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1 Introduction

In recent years many results have appeared concerning the regularity of mini-
mizers of integral functionals of the type

(1.1) F(v; Q) :z/ﬂF(w,v(x%Dv(x))dm,

where F: @ x R x RY — IR is an integrand satisfying the growth assumption
(1.2) (12 + 2)P/? < F(,u,2) < L + |2[*)7?

with L>1, u>0,p> 1.

Roughly speaking two kinds of results are available.

If no other assumption is made on the integrand F, it is known (see [7]) that
condition (1.2) ensures that a WP minimizer u is Hélder continuous for some
exponent « depending on L, p and N. On the other hand if F' is assumed to
be smooth enough, for instance C? with respect to z, and satisfies a standard
ellipticity assumption of the form

N
(1.3) > DijF(x,u,2)6& > v(p® + |2*)P=272)¢? ve e RV,

4,j=1

one gets that Du is Holder continuous (see e.g. [8], [12], [1], [3]).

If one is interested only into Lipschitz continuity properties of minimizers, the
situation is somewhat different. In fact a classical result due to Hartman and
Stampacchia (see [11]) says that at least when the integral depends only on
Du, the convexity of F, together with the so called “bounded slope” condition,
yields the global boundedness of the gradient of a minimizer w. In the same
spirit in [5] it has been proved that if F' = F'(z) satisfies (1.2) and the following
strict uniform convexity assumption

(14) [Pe+Dpla))do> [ [P 40l +1:P+De(@)) 2 Dpla) ] da.

for all z € R™ and ¢ € C}(Q), then every local minimizer is locally Lipschitz.

At this point it is natural to investigate whether such result holds also in the
general case (1.1). It is clear that now a continuity assumption with respect to x
and u should be required. In fact it is well known that even in two dimensions,
taking F(z,z) = a(z)|z|?, with A < a(z) < A, if a(z) is not continuous then
local minimizers are only a-Hoélder continuous with oo = \/A/A (see [13]).



In this paper we study functionals of the type (1.1), where F' is uniformly

continuous in (z,u) with respect to z (see condition (F3) in Section 3). We
do not make any differentiability assumption on F' and in particular we do not
require an ellipticity condition of the type (1.3). Instead, as in [5], we shall
assume that condition (1.4) holds (uniformly with respect to (z,u)). Under
these assumptions we cannot expect minimizers to be Lipschitz continuous (see
Example 3.2). However we prove, see Theorem 3.1, that every minimizer of
functional (1.1) is locally Holder continuous for any «a < 1.
The proof of our result goes as follows. We consider first the case when F' only
depends on x and z. In this case we prove that u € C&?(Q) for all & < 1
and we show that the Holder estimates on u only depend on the constants L
and v appearing in (1.2) and (1.4) (see Theorem 2.5). We notice that when
F = F(z,u, z) we cannot reduce to the previous case by the standard device
of “freezing” the functional with respect to the variable u, since we lack the
ellipticity assumption on F' needed in order to make this argument work. This
difficulty is instead overcome by an approximation argument based on a varia-
tional principle due to Ekeland.

2 Preliminary results

In the sequel Q will denote a bounded open set in IRN7 @ the unit cube (0, 1)N,
Br(z0) the ball {z € RY : |z — 29| < R}; we shall write By in place of Br(zo)
if no confusion may arise. If f is an integrable function we set

fwo.R ::][ f(z)dx = 1 f(z)dx
Br(zo)

|B| J By (z0)

where |Bg| = wx RY is the Lebesgue measure of the ball. The letter ¢ will stand
for a generic constant that may vary from line to line.

If u is a Holder continuous function on A C € with exponent 0 < o < 1 we shall
denote by [u],4 the Holder constant of u in A, i.e.

|u(z) — u(y)]

|z —y|*

fulaa = sup{ czye A, x#y} .

We recall the following definition.

Definition 2.1 Let us consider the functional (1.1). A function u € Wéf(Q)
is a Q-minimizer of F if there exists Q) > 1 such that

F(u; K) < QF(v; K)

for any v € VVlif(Q), with K = spt(u —v) CC Q. If the above inequality is
satisfied with @ = 1, then u is said a local minimizer of F.



In this section we shall assume that the integrand in (1.1) depends only on x
and z. Under this assumption we shall prove that local minimizers are a-Holder
continuous for all « < 1 and establish a local estimate of the Holder constant
of w which will be useful in the next section where the general case will be
considered.

