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Abstract

In an earlier paper [3] the authors treated a broad class of quasilinear elliptic equations
which have the property that any entire solution must necessarily be constant, a property
of course not holding for the simple Laplace equation itself. Here we generalize the earlier
class of equations to include cases where the ”inhomogeneous terms” depend strongly on
the gradient of the solution; see for example the model p-Laplace—type equation (2) below,
as well as other more general examples discussed later.

Theorems 8 and 9 are particularly interesting in that, in contrast to the earlier conclu-
sions, they require only the most minimal coercive behavior of the inhomogeneous terms
when the solution variable lies in some arbitrarily large but bounded set; see especially the
model example (15) at the end of the introduction.

1. Introduction.

We shall study entire solutions of quasilinear elliptic equations of the form
(1) div A(x, u, Du) = B(z,u, Du)
and also of the corresponding inequality
(1) div A(z, u, Du) > B(x,u, Du)
under various coercive conditions on the vector-valued function A and the scalar function

B. These conditions, in particular, constitute significant extensions of those in our earlier
paper [3].



The simplest typical example of the type of equations which we shall consider, though
far from the more general ones which are treated later, is the equation

(2) Apu = |ul""! u|Dul*

withp>1,¢>0,>0. Whengqg>p—¢—1and ¢ < p—1 it was shown by Filippucci,
Pucci and Rigoli [5], see also Filippucci [4], that the only non-negative entire solutions of
(2) are the identically constant functions. Here, as a consequence of our main conclusions,
we strengthen this result to apply to solutions which are unrestricted in sign, moreover
with the condition ¢ < p — 1 weakened to the form

-1

p
2/ (<p—14——
() b +n—1’

see the end of Section 3.

For the main results of the paper, we shall assume that the following general coercive
(weak ellipticity) conditions hold,

A(:B,z,p)-pZO, B(w,z,p)zz(),

(3) A(z,2,0) =0, B(xz,z,0) =0,

for all x € R™, z € R and p € R", together with the property that

If
(4) A(z,z,p) - p+ B(z,2,0)2 =0

at some point (z,z,p) € R" x (R\{0}) x R™, then p must be 0.
Further conditions on the quantities A and B will be needed only for large values of

x. Specifically, we shall require the following “large radii conditions”, that there exists an
exponent p > 1 such that for all |z| > Ry, z € R\{0}, p € R" one has the relations

(5) |A(z, 2, p)|P < Cal]®|2|"[A(z, 2, p) - p)P~
and
(6) B(x,z,p) signz > Cplz| ™|z |p[",

where C' 4 and Cp are positive constants, and ¢ >0,/ >0,r >0, s, t € R.
Note. If ¢ = 0 the condition B(x, z,0) = 0 in (3) must be replaced by B(z,0,0) = 0.

Remark. The structural condition (5) is very general and the authors have encountered
it before only in the earlier paper [3]. Indeed, to the best of our knowledge previously
existing results related to the problem under consideration (see [4],[5] and the literature
cited therein) deal almost exclusively with equations whose principal part is either the
p-Laplacian or the mean curvature operator or variants thereof.
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We recall as well that condition (6) was first introduced by Martio and Porru [6] and
by Filippucci [4]. The case £ =0 of (6) was treated in [3].

Equation (2) arises as the special case A = |p|P~2p, B = |2]97! 2|p|*, with the partic-
ular parameters r = s =t = 0. A more general model of interest is

(7) div [A(z, u, Du) | DulP~2Du) = b(x, u, Du)|u|?™! u|Dul*

where p > 1, ¢ >0, £ >0, and A(z, z,p), b(x, 2z, p) are non-negative measurable functions
such that

(7" A(z,z,p) < Const. |z|*|z]", b(z,z,p) > Pos. Const. ||~

for |z| > Ry, 2z # 0, p € R, with r > 0, s, t € R. In writing (6) and (7), and in later
work, we define |u|?"!u to vanish at all points where u = 0.
A further model of importance is the equation

(8) div {A(m)\/%} = b(2)|u|*"u | Dulf,

with A, b again satisfying (7’), a case covered by Theorem 4 in Section 4.

In the sequel, unless otherwise explicitly mentioned, let (3), (4), (5), (6) hold, where
p > 1 and where, ¢ > 0,¢>0,r >0, s, t € R, and define

0=p+r—1.

Our first set of main results can now be stated. To begin with, note that the results cannot
be entirely simple, in view of the large number of parameters present, e.g., ¢, n,p,q,r,s,t.
Nevertheless, it is exactly the four combinations § =p+r — 1 (> 0) and

q+¥¢, s+n—p, n—~0—t

which play the main role in the conclusions, as might be expected in view of the form of
the structural conditions (5),(6).

Theorem 1. Assume that p > 1 and g+ ¢ > 6 and that either
s+t<p—14

(g+0)(s+n—p)—0(n—E—t)<0.

If also
Egp_]-u

then any C entire solution of (1) is identically constant.
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Theorem 1’. Under the hypotheses of Theorem 1, any C1 entire solution of inequality
(1") is either identically constant or is non-positive.

When ¢ = 0 Theorems 1 and 1’ reduce to Theorems 1 and 2 of [3]. The first case of
Theorem 1’ was obtained by Filippucci [4] for positive solutions of(1’), under a stronger
version of condition (5) and assuming also p < n, £ < p—1. It should also be observed that
the hypotheses of the first case of Theorems 1 and 1’ are independent of the dimension n,
this case thus holding with no restrictions on the dimension.

The next two results are more precise (strengthened) versions of Theorems 1 and 1'.

Theorem 2. Let p > 1. Assume that

(9) (q+O(s+n—p)—0n—L—-1)=>0
and

(9") 55%>1 (s+n—p>0).
If

then any Ct entire solution of (1) is identically constant and any C* entire solution of the
inequality (1) must be either constant or non-positive.

Theorem 3. Let p > 1. Assume that

(11) (q+0(s+n—p)—0(n—L0—1t) <0
and
/ g+
(11) A:T>1.
If
(12) (< (p—1)A,

then any Ct entire solution of (1) is identically constant and any C* entire solution of the
inequality (1) must be either constant or non-positive.

