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Abstract

We construct embedded Willmore tori with small area constraint in Riemannian three-manifolds
under some curvature condition used to prevent Mobius degeneration. The construction relies on a
Lyapunov-Schmidt reduction; to this aim we establish new geometric expansions of exponentiated
small symmetric Clifford tori and analyze the sharp asymptotic behavior of degenerating tori under
the action of the Mobius group. In this first work we prove two existence results by minimizing
or maximizing a suitable reduced functional, in particular we obtain embedded area-constrained
Willmore tori (or, equivalently, toroidal critical points of the Hawking mass under area-constraint)
in compact 3-manifolds with constant scalar curvature and in the double Schwarzschild space. In a
forthcoming paper new existence theorems will be achieved via Morse theory.
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1 Introduction

This is the first of a series of two papers where the construction of embedded area-constrained Will-
more tori in Riemannian three-manifolds is performed under curvature conditions: here via minimiza-
tion/maximization, while in the second paper [13] via Morse theory.

Let us start by introducing the Willmore functional. Given an immersion ¢ : ¥ < (M,g) of a
closed (compact, without boundary) two-dimensional surface ¥ into a Riemannian 3-manifold (M, g),
the Willmore functional is defined by

(1) W(i) = / H?do
b
where do is the area form induced by the immersion and H is the mean curvature (we adopt the convention

that H is the sum of the principal curvatures or, in other words, H is the trace of the second fundamental
form A;; with respect to the induced metric g;;: H := gV A;;).



An immersion 4 is called Willmore surface (or Willmore immersion) if it is a critical point of the
Willmore functional with respect to normal perturbations or, equivalently, if it satisfies the associated
Euler-Lagrange equation

(2) AgH + H|A?> + HRic(n,n) =0,

where Aj is the Laplace-Beltrami operator corresponding to the induced metric g, (A4);; := A;j — %H Gij
is the trace-free second fundamental form, n is a normal unit vector to ¢, and Ric is the Ricci tensor of the
ambient manifold (M, g). Notice that (2) is a fourth-order nonlinear elliptic PDE in the immersion map i.

The Willmore functional was first introduced for immersions into the Euclidean space in 20’s and 30’s
by Blaschke and Thomsen, who were looking for a conformal invariant theory which included minimal
surfaces. Since minimal surfaces trivially satisfy (2) and - as they proved - W is invariant under Mdbius
transformations in the Euclidean space, they detected the class of Willmore surfaces as the natural
conformally invariant generalization of minimal surfaces and called them conformal minimal surfaces.
The topic was then rediscovered in the 60’s by Willmore [44], who proved that the global minimum
among all closed immersed surfaces was strictly achieved by round spheres and conjectured that the
genus one minimizer was the Clifford torus (and its images via Mobius transformations). This long
standing conjecture has been recently proved by Marques-Neves [25] by min-max techniques (partial
results towards the Willmore conjecture were previously obtained by Li-Yau [23], Montiel-Ros [34], Ros
[38], Topping [40] and others, and that a crucial role in the proof of the conjecture is played by a result
of Urbano [41]). Let us also mention the fundamental works on the Willmore functional by Simon [39]
who proved the existence of a smooth genus one minimizer of W in R™ (later generalized to higher genus
by Bauer-Kuwert [5] who were inspired by a paper of Kusner [14]; an alternative proof of these results
has been recently given by Riviere [37] using the so called parametric approach), by Kuwert-Schétzle [16]
and by Riviere [36].

Probably because of the richness of the symmetries preserving the class of Willmore surfaces and
because of the simplicity and the universality of its definition, the Willmore functional shows up in very
different fields of sciences and technology. It appears for instance in biology in the study of lipid bilayer
cell membranes under the name Helfrich energy, in general relativity as being the main term in the so
called Hawking Mass, in string theory in high energy physics concerning the definition of Polyakov’s
extrinsic action, in elasticity theory this as a free energy of the non-linear plate Birkhoff theory, in optics,
lens design, etc.

Let us stress that all the aforementioned results about Willmore surfaces concern immersions into
Euclidean space (or, equivalently by conformal invariance, for immersions into a round sphere); the liter-
ature about Willmore immersions into curved Riemannian manifolds, which has interest in applications
as it might model non-homogeneous environments, is much more recent: the first existence result was es-
tablished in [28] where the third author constructed embedded Willmore spheres in a perturbative setting
(see also [29], and the more recent work [10] in collaboration with Carlotto; related perturbative results
under area constraint have been obtained by Lamm-Metzger-Schulze [19], by Lamm-Metzger [17]-[18],
and by the third author in collaboration with Laurain [21]).

The global problem, i.e. the existence of smooth immersed spheres minimizing quadratic curvature
functionals in compact Riemannian three-manifolds, was then studied by the third author in collabora-
tion with Kuwert and Schygulla in [15] (see also [33] for the non compact case). In collaboration with
Riviere [31]-[32], the third author developed the necessary tools for the calculus of variations of the Will-
more functional in Riemannian manifolds and proved existence of area-constrained Willmore spheres in
homotopy classes (as well as the existence of Willmore spheres under various assumptions and constraints).

Since all the above existence results in Riemannian manifolds concern spherical surfaces, a natural
question is about the existence of higher genus Willmore surfaces in general curved spaces; in particular
we will focus here on the genus one case.

Let us mention that if the ambient space has some special symmetry then the Willmore equation
(2) simplifies and one can construct explicit examples (see for instance the paper of Wang [42] in case



the ambient manifold is a product and the work of Barros-Ferrdandez-Lucas-Merono [4] for the case of
warped product metrics); we also mention the work of Chen-Li [11] where the existence of stratified
weak branched immersions of arbitrary genus minimizing quadratic curvature functionals under various
constraints is investigated.

The goal of the present (and the subsequent [13]) work is to construct smooth embedded Willmore tori
with small area constraint in Riemannian three-manifolds, under some curvature condition but without
any symmetry assumption. Let us recall that area-constrained Willmore surfaces satisfy the equation

AgH + H|A?> + HRic(n,n) = \H,

for some A € R playing the role of Lagrange multiplier. These immersions are naturally linked to the
Hawking mass
Area(i)
6473/2
since, clearly, the critical points of the Hawking mass under area constraint are exactly the area-
constrained Willmore immersions (see [7, 12, 19] and the references therein for more material about
the Hawking mass).

mp (i) := (16w — W (1)),

The main result of this paper is the following (recall that the area of the Clifford torus in the Euclidean
space is 4\/§7r2).

Theorem 1.1. Let (M, g) be a compact 3-dimensional Riemannian manifold. Denote by Ric and Sc the
Ricci and the scalar curvature of (M, g) respectively, and suppose either

(3) 3 sup (SCP — inf Ricp(v, V)) > 2 sup Scp,
PeM lvlg=1 PeM

or else

(4) 3Pi££/[ (SCP - Iysltglzl Ricp (v, V)) < 2Pig]fv[ Scp.

Then there exists eg > 0 such that for every e € (0,e¢) there exists a smooth embedded Willmore torus in
(M, g) with constrained area equal to 4v/2m2e2.

More precisely, these surfaces are obtained as normal graphs over exponentiated (Mdébius transforma-
tions of ) Clifford tori and the corresponding graph functions, once dilated by a factor 1/e, converge to 0
in C**-norm as ¢ — 0 with decay rate O(g?).

Remark 1.2. If both the conditions (3) and (4) are satisfied then there exist at least two smooth embedded
Willmore tori in (M, g) with constrained area equal to 4v/2m%€* (see Remark 5.1 for the proof).

The assumptions of Theorem 1.1 are rather mild and allow to include a large class of examples, as
explained in the next corollaries and remarks. See also Remark 4.4 for an interpretation of the quantities
in (3) and (4) in terms of sectional curvatures.

Corollary 1.3. Let (M,g) be a compact 3-dimensional manifold with constant scalar curvature. Then
there exists g > 0 such that for every e € (0,eq) there exist at least two smooth embedded Willmore tori
in (M, g) with constrained area equal to 4+/2m%2.

Corollary 1.3 easily follows by Remark 1.2 once we observe that if Sc = .5 € R and if (M, g) does not
have constant sectional curvature, then Schur’s lemma implies the existence of P € M at which (M, g)
is not isotropic. With the aid of the expressions in Remark 4.4, both the assumptions (3) and (4) are
satisfied. On the other hand, if (M, g) has constant sectional curvature K € R then it is conformally
equivalent to (a quotient) of the Euclidean space (indeed either it is a quotient of the three-sphere S3 or



of the Hyperbolic three-space H? both conformally equivalent to the Euclidean three-space). Now it is
well known that the functional

Wons (i) = /E [H? + 4K]do = W (i) + 4K Area(i)

is conformally invariant (see for instance [43]). Of course the area-constrained critical points of W are
exactly the area-constrained critical points of W, r, but then by conformal invariance it follows that
Euclidean Clifford tori correspond to area-constrained Willmore tori in the space form.

Remark 1.4. The class of compact 3-manifolds with constant scalar curvature include many remarkable
examples of ambient spaces which play an important role in contemporary surface theory. Trivial cases
are compact quotients of space forms (notice that the same existence result applies to the standard non
compact space forms as explained below), but more generally any homogeneous three manifold has of
course constant scalar curvature. Ezamples of compact homogeneous spaces are S* x S', Berger spheres
and any compact quotient of a three-dimensional Lie Group. The study of special surfaces (minimal,
constant mean curvature, totally umbilic) in homogeneous spaces is a very active area of research: for
instance let us mention the recent monograph of Meeks-Perez [26], the recent paper on CMC spheres
in homogeneous three-spheres by Meeks-Mira-Perez-Ros [27] and the classification of totally umbilical
surfaces in homogeneous three-spaces by Manzano-Souam [24].

Let us stress that most of the results in this setting are for genus 0 surfaces and for second order
problems, so the originality of our result lies in both exploring higher genus surfaces and higher order
problems (recall that the Willmore equation is of fourth order, while minimal, CMC, and totally umbilical
surface equations are of second order).

Before passing to describe the organization of the paper let us mention that our techniques can be
adapted to handle also some non compact framework. Indeed, as (remarkable) example, we prove the
existence of toroidal area-constrained critical points of the Hawking mass in the Schwarzschild space.

Recall that the Schwarzschild metric of mass m > 0 is given by (R?\ {0}, gscn) where g;;(z) = (1 +
2)45,;, where of course 7 = /(z1)? + (22)? + (#3)2. The metric is spherically symmetric, conformally
equivalent to the Euclidean one and asymptotically flat, it has zero scalar curvature, and the sphere at
{r =m/2} is totally geodesic. In fact, the Schwarzschild metric is symmetric under the mapping r — %
and therefore it has two asymptotically flat ends.

In the next remark we recall what is known about minimal and CMC surfaces in Schwarzschild metric
(we thank Alessandro Carlotto for a discussion about this point).

Remark 1.5 (Minimal and CMC surfaces in Schwarzschild). o In the Schwarzschild space there are
no non-spherical closed minimal surfaces: indeed it is known that if a closed minimal surface ¥ in
the Schwarzschild space is non-spherical then it must be totally geodesic and in particular totally
umbilic, but the fact of being totally umbilic is conformally invariant and therefore ¥ is totally
umbilic also in the Fuclidean space. But then X is a Euclidean round sphere which contradicts that
> was not spherical. More precisely, by a mazximum principle argument using comparison with CMC
slices, it is possible to show that the only embedded closed minimal hypersurface in (R3\ {0}, gsen)
is the horizon {r = m/2}, which in fact is totally geodesic.

e Regarding CMC surfaces in (R® \ {0}, gsen), it was proved by Brendle [S8] that the only embed-
ded closed CMC surfaces in the outer Schwarzschild (R* \ By, /2(0), gsern) are the spherical slices
{r = const} (let us mention that the results of Brendle include a larger class of warped products
metrics). The embeddedness assumption is crucial for this classification result, in view of possible
phenomena analogous to the Wente tori (which are immersed and CMC) in R3. It is also essential
that the closed surfaces do not intersect the horizon {r = m/2}. Indeed, solving the isoperimetric
problem in (R3\ {0}, gsen) for small volumes, it is expected (by perturbative arguments d la Pacard-
Xu [85]) that the isoperimetric surfaces are spherical surfaces intersecting {r = m/2} (regarding the
isoperimetric problem in Schwarzschild see also the Ph.D. thesis of Bray [7] and the recent paper



by Brendle-Eichmair [9]).

Summarizing, it is known that in (R®\ {0}, gscn) there are no non-spherical embedded minimal surfaces
and it is expected there are no non-spherical embedded CMC surfaces.

In sharp contrast to the aforementioned situation, our next theorem asserts the existence of embedded
tori which are critical points of the Hawking mass under area constraint.

Theorem 1.6. Let (R*\{0}, gscn), with gij(x) = (1+52)%8;;, be the Schwarzschild metric of mass m > 0.
Then there exists eg > 0 such that for every e € (0,eq) there exist smooth embedded tori (infinitely-many,
by symmetry) in (R3\ {0}, gsen) which are critical points of the Hawking mass with constrained area equal

to 4v/2712e2.

Remark 1.7. With analogous arguments to the proof of Theorem 1.6 one can actually prove existence
of smooth embedded tori which are critical points of the Hawking mass with small constrained area in
asymptotically locally Euclidean (ALE) scalar flat 3-manifolds (for more details see Remark 5.2). More
precisely, the following two conditions are sufficient for our arguments.
1) (M, g) is a complete non compact 3-manifold whose scalar curvature vanishes identically: Sc = 0.
2) Fized some base point xg € M, there exists v > 0 with the following property: for every e > 0 there
exists Re > 0 such that for any x € M \ B} (x0) there exists a diffeomorphism U : B®’(0) — BM(x)
satisfying ||5z‘j - (‘I’*g)ij||c2(3§3(o)) <e.
Notice that condition 1) is equivalent to the constrained Einstein equations in the vacuum case, and 2)
is a mild uniform control of the local geometry of M together with a mild asymptotic condition.

