GLOBAL LIPSCHITZ CONTINUITY
FOR MINIMA OF DEGENERATE PROBLEMS

PIERRE BOUSQUET AND LORENZO BRASCO

ABSTRACT. We consider the problem of minimizing the Lagrangian [[F(Vu)+ f u] among functions
on Q C RY with given boundary datum ¢. We prove Lipschitz regularity up to the boundary for
solutions of this problem, provided 2 is convex and ¢ satisfies the bounded slope condition. The
convex function F' is required to satisfy a qualified form of uniform convexity only outside a ball

and no growth assumptions are made.
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2 BOUSQUET AND BRASCO

1. INTRODUCTION

1.1. Aim of the paper. Consider the following variational problem arising in the study of optimal
thin torsion rods (see [1])

min / [F(Vu) - )\u} dzx.
ueW,?(Q) JQ

Here € is a bounded open set of R?, A € R and the function F is given by
|21, if 2] <1,

(1.1) F(z) =
1\z|2+1 if |z > 1.

2 2’

By the direct methods in the Calculus of Variations, this problem admits at least one solution wu.
The regularity of u is obviously limited by the singularities and degeneracy of F. In this respect,
observe that F' is non differentiable at 0 and the Hessian of F' degenerates at any point of the unit
ball.

When 2 is a disc centered at the origin, one can prove that this solution is unique, radial and
Lipschitz continuous. The main purpose of this paper is to establish that such a regularity property
remains true in a more general framework. Notably, we merely assume that the domain Q@ ¢ RY
is convex (here N > 2) and we replace the parameter A\ by a generic function f € L*(2). We also
allow for more general boundary conditions. Most importantly, we consider singular and degenerate
Lagrangians, which may have a wild growth at infinity. Given such a convex function F' which may
be singular and/or degenerate inside a ball, we thus consider more generally the following problem:

(P) min {f(u) ::/Q [F(Vu) +fuldr :u—gpe WOI’I(Q)}.

1.2. A glimpse of BSC condition. In order to neatly motivate the study of this paper and
explain some of the difficulties we have to face, let us start by recalling some known facts about
Lipschitz regularity. One of the simplest instances of problem (Fp) is when f =0 and F is strictly
convex. This substantially simplifies the situation since then:

(1) a comparison principle holds true, i.e. if u and v are two solutions of (F) in ¢ + Wol’l(Q)
and ¢ + WOI’I(Q) respectively and ¢ < 9 on 0f2, then v < v on € as well. This statement
can be generalized to the case when F' is merely convex but superlinear, see [9, 33];

(2) every affine map v : z — ((,z) + a is a minimum.

The strict convexity of F' also implies the uniqueness of the minimum. From the second observation
above, it thus follows that when the boundary datum ¢ is affine, ¢ is the unique minimum. In
particular, it is Lipschitz continuous. In contrast, when ¢ is assumed to be merely Lipschitz
continuous, such a regularity property can not be deduced for a minimizer: even if F(Vu) = |Vu/|?
and €2 is a ball, the harmonic extension of a Lipschitz function ¢ : 92 — R is not globally Lipschitz
in general (see [8] for a counterexample), but only Holder continuous (see e.g. [2, 5]).

These observations led to consider boundary data satisfying the so-called bounded slope condition.

Definition 1.1. Let Q be a bounded open set in RY and K > 0. We say that a map ¢ : 9Q — R
satisfies the bounded slope condition of rank K if for every y € 09, there exist (, C;' € RY such
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that [ [,[¢;7| < K and

(1.2) oY) + (¢ z —y) < p(x) < p(y) + <Cy+, r—1y), for every x € 0S).

Equivalently, ¢ satisfies the bounded slope condition if it coincides with the restriction to 9€) of
a convex function ¢~ and a concave function ¢, see Lemma 2.3 below.

Remark 1.2. We recall that whenever there exists a non affine function ¢ : Q) — R satisfying
the bounded slope condition, the set € is necessarily convex (see [23, Chapter 1, Section 1.2]).

When F' is convex and f = 0, the bounded slope condition implies the existence of a Lipschitz
solution to (Fp), see [34, Teorema 1.2] or [23, Theorem 1.2]. The proof relies in an essential way
on the two properties (1) and (2).

When f # 0, these two properties are false in general and the above approach must be supple-
mented with new ideas. Stampacchia [40] considered Lagrangians of the form F(Vu) 4+ G(z,u) for
some function G : 2 x R — R satisfying suitable growth conditions (see also [28]). For bounded
minima, there is no loss of generality in assuming that G(x,u) has the form f(z)u, see Section 5.
In the following, we shall thus make this restriction.

In this case the bounded slope condition can still be exploited to obtain a Lipschitz regularity
result when F is uniformly convez, in the following sense: F is C? and there exists p > 0, 7 > —1/2
such that for every z,& € RV,

(1.3) (D*F(2)€,€) > p(1+ |2])7 €.

In this framework, if € is uniformly convex (see Definition 2.2) and f € C°(€2), then in [40] it is
proven that every solution of (Fy) is Lipschitz continuous. In Stampacchia’s proof, the uniform
convexity of F' is used in a crucial way to compensate the pertubation caused by the lower order
term f(z)wu. In this respect, we point out that when f is a constant map and F is isotropic', it is
possible to consider a more general class of functions F, see [18].

1.3. Main results. We now describe our contribution to the regularity theory for degenerate and
singular Lagrangians which are uniformly convex at infinity. We first detail the uniform convexity
property that will be considered in this paper. In what follows, we note by Br the N —dimensional
open ball of radius R > 0 centered at the origin.

Definition 1.3. Let ® : (0, 4+00) — (0,400) be a continuous function such that
(1.4) lim ¢ ®(t) = +oo.

t——+o0

We say that a map F : RN — R is ®—uniformly convex outside the ball Br C RV if for every
2,2 € RN such that the segment [z, /] does not intersect Bg and for every 6 € [0, 1]

(1.5) FOz+(1-0)2)<0F(2)+(1—-0)F(¢) - %0(1 —0) @ (|z| + |7']) |z — 22

If the previous property holds with ® = u for some constant p > 0, we say that F' is u—uniformly
convez outside the ball By C RV,

The following is the main result of the paper:

IBy this, we mean that F'(z) = h(|z|) for some convex function h.
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Main Theorem. Let Q C RN be a bounded convex open set, ¢ : RN — R a Lipschitz continuous
function, F: RN = R a conver function and f € L>(Q2). We consider the following problem

(Py) inf{f(u) ::/Q [F(Vu) +fuldr i u—gpe WOI’I(Q)}.

Assume that @|aq satisfies the bounded slope condition of rank K > 0 and that F is ®—uniformly
convex outside the ball Bg, for some R > 0. Then problem (Pg) admits at least one solution and
every solution is Lipschitz continuous. More precisely, we have

[ull oo (@) + VUl oo () < L= LN, @, K, R, || f|| Lo (), diam(£2)) > 0,
for every solution u.
Some comments on the assumptions of the previous result are in order.

Remark 1.4. Observe in particular that we allow for Lagrangians which are not necessarily C'.
Moreover, we do not assume any growth condition from above on F' at infinity. For example, the
previous result covers the case of

N
(1.6) F(z) = p (|2]" - +lezlpl or  F(z)=p (2| =L+ lal™,
=1

where £t >0, >0,p>1land 1 < p; <--- < py without any further restriction. On the contrary,
the case p = 0 is not covered by our result, not even when p; = pa = --- = py (see the recent paper
[3] for some results in this case). Of course, many more general functions F' can be considered, not
necessarily of power-type: for example

F(z) = (2] = 0)+ [log(1 +[2])]",

with 6 > 0 and p > 1 fulfills our hypothesis. The case p =1 is ruled out by condition (1.4).
Finally, the domain  is convex (this is implicitly implied by the bounded slope condition), but
not necessarily uniformly convex nor smooth.

1.4. Steps of the proof. The first step of the proof is an approximation lemma which is new in
several respects. Given a bounded open convex set Q and a function ¢ : RV — R which satisfies
the bounded slope condition of rank K for some K > 0, we construct

e a sequence of smooth bounded open convex sets Q0 D Q converging to €2 (for the Hausdorff
metric);

e a sequence of smooth functions ¢ which satisfy the bounded slope condition of rank K +1
on €y, such that ¢ = ¢ on 0.

This construction relies on some properties of the bounded slope condition that were initially dis-
covered by Hartman [26, 25]. In addition, we approximate the function F' satisfying the ®—uniform
convexity assumption (3.1) by a sequence of smooth functions which are uniformly convex on the
whole RY. We are thus reduced to consider a variational problem (P) for which the existence of
a smooth solution uy is well-known. The goal is to establish regularity estimates on w, which are
independent of k.

The second step is the construction of suitable barriers for the regularized problem (Py). Here
the bounded slope condition plays a key role. This approach is quite standard but we have to
overcome a new difficulty with respect to [40]: the stronger degeneracy of the Lagrangian. This is
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handled by introducing new explicit barriers adapted to this setting. From this construction, we
deduce a uniform bound on
luk |l oo () + [[Vurll oo 90,
In the third step of the proof, we obtain an estimate on the Lipschitz constant of u;. The method
that we follow is classical in the setting of nonsmooth Lagrangians, which do not admit an Euler-
Lagrange equation. We compare a minimum w« with its translations, namely functions of the form
u(-+7), 7 € RY. Once again, we have to cope with the degeneracy of the higher order part F' of
the Lagrangian, in presence of a term depending on = and w. The main idea in [40] was that the
uniform convexity of F' could be used to neutralize the lower order term f(z)u. In our situation,
this is only possible when |Vu| > R. On the set where |Vu| < R instead, the gradient is obviously
bounded almost everywhere, but this does not imply that the function w is Lipschitz continuous
there, since we have no information on the regularity of this set.
Once a Lipschitz estimate independent of k is established, it remains to pass to the limit when
k goes to oo in order to establish the existence of a Lipschitz solution to the original problem
(Psp). Since F is not strictly convex in general, this is not sufficient to infer that every minimizer
is a Lipschitz function. In order to conclude the proof, we use that the lack of strict convexity is
“confined” in the ball Bg, thus the Lipschitz regularity of a minimizer can be “propagated” to all
the others (see Lemma 2.8).

