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ABSTRACT. We study the magnetic energy of magnetic polymer composite materials as the average
distance between magnetic particles vanishes. We model the position of these particles in the polymeric
matrix as a stochastic lattice scaled by a small parameter ¢ and the magnets as classical +1 spin
variables interacting via an Ising type energy. Under surface scaling of the energy we prove, in terms
of I'-convergence that, up to subsequences, the (continuum) I'-limit of these energies is finite on the
set of Caccioppoli partitions representing the magnetic Weiss domains where it has a local integral
structure. Assuming stationarity of the stochastic lattice, we can make use of ergodic theory to further
show that the I'-limit exists and that the integrand is given by an asymptotic homogenization formula
which becomes deterministic if the lattice is ergodic.
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1. INTRODUCTION

Magnetic polymer composite materials have raised the attention of the scientific community in the last
decades mainly because of their biomedical applications. These materials, synthesized by embedding
magnetic particles into a polymer matrix, have light weight and high shape-flexibility and are commonly
used for bio-magnetic separations processes.

In this paper we start the rigorous mathematical study of the discrete-to-continuum variational description
of these materials focusing on their magnetic properties. Our aim is to prove rigorously that, modeling
magnetic particles as classical Ising spins (see e.g. [26]) sitting on a disordered lattice, their (surface
scaled) microscopic interaction energy leads to the formation of Weiss domains as the average distance
between the particles vanishes. As explained below in this introduction, in order to tackle this problem
we regard it as a stochastic homogenization problem in the space of functions of bounded variation in R"
where we are able to extend some of the results obtained in the Sobolev setting in the pioneering paper [21].

We recall here that the variational analysis of the properties of ground states of Ising-like systems can be
traced back to the pioneering paper by Caffarelli and de la Llave [17] and that derivation of continuum
theories from atomistic spin-like ones in the framework of I'-convergence is not new and has been initiated
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by Braides and collaborators in [2]. Since then it has been developed by many authors in connection with
the theory of surfactants, nematic elastomers, dislocations in plasticity, superfluids or frustrated magnetic
chains, to cite a few (see for instance [3, 5, 6, 13, 15, 16, 19, 25]).

The modeling of magnetic polymer composite materials at a small (micro or nano) scales requires the
modeling of two main objects: a polymer matrix and an interaction energy between the magnetic particles
(see [28] and reference therein for a beginner’s guide to this topics).

The polymer matrix

The polymer matrix can be modeled as a random network having the cross-linked molecules as nodes.
We will suppose the nodes of the network to satisfy some minimal geometric assumption uniformly in the
randomness. More precisely we will suppose the set of the nodes of the network to form what we call an
admissible stochastic lattice according to the definition below (the definition has been firstly introduced
in the framework of atomic-to-continuum limit in [10] and has already been used in [4] in the context of
rubber elasticity). Given a countable set of points ¥ = {x;},en in R™, we say that ¥ is admissible if

(i) there exists R > 0 such that inf,cgn #(3X N B(z, R)) > 1 (i.e., arbitrarily big empty regions are
forbidden),
(ii) there exists r > 0 such that inf{|z —y|, z,y € &, = # y} > r (i.e., clusters are forbidden).

Then, given a probability space (Q,F,P), a random variable £ : @ — (R")%" is called an admissible
stochastic lattice if, uniformly with respect to w € Q, £(w) is an admissible set of points. Note that
our assumptions on the admissibility of a stochastic lattice rule out many point processes well known in
probability theory and are instead motivated by the usual structural assumptions on the polymeric matrix.

The atomic energy

To every stochastic lattice £L(w) we associate a Voronoi tesselation V(L£(w)) and define the set of nearest
neighboring points, namely NN (w), as the set of those pairs of points of the stochastic lattice £(w) which
share a (n—1)-dimensional edge of the associated Voronoi tessellation. Let D C R™ be a bounded open set,
and € > 0 be a small parameter (the limit € — 0 will be referred to as the continuum limit). We assume
that the magnetic state of the particles in D is described by a classical spin variable u : e£(w)ND — {£1}
and we model the interactions between the spins via an Ising type energy. The energy model we consider
allows all the particles to interact and may distinguish between short-range interactions, which are the
interactions between the nearest-neighbors particles, and long-range interactions. The total energy of the
system for a given configuration u has the form