Now we pass to outline the structure of the paper and the main ideas of the construction: a Lyapunov-
Schmidt reduction. Roughly, such technique can be summarized as follows (for a systematic presentation
with examples see the monograph of Ambrosetti and the second author [3]; the original technique is due
to Lyapunov-Schmidt but the variational implementation we are going to describe is inspired by the work
of Ambrosetti-Badiale [1]-[2]): one is interested in finding critical points of a real valued functional I.
from infinite dimensional space X, knowing that for € > 0 small enough there exists a finite dimensional
manifold Z. C X made of almost critical points of I. (in the sense that the differential I/ is small enough
on Z. in a suitable sense).

If one also knows that the second differential I is non degenerate on Z, or more precisely I” restricted
to the orthogonal complement of the tangent space to Z. is non degenerate (here orthogonal complement
must be considered just formally as a motivation, but this is rigorous if X is a Hilbert space), then
one can solve an auxiliary equation (given by the projection of the equation I = 0 onto the orthogonal
complement of T'Z.) and reduce the problem of finding critical points of the functional I, : X — R to
finding critical points of a suitable functional ®. : Z. — R; of course the advantage being the reduction
of the problem to studying a function of finitely many variables.

In our case the functional I is of course the Willmore energy W defined in (1) and X is the space of
smooth immersions (with area constraint €) from the Clifford torus into the Riemannian manifold (M, g).
Observe that, by the conformal invariance of the Willmore functional in R?, the family of (images under
Mobius transformations of) Clifford tori in R? form a non compact critical manifold for the Euclidean
Willmore functional; moreover from the classical paper of Weiner [43] it is known that the second variation
of W is non degenerate on this critical manifold and by the recent gap-theorem proved by Nguyen and
the third author [30] this critical manifold is isolated in energy from the next Willmore torus. In Section
2 we describe in some detail the M&bius maps which preserve the area of the Clifford torus, as well as
Weiner’s result.

Since at small scales a Riemannian metric approaches the Euclidean one, it is natural to expect that
the images of small Clifford tori via exponential map form a manifold of almost critical points of W in
the above sense. This will be proved, with quantitative estimates, in Section 3.1. After that, the finite-
dimensional reduction of the problem will be carried out: in Proposition 3.5 for every (exponentiated)
torus we will construct a perturbation which will solve our problem up to some further Lagrange multipli-
ers given by the Jacobi fields of translations, rotations and Md&bius inversions. The abstract construction



in Section 3 is rather standard, nevertheless the main obstacle here is due to the fact that the action of
the Mobius group on the Clifford torus is non-compact.

To overcome this issue we incorporate in the abstract construction the variational structure of the
problem. We will compare the Willmore energy of (exponentiated) symmetric VS degenerating tori.
These expansions are worked-out in Section 4 (see in particular Proposition 4.1 and Proposition 4.6
respectively), where the effect of curvature is taken into account. Degenerate small tori look like geodesic
spheres with small handles, so for these we check that the scalar curvature of M plays the main role in
the expansion (compare to the results in [17] and [28]). For symmetric tori instead we observe an effect
due to a combination of the scalar curvature and the sectional curvature of the plane of symmetry of the
torus (which can be expressed in terms of the Ricci tensor in the axial direction of the torus), see Remark
4.4. These expansions are probably the main contribution of the present work; we believe that they might
play a role in further developments of the topic, especially in ruling-out possible degeneracy phenomena
under global (non-perturbative) variational approaches to the problem, as it has already happened for
the case of Willmore spheres.

In Section 5.1 we will use the assumptions in Theorem 1.1 for ruling out Mébius degeneration by direct
energy comparison, which would be more costly. We will consider a sequence of compact sets invading
the family of Mobius inverted tori and we will show that the Willmore energy in the interior is strictly
lower (or higher) than the energy on their boundary. This will prove the existence of a critical point
despite the non-compactness of the problem. Finally, some examples to the applicability of Theorem 1.1
are provided.
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2 Preliminaries

In this section, we discuss the M&bius inversions preserving the area of the Clifford Torus T. Moreover,
we collect some properties of the Willmore functional. Hereafter, we use the notations (-,-) and go(,-)
for the Euclidean metric.

2.1 Inverted tori with fixed area

This subsection is devoted to the analysis of the Md&bius inversions of T which preserve the area of the
torus. Through this paper, we parametrize the Clifford torus T by

Ti={X(p,0) : 0,0 € [0,2n]}
where

(5) X(p,0):= ((\@ + cos ) cos B, (V2 + cosp)sinf, sin (p) .
By this parametrization, the area element dor is given by

(6) dor = (\@ + cos np) depdb.

For zy € R? and n > 0, the M&bius inversion with respect to 0By, (o) is defined by

o
|z — xo?

(7) Do) = (x — ) + 0.



For any smooth compact surface ¥ C R*\{x}, we set X := ®,, ,(X) and we denote the volume elements
of ¥ and ¥ by dos and dog respectively. By the conformality of &, , it turns out that
7

o T

dO’z;.

We are interested in two opposite limit behaviours of the Mobius inversions applied to T, namely for
large and small inversion radii. First of all, we observe the existence and basic properties of the Mdbius
inversions preserving the area of T.

Lemma 2.1. Let e, := (1,0,0). Then for any n > 0, there exists a unique &, > V2 + 1 such that
|(I)*§nezv7l(T)|go = 4\/§7T2 = ‘T|90

where |A|g, denotes the area of a surface A in the Euclidean space. Moreover, the map n v+ &, is strictly
increasing in (v/2 + 1,00) and smooth. Finally, one observes that

lim &, = V2 + 1, lim ¢, = oo.
n—0 n—00

Proof. First we notice that T C R*\{€e,} for each £ > V2 + 1, s0 ®_¢, ,(T) is well-defined for every
¢ >+/2+1and 5 > 0. Thus by (6) and (8), we observe

27 27 \[‘i‘ Ccos
A(&,n) = |(I)7§ez n |go = / / \X 6) + ce |4d pdf.

Moreover, it is easily seen that
(9)

AECOO<(\/§+1,OO)><(O,OO)>7 94 (§ 77)>0> (fn) forall(é,n)e(\/§+1,oo)><(0,oo),

23

Thus from
lim A(¢,n) =0, lim A(¢,n) = o0
n—0 17— 00

we may find a unique &, > v/2 + 1 so that A(&,,7) = 4v/27%. By the implicit function theorem, &, is
smooth and strictly increasing from (9). Finally, it is obvious to see that

%L)Hlofn:\/ﬁ+1a nlig}ognzooa

which completes the proof. O

First we observe the behaviour of £, and ® ¢, , as n — oo.
Lemma 2.2. Asn — oo, there holds

%’7 1102, Do (@) =z -2 e)e, in CX(RY).

Remark 2.3. The map z + x — 2(x,e,)e, is the reflection with respect to the plane [z1 = 0] :=
{(0,22,23) : 22,23 € R}.

Proof of Lemma 2.2. First, we prove {,n~' =1+ O(n~?). Since &, — 0o as 7 — 0o, one has

6,1 X + ex|t = 1+48, 1 (V2 + cos @) cos O + O(£,,?).



Thus by a Taylor expansion we obtain

/271' /27r 2+ oS ¢ V2+cosp
54 €0 1X + el
2 2m
:?4/0 ; (\/§+coscp){1—45;1(\/5-%cos<p)cos€+0(§;2)}d0dgo.
n

Noting that
2 2m
/ (V2 + cos )2 cos Bdfdyp = 0,
0

we have

4\/§7T2—g{4\[ﬁ +0(¢, )}

Hence, {,n~ ' — lasn— oo and &n~ ! =1+ 0(n~2).
For the latter claim, we first remark that

s n?
D ¢ e =—F——T+ ———1]e;
571 zvﬂ(x) |x+£nex‘2x 5”7 (|x+£nez|2 > €
and
772 n 2 1 2 1 O( 2))
—_—— == ———=(1+0(n" 1—-26 " (x,ep)e, + ).
e (&) e - 00 ) (-2 ee. + 00
Hence,
D _go,n(@) = (1+0(n "))z - 2(z,e,)e, + O(n "),
and the claim follows. O

Next, we consider the behaviour of the Mobius inversions as n — 0. For this purpose, it is convenient to
fix a symmetric point of ®_¢ o, . Since either the translations or reflections do not affect areas, from

Lemma 2.1 there exists 5,7 > 0 for every 1 > 0 so that
|<I>0,,,(T5~n)\go =427  where ’]I‘&7 =T — (\/5 +1+ §n) e

Furthermore, én is smooth, strictly increasing in (0, 00) and satisfies

lim fn =0.

n—0

Next, we remark the following two properties of the Mdobius inversions:
(i) @o,,(x) = Po,1(n~2x) for every n > 0 and = € R3\{0}.
(ii) For any ¢y € R\{0}, ®o1 maps the locus {z! = ¢y} into a sphere of radius 1/(2|cg|) centred at

(co/(2lcol?))ex

Then we define the following functions:
Y(p,0,m) = X(p,0) - (\@+ 1 +§n) e,
Z(9,0,n) == @0, (Y (*@,1°0,m)) = @01 (n7°Y (n*@,1°0,m))

for (p,0) € R%. We shall show the following result:



Lemma 2.4. (i) lim,_o7?/&, = 2v2r2. Furthermore, n*/&, = 232712 + O(n?).
(i) ‘bO,n(Tg},) converges to the sphere with radius V212 centred at —v/2m2e, in the following sense: for
any R>0 and k € N, if n < 1/R*, then

||Z(a 377) - ZOHCk([,R’R]Q) < Ck’l’]3/2

as 1 — 0, where Cy, depends only on k and Zy is defined by

Zo(apﬁ) =®g; (— e, + (\/5—}— l)éey + <pez> , €,:=(0,1,0), e,:=(0,0,1).

1
2v/2m?
Proof. For assertion (i), it is enough to prove

(10) Zj =421 + O(n?)

n

as 7 — 0. To this aim, for each n € (0, 1], we set
L= {(p.0) € [-mal + @* + (V2+ 1207 <}, Ty o= [maP\ I,

Recall that ®g,(Tg ) has the fixed area 4272

V2 + cos g V2 + cos
2 _ 4
(11) 42m —n/ /WIY%HUI‘*d do = n* / / ‘Y@’M%d wdf =: I, + I

where we used [—m, 7]* instead of [0, 27]?.
First we shall show I; = O(n?). By a Taylor expansion of Y around (0,0), we have

(12) ¥V (0,0,60)12 = % + (V24 1)%62 + £+ {(V2+ )62 + ¢} &, + O(* + 0).
Thus we may find Cy > 0, which is independent of 1 € (0, 1], so that
Co(@® + (V2+1)%0%) < |Y(p,0,n)> for all (¢,0) € J, and ne (0,1].

Hence, using the change of variables (p,6) = (rcos©, (v/2 + 1)"!rsin ©) and noting that J,, C {(r,©) €
[n, 47] x [0,27]}, we obtain

2 47 27
/ Lcosid‘ﬂde <Ci / dpdd = & / / %drd@ < Con 2.
7, 1Y (0,0,m)] g @2+ (V2+1)202)2 V2+1), Jo o7

Thus multiplying the above inequality by n* we get I = O(n?).
Next, we examine I. Recalling (12), we have
(13)

{1-00") - &} (P + (V24120 + E < [ (0,0, < {14+ 00) + &} {2 + (V2 + 1262} + &2

for every (¢, 0) € I,,. Now we compute

n4/ (V2 + 1)dpdd
b [{14 068 + &) o2+ (Va+ 1)292}+£%]2




Using the same change of variables as above and noting that §~,, — 0 as n — 0, we have

774/ (V2 + 1)dpdd
f [{1 +00?) + fn} {¥2+ (V2 +1)%6%} + é?,r

o4 rdr
2mn /0 [{1 +0(?) +£n}7”2 +£72,}2

mn* 1 1

SO0 6 \& 7 (114 1 067) + &

=@—&—om%—mﬁﬁw<;+om%>

Combining (11), (13) and (14) with I; = O(5?) and v/2 4 cos ¢ = V2 + 14 O(5?) in I,), one may observe
that

~ ~, ’,’]4
(15) {1—5n+0(n2)+0(g§)}?2 = 4V2r + O(n?).

Since &, — 0 as n — 0, we have 774/&27 — 44/27. Hence, combining (15), we get (10).
For assertion (ii), due to a Taylor expansion, we first remark that
cosf =1+ R.(0), sinf =0+ Ry(0)

where

(16)

dk
B

dk
R(0)| < Culo® 0+, | (0)] < Gl -

for all k € N and |6] < 1 where a := max{0, a}. Using these expansions, we obtain

02 (23, 020m) = (=126, + Ry (9.0), (V24 1)0+ Ry2(8.0). @+ Ryna(5,0))

where

Ryy1(#,0) :== (V2+ 1) 2Re(11°0) + 1 *Re(i1° @) + 0™ > Re(n” @) Re(11°0),
Ry2(9,0) := (V2 + 1) 2 Ry(n?) + OR.(1°3) + 17> Re(11° ) Ry (n*6),
RY,n,S(@v 9) = U_ZRS(UQSZ’)~
By (16), it is easy to verify that
||RY,77,1||C}C([_R’R]2) < Ck773/27 ”RYWvQ”C’“([—R,R]z) < Ck7737 ||RY77773||Ck([—R,R]2) < Ckng
for all k € N provided n < 1/R*. Noting the assertion (i) and

[ ®o,1

|k r3\B,.(0)) < Cr

for each r > 0, the assertion (ii) holds. O

By Lemmas 2.1 2.2, 2.4 and Remark 2.3, composing the inversions in Lemma 2.1 with suitable translations,
rotations and reflections, one can obtain a smooth two-dimensional family of transformations of the
Clifford torus T which contains the identity and which degenerates to spheres centred on the xy-plane
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and passing through the origin of R?. Even though the identity map corresponds to choosing n = oo in
Lemma 2.1, the smoothness of the entire family (near the identity map) can be checked noticing that the
above inversions can also be obtained composing Mobius transformations in S% (including the identity
map) and stereographic projections from S® to R3. To summarize the discussion, we state the following
proposition.