1.5. Comparison with previous results. In order to handle the Lagrangian F given by (1.1), an
entirely different approach could have been followed. Indeed, such an F' has a Laplacian structure
at infinity, i.e. for every £ € RN

(D?F(2)€,6) ~|¢]*,  for [z[ > 1.

Instead of exploiting the properties of the boundary condition ¢, one can rely on the specific
growth property satisfied by F' and prove a Lipschitz estimate by using test functions arguments
and Caccioppoli-type inequalities.

It is impossible to give a detailed account of all the contributions to the regularity theory of
(local) minimizers of Lagrangians having more generally a p—Laplacian structure at infinity, i.e.
such that for every ¢ € RV

(D2F(2)€,6) =~ |72 ¢, for |z[ > 1.
We cite the pioneering papers [10, 21, 38]. More recently, many studies have been devoted to this
subject, see for example [6, 12, 7, 14, 15, 17, 30] and [39]. Among the many contributions on the
topic, we wish to mention the paper [19, Theorem 2.7] by Fonseca, Fusco and Marcellini. Here
the Lagrangian has the form F(z, Vu) and is assumed to be p—uniformly convex at infinity in the
following sense: there exist p > 1, u > 0 and R > 0 such that for every &,¢ € RY \ By and for
every 0 € [0,1],

(L7)  Fle.6z+(1-0)2) <OF(r,2)+(1-0) F(a,2) = $0(1=0) (2] + |}l = &'
Observe that when F is C?(R"), condition (1.7) coincides with (1.3) for every z € RV \ Bp. In
addition, F'is assumed to have p—growth, i.e.

(1.8) 0< F(2,§) <LO+[g),  geRY.

Then [19, Theorem 2.7] shows that every local minimizer is locally Lipschitz continuous. Observe
that this holds for local minimizers, thus no regular boundary conditions ¢ are needed. In particular,
this kind of result can not be deduced from our Main Theorem.
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On the other hand, such a result is less general for two reasons: first of all, condition (1.7) is
more restrictive than our (1.5), since it corresponds to the particular case ®(t) = pt?~2; more
importantly, we do not assume any growth condition of the type (1.8) on F.

It should be pointed out that the technique of [19] can be pushed further, by weakening (1.8)
and replacing it by a ¢g—growth assumption, i.e.

0< F(z,§) <L(1+[¢)9,  ¢eRY,

with ¢ > p, see for example [13, Theorem 1.1]. But still in this case, some restrictions are necessary:
namely a condition like ¢ < (1 + Cx)p is required. Indeed, for ¢ and p too far away, well-
known examples show that local minimizers could be even unbounded (see [20, 32] or [29] for a
counterexample and [11, 16, 31] for some regularity results on so-called (p, q) growth problems). In
particular, with these methods it is not possible to consider Lagrangians like (1.6). As for global
regularity, though not explicitely stated in [19] or [13], we point out that the results of [13, 19] can
be extended (as done in [6] for the Neumann case) to Lagrangians of the form F(Vu) + f(z)u,
provided  and the boundary datum are smooth enough.

1.6. Plan of the paper. In Section 2 we introduce the required notation and definitions. We recall
some basic regularity results that will be needed throughout the whole paper. We also establish
a new approximation lemma for a function ¢ which satisfies the bounded slope condition (this is
Lemma 2.5). Then in Section 3 for the sake of completeness we show that problem (Pg) admits
solutions. The proof of the Main Theorem is then contained in Sections 4 & 5 : at first we show the
result under the stronger assumption that F' is pg—uniformly convex everywhere; then we deduce
the general result by an approximation argument. Finally, Section 6 considers the case of more
general functionals, where the lower order term f(z)w is replaced by terms of the form G(x,u). A
(long) Appendix containing some results on uniformly convex functions complements the paper.

Acknowledgements. We warmly thank Guido De Philippis for pointing out a flaw in a preliminary
version of this paper. Part of this work has been written during a visit of the first author to Marseille
and of the second author to Toulouse. The IMT and I2M institutions and their facilities are kindly
acknowledged.

2. PRELIMINARIES

2.1. The bounded slope condition and approximation of convex sets. We already recalled
in Definition 1.1 the bounded slope condition. For a detailed account on the history of such a
condition, we refer the reader to [23, Section 1.6]. Here we just mention a handful of pioneering
papers, such as [24, 36, 37] and in a non variational framework [27].

As observed by Miranda [34] and Hartman [26], there is a close relationship between this condition
and the regularity of ¢. For example, we recall the following result contained in [26, Corollaries
4.2 & 4.3].

Proposition 2.1 ([26]). If Q C RY is a OV open bounded convex set and ¢ satisfies the bounded
slope condition, then ¢ is CYY. If in addition Q is assumed to be uniformly convex, then the
converse is true as well, i.e. if p is OV, then it satisfies the bounded slope condition.

Here, the uniform convexity of €2 is defined as follows:

Definition 2.2. An open convex set Q C RY is said uniformly convez if the following property
is verified: there exists a constant ¢ > 0 such that for every z € 0f), there exists a normal vector
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vy € Sq(x) such that for every y € Q
(2.1) (Vgyz — 1) > clz —y|

In this section, we indicate how one can approximate a convex set €2 by a sequence of smooth
convex sets while preserving the bounded slope condition of a boundary map ¢ : 922 — R. We first
introduce some notation: given an open and bounded convex set Q C RY, we introduce the normal
cone at a point x € OS2 by

No(x) = {5 eRY : sup 6,y —a) < o}.
yeQ
We also set
Sa(z) ={& € Na(z) : [£] =1}.
Finally, given g € 2 we introduce the gauge function of () centered at xo by
Jug(z) =mf{A >0 : 2z —z€A(Q—z0)}.

This is a convex function such that j;, o(zo) = 0 and j,o(x) = 1 if and only if z € 9Q. It is
positively 1—homogeneous in the following sense: for every ¢t > 0

(2.2) Jzo.0(t (x — 20) + o) =t juy.0(x), xRV,
Moreover, this is a globally Lipschitz function, with Lipschitz constant given by

1
dist(zg,00Q)"

We present a characterization of functions satisfying the bounded slope condition.

Lemma 2.3. Let Q C RY be an open bounded convex set. If ¢ : 0Q — R satisfies the bounded
slope condition of rank K, then there exist two maps o~ : RV - R, ot : RV — R such that:
(1) ¢~ and ¢t are (K + 1)— Lipschitz continuous, p~ 1is convex, p* is concave and
¢ oo = ©"laq = ¥;
(2) Q={zeRN:pM(z) > ¢~ (2)}, 00 ={z e RN : o () = o~ ()} and there exists B > 0
depending on §2 only (see Remark 2.4 below) such that for every s > 0,
(2.3) {zeRY o (2) < pT(x) + s} C {zeRN : dist (z,9Q) < Bqs}.

Conversely, if a convex map ¢~ : RN — R agrees with a concave map ¢t : RV — R on the
boundary of 2, then ¢ 1= ¢~ g = <p+|89 satisfies the bounded slope condition of rank K, where K

is a common Lipschitz constant for o~ and o on Q.

Proof. Assume first that ¢ : 02 — R satisfies the bounded slope condition of rank K. For every
y € 09, there exist ¢, (?j € RV as in Definition 1.1. We then define

@o (x) = sup lo(y) + (¢, x— )], and  @f (z) = Jnf, lo(y) + ¢z — )] -

Then ¢, and gaar are K —Lipschitz continuous, the former is convex, the latter is concave and they
agree with ¢ on 9€2. This implies that

o5 > py on and ot <y on RV \ Q.
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If we now define
o (2) = 9; () + dist(0,09) (Jupal(z) — 1),
and
(@) = ¢ (@) + dist(z0,092) (1= Jup.0(@)),
these two functions have the required properties, thanks to the properties of the gauge function
(see Figure 1 below).

FIGURE 1. The construction of the functions ¢ and ¢~ : we simply add the two
cones to the functions @3 and ¢, respectively.

We proceed to prove? (2.3). Let 2 € RV \ Q be such that
¢ () <" (2) +5,
that is
@y (x) + dist(xg, 082) (jxo,g(:t:) - 1) < ¢ (z) + dist(zo, 0Q) (1 - jx(),Q(l')) + s.

Since on RV \ © we have Yy = cpa“ , then from the previous inequality we get

dist(zg, 0) (jxojg(x) — 1) < dist(zg, 09) (1 — jxo,g(x)> + s,

that is
s

.1: aj < 1 .
J o,Q( ) - 2dist(x0,3Q)
From (2.2), for x € RN \ Q we get

jon <—+> _1 thatis S0 4o o0,
’ ]xo,Q(x) ]mO,Q(:E)
Thus we can infer
. T — Xo |z — x| .
dist(z,00) < |z (ij’Q(x) + :L'0> = io(@) 11— juo.0()]
S —_—
= <ir€1%§ o - y|> 2 dist(zg,0Q) fas,

2We point out that the gauge functions are used to guarantee property (2.3).
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which gives (2.3).
We now prove the converse. Assume that there exist a convex function ¢~ : RV — R and a
concave function ¢T : RV — R agreeing on 99 and let ¢ := ¢~ |9q = ¢ T |sn. For every y € 99, let
¢, € 0¢p~(y) and (S € —0(—¢")(y). Then for every x € 09,
e(y) + (¢ —y) < p(x) <py) + (G z —y).

Moreover, if o~ and ¢* are K—Lipschitz on Q, then |¢,/| < K and [¢f]| < K. O
Remark 2.4. In view of the above proof, in the previous result one can take
1 maxyeon oo — gl

2 minyepn |zo —y|

By suitably choosing the point x¢ € 2, we can then suppose that 5o depends on €2 only through
the ratio between its diameter and inradius (this quantity is sometimes called eccentricity).