Let G : @ x RY — IR be a continuous function such that for any z,y,zo €
Q,zeRY and ¢ € C}(Q) the following properties hold:

(@) (6 +[oPP? < Gl 2) < LG + 122
(Ga2) /G(xo,z—i—Dgo(x))d;v
Q
> [ (60,2 + vl 4 2+ IDe@)) 02 Do)
Q

(G3)  |G(w,2) = Gy, 2)| < w(lz —y))(1® + |=[*)P/2,

where w : [0, +00) — [0, 400) is a continuous, not decreasing, bounded
function with w(0) = 0.

Here L > 1, v > 0, u > 0, p > 1. It is not restrictive, as we shall do in the
sequel, to assume also p < 1.
If u € WLP(Q), A C Q we set

(2.1) G(u; A) ::/AG(:U,Du(m))dac.

Let us start with a simple algebraic lemma.

Lemma 2.2 If p > 1 there exists a constant ¢ such that for any u >0, &,n €
RN

(12 + 67772 < elu® + )P + e(? + |67 + [n*) =272 — ).
Proor. For all p > 1 we have the elementary inequality
(2.2) €[ < 27 (|nfP + € = nP~2[€ — )

from which the thesis immediately follows when p > 2.
Let us consider the case 1 < p < 2. If |¢] < 2|n| + p the claim is obvious,
otherwise we have

1 1
€ =l 2 1€l = Inl = S (€] + 1) = 2 (Il + Inl + )5

Using this inequality to estimate |€ — n|P~2 in (2.2) we get

[P < 227 [[nl? + 427P(l€] + In| + )P 72| — nl?]

and the thesis follows. O



Proposition 2.3 Let G : Br(xp) X RY = R be a continuous function satisfy-
ing (G1), (Gz2), (G3), of class C* with respect to z. Let u € WYP(Br(xq)) be a
minimizer of the functional

(2.3) H(w; Bgr(zo)) ::/

G(z, Dw) dm—i—ﬁo/ |Dw — Dug| dx
Br(zo)

Br(zo0)

in its Dirichlet class u+ Wy (Bgr(xo)), for some 99 > 0 and ug € WP (Bg(x)).
Then for any o < R

N
/ (M2+|Du|2)p/2dx§c[(é) —|—w(R)}/ (12 + | Duf?)"? dz
Bg(mo) B

r(z0)

-1
97/ =D

TR T

PRrOOF. We start observing that since for all € Bg the function z — G(z, z)
is C2(IRY) then the condition (Gs) is equivalent to require that

N
Y DiGlx,2)6&; = v(p® + =) P22 ¢ ?

i,j=1

for any x € Q, z,& € RY. Let v be the minimizer in u + Wol’p(BR) of
Go(w; Bgr) = G(zo, Dw) dx .
Br

The function z — G(zg, z) satisfies the assumptions of Theorem 2.2 in [5], hence
from this result it follows that v is locally Lipschitz in Br and that the following
estimate holds

N
/ (,U2—|—|DU|2)P/2 dajgc(g) / (M2+|DU|2)p/2 du
B, R Br

for all p < R. This inequality, together with the minimality of v and (Gy),
implies

N
(2.4) / (1 + |Dv|2)p/2 dr <c (£> / (1® + |Du|2)p/2 dx .
B, R Br
Using Lemma 2.2 and (2.4) we have

(2.5) /B(u?+|Du|2)”/2dx

e

< c/ (1® + |D11|2)p/2 dw—i—c/ (pz—i—|Du|2—|—|Dv|2)(p_2)/2 |Du — Dv|? dz
B, B,



N
<o()" [ (s 1pupya
R Br
2 2 2\ (p—2)/2 2
+c (1?4 [Dul® + | Dv]?) |Du — Dv|* dx
Br
and the last integral can be controlled, using the minimality of v, as follows:
(1 Br) ~ Go(v: Br) = [ [Glao, Du) ~ Gilao, Do) do
Br

= D,;G(xg, Dv)(D;ju — D;v) dx
Br

1
+/ / (1 —1t)D;;jG(z0, (1 — t)Dv + tDu)(D;u — D;v)(Dju — Djv) dtdx
Bgr J0
. ' (r—2)/2
> 1// / (1—1) (4* +|(1 — t)Dv + tDuf?) P |Du — Dvl|? dtdx
Br J0

> cz// (12 + |Duf? + Do) * 2" |Du — Do da.