Proposition 2.5. There exists a smooth family of conformal immersions T,, of T into R3, parametrized
by w €D, D being the unit disk of R?, which preserve the area of T and for which the following hold

a) T() = Id,‘

b) for w # 0, T,, is an inversion with respect to a sphere centred at a point in R® aligned to w (viewed as
an element of R3);

c) as |w| approaches 1, T,,(T) degenerates to a sphere of radius V272 centred at v 27T2|‘:—|.
In what follows, we use the symbol Ty, for T, (T).

Remark 2.6. If we wish to rotate in R? the images Ty, the resulting surfaces can be parametrized by
the family of tangent vectors to RP? with length less than 1.

2.2 Basic properties of the Willmore functional

In this subsection, we state basic properties of the Willmore functional as well as the non-degeneracy
condition of T. First of all, we begin with a basic property of the Willmore functional Wy in the Euclidean
space for immersions i : ¥ — R3

Wo(i(X)) = / H?%do,
bX
namely its conformal invariance.

Proposition 2.7. Let ¥ be a compact closed surface of class C? and let i : ¥ — R3 be an immersion.
Then, if A > 0 and if ®4, ., is as in (7), one has the invariance properties

7)) Wo(Xi(X2)) = Wo(i(X)) and J3) Wo((Pazyn 0 ) (X)) = Wo(i(X))  provided xo & i(X).

‘We also recall the first and second variation formulas for the Willmore functional
W(i(%)) = / H?do
by

in a general setting, namely for a surface immersed in a three-dimensional manifold M. We perturb the
surface through a variation with normal speed ¢ n, where n stands for the unit outer normal to the image
of ¥. We denote the perturbed surfaces by F(t,p) (t € (—¢,¢), p € X). Calling n = n(t,p) the outward
pointing unit normal to the immersion F'(t,-) we denote with ¢ := g(n, 9 F") the normal velocity, we also
let g;; be the first fundamental form of ¢(X) and by do the induced area element.

We denote by Riem the Riemann curvature tensor of M at P, by Ric the Ricci tensor, by Sc the
scalar curvature, by A the second fundamental form of i(X), by A = A — 2 Hg the traceless part of A, by
A the Laplace-Beltrami operator on (X, g) and we define the elliptic, self-adjoint operator

Ly = —Ap — ¢ (JA]* + Ric(n,n)) .
Here, for Riem and A, we use the following convention:
Riem(X,Y)Z =VxVyZ —VyVxZ - Vixy1Z, AX,Y)=g(Vxn,Y).
We also define the one-form w to be the tangent component of the one-form Ric(n, ) in M, namely

w = Ric(n, ),
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and the (2,0) tensor T by
T;; = Riem(9;,n,n, ;) = Ric;; + G(n,n)gij,

where G = Ric — %ch is the Einstein tensor of M.
We have then the following formulas, see Section 3 in [19].

Proposition 2.8. With the above notation we have the formulas

W (i()) ] = /

1
(LH + H3> odo
- 2

and
W ol =2 [ |(Lo? + 3HITP - 24(76.9)| do

+ 2/ 0 <|VH|§ +2w(VH) + HAH + 2g(V2H, A) + 2H?| A?
b

°

+2Hg(A,T) — Hg(V,Ric)(n,n) — %H2|A|§ — %H2Ric(n7 n)) do

1. 3\ [(Op
L) (5,
_ i 1.3 (99
—Q/X:¢L¢d0+/E<LH+2H>(at

where the fourth-order operator L is defined by

+ H<p2) do

+ H@Q) do
t=0
~ 1 o o
Lo = LLo+ §H2L<p +2Hg(A,V?p) + 2Hw (V) + 2A(Vp, VH)
+ o (IVH +20(VH) + HAH +29(V2H, 4) + 212\ A2 + 2Hg(A,T) - H(V,Ric)(n,n)) .

Remark 2.9. Let us identify W’ (i(X)) with the function LH + H?/2 on X. Then the derivative of this
function with respect to the above perturbation is given by L.

In particular, when ¥ is embedded in the Euclidean space R? we obtain the following result, see also [43].

Corollary 2.10.

Wii(E)lel = [

(L()H + ;H?’) pdo; Loty = —A¢ — ¢| A%,
b

and

W61 =2 [ (Lo + 3H2 P - 24(T6.9)] do

+ 2/ o <|VH|2 + HAH +2(V2H, A) + 2H?|A]? — ;H2|A2> do
>

1 Op

+/ (L0H+H3> (
) 2 ot |,
_ 7 g Oy

where the fourth-order operator Lg is defined by

+ Hgo2) do

+ H <p2> do,
t=0

~ 1 o °
Lop = (Lo)*¢ + §H2Los0 +2H(A,V?p) + 2A(Vy, VH)

+ (IVHP + HAH +2(92H, A) + 21| A12)

12



The set {P + ART,, : P € R3 X >0,R € SO(3),w € D} made by translations, rotations and dilations
of Mébius transformations of the Clifford torus T, form an eight dimensional family of surfaces. On T,
we define Jacobi vector fields Zy ,, Z1 . . . ., Z7,, according to the following notation

Zy,, is generated by dilations ; 2w L2, Z3,., are generated by translations ;

L4,y L5, Ze,w are generated by rotations ;
Z7 . is generated by the Mdbius inversions described in Subsection 2.1.

Notice that Z; o, ..., Z7,, all induce deformations which preserve the area. We write Z; r ., for the Jacobi
vector fields on RT,,.

Since RT,, is diffeomorphic to T by the conformal map RT,,, we may pull back a neighbourhood of
RT,, in R3 onto that of T. We write 90,Rw = (RT,)*go for the pull back of the Euclidean metric go.
Thus (T, go,r,w) is isometric to (RT,,, go). We also use Go.r w, n0,r,w(p) and (-, '>L§.R,w for the tangential
metric of go g on T, the unit outer normal of T in go g, and the L2-inner product with metric J0,R,w-
Moreover, we write L&RM (T) for (L*(T), (-, '>L3,R,w)' Remark that we may regard Z; g, as functions on
T.

Next, we set

Ko,rw = span {Ho ruw: Z1,Rw:- -+ Z1,Rw} C Ly guo(T)

where HOLR,w stands for the mean curvature of ’]Tiin 9o,R,w- Let us also denote by Iy r , : L&RW (T) —
(Ko.r,w) 9"« the L2-projection onto (Ko g) 9%« where L go g, stands for the orthogonality in

L(Q),R,w (T) ~
Y e K&%ﬁ’” =3 <HO,R,M1//>L3 L=0= (ZiRyw> V)

For regular functions ¢ : T — R, we consider the following perturbation of T:

(1<i<7).

2
L3 row

(Tle]) rw = {p + @(P)10,RwW(P) : p €T}, RT,[¢] := {RT, (p + »(p)no,rw(p)) : p€T}

Notice that the surface ((T[¢])Rr,w; 90,rw) is isometric to (RTy[¢], go). Concerning these perturbations,
we have the following non-degeneracy property for the Willmore energy of the Clifford torus and its
Mbobius equivalents, see Theorem 4.2 and Corollaries 1, 2 in Weiner [43].

Proposition 2.11 ([43]). Let T,, be the immersion of T in R as in Proposition 2.5 and o € (0,1): then
for all R € SO(3) and w € D, one has Wj(RT,,) = 0. Moreover, RT,, is non-degenerate in the following
sense. For any compact set K C D\{0} and £ € N, there exist constants Ck 1 > 0 and Ck g2 > 0 such
that for every R € SO(3) and w € K, one has the lower bound

(17) HHO,R,wf/O,R,wQD‘

> Cku Hf/o,R,w@’ 2 Cre2 [#llgarea(m)

Cte(T) Cho(T)

for all p € C*+62(T) N Kifﬁf’“ where IiO,R,w is the operator Lo for RT,,.

Proof. We first prove that

(18) Hio,R,ws@’

Cto(T) 2 CK,E ||50||C4+z,a(T) .

We prove this by contradiction. Assume that there are (R,,) C SO(3), (wm) C K and (¢,,) C C46(T)
such that

Omllcateam =1, HZO,Rm,wm‘Pm’ -0,
(19) lemllc (T) CLa(T)
<H0,Rm,wm7 <»0711>L3J%LMM =0= <Zi,mem7 me>L(2J,Rm,wm (1 <1< 7)
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We may also suppose R,, — Rg and w,, — wy. Then since the embedding C*+%(T) C C*t%5(T) is
compact, by (19), we also suppose that ¢, — g strongly in C*T4(T).

Next we prove ¢g # 0. If g = 0, then from the definition of Lo g, isolating the highest-order terms,
we have

(LO,Rm,wm )QQOm = fm

where f,, has a strongly convergent subsequence in C*%(T). Thus by the elliptic regularity theory, we
observe that ||, ||c4+e.a(r)y — 0, which contradicts (19). Hence ¢g # 0.

Next, by (19) and the fact @, — @ strongly in C**5(T), we notice that Lo gy w0 = 0 and
o € C(T) thanks to the elliptic regularity. By the result of Weiner [43], we have

Ker EO,RO,WO = Span {Z07R07w05 ARR) Z77R07w0}'
We apply a Graham-Schmidt orthogonalization to Z1 gy ws - - - £7,Re,wo 111 L%,Ro,wo (T) to get new varia-
tion fields Y1 ry.wos---» Y7,Ro,wo- Lhen ¢g can be expressed as

7
©0 = a0Z0,Rg,wo T E a;Ys, Ry wo -
i1

Since Z; ry,w, (1 <4 < 7) are Jacobi vector fields corresponding to the area preserving deformation, it
follows that
=0 (1<:i<7).

(Zi,Rowor Ho Row0) 12,
»110,wo

By (19) and the definitions of {Y; g, w, }1<i<7, One observes that
(20) 0 = (o, H07R07w0>L2

3 Rowo a0{Zo,Ro.wo» Ho,Ro.wo) L

2 .
0,Rq,wo

Noting that Zy g, ., is generated by dilations, we obtain

2 .
0,Rq,wq

d d
(21) 0< 8\@7‘-2 = %(1 + t)2|R0Two|go =0 = %Kl + t)2R0Two|go =0 = <Z07R07WO7H07R07WO>L

Hence, from (20), we deduce that ag = 0 and ¢y = 23:1 ;Y Ry wo- Due to (19) and the definitions of
{Yi Ry wo J1<i<7, We have (cpo,Yi,me()L(z) B =0 (1 <4 <7), which yields a; =0 (1 <4 < 7). However,
sis Row
this contradicts o Z 0. Thus (18) holds.
Next we show that

(22) HHO,R,wEO,R,wSD'

> Cke HEO,R,wsﬂ‘

Cte(T) cte(T)

Again we argue by contradiction and suppose that there are (R,,) C SO(3), (wy,) C K and (o) C
C4*+42(T) such that

cte(m)

HHO,Rm i L0, Ry 0 P ‘ — 0, HLmRm wm Pm ‘

(23) cte(m) ’

(Ho.Rpp o)z, =0=AZiRpwnrpm)rz,  (1<i<7).

By (18), we observe that (||¢m|/ca+e.a(ry) is bounded. As above, we use the L87Rm,7‘*}wz (T)-orthogonal
system {Y; g, w,, }1<i<7 starting from {Z; g . }1<i<7. Since (Y; r,. wn> Ho. Ry wom ) L2 = 0 holds

0,Rm,wm

due to the area preserving properties, set Yo r,, w.. := Ho, R, wm/

|Ho. Ry |2z, - Then (Yig,, v, )Jo<i<7

. 2 . 7 . .
isan Lg g, (T)-orthogonal system. Using (Y R,, w,, Jo<i<7, Ho,R, wm L0, Ry 0, P 18 Written as
7
T0, R o L0, R i O = L0, B o Pm = D (L0 B o Prms ViR )12 ViR iom-
i=0
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Since Y; g, w, € Ker Lo g, o, (1<i<7), we get

= <(1077L7LO,Rmvmeivava>L2 = O

0,Rm ,wm

<L07R7n sWm Pm Yi7R7n yWm > L?

0,Rm,wm

for all 1 <7< 7. Thus

(24) 0, Ry o L0, R o Pm = L0, Rop o P = (L0, R o P Y0, R o ) 12

YOva sWm *

s Rm ,w

= <<pm,Jzo,Rmymengm’wm/)H = 0 and taking an

0,Rm,wm

Noting that (Lo,R,, w, Pm» 20, R wm ) L2

0,Rm ,wm
L3 r (T)-inner product of Iy g, w,, Lo R, w,¢m and Zo g, .., we observe that

mWm

<H07R1n sWm LO;RnL sWm Pms ZOaRm, sWm >L

2
0,Rm ,wm

<Y07Rm yWm ) ZOva sWm, >L2

0, Rom wm

= <L0=Rm7wm Pms YOvavwm>Lg_Rm wm

Recalling (21) and (23), we infer that

<EO;Rvn7w7n Pms YO’R”L’UJ'"L>L(2),Rm,wm, — 0
Thus from (24) we get a contradiction:
1= "L(),Rm,,wm@m‘ Ctea() — 0.
Hence, (22) holds and we complete the proof. O
Remark 2.12. When w = 0, T, is the symmetric Clifford torus, so the action of one among the

rotation vector fields is trivial. A global version of Proposition 2.11, including also the case w = 0, can
be expressed as the non-degeneracy of the family of inverted (and rotated) Clifford tori in the sense of
Bott. In particular the constants Ck 1 and Ck o in (17) remains controlled when w approaches zero. For
instance, when R = Id and Zy re corresponds to the rotation along the z-axis, writing w = (z,y), it
suffices to replace the definition of Ko 14, by

0 0
Ko,1d,w = span § Ho1d,wy Z11dw, -+ Z51dws 7= 1w, 71w
or dy

near w = 0.