Ba

We proceed to describe the approximation of a bounded convex set by a sequence of smooth
bounded convex sets that we will use in the sequel. Actually, the approximating sets can be chosen
uniformly convex.

Lemma 2.5. Let Q C RN be a convex bounded open set and let ¢ : Q2 — R satisfy the bounded
slope condition of rank K.
Then there exists a sequence {Qx}ren C RY of smooth bounded uniformly convex open sets, a
sequence of (K + 1)—Lipschitz functions o : RN — R such that
i) Q € Qy for every k € N and we have the following
8
diam Qj < diam € + gg

lin Q Q=0
) k 1 ‘ k\ | )
and

2.4 li i —4'll =0:
(2.4) Gl | max min [y -yl =0;

i) Yrloq, is smooth and satisfies the bounded slope condition of rank K + 2;

i11) @p coincides with ¢ on 0NQ.

Proof. Let o=, ¢t : RY — R be the two functions given by Lemma 2.3. We consider {p.}.~0 C
C3°(B:) a sequence of standard mollifiers. We define

1

R e [ e

]{;,
Of course, the first function is convex, while the second is concave. Since ¢, " are (K +
1)—Lipschitz, for every z € RV,
1

(25) Y@+ e <o @< ep@or and g - o <o) <) - o

Let zg € Q. Since the function

1
v =y (o) =y (@) + 5 o —xol?,

2 k diam(2)



10 BOUSQUET AND BRASCO

is uniformly convex, for every k € N\ {0} there exists oy € (0,1/k) such that the set

1
o N .+ - 2
is smooth and uniformly convex®. By (2.5) and the fact that ¢t > ¢~ on Q, we have for every
reQ
1

1 9 N 1 ) .
—_— [ — < T S PO <
S diam(a [© 720l S Ve (@) - L gz 1 T ol S v (@),

and thus Q C Q. Moreover,

(2.6) Q C {ZL‘ eRYN : o (z) < ot (z) + :}

Wy, ()

Hence, by using property (2.3) of Lemma 2.3 with s = 4/k we have
8 Ba
k )
where fBq is the same constant as before. We now estimate | \ Q|. By (2.6),

diam 0, < diam Q +

%\ QC {ﬂc eRY ot (x) <o (z) < <p+(x)+:}.

It follows that
limsup [ \ Q| < [{z € RY : o™ (2) = ¢~ (2)}] = 09,
k—+o00
and the last quantity is 0, by convexity of Q. Hence, limy_, o | \ ©| = 0 as desired.

In order to prove (2.4), let us argue by contradiction. Then there exist » > 0, a subsequence
{kn}nen diverging to oo and y,, € 9 such that for every n € N

y,é%glk ‘yn - y/’ Z T,
n

that is, such that for every n € N
lyn —y/| >, for every y' € 0Qy,,.

The previous implies that B,(y,) C O, for every n € N, thus we have!
w
[0, \ Q= |B(ya) \ O] = 7oY.

where in the last estimate we used the convexity of 2. The previous estimate clearly contradicts
the fact that |Q \ Q| converges to 0.

We now define @y, by
pr =max{p", ¢}

31t is not difficult to see that if ¢ : RY — R is a smooth uniformly convex function, then for every o > inf ¢ the
sublevel set

{z eRY : o(z) < a},
defines a smooth convex set, which verifies (2.1).
4We denote by wx the volume of the N —dimensional ball of radius 1.
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Of course, ¢y, is (K + 1)—Lipschitz on RY. Since ¢ = ¢ = ¢~ > ¢, on 02, we have @5, = ¢ on
0f2. For x € 92, we use the fact that

1 1 1
90+(95)Slﬁ;(ﬂf)_ﬁ:T/Jiz(f)—akﬂLm’x_%‘Q_ﬁ<¢1;(95),

to get ¢p = 1, on 9. In particular, ©r|aq, is smooth and satisfies the bounded slope condition
of rank K + 2 for k sufficiently large. Indeed, we have

1
o _ + 2
Prloo, = ¥y loa, = (wk + oy, — % diam ()7 |z — o] ) loca.»

thus can we use the second part of Lemma 2.3 with the last two functions. This completes the
proof. O

Remark 2.6. Since Q; D Q, it is not difficult to see that (2.4) is equivalent to say that Qj is
converging to Q with respect to the Hausdorff metric. Indeed, we recall that for every Eq, By C RY
the latter is given by

dy(Eq, Ey) = max { sup dist (x, Ey), sup dist(y, Eq) ¢ .
zeE; yEE,
If E5 C Eq, the previous reduces to

dy(E1, Ey) = sup dist (z, E2) = sup inf |z — 2|
z€E; zeE v'EE?

Moreover, if both F; and Es are bounded and convex, we can equivalently perform the sup /inf
on their respective boundaries.

2.2. Some auxiliary regularity results. The following standard result will be used in the sequel.

Theorem 2.7. Let © C RN be a smooth bounded uniformly convex open set, H : RN — R a
smooth uniformly convex function (i.e. it verifies (1.3) with 7 = 0) and h : O — R a smooth
bounded function. Let ¢ : 0O — R be a smooth map. Then there exists a unique minimizer u of

v»—)/ (Vo) —&-hv}dw

on Y+ Wol’Q(O). Moreover, u is smooth on O.

Proof. We first observe that by Proposition 2.1, the function ¢ satisfies the bounded slope condition.
Then by [40, Theorem 9.2], we have that the problem

min{/ H(Vv)dx—i—/ hvdz : U—Q,Z)GW&’OO(O)},
@ @

admits a solution u € W1 (), which is also unique by strict convexity of the Lagrangian in the
gradient variable. Then u satisfies the Euler-Lagrange equation

(2.7) / (VH(Vu), V) dx —I—/ hodr =0, for every ¢ € Wol’oo((’)).
(@ @

Thanks to the hypotheses on H and h and to the fact that Vu € L>®(Q), equation (2.7) still holds
with test functions ¢ € VVO1 ’1((9). Thus by convexity, u solves the original problem as well.
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By using (2.7), a standard difference quotients argument and the Lipschitz continuity of u, one
can prove that u € W22(0) and that any partial derivative u,, is a solution of a uniformly elliptic
equation with bounded measurable coefficients, i.e.

—div (D*H(Vu)Vug,) = hy,.
By the De Giorgi-Nash-Moser Theorem, it thus follows that u,, € C%*(0). By appealing to
Schauder theory, this implies that u is smooth on O, see [22, Theorem 9.19]. O

Finally, in the proof of the Main Theorem we will also need the following simple result.

Lemma 2.8 (Propagation of regularity). Under the assumptions of the Main Theorem, if u1 and
ug are two solutions of (Pg), then

|Vu; — Vug| < 2R, almost everywhere in €.

Proof. From the identity F(u1) = F(u2), the convexity of F and the minimality of u; and ug, we
easily infer that
Flur) =F <u1 ;W) :

Hence, for almost every z € 2,

F(WM@;Vw@>:;ﬂwmmHéFW”@»

Since F' is strictly convex outside Bp, this implies that either Vui(x) = Vug(z) or Vuy(z) and
Vug(z) both belong to Br. In any case, |Vuj(z) — Vug(x)| < 2R for almost every = € 2. This
concludes the proof. O

3. EXISTENCE OF MINIMIZERS

In this section, we prove that the minimum in (Pg) is attained, under the standing assumptions.
We begin by remarking a consequence of ®—uniform convexity.

Remark 3.1. Observe that if F' is ®—uniformly convex outside Bg, then for every &, & € RN such
that the segment [, £’] does not intersect Br and every ¢ € OF (§), we also have

1
(3.1) F() 2 F(&) +(¢.€ =€) + S (g + ¢ ¢ — €.
Here OF (&) denotes the subdifferential of F at the point £. Indeed, from (1.5) we get for 0 < 6 < 1
1
F(E+0(¢' —€) — F(&) <0 (F(€) ~ F(&)) = 501 —0) @(l¢] + ¢ I¢ — €1
then if ¢ € OF (§), by convexity of F' we have
1
0(¢.€ =€) <0 (F(g) = F(©) —50(1—0)0(¢| + I} 1§ — €%
By dividing by # and taking the limit as € goes to 0, we get (3.1).
We can now establish that F' is superlinear.

Lemma 3.2. Let F : RY — R be a continuous function, such that F is ®—uniformly convex
outside the ball Br. Then F is superlinear.
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Proof. We recall that by hypothesis F' satisfies (3.1), i.e. for every &, & € RY such that [£,¢] does
not intersect Br, we have

F(&) 2 FE) + (6.6~ &)+ 3 B(lel + 1) e — €

where ¢ € OF(¢'). Let £ € RN\ Bog and & = 2 R¢/|€|, by using the previous property, Cauchy-
Schwarz inequality and the continuity of F' we get
FE) _ 1 . 1 (1€ —2R)?
—=>-— | min FQRRw)—I[(|(|¢]—-2R)| +=P(¢|+2R) —+——,
e > g |Lmin, FRRw) = 11 (6l 2R)| + 5 0(e +2R) g
where the norm of ¢ € 9F (2 R{/[€]) can be bounded by ||V F[| e (p,y)- If we now use the assump-
tion (1.4) on ®, from the previous estimate we get that

F(€)
im —*
lelo+oo €]
which is the desired conclusion. O

= +OO,

We now prove an existence result for a problem having a slightly more general form than (Pg),
namely we consider functionals of the form

Flu) = /Q [F(Vu) + G(a,w) dr,
where GG : 2 Xx R — R is a measurable function which satisfies the following assumptions:
(3.2) u— G(z,u) is continuous for a.e. x € (2,
and there exist two functions g; € LV () and g9 € L'(Q) such that
(3.3) G(z,u) > —|ul |g1(x)| — |g2(z)], for a.e. z € 2 and every u € R.
We have the following existence result.

Proposition 3.3. Let Q@ C RY be a bounded convex open set and ¢ : RN — R a Lipschitz
continuous function. Let F : RN — R be a convez function, which is ®—uniformly convex outside
the ball B and G : Q@ x R — R a measurable function satisfying (3.2) and (3.3). Finally, assume
that there exists u, € ¢ + Wol’l(Q) such that

(3.4) / ‘F(Vu*) + G(z,uy)| dr < +00.
Q

Then the following problem

(3.5) inf {]—"(u) = / [F(vu) +G(a u)} dr : u—¢p e W (Q)} ,
Q

admits a solution.

