1]: this implies that {1/, = 0} N B}
is actually a convex cone. Since 1o|p; > 0 we infer from (2.11) that {1)oe =0} N B} C
{oo = |V¥s| = 0}. Thus the harmonicity of ¢ finally yields the claim thanks to [4,
Theorem 3.1] (see also [12, Lemma 1.9]).

Given this, the construction of the recovery sequence is analogous to that of case
(2) in Theorem 3.1. With K := 0By, let G, and ¢. be defined correspondingly, then
w0 1= ¢, v+(1—¢.)w satisfies (3.26)-(3.27). Finally, assuming H C {z,,_; = =, = 0},
and setting wi’é i= X wS + (1 — x2)zj, we conclude by choosing § = €2 and by a
suitable diagonalization argument.

Step 4: Improving the convergence of (z;);en. (2j)jen converges strongly to 2o
in Hl (Bl)

This follows thanks to (3.78) and by standard I'-convergence arguments (cp. the
corresponding step of Theorem 3.1). In particular, ||ze0|| g1 = 1.

To reach the final contradiction we exclude next both the instances in Step 3 above.

Step 5: Case (1) cannot occur. We recall what we have achieved so far about z.,
namely

(1) lzoollmr =1,
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(i)
(iil) zeo is the unique minimizer of %& ) with respect to its own boundary conditions,
(i) 200 € BY, ie. 200 + ¥ 1poe > 0 on BY.

Zoo 18 2m-homogeneous and even with respect to x,, = 0,

Arguing as in Step 5 of Theorem 3.1, the properties above and a change of variables
for go(ol ) show that Weo = Zoo + $)oo minimizes the Dirichlet energy among all maps
W € Woo + H (By) such that w > 0 in B in the sense of traces.

Therefore, wy is a 2m-homogeneous solution of the Signorini problem, that is we, €
Hom by [10, Lemma 1.3.3] (see also [14, Proposition 9.11]). We get a contradiction as

¢ _ Y

== 25 = 05bj + 2) = Voo + 200 = Woo € M, in HY(By), (3.79)
J J
which implies, for j sufficiently large,
. 3.79 .
dist g1 (5, #om) < [lcj — 0jWeoll 1 (By) G 0(0;) < 0; = distg(cj, Hom),

having used in the last line that §;we € 7,.

We are then left with excluding case (2) of Step 3 to end the contradiction argument.
Since in the present proof the Step 3 has two cases rather than three, for a more clear
comparison with Theorem 3.1 we number the next step as 7 rather than 6.

Step 7: An orthogonality condition. We exploit the fact that 1); is the point of
minimal distance of ¢; from /%, to deduce that z is orthogonal to :}g’;m.

The very definitions of v, in (3.70) and of z; in (3.72) imply that for all ¢ € %,

—ll5 = VllFn ) < 205(z5, 05 — ¥).

Therefore, assuming 1; # 1 and renormalizing, we get

Vi =
=¥ = ¥llgr <26;(zj, 77——7—),
! P g =l
and by taking the limit ¢ — ¢; in H' we conclude that
(2,0) =0 forall C € Ty, M "= Hpm.
Now letting j 1 oo in the equality above we get that
(206,0) =0 for all ¢ € S (3.80)

Step 8: Identification of z., in case (2) of Step 3. We have that
Zoo € Hom \ {0} (3.81)

Indeed we have already shown that
(i) [lzoollm = 1,
(ii) zoo i8 2m-homogeneous and even with respect to x,, = 0,

(iii) 2o is the unique minimizer of go(o) with respect to its own boundary conditions,
i.e. is harmonic.

Step 9: Case (2) of Step 3 cannot occur. We finally reach a contradiction by
excluding also case (2) in Step 3.

Because of (3.81) we can choose z, itself as a test function in (3.80) to deduce that
it is actually the null function, thus contradicting (3.41).
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In this way we have excluded all the cases of Step 3 and we can conclude the proof
of the theorem. O

4. REGULARITY OF THE FREE BOUNDARY

In this section we show how to derive the regularity of the free boundary around
points of least frequency as a simple consequence of the epiperimetric inequality. To
this aim we need to recall some notation and some results from the literature. Since we
are going to use the monotonicity formulas proven in [10], we try to follow the notation
therein as closely as possible. In what follows u € H'(Bj) shall denote a solution to
the Signorini problem (even symmetric respect to {z,, = 0}). We denote with A(u) the
coincidence set, i.e.