FE(‘*‘J)(U) = an,f(w)(uyD) + Flr,e(w)(“a D):
where

Fone(w)(u, D) = Z " (2, y)uer) — uley),

(z,y) ENN (w)
ex,eyeD

Fpe@)(uw,D)= Y &' (x,y)u(er) — uley)|.
(z.y) ENN (w)
ex,eyeD

For ¢§,,.¢. : R" x R™ — [0,4+00) we assume that there exist C' > 0 and a decreasing function Jj, :

[0,4+00) — [0, +00) with
/ Jir(lz|)|z|de = J < 400
RTL
such that, for all € > 0 and all z,y € R",

1

6 < C;n(x7y) < Ca
Ciy

(z,y) < Jir(Jz = y|).
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As the average distance between the nodes of the network e£(w) is of order ¢, the prefactor €"~! in the
energy has the meaning of a surface scaling, so that F.(w)(u) is the magnetic energy per unit surface of
the network e£(w) N D when the magnetization field is u. Taking into account the assumptions above, the
atomic system we consider is the surface scaling of a ferromagnetic type system with bounded short-range
and summable long-range interactions.

The continuum energy

In the limit as € tends to 0 the ferromagnetic behavior of the system will favor the formation of a parti-
tion of D into random (w dependent) Weiss domains described, in the continuum limit, as sets of finite
perimeter with fixed magnetization +1 or —1. The interaction energy between the Weiss domains will
depend on the randomness via the stochasticity of the polymer matrix in which the magnetic particles
are embedded. The issue of the dependence of the macroscopic continuum energy of the domains on the
randomness of the matrix is tackled in the framework of stochastic homogenization as explained below.
In this context, as a byproduct of our analysis, one could see our main result as a generalization of a
recent theorem by Braides and Piatnitski in [15] (see also Remark 5.6).

We work in the variational framework of I'-convergence (we refer to [12, 20] for an introduction to the
subject). To this end we identify the field u with its piecewise-constant interpolation taking the value
u(x) on the Voronoi cell centered at z and we regard the energies as defined on L!(D, {£1}). The I-limit
is performed in this space. In Theorem 3.2, we prove that, for fixed w € §2, up to subsequences, the family
F.(w) T-converges with respect to the L'(D)- topology to a continuum energy F : L'(D) — [0, +oc]
which is finite only on BV (D, {+£1}) where it takes the form

(L.1) Pl = | IINCORICAL

Here S(u) denotes the jump set of u, v, € S"~! its measure theoretic inner normal and H"~! the (n—1)-
dimensional Hausdorff measure. The result is proved by the abstract methods of Gamma-convergence and
makes use of the integral representation theorem in [11]. We explore the dependence of the continuum
energy on the randomness induced by the stochastic lattice in Theorem 5.5. Here we assume that the
stochastic lattice is stationary, that is, for all z € Z, £(w) and L(w) + z have the same statistics and that
there exist two functions ¢y, ¢ : R™ — [0, +00) such that

(1.2) (T, y) = Canly — ), ¢ (2,y) = cir(y — @)

These assumptions, which play the same role as periodicity in the case of a deterministic periodic lattice
treated in [7], turn the problem of the characterization of the continuum limit energy into a stochastic
homogenization problem.

In Theorem 5.5 we prove that the functionals F.(w) I'-converge with respect to the L'(D)-topology to
the functional Fyom(w) : LY(D) — [0, +0c] which is finite on BV (D, {£1}) where it takes the form

Fhom(w)(u) = / (bhom(w; Vu) dHn_l
S(u)nD

where, for P-almost every w and for all v € S"7 ! ¢pom(w;vy,) is given by an asymptotic homogenization

formula. In the case L is ergodic, then the limit energy is deterministic and its energy density ¢pom(v) is

obtained by averaging over the probability space:

Shom (V) = /Q Gom (@3 1) AP(w).

The proof of this result is quite delicate and makes use of two main ingredients: the abstract methods of
I-convergence and the subadditive ergodic theorem by Ackoglu and Krengel in [1]. The combination of
these two results in the framework of discrete-to-continuum limits was one of the key ideas in the proof of
the main result in [4] drawing some ideas from the pioneering paper [21]. It consists in proving that the
sequence of minimum problems characterizing the energy density of the I'-limit at a certain point and in
a given direction agrees (up to lower order terms) with a sequence of sub additive stochastic processes
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for which the main result in [1] applies. It is at this point that one strongly uses the assumptions on
the stationarity of the lattice together with (1.2). This step of the proof is the most delicate one and
cannot be solved by the same arguments as in the Sobolev case considered in [4]. Instead it requires new
arguments and the generalization to higher dimensions of the translation invariance of the first passage
percolation formula (Proposition 2.10) in [15].