Proof. By Lemma 3.2 we know that F'is superlinear. In particular, we get that for every M > 0,
there exists r = (M) > 0 such that for every ¢ € RV \ B,

(3.6) F(§) = Mg.
For every u € W11(Q) we thus get

F(Vu) > min {M Vul, r%inF}.
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From (3.3), it also follows that

G, u) > —lul |g1(x)] = |g2(2)].
Hence, we get that F(Vu) + G(z,u) is greater than or equal to an L*(Q) function. This proves
that the functional F is well-defined on the class ¢ + VVO1 ().

In order to prove that (3.5) admits a solution, we first observe that the functional is not constantly
+o00, since by (3.4) F(ux) < +00. By using Holder and Sobolev inequalities we get

/Q [ul lg1] d < llgrll vy (Sn IVullzaey + Sn IVl + Il v o)
< C1 llgill ey I Vullr @) + Ch,
for some C] = C1(N) >0 and Cy = C5(N, Q, [lg1ll L~ @), [@llw1(@)) > 0. In conclusion, we obtain

(3.7) /F(Vu) da:—i—/ G(g;,u)dxz/F(vu)d;c—c; o1l / V| dz — CY.
Q Q Q Q

with Cy = CY (N, Q, |91~ ) 1921l 21 (@), lellwri)) > 0.
We now take a minimizing sequence {u,}nen C ¢ + VVO1 1(€2), thanks to the previous discussion
we can suppose that

/Q [F(Vun) + G(x,un)} dx < C, for every n € N.
In particular, by using (3.7), for every n € N we get
(3.9) /QF(Vun) dz < C+ O g1l v /Q|Vun| da + Cl.
We now claim that the previous estimate implies
(3.9) /QF(Vun) dx < C, for every n € N,

for a different constant C' = C(N, [Ql, |91l L~ () [|92]l 1) [lollwr1 (), ) > 0. Indeed, if g1 = 0,
then there is nothing to prove. Let us suppose [|g1 |z~ (q) > 0. We now take

M =2C1 |91l v @)
we get,

M 1 M
Chlrln [ [Vunlde =5 [ (Vuldo <5 [ F(Tu)do+ 5 riol

By using this information into (3.8), we get the claimed estimate (3.9). Since F' is superlinear,
estimate (3.9) implies that {Vuy, }nen is equi-integrable ([35, Lemma 1.9.1]). Then Dunford-Pettis
Theorem implies that a subsequence of {Vu, }nen (We do not relabel) weakly converges in L' to
¢ € L'(Q;RY). By Rellich Theorem, we may also assume that the sequence {u, }necn is strongly
converging in L'(£2) to a function u. It is easy to see that u € WH1(Q) and Vu = ¢, since for every
Y € C§°(Q;RY) we have

/ udivey dr = lim / updivypde = — lim | (Vuy, ) dz = —/((ﬁ,@[}} dx.

Then w is admissible for the variational problem. By lower semicontinuity of the functional we get
the desired result. O
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4. A WEAKER RESULT: THE CASE OF H—UNIFORMLY CONVEX PROBLEMS

In this section, as an intermediate result we prove the following weaker version of the Main
Theorem. This will be used in the next section. The form of the Lipschitz estimate (4.1) below
will play an important role.

Theorem 4.1. Let Q C RN be a bounded convex open set, p : RN — R a Lipschitz continuous
function, F: RN — R a conver function and f € L>(Q)). We consider the following problem

(P,) min {f(u) ::/Q [F(Vu) +fuldr i u—gp¢€ Wol’l(Q)}.

Assume that ¢|gq satisfies the bounded slope condition of rank K > 0 and that F is p—uniformly
convex outside some ball Br for some 0 <y < 1.
Then every solution u of (P,) is Lipschitz continuous. More precisely, there exists a constant
Lo = Ly(N,K,R, HfHLoo(Q),dlam(Q)) > 0 such that
Lo
(4.1) [Vullpeo () < o

for every solution wu.

In order to neatly present the proof of this result, we divide this section into subsections, each
one corresponding to a step of the proof.

4.1. Step 0: a regularized problem. We will proceed by approximation. We consider a non-
decreasing sequence of smooth convex functions {Fj}ren on RY which converges uniformly on
bounded sets to F' and such that for every k£ € N

(4.2) (D?Fy(z)m,m) > ‘3% In|%, for every 2 € R™ \ Bgy; and every n € RY.

See Lemma A.4 in Appendix A for the existence of such a sequence.

We also introduce a sequence { fi, }ren C CS°(RY) which converges *—weakly to f in L°°(Q) and
such that for every k € N

(4.3) [kl oo mny < (I fllLoe) +1) =t A.
Finally, let {Q}ren and {g tren be as in Lemma 2.5. We then define

1
Fr(v) = Fk(Vv)dx—i—k/ |Vv|2dac+/Q frvde,
k,

Q Q

and consider the following problem
(Pog) min { F(u) + u - pr € W ()}

Existence of a solution to (P, ) follows from Proposition 3.3. Moreover, since the Lagrangian
is strictly convex in the gradient variable, such a solution is unique. We will denote it by uz €
YL + Wol’l(Qk). Observe that by Theorem 2.7, we know that wuj is smooth on €. We aim at
proving a global Lipschitz estimate independent of k.

Notation. In what follows, in order to simplify the notation, we denote the function u; by U and
the set U by O.
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4.2. Step 1: construction of uniform barriers. Without loss of generality, we can assume
that K + 2 (the rank given by the bounded slope condition, see Lemma 2.5) is also the Lipschitz
constant of ¢, on the whole RY (we only need to redefine ¢, outside 0O if necessary).

The proof of Theorem 4.1 is based on the method of barriers that we now construct explicitly.
In passing, we will also prove that minimizers of (P, ) are bounded, uniformly in k.

Proposition 4.2. With the previous notation, there exist a constant
Lo = Lo(N, K, R, || f|| Lo (), diam(Q2)) > 0,
and two (Lo /p)— Lipschitz maps £=, 07 : RN — R with the following properties:
(i) for the solution U of (P,y), for every x € O,
0 (z) <U(z) < 1 (2),
so that in particular U € L*°(O), with an estimate independent of k;
(ii) £~ =4t = pp on RV \ O.

Proof. We only give the construction for £, since the one for £t is completely analogous. Let
y € 00, we then take vo(y) the unit outer normal to O at y. Recall that by convexity of O

(vo(y),z —y) <0, for every x € O.
We introduce the function ay , defined by
apy(x) = {(2 diam(O) + (vo(y),z — y))2 — 4diam(0)?|.

Observe that this is a convex function such that

(4.4) Aapy =2, in O, aky <0in O and apy(y) = 0.
We also observe that by Lemma 2.5, up to choosing k sufficiently large, we can suppose that
(4.5) diam(Q) < diam(O) < diam(Q) + 1.

Finally, we define for z € RY,
Uy (@) = or(y) + Gy — y) + T any(z),
where ¢, is chosen as in (1.2) and

18 fR+K+3
T <++

o\ diam(Q)
Recall that A is the constant defined by (4.3) and that 0 < u < 1, by hypothesis. By construction
we have 1, (y) = ¢k (y) and ¢, is (Lo/p)—Lipschitz on O, with

+h+1).

(4.6) Lo =18 [4 <}Z;;f(g)3 +A+ 1> (diam(Q) + 1) + K + 2} .

In order to compute Lg, we also used that

(4.7) diam(Q) < [Vay,,(z)] = 2 ‘2 diam(0) + (vo(y), x — y)‘ < 4diam(Q) + 4,

which follows from the convexity of O and (4.5). Moreover, by (1.2) and (4.4), we have
Yy < ¥k, on 00.
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Let U be the minimum of (P, ;). By testing the minimality of U against the function max{U, v, }
we get

- . 1 2 —12
/{U<%} [Fr(VU) — Fi (V)] dx + k: /{U<wy} [|VU\ Vi, | ] dx

- _1U)d + (o — U) da.
S/{U«py}fk Wy = 1) mS/{U«py}fk Wy —U)de

By using convexity in the left-hand side of (4.8), we can estimate

(4.8)

_ - 1 2 1o |2
/{ oy [0~ BP0 /{ s (VU2 ~ 155 2] d

(4.9) > /{ U@f}(vm(wy—), VU - Vi) dx

2 _ _
= B T8 R
{U<epy }

By integration by parts,

9
/ (VE(VYy ), VU — Vi, ) da + = / (Vb , VU — Vi, ) da
{U<yy} k Jiw<y;y

- / div(VE(VY;) (¢ — U) da
{U<vy '}
2
“ AT (V7 — :
+kﬁk%}¢@wylnm

By noticing that V" = ¢ +T Vag,y with |Ckfy| < K 42, the definition of T" and the lower bound
in (4.7) imply

R+1<T|Vagy|— (K+2) <|Vi,|.
As a consequence of® (4.2) and by construction of ¥, , we have

N
div(VE(VE)) = Y D, Fr(Vey (2) D, by 2 42 Ay

(@)

ij=1

K K +
—FPrpg, =t TrsAr1> 1.
36 L Aaky =g T2 A+ 1=+

Hence,
/ div(VF(V) (b — U)da + 2 / AG; (0 — U) da
(U<vy} e kJoeyy 77

+ -
zLW%;n+wwylﬂm.

5If Sy and Ss are nonnegative symmetric matrices and X is the lowest eigenvalue of S1, then tr (S1 S2) > Atr (S2).
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In view of (4.9), we thus obtain

B 1
/{ oy [FOV0) = FT0) o /

[
{U<tpy '}

> [Ny -0
{U<yy'}
But (4.8) then implies
{U <y, } =0, ie.on O, U>1y.

We now define the map ¢~ as follows
sup ¢, (v), ifze 0,
- (.’E) _ yeoO

or(x), otherwise.