A(u) == {(2,0) € B} :u(2,0) =0}

and by I'(u) the free boundary of u, namely the topological boundary of A(u) in the
relative topology of Bj.

For zg € T'(u) and 0 < r < 1 — |zo| let N (r,u) be the frequency function defined
by
rfB,,.(:vo) |Vu|? dx
) u? dH"—1

N (r,u) = T
BBT(:U()

provided u|yp, (z,) #Z 0. As proven in [3] the function (0, dist(xo, dB1)) > r = N®°(r,u)
is nondecreasing for every zg € Bj. It is then possible to define the limit N*0 (0%, u) :=
lim,. ;o N*°(r,u) and as shown in [3] it holds N*°(0F, u) > 3/2 for every x¢ € T'(u). We
then denote with I's), the points of the free boundary with minimal frequency, also
called regular points in [10]:

Tsj = {zo € T(u) : N (0T, u) = 3/2}.

Note that by the monotonicity of the frequency it follows that I's,(u) C I'(u) is open
in the relative topology. We also introduce the shorthand notation

D™ (r) ::/ |Vul?dz  and  H®(r) ::/ u? dH" 1
By (z0) 0B,-(x0)

and we always omit to write the point xg in the notation if o = 0. Finally we recall the
following simple consequence of the monotonicity of the frequency function, proven in

[3, Lemma 1]: the function (0,1—|xg|) > r — H;:L(;) is nondecreasing and in particular

H(1* |330|) 42
H(r) < ———— L p"
) < T Tmo)i2

VO<r<l-—|zo, (4.1)

and for every € > 0 there exists ro(¢) > 0 such that

H(ro) n+24
H(r) > T S VO<Tr <. (4.2)

For the readers’ convenience we provide a short account of these statements in Appen-
dix A.
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4.1. Decay of the boundary adjusted energy. The boundary adjusted energy
¥ considered above is the unscaled version of a member of a family of energies a la
Weiss introduced in [10], namely the one corresponding to the lowest frequency. Since
we also need to consider its rescaled version, we shift to the notation used in [10]:
G (u) = Wsp(1,u) with

1 / 2 3 2 —1
— |Vu|* de — 7/ u dH" .
" B (20) 212 J9B. (z0)

Note that by the monotonicity result in [10] it follows that

Wf/g (ryu) :=

d 2 3\ .
%W3/2(7", u) = - /3131 (Vu,, V- 2ur> dH" (4.3)
and for every x¢ € I's,(u) it holds that W;jg (ryu) >0 for every 0 < r < 1 — |xg| with
}E% Wy (r,u) = 0.

In this subsection we show the main consequence of the epiperimetric inequality in
Theorem 3.1, namely the decay of the boundary adjusted energy. The next lemma
enable us to apply the epiperimetric inequality uniformly on the radius at any free
boundary point in I's/,(u).

4.2. Lemma. Let u € H'(B;) be a solution to the Signorini problem. Then for
every compact set K CC By and for every n > 0 there exists ro > 0 such that

dist(c;®, Hp) <n Vag €lsp(u)NK, VO<r<rg, (4.4)

where ¢* € HY(By) is given by

PROOF. The proof is done by contradiction: we assume that there exist n > 0 and
sequences of points x3, € K NI's),(u) and radii 74 | 0 such that

dist(cyf, ) >n VEeN. (4.5)

TE
Let us introduce the following rescaled function (cp. next subsection for further discus-
sions)
u(xo +re
uro(x) == % VO<r<l-—lxgl, Va€Ba- i
T

It follows from (4.1) that

sup ||Uf,f||L2(Bl) < o0,

keN

from which (by the regularity for the solution of the Signorini problem — c¢p. Appen-
dix A) we deduce

sup [[ugF [|crz2p,y < +o0. (4.6)
keN

We can then conclude that up to passing to a subsequence (not relabeled) there exists a
function wy € C'/2(By) such that |uyk —wol|cr.e(p,) — 0 for every a < 1/2. Moreover
without loss of generality we can also assume that x, — 19 € K NTs,.

By a simple argument (whose details are left to the reader) the function wy is itself
a solution to the Signorini problem. Moreover we claim that wq is 3/2-homogeneous.