Note that when (¢ + ¢)(s+n—p) —0(n — € —t) =0 we have § = A.
Corollary to Theorem 3. Assume that g >0, r=0,q+¥¢>p—1 and
(13) (g+0)(s+n—p)—(p—1)(n—~£—1t) <0.
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Then any C! entire solution of (1) is identically constant and any C! entire solution of
the inequality (1) must be either constant or non-positive.

The corollary follows from the observation that (12) is automatic when r = 0 (recall
that ¢ > 0).

The final condition u = Constant in the above results can be improved to u = 0 if we
add to (6) the further condition

B(x,z,0) >0 when z # 0.

The parameter values s,t for which Theorems 2 and 3 hold are shown in Figure 1.
Condition (6) is in fact more general than necessary, in that the term |Dul’ can be
replaced by the function o(Du) where

1 when 0 < |p| <1
y [l when0< ol <1,
19 o ={f T i

with ¢1, 5 real parameters such that £; > 0. A condition similar to (14) was first introduced
by Filippucci, Pucci and Rigoli [5], and is particularly important in that the case o < 0
allows o(Du) to approach zero as |Du| goes to oo, which of course cannot happen with
the function |Du|® when £ > 0. See Section 5 for the relevant generalizations of Theorems
1 — 3 when |Dul* is replaced by o(Du).

Theorems 8 and 9 in Section 6 are particularly interesting in that, in contrast to the
results given above, they require only the most minimal coercive conditions on the function
B when z lies in a bounded set. For example, the case r = s = t = 0 of these theorems
leads to the model equation

(15) A, u = f(z,u) |Dul’sign u,
where f satisfies the following condition

f(z,z)is continuous and positive when |z| > 0 or when |z| < Ry,
flz,z) > |z when |z]| > d, |z| > Ry

in case p < n, and the condition

f(z,2) >0 when |z| > 0 or |z| < Ry,
f(z,2) > |z]9 when |z| > d, |z| > Ry

in case p > n.

Then, if

g+l>p—1, (<p-1, when p < n,
g+l>p—1, £<qP5+(p—1) 25 whenp>n,

n—1
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it follows that any C' entire distribution solution of (15) must be identically constant (or
must vanish if p <mn and £ =0 ).

This gives a significant generalization of a well-known theorem of Brezis [1], who
considered the case p = 2, d = ¢ = Ry = 0 (see also the related Proposition 4.5 and
Theorem 4.7 of [2], the main results and section 13 of [3] and Theorem 4.3 of [7]). An
open question is whether in the case p < n the condition ¢ < p — 1 can be improved to the
relation (2’), as is possible for equation (2).

In the final section of the paper, we obtain a new Liouville theorem,

Theorem 10. Let u = u(z) be a C! entire solution of the equation

div A(z,u, Du) = 0,
where A satisfies conditions (3) and (4) with B =0, and (5) with n + s < p. Assume that
(16) u(@) = O(|z|*) as |a| — oo

for some k € (0,k), k=(p—n—3s)/(p+7—1).
Then u must be identically constant.

With the help of Theorem 10, one can also significantly improve Theorem B of [3],
see Theorem 11 in Section 7.

Remarks. The results of the paper remain correct even when the large radii conditions
(5), (6) do not hold for all large values of z. Indeed, as in [3] it is enough if the conditions
are valid simply for a sequence of disjoint shells R; < |z| < kR;, K = const. > 1, where
{R;} is an arbitrary sequence of radii tending to infinity as i — oo. For further details,
see Section 6 of [3]. The delicate question of entire solutions in some Sobolev class, rather
than of class C!, is treated in Section 7 of [3].

2. Preliminaries.

We begin with several preliminary lemmas which will be of importance throughout
the paper. First we make precise the meaning of a C! distribution solution u = u(z) of
(1), namely that

(2.1) /{A(:c,u, Du) - Dn + B(xz,u, Du)n} =0

for all functions n € C'(R™) having compact support in R™. Naturally one must require
further that the functions A(-, u, Du), B(-,u, Du) in (2.1) are locally integrable in R™. It is
worth adding that, under these integrability conditions, if u € C? is an almost everywhere
(R™) classical solution of (1), then u is a distribution solution as well.

For the inequality (1’) the meaning of solution is the same, with the exception that
equality in (2.1) is now replaced by < and the test function  must also be non-negative.

We suppose throughout the rest of the paper that conditions (3)-(6) are in force.
Everything stands or falls, depending on the following lemma.
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Lemma 2.1. Let u = u(z) be an entire C distribution solution of the inequality (1').
Then for every o > 0, 8 > 1, R > Ry > 0, and for every compactly supported non-
negative locally Lipschitz continuous test function ¢, such that ¢ = 1 for |z| < R, we
have

(2.2)

/ [ A(z,u, Du) - Du u®~ ' + B(z, u, Du)u®]
Brn{u>0}

< [a Az, u, Du) - Du utpf

/(RR\BR)W{U>0}
+8 A(z,u, Du) - Dpu®p® = + B(x,u, Du)u®y”] .

Proof. For (1') we use the non-negative test function
ne = [u" +e]¢”.

where 0 < ¢ < 1. This is Lipschitz continuous in R"™ so that, as is clear (trivial mollifica-
tion), it can be used in the corresponding inequality version of (2.1). This gives

/B(m,u,Du)nE
< —a [ A D) DUt 4 =5 [ Al Du) - Dl el
Since Du™ =0 a.e. in the set {u < 0} we can rewrite this as

0< a/ A(z,u, Du) - Du [u* 4 £]*1o?
{u>0}

< —/B(a:,u,Du)nE — ﬁ/A(w,u,Du) D [uT +¢]*pP L.

By letting ¢ — 0 we obtain (using Fatou’s Lemma and (3) for the first integral, and
Lebesgue’s dominated theorem for the others)

(2.3)

/B(:I;,u, Du) [u+]agoﬁ

<-a | A@uDw)Duut " - 5 [ AwuDu) - Delut |t
{u>0}

all the integrals being finite. Recalling that ¢ =1 for |z| < R, the last inequality is clearly
equivalent to the stated result of the lemma.
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The crucial Lemma 2.3 below is obtained by absorbing the two terms on the third line
of (2.2) into the term on the second line. To this end we first obtain

Lemma 2.2. Leta>0,3>0,p>1,q+¢>06,s,t€R and

qg+l+a (+1 l
>

2.4 .
(24) a+0 p " p—1

Then at all points x with |z| > Ry, uw = u(z) > 0, ¢ = p(z) > 0 we have

—BA(z,u, Du) - Dpu®p®~t < aA(z,u, Du) - Du u® 1P
(2.5) + Cp |z| "t u™t? | Dul P
+Cla|” |Dp/e|7¢”
where 5 depends on «, £, p, q, r; while v depends also on s, t; and C also on C4, Cg and

B; see (2.9) - (2.13).