3 Finite-dimensional reduction

In this section we reduce the problem to a finite-dimensional one, namely to the choice of the concentration
point and to the Mdbius action on the scaled Clifford tori. We first introduce a family of approximate
solutions to our problem, and then we modify them properly to solve the equation up to elements in
the Kernel of the operator L. In the next section we will adjust the parameters so that the Willmore
equation is fully solved (under area constraint).

3.1 Approximate solutions: small tori embedded in M
We fix a compact set K of the unit disk D and we consider then the family
Toxk ={eRT, : Re SO3),we K}.
We remark that, by construction, elements in '7; x consist of Willmore surfaces in R3 all with area

identically equal to 4v/2m2e2.
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Remark 3.1. Notice that, by rotation invariance of the Clifford torus T, the above family 72-71( is four-
dimensional and not five-dimensional.

Next, we construct a family of surfaces in M by exponential maps of 7; k. Fix P € M. Around P, we
may find a local orthonormal frame {Fp 1, Fpa, Fp3}. By this frame, we may identify Tp M with R and
define the exponential map exp%. Since M is compact, there exists a pg > 0, which is independent of
P € M, such that expp is diffeomorphic on B,,(0) C R? to expp(B,,(0)) for every P € M. Then we
may select g9 > 0 so that

eRT,, C B,,(0) for every (e, R,w) € (0,e0] x SO(3) x D.

Hereafter, we fix 9 > 0 and consider the case € € (0,ep). For a compact set K C D, we define
Tk = {expp(z) . PeM,Ye TK} for e € (0, o).

Before proceeding further, we make some remarks. Since we are interested in the asymptotic behaviour
of the family satisfying the small area constraint, it is useful to introduce the following metric on M:

(25) 9ge(P) = Eizg(P)-

As above, by (25), putting F. po := €Fpo, {Fep1,F: p2, Feps} is a local orthonormal frame with
metric g. and using this frame, we may define the exponential map exp% . Let us denote by gp and g. p
the pull back of the metrics g and g. through exp% and exp%: gp := (exp$)*g and g. p := (exp% )*ge.
Then it is easily seen that

(i) Write W, and W,_ for the Willmore functional on (M, g) and (M, g.). Let ¥ C M be an embedded
surface. Denote by H, and H,_the mean curvature of ¥ with the metric g and g., respectively.
Then we have

Hy, =cHy, Wy (3)=Wy(%), W, (2)=eWy(D).

In particular, ¥ is a Willmore surface with the area constraint in (M, g) if and only if so is in
(M7 ga)'

.. . gE . . .
€
(ii) The exponential map exp is defined in B.-1,,(0) and

exp%(ez) = exp¥ (2) for all |z, < e " po.

(iii) The metric gp has the following expansion (see, for instance, Lee—Parker [22]):

1

3Rau,,5x“x” + R(z) =: dop + Bp,aﬁ(x) in B,,(0) Cc TpM

(26) 9P.ap(T) = dap +

where R(z) is the remainder term satisfying |V*R(z)| = O(|z|>~*) for k = 0,1,2,3. Moreover,
since M is three dimensional, one sees that

Rauylg = gp(Riem(a,,, 8]3)8,“ 6a)

(27) SCP
= ——(9P,aBgPuv — 9PavgPup) + 9PovByup — grapRuw + gppsRav — gpwRap

2
where Scp and R,g are the scalar curvature and the Ricci tensor evaluated at P, respectively.

(iv) For g. p, we have

(28) 9e.Pop(y) = Oap +°hp 4p(y)  for any |ylg, <e 'po
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where h% ,5(y) = £ 2hp as(ey) and there holds

k
(29) [y 72 W sl + [T VA 0l + Y IV R a5 (®)lg0 < hok
=2

for any k € N and |y|,, < e 'po. Here l~107k depends on k, but not on . Moreover, (P,y) +—
Je.P,ap(y) is smooth and for any k, ¢ € N, there exists a C ¢ > 0 such that

L
(30) |y|_2‘D;€3+lg€,P,a,8(y)| + ‘y|_1|Dllg’+1vyg€7P,aﬂ ()| + Z ‘D;Cj—lv;ga,}’,aﬁ(y)l < Ck7552
j=2

where Dp denotes the differential by P in the original scale of M (not in the rescaled one).

(v) The family 7; k is rewritten as

(31) Te.k = {exp%(eRT,) : Pe M,R e SO(3),w € K}
= {exp% (RT,) : Pe M,Re€ SO(3),w € K}.

Remark 3.2. Mdbius-inverted Clifford tori in R? can be clearly completely described by their translation
vector, their rotation and their distortion factor. It then follows that for exponential maps in the metric
ge (see (25)), except for w =0, the parameters P, R,w give a local smooth parametrization of Tz k.

As for Remark 2.12, Tz i turns out to be globally a smooth manifold even near surfaces described by
w = 0, where one could use a different local parametrization.

In what follows, we always consider our problem on (M, g.). For example, let S C M be a family of
smooth surfaces with |X|; = Coe? for each ¥ € S.. Using g., we can work on the rescaled surfaces with
the fixed area Cj in normal coordinate of g..

Next we shall show that each element of 7. g is an approximate solution of W_.

Lemma 3.3. Fiz a compact set K CID and k € N. Then there exists Cx 1, > 0 such that
||Wg’5(§])|\ck(2) < O xe? for every ¥ € Tc k.  and e € (0,¢&0).

Proof. By Proposition 2.8, we have

. 1
(32) W_(;g (E) = _AgEHgs - ‘Ags ‘ZH e HgsR’lcgs (n957ng5) + 5 gSE
in the sense that 6Wy_ (X)[¢] = [ W,_(2) ¢ do,, . To prove the lemma we apply this formula to a surface
¥ € 7.k endowed with the metric induced by g. defined in (25) (or (28)).

First, by the properties of py and gy, and the definition of g., we may find px > 0 such that

Po

|zlgy < pr < = for each x € RT,, C TpM and (g, P,R,w) € (0,e0] x M x SO(3) x K.

Moreover, from (28) and (29), for each k € N, there exists Ck > 0 such that

(33) lge.P.as — 5045“016(3,)}( o) < Crre? for each (g, P, R,w) € (0,g0] x M x SO(3) x K.

By (33), we may compare the geometric quantities with the Euclidean ones and obtain the following
estimates:

e, < Crre®,  |Ricep| wm—m < Cr i,
(34) ‘ =Pl on (B, 0) ’ [Rice ”CA(B”K o) 7
lAc P Rw — AO,R,wHC’C(R’Ew) < Crpe®, (Aeprw — Dorw) SOHCk(mrw) < CK,k‘?QHSOHC’““(RTW)
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for each (g, P, R,w) € (0,e0] x M x SO(3) x K and ¢ € C¥*%(RT,,). Here FE)P)W, Rice,p, Ae P Rw»

Ao Ryw, Az prw and Ag g, stand for the Christoffel symbol and the Ricci tensor of (B, (0), g- p), and

the second fundamental form and the Laplace-Beltrami operator of RT,, with g. p and go, respectively.
Now, from (32), (33) and (34), it follows that

W5 (2) = Woo (RT) || i gy < Crcne™

Recalling that the Clifford torus (and all its images under Mdbius transformation, by conformal invariance
of W in R?) is a critical point of the Willmore functional, namely W; (RT,) = 0, Lemma 3.3 follows. [J

3.2 Reduction to a finite-dimensional problem

Let R € SO(3) and w € D. As in Subsection 2.2, we pull back a neighbourhood of RT,, with the
metric g, p onto that of T. Namely, we define g. p r. by the pull back of g. p via the map R o T,:
9e,P,Rw = (RoT,)*ge p = T;0R* o (exp% )*g.. Remark that (T, g- p, g ) is isometric to (exp% (RT,), ge)
or (RT,, ge,p). Let ne p g be the unit outer normal of (T, g. p g w)-

As before, we consider perturbations of (T, g. p r,) by regular functions ¢ : T — R:

(Tl prow =P+ @(P)ne,pRwW(p) : pE€T},

BRI, p = (T + o0nerma®) : pETY, Sopmule] = expl (RTufg)er).

Given a positive constant C, we next define the family of functions

Me PRw = {90 € C*(T) : ||¢llctecry < Ce® and such that [S. p g o[e]| .= 4\@W2} .

g
Since each element of 7; k is described as X, p r.,[0], we notice that, in metric g., the Hausdorff distance
of elements Y. p ru[¢] (¢ € Me pro and w € K) from the previous approximate solutions 7 f is of
order £2, with a constant depending on C and K.

We next define M. to be the Banach manifold of surfaces of the type ¢ p g o[¢] with P varying in M,
¢ € M. pRrw, Rin SO(3) and w in D. Notice that, by construction, elements in M. all satisfy the
desired area constraint.

The surfaces in 7. x form a seven-dimensional sub-manifold in M.: we will show that the Willmore
functional is indeed non-degenerate in directions orthogonal to 7¢ k.

To observe the non-degeneracy of elements in 7; x, we introduce the eight-dimensional vector space
K?Z p R =span{He prwl®l, Z1,Rws - -, Z7,Rw}

where ¢ € C**(T) and H. p g w[p] denotes the mean curvature of ¥. p g . [¢] in the metric g.. Since we
are only interested in ¢ whose C**norm is small, ¥. p g, [¢] can be written as the normal graph on
T and this correspondence is diffeomorphic. Therefore, we pull back geometric quantities of X, p r o[
onto T. In particular, we write g p r.w[p] for pull back of the tangential metric of ¢ p g w[¢] on T.
Denote by (-, )c,p,Rw,, and L§7P7R7M,¢(T) the L2-inner product of L?(T) with the metric g. p g .w[p] and
(L*(T), {,)e,P,Ryw,p)- Remark that when ¢ = 0 and ¢ = 0, these symbols coincide with those introduced
in Subsection 2.2 and do not depend on P € M, i.e., go,p,r,w = 90,R,w and so on. See the comments
above Proposition 2.11.

Next, as in the proof of Proposition 2.11, we normalize and orthogonalize H. p g [p] and {Z; r ,}!_; in
LgyP,waﬁ(‘p(T). Namely, we first normalize and orthogonalize {Z; r o, }7_; to get {Yi. prwle]} ;. Then

we obtain Yy ¢ prwlp] from He p g o[¢] and {Y; . prol@]}l_;, and we may assume that

{Yoe.prwl@)s Yie,PRwlO, - YrePRw P}
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is the L? p  , ,(T)-orthonormal basis of K7 p p . We also define the L2 p p , (T)-projection to the
space (ICf’P’R’w)J‘gEerva[‘P] by

HzP,R,w : Lg,P,R,w,ga(T) - (K::iP,R,w)J_gE’P’R‘W[Lp]a

7
H§P7R7w7/) =t - ija Yi,s,P,R,w[SDDL;P,R,WWYL&,P,RM[Sﬁy
=0

Finally, we also define Y; g . [p] and HO“” R, for the Euclidean metric in a similar way to above. Remark
that Y 0.p.rwle] = Yi rwle], Hg,RR,w = Hg,R,w and HS,R,W = I, g hold.
Regarding the properties of {Y; . p rw[¢]}i—g and ITZ p o ., We have

Lemma 3.4. Fiz a compact set K C D, £ € N and o € (0,1). Then there exist rge1 > 0, €01 > 0
and C o such that

(a) For eachi=0,...,7 and e € (0,ex,.1], the map
m > 0= Yie prwle] € CPHH(T)

is smooth and Dfa(YZv@p,R’w[ga}) is a bounded map in B, | ca+e.a(0) and the bounds only depend on rx 41,
K and eg 1. Here B,AK,[’I,CIC,Q(O) denotes the ball in C**(T) centred at the origin with the radius TK1
and D, does the derivative with respect to ¢. In particular, the map

By, cirea(0) 3 @ = 17 € L(CPHE(T), C*H4(T)

is smooth and DéHiP’R’w 18 bounded and the bounds also depend only on ri 1, K and ek 1.
(b) For every (e, P, R,w) € (0,ex,1] x M x SO(3) x K and ||¢||ca+e.o(my < TK.1, there holds

1Yie,p.RwlP] = Yirwlplllcrvea(my + Do (Yie,prwlP]) = Do(Yi,Rw D c(catea(my,c2team))
+ ||D3;(Yi,a,P,R,w[90]) - Di(Yi,R,w[@D||L2(C4+e,a(']r)7c2+£,a('[r)) < CK,€52
where L2(CAT4(T), C?*+62(T)) is a Banach space of all multilinear maps from CAH6(T) x C4H6(T)
to C?+6(T).
(c) For every fized ¢ € B, | ca+e.o(0), the map

(P,R,w) = Yicpruwlel: M xSO(3) x K — C*T42(T)

is smooth. Moreover,

2
Z HDj!g,R,w (Y;,E,P,R,w[@] - Yi,R,w[‘p])che,a T < Cky (52 + ”‘P”CHL”(T)) .
(T)
k=0

Proof. We first remark that

9e.P.Rw.ap(Y) = ge.p(RTL(y)) [D(RTL)(y)[ea], D(RTL)(y)[es]],
90.r.w(Y) = go[D(RT.,)(y)[eal, D(RT.)(y) es]];

where e, denotes the canonical basis in R?. Recalling (28) and (30), it is easily seen that for any £ € N,
we have