In order to show the claim we start noticing the following: for every § > 0 we can fix
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p > 0 such that N¥(p,u) < 3/2+4§. Therefore, for k sufficiently large we infer that for
every s € (0,1):

N(s,uf;j) = N7 (srk,u)
= N"(srg,u) = N (p,u) + N*™*(p,u) — N (p,u) + N*(p,u)

< N (p,u) = N"(p,u) + 5 +5 < 5 425, (47)

where we used the monotonicity of the frequency and the fact that for k large enough
[Nk (p,u) — N (p,u)| — 0 as xp — x¢. In particular from the convergence of u* to
wp and the arbitrariness of § we deduce that N (s, wp) = 3/2, i.e. wy is 3/2-homogeneous.

From the already cited classification result in [3, Theorem 3] we infer that wy € 4,
thus clearly contradicting (4.5). O

We are now in the position to prove the decay of the boundary adjusted energy. To
this aim we recall some elementary formulas, whose verification is left to the reader
(details can be also found in [10]):

H'(r) := C%H(r) = n; 1H(?“) + 2/83 uVu - vdH" !, (4.8)
D'(r) := %D(r) = ; 2D(r) + 2/83 (Vu-v)2dH" !, (4.9)
D(r) = / uVu - vdH" (4.10)

OB,

We mention once for all that all the integral quantities D(r), H(r) etc... considered
in this section are absolutely continuous functions of the radius and therefore can be
differentiated almost everywhere.

4.3. Proposition. There ezists a dimensional constant v > 0 with this property.
For every compact set K C Bj there exists a constant C > 0 such that

Wf/g(r, u) <Cr? VO0<r<dist(K,0B1), Vg €Ts),NK. (4.11)
PROOF. We start considering the case of zg = 0 € T's,. We can then compute as
follows:

d n+1 D'(r) 3 3(n+2)
%W%(T’ u) = - ) () pnt2 | gpnt2 (r) S 9pnt3 (r)
n+1 3(n+1)
= W (r, u) — WH(T)
D'(r) 9 D(r)
e T g (1) =30

+

(4.12)

=:I
In order to treat the terms in I, we introduce the rescaled functions

up(z) = 2T (4.13)

/2
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and deduce by simple computations that
1 9
I= 7/ (|VuT|2 —3u,Vu, - v+ uf) dH" 1
9B, 2

r

2
1 3 9
- 7/ [(Vur-y— ur> + | Vou,|* + <u?
T 9B, 2 4

where we denoted by Vyu, the differential of u, in the directions tangent to 0B;. Let
¢ be the 3/2-homogeneous extension of u,|sp, , i.e.

er(z) = |z u, (%)

dH" 1, (4.14)

It is simple to verify that

/ (|Vgur|2+iu$):(n+l)/ Ve, |2 dz.
831 Bl

We then conclude that

d n+1
—Waps(ru) = T(WS/Q(LCT) - Ws/Z(l,uT))
1 3\
+ - Vup -v—zuy | dH" . (4.15)
T 9B, 2

By (4.4) there exists 7o > 0 such that the epiperimetric inequality in Theorem 3.1 can
be applied (recall that ¢ (w) = Wi, (1, w) for every w € H'(By)). In view of (4.3), we
then deduce that

d n+1 k

%Ws,/z(r,u) > 2 " 1_HW3/2(1,UT) YO <r<ry. (4.16)
Integrating this inequality we get
Wy, (r,u) < Wap(l,u)r? V0 <7 <, (4.17)

with v :=2(n + 1)%/1 — &.

In order to conclude the proof it is enough to observe that for every xg € K CC Bj
the decay (4.17) can be derived by the same arguments with a constant C' > 0 which
depends only on D(1) and dist(K,0By). O

4.4. Remark. Note that (4.15) also shows the monotonicity of the boundary ad-
justed energy: using the minimizing property for the Dirichlet energy of w, with respect
to functions with the same trace, we deduce indeed the less refined with respect to (4.3)
estimate

d 1 3\ .
—Wap,(r,u) > — Vu, -v——-u, | dH > 0.
dr r Jop, 2
4.5. Rescaled profiles. In order to be able to use the computations above in the
study of the property of the free boundary, we need to consider the following limiting
profiles of our solution u: under the assumption that 0 € I's ,(u) we set
u(rz)

ur(x) = py (4.18)
Note that the rescalings in (4.18) are different from those considered in the literature,
e.g. in [3].




EPIPERIMETRIC INEQUALITY FOR THIN OBSTACLES 31

In order to deduce the existence of nontrivial blowups under the rescaling in (4.18)
we need to prove some growth estimates on the solution to the Signorini problem.