Br

This inequality, together with (G1), (Gs3), the minimality of  and v, and (2.4),
yields

cy/ (12 + |Dul? + | Dv|?)*=2/2| Dy, — Do|? da
Br
< / (G(z0, Du) — G(x, Du)] d + / Gz, Dv) — G(xo, Dv)] da
Br Br
+/ (G, Du) + V0| Du — Dug| — Glx, Dv) — | Do — Duo|] da
Br

+q90/ (IDv — Duo| — |Du — Dug|) da
Br

§cw(R)/B (u2+|Du\2)p/2dx+190/B |Dv — Du|dzx .
R

R

Finally the thesis follows from this inequality and (2.5) if we observe that

198/(17*1) N .
cv Dv—Duldr < ————R Pwhy R/D—Dpd
¢ 0/BR| v u|de < R/ + Wi w( )BR| v u|P dx
-1
198/(17 )

RN—l—cw(R)/ (1% + | Du|?)P/? da .

[w(R)/ =1 Br

O



In the next proposition we prove an analogous result using an approximation
argument that allows us to remove the differentiability assumption on G.

Proposition 2.4 Let G : Br(zo) x RY — R satisfy (G1), (G2) and (Gs). If
Yo, ug and u are as in Proposition 2.3, then for all o < R

(2.6) / (1® + \Du|2)p/2 dx
B,Q(x())
-1
2’98/@ )
[W(R)]l/(pfl)

N
<c|(g) o] [ Gep 1 Duy e Y
R Br(zo)

PrOOF. As in the proof of Proposition 2.3 when the center of a ball is not
indicated it is understood that the ball is centered in zo. Let (Gp) be the
sequence of continuous functions in Br x RY defined by

1
Gp(x,z) := / p(w)G (x,z + w) dw
B1(0) h

where p is a positive radially symmetric mollifier. Using the same arguments
as in [5], Lemma 2.4, it is easy to check that the functions Gj, satisfy the
assumptions of Proposition 2.3. More precisely G, (z, ) € C2(RY) for all h € IN
and there exists a constant ¢ > 1 not depending on h such that for any x,y € Q,

z,E e RY
1 1 P/2 1 P/2
P+ 5+ ) <Gulwz) <eL(p®+ 5+ 127
c h h
N v, 1 N2
> Dyl e = L (14 g+ ) e,

ij=1
1 p/2
G102~ Gl < oo =) (4 + 55 +14)

Notice that (G,) converges uniformly to G' on compact subsets of Bg x RY.
For every h € IN let uj, be the minimizer in u + WP (Bg) of the functional

w Gh(x,Dw)dz—H%/ |Dw — Dug| dz .
Br Br
Then there exists C' depending on L, v, p, N and 9y, but not on h, such that
/ |Dup|P dx < C’/ (|[Dw|? + |Dug|? + 1) dx
BR BR
for any w € u + W, *(Bg). In particular we have that

(2.7) / |Dup|P de < C (|Dul? + |Dugl? + 1) dz,
BR BR



hence the sequence (uy) is bounded in W1P(Bg). Thus, passing eventually to
a subsequence, we may assume that a function u., € u + VVO1 P exists such that
Up — Us weakly in WHP(Bg). Moreover the minimality of uy, easily implies
that uj, is a Q-minimizer of

wH/ (IDw|? + | Duo| + 1) da,
Br

so there exist 7 > 1 and ¢ > 0 such that uj € VVli’fT(BR) for any h € IN. More

precisely for any ball B,(xz1) C Bgr(zo) the following inequality holds (see [7],
Theorem 3.1)

1/7
][ |Dup|P7™ da < cf (|Dup|? + |Dugl? + 1) dx
Bgya(z1) By (1)

which, together with (2.7), implies that for any o < R

(28) ( /

Let us now prove that u,, = u. Fix 9o < R and observe that the functional H
defined in (2.3) is lower semicontinuous with respect to the weak topology of
WP, Remembering that (G},) converges to G uniformly on compact subsets of
Bpr x RY we have that for any k > 0