Remarks. It is worth noting that the principal condition (2.4) is satisfied whenever
(<p-1.

As is apparent from the proof below, Lemma 2.2 remains true even when the param-
eters g and ¢ are allowed to take negative values (of course subject to the conditions of the
lemma).

Proof. By (3) we have A(z,u,0) =0, so (2.5) trivially holds when Du = 0. We can thus
assume that Du # 0 for the remainder of the proof.
Let
I =—A(z,u, Du) - Dpu®pP~ 1.

By the triple Young inequality, if
(2.6) I < dtoel/s fi/a

where d, e, f > 0 and &, 3, ¥ > 1 are such that
(2.7)

then
I<d+e+f.

By choosing d, e, f in the obvious way, we can then obtain (2.5).
More precisely, it is necessary to verify (2.6), (2.7) with

d= %A(m,u, Du) - Du u® 1P

_Cs
B

C o
f=§\fl7|” | D77,

(2.8) e |£L’|_t u>ta ]Du]e gpﬂ
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This in fact requires careful calculation.
To begin, we write A = A(z,u, Du) and

|A| = |A|1—p/(p—1)6é . |A|p/(p—1)6é
< (Calz]* u” |DulP~ 1) =P/ P=1& (O 4|z u [A - Du]P~1)H/(=Da

— (CA|:B‘SUT)1_1/& ’Du’p—l—p/o’c [.A . Du]l/d,
using (5) at the second step. Therefore from the definition of I,

I < |A]|Dg|u® ¢!
< (CA|I|S)1—1/O_( ua—f—r—r/& |Du|p—1—p/a [.A . Du]l/& |Dg0| goﬁ_l.

The validity of (2.6) now entails the following exponent balances:

—1
Powers of wu : a—l—r—r/d:a_ +a—l—q’
a B
P 12
Powers of [Du|: p—1—==—=,
a p
Powers of [¢] :  s(1—1/a) = —% +
owers of |z|: s(1—-1/a)=—=+ —,
B
_*B+E+J.

Powers of p: [f—-1=—
a f Y

The terms |Dy| and A - Du already balance, while finally we have the coefficient balance

0“14_1/5‘ — al/d C;j’/B Cvl/’fy/ﬂ7
which determines C in terms of C4, Cs, a, 3 and @&, 3, 7, that is
C.A 3/8 ﬁ v
c=C e — | .
(@) (@)

At the same time, the above balances place heavy restrictions on the exponents &, f3,
~ themselves. To begin with, eliminating & from the first two power balances yields

(2.9)

_atttae
P '

(2.10)

In turn, from the second power balance,
_p—1-1/B
p

Qi =

(2.11)



and

1 1 1 1 1 — 1
(2.12) gt 1t ¢ 1_g+t-61
gl a g p psf B atl p
by (2.10). Also from the third power balance
_ 1 1 t ~
2.13 U:’Y{S(=+j)+=}zs+ s+1t)=,
219 g ) B ( )6

while the fourth balance is automatic by (2.7).

With @, [, 7 thus determined, it is still requisite to verify that &, 3, ¥ > 1. The
condition 3 > 1 is guaranteed by the first hypothesis of (2.4). For & one sees from (2.11)
that necessarily

(2.14) —1<t/B<p—1,

this being verified (after a short calculation) in view of the second hypothesis of (2.4). That
~ > 1 is now clear from (2.12), since 1/a+1/6 >0and ¢+ ¢ —6 > 0, giving 0 < 1/5 < 1.

Remark. In case £ = 0 and p > 1 we can take & = p/(p — 1), this in fact being the
case already treated in [3].

We can now prove the key

Lemma 2.3. Let u = u(z) be an entire C! distribution solution of the inequality (1') and
assume p > 1, ¢ + £ > 0 and that (2.4) is valid, where o > 0. Then for R > Ry we have

min{a, 1} [A(z,u, Du) - Du + B(z, u, Du)u] u®™*
(2.15) B, {u>0}
S CIR(q—I—@—I—a)V—‘,—n—E—t,
where

(2.16) v=_(s+t—p+0)/(g+{—0)

and Cy depends only on o, £, n, p, q, r, s, t and the structural parameters C 4, Cg in (5)
and (6) (see (2.19).

Proof. Choose =% (> 1). Then from (2.2), by using (2.5) and (6) to eliminate obvious
terms, we obtain at once

min{o, 1} [A(x,u, Du) - Du + B(z,u, Du)u] u®*
BRﬂ{u>0}
<c [ fal"IDel.
R"\Bg
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We now take for ¢ the explicit function

(2.18)) @) = onte) = (7).

1 0<r<1,

@ZJ(T):{2—7', 1<7<2,
0, T > 2.

Then |Dy| = 1/R when R < |z| < 2R and Dy = 0 otherwise (of course ¢ = 1 in Bp)
Thus the right hand integral in (2.17) satisfies

[ el il < 2l R,
R”\BR

where

From (2.13) we find that

)—@+@%+n—€—u

)

v+n—F=s+(s+1t)=

@Il

+n—F=(s+t+¥) <1+

)

and then from (2.10), (2.12) and a little calculation,

v+n—y=@+l+a)v+n—~—t.

This completes the proof of (2.15), with

(2.19) Cy =2, ¢,

where C' is given by (2.9) with g = 7.
3. Main Results, I.
Here we prove Theorems 1, 2 and 3. It is convenient to treat Theorems 2 and 3 first.

Proof of Theorem 2. We observe from (9') that s +¢ < p — ¢, and also from (9) and

(9') that ¢ + ¢ > 6. Thus v < 0, where v is defined by (2.16).
Let € > 0 and let a be chosen so that the exponent in (2.15) equals —¢, that is

(g+l+a)v+n—L—t=—c.