A first consequence of (4.1) is that the rescaled profiles u, have equi-bounded Dirich-
let energies:

/ Vs dr = fB,« |Vu|? do B rfBT |Vu|? do faBr u2dH !
B, T - rntl - f(’)BT u2 d%n—l rnt2

(4.1)
< N(ryu)H(1) < N(1,u) H(1). (4.19)
Therefore, for every infinitesimal sequence of radii 7, | 0 there exists a subsequence
i 4 0 such that w, , — ug in L*(By).
Note however that (4.2) is not enough to deduce that there exists a limiting function
up which is not identically 0. As an application of the epiperimetric inequality and the

related decay of the energy in Proposition 4.3 we can deduce that this is actually the
case for every such limiting profiles ug.

4.6. Proposition (Nondegeneracy). Let u € H'(B1) be a solution to the Signorini
problem and assume that 0 € I's),(u). Then there exists a constant Hy > 0 such that

H(r)> Hor"™ VOo<r<l1. (4.20)

PROOF. The starting point is the computation of the derivative in (A.4):

d <1O H(r)) _ D) 3 _ 2

— L= Wa(r). 4.21
dr rnt2 H(r) r H(r) (T ) (4.21)
Let v > 0 be the constant in Proposition 4.3 and let ¢ = 7/2 in Lemma A.2. Then by
using (4.11) and (4.2) in conjunction we infer from (4.21) that there exists a constant
C = C(v) > 0 such that

d H(T) v/2—1
W(logrnJrz)SCr 2 V0 <r<ro, (4.22)

where g = ro(€) > 0 is the constant given by Lemma A.2. Integrating this differential
inequality we get that the function
H{(r)
T"+26%M/2
is nonincreasing. In particular we conclude that

H(T) = lim M =: Hy, (4'23)

r—0 pn+2eCr/2 r—0 pnt2

and for sufficiently small » > 0

H(T) > H(T) (1 _ Erw/z

Hy >
T2 B2 T pnd2 0

)>0 (4.24)
where we used the elementary inequality e* < ﬁ for x > 0 sufficiently small. By the

monotonicity of the function g,(fg) proven in Lemma A.2 we then conclude. O

Note now that by (4.20) we then deduce that

/ Ug d%n71 Z Ho.
0B1
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Therefore, since from (4.19) we also deduce the convergence of the traces of u, on 9By,
we finally get that

/ uddH" ' > Hy >0
9B
for every limiting profile ug, thus showing that ug # 0.

4.7. Uniqueness of blowups. By compactness for every xg € I's,(u) and for every
infinitesimal sequence 7, | 0 there exists at least a subsequence (in the sequel not
relabeled) such that w0 — ¢ in the weak topology of H'(B;) for some ug® € H*(By)
nontrivial function. These limiting functions ug°® are called in the sequel blowups of u
at the point xg
It is very simple to show that u(° are solutions to the Signorini problem. Moreover
ug® is 3/2-homogeneous, i.e. x - Vuj® — 3us® /2 = 0. Therefore, from the classification
result in [3, Theorem 3] we infer that ug® € J4,.
A key ingredient of the analysis of the free boundary we are going to perform is to
show that
(i) the blowup ug to a solution of the Signorini problem is actually unique, meaning
that the whole sequence u, — ug in L?(By) as r — 0,
(ii) there is a rate of convergence of the rescaled profiles to unique limiting blowup.
This is now an easy consequence of the epiperimetric inequality and it is shown in
the next proposition.

4.8. Proposition. Let u be a solution to the Signorini problem and K CC Bj.
Then there exist a constant C' > 0 such that for every xo € I'sj,(u) N K

/ [ufo —uZo| dH" L < Cr"? for all 0 < r < dist(K,dB), (4.25)
0B,

where v > 0 is the constant in Proposition 4.5. In particular, the blow-up limit uy at
To 1S UNLQUE.

PROOF. Arguing as in the proof of Proposition 4.3 it is enough to show (4.25) for
0 € T's/,(u) and for a constant C' > 0 which depend only on the L? norm of u and on
its Dirichlet energy.