1/7
| Dup|P™ dac) < ¢(o, R)/ (|Dul? + |Dug|? 4+ 1) dx .
Br

e

H(too; By) < liminf [G(x, Dup) + 99| Dup, — Dug|] dz

h—o0 B,

< limsup/ G(z, Duy,) dx
Bon{|Dup|>k}

h—o0

+limsup/ Gh(a:,Duh)dx—F/ Yo|Dup, — Dug| dz| .
Byn{|Dun|<k} B,

h—o0

So, from the minimality of (uy,) and the uniform convergence on compact subsets
again, it follows that

1/7

H(uso; B,) < climsup [/ (14 |Dup|™) dz |B, N {|Duy| > k}|(7’—1)/‘r
B

h—o0

e

+ lim sup/ [Gh(z, Du) 4+ 99| Du — Dug|] dx
Br

h—o0

IN

ckP1=7) lim sup/ (1 + |Dup|™) dx + G(x, Du) dx
B

h—o00 o Br

+/ Yo|Du — Dugl dz
Br



that together with (2.8) implies
H(uoo; B,) < kP~ + H(u; Bg) .
Finally as £ — oo and then ¢ — R we obtain
H(uco; Br) < H(u; Br)

which implies uo, = u in Bg, since by (G2) the functional H is strictly convex.
Now we can apply Proposition 2.3 on any uy; moreover using the minimality of
up, and letting h — oo we have

Jo

0 N 2 1 2 p/2
< . . = — I
< llilnl)gfc |:(R) +w(R):|/BR<[L +h2+‘Duh| > d$+[w(R)]1/(p_l)

N
<c (ﬁ) + w(R) / [(/f + \Du|2)p/2 + Yo Du — Duo\] dx
R Br
gp/ =D
+[w(R)]1/(p_1)

1 p/2
(1? + | Duf?)2dee < hminf/ (;ﬂ + o+ |Duh2> dz
h— o0 B, h

-1
793/(1) ) N

N

Estimating ¢dq fBR | Du — Duyg| as in the proof of Proposition 2.3 we obtain the
thesis. O

As a corollary of this proposition we state the following regularity result.

Theorem 2.5 Let G be as in Proposition 2.4 and u € VVI})f(Q) be a local min-
imizer of functional G defined as in (2.1). For any 0 < § < N there exists a
constant cg, depending on L, v, p, N, § and on the diameter of 2, such that if
Br(zo) C Q then for any 0 < o < R

2 2\p/2 o\N-9 2 2\p/2
[ wreipayas < (8) [ s iDupyde.
By(xo0) R Br(zo0)

In particular u € CO’O‘(Q) for any o < 1.

loc

PROOF. Proposition 2.4, applied with ¢g = 0, implies that for any o < R
N
/ (1? + |Du*)P? dx < ¢ [(Q> —|—w(R)] / (1 + |Du\2)p/2 dr .
B, R Br

Fixed ¢ > 0, a standard iteration argument (see [6], page 170) leads to the
existence of two positive constants Rg, ¢s for which the assertion holds if p <
R < Rs. From this the result easily follows. O



The following result, due in this form to I. Ekeland (see [2]), will be used in
the proof of Theorem 3.1.

Lemma 2.6 Let (V,d) be a complete metric space and T : V — (—o00,4+o0] a
lower semicontinuous functional such that

inf7 < 4o00.
1%

Given € > 0, let u € V' be such that

I(u) < ir‘}fI—Fe.

Then there exists v € V satisfying the following properties:
(i) duwv) <1,

(i) Z(v) <I(u),

(i) v is a minimizer of the functional w — Z(w) + ed(v,w) .

We conclude this section by proving a higher integrability result up to the
boundary (see also [10]).

Lemma 2.7 Let G : Byr(zo) x RY — R be a continuous function satisfying
(G1). Let us consider u € Wh(Bag(zo)) for a certain ¢ > p. If v is a
minimizer of the functional G in the Dirichlet class u + Wy (Bgr(zo)) then
there exist r € (p,q) and ¢ depending on L, p, N, but not on u or R, such that
v € WY (Bg(xg)) and

1/r
][ |Dv|" dz <c ][ (14 |Dul?) dx
Br(zo) Bar(20)

PrOOF. As usual, whenever the center of a ball is not indicated it will be
understood that the ball is centered in xy. Let us set

1/q

v(x) it x € Bg,
w(x) =
u(z) ifx € Bop \ Br.

If Boy(z1) C Bpg the standard Caccioppoli inequality gives

— p
/ \Dv|pdx§c/ <1+W) dz
By(x1) Bag(x1) 0P

which implies

P/ P
(2.9) ][ |Dv|Pdx < ¢ ][ (1+ |Dv|P*) dx ,
By(z1) B2y (1)



with p, = Np/(N +p), if p> N/(N — 1), p, = 1 otherwise.