With the help of (2.16) and (9) this gives, specifically,

po gt O6tn—p)—0n-t=-t) =
p—LC—s—t V]
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With this choice of «, a short calculation then shows that

g+l+a n—C0—t+e 5 0—1

a+0  s+n—p+e €s+n—p—l—8

Condition (10) shows that § > ¢/(p—1). Then p > ¢/§+1 > (£+ 1)/ since § > 1, so also
d > (£ +1)/p. If now ¢ is taken to be sufficiently small, we conclude that

g+l+a (+1 /
>

Y

a+0 p ‘p—1

Consequently the main hypothesis (2.4) of Lemma 2.3 is valid, and (2.15) holds (with
negative exponent).
In turn, letting R — oo in (2.15) one obtains

(3.1) / [A(z,u, Du) - Du + B(x,u, Du)u] u®~' = 0.
u>0

Because of (3) we get
(3.2) A(z,u, Du) - Du+ B(z,u, Du)u =0 a.e. in the set {u > 0}.

From (4) it follows that Du = 0 almost everywhere in the set {u > 0}. Therefore
Dut = 0 almost everywhere in R", and thus u™ = Const. in R". Since u™ is continuous,
this implies that any C! entire solution of the inequality (1’) must be either constant or
non-positive. A similar argument based on the function —u shows also that ©~ = Const.
in R™. Since v = u™ — u ™, this completes the proof.

Proof of Theorem 3. Let a = ¢, where ¢ is a positive constant to be chosen later. In
particular, if ¢ is suitably small then from (11)

(g+l+a)v+n—0—1t<0,

so the exponent in (2.15) is negative.
Moreover with a = ¢ we get

q+€+oz_q+€+e_A_€q+€—9
a+0  e+0 0O +e¢)

Condition (12) implies A > ¢/(p—1); then as in the proof of Theorem 2 also A > ({+1)/p.
If € is even smaller, if necessary, we conclude that

g+l+a (+1 /
>

Y

a+ 0 p ‘p—1’

that is (2.4) holds. We can thus apply Lemma 2.3 with a negative exponent in (2.15). The
rest of the proof is then the same as the final part of the proof of Theorem 2.
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Proof of Theorems 1 and 1’. Clearly, it is enough to prove Theorem 1’. For the second
case of Theorem 1’, it is easy to see that (11), (11’) and (12) are satisfied. Theorem 3 then
implies that any C'1 entire solution of the inequality (1’) is constant. Thus the second case
of Theorem 1’ is a consequence of Theorem 3.

Conversely, when the second case of Theorem 1’ is unavailable, that is, if (11) fails,
then (9) holds. In turn the conditions ¢+ ¢ > 6, s+t < p — £ in the first case of Theorem
1’ then imply without difficulty that s + n — p is positive.! and moreover that § > 1.
The condition £ < p — 1 now gives £ < (p — 1)d, so Theorem 2 implies that any C! entire
solution of (1) is constant. Thus (when the second case of Theorem 1’ is unavailable) the
first case of Theorem 1’ follows from Theorem 2. In consequence, Theorem 1’ is a corollary
of Theorems 2 and 3.

3.1 The special case r = 0. The p—Laplacian.
We consider in more detail the special case r = 0 of (5). Here for convenience let
oc=s+n, T=5+t.

We observe that if s = 0 this includes the p-Laplacian, with ¢ =n and 7 =t.

Case 1. p > o > 1. Condition (13) can be rewritten

g —T — 0
+q¢P2Z% s p_1-¢
o—1 o—1

(3.3) t<(p—1)

Then by the corollary to Theorem 3, u = Constant for any entire solution of (1).

Case 2. p < o, 7 < 1. Here by direct calculation® we have

(3.4) -2 <p—7
o
Now if
(3.5) €<(p—1)Z:I, {>p—1-gq,

then (10) is satisfied, and by (3.4) also £ < p — 7. But then 6 > 1. Hence by Theorem 2
(when (9) holds) or by the corollary of Theorem 3 (when (13) holds), we find u = Constant.

1 'We have
(g+0—-0)(s+n—p)>0n—L—t)—0(s+n—p)=0(p—L—s—1t)>0.
2 Or simply note that (3.4) holds when 7 — —oo and when 7 = 1, and hence for all
T <1.
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Case 2. p < 0,1 <7 <p. Then in analogy with Case 2 we have

o —T

. -1 —T.
(3.6) =1 ——3>p-7
Now if

(3.7) (<p-—rT, {>p—1-—gq,

then (3.5) is satisfied (see (3.6)), that is, (10) is valid, and also, as above, d1. Therefore as
in Case 2 we find u = Constant.

Conditions (3.4) and (3.6) are shown in Figure 2 for the case s =t = 0.

Equation (2) is an example when » = s = ¢ = 0. Thus for this equation with the
restriction ¢ > p — ¢ — 1, it follows that w = Constant when (2') is verified.

4. Operators allowing multiple values of p.

In this section we study the case where the function A satisfies the large radii condition
(5) for multiple values of the exponent p. Thus, when condition (6) is in force, we can use
this information to improve the previous results.

For simplicity, in fact, we shall consider only the case of functions A which satisfy the
large radii condition (5) for values p such that

I<p<2

Note that the classical case (8) satisfies (5) in exactly this case, see also [3], Section 6. The
first main result of the present section is:

Theorem 4. Assume g >0, r >0, s,t € R. Let condition (5) hold for all p € [1,2]. Also
suppose that (6) is in force with 0 < ¢ < 1.

(a) Assume q+ € > 1+ and either
(7) s+t<2-4

or

+r r4/
—l—t)+2-n, —
(n ) " q+¢

(i) s< max{l

_/— 140 —
., m—f—t)+1+4¢ n}

Then any entire C1 distribution solution of equation (1) must vanish everywhere.

(b) Assume ¢ >r, g+ <141 and either

(1) s+t<l4+qg—r

r+/
g+t

(4.2) (i4) s<{ (n—z—t)+e+1—n}.
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Then any entire C1 distribution solution of equation (1) must be constant.

Theorem 5. Under the assumptions of Theorem 4 any entire C! distribution solution of
the inequality (1') must be either constant or non-positive.

Note that in the conditions of Theorems 4 and 5 there is no appearance of the param-
eter p, since the main exponents are now 1 and 2.

Conditions (i), (i7) of Theorem 4 (a) can be combined and written alternatively as

1+7r r—+/

s<max{2—€—t, n—ﬁ—t)+1+€—n}.