A further important issue in the theory of magnetic polymer composite materials is the dependence of
the macroscopic energy on the random geometry of the polymer matrix. We consider this problem in
Section 6 where we remark that if the polymer matrix, besides satisfying the previous assumptions, is
also isotropic in law, that is to say that £(w) and RL(w) have the same statistics for all R € SO(n), and
the coefficients c¢,,,, and ¢, are functions of the distances between points, then the limit energy density is
isotropic, which means that ¢nom () = const. In this case the energy of the continuum system is propor-
tional to the length of the boundary of the Weiss domains. An example of stochastic lattice sharing this
isotropy in law is the random parking process studied from the point of view of homogenization theory
in [24].

Last but not least, we remark that the magnetic polymer composite materials present non trivial me-
chanical response to an applied magnetic field, a phenomenon known as strain-alignment coupling. A
variational discrete to continuum analysis of this phenomenon, whose equivalent formulation in the peri-
odic setting has been considered for instance in [18], is possible in this framework using some of the ideas
contained in this paper and in [4]. We leave this topics for future studies.

The paper is organized as follows: section 2 is devoted to basic notation, the definition of the class of
energies we consider and to preliminary results regarding our functional setting. In section 3 we prove a
compactness and integral representation result for our functionals for a fixed realization of the random
lattice. Section 4 deals with the I'-convergence of the discrete energies in presence of boundary conditions
while in Section 5 we prove the main result of this paper that is the I'-convergence of random discrete
energies. The last section is devoted to applications and generalizations of the previous results to multi-
body magnetic interaction potentials and nonlocal energy functionals.

2. NOTATION AND PRELIMINARIES

In this section we introduce some notation which we will use in the following and give a precise definition
of the energies we consider.

By | - | we denote the Euclidean norm on R™. If A C R™ is a Borel set we denote by |A| its Lebesgue
measure and, for any § > 0, we set A° = A+ Bs(0), where Bs(z) is the open ball around z with radius &
with respect to |- |. Given an open set D C R™ we denote by A(D) the family of all bounded open subsets
of D and by Af(D) the family of those sets in A(D) which have a Lipschitz boundary. Moreover, we set
dimy(-) the Hausdorff dimension. Given a unit vector vy, € S"~1, let v1,..., 1, be a orthonormalbasis.
We define

Q,={zeR": |(z,1)| < Vi}

N |

and, for x € R, p > 0, we set Q,(z,p) := x + pQ,. In the proofs C denotes a generic constant that can
change everytime it appears.

In this paper we consider as admissible networks those set of points fulfilling the following definition.

Definition 2.1. Let ¥ be a countable set of points in R™. X is called an admissible set of points if the
following two conditions hold:

(i) There exists R > 0 such that inf,crn # (X N Br(z)) > 1;
(ii) There exists r > 0 such that |x —y| > r for all x,y € X, x # y.
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We remark that this class of lattices has been introduced in [9, 10] (and already used in [4] in the
context of I'-convergence) as a reference configuration of nonlinear elastic networks. Roughly speaking
the assumptions above rule out cluster points as well as arbitrary big holes in the network.

Definition 2.2. Let ¥ be a countable set of points in R™. We denote by V(X) the so called Voronoi
tessellation of R™ associated with X, i.e. V(X) := {C(2)}zex, where

Cz)={z€eR": |z—2z|<|z—y|Vy e XL}

The next lemma contains all the information on the Voronoi cells that we will need throughout the paper.
We outline its simple proof for readers’ convenience.

Lemma 2.3. Let X be an admissible set of points with constants v, R as in Definition 2.1. Then there
exist constants My, Ms > 0 depending only on r, R such that, for all x € 3,
(i) Bz(x) C C(z) C Bgr(x),
(ii) #{y e X: Clx)NC(y) # 0} < M.
(iii) H"H(C(x)NCly)) < Mz Wy € B\{a},

Proof. (i) For y € ¥\{x} we have |z — y| > r, which implies [z — x| < |z — y| for all z € Bz (z). By
definition the first inclusion in (i) holds. Now suppose that there exists z € C'(z) such that |z — x| > R.
Since X is admissible, there exists y € ¥ such that |z — y| < R. It follows that