2

(36) Z H‘Dg,R,UJ (gs,P,R,w,aﬁ - gO,P,R,w,aﬁ)HC@(m) < CK,£52
k=0

19



where px appears in the proof of Lemma 3.3. This yields

2

(37) Z ’|D§D,R,w (e, P.Rw — no,R,w)ch(T) < Ci e
k=0

We define position vectors for X, p g w[p] and RT,[¢] in (R?, g. pr) and (R3, go.rw) by
Ze prolel(P) =P+ @0)ne PrW(D),  Zo.rwlel(p) =P+ ¢(p)n0.R0(D)
Clearly, the map
M x SO(3) x K x CHE(T) 3 (P, Ry, 0) > (Zeopaliel, Zo,mulel) € (O (T, RY))

is smooth. Hence, we also see the smoothness of maps

(P, R,w,9) ¥ ge P Rwas(Zeprwle]) 1 M x SOB)x K x By, cirea(0) = CHE(T,R),
(P,R,w,9) = Ge.prwle] ©+ M x SO3) x K x B, carea(0) = C3HH(T, (TT)* @ (TT)*),
(P,R,w,9) = ne pruwle] : M x SO3) x K x By, | cirea(0) = C*T0(T,R?),

(P,R,w,¢) = He prule] © M xSO(3)x K x B, citr.a(0) = C*Ho(T)

where n. p g [p] denotes the unit outer normal of (T[p]): p g in the metric g p . From this fact, it
is easily seen that the assertion (a) holds.
Moreover, by (37), there holds

2

Z HDg,R,UJ (ZE,P,RM [90] - ZO,R,w[SDDHCALH,a(TJRa) < CK,Z
k=0

QDHC4+£’D‘('I[‘)527

(38)
||D<p (ZE,P7R7w[SD] — 20,Rw [(p])||L(C4+Z,O((T)7C4+£,Q(T,R3))

+ ||DL2p (ZE,P,R,w[SO} - ZO,R,w [90])||£2(C4+@"¥('H‘),C4+lva(T,R3)) < CK,552'

Noting that similar estimates hold for g. p r.w a(Ze.P,Rw(¥]);s Ge,P.Rw[¢], Te,P,rRWw[P] and He p R oo
thanks to (36), we observe that assertions (b) and (c) also hold. O

We next proceed at a non-linear level, exploiting Proposition 2.11 and using the inverse mapping theorem.

Proposition 3.5. Fiz a compact subset K of D as above. Then there exist positive constants Cx and
0 <ega <er11 such that for any € € (0,ex 2] and (P,R,w) € M x SO(3) x K, there exists a function
e = ¢ (P, R,w) € C>%(T) satisfying the following:

7
§) Wy (Seprwlec)) = BoHe prolpsl + Y BiZirws §1) |Zeprwlpells. =4V21%;

i=1
Jid) Wrewnolediodns =0 (U<G<Ti  jijd) (PR w)|onam < Cre?
for some numbers o, ..., Br. In particular, ¢.(P, R,w) € M. p.r.w. Moreover, for each e € (0,ek 2], the

map
M x SO3) x K — C>*(T): (P,R,w) — ¢:(P, R,w)

is smooth and satisfies

IDp Rwee (P, R,w)|cs.o(ry + | DP g @e (P, R, w)|| .01y < Cre®.
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Proof. We first define G.(P, R,w,¢) : M x SO(3) x K x C>*(T) — C*(T) by

Ge(P,Row,¢) =112 p gy, (Wy, (Bepmnle)) + (19pmallls. —4v202) Hepnulel
+Z sPRw ¢>L§)P1R‘w)¢}/}7€,P,R,W[Lp]‘

Since IT¢ p  ,, is L2 p 1 ,(T)-projection into (lCzP’RW)J-gEvPvR’W[‘P] and K7 p p , is spanned by He p r,o[¢]
and Y} . prwl¢] (1 <j <7),in order to prove j), jj) and jjj), it is enough to find p € C5*(T) so that
G:.(P,R,w,p) = 0.

To this end, we first claim that there exist rx 2 € (0,7k,11] andex 2 € (0,ex,1,1] such that D, G (P, R,w, ¢)
is invertible for every (P, R,w, ¢) € M xSO(3)x K xC%*(T) provided ||¢||cs.(1) < 7k2 and 0 < € < ek .
We notice that G is smooth in each variable thanks to Lemma 3.4. Furthermore, by (36), (37) and (38),
we observe that

Z ||DPRw P R,w SD) GO(vavcp))Hcl,a(T) < CK(EQ + H(PHC@”(T))a

(39)
||D<p (G a(Pv R,w,p) — GO(R7Wa‘P))||L(cs,a('[r)7cl,a(qr)

+ HD?D (GE(P7 R,W,QO) - GO(R7(‘}5S0)) S CK€2

ez my.cneqm)

for all (P,R,w,p) € M x SO(3) x K x C%*(T) provided ||¢||cs.e(ry < 7k,1,1 where Go(R,w,¢) is a
corresponding map defined for the Euclidean metric:

Go(R,w,9) =118 g, (Wi (RTufi))) + (IRTulelgo — 4v27) o]
+Z ]RUJ ORw }/j,R,w[@]'

From (39), it suffices to show that D,Go(R,w,0) is invertible.
To see this, we remark that for 1 € C5%(T) and |t| < 1, the surface RT,[ty)] is a perturbation in the
normal direction. Hence, by W, (RTo) = 0 and Corollary 2 10, we obtain

DLWy (RTLAGD| _ (0] = 5Wi, (RTu[t0)]_ = Lonot.

Moreover, by |RT,|,, = 4v/272, one has
) 7
DyGo(R,w, 0)[¢] = H(O),R,wLO,R,w¢ + (Ho,r.w[0], 7/}>L31R1WHO,R w[0] + Z L2 YJ}R,W[O]'
j=1

Now we show that D,Go(R,w,0) is injective. Let D,Go(R,w,0)[1)] = 0. Then we have

0= Hg,R,wIJO,R,ww = <H0,R,w[0]v w>L8’R’W - <YJ'-,R,w [OL w>L2

0,R,w

(1<j<7),

which implies ¢ € Ké%’f “. Thus by Proposition 2.11 and HO RwLO Rw¥ = 0, one sees 1 = 0 and we

infer that D,Go(R,w ,0) is injective.
Next we prove that D,Go(R,w,0) is surjective. Recall that Yj g [0] € Ker Lo r. (1 < j < 7) and

(HORW[O],EGRW[O]>L2 =0 (1 < j < 7). Therefore, setting ¢, :=Y; ro[0] € C°(T) (1 <j <7), we
have D,Go(P, R,w, 0)[%] =Y} rw([0]. Thus to prove that D,Go(P, R,w,0) is surjective, it is sufficient
to show that the restricted map

(40)

D,Go(P, R,w,0) : C%*(T) N (/cégfvw @ span {H07R7w[0]}) — CH(T) N (Ké?f“ ® Span{HO,R,w[O]})
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is surjective. For ¢ € ICS:%),‘:} “, it follows that D,Go(P, R,w,0)[¢] =13 Lo rwib. Hence, we have
(4)  DuGo(PR.w,0)| sr0 e =i Lo : C2(D)N (Kj%j)  Che(T)N (Kéﬁ’j’“)

and shall show that the map in (41) is surjective. If this claim holds true, then the map in (40) is
surjective. Indeed, since

(14 = 113 ) (Do Go(P, Roi0,0) (Ho,rolON) = 1o, O3, Ho.ral0] £0.

combining with the surjectivity of the map in (41), we may observe that the map in (40) is surjective.
Now we show that the map in (41) is surjective. For this purpose, denote by i g, the inclusion map

C5(T)N (ICOL%';E’” & span {Ho g ., [0 ]}) C C**(T). Then the map II§ 5, , Lo, g, is decomposed as follows:

HORWLORW = HORw o LORw 019 Rrw. Notice that maps iy g, and HORw CH(T) — ICOL%’U?“ are
the Fredholm operators with indices —8 and 8. Moreover, using the elhptlc regularity and the Fredholm
alternative, we also observe that Lo Rw : CP*(T) — C1 *(T) is the Fredholm operator with index 0.
Hence, Ho R, wLO Ruw = Ho Ryw © LO R,w © %0,Rw is the Fredholm operator with index 0. Since we already
know that TI§ 5 , © Lo g, is injective, one may observe that 115, R,wLO, R,w 1s surjective and we conclude
that D,Go(P, R,w,0) is invertible.

From (39), for some ex 2 € (0,ex,1,1], the map D,G.(P, R,w,0) is invertible provided 0 < e < e 5.
Thus by the inverse mapping theorem, we may find neighbourhoods Uy ¢ p r,. C C’5’a('I[‘) and Uz ¢ pRrw C
CH(T) of 0 and G¢(P, R,w, 0) such that G- (P, R,w, ") : U1 p.rw — Us.c p Rw is diffeomorphism. Noting
(39) and a proof of the inverse mapping theorem (for instance, see Lang [20, Theorem 3.1 in Chapter
XVIII]), one may find rx 2 € (0,7x,1,1] so that

BTK,%CS‘O‘(T) (0> - Ul,E,P,R,UJa BQT}QQ,CL"‘(T)(GE(P’ R>wa 0)) C UQ,E,P,R,w

for all (g, P, R,w) € [0,ex,2] x M x SO(3) x K. Since |Ge(P, R,w,0)| c1.« < Cke? holds due to Lemma
3.3, shrink ex 2 > 0 if necessary, we have

BTK)27CI,Q(T)(O) C BQTK)27CI,Q(’]1‘) (Gg(P7 R,w70)) for all € € [0,5[(’2],

which means that one may find a ¢, (P, R, w) uniquely in Uy ¢ p g, such that G¢(P, R,w, ¢-(P, R,w)) = 0.
Moreover, from |G (P, R,w,0)|c1.« < Cke? it follows that ||p. (P, R,w)|[¢s.a(my < Cxe?. Thus assertions
3, 34)s 333)s 4jj) bold.

The smoothness of p.(P, R,w) in (P, R,w) follows from the smoothness of G.(P, R,w, v), jjjj), the
fact that D,G. (P, R,w, (P, R,w)) is invertible and the implicit function theorem. So we only need to
prove the estimates for Dp g ., and D%,R,wgog. We differentiate G (P, R, w, ¢-(P, R,w)) = 0in (P, R,w)
to obtain
(42) 0 = (DP,R,UJGE)(Pa R7 wa 906) + (DAPGE)(P7 R7 w? @E)[DP,R,WSOE]'

Noting Go(P, R,w,0) = 0 for all (P,R,w) € M x SO(3) x K, it follows that
Dp rwGo(R,w,0) =0 = D% p ,Go(R,w,0).
Thus by (39), jjjj), (42) and the facts D,G.(P, R, w,¢:) : C>*(T) — C**(T) is invertible and the norm

of its inverse is uniformly bounded with respect to ¢, P, R,w, we have

||DP,R,w<P6Hcs,a(T) < H(DipGE(P? R7W,805)) Ga(Pv R,wwa)Hcl,a(T) < CKEQ-

-1
HL(CM(T),CM(T)) I1Dp,rw
We differentiate (42) and get
0= (D%7R7wGs)(P7 R,w,¢:) +2(Dp rwDyGe) (P, R,w, ¢c)[Dp, R wpe]
+ (DLQPGE)(Pv R7w7 @E)[(DRRWJSOE)z] + (DSZJGE)(P’ Ra W, QOE)[D?’,R,MQDE]'

Using the fact || Dp g.o@el|csem < Cre?, in a similar way to above, we also have || D%  ,¢@cllcs.a (1) <
Cke?. Thus we complete the proof. O
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We can finally encode the variational structure of the problem by means of the following result.

Proposition 3.6. Let K CC D, ek o and ¢.(P,R,w) be as in Proposition 8.5, and for ¢ € (0,ek 2]
define the function ®. : T = R by

(43) . (P7 R, w) =W, (ZE,P,R,W[WE(Pv R, w)])’

where Xe p r ol (P, R,w)] was defined in (35). Then there exists e 3 € (0,ex 2] such that if e € (0,ek 3]
and (P:, Re,we) € M x SO(3) x K is a critical point of ®., then X, p. r. w.[pe(Pe, Re,we)] satisfies the
area-constrained Willmore equation.

Proof. First of all, a criticality of ®. in P is independent of choices of the scales of M, namely g and g..
Hence, in this proof, we adapt the rescaled metric g. for the differential in P.