The graph of the borderline condition has two corners, at s = 2 —n, t = n — ¢ and at
s=1—n—r,t=mn+q, see Figure 3. Similarly, conditions (¢), (i7) of Theorem 4(b) can
be written

r+4

s<maxsl4+q—r—t, ——
{ ! g+t

(n—z—w+1+£—n}.

Here there is a (single) corner at s =1—n—r, t =n+q.

Clearly Theorem 4 is a consequence of Theorem 5, see the proof of Theorem 2.

Proof of Theorem 5. We suppose first that ¢ > 0. Case(a), (i) of Theorem 5 then
follows at once from Theorem 1’; case (i) by taking p = 2. Case (a), (i7) is a consequence
of Theorem 1/, case (i7) by taking first p = 14 ¢ and then p = 2 (note in both cases p > 1).

To obtain case (b), (i) we take p = ¢+ ¢ —1r + 1 — ¢, with € > 0 so small that
(+1<p<2andqg+{>0. In fact the condition £ + 1 < p requires € < ¢ — r, which by
the hypothesis ¢ > r obviously holds for suitably smalle. Both the remaining conditions
p < 2 and g+ ¢ > 0 directly follow form the hypothesis ¢ + ¢ < 1 + r and the given form
of p. This being the case, the result again follows from Theorem 1/, case (i), after letting
e — 0. (It is worth adding that case (b), (i) can occur only if £ < 1.) Case (b), (ii) is a
consequence of Theorem 1’ case (ii), again by taking p =1 + /.

Remarks.
i) The special case £ = 0 is exactly Theorem 2 of [3].

ii) The possibility of negative values of £ is taken up in the next section.
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5. A generalization of condition (6).

In this section we consider the situation when conditions (3), (4), (5) hold , while (6)
is replaced by the weaker assumption

(6") B(z,2,p) signz > Cplz| ™" f(2) o(p)
for |z| > Ry, where f, o are non-negative functions subject to the conditions

|2|7* when |z] < 1
. >
(5.1) f(z) > { 2|2 when |2| > 1,

‘1 when |p| < 1
5 > [lplt when |p
(52) JUﬁ“{\mb when |p| > 1,

with ¢1, /1 > 0, ¢o, {52 € R. We also define

¢ = min (q1, g2), ¢ =min ({1, 43)

and
g =max (q1, q2), ¢ = max ({1, ls).

Conditions similar to (5.1) were previously introduced in [5] and in [7].

Theorem 6. Assumep > 1 and g+ 0> 60 where § =p+r—1. Ifalso { <p—1 and

(5.3) s+t<p—4,
then any entire C1 distribution solution of equation (1) must be constant.
Proof. We shall apply Lemma 2.2 in the four sets
{lul <1, |pl <1}, A{Jul <1, [p| > 1}
{lul =1, |pl <1}, AJul =1, |p| = 1}.
Since g + ¢ > 0, it follows that for any a > 0

qi—i—éj—i—oc

>1, i=1,2 j=1,2
a+6 ! J

Together with the condition £ < p — 1, we see that inequality (2.4) holds for each region
above and for any a > 0.

16



Now arguing as in Lemma 2.3 we obtain the principle inequality

min{co, 1} [A(x,u, Du) - Du + B(x,u, Du)u] u®*
BRﬂ{u>0}

5.4 (g1+l1+a)vi+n—L;—t (qr+l2+a)viz+n—~La—t
<C (R + R

_+_R(CI2+€1 +a)var+n—~01—t + R(QQ+£2+O¢)V2+’H,7£2 ft)

for R > Ry, where
vi=(s+t—p+01)/(q+ 41— 0) vig=(s+t—p+4L2)/(q1 + L2 —0)

V21 :(5+t—p+€1)/(Q2+€1—0) Vo = (S—f—t—p—l—fg)/((p +€2—9)

and C depends only on «, ¢1, {2, n, p, q1, g2, 7, S, t and the structural parameters C' 4, Cp
in (5) and (6).

It follows from the conditions g + ¢ > 6 and s+t — p + £ < 0 that all the quantities
V1, V12, Vo1, Vo are well-defined and negative. If o is now taken sufficiently large then all
four exponents on the right side of (5.3) are negative. Hence letting R — oo in (5.4) we
obtain (3.1). The rest of the proof is then the same as for Theorem 2.

Remark. A result corresponding to Theorem 6 can also be obtained in the case of multiple
values of p, but can be left to the interested reader.

For the case of the p-Laplacian we have the following more specific result, covering,
e.g., the equation
Apu = f(u)o(Du) sign u.

Theorem 7. Letr=s=t=0 and g+ ¢ > p— 1. Suppose that

, - p—n n
> (< q—— —1) ——
(4) p=n, ¢ —+ -1
or
) 1 <p<n and either
. p—n n
l< -1
¢ —tP-1) —
or
p—n n - n
0> q——ro —1)— ¢ -1
or
ng—L

Then any C entire solution of (1) is identically constant.

17



The case ¢ = 0 is perhaps the most important example of (5.1). Here the most
interesting parts of Theorem 7 are when ¢ > p — 1 and either

_ n
: >n, 1< (p—1
(4) pzmn, L<(p-1)——
or
() p<n, Z<qi_q’+(p—) 71'

Proof of Theorem 7. The idea is that in each of the cases of the theorem one can choose
a (single) value for a so that (5.4) holds with all the exponents being negative, in which
case the conclusion © = Const. is immediate by letting R — oc.

The idea is obvious in the final case, this being just Theorem 6 (note £ < p —1 < p
sop—F>0=s+t). Also in the first case of the theorem, that is (), it is easy to see
that condition (13) of the Corollary of Theorem 3 is then satisfied for each of the principal
regions, together with the condition ¢ + ¢ > p — 1. Therefore, as in the proof of Theorem
3, if « is sufficiently small then (2.4) holds for each of the regions, and, equally, (5.4) holds
with all the exponents being negative.

The first case of (ii) is proved in the same way, noting that now p < n rather than
p=n.

Finally the second case of (i7) is a consequence of Theorem 2.Indeed, a short calcu-
lation shows that (9), for both the values of ¢ and both the values of gin question, is a
consequence of the first condition of this case.Also from the second condition for this case
we get £ < p and so § = (n — £)/(n — p)1, that is condition (9’) holds for both values of .
Finally condition (10) is also implied by the second condition, and the required choice of
« follows as in the proof of Theorem 2.