R<|z—z| <|z—y| <R,

leading to a contradiction.
(ii) Note that (i) implies that if C(x) N C(y) # 0, then |z — y| < 2R. Using an elementary covering
argument it is now easy to see that it is enough to take M; = (1 + %)n.
(iii) By (i) the diameter of the set C(z) N C(y) is bounded by 2R and the set is contained in a (n — 1)-
dimensional affine subspace so that we can take My = (2R)”*1wn_17 where w,,_1 is the volume of the
unit ball in R?~1.

|

Let D C R™ be a bounded open set with Lipschitz boundary and let ¥ be an admissible set of points
according to Definition 2.1. Making use of the Voronoi tessellation we introduce the notion of nearest
neighbors.

Definition 2.4. The set of nearest neighbors of X is defined by
NN (Z) = {(z,y) € ¥*: dimy (C(z)NC(y)) =n —1}.
We are now ready to introduce the most general class of discrete energies we are going to consider in
this paper. For fixed ¢ > 0 and u : eX — {£1}, we set
F.(u) := Fyne(u, D) + Fiy . (u, D),
where for every A € A(R™)

(2.3) Fone(u, A) = Z " e (2, y)uer) — uley),

(z,y) ENN (D)
ex,ey€A

(2.4) Fire(w,A)= Y " y)luer) — uley)l.

() ENN(2)
ex,eyeA

3 £
The functions c,,,

¢, : R" x R™ — [0, +00) fulfill the following assumptions:

Hypothesis 1 There exist C > 0 and a decreasing function Ji, : [0, +00) — [0, +00) with

/ Tl dz = J < +o0
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such that, for all € > 0 and all z,y € R",

1
5 < Can('ray) < Ca
i (@,y) < Jin(lz = yl).

As it is customary in the context of the discrete-to-continuum variational limit, with the aim of
exploiting I'-convergence, we identify each function u : € — {41} with its constant interpolation on
each Voronoi cell. Setting

(2.5) Ce(E) i={u:R" — {£1} : VC € V(), u).c is constant} C L' (D),

we can consider the functionals F. : L'(D) — [0, +o00] defined as

(2.6)

Fu(u) Fone(u, D)+ Fiypo(u, D) if u e C(Y),
u) =
: 400 otherwise.

With the aim of applying the abstract methods of I'-convergence we also need to define local versions of
the energies F, and of its I'-liminf and I'-limsup as € — 0.

Definition 2.5. For every A € AR(R"), let F.(-,A) : LY(D) — [0, +00] be defined by

Fg(u, A) _ an,s(ua A) + Flr,e(ua A) qu € CE(E))
400 otherwise,
where Fpy o(u, A) and Fi. (u, A) are defined as in (2.3) and in (2.4). Furthermore we set
F'(u,A) :=T(L*(D)) — lim inf Fr(u, A),
E—

F"(u, A) := T'(LY(D)) — limsup F.(u, A).
e—0

Remark 2.6. One can show that

F'(u, A) =T(L'(A)) — lim inf F (u, A),
F"(u, A) = T(L'(A)) — limsup F.(u, A)

e—0

for every u € L'(D).

Here below, following some ideas in [4], we introduce an auxiliary deterministic square lattice on which
we will conveniently rewrite the energies F.. This lattice will turn out to be a convenient way in order to
provide uniform (with respect to the stochastic variable) estimates on the discrete energies.

On setting ' = 7 1t follows that for all a € r'Z"™ it holds #{X N {a +[0,7")"}} < 1. We now set
Zu(X) i ={aerZ": # Zn{a+0,7)"}) =1},
To =X N{a+[0,7)"}, acZ. (%)
and, for £ € r'Z", U C R™ and € > 0,
RfWE(U) ={a: a,a+£€Z/(2), exa,eTate €U, (Ta,Tatre) E NN (D)},
Rj, (U):={a: a,a+&€ Z.(%), e2a,6Tare € U, (Tar Tare) € NN (D)}

We can now rewrite the energy as
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Fone(u, A) Z Z Enilcin(xaaxa+£)|u(za) — u(eTa+e)l;

ger'n aele e(A)
Fipe(u, A) Z Z "G (Tas Tare) [u(eta) — u(eTase)|-
ger'n eler S( )

For technical reasons in the proofs it will be useful to have at our disposal a family of “truncated” long
range energies that we introduce below. For any M > 0 we set

(2.7) B, A) = 3" 3 e (w0 Tare)|u(ea) — ulezase)].
€=M acR; _(A)

In what follows we will use the following compactness result for BV-functions taking values in {£1} (see
[81)
Theorem 2.7. Let U C R"™ be open and let uy, € BV (U,{£1}) be such that

sup H" (S (ug)) < +oo.
k

Then there exists a subsequence uy, (not relabeled) and uw € BV (U,{£1}) such that ur, — u strongly in
LY(U).