Let 0 < s < r < 1o be fixed radii with 7y the constant in (4.4) such that the
epiperimetric inequality can be applied. We can then use the formula (4.15) to compute
as follows:

r 3
/ [u, — ug| dH™ ! < / / t_l‘Vut v — fut’dtd";'-["_l
9B, oB1 Js 2

T
1 3
§«/nwn/ '/ (t_l/ ’Vuyu—fut
s 0B1 2

(4.15

) r d i)
< ,/nwn/ t_1/2<—W3/2(t,u)) dt
. dt

< Vnw, log (T) (W o (r,u) — Wap(s, u))l/Z. (4.26)

S

2 1/2
dH"‘1> dt

By (4.11) and a simple dyadic argument (applying (4.26) to s = 7/2 = 27% for k € N
sufficiently large) we easily deduce that for every 0 < s < r < rg

/ |ty — us| dH™ ! < Cr
OB,
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for a constant C' > 0 which in turn depends only on the constants in Proposition 4.3.
Sending s to 0 and eventually changing the value of the constant C', we then conclude
the proof of (4.25). O

4.9. CYH* regularity of the free boundary I' 2~ In view of the uniqueness result
in Proposition 4.8 we are in the position to give a new proof of the C1'* regularity of
the part of the free boundary with least frequency.

4.10. Proposition. Let uw € H'(By) be a solution to the Signorini problem. Then
there exists a dimensional constant o > 0 such I's;,(u) is locally in Bj a Che regular
submanifold of dimension n — 2.

PrROOF. Without loss of generality it is enough to prove that if 0 € I's,(u) then
[sj(u) is a C1 submanifold in a neighborhood of 0. To this aim we start noticing
that by the openness of I's,(u) there exists s > 0 such that B, NT'(u) = Bs N sy (u).
Since for every xg € Bs N I's(u) the unique blowup of the rescaled functions (4.18) is
of the form

U™ = Ay he(ny) € A
for some \;, > 0 and e(zq) € S"~2.

We first prove the Holder continuity of z¢ +— A.,. To this aim we start observing
that, thanks to Proposition 4.3 and Proposition 4.6 we can further estimate (4.21) in
the following way

d H=(r) 2yt _
. (log 2 ) = T G Wi (r,u) < Cr? b ovr e (0,1). (4.27)
Notice that by the strong convergence in L?(Bj) of the rescaled functions it follows

that (
H*o(r)
2 _ .
Azg = Co Iy =25
for some dimensional constant ¢y > 0. Integrating (4.27) we can then deduce that
H*o(r)
7/.77,+2

co — A2, <Cr7 Vre(0,1). (4.28)

Notice moreover that for zo,yo € Bs NI's(u) and r = |z — Yo' 7% with 6 = 7/(1 ++)
it holds that

|t = e
9B1

1
<r*" / / |Vu(s(ac0 +rz)+ (1 —s)(yo + r:c))| lyo — xo| ds d’H"il(x)
aB; Jo

< Cr~tyo — x| < Clyo — 0|’ (4.29)

Therefore we can conclude that for r = |z¢ — yo|' =% with & = 7/(1 + ) it holds that

H®o(r) H®o(r)  HY(r) HvYo(r)
|>‘I0 - >‘90| < ey = Co nt2 ’ + CO‘ 2 pnt2 ’ ‘ 07 mt2 — "Wo
<Cr"+C |(uf°)2 - (uf{")z‘ dH" 1!
OBy

<Cr'+C / |ufe — uo| dH™ ! < crl (4.30)
OB
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where we used the uniform L> (actually C"'/2) bound on u®° for every o € s/, (u)N By
(cp. Appendix A for more details).
By Proposition 4.8 and a similar computation we can show that

/ ug® — ud’| dH" T < / luge —ure| dH™! +/ 20 — u¥o| dH"
631 831 aBl

+ / e — ufe| dH" !
831

(4.25) & (4.29)
< Cr'? 4 Clag —yol® < Clao —wo|"?  (4.31)

Note finally that there exists a geometric constant C' > 0 such that

e(0) = ()| <€ [ [hutay) = hug | 077

Therefore from (4.30) and (4.31) we easily deduce that

le(z0) — e(yo)| < C'|zo — yo| /. (4.32)

Next we show that the vectors e(zy) do actually encode a geometric property of the
free boundary. To this aim we introduce the following notation for cones centered at
points xg € I's,(u): for any € > 0 we set

CE(zo,¢) == {z € R"! x {0} : £(z — w0, e(z0)) > €|z — z0|} .

The main claim is then the following: for every € > 0, there exists d > 0 such that, for
every 2o € I's,(u) N By,

u>0 on CT(xg,e)N Bs(xo), (4.33)
u=0 on C (xg,&) N Bs(xo). (4.34)

For what concerns (4.33) assume by contradiction that there exist z; € I's;,(u) N Bs,
with z; — zg € I's;, ()N B.y, and y; € CF(x;,€) with y; —x; — 0 such that u(y;) = 0.