6. Main results, II : a further generalization of condition (6).

Here we replace condition (5.1) by the much weaker requirement

0 when |z| >0
(6.1) 1) = { | 2|4 when |z| > d,

where d is a given positive constant. As always, the conditions (3), (4) are assumed to be
in force.

Theorem 8. Assume the “large radii conditions” (5) and
(6.2) B(x, z,p) signz > Cglz| " f(2) ||, |z| > Ro, |2| >0,

where the function f satisfies (6.1); C 4 and Cg are positive constants; £ > 0, r > 0,
s,teRandq+10>80.
Suppose also

(6.3) s+n—p<O0, (g+0)(s+n—p) —0n—0—1t)<0,
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and

(6.4) 0<(p— 1)%.

Then any entire C1 distribution solution of equation (1) must be constant.

Corollary to Theorem 8. When q > 0, r = 0 the result of Theorem 8 remains valid
without the additional condition (6.4).

The corollary follows from the observation that (6.4), and hence (2.4), is automatic
when ¢ > 0, r = 0, see the corollary to Theorem 3.

Proof of Theorem 8. In analogy to the proof of Theorem 6 we consider the regions
ul >d,  |u] <d,

with the purpose to obtain an inequality corresponding to (5.4). For the first region, we
argue as in the proof of Lemma 2.3, taking a = ¢ < 1 so small that (2.4) holds (see the
proof of Theorem 3).

For the second region we use (2.5) with Cp replaced by (2d)~ % and ¢ replaced by ¢,
where ¢; is a constant sufficiently large that ¢; + ¢ > 6 and (2.4) holds. Then as in the
proof of Theorem 6 there results

(6.5)

min{a, 1} [A(z,u, Du) - Du + B(z, u, Du)u] u®™*
BRlﬂ{u>0}

<y | ol fuf* D’
0<u<d,|z|<2R

+ Cl R(Q-i-f—l—oc)l/-i-n—@—t + C2 R(q1 +lta)vi+n—L—t

for R > Ry, where
s+t—p+¢ s+t—p+{

V= ——— vy = :
g+ —0 YT 4i—0

(1 is given by (2.19), (2.9) with 8 = 7; C3 is the same as C; with the two exceptions
that ¢ is replaced by ¢; and Cp by (2d)~?'; and where the integral on the right side arises
because, in the present case where (6.1) is in force, there is no corresponding quantity from
the function B to balance it.

Relying on the second part of (6.3), we have

s+t—p+/L
q+0¢—-90

{(g+l+a)(s+n—p) —0n—L—t)+a(t+¢—n)} <O

(q+l+a)v+n—L—t=(qg+l+a) +(n—0—1)

R
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provided that « (= €) is even smaller if necessary, say finally & = oy < 1. That is, the first

exponent in (6.5)) is negative provided that o = «y is sufficiently small.
We can now directly let ¢ — oo in (6.5). In preparation for this, the coefficients Cy

and Cy are crucial. In fact,

C 5/8 —7
_ gn+lv] “A il
Cl 2 wnC_A<CB) a’?/5t7
C /B =5 '
Cy =2l Oy ( (Qd){m) o;/d (with ¢ replaced by q1).

For ¢ fixed and o = « the coefficient C'; is a fixed finite constant.
To evaluate Cy as ¢ — oo we have by (2.10), (2.11), (2.12),

= Q1+ 1+ ag
=p—— —{ — o0,
Oé()—|—0
~ o+ 60 { g1 + 0+ g }
7: _£ — D,
q1+€—9 Oéo—|—(9
y y ag + 0
= O, = = — 97
5—> (hﬁ Q1q1+£_9—>040+

p—1-4/8 p-1
—= — .
p p

Qi

Also by (2.13) we get v — s. Thus
Cy — 2"l C g (2d)0H0 pP Jab ™! = Cs.
Moreover, as ¢ — 00,

l
M(s+t—p+€)+n—€—t—>s+n—p,

14 —t=
@+ £+ o +n—t= LIS

while for the integral on the right side of (6.5) we have the estimate

(2d)~ " / || ~Fu T Dul < 279 27y, R 420 sup), <o [Du()| .
0<u<d, |z|<2R

With the above estimates in hand, letting ¢ — oo in the the inequality (6.5) leads to
ap J S Cl Rnegative + 03 Rernfp’

where J denotes the integral on the left side of (6.5), and with Cy, C3 being constants as
described above; note here that the integral on the right side of (6.5) tends to 0 since the

factor 279 — 0 while the other terms are finite.
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Now letting R — oo and using the first condition of (6.3) we obtain J = 0, that is
(3.1), and the proof is now completed as usual.

A result corresponding to Theorem 8 but with s+ n > p is also possible, though with
somewhat stronger hypotheses, specifically with (6.1) replaced by

f(0) =0,
(6.6) f(z)is continuous and positive when |z| > 0,
f(z) > |2|? when |z| > d,

where d is a non-negative constant.

Theorem 9. Assume the “large radii conditions” (5) and (6.2), where the function f
satisfies (6.6); C 4 and Cp are positive constants; £ >0, r>0,s,t € R and g+ ¢ > 6. If

s+n>p s+t <p-—{¢, (<p-—1,

then any entire C1 distribution solution of equation (1) must be constant in R™ (or must

vanish if £ =0 ).
Before giving the proof, it is convenient first to have another version of Lemma 2.2.

Lemma 2.2". Leta > 1, 8 > 1, pl, g+ ¢ > 0. Then at all points x with |x| > Ry,
u=u(z) >0, p =¢(r) >0 we have

—BA(x,u, Du) - Dpu®p’~! < aA(z,u, Du) - Duu® 1P
(6.8) + || Tt ud TP
+Cla|” |Dp/e|7¢”

where

oa+0 B g+ ¢+ « 3D o
: —s+(s+t) — —p Tt T _ ¥
(6.9) v=s5+ (s )q it 2 pq 70 C=CJ"p

Proof. This is essentially the same as the proof of Lemma 2.2, with the exceptions that
we take £ = 0, Cg = 1 and replace ¢ (without confusion) by ¢ + ¢. The proof of Lemma
2.2 then supplies in place of (2.10) the new value

5 qgt+tl+ta
a+0

By the assumption g + ¢ > 0, this is greater than p (> 1); that is, condition (2.4) is no
longer required in the proof.
Also from the proof of Lemma 2.2, see (2.12), we find

at+l  qgqtl+a
g+i-0 Pari—@a

'7:
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and, unchanged from Lemma 2.2, see (2.13),

a-+0

U:S+(S+t> m

=5+ (s+1)

@RI

Finally, for simplicity, the term o/ (> 1) is deleted from the formula for C, see (2.9).