Moreover, the following result on Lipschitz domains turns out to be useful for our proofs (see Theorem
4.1 in [22]).

Theorem 2.8. Let A € AR(R"). Given n > 0 let A" := {x € A: dist (z, A) < n}. Then, for n small
enough, A" is again a Lipschitz domain and

lim H*HOAT) = H" 1 (9A).
’]7*)

Remark 2.9. Applying Theorem 2.8 to Br(0)\ A with R large enough, we obtain the same result for the
set Ay = {z € A: dist (z,04) > n}.

3. INTEGRAL REPRESENTATION

We want to make use of the following integral representation theorem which is a special case of Theorem 3
in [11] in the case that the domain of the functional is the space BV (D, {+1}) x A(D) and the functional
fulfills a further symmetry property.

Theorem 3.1. Let F : BV (D, {£1}) x A(D) — [0, +00) satisfy for every (u, A) € BV(D,{£1}) x A(D)
the following hypotheses:

(1) F(u,-) is the restriction to A(D) of a Radon measure;
(ii) F(u,A) = F(v, A) whenever u =v a.e. on A € A(D);
(iii) F(-, A) is L (D) lower semicontinuous;

(iv) there exists C > 0 such that

5H"—l(S(u) NA) < Flu,A) < CH"Y(S(u) N A);
(v) F(u, A) = F(—u, A).
Then for every u € BV (D,{£1}) and A € A(D)
Flu, A) = vy dH™ L,
(u, 4) /S(u) gl )
with

g(xo,v) = limsup m(umo’,,,ncg,i(mo, P))
p—0 P

)
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where

1 if {(x — zo,v) >0,
Ugy p 1=
v —1 otherwise,

and for any (v, A) € BV(D,{£1}) x A(D) we set
m(v, A) = inf{F(w, A) : w € BV(A;{£1}), w = v in a neighborhood of 0A}.
The following theorem is the main result of this section.

Theorem 3.2. Let ¥ be admissible and let ¢, and ¢, satisfy Hypothesis 1. For every sequence €, — 0
there ezists a subsequence €, such that the functionals ank defined in (2.6) T'-converge with respect to

the strong L*(D)-topology to a functional F : L*(D) — [0, 400] of the form

n—1 ;

Flu) = Jsu ¢=(@,v) dH ifue EV(D, {£1}),
“+o0 otherwise.

Moreover a local version of the statement above holds: For all w € BV (D,{#1}) and all A € A%(D)

P-lim Fy, (u, A) = / bs(w,v,) dH" L.
k ’ S(u)nA
The proof of Theorem 3.2 will be given later. At first we prove several propositions that allow
us to apply Theorem 3.1. The next two propositions ensure that the limit energy is finite only for
u € BV(D,{£1}).

Proposition 3.3. Let ¢, and ¢, satisfy Hypothesis 1. If A € A(D) and u € L*(D) are such that
F'(u, A) < 400, then uw € BV(A,{%1}) and

F'(u, A) > cH™ 1 (S(u) N A)

for some positive constant ¢ independent of A and u.

Proof. Let Co(X) 2 ue — w in LY(D) be such that liminf. ¢ F.(us, A) < +oo. Given n > 0, we set
A, ={x € A: dist (z,0A) > n}. Note that

Su)nA,c ) eC@)ncy),
(z,y) ENN(T)
ex,sye(An)ER
ue (ex)F#ue (ey)

so that, by Lemma 2.3,

(3.8) H Y (S(us) N A,) < My > " Hue(ex) — ue(ey)|.
(ex,ey) ENN(X)
ex,ey€(A,) R

By the positivity of ¢;-, Hypothesis 1 and (3.8), for € small enough we have

Folue,A)>C Y " Mue(ex) — uc(ey)| = CH" ' (S(ue) N Ay),
(z,y)ENN(T)
ex,ey€(A,) R
where we have used (3.8). Theorem 2.7 now implies that u € BVj,.(A,{£1}) and, since the bound on
the measure of the jump set is uniform in 7, we have u € BV (A, {£1}). For ¢ — 0 we get F'(u, A) >
CH" 1 (S(u) N A,) by lower semicontinuity. Letting n — 0 yields the claim.
g