Since ¢~ coincides with ¢ on RN \ O, is (Lo/u)—Lipschitz and satisfies £~ (x) < U(z) for every
x € O, this map has the desired properties. O

4.3. Step 2: construction of competitors. We still denote by U a solution of (P, ;) and we
extend it by ¢ outside O. Let Ly be the constant appearing in Proposition 4.2. We pick a > (Lo /)
and 7 € RV \ {0} such that O N (O — 7) # . For every function 9, we denote

Yo(z) =@ +7), weRY
and we set
VYra(z) = r(x) — a|7], r RN,
Finally, we introduce the notation O; := O — 7 and consider the functional

1
Fior(w) = /O [F(Vw) + Vol + firw]de,  weWH(O,).

By a change of variables, we have the following.
Lemma 4.3. The map U, minimizes Fir on Ur o + Wol’l(OT).
In order to compare U and U, , on O N O, we will use the following result.
Lemma 4.4. With the previous notation, we have
Ura(z) <U(x), for a.e. z eRY\ (ONO,).

Proof. Let z € RN\ (O N O,) be a Lebesgue point of U and U,.
We first consider the case x ¢ O. By using U < £+ on RY | a > (Lo/p) and the (Lgo/p)—Lipschitz
continuity of /T, we get
L L
U@) = pr(@) = ((x) 2 £ (@) = 2|7l = Ur (@) = ~217] = Urala).
If v ¢ O, we use U > £~ on RY to get
_ _ Ly Ly
Ulx) = £ (x) = £ () - ” 7| = (r)r(z) = — |7| = Ur(z) — ” 7] = Ura(2).

This completes the proof. O
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We now introduce the two functions

_f max{U, U;n}, onONO;, _f min{U, U;n} onONO;,
(4.10) V= { U, onO\O;, W= { Ura, onO;\O.
Then by Lemma 4.4, we have V € U—I—Wol’l((’)) and W € UT@—i-WOl’l(OT). By using the minimality
of U, we have

Fr(U) < Fr(0V +(1-0)U), for every 0 € [0, 1].
Analogously, by Lemma 4.3 we get
}—k,T(Ur,a) < ‘Fk,T(HW + (1 - 9) UT,O[)) for every NS [07 1]'

By summing these two inequalities, and taking into account the definitions of V and W, with
elementary manipulations we obtain

/ [FL(VU0) + FU(VU) ~ B0 VU o+ (1= 0) VU) — Fy(§ VU + (1 6) VU )] da
Ar ()

% /A " VU0

_|_

> 4 [VUP ~ 0 VUr + (1 - 0) VUP ~ 00 + (1~ 6) VU] de

<6 / (fi — (fi)r) (Ura — U) da,
Ar(a)

where

Aoy ={econo, ; Lt 0 - o

7]
By convexity of z — |z|2, the second integral in the left-hand side above is nonnegative. This
implies
/ [Fk(VUT,a) + Fp(VU) = Fy(0 VU0 + (1 = 0)VU) — FL(0VU + (1 — 0) VU, o) | dx
<o/ U= (00) (U~ U

4.4. Step 3: a uniform Lipschitz estimate. In this part we prove the following.

Proposition 4.5. With the previous notation, we have

VU || 0) <

Y

Vios I

for some constant L = L(N, R, K, || f|| Lo (q), diam(£2))
dent of k € N.

Proof. Let us fix k € N. We define the set
A-(a,R) ={zx € Ar(a) : |VUra(z)| >2(R+1) and |VU(z)| >2(R+1)}.

0. In particular, the estimate is indepen-

By using equation (A.8) from Lemma A.3 in inequality (4.11), and then dividing by 6 and letting
0 go 0, we get

cl / VU — VU, o|? dz < / (fe — (fe)r) (Ura — U) da,
Ar(a,R) Ar(a)
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for some universal constant ¢ > 0. We now assume that 7 = he; where h > 0 and e is the first
vector of the canonical basis of RY. Remember that f;, is compactly supported and define for
almost every = = (z1,...,zy) € RY

zr1+h
gk,h(xlv"')xN):/ fk(t,.’EQ,...,SCN)dt-
x
Observe that g5 is a smooth compactly supported function. Moreover, we have that gy 5/h
converges uniformly to fi, since

T z1+h
gk’];L() — fr()] < 7 / |fe(t, 2, .. 2n) — fr(21, 22, .. 2N dE,

x1

and f is smooth and compactly supported. By Fubini theorem, we also have for every n €
Wl’l(RN)

/ Gk ,h My dT = / (fx = (fK)hey) nde.
RN RN

We apply this observation to the map n =V — U € VVO1 1(0) (extended by 0 outside ©) where V
is defined in (4.10). Since 7 coincides with Uy, o — U on the set Ay, (o), we obtain

/ i = (fdner) (Unera — U) da = / Gen (Unera —U)1),, da
Ap eq (@) RN

:/ gk,h (Uhel,a — U)xl dl‘
Ahel(a)

Observe that (Une; a)er = (Une, )ar- If we commute the derivative and the translation, by dividing
by a factor h? we then get

(4.12) / VUnea = VU
Ap eq (avR)

h
Now, since « > Lo/ > 2(R + 1) (by definition of Ly in (4.6) and the fact that 0 < p < 1),

2
<l [ 9 Ul =Un

K J A, e1(a) h h

Lvn,>a) SHMInfLay (o, SHMSUD LA, (o) < Lus, >0

Here, we also use the fact that U is smooth on O. This implies that we can apply the dominated
convergence theorem and let h go to 0 in (4.12), so to get

C
/ VU, |>dz < = / fie Uz, 2, da.
{Uzl >a} H {Uzl >a}

From this and the fact that VU,, = 0 almost everywhere on {U,, = a}, we get

/ |VU,, | dz < A (/ Uy | dm) ,
{Uz;>a} H {Uz, >a}

which implies by Holder inequality

A 1
(4.13) VU, | 22U, 503) < C m {Usz, > a}|?.
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We denote O(a) = |[{z € O : U, > a}| the distribution function of U,,. By Cavalieri principle,
we have

+00 +oo
U~ alisusay = [ Ho €O s Un > s)lds= [ @(s)ds.

(03 (6%
By Hoélder and Sobolev inequalities and using (4.13), we obtain the following inequality for every
o> LO/,U’a
400 C
O(s)ds < —0O(a)”,
a 2

for some® v > 1 and C' = C(N, A, diam(©Q)) > 0 . In other words, the nonnegative nonincreasing
function y(«) = f(;roo O(s) ds satisfies the following differential inequality

C

x(a) < —

(@) =2

where C' = C(N, A,diam(Q)) > 0. This easily implies (as in Gronwall Lemma) that x(a) = 0 for
every a > ag where

L
(_X/(a))w, for every o > J,
i

y—1

L “+o00 Y
a0:@+i <C>W O(s)ds
p -1 \n Lo/n

~
Since x (Lo/p) < (C/p) © (Lo/p)" < (C/p) |07, we get

o< —+ — ——— |0‘7_1.
pooopy—1
Observe that by definition we have |O] = |Q|. Then by Lemma 2.5 and the isodiametric inequality,
up to choosing k sufficiently large we can suppose that |O| = |Qx| < C (diam(Q)+1), for a constant
C = C(N) > 0. We thus have

L (-H)N L
a0<—+—7(diam(§2)+1>7 = 21
¥ [

possibly for a different constant C = C(N, A, diam(Q2)) > 0. Observe that by definition of Ly,
Ly =Li(N,K,R,A,diam(£2)) > 0. Thus we have ©(L;/u) = 0 and hence

9

L
Uy, <=L on O.
W

By reproducing the previous proof with h < 0, we can show that U,, > —Lj/u as well. In the end
|Uz,| < L1/p and of course this is true for every partial derivative, thus [|[VU|| (o) < VNLi/u=:
L/ . O

4.5. Step 4: passage to the limit. Since we have to pass to the limit as k goes to oo, it is now
convenient to restore the original notation uy and €. Let us set

By Proposition 4.5 and Ascoli-Arzela Theorem, there exists a subsequence of {uy }ren (we do not
relabel) which uniformly converges to some map v on 2. Moreover, v is still (£/u)—Lipschitz
continuous on .

Lemma 4.6. The limit function v solves (F,).

6In fact, when N > 3, one can take v = (N + 1)/N and C independent of diam(O).
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Proof. We first prove that v agrees with ¢ on 9. Let y € 0, by Lemma 2.5 there exists a
sequence of points yi € 0{); converging to y. Then

lv(y) — o)l < [v(y) — ur ()| + [ur(y) — ue(ye)l + ler(yr) — or(y)]-

Here, we have used the fact that uk|aq, = vklaq, and ¢rlsn = ¢. Since the Lipschitz constants of
uy, and @y, can be bounded independently of &, this implies v(y) = ¢(y). Hence, v = ¢ on 9.