Proof of Theorem 9. From (6.6) it is easy to see that for any constant ¢ € (0,d) there
exists C. > 0 such that

(6.10) f(z) > C.|z]1 when |z| > c.

Our purpose again is to obtain an inequality corresponding to (5.4). In view of the
third condition of (6.6), condition (2.4) is automatically satisfied for all & > 0. Therefore,
as in the proof of Theorem 8, for the set u > ¢ we can use (2.5) and argue as in Lemma 2.3;
on the other hand, for the set 0 < u < ¢ we proceed somewhat differently. In particular
we use the inequality (6.8) rather than (2.5), with again § = 4. By this means, in place of
(6.5) there results (assume a > 1)

(6.11)

/ [A(z,u, Du) - Du + B(z, u, Du)u] u®™*
BRﬂ{u>O}

< / |1,|7t uq+€+a
O<u<e, |x|<2R

4y Rlattraytn—t—t 4 & platl+a)vtn—t

for R > Ry; here the integral on the right side appears because, as in the proof of Theorem
8, there is no corresponding quantity from the function B to balance it; the second exponent
of R in the last line arises since, by (6.9),

v+n—t=(@+l+a)v+n—t; v=_(s+t—p)/(g+L—0);

finally
Ca
C.Cp

5/8 B )
Cr =2 w, Cy ( ) 7, Cy = 27w, CYP 77,
for C, we use 3, 7 given by (2.10), (2.12), while for Cy we use T, 7 given by (6.9). )
The coefficients C; and Cy are again crucial. From (2.12), (2.10) for the case of Cs

we have Lo Lo
(6% 0% _
= N = — >
oy L ey ey R

therefore, with o > g+ ¢ > 0,

qg+l+a
q+0—-06’

@I

p(g+¥4) 4 ko
2p q+£—60 ' qt+£€—0

2

< = ~Y < | T
Syri—9® 7—<q+£—¢90‘

gl
g
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In turn, from (2.13),
n+ |v| §n+\s]+\s+t\%§Const.(1—|—a).

In combination, this gives
(6.12) C < Const. - Const.® - o©onst- . qpa/(a+E=0)
for appropriate constants depending only on n, ¢, r, s, t; p, q, 0; C4,Cp and c. Similarly
6.13 Co < Const. - Const.® - @Comst- . qpe/(a+6=0)
( ) <

We now take R = o' in (6.10), where p is a positive constant which remains to be
determined. This choice of R satisfies R > Ry provided also o > R(l)/ " Then

R(q—l—ﬁ—l—a)y—{—n—é—t — au((q-{-é)u-l—n—Z—t) . au(s+t—p+€)a/(q+€—9)

(6.14) Rlattta)rtn—t _ qula+Ovtn=t _u(s+t—p)a/(a+=0)

With the definition

S

J = / [A(x,u, Du) - Du+ B(x,u, Du)u],
Brn{u>2c}

we have

(6.15) / [A(z,u, Du) - Du 4 B(z,u, Du)u] u®~* > (2¢)* 1 J.
BRﬂ{u>0}

Inserting the estimates (6.12) — (6.15) into (6.11) and dividing through by (2¢)*~!
then gives the following principal inequality

(6.16)

j < 2n+|t|wn Ck“(n_t) Ca—}—q—l—ﬁ /(QC)a_l

_l_ Const. . Const‘a . aCOHSt. . [a(u(s+t—p+£)+p)a/(q+£—9) _|_ Oé(“(s"’t_p)"'p)a/(q"'e_e)]‘

Now choose

_ptqgt+L—10
Cop—l—s—t
so that
pls+t—p+O+p | plstt—p+p_ . tu
q+¢—96 - g+0—-6 qg+0—6°

Both the final exponents in (6.16) therefore become < —a. Thus letting v — oo in (6.16)
we get J =0 (!); note here that

2n—|—|t|wn au(n—t) Cq—|—€+o¢ /(2c)a—1 _ 2n—|—1+|t|wn au(n—t) Cq—|—£—|—1 .97
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as o — 00.**

Since J = 0 and ¢ can be arbitrarily small, it follows at once from (3) that (3.2) holds,
and the proof is then completed as in Theorem 2.

7. A new Liouville theorem.

Here we prove Theorem 10, stated at the end of the introduction.
Let k < k. Then by (16) there exist positive constants M, Ry > Ry depending on k
such that

(7.1) u(z) < M|z|? for |z| > R;.

Then, as in the proof of Lemma 2.3 and Theorem 8 (taking t = 0 and £ = 0) we obtain in
place of (6.5) the inequality

min{a, 1} [A(z,u, Du) - Du + B(z,u, Du)u] u®™*
BRlﬂ{u>0}

(7.2)
< (2d)_q1 / |u|°‘+Q1|Du|£ + Oy R(q1+a)1/1+n
R<|z|<2R

for R > Ry, where 11 = (s — p)/(q1 — 0) and C5 is the same as in the proof of Theorem 8
(but with ¢ = 0).
We can now take d = M(2R)* and use (7.1) to get

min{c, 1} [A(z,u, Du) - Du + B(z, u, Du)u] u®™*
BRlﬁ{u>0}

<271 (2R)"wy, {]\J(QR)k}Cv
+ C4{2M(2R)k}‘h(0‘+9)/(Q1—9)R(q1+a)y1+n

(7.3)

** The right side of (6.16) can be extremely large for intermediate values of «, before
ultimately approaching 0 as a — co. Since in (6.16) the relevant value of the Constant in

the term Const.® is
1 C.A 2p p 1/(q+€—9
E{OCOB (qw—e) } -

we have, since the function m® a~® takes its maximum value when a = m/e,

max {Const.” o~} = ¢™/¢ ~ 10™/%3,
When c¢ is small, the value of m can be quite large, so the right side of (6.16) can
easily reach tens of trillions (national debt) before ultimately decreasing and approaching

0.
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with ~
5

a¥/a

Here we can let ¢ — oo (with o and R fixed). Following the calculations in the proof
of Theorem 8 then gives

2l

04 _ 2n+|v\ w,, C.A CZ/B

(with ¢ replaced by ¢; and ¢ = 0).