Let Py € M and (Up, ®p) be a normal coordinate centred at Py of (M, g.). For P € Uy with z = ®¢(P),
the position vector for 3. p g o[¢] in (Uy, ®¢) is expressed as

Ze pRw|Pl(p) = Xe (1; 2, T (2) (RTL(Z:, prw 2] (P))))
where T.(z) : R? — R? is a linear transformation with 7.(0) = Id and X.(¢; z,v) a solution of

2xe dXP dx7 dX. .
T v 0 (), BE0m) = ) B,

and I'? 5 stands for the Christoffel symbol of (M, g:) in (Uo, o). Noting (28), one may find that

IDP T (2) [ < Cre®s P25, o < Crag?,

(44) * -
Xg(l;Z,U) =z+uv+ RE,l(zaU)a ||D§1D52R€,1(Z7’U)”L‘x’ < Ckl,k282

for all k1, ko > 0. Hence,

2. prwlPl(p) = 2+ RT, (Zc prwlP)(P) + E6,2 (2, RT, (Z¢,p,r0[P)(P)))

where E572(2, v) satisfies the same estimate to ]:25,1(,2, v).
Next, denote by Zy r.o(p) := RT,,(Z0,r,w[0](p)) and 1o r..(p) the position vector and the unit outer
normal of RT,, in (R3, gg). We remark that the differential in z corresponds to that in P and

Zinits®) = 90 D (24 Zo.w®)) o ®)] s Zine(p) = g0 [Dres (2 + Zo, b)) 70,7 (p)]
for 1 <m <3 and 4 < j <7. Recalling (37), (38), (44) and Proposition 3.5, we have

ﬁe,P,R,w[‘Pe} - ﬁO,R,w = OC‘*vD‘ (52)7 Dzmgs,P,R,w[QOs](p) =€, + OC4vﬂ (52),
Dp (2o pruled () = Zonu(p)) = Ocua ()

where 7. p p.w[pe] stands for the outer unit normal of ¥, p g [p:] in (Up, ®o) and ||Oca.a(e?)||caa <
Cre?. Thus putting

¢£7P,R,w,m(p) = gE,P() (ZNS,P,R,QJ[QDE]) |:Dzm§5,P,R,w[<psLﬁe,FﬂR,w[‘Ps]} 3
ws,P,R,w,j(p) ‘= Ye, Py (gs,P,R,w[Qas]) [DR,wgs,P,R,w[Sﬁs];ﬁs,P,R,w[Sos]}
for 1 <m <3 and 4 <j <7, weobserve that

[¢e,P,Rw,i = Zi,Rwlloae(r) < Cxe?
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forall 1 <7<T7.
Now we differentiate jj) in Proposition 3.5 by (z, R,w) to get

0= <H€ PR,w[(ps] we PRw2>L

e,P,R,w,pc

Next we differentiate ®.(P, R,w). Using j) and jjjj), one sees that

7
Dz,R,w((I)s(Pa va)) = <W£/7 (Es PRw)[QOE] % PRwl Z Zk Rwadjs Psz>

P R,w ;PR ,w,pe
(45) i
:Z (Zka7 zR,w>L(2)1R‘ +OK ) Z/BkAEPszk:

k=1
Since Z1 Ry, - - - » Z7,R,w are linearly independent, a matrix Ag g, defined by Ao g w.ik = (Zk R,w, Zi7R,w>Lg N
is invertible. Thus we may find e 3 € (0, ek 2] such that A p g is also invertible provided 0 < € < e 3.

Let (P-, R.,w:) be a critical point of ®.. Then by (45), one observes that
7
0=> Acp rowirBr (1<i<T).
k=1

Since A p, R. . is invertible, we obtain 0 = 1 = --- = 7. Hence, Proposition 3.6 holds. O

Given Proposition 3.6, it is useful to understand the dependence of ®. upon X. The next result gives a
useful Taylor expansion of this quantity in terms of ¢.

Proposition 3.7. Let K C D be a compact set. Then there exists a Cx > 0 such that
|- (P, R,w) — Wy, (Ze,prw[0])] < Cke
holds for every (¢, P, R,w) € (0,ex 3] x M x SO(3) x K

Proof. By definition of ®. as in (43) and by the Taylor expansion of the Willmore functional up to second
order in the perturbation ¢., we get

O (P, R,w)

=Wy (Ze.p.rwl0]) + Wy, (Zc,p.rwl0]), 0e) 12 +O(llee (P, B, )| Zs.cry )-

a P,R,w,0
Observe that by Proposition 3.5 we have ||¢c (P, R, w)||%4.qm < Cxe*. Moreover, since 3¢ p g ,[0] is an

C4(T) ,P,R,
approximate solution in the sense of Lemma 3.3, we have

Wy (2e,p,R,0[0]), <P5>L21 ol = Cre’.

e,P,R,w

Thus proposition follows by combining the above estimates. O

4 Energy expansions

The non-compactness of the Mdbius group might create in general difficulties in extremising the function
®. (which would amount to solving our problem by Proposition 3.6). In this section we will expand the
Willmore energy on exponential maps of symmetric tori (in the notation of the previous section these are
denoted as . p g 0[0]), and of tori which are degenerating to spheres (¢ p g o[0] with |w| close to 1). A
comparison between these two energies, which involves some local curvature quantities, will indeed help
to rule-out a blow-up behaviour.

24



4.1 Willmore energy of symmetric tori

Here we calculate the expansion of the Willmore functional at small area symmetric Clifford tori embedded
in (M, g) through the exponential map for each P € M. Before stating the next Proposition, we recall
that T C R? stands for the symmetric Clifford torus with the axial vector e, = (0,0, 1). See the beginning
of Subsection 2.1.

Proposition 4.1. As e — 0, the following expansion holds:

(46) sup W, (Ze. p.rol0]) — 87% — 4v27% {Scp — Ricp(Re., Re.)} 2| < Coe.
(P,R)EM xSO(3)

The proof of the above proposition relies on two lemmas below. First of all, we linearise (with respect to
ge) the Willmore energy of T at the Euclidean metric.

Lemma 4.2. Let ¥ C R? be an embedded smooth closed surface and (9t)ap = 0ap +thap a perturbation
of the Euclidean metric go. With a slight abuse of notation we will denote by g; both the metric on M
and its restriction to X. Denote the mean curvature of (3, g¢) by H(t) and set

W(t) = / H(t)2do,
b
where doy is the volume element of (X, gi). Then ast — 0, the following expansion holds:
W (t) = W(0) + tW(0) + O(t?)

where
2

- W(0) :% /Z {22 <§Z€i,ei> H(0) =4 " ei(hni) H(0) +4 Y hnj (Ve,ei,e5) H(0)
47 =1 =1 i,j=1

— 2Ry, H?(0) + H?(0)tr (hmg)} doo(p).

Here {e1, ez} is an orthonormal basis of T,X, n the unit outer normal, hy; == (hn,e;), hyy = (hn,n),
and hyr,s. is the induced (2,0)-tensor on 3.

Before the proof of Lemma 4.2, we introduce some notations. First, we denote by V9 the Levi-Civita
connection of (R3, g¢). Using the metric g;, for every p € 2, we choose €1 +(p), e2.+(p) and n:(p) so that
{e1,:(p), e2,.(p)} is an orthonormal basis of T, with respect to the metric g, and n,(p) the outer normal
unit to ¥ at p in the metric g;. Moreover, we may assume that eq ;(p), e2+(p) and n.(p) are smooth in
pand t, e1p = e1,e20 = ez and ng = n. In addition, we denote by Fiu(t) the Christoffel symbols of

(Rgvgt)'

Proof. Since it is easy to see that W (t) is smooth with respect to ¢, it is enough to show (47). We divide
our arguments into several steps. First we recall the variation of the volume element (see [6], Proposition
1.186) doy.

Step 1: There holds

—do—t‘ = %tr (h]sz) doo(p).

Next we calculate the variation of n;.
Step 2: The following hold:

1

) ) ) ) 1
(10)i == go(no, €5,0) = —hni = —h(no,€i0); (M0)n = go(no,no) = _ihnn = —ih(no,no)-
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Since {e1,0,€2,0,n0} forms an orthonormal basis of R?, we have

. 1
(48) ng = —hpi1e1,0 — hnaea o — §hnnn0-

By definition, there holds

1= gi(ne, ne) = go(ng,ne) +th(ng,ne), 0= ge(ne, eir) = go(ne, eie) + th(ng eiy).

Differentiating these equalities with respect to ¢, we obtain
(49) 0 = 2go(120,10) + h(no,m0), 0= go(720,€i,0) + go(n0, €i0) + h(no, €io)-

Noting that e; ; € T,X and that T,¥ is invariant with respect to ¢, one obtains é; o € T),3. Recalling that
no L T,X with respect to go, one sees go(no, é;0) = 0. Combining this fact with (49), Step 2 holds.

Step 3: One has

2

2

. 1 1 oh

H(0) = — g €i,0(hni) + E hnjgo(VE  €i0:€50) — ihnnH(O) 3 E 9o <8n0 61’,0761,O> .
i=1

i=1 i,j=1

We fix p € ¥ and calculate H(0) at p. Let A, be the second fundamental form of ¥ in (R3, g,), i.e.,
At(X, Y) = gt(Vg}nt, Y)

and set A;; 1= Ao(ei0,€j,0). Recalling that {e; s, ez} is an orthonormal basis of T},3, we get

2 2
H(t) = ZAt(ei,ty €it) = th(vzj,tnt, €it) = Z {QO(ng,tnt, eit) + th(vg:,tnt,ei,t)}
i=1 i=1 ;

i=1

and

. d
(50) H(O) = Z {ﬁgo(v-‘e’;tnt, eiﬂg)’t_o + h(ngyOno, ei,o)} .

i=1 -

Next we compute the second term in (50). Since

2
go — o
Vei,ono— E A”ej,(h
j=1

we have

2 2 2

(51) Zh(v‘éﬁ,ono,ew) = Z Aijh(ejo,€i0) = Z Aijhij.

i=1 i,j=1 i,j=1

Let us turn next to the first term in (50): let (2!, 22, 2®) be a global chart of R? with go(0/0z%,d/0z") =
dap- Noting that

590»\,0 o K o 1 Ko aga,u,t agk,u,t aga)\,t
W =0 forall a, )‘a My F)\,u(t) - §gt al')‘ - O Ot )

it follows that

ﬂlm ( )‘ _ Ldgi® (690%0 ~ 9gxu,0 n 39«»\,0) . 1 0 (871@“ ~ Oha 3hax)
(52) dt- M =0~ 2 dt li=o \ o> ox™ oxH 270 oz oz« OxH
o <6hw O, ahm>
2 OxA Oz Oxr )
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Thus, writing

0 0
el,t - ef(t) aznﬂ ny = n’i(t) 3$K7
we get
d N , NN
7vg2t 0,¢ ’t:O = (ei or +€ ox +F)\Heznu+r)\p« znu+r ) Ot
0
—Vgo ’Ilo“rVg n0+F e; n“a -
and
(53)

9, €4 0) + FAM ; n“‘e Sna + 90 (V‘g?ono, éi,O)-

= go(VE) ;no, €i0) + go(VE

€i,0

ago(vgﬁ',tnt, €it) -

By (52), we have

oz ozb Oz

o ]- ()hﬁ (9h ()h@ ]. ah 3h ah
K A " S 5 Snﬂ I Ap A by o Bp, Ap BA by
)\uei n"€; Oka = D) Ko < 91‘>‘ - 5$ﬂ + o ) e’ n“el— = = < —+ ) e

Noting that, by a relabelling of the indices

oh oh
EBu A ppel = M Ayl
ox> v OxP

we obtain
2
1 oh
(54) ZF en €; 6;@@:;290 <a 06107610>
We consider now go(V¥° o, e;0): recalling (48), one has
2 1
90(VE 10, €i0) =g0 | VI, Z(_hnjej,o) - §hnnn0 ) €3,0
j=1

2
- Z [61,0{90(hnj€j,07 €i,0)} - QO(hnjej,Ov Vgg,oei,O)}

j=1
! go
- 59()(ei,0(hnn)n07€i,0) +§hnn90(v'ei,0no,€i,o) .

By gO(ej,O; 6@0) = 5ji and go(em, no) = 0, there holds

2 2
. 1
(V‘g? ono’ 61‘,0) = — z; €:,0 (th(SzJ) + z; hnjgo(ejp, V‘Z?YO ei,()) 5 hnngo<v€z O?’Lo, €; 0)
Jj= j=

1
7hnn90(vel 0”07 €; O)

2
= —eio(hni) + Y hnjgo(es0, VE ei0) — 3

j=1

Noting H(0) = Y71 9o(V no, ex0), we see

2
h
(55) Z 9o(VE 10, €i0) Z €i,0(hni) -21 hnjgo(€jo, VI jeio) — %H(O)
i,j=
Next, we calculate the terms
2 2
> 90(VL o, €i0), > 90(VE n0, é3.0)-
i=1 i=1
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For this purpose, we first compute é; ¢. Differentiating
1=gi(eit,eir) = goleir,eir) +th(eir i), 0=gilers,ear) = golei, ear) +thleis, eas),
one observes
0 =2g0(€i,0,€i,0) + h(€i0,€i0), 0=go(é1,0,€2,0)+ goler,0,€2,0)+ h(e1,0,€2,0),

which is expressed as

) 1 ) .
(6i,0)i = _§hiia (61,0)2 + (62,0)1 = —hia.
Set é170 = (11€1,0 + 12620 and ég)o = Q21€1,0 + Q2262 0" then we see that ay; = —hii/Z and

2 2 2 2
go X — g0 . — .. go . — AL
E go(véi,onoaez,o) = E 90 (vZ?:laijej,ono’ez’(Q = E azg.g()(vej’on();ez,()) = E a’LjAjZ'
i=1 i=1 :

i,j=1 ,5=1

Noting that A;; = Aj;, we have

1 1
12421 + a1 Ara = Aja(aia + 1) = —Aighio = —§h12A12 - §h21A21-

Hence, it follows that

2 2
1
(56) Zgo(V‘éZ’,Ono,ei,o) =3 Z Ajjihgj.
i=1 i,j=1
Similarly we have
2 2 2 1 2
(57) Zgo(vg?ﬁno,éi’o) = Z gO(Vg?)Onmaijej,o) = Z Oéiinj = —5 Z Aijhij.
i=1 i,j=1 i,j=1 3,J=1
By (50)—(57), we obtain
: 2 e 1 1o oh
H(0) = — ;ei,o(hm‘) + ”Zﬂ hnjgo(VE €0, €50) — ihnnH(O) t3 ;90 (871062"0’ €i,0)

and Step 3 is completed.
Step 4: Conclusion
Finally, we calculate W (0). Since there holds

W(0) =2 /2 H(0)H(0)doo + /E H?(0)dd,,

steps 1 and 3 yield

2 2

W(0) :%/Z [ 4> " eio(hn ) H(0) +4 > hnj (VL ej0)H(0) — 2hny, H?(0)

i=1 i,j=1
2./ Oh
+ 2 ; <8n0€i70’ €i70> H(O) + HZ(O)U' (h|TPZ> ] dO'o.