We now prove that v minimizes F in ¢ + WOI’I(Q). Let w € ¢ + WOI’I(Q). If w ¢ Wh2(Q),
then inequality (A.9) in Lemma A.3 below implies that F(w) = +oo. Hence, we can assume
that w € WH2(Q2). We denote by wy, the extension of w by ¢y, outside Q. Observe that we have
wy € i + Wol’2(§2k). Then for every k € N we have Fj(ug) < Fr(wg), which gives

1
(4.14) / Fk(Vuk) dxr + / frup dr < / Fk(Vwk) dx + — / ]V’wk|2 dx + / frwg dx.
Qp Qp Qp k Qe Qp

We observe that by definition of wy and the fact that Fj, < F', we get
/ Fi,(Vwy) dx < / F(Vw)dz + / F(Vey) d.
Qe Q Q\Q
Since ¢y, is (K + 2)—Lipschitz, this gives
/ FL(Vuy) do < / F(Vw)ds + [\ Q| max F(€).
Qp Q §E€EBK+2

By using Lemma 2.5, we thus obtain

(4.15) limsup | Frp(Vwg)dr < / F(Vw)dz.
k—4o00 JQy Q
We also observe that
(1.16) Fi(Vug(2)) 2 F(Vug(2)) — [F(Vug(z)) — F(Vug(2))|
' > F(Vug(z)) —{gﬁgﬁ/u}le(ﬁ)—F(ﬁ)l-
and
(1.17) | P> [ PTuw)de - 09 e F(e),

where we used Proposition 4.5. The sequence {F} }ren uniformly converges to F' on bounded sets,
thus using (4.16) and (4.17) we get

(4.18)

lim inf o, Fi(Vug) dz > lim inf (/Q F(Vug) dv — Q] || Fe — Fllre(s,,,) — 9%\ € ”FHLOO(BL/;L))

Zliminf/F(Vuk)dmZ/F(Vv) dx.
Q

k—+o00

In the last inequality we used the weak lower semicontinuity of the functional w fQ (Vw) on
WhHi(Q). Clearly,

1
(4.19) lim — / |Vwy|? do = hm [ / \Vw|? dx + — / \Vg0k|2d1:] =0.
k Ja, k

k—o00
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By recalling (4.3) and that | \ ©| converges to 0, we have

/ frwg dz
Q:\Q

By using this fact, the x—weak convergence of fj to f in L*°(Q) and that wy = w on £, we get

(4.20) lim/ frwgdr = lim/fkwdx—/fwdx.
k—oo Qu k—oo Jo Q

Moreover, since {1y }xen converges to v in L1(Q), with a similar argument we also have

lim
k—o00

<A lim flog]| 2000 = 0.

k—o0

(4.21) lim fkukdx—/fvdx.
Qe Q

By passing to the limit in (4.14) and using (4.18), (4.15), (4.19), (4.20) and (4.21), we get F(v) <
F(w). By arbitrariness of w, this shows that v is a solution of (P,). O

4.6. Step 5: conclusion. Since v is a (£/p)—Lipschitz solution of (P,), we use Lemma 2.8 to

conclude that every solution u of (P,) is Lipschitz continuous. More precisely, we have the following
estimate

2R+ L) Lo

[Vullpee () < 2R+ ||V poo () < T

where we used again that 0 < u < 1. This completes the proof of Theorem 4.1.

9

5. PROOF OF THE MAIN THEOREM

Finally, we come to the proof of the Main Theorem. We will need the following “density in
energy” result, whose proof can be found in [4, Theorem 4.1]. The original statement is indeed
fairly more general, we give a version adapted to our needs.

Lemma 5.1 ([4]). Let Q@ C RY be an open bounded conver set. Let F : RN — R be a convex
function, f € LN(Q) and ¢ : RN — R a Lipschitz continuous function. Then for every u €
v+ WOI’I(Q) such that

/ [F(Vu)| dz < +oo,
Q

there ezists a sequence {uy}ren C @ + Wol’oo(Q) such that

(5.1) lim [lug —ullwi1) =0 and lim [F(Vuk) —|—fuk] dx = /
k—o0

[F(Vu) + ful dx.
k—oo J Q

Proof. For the case f = 0, the proof is contained in [4]. In order to cover the case f € LV (), it is
sufficient to observe that by Sobolev embedding and strong convergence in W!(Q), the sequence
{ug }ren also converges weakly in LY'(Q). Then the result easily follows. O
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5.1. Step 1: reduction to y—uniformly convex problems. For every () > R, we consider the
minimization problem

(Pg) min{/ [FQ(V’LL)—{—f’LL dx - u—gaEWOU(Q)},
Q
where F : RN — R is a convex function such that
i) Fo = F in By;
it) I is pg—uniformly convex outside the ball Bg, with
= min{ 1, i D(t) o,
1Q mm{ e ( )}

see Lemma A.5 below. Observe that 0 < ug < 1. By Theorem 4.1 and (4.1), we get that every
minimizer ug of (Pg) is such that

Lo
[Vugllze@) < —,
with £y independent of Q. We now take @) > R sufficiently large so that

Lo,
j270)

Observe that this is possible, thanks to the definition of pg and the crucial property (1.4) of the
function ®. Thanks to this choice and the construction of the function Fg, we thus get

(5.2) Fo(Vug) = F(Vug).
For every v € ¢ + WOI’OO(Q) we choose 6 € (0, 1) such that
0 (Q—1— Vol ree(a)) + V0] o) < Q.
Then the function § ug + (1 — @) v is such that
10 Vug + (1 = 0) Vo[ =) < @,
so that by using again F' = F in the ball Bg and the convexity of F', we get

Fo(0Vug + (1 —60)Vv) = F( Vug + (1 —6) Vo)

(5.3) <O F(Vug) + (1 —0) F(Vo).

We observe that 6 ug + (1 — ) v is admissible for (Pg), then by using the minimality of ug, (5.2)
and (5.3), we obtain

/QF(quHqudxge/Q[F(VUQHqu} dm+(1—9)/Q[F(vv)+fv da,

which finally shows that ug minimizes the original Lagrangian F among Lipschitz functions, i.e.
ug is a solution of

min{/Q [F(Vu)Jrfu] de i u—g € W&’OO(Q)}.
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5.2. Step 2: conclusion by density. In order to complete the proof, it is only left to prove that
ug minimizes F among W' functions as well. At this aim, let v € ¢ + W' (Q) be such that

/Q {F(Vu) —f—fv} dr < +o00.

Since fv € L'(Q), this implies that [, F(Vv) < +oo. By noting Fy and F_ the positive and
negative parts of F', we observe that by (3.6), we can infer

/ F_(Vv)dzx < max |F||Q].
Q Br
This and the fact that

+00 > /Q F(Vv)dz = /Q F (Vo) dz — /Q F_ (Vo) dz,

imply F(Vv) € L'(Q). By Lemma 5.1, then there exists a sequence {vy hreny C ¢ + WOI’OO(Q) such
that (5.1) holds. By using the minimality of ug in ¢ + I/VO1 °(Q), we get

/Q[F(WQHMQ} d:cg/Q[F(vvk)er} di.

If we now pass to the limit and use (5.1), we obtain that ug is a Lipschitz solution of (Pp). By
appealing again to Lemma 2.8, we finally obtain that every solution of (Pg) is globally Lipschitz
continuous. This concludes the proof of the Main Theorem.

6. MORE GENERAL LOWER ORDER TERMS

In this section, we consider more general functionals of the form

F(u) = / [F(Vu) + G(:B,u)] dz,
Q
where G : 2 x R — R is a measurable function which satisfies the following assumptions:
(HG) e there exists a constant L > 0 such that
|G(z,u) — G(z,v)| < L|u—v, for a.e. x € Q, every u,v € R;
e there exists b € LY(Q) such that

/ |G (z,b(x))| dz < +o0.
Q

Remark 6.1. As a consequence of (HG), we have that for every v € L*(Q) (in particular for every
DRSNS WOI’I(Q)), the map z — G(x,v(z)) is in LY(Q).

We then have the following generalization of the Main Theorem.

Theorem 6.2. Let Q C RY be a bounded convex open set, ¢ : RN — R a Lipschitz function,
F:RY — R a conver function and G : @ x R — R a map satisfying (HG). We consider the
following problem

(Pg) min {/Q [F(Vu) + G(:c,u)} dr :u—p € WOM(Q)} .
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We assume that plaq satisfies the bounded slope condition of rank K > 0 and that F' is ®—uniformly
convex outside some ball Bg. Then problem (Pg) admits a solution and every such a solution is
Lipschitz continuous.

Proof. Assumption (HG) implies that for almost every x € Q and every v € R,
G(z,v) > G(z,b(x)) — L|v —b(z)| > |G(z,b(z)) — L ]b(:];)|] — L|v|,

and the function into square brackets is in L!(£2). Thus we can apply Proposition 3.3 and deduce
existence of a solution u € Wol 1(9) + ¢. We now divide the proof in two parts.

Part I. Let us first assume that for almost every x € Q, v — G(z,v) is differentiable. We denote
by f the measurable map

f(z) = Gu(z, u(z)).
Observe that | f| < L almost everywhere on . For every v € ¢ + W&’l(Q) and every 6 € (0,1), the
minimality of u implies

Flu) < F(1—-0)u+6v).

Hence, by convexity of F,
/F(Vu) du < / F(Vv) dx—i—/ {G(””’“”(“;“)) —G(fvauq .
Q Q Q

Thanks to (HG), we can apply the dominated convergence theorem in the right-hand side to get

/Q {F(Vu) + fu} dx < /Q [F(Vv) + fv] dx.

This proves that u is a minimum of the initial problem (Pg) to which the Main Theorem applies.
In particular, u is £—Lipschitz continuous, where £ depends on N, ®, K, R, diam({2) and L. This
proves the statement under the additional assumption that G is differentiable with respect to .

Part II. In the general case, we introduce the sequence

Ge(z,u) = /RG(LU, u—v) pe(v) dv,

where p. is a smooth convolution kernel. Observe that G, satisfies (HG) with the same quantities
L and b and is differentiable with respect to u. Hence, we can apply Proposition 3.3 again to obtain
a solution ue to

min {/Q [F(Vu) + GE(:v,u)} dx : u—¢ € WOM(Q)}

By Part I of the proof, we know that u. is a;—Lipschitz continuous, with «; independent of €. Up
to a subsequence, this net of minimizers thus converges to a Lipschitz continuous function, which
solves (Pg). This last assertion can be established as in Lemma 4.6. In view of Lemma 2.8, this
completes the proof of Theorem 6.2. O

When € is a uniformly convex set, every C%! map ¢ : 9Q — R satisfies the bounded slope
condition. In contrast, this condition becomes more restrictive when 02 contains affine faces. For
instance, if (2 is a convex polytope, the bounded slope condition requires ¢ to be affine on each
face of 9. In [8], Clarke has introduced the lower bounded slope condition, which can be seen as
one half of the full two sided bounded slope condition.
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Definition 6.3. Let Q be a bounded open set in RY and K > 0. We say that a map ¢ : Q2 — R
satisfies the lower bounded slope condition of rank K if for every y € 052, there exists ¢, € RY such
that [, | < K and
o) + (¢ —y) < (), for every x € 09).
It follows from the proof of Lemma 2.3 that a function ¢ : 92 — R satisfies the lower bounded
slope condition if and only if it is the restriction to 9§ of a convex function defined on RY. The

Main Theorem has the following variant when the bounded slope condition is replaced by the
weaker lower bounded slope condition:

Theorem 6.4. Let Q be a bounded convex open set in RN, ¢ : RN — R a Lipschitz continuous
function, F : RN — R a convex function and f € L>®(Q). We assume that @|oq satisfies the lower
bounded slope condition of rank K > 0 and that F is u—uniformly convex outside some ball Bg.
Then every solution u of (Pg) is locally Lipschitz continuous on Q.