Let now consider Bg,(z1) C Bar and 21 € 0Bg. Let us fix p < s <t < 2p
and 7 a cut-off function between Bg(x1) and By(x1), with |Dn| < 2/(t — s).
Observing that u = v on 0Bpg, we easily obtain

—ul?
/ |Dv|Pdx < c/ (1 + |DulP + v =l ) dx
B, (21)NBr Bay(21)NBr (t—s)P

+c/ |DoulP dx .
(Bt(z1)\Bs(z1))NBr

From this inequality, arguing in a standard way (see the proof of Theorem 3.1
in [7]), we get

— P
][ |Dv|pd:c§c][ <1+|vu|>d:c+c][ | DulP dx
Bo(z1)NBr Bay(z1)NBR o? Bae(21)

P/ P
<c ][ (14 |Dv — Dul?*) dz +cf |DulP dz,
ng(wl)ﬂBR Bzg(wl)

hence it follows that

P/ P
@u)f pupds<e(f pupds)  vef @+ |Du)an
By(z1) Bao(z1) Bao(z1)

By (2.9) it then follows that (2.10) holds not only if Bg,(21) C Br or Bay(x1)N
Br = 0, but also when 21 € OBg and By,(x1) C Bag . Let consider now the
case of a ball such that Bs,(z1) N OBg is not empty and Bs,(r1) C Bag. Fixed
x2 in By,(x1) N OBR we easily have that

][ |Dw|Pdx < 3N][ |Dw|? dx
B,(z1) B3o(z2)

c ][ | Dw
Beo(x2)

c ][ | Dw
BSe(zl)

Since this estimate is true for any B,(x1) such that Bg,(x1) C Bag, it follows
with an easy argument that (2.10) holds for any B,(x1) such that Ba,(z1) C
Bspg, possibly with a different constant ¢. The Gehring lemma proved in [6]
yields now that if By,(z1) C Bag then

IN

p/P«
P dx —|—c][ (14 |Dul?) dz
Beo(x2)

IA

p/px
P dx —I—C][ (14 |Dul?) dz.
BS@(Il)

1/p

1/r 1/q
][ |Dw|" dx <c ][ |Dw|Pdz| +c ][ (1+|Du|?) dx ,
By (21) Bae(z1) Bag(21)

10



with suitable ¢ and p < r < ¢. In particular we have proved that

1/r 1/p 1/q
<][ | Dv|” dx) < ¢ <][ | Dw|P dx) +ec <][ (14 |Dul?) dx)
Br Bar Bar
1/p 1/q
< ¢ <][ | Dv|? dx) +c <][ (1+ |Dul?) dx>
Br Bar
1/p 1/q
< ¢ <][ (1+ | Dul?) da:) e <][ (1+ | Dul?) dm)
Br Bar
and finally the thesis follows. O

3 Regularity of local minimizers

In this section we study the regularity of local minimizers of a functional of the
type (1.1), where F : @ x R x RY — R is a continuous function satisfying
the following assumptions: for any z,y,z0 € Q, u,v,u0 € R, z € RY and

@€ Cy(Q1)
(F1) (4% + [2|)P/? < F(z,u,2) < L(p® + |2*)P/2,

(Fy) /QF(xo,uo,z—&—Dgo(ac))dx
> [ [Flao,uo2) + vl + |2 + D)) 02 2Dp(@)] o
Q

(F3)  |F(w,u,2) = F(y,v,2)| < wl(lz =yl + lu—o])(u® + |22,
where w : [0, +00) — [0, 4+00) is a continuous, not decreasing, bounded
function with w(0) = 0.

As before, L > 1, v > 0,0 < p <1, p > 1. Since it is not restrictive, we shall
henceforth assume w to be concave.
We can now state our main result.