Thus we completed the proof.

28



Now we illustrate how we apply Lemma 4.2 to prove Proposition 4.1. Set ¢ := 2. Recalling (26) and the
definition of g., we obtain

E ~

~ a\“
(58) (@)osle) = 0o + § oy + R0, |(57) Rito)| < o

for each |z| < t71/2py, a € Z3 and all sufficiently small ¢ > 0.

Next, we set X = RT and
1 » -
(59) hap() 1= 5 Rapwpa™a”s (Gt)ap(x) := Oap + thas ().
We also define
W(t) := H?(t)do, W (t) := Wy, (expp(RT)),
RT

where H(t) denotes the mean curvature of RT in (R3, ;). Then from (58) it follows that
gt = Gtll e B30y < Cit?/?
for all k¥ € N. Hence, we may find Cy > 0, which is independent of R € SO(3), so that
[W(t) — W(t)| < Cot3/2.

Noting that t = €2, to prove Proposition 4.1, it suffices to show

W(0) = —4v27% {Scp — Ricp(Re., Re.)} .

Furthermore, using the orthonormal basis {Re,, Re,, Re,} of R3, we can reduce ourselves to the case
¥ =T (namely R =1d) and it suffices to prove

(60) W (0) = —4v272 {Scp — Ricp(es,e.)} = —4v2r2 {Ri, + Ras} .

Now we will apply Lemma 4.2 to obtain (60). We use the map X defined in (5) for parametrizing T, and
as ey, es and n we choose
e1:= X, = (—singpcosf, —sinpsind, cosyp),
es = Xp/|Xg| = (—sinb, cosé, 0),
n := (cos pcosf, cosypsind, singp).
Lemma 4.3. The following hold:
(I) The volume element do and the mean curvature of T with respect to the Euclidean metric are
V2 +2cos
H=Y_ =507
\/§ + cosp

(IT) (Ve,e1,e1) = (Veyea,e2) = (Ve e1,e2) =0 and (Ve,ea,e1) = sinp/(v/2 + cos @).
(III) For the Ricci tensor Ricp, one has

do = (\/5 + cos <p) dpdf and

2m
/ Ricp(X,n)dd =7 [SCP(\@+ cos ) cos ¢ + Ra3 {2 sin® ¢ — (/2 + cos ) cos @}} ,
0
27
/ Ricp(n,n)df = m [Scp cos® ¢ + Rs3(2 — 3cos® ¢)]
0
2m
/ Ricp(X,e1)dd =7 [—SCP(\/§+ cos ) sin p + Rss {\@sincp + 3cos<psin<p}] ,
0

27
/ Ricp(n,e1)dd = m[—Scp cos psin @ + 3R33 cos g sin ¢ .
0
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Here we remark that X,n,eq, are expressed in normal coordinates around P € M :

af 9 _ a0 Y 9 0\ ) _
r=X (W>P,n—n <8~Ta>1>7 aTa (‘95'3O‘>1t>€TP‘M7 g(P)<(axa>P7(axB>P>_§aﬁ.

(IV) There holds

2T 27 27 2
Cos ¥ cos® ¢
——dp =27, ——— 7 do =21 —2V/2m, —— " do=4dr —2V/2r.
0 \/i—ﬁ—cosgo(p 0 \/§+cosg0<p 0 \/ﬁ—l—cosgoso
Proof. Assertions (I) and (II) are basic computations. For (III), note that
(61) RiCp(X, n) = RQBXQTL*B, Scp = R11 + Roo + Ras.

Since

2 21 2 27 2
0= / cos 0df = / sin 6df = / sinfcosfdf, m = / cos? 0do = / sin? 6d#,
0 0 0 0 0

it follows from the definitions of X,n and (61) that

27

Ricp(X,n)df = Ry17(V2 + cos ) cos ¢ + Roam(V2 4 cos ) cos ¢ + 2 Ryz sin® ¢
0

=7 [SCP(\/§+ cos ) cos ¢ + Rss {QSin2 © — (V2 + cos p) cosgoH .

We can show in a similar way for other quantities, so we omit the details.
Finally, for (IV), using the change of variables

_ %) _1—t2 2
t—tan<§), cosgo—m, d@—mdt for ¢ € (0, )

and
cos p = (V2 + cos p) — V2, cos? o = (cos o 4+ V2)(cos o — V2) + 2,

we easily get (IV). Thus we complete the proof. O

We will now prove Proposition 4.1.

Proof of Proposition 4.1. By the above arguments, it is enough to prove (60). First we express h in (59)
in terms of Scp and Ricp. Substituting gos = dap and (27) into (59), we get

_Ser

1. . 1 1
(62)  haslz) = = (2[00 — Tas) — 30asRicp(,2) - §|$|23a6 +3

3(maR5#x“ + xgRapuxt).

For the normal derivative of h, it follows from (62) that

Ohy, d
el (1) = s (@ + ) =0
SCP 2 . 2
(63) =5 (2(z,n)00p — Tang — NaTg) — gaaﬁRICP(I,n) — §<x, n)Rap
1
+ g(azaRﬁun“ + noRpuat + xgRapyn” + ngRouzt).

In what follows, we compute each term in (47) using Lemma 4.3, (62) and (63).

2
oh
St 1: 2 ——€;,€; H.
ep ;<8n >

30



Since it follows from (63) that

trgs (gZ(X)) = SCTP {6(X,n) —2(X,n)} — 2Ricp(X,n) — %(X7 n)Scp + %RioP(X, n)

2
= —gRiCp(X, n),

<gZ"”> - STP {(2(X,m) = 2(X,m)} = %Ricmx, n) - §<X, n)Ricp(n, n)

+ %{(X, n)Ricp(n,n) + Ricp(X,n)} =0,

we obtain

Therefore, by Lemma 4.3, we have

/222: %(X)» Y Hd
T P 87’L 6,,61 UO

27 27
- g/ Ricp(X,n)(V2 4 2 cos p)dfde
0 0

4 2
=— ?ﬂ [SCP(\@ + cos p) cos p + Ras {2 sin? p — (V2 + cos ¢) cos @}} (V2 4 2cos @)de.
0

Since
2 2
/ (V2 + cos ) (V2 + 2 cos ) cos pdp = / (2 4 3v2 cos p + 2 cos? @) cos pdp = 3v/2m,
0 0
2m 2T
/ 2sin? (V2 + 2 cos )dyp = / 2v/2sin? @ 4 4sin? @ cos pdp = 2v/2,
0 0

we get

” /E2§<gZ(X>€i,€i> Hdoy = —4% {3\/§7TSCP + R33(2V2m — 3\/§7T)}

4+/2
= 74\/§7T2SCP -+ T\[WQRgg.

2 2
Step 2: —4> e;(hni)H +4 Y hyj(Ve,ei e;)H.
i=1 i,j=1

For a smooth function f € C*>°(X), we have

of 1 af

el(f>:%7 e2(f):m%'

Thus integrating by parts, there holds

2 27Tahl
e1(hn HOdU:/ d0/ 2
[ ertn) s = [“an [ e

2m 2
(V24 2cos )dp = / d@/ hn12 sin pdp.
0 0

31



On the other hand, we see that

2 2m 1 8}12
o) H(0)doy = d (V2 + 2cos p)df = 0.
/T€Z( 2)H(0)dog /0 ® . Vitcosp 00 ( cos )

Therefore, one has

2 2 27
/ 74Zei(hm)Hdoo = -8 / / Ry sin pdpdd.
T 5= 0o Jo

Also, it follows from Lemma 4.3 that

2
Z hnj(Veie,»,eﬁH = hn1<V62€2,€1>H =

ij=1

sin ¢
—h, 1 H.
\/§—|— Cos @ !

Then we have
2

2 27
2
/4 Z hnj<vei€iaej>HdUo :/ / 4hnl Slnwwd do
b= o Jo V2 + cos p

and
2

27 21
242
/ 4Zel(hnz H+4 Z hnj velezyej>Hd0'0 —4/ / nl < 2+ f+ COS@) Sln(pded(p
T

(65) =1 1,7=1 \/§+COSSD

27 27
2
=— 4/ / hnt 7\[ sin dfdep.
0 0 \/? + cos

Next, noting that

hp1 = Szp (X,n)(X,e1) — 7|X| Ricp(n,e1) + = {(X n)Ricp(X,e1) + (X, e1)Ricp(X,n)}

:? 2sin (V2 cosp + 1) — 5(3 + 2v/2 cos ¢)Ricp(n, e)
1
+3 {(\/icow + 1)Ricp(X, e1) — V2sin gRicp(X, n)} ,

one gets

2m
2 1
/ hn1d0 :gﬂ'SCp sinp(v2cosp + 1) — 5(3 + 2v/2 cos p)m(—Scp + 3Rs3) cos psin ¢
0

1
+ g(ﬁcosgo + ) {7SCP(\@+ cos ) sin ¢ + Ras {3 sin g cos ¢ + v/2sin ga}]
V2 )
— 5 msing [SCP(\/§+ cos @) cos p + Ras {2sm © — (V24 cos ) cosapH
R
=— %ﬂ'sin@@ cos o 4+ V2).

Substituting this equation into (65), we obtain

2 27
242 2
/ 4261 ni)H +4 Z hnj(Ve,ei,ej)Hdog ——Rgg/ (\[+ COSL'D)\fsin2 wdp
T 0

= \/Q + cos
4 o V2
:73(,/ V2 [2— —" | sin®pd
3 33 0 ( V2 + cos go) vy
8/ 272 81 2™ 1 — cos?
= R33 — —R33 e @
3 3 0 V2+cosp

32



Finally by Lemma 4.3 we obtain

2
/ —4 ei(hni)H + 4 Z hnj(Ve,ei,¢5) Hdog = iﬁRgg - ”Rgg(wéw — 2m)
T i=1

(66) i,j=1
8
= §7T2R33 (2 - \/5) .
Step 3: —ZhnnH2 + HQtI'(thXT).
By (62), one observes
SCP 2 2 2 . 2 21+ 4 .
(67) —2hpn = ——{|X[|* — (X, n) }+§R1CP(X,X)+§|X| Rlc(n,n)—§<X,n>Rlcp(X,n).

Since {e1, ea} forms an orthonormal basis of Tx T and

S 1 1 2
(h(X)ei,ei> = CP{|X|2 < s i>2}—§RiCP<X,X>—§|X|2R1Cp(€i,6i)+§<X76i>RiCP(X,€Z‘) 7 = 172,
it follows from (X, e2) = 0 that

tr (h|Tx’]I‘)

2
SCP (21XP — (X,e1)?) = FRicp (X, X) -

X|? ) 2 .
| 3' (61,61)+R1CP(62,€2)}+§<X,€1>R1CP(X,€1).

Since SCP = Ricp(e1,e1) + Ricp(es, e2) + Ricp(n,n), we have

2 1 2
(68) tr (R(X)|ryer) = —SCTP<X,61>2 - gRiCP(X,X) + §|X\2Ri0p(n,n) + g(X,eQRicP(X,el).
Combining (67) and (68) with (X, e;) = 0 and | X|? — (X, n)? = (X, e1)?, we get
— thn + tr (h(X)\TXT)

9 4
_ _SLP<X 1)? + |X[*Ricp(n,n) + % (X, e1)Ricp(X, e1) = 5 (X, m)Ricp(X,n)

= —Scpsin? ¢ + (3 + 2v/2cos p)Ricp(n,n) — % sin pRicp(X,e1) — g(\/ﬁcoscp + 1)Ricp(X,n).
Hence, from Lemma 4.3, there holds
/027T —2hpp, + tr (R(X)|7yT) A0
= —271Sepsin® ¢ + (3 + 2v2cos )7 [Scp cos® ¢ + Ra3(2 — 3cos® ¢)]
— QT\/?W sin ¢ [—SCP(\/§ + cos ) sing + Ras {\/isingo + 3cos psin <pH
- %W(\/icos p+1) [SCP(\@ + cos ) cos p + Ras {2 sin? ¢ — (V2 + cos @) cos <pH
=— gScP(cosap +v2)% + %Rgg {(cosw +v2)(=3cos ¢ + 5v2) — 4} .
From this equality it follows that

/T [ 2hy +tr (Bypyr) Y Hdog
= /0277 {—gScP(coscp +v2)(V2 + 2 cos @)2} dp

+ /027r Z Rss H(g cos ¢ +5v/2) —

3 }(\/§+2cos go)ﬂ dep.

cos<p+ﬂ
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Since
(cosp + V2) (V24 2cos ) = 4cos® p + 82 cos? p + 10 cos ¢ + 2v/2,

(—=3cosp + 5V2) (V2 +2cos )2 = —12cos® ¢ + 8v/2cos? ¢ + 34 cos o + 10v/2,
(V2 +2cos )? = 4cos p(cos o + V2) + 2,

we obtain

/% [fgScP(coscp +V2) (V2 + 2cos @)2} dp = — gScP(&/ﬁﬂ + 4V/27);
0

/0% T Rys [{(—3 cos g +5v/2) —

3 } (V2 + 2 cos @)2} dip == Ry (8v/2 + 20v/2r — 16m).

cos p + /2 3

Thus we have

2
(69) / {—2hnn + tr (hypyr) } H2doog = —4v271%Scp + %(28\/5 — 16) R33.
T

Step 4: Conclusion
By (64), (66) and (69), we obtain

W(0) = —4v272(Scp — Ras) = —4v212(R11 + Rao)

which implies (60). Thus we complete the proof. O

Remark 4.4. Concerning the quantity Scp — Ricp(n,n), one can express it by the sectional curvature of
the plane of symmetry of the Clifford torus at P € M. In fact, choose an orthonormal basis {e1,es, €3}
of TpM with e3 = n. Denote by K;; the sectional curvature at P € M for the section spanned by e;, e;.
Then from the relations

Ri1 = Ko+ K13, Roo = Kig+ Koz, Rs3 = K3+ Kz, Scp = Ri1+ R+ Rss,

it follows that
1
Scp — Ricp(n,n) = §SCP + Kq».