The proof follows the lines of the proof of the Main Theorem except that the translation technique
in Step 2 of the proof of Theorem 4.1 must be replaced by the dilation technique introduced in [8].
We omit the details.

APPENDIX A. UNIFORMLY CONVEX FUNCTIONS OUTSIDE A BALL

A.1. Basic properties. We first present a characterization of uniformly convex functions outside
a ball in terms of second order derivatives.

Lemma A.1. Let F : RY — R be a conver function and {p:}e>0 C C$°(Be:) be a sequence of
standard mollifiers.

(i) Assume that F is ®—uniformly convex outside some ball Bgr. Then for every e > 0, for
every R' > R+ ¢, for every &€ € Bp \ Bgye and n € RV,

(A1) D)= (i 0(0) bl

(1) Assume that there exist u > 0 and R > 0 such that for every e > 0, for every |x| > R+ ¢,
for every n € RV,

(A.2) (D2(F % pe) () m,m) = o [n?.
Then F is u—uniformly convex outside BR.

Proof. Assume first that F'is ®—uniformly convex outside Br. For every £ € Br/ \ Brye, for every
y € B.,n € RY and every h > 0 sufficiently small, the segment [ + hn —y,& — hn — y] does not
intersect Br. Hence

F(€~y) < GF(E+hn—y) + 5 (€~ hn—y) — 2 WP @&+ hn —y] +1¢ ~ hn — )

1 1 1
< -F(¢+hn— “F(&—hn—y)— = h*n? i ®(t) | .
< GFEHhn =)+ 3FE=hy—) =320 (i 20)
By multiplying by p-(y) and integrating, this gives

1 1 1
F <-F h) + S F % pe(§ = hn) = 5 b [n]? ! *1) )
* pe(§) < ot ¥ p=(&+hn) + ot ¥ p=(§ ) 2 I (te[ZR,2 gl%/lﬁﬁh\nl)] ( >>
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Hence, we get

F € h F e —h —2F e
(DA(F % p2)(€) ,7) = lim #pe(§+hm) + *;@ n) = 2F % p.(€)

> (puin, 20) P

te[2R,2 (R'+¢

This completes the proof of (A.1).

Assume now that (A.2) holds true. Let 6 € [0,1] and £, & € RY be such that [¢,£] N Bg = (). For
every € > 0, we take &, &L € RY such that [¢., €] N Brye = 0 and

limle. —¢/=0  and  lim|e —¢|=0.
We have
Foape(e) = Fxpe(0& + (1= 0)&) + (1= 0) (V(F *pe)(0& + (1 —0) &), & — &)
+(1-6) /01<1—t> (DX(F % pe)(tée + (1 =) (06 + (1 = ) €1)) (& — &), & — &) dt.
Since the segment [£.,0 €. + (1 — ) €] does not intersect Br,., assumption (A.2) implies
Fosxpe(6e) = Frpe(0& + (1= 0) &) + (1= 0) (V(F * p)(0& + (1 - 0) &), & — &)
+5 (106 - &P

Similarly, we get
Fpa(€l) = F o po(B& + (1— 0)€) + 0 (V(Fx p) (0 + (1 - 0) L), €L — &)
+ 0% le - &P
We multiply the first inequality by 6 and the second one by (1 — 6). By summing them, we get
OF s po(6) + (1 - 0) F pu(€)) > F o pe (06 + (1 0)€) + £ 0.(1 - 0) & — P2
We then let € go to 0 to obtain (1.5). This completes the proof. O

We will also need the following technical result. Here H! denotes the 1—dimensional Hausdorff
measure.

Lemma A.2. Let F be a convex function which is p—uniformly convex outside Br C RN. For
every £,& € RN and every ¢ € OF(€), we have

(A3) F(§) 2 F(€) +(G.€ =+ 51 (16:€1\ Br)".

Proof. We can assume that & # &. We have several possible cases:

Case A. HY([£,€')\ Br) = H(&,€]). In this case, the segment [, £'] does not intersect Bg and thus
(A.3) follows directly from (3.1) with ® = p.

Case B. H([¢,€']\ Bg) = 0. Then (A.3) follows from the convexity of F.
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Case C. 0 < HY([£,¢']\ Br) < H([¢,€]). Without loss of generality, we may assume that ¢ ¢ Br
and that the half-line {£ + (&' — £);t > 0} intersects the sphere Bg at two points &1, &2
such that & € [£2,£]. We now in turn have to consider two cases:

5/ € [51752] or 52 € [5/751]7
(see Figure 2 below).

FIGURE 2. The two possibilities for Case C'in the proof of Lemma A.2.

When & € [£1,&], we use the fact that the segment [£1,£] lies outside the ball Bg. It
follows from (3.1) with ® = p that for every (; € 0F (&),

(A4) F(§) = F(&) + (.6 — &) + Sl —af”
Let ¢’ € OF(¢'). By convexity of F', we also have

(A5) F(fl) > F(é-/) + <<—/a§1 - €/>7
and

(G- a-¢)>0,

since the subdifferential of F' is a monotone map. The latter inequality implies that
(G- 6—&)>0.
Together with (A.4) and (A.5), with some manipulations this yields
1
F(e) > FE)+{(e-€)+Sle—&al

= F(&)+ (¢ =€) + S H(6.€1\ B)”,

which settles the first case.
In the second case, in addition to (A.4), we also use the fact that for every (o € IF (&),

F(&) = F(&) + (¢ & — &),
and for every (' € OF(¢')

F(&) 2 F(§) + (¢ & — &) + 512 — &,
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again by (3.1) with ® = p. By using as in the first case that (¢ — (', — &) > 0 and
(G2 — ¢, & — &) > 0, we thus obtain

F(§) 2 F(§)+ (6= &)+ 5 (1§ -l +1¢ - &)
> F(€) +1{¢.6 — &) + L' (16,.€1\ Br)”.
This completes the proof of (A.3). O

Thanks to the previous result, we can detail some consequences of the uniform convexity that
we used in the proof of the Main Theorem.

Lemma A.3. Let F be a convex function which is p—uniformly convezx outside Br C R. Then
we have:

i) for every £,& € RN, and every ¢ € OF (), if |€] > 2R or |¢'| > 2R, then there holds

(A.6) () 2 F(§) + (& =) + 22 1¢ — &%
i) for every £,6 € RN, and every ¢ € dF(£),(' € F (&), if |¢€] > 2R or |€'| > 2R we have
(A7) (C-¢e-¢) = Lle-¢P;
iii) for every £, € RN\ By g and for every 6 € [0,1],
(A8) FOE+(1-0)€) SOFE) + (1 -0 F(&) ~ 2001 -0)]c ¢
w) for every &€ € RN, if |¢] > 2R, then
(A9 P = B1er - (1FO1+ D oFOP),

where 0°F(0) denotes the element of OF(0) having minimal Euclidean norm.

Proof. We claim that for every ¢ € RY and every ¢ € RV \ By g,

(A.10) H' (€,€]\ Br) > % € —¢1.

Let us fix ¢ € RV \ Bog and let € € RNV, We set r = |¢/ — €] > 0. Then we see that among all ¢
such that |£ — ¢'| = r, the length of the set [£,£'] \ Br is minimal for the vector

¢ :=t¢,  witht < 1such that (1 —t) = ’g—,’
Then we have
T, if r <[¢'| — R,
HY[E "\ Br) =4 [¢|-R if|¢|-R<r<|[¢|+R,

r—2R, if|¢|+R<r
Observe that |
7 < |§/| - R,
thus for [¢'| — R < r < || + R we have
€'l

r <322 <3(¢| - B) = 3H([¢',.¢"]\ Br).
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Similarly, for |¢'| + R < r, we have
Litat ont r 2 T 2., 4 T
H Bp)=r—2R=tc4+(2r—2R)>24(21¢|-ZR)> "L

By recalling that r = |¢ — £'|, the claim (A.10) follows. The inequality (A.6) can now be easily
deduced from (A.3) and (A.10).

Inequality (A.7) can be easily obtained from (A.6). Indeed, by exchanging the role of £ and &' in
(A.6) we get

F(€) = F(§) 2 (& — &) + 42 le— €1,
and

(&) - F(§) 2 (.6~ €) + ol — €1
By combining these two inequalities we get (A.7).

Let us take &,& € RN\ Byg. For every 0 € [0,1] and every ¢ € OF(0& + (1 —0)¢&') by (A.6) we get
F(&) 2 FOE+(1-0)€) +(1-6) (.6 &) + 4. (1- 0 — &P,

and
F(€) 2 FOE+(1-0)€) + 008 &) + 55 07| — &P

Then (A.8) can be obtained by multipliying the first inequality by 6, the second one by (1 —#) and
then summing up.

Finally, we use (A.6) with ¢ € RN\ Byg, € = 0 and ¢ = 9°F(0) as in the statement, then we obtain
18
F ! > F 0 ! ﬂ 112 > ﬂ 112 _ F 0 - 2 .
(€)= FO)+(¢.€) + 4 I = £ 1€ = (IFO)]+ = ¢
where we used Young inequality in the last passage. This proves (A.9). ([

A.2. Approximation issues. This section is devoted to prove some approximation results we
used in the proof of the Main Theorem.

Lemma A.4. Let F : RN — R be a convex function, which is p—uniformly convex outside the ball
Bpg for some > 0 and R > 0. Then there exists a nondecreasing sequence {Fy}ren of smooth con-
vex functions which converges to F uniformly on bounded sets. Moreover, Fy, is (u/36)—uniformly
conver outside Bryq.