Theorem 3.1 Let F : Q x R x RY — R be a continuous function verifying
assumptions (F1), (Fz2) and (F3) above. If u € T/Vﬁjcp(ﬂ) is a local minimizer of
the functional

F(w; Q) := /QF(x,w(x),Dw(x)) dx

then u € C2*(Q) for all a < 1.

loc

PROOF. Since we want to prove a local result, it is not restrictive to assume
that (see [7]) u € W14(Q) for some ¢ > p and that for any ball Br(x1) C

1/q 1/p
(3.1) [][ (1 + |Du|2)Q/2 dx] <c [][ (1+ |Du|2)p/2 dz
Bry2(®1) Br(z1)

11



Moreover (see [7]) we can assume that u € C%7(Q) for some v € (0,1); thus let
us denote simply by [u], the Holder constant of u in Q. Let us fix Br(zo) such
that Bag(zo) C Q. As before we shall not indicate the center of a ball when it
is Xg.
STEP 1. For any x € By, z € RY we set

G(z,z) = F(z,u(z),2) .
Let G denote the functional defined in (2.1). Let v be the minimizer of G in
u+ Wy (Bg). Using the minimality of u, we have
(3.2) G(u) < F(v;Bg)

< Gv)+ /B [F(z,v(x), Dv(z)) — F(z,u(x), Dv(z)] dx

N

IN

Gw) + /B (42 + | Do) 2w (o) — u(z))) de.

Let r € (p, q) be the exponent given by Lemma 2.7. Using the boundedness and
concavity of w, together with (3.1), we can control the last integral as follows:

(3-3) /B(u2+|Dvl2)p/QW(lv(x)—U(x)l)dw

<|Bgl []iR(M2 + |Dv2)’“/2dx] - [][ W™ TP (Ju(x) — u(x)]) dx] e

Br
< ¢|Bg] []{BZR(I + IDuq)d:v] " V w(lv(z) — u(x)|)d4 v

Br

< cw” (ﬁR () — u(@)| dac) /Bmu + D) dx,

with ¢ = (r — p)/r. Recalling the Caccioppoli inequality for the minimizer u
(see [7]), we have

w’ (][ |vudx) <w? (CR][ |D1}Du|dm)
BR BR
1/p 1/p
(cRp][ |Dv — Dul? da:) <w? (cRp][ (14 |Dul?) daj)
Br Br

_ P 1/p
(mrf,, (141 ) ]SW” (e =+ clulz )7
2R

<w? (coR7) .

<w?

<w?

Finally this relation, together with (3.2), (3.3) and the minimality of v, implies

G(u) < inf G+ cw"(coR”)/ (14 |Dul?) dzx.
u+Wy ' (BR) Bar

12



STEP 2. We argue as in [4]. Let us define

H(R) = cw” (coR") /B (1+ |Dul) do

and apply Lemma 2.6 to the space V = u+ VVOI’1 (Br) endowed with the distance

d(wy, ws) = H_l/p(R)R_N(p_l)/p/ |Dwy — Dwsldx .
Br

Then there exists a function vy € u 4+ W, ?(Bg) such that

(3.4) / |Du — Dug|dz < HYP(R)RN®=D/P - G(vy) < G(u),
Br

(p—1)/p
H
(3.5) wp is a minimizer of G(w)+ {PENR)] / |Dw — Dy dz .
Br

The minimality of vg implies that for any ¢ € VVO1 P(Bg)

G(vo;sptye) < G(vo + p;spty)

(p—1)/p
H(R
+ {PEN)} / |(Dvg + Dg) — Dy dx:
spte
1
< G(vy + p;sptyp) + 7/ | Dvo|? dx
2 spte
1 H(R)
+§ /spw |Dvg + D|P dz + c(p) RN |spte] -

From this inequality it easily follows that vg is a @-minimizer, with @) depending
only on L and p, of the functional

H(R
w <|Dw|p+R(N)+1) dx
Br

and then (see [7]) there exist s € (p,q) and ¢ > 0, independent on vy, such that

p/s
(3.6) ][ |\ Dug|* da c]/ |\ Duo|P dz + ¢ (1 + H(R)>
Bry2 Br

IN

RN
< c]/ (1+|Dul?) da.
Bur

We remark that the function G satisfies (G1), (G2) and (G3) with w replaced
by the function w given by

(3.7) @(t) := max {w (t + [ul,t7), [w”(cotv)](pfl)/z} '
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Applying Proposition 2.4 to the functional in (3.5), with J¢ = [

and up = vp, we have that for any o < R/2

/ |Du|deg2p—1/ |DUO\de+2P—1/ |Du — Duvg|P dx
B B,

4 BQ

<c {(IQ%)N +(Z)(R):| / (1 + |Dwo|?) dm—l—cmi](l%

Br [©

—|—c/ |Du — Dvg|? dx
Bry2

c {(E)N +@(R)} /BR (1+|Dul?) da
teB(R)YEY /

Bur

IN

(14 |Dul?) dx—i—c/ |Du — Dug|P dz: .
Bry»