4.2 Asymptotics of the Willmore functional on degenerating tori

The goal of this subsection is to understand the asymptotic behaviour of the Willmore functional for
the degenerating tori, i.e., X p R, when |w]| is close to 1. For this purpose, let ¥, C TpM be a round
sphere of radius r > 0 in the Euclidean metric (d,3) which passes through the origin: we first compute
the Willmore energy of ¥, with respect to the metric g. Recall that in normal coordinates, the metric g
is expressed as gag := 6ag + hag(x) where h satisfies

(70) || 72| ()| + |2~ [Vh(z)| + [V2h(z)] < ho; [z < p
for some p, hg > 0, see also (26). In the above setting, we prove

Lemma 4.5. Let ¥, C B,(0)(C TpM) be the round sphere of radius r > 0 with respect to the Euclidean
metric (0a8) passing through the origin 0. Then

Wy (exph(E,)) = 16m — S?FSCPTQ +0(r?)

where Scp is the scalar curvature of (M,g) at P.
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Proof. Call |%,|, and A, the area and the traceless second fundamental form of ¥, in metric g. Then
from (70), one has

(71) 1S,], = 472 + O(rY) and  |A,> = O(?).

In fact, the first claim clearly holds by (70). The second claim also follows from (70) and the estimate
(12) in [33] since the traceless second fundamental form of ¥, in the Euclidean space is null. Thus we
obtain

(72) UL, = / 14,2 do, = O(rY) < 7|2, ],,
>

r

for r small enough. Combining the area estimate in (71), the Conformal Willmore estimate (72) and the
assumptions (70) on h, we are under the assumption of Theorem 5.1 in [21], therefore

2%,
’Wg(exp%(Er)) — 167 + %SC}D < Cr|Z,,

for some constant C' depending just on hy. Recalling (71), the lemma follows. O

Since the degenerating tori converge smoothly locally (outside the origin which is by construction the
point of concentration of the shrinking handles) to a round sphere passing through the origin with radius
v2onr? by Proposition 2.5 (or Lemma 2.4), it is natural to expect the Willmore energy possesses an
expansion accordingly to Lemma 4.5; more precisely we have the following proposition.

Proposition 4.6. There exists Cy > 0, which is independent of €, such that

1

8v2
lim sup sup — (Wga(Esﬁp,R,w) —8m2 + \3[7T2E2SCP> < Cpe

2
1 PEM,RESO(3),|lw|=r |€

for all sufficiently small e > 0.
Proof. First of all, we recall the scaling invariance of the Willmore functional, which in our case implies:

Wy(expp(X)) = W,_(exp% (e71X)). Hence, Lemma 4.5 yields

8v2
Wy, (exngE(RSm, i5rz)) = 16m — TWQSCPE2 +0(e%)

for sufficiently small e and uniformly with respect to P € M, R € SO(3) and w := w/|w| € S'. Here
Sy r.w denotes the sphere centred at row with radius r; for 71,72 > 0 in the Euclidean space. Therefore,
to prove the Proposition, it is enough to show that there exists g > 0 such that

(73)
1

lim sup sup — Wo. Ze.prw) = Wy (expF (RS 4522 y3755) — 8% 4+ 167| = 0.
Tl e€(0,e0],PEM,RESO(3),|w|=r €

We are going to estimate separately the errors in the handle part where the second fundamental form
blows up as |w| T 1 and in the complementary region, where we have smooth convergence to a round
sphere. To this end, for p > 0, set

e P Rwp1 = exph (RT,\B,(0)), Yo P Rw,p2 = exph (RT,, N B,(0)),
Ye PR@p1 = OXDP (Rsm, 4 QWzQ\Bp(O)) » Yo PR@p2 = XD (RSW, Frenil Bp(o)) :

Notice that € = 0 corresponds to the Euclidean case, so the surface does not depend on P € M.
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We first treat the sphere part, namely Y. p g 1. As in the previous subsection, let ¢ = €2, g, as in
(58) and

W(t,w,p) = / Hthdagt.

3e,P,R,w,p,1
Thanks to Lemma 2.4, we remark that for fixed p > 0, 3¢ p Rr,w,p,1 converges to Xc p rw,p,1 sSmoothly and
uniformly with respect to (¢, P, R) as w — w. Therefore, for a suitable sequence {p,} satisfying p, — 0
as r — 1, we observe that for some tg > 0

1 _ _
sup E [{W(ta w, p?”) - W(Oa w, pT)} - {W(t7w7 p?’) - W(O,w, pr)}]
te(0,t),PEM,RESO(3),|w|="
1 t
- up [ G e - G fas| 0
te(0,t0),PEM,RESO(),|w|=r |t Jo | Os 0s
as r — 1. This implies that
1
sup 7‘{W . (Ce.PRwpr1) = Woo (20, Rwp1) }
(74) =€(0,20), PEM,RESO(3),|w|=r &

- {W (e, PR@p1) — Wy (EO,P,R@,MJ)}‘ —0

asr — 1.

Now we estimate the difference between W, and Wy, in the handle region. We first remark that
the surface ¥. p g p, 2 is diffeomorphic to RT,, N B, (0), hence we regard all geometric quantities of
S P.Rw.p,2 @ functions on RT,, N B, (0). By applying [33, Lemma 2.3 with the choice v = £2p?] and
recalling (28)-(29), we get

|Hj. = H,| < Cos(p|Ag, P +1) on RT., N By, (0),
where H,, is mean curvature of RT,, N B, (0) in metric g. and Hy,, A,, are the mean curvature and the
second fundamental form of RT,, N B,,.(0) in the Euclidean metric, and Cy > 0 is a constant which does
not depend on ¢, P, R,w. Recalling also the following estimate of the ratio of the area forms do, and
dog, in metric g. and Euclidean metric (see [33, Lemma 2.2])
(1 —4Cypie?)doy, < do,. < (1+ 4CypZe®)do,, on RT, N B, (0),
it follows that

1
— Wy (Be,pRwpr,2) = Woo (Bo,pRw.p, 2)| < C1 / (P2 Agy > + 1) doyg,
€ RT.,NB,, (0)

<t [ 1AnPdoy +CiIRT.O B, (O)

w

go ’

Noting the conformal invariance of [, |Ag, [*dog, in the Euclidean space, p, — 0 and |Tre, NB,, (0)]g, — 0
due to Lemma 2.4, we obtain

1
sup — Wy (Ze,pRw,pr,2) = Woo (Z0,P,Rw,0.,2)]
(75) £€(0,e0),PEM,RESO(3),|w|=r €

gclpi/ |Agy[2dgy + 1 [Tye, 0 B, (0)],, =0 a7 1.
T
In an analogous way, but it is actually easier since the second fundamental form is bounded, one can

check that
1
(76) sup = Wy (Be. PR, 2) = Woo (B0, pRp,2) =0 asrT— 1
€€(0,60),PEM,RESO(3),weS? €
Finally, since the conformal invariance of the Willmore functional in the Euclidean space gives
167 = Wy (Zo,p,r5,0,,1) + Woo (Bo,pR5.0,.2)s 877 = W (B0,p,R0,001) + Woo (Z0,P,R0,,.2)5

combining (74), (75) and (76), the claim (73) follows and we complete the proof. O
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5 Proof of the main theorems

In this short section, collecting the above results, we prove Theorems 1.1 and 1.6 starting from the former.

5.1 Proof of Theorem 1.1
First of all, from (31), we notice that
0Tk, = {exp% (RT,) : Pe M,Re SO(3),w € 0K}.

Combining Propositions 3.6 and 3.7, we know that, for every compact subset K CC D to be fixed later,
there exists £x > 0 such that for every e € (0,&k] there is a function @, : Tk, — R with the following
properties:

(i) If (P:, Re, we) is a critical point of ®., then the perturbed torus ¢ p. g, . [¢:(Ps, Re,we)] is a Willmore
surface with constrained area 4v/272¢2; recall the definition (35) of Y PRwlP]-

(ii) There exists a constant C'x > 0 depending just on K such that, for every (P, R,w) € M x SO(3) x K,
it holds
|®.(P,R,w) — W, (2 prw)| < Oxe’.

In order to choose the compact subset K CC D suitably, let us recall the expansion of the Willmore
functional on symmetric tori and on degenerate tori (given in Propositions 4.1 and 4.6 respectively).

(iii) For every P € M and e small enough it holds
W, (Ze.p.ro) = 87° — 4v271%*{Scp — Ricp(Rn, Rn)}e? + O(£%),

where n € Tp M denotes the normal axial vector of T.

(iv) There exist €g > 0 and Cy > 0 such that

lim sup sup = [Wy(Ze PRrw) — 872 + £2Scp| < Cye

™1 PEM,RESO(3),|w|=r €

8V2
— T
3

for all € € (0,eq]. If we now assume (as in the hypotheses of Theorem 1.1) that

3 sup (SCP — inf Ricp(v, u)) > 2 sup Scp,
PeM vlg=1 PeM

(or, respectively 3infpe s (SCP —supy,, =1 Ricp(v, 1/)) < 2infpeps Scp) then, combining (ii), (iii), (iv)
above there exists r € (0,1),e; > 0 such that, chosen as compact subset K := B,(0) CcC D, the
corresponding reduced functional ®. satisfies

Tk ,e 0Tk e

inf &, < inf &, <01r7 respectively, sup ®. > sup <I>€> ,
TK,E aTK,E

for every € € (0,e1].

It follows that the global minimum of ®. (resp. the global maximum) is achieved at an interior point
of Tk e, which therefore is a critical point of ®.. By recalling (i) above we conclude that the perturbed
torus Xe¢ p. R, w. [P (Pey Re,we)] is a Willmore surface with constrained area 4+/272¢2 and finally, by
construction, the graph function ¢. converges to 0 in C*®*norm as ¢ — 0 with decay rate 2 in the
rescaled metric g.. This concludes the proof. |

Remark 5.1 (Proof of Remark 1.2). Notice that if both the conditions (3) and (4) are satisfied then,
by repeating verbatim the proof above, the reduced functional ®. has both global minimum and global
mazimum attained at interior points of Tk .. It follows that exist at least two smooth embedded Willmore
tori in (M, g) with constrained area equal to 4v/2m2%2.
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5.2 Proof of Theorem 1.6

The only additional difficulty in proving Theorem 1.6 is that we have to find both a compact subset of
the unit disk D and a compact subset of R?\ {0} where to perform the finite dimensional reduction. Let
us discuss the latter, the former being analogous to the compact case.

As recalled in the introduction, the Schwarzschild metric g;; on R*\ {0} is conformal to the Euclidean
one, its scalar curvature vanishes identically and it has two asymptotically flat ends (one for r | 07 and
one for r T +00). For 7 > 0, set

A :={PeR?®: 7 <|P|,, <7 '}, = max max |Ricp(v,v)| > 0.
{ Pl 771 ne= g ma [Ricp (o)

Remark that the positivity of n easily follows from either direct computations or observing that Ric =0
implies that (R3 \ {0}, gsen) is isometric to the Euclidean space. In addition, since (R?\ {0}, gscn) has
two flat ends, there exists a 79 > 0 such that 7 is achieved at interior points P of A, provided 7 € (0, 7p).
Furthermore, noting that W, (RT,,) = Wy, (T) = 872 by conformal invariance of Wy, for every compact
set K C D, one can find Cx > 0 such that if either |P|,, <7 or 77! < |P|,,, then

sup |Wy. (exp% (RTL)) — 87%| = sup (W, (exp (RTy,)) — Wy, (RT.)|
(77) PcAc,ReESO(3),weK PcAS,RESO(3),weK
< Cgor(1)e?

where o, (1) — 0 as 7 — 0. As in Proposition 4.6, by Sc = 0 on R?\ {0}, we may also prove that

1
lim sup sup (Wy. (2c,p,r,w[0]) — 87%)| < Coe.

r—1  PeR3\{0},R€SO(3),|w|=r g2

Hence, we may find r, € (0,1) and &, > 0 such that if 7 € (0,79) and € € (0,¢,), then

sup |W,. (exp% (RT.)) — 872| < Te?
PeA, ,RESO(3).wl=r, !

Setting K := B, (0), by (77), there exists a 71, € (0,70) satisfying

sup |Wy. (exp%; (RT,,)) — 87%| < gsz

PEAA,, ,RESO(3)weK

T1,m°

for all € € (0,¢,).
Now one can repeat the proof of Theorem 1.1 by replacing the ambient space M with A;, = above,

getting a compact subset K := B,. (0) CC D and an g¢ > 0 such that the corresponding reduced functional
®. has an interior critical point. Therefore there exists a perturbed torus ¢ p, g, . [@c(Ps, Re,we)] which
is a Willmore surface with constrained area 4v/272¢2 whose graph function ¢, converges to 0 in C*°-
norm as € — 0. We conclude by recalling that the area constrained-Willmore surfaces coincide with
the critical points of the Hawking mass under area constraint and that the rotational invariance of the
Scwarzschild metric implies that all the surfaces obtained by rotating 3. p. r. . [¢e (P, R, w.)] around
the origin 0 € R3 are critical points as well. O

Remark 5.2. The generalization to ALE scalar flat 3-manifods claimed in Remark 1.7 follows on the
same line of the proof above once we replace the annulus A, by a large ball B, (zo), for some fized xo € M.
Indeed, assumptions 1)-2) imply that

sup | W, (exp% (RT,,)) — 87| < Cro,(1)e?
PeB,(x0)¢,RESO(3),weK

where 0,(1) — 0 as 7 — 0; the rest of the proof can be repeated verbatim.
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