Proof. Let us set for simplicity x' = 1/36. For every k € N, we define at first

/
~ [
Fy(x) = sup Fly)+ o=y + 5 o=yl lemp,,(v)|, 2 €RY.
yl<
CEOF(y)
Of course, this is a nondecreasing sequence of convex functions. If £ < 2 R, then by convexity of F
for every |y| < k, every ¢ € OF (y) and every z € R we get

/

(A1) F(y)+ (. =)+ 5 o =y 1pwy s, , () < Fla).

If £k > 2R and |y| < k, we have two possibilities: either |y| < 2R or |y| > 2 R. In the first case we
still have (A.11) for every ¢ € OF(y) and = € RY, simply by convexity of F. In the second case,
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we can appeal to inequality (A.6) of Lemma A.3: indeed, for every x € RY and every ¢ € 0F(y),
we have
F(x) > F(y) + (¢ —y) + ' Jz —y[”.
In any case, we obtain that for every z € RV
Fi(x) < F(z),

and the equality holds when z € By,. In particular, for every k > R the function ﬁk is p—uniformly
convex on By \ Bg.
When k& > 2R+ 1 and |z| > 2 R, we claim that

~ /
(A12) Fu@)=_swp |F(y)+Ca—y)+ 5 o —yP|.
2 R<|y|<k
CEOF (y)

This follows from the fact that for every yo € Bag and (g € OF (yo), there exists y € By \ Bag and
¢ € OF (y) such that

(A.13) F(y) +{¢.z —y) = F(yo) + (Co, 2 — yo)-
Indeed, take any y € [yo,x] N (By, \ B2gr) and any ¢ € OF(y). Then, by convexity of F,
F(y) > F(yo) + (C0.y — Yo)-
Hence, by using this and the fact that y —x =t (yp — y) for some ¢ > 0, we can infer
F(y) + (¢ —y) = F(yo) + (¢, ¥ — %0) + ((, 2 —y)
= F(yo) + (Cosx — yo) +(Co — ¢,y — @)
= F(yo) + (o, — yo) +t (o — ¢ %0 — ¥)
> F(yo) + (Co, = — yo)-

In the last line, we have used the monotonicity of the subdifferential. This proves (A.13) and thus
(A.12).
It follows that Fy is y/—uniformly convex on RY \ By r as the supremum of ;' —uniformly convex

functions on RY \ Byg. Since y/ < p, on the whole we get that Fj is p/—uniformly convex on
RN\ Bpg.

_|_
_|_

In the remaining part of the proof, we fix some k > 2 R 4+ 1. We claim that for every € RV,
(A14) Fusa(e) > Fu(e) + 4 (1ol — b — 1)
If |z| < k+1 this is immediate (recall that F}, is nondecreasing), thus let us assume that |z| > k+1.
Let yo € By \ Bag and (o € OF (yo) achieving the supremum in the definition of F}, i.e.

!/
(A.15) Filx) = Flyo) + (o, = o) + Sl = w0l

Let y € 0Bk41 N [z, y0] and observe that [y,xz] N Br = 0. By the equivalent definition (A.12) of
Fy1q, we get for every ¢ € OF (y)

!/

Fleni(@) 2 Fy) + (G.x —9) + Sla =y,
while by (A.6) of Lemma A.3
F(y) > F(yo) + (S0, y — vo) + #' ly — vol*-
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FIGURE 3. The construction for the proof of (A.14).

Combining these two inequalities, we get

- /
(A.16) Fi(w) = Flyo) + (Govw = o) + 5 2 — yol” + A,
where
A A _ - . &/ o 2 / o 2 &/ o 2
(A.17) =(C—¢y—x)+ ) |z —y|* + 1’ |y — ol ) |z — yol”.

If we now use (A.7), we obtain
(Co—Cwo—y) > 24 |yo — .
Since y —z = (yo — y) |y — «|/|yo — y|, this implies
(Co—Cy—a) =24 lyo—ylly — =l.
By inserting this into (A.17) and observing that |z — yo| = |z — y| + |y — yo|, we obtain

/
Azl lyo = ylly =l + 5 ly = ol
In view of (A.16), (A.15) and also using the fact that
lyo—yl=1  and |y —a| >z =yl > [z| = (k+1),
this finally implies
Frqr (@) > Fi(z) + 4 (2] = k — 1),
and (A.14) is proved.

We now establish the following Lipschitz-type estimate for ﬁk: for every z, 2’ € RV,

(A.18) Fr(z) - ﬁk(x’)‘ < (Lk + ’g(m + o] + 2k:)> |z — 2],



34 BOUSQUET AND BRASCO

where Ly, is the Lipschitz constant of F' on By. Indeed, for every y € By, and every ¢ € OF (y), we

have’
! !

1 u
lﬂw+%gx7w%~5M*meM@m@)SF@%+@w“ﬂh+4ﬂf*ymewm@)
+¢l e — | + & !x—l’!(\x!HxH?!y\)
- /
< Fp(2') + <Lk+ (|x!—|—|x|+2k‘)> |z —2/|.

By exchanging the role of z and z’ we get (A.18).
Let us introduce a family {p.}es0 C C§°(Be) of standard smooth mollifiers. For some sequence
{ektren C (0,1/2) to be specified later, let us consider

~ 1
Fk(:(}) = Fk * pEk — %
By Lemma A.1, every F} is a smooth u/—uniformly convex function outside Bri1 and the se-
quence {Fj}ren uniformly converges on bounded sets to F. It remains to prove that {Fj}ren is
nondecreasing. By (A.18), for every x € RV,

/

Fy(e) < Fila) + (Lk + 220l + e +2k>) e

Moreover, by (A.14) we have
Fil) < Frua () — 4 (2] — k= 1)
Since F| k+1 1s convex, by Jensen inequality we also have
1
k+1
Hence in order to have Fy(x) < Fj,1(z) it is sufficient that for every z € RV

11
ko k+1

ﬁkJrl (.%') < ﬁk+l * Pepia (.CC) = Fk+l($) +

/
(A.19) (Lk + £ 2|z +ex + 2k)> ep <p' (Jz] —k—1)4 +

When || <2 (k + 1), by recalling that e, < 1/2 we have

/

i
(Lk + —(2|z| +8k+2/€)> <Lk+

while for the right-hand side of (A.19)

@k+®)

11 1
el =k = 1)y + > — > .
w(J2d T RIS R D)

"We use the following elementary manipulations
e =y = &’ —yI* + (|2]* = 2']) + 22’ —x,y),
and
(I = '1*) + 2 (2" — 2, 9) < (Ja] = [2']) (J2] + |2']) + 2|z — '] |y]
<z =2 (J] + |2 + 2 [y))-
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Hence in this case (A.19) holds true provided
1 1
k(k+1) L+ (6k+5)u//2
When |z| > 2 (k + 1), the coefficient in front of £ on the left-hand side of (A.19) can be estimated
by

(A.20) ep <Tj =

/
(Lk + %(2\95] + ek +2k)) <p'lw|+ (L + ¢ (k+1))

while for the right-hand side we have

]~k — D)4+ SN
K TR R+ 2 k(k+1)
In that case, by recalling that e < 1/2 we only need to take

1 1

. <TIf = .
(A-21) < Ty k(k+1) L+ (k+1)

Observe that both {I'} }xen and {T'; }xen monotonically converge to 0 as k goes to co. Hence, by
choosing any decreasing sequence {ej }ren such that

1
0<6k<min{2, rk,rg}, k€N,

this satisfies both (A.20) and (A.21) and thus (A.19) is guaranteed. In conclusion, up to relabeling
the sequence, {F} }ren satisfies all the required properties. O

Lemma A.5. Let F : RN — R be a convex function, which is ®—uniformly convex outside the ball
Bpg for some R > 0. Then for every Q@ > R there exists a convex function Fg : RY — R with the
following properties:

i) Fo = F in Bg;
ii) F is pg—uniformly convex outside the ball Bp, with®
fQ = min {1’te[£n1%,rz11Q} Cb(t)} .
Proof. For every Q > R, we define the function Fy : RY — R by
Fo(x) = F(x) + pg Jo(z), where Jg(z) == (Jz| — Q).
Of course, this is a convex function such that Fg = F' in Byg.

In order to verify property i), we first observe that ug Jg is pg—uniformly convex outside Bag
(see Lemma A.6 below). We consider again a sequence {pg}es0 C C§°(B:) of standard mollifiers.
Then for every € RY and every ¢ € RN \ Bg,., we have

(D?(Fg * pe) (&) m,m) = (D*(F * pe) (&) n,m) + pq (D*(Jg * p)(€) n,m).

Since F' is ®—uniformly convex outside Bg, the first part of Lemma A.1 implies that when & €
B2 @+c \ BRie

2 . 2
O @) > (i @) Il

80bserve that o > 0 thanks to fact that ® is continuous and ®(t) > 0 for ¢ > 0.
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Since g Jg is prg—uniformly convex outside Ba g, we get similarly when & € RN\ By Q+e>
nq (D*(Jg * pe)(€) n,n) = g Inf*.

In any case, we thus have for every ¢ € RN \ Bp,.

2 . . 2
(D%(q &)} > (windi, _, win  2(0)) Inf

By the second part of Lemma A.1, this proves that F is pig—uniformly convex outside Bg. [
Lemma A.6 (A useful function). The function

Jo(z) = (2| - Q)%
is 1—uniformly convex outside the ball Bog.

Proof. We first observe that Jg is C? outside Bg. Thus it is sufficient to compute the Hessian of
Jg in RN\ Byg. Let . € RV \ By, we have

— ® ®
WIdN+2m x—2(|x|—Q)%.

D?Jgo(x) =2

|z
For every € RY we get
o] — @ 2| = QT ((z.m)\* Q
(D*Jg(x)n,n) = 2“1;("“ﬂ24-2 1- 2] 7] >2 (1= In%,

and thus the conclusion follows, by using that |z| > 2 Q. (]
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