Finally we have to estimate the last integral. Choosing 6 € (0,1) such that
0/s+1—60=1/p, using (3.1), (3.6), (3.4) and (3.7) we get

/ |Du — Dug|? dx
Bry2

Op/s
< |Bgya| <][ |Du—Dv0|de> <][ |Du—DUOdm>
Brya Brys

< RN MBR (1+ | Dul?) dxr (%?)1_9

gc[w(R)]QU—")/(P—”/ (1+ | Dul?) dz.

Byr

(1-0)p

So we have proved that if Byr(zg) C  and if o < R/2 then

/Bmo) Dl de = ¢ { (%)N t WR)]&} /Bm(zo) (1+ |Dul?) de,

for a certain 6 > 0 independent on R. From this inequality the thesis easily
follows by a standard iteration argument (see [6], page 170). O

We observe that the result stated in Theorem 3.1 is sharp in the sense that
even when F' depends only on = and z we cannot expect in general that local
minimizers are locally Lipschitz, as it is shown by the following example, which
is a suitable modification of a well known example concerning the regularity of
classical solutions of Poisson equation (see [9], chap.4).
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Example 3.2 Let D be the unit disk in IR?>. We define two functions w, f :
D — 1R as follows:

=1
w(z,y) = Z mn (2k1‘, Qky) Ty,
k=0

22k

E+1

flz,y) = Z{ An (Qkx, Qky) xy
k=0

ok+1 877 677
— (2P, 2" — (2Fx, 2k
rirr (g 2 g @tk o)
with € C3°(IR?), n = 1 on D, 5(z,y) < 1 for all (z,y) and sptn C D,
where D5 is the disk of radius 2 centered at the origin. It is easy to prove that
Aw(z,y) = f(z,y) in the classical sense and that f is a continuous function.
Let now v € W, *(D) be a weak solution of

_of

(38) A'U = % .

ow

Since the function u(z,y) = — (z,y) is a distributional solution of (3.8) it fol-
x

lows that w — v is a distributional solution of Laplace equation, hence it is

harmonic in the classical sense. In particular it follows that u € W12(D).
Hence wu is a local minimizer of the functional

Fv) = /D [1Du(, 1) — (g ). Dol y))] dady,

with g = (2f,0), which satisfies the assumptions of Theorem 3.1. However w is
not a Lipschitz function, since
|w(0,t) — u(0,0)]

lim =00
t—0+ t

It is clear from the proof of Theorem 3.1 that this result can be generalized
in various directions. A possible extension is provided by the next result. Here
p* denotes the Sobolev exponent Np/(N —p) if p < N and any number greater
than 1if p > N.

Theorem 3.3 Let u € Wlicp(Q) be a local minimizer of the functional

F(w; Q) :/QF(x,w(x),Dw(x)) dJ:—!—/Qg(x,w(x))dx,

where g : QxR — R is a Carathéodory function such that |g(z,u)| < L(1+|ul?)
with t < p*, F satisfies the assumptions of Theorem 3.1 and moreover

(3.9) F(z,u,0) = min F(z,u,z) V(z,u) € A x1R.
z€RN

Then u € C2*(Q) for all a < 1.

loc

15



PROOF. The proof of the result closely follows the one of Theorem 3.1. Hence-
forth we shall only indicate the necessary changes. Define G and v as in the
proof of Theorem 3.1. Since u is bounded, from (3.9) we easily get by a trun-
cation argument that v is bounded too and ||v|[z(p,) < ||ul|L~(By). Arguing
as before we obtain that

6w inf Grar@R) [ (L+DuP) do+eRY.
U+W01’1(BR) Byr

Defining now

H(R) := cw”(coRV)/ (1+ |DulP) dz + cRY
Bar

and fixed 0 < 8 < N one can set now

@(t) :== max {w (t+ [ul4t7), [w”(cOt’V)](p_l)/2 ’ Rﬁ(p—l)} )

With this choice the final estimate becomes

/BQ |Du|PdJ:Sc{(é)N+[@(R)]5}/JB4R (1+ |Dul?) dz + cRN—#

and again the result follows by the iteration argument in [6], page 170, and by

the arbitrary choice of 5. O
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