By the C'/2 regularity of the solution, (4.25) and (4.31), the rescalings u;/ with
rj = |y;—x;|, converge uniformly to u;°. Up to subsequences, by the Hélder continuity
of the normals proved in (4.32) we can assume that r;l(yj —xz;) = z € CT(mg,e)NS" !
and by uniform convergence (cp. the Appendix A) ug°(z) = 0. This contradicts the
fact that zo € I's),(u) and ug® > 0 on C*(z9,¢). Clearly, the proof of (4.34) is at all
analogous and the details are left to the readers.

We can now easily conclude that I's;,(u) N Bs, is the graph of a function g, for a
suitably chosen small p; > 0. Without loss of generality assume that e(0) = e,,—1 and
set

g(z’) :=max{t R : (2/,£,0) € A(u)}

for all points 2’ € R"~2 with |2/| < §v/1 — 2. Note that by (4.33) and (4.34) this
maximum exists and belongs to [—£d,£6]. Moreover u(z’,t,0) = 0 for every —ed <
t < g(2’) and u(a’,t,0) > 0 for every g(z’) < t < £4. Eventually, by applying (4.33)
and (4.34) with respect to arbitrary e, we deduce that g is differentiable and in view
of (4.32) we can conclude that g is O regular for a suitable o > 0. O
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APPENDIX A.

In this section we recall few known results concerning the solutions to the Signorini
problem, which are mainly contained in the references [2, 3, 10, 14].

A.1. Frequency function. We recall the definition of frequency function: for zy €
I'(u) and 0 < r < 1 — |zo]
rfBT(IO) |Vu|? dx

N®o (T? ’LL) : 02 dHn71 ’

faBT(:vo)
if ulap, (z0) Z 0 (note that u|sp, (z,) = 0 if and only if u|p, = 0).

As proven in [3] the function (0, dist(zg,0B1)) 3 r — N®°(r,u) is nondecreasing for
every o € Bf. The proof of this statement is an immediate consequence of (4.8), (4.9)

and (4.10): without loss of generality we can assume 2o = 0 and compute
N'(r,u) 1 D'(r) H'(r)

N(r,u) r  D(r) H(r)

) Jop, (Vu-v)2dH=t [ o uVu-vdH" -0
N faBruVu-de"—l B faBTUQd’H”_l -7

(A1)

where the last inequality follows from the Cauchy—Schwartz inequality. Since infimum
of a sequence of decreasing functions, the map zg — N*° (0%, u) turns then out to be
upper-semicontinuous.

Analyzing the case of equality in (A.1) is important for later applications: it is clear
from the Cauchy—Schwartz inequality that N(r,u) = & for some x € R if and only if u
is k-homogeneous, i.e. x - Vu — ku = 0.

As a consequence of the monotonicity of the frequency function we also can prove
the estimates (4.1) and (4.2), that we restate for readers’ convenience.

A.2. Lemma. Let u € H'(By) be a solution to the Signorini problem and assume

that 0 € Ts;,(u). Then the function (0,1) > r 7{{1(13 is nondecreasing and in particular

H(r) < H1)r™? Vo<r<l, (A.2)
and for every € > 0 there exists ro(e) > 0 such that
H
H(r) > nJ(rZi)E rTIE V0 <r < 1. (A.3)
To

PrOOF. We start computing the following derivative:

d H(r) D(r) 3

— |1 =2 - —. A4

dr ( ) pnt+2 ) H(r) r (A4)
As an immediate consequence of the monotonicity of the frequency N(r,u) >
N(0F,u) = 3/2 we deduce that (log f{fﬁ) > 0 from which (4.1) clearly follows.

Similarly, by the monotonicity of the frequency function, for every € > 0 there exists
ro = ro(€) > 0 such that

3
N(r,u) SN(Oﬂu)—i—%: ;—E

VO<r<rg.

Therefore we infer from (A.4) that

d H(’l”) 2 3 3
— — — [ < - VY
T(logrn 2) r(N(T‘,u) 2) r 0<r<rg,
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and integrating this differential inequality (4.2) follows at once. O

A.3. Optimal regularity. Finally we recall the optimal regularity for the solution
to the Signorini problem proven in [2].

A.4. Theorem. Let u € H'(B;) be a solution to the Signorini problem. Then,
u € 01’1/2(3172) and there exists a dimensional constant C > 0 such that

(1]
(2]

(3]
(4]
(5]
(6]
[7]
(8]

(9]

(10]

(11]

12
13
[14]
[15]
[16]
[17

(18]

lallenseaty < Cllullzea)- (A.5)
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