Y

min{a, 1} J < Cy RF@+0)Fstn=p

with
Cs = 2n+|s\ Wy, C.A (2kz+1M)a+9 pp/apfl'

But k = k — ¢ for some € € (0, k), so that

kEla+0)+s+n—p=ka+kl+s+n—p—cb
=ka — ¢

using the definition K = (p —n — s)/60. Thus if « is taken so small that 0 < a < —ef/k, it
follows that .
min{a, 1} J < Cy5 R"°824ve,

Letting R — oo gives J = 0, and the proof is then completed as usual.

Remarks. It is not hard to check that Theorem 10 also holds when p =1 and r > 0.

A result similar to Theorem 10 was proved in [9] for a more special class of operators
A, but with a weaker growth condition than (17), namely u(x) = o(|x|") as |z| — oo, see
Theorem 1.1 of [9].

Theorem 10 obviously does not apply when 1 < p < n. In fact, at least when 1 < p <
n, there exist solutions of the inequality A, v > 0 which are, somewhat surprisingly, both
positive and non-constant and yet have at the same time an arbitrarily small L> norm.
Indeed, by direct calculation (see [3], Section 9) the function

v:v(x):se’mw'ﬁ, e>0, >0,
has ||v||p=~ = €, while

Apv={n—p—Bp—1)+ @18z} 2| 7P O {Bo(z)}r

The right side is then positive if 3 = (n —p)/(p —1). (Also then [|A, v|[L~ < Const.eP™!
so even A, v can be arbitrarily small.)

In the following theorem we consider the case q + ¢ < 6, previously untreated. Here
we recall that
 p—l—s—t _p—n-—s
T e-—q—¢ > "TT¢ —
Theorem 11. Let u be a C! entire distribution solution of (1), with (3) - (6) in force.
Suppose that g+ < 6, { < p—1. There are two cases:

1%
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(i) s+t<p—¥, and
(g+0)Krk+n—0—t>0,

with

(7.4) u(z) = O(|z|*)  as |z| — oo
for some k € (0,v).

(i1) s+n<p, and
(q+O)r+n—L—t<0,

with

(7.5) u(z) = O(|z|*) as |z| — oo
for some k € (0, k).

If either case (i) or (ii) holds, then u must be identically constant in R™.

Remarks. In the interior of region (i) we have vk, while v < & in the interior of region
(ii). On the boundary between regions (i) and (ii) one has v = k. See Figure 4.

Theorem 11 provides a significant generalization of Theorem B of [3], except that
Theorem B allows the slightly weaker condition u(x) = o(|z|”) as |x| — oo in case (i). On
the other hand, for the region (ii) Theorem B either gives a weaker result than Theorem
11 or no result at all. Of course, even more, Theorem B applies only for the special case
¢=0.

Proof of Theorem 11. Case (i). Let k < v. Then by the growth condition (7.4) there
exist positive constants M, Ry > Ry depending on k such that

(7.6) u(z) < M|z|? for |x| > R;y.

Put 7=60—q—/{+¢', where & > 0 is a small constant to be determined later. As in
the proof of Theorem 10, we use the calculations of Lemma 2.3, with however in (2.5) the
value ¢ being replaced by g + 7, t replaced by ¢t 4+ k7 and Cp replaced by C/M7™. In this
case we have, first, (¢ + 7) + ¢ = 0 + £'0, as required. Also the left side of (2.4) takes the

form
g+l+ta+1  a+b+¢

a+f  a+b
so that (2.4) now holds because of the condition ¢ < p — 1. Then from (2.2), (6), and the

revised inequality (2.5), and with ¢ as in the proof of Lemma 2.3, there results in place of
(7.2)

>1

min{a, 1} [A(z,u, Du) - Du + B(z,u, Du)u] u®™*
Br,N{u>0}

C
(7.7) < 2 =74 w7 | D
M7 Jr<|e|<2RN {u>0}

- CB/ || ~tuT| Dul® + Cy R
R<|z|>RN {u>0}
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for R > Rq, where

C MT ’S’/B = y
e %) )
(with ¢ replaced by ¢ + 7 and t by ¢t 4+ k7) and where

s+t+0—p+kr
q+i+7-10

A=@+l+a+T1)0+n—L—t—kT, U=

Using 7 = 0 — g — £ + €’ then gives, after a short calculation,

a+6
5/

(7.8) A= (s+t+l—p+kt)+s+n—p.

By (7.6) the term u™ in the first integral on the right in (7.7) is dominated by M™|z|*7;
that is, the first integral is dominated by the second, so that (7.7) becomes

(7.9) min (o, 1) J < Cy R

where A is given by (7.8).
Since k < v we can write k = v — ¢ with ¢ € (0,v). Another short calculation gives

s+t+l—pt+kr=s+t+l—p+vrT—T1e =V —TE.

Now take
g f-a-t
o Qu—¢

Then ve' — 76 = —ve’, whence finally
A=—(a+0)v+s+n—np.

Thus, whether s 4+ n — p is negative or not, if « is suitably large we have A < 0. But then
letting R — oo yields J = 0 in view of (7.9), and the proof is then completed as usual.

Case (ii). Since B(x,u, Du) signu > 0 it follows that

>0 ifu>0,

(7.10) div A(x, u, Du) { <0 ifu<o

But then a trivial modification of the proof of Theorem 10 shows that if u(x) = O(]z|*) as
|z| — oo with k < k, then any entire C! solution of (7.1) is constant.

The following theorem extends Theorem A of [3] to the case ¢ > 0. The proof is
essentially the same as for Theorem 11.

Theorem 12. Let u be a C! entire distribution solution of (1), with (3) - (6) in force.
Suppose that g+ =60, ¢ < p—1. There are two cases:
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(i) s+t <p—{, with u(x) having algebraic growth as |x| — infty.
(1) s+n<p, and s+t>p—1{,
with

u(z) = O(|z|¥) as |z| — oo

for some k € (0,k).

1]
2]

If either case (i) or (ii) holds, then u must be identically constant in R™.
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