Before we prove the next upper bound inequality we need to introduce a special class of sets and BV-
functions.
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Definition 3.4. Let U be an open set. A n-dimensional polyhedral set in R" is a set E € AR(R")
such that its boundary is contained in the union of finitely many affine hyperplanes. A function u €
BV (U,{£1}) is called a polyhedral function if there exists a n-dimensional polyhedral set E in R™ such
that H* 1 (OENOU) =0 and u(z) =1 if v € UNE and u(z) = —1 for every x € U\E.

Proposition 3.5. Let ¢, and ¢, satisfy Hypothesis 1. Then there exists a constant C' > 0 such that for

all u € BV(D,{+1}) and A € AR(D),
F"(u, A) < CH"™(S(u) N A).

Proof. We consider only the long-range term. The same technique can be used to bound the nearest
neighbour interactions. For the time being we assume that w4 € BV(A,{%1}) is a polyhedral function
with corresponding set E. Note that S(u) N A= 0E N A. We define u. € C.(X) by its values on X via

(e2) u(ex) ifex € A,
ug(ex) :=
c +1 otherwise.

Then we have u. — wu in L'(A). By Hypothesis 1, given § > 0, there exists Ms > 0 such that
Y ieionrs T (BN (€] + 2R) < 6, where £ € &+ [=r/,7/]" is such that [¢| = dist ((0,7)",[0,7)" + &).
Now for all £ € 'Z™ such that |£] < Ms and 1 > 0 there exists g9 = €¢(d,n) such that, for all ¢ < g, the
couple (exq,exq4¢) gives a positive contribution to the energy only if dist (cxq,0E N A7) < g(|¢| + r).
Using Lemma 2.3 we deduce that
n1 . ¢ Zm)e(lel2m)
" {ewn ¢ ulexy) # u(eTate), €Tq,ETare € A} < 6 [(OE N An) |.

Observe that the set dE N A" is regular enough to ensure that, at least for small &,

1 — __
(3.9) iy AnEE+2R) | < o H Y (9E N AT)(|€| + 2R).

Next we consider the interactions where |¢| > M;. For E being a polyhedral set we have

(3.10) #{exa : u(exy) # u(eTase), €Ta,eTaqe € A} < egl'H"_l(ﬁE)ﬂﬂ + 2R).

Using Remark 2.6, (3.9), (3.10) and the definition of M;s we conclude that

F"(u, A) < CH"MNOENAT) Y Ji (€[] +2R) + C(E) 6.

|§|<Ms

Using the integrability assumption from Hypothesis 1 we infer from the arbitrariness of 6 and 7 that

F"(w)(u, A) < CH"(S(u) N A),
where we have used that H* " 1(OE N 9A) = 0.
For a general function v € BV(D, {£1}) let us consider uj4 € BV (A,{%1}). By the properties of

BV functions on Lipschitz domains there exists a sequence of polyhedral functions u,, € BV (A4, {£1})
such that u, — u|4 strongly in L'(A) and H" (S (u,) N A) — H" (S(u) N A). Define @, € L'(D) by

i () = {un(x) ifze A,

u(xz)  otherwise.

Since A € A®(D) we have that @,, € BV(D,{41}). Moreover ,, — u strongly in L(D) and 4, satisfies
the assumptions of the first part of the proof. By the lower semicontinuity of the I'-lim sup it holds that

F"(u, A) < Climinf K" *(S(@i,) N A) = CH" 1 (S(u) N A).
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In the following proposition we state a weak subadditivity statement for F”(u,-).

Proposition 3.6. Let ¢5,, and ¢, satisfy Hypothesis 1. Then, for every A, B € A(D), every A’ C A%(D)

nn

such that A’ CC A and every u € BV (D, {£1}),

F"(u,A"UB) < F"(u, A) + F" (u, B).

Proof. We only take into account the long-range term, our argument working the same also for short-
range interactions. Without loss of generality let F''(u, A) and F"(u, B) be finite. Let u.,v. € C-(X)
both converge to u in L'(D) such that

limsup Fy(u., A) = F"(u, A), limsup F.(ve, B) = F"(u, B).

e—0 e—0

By Hypothesis 1, given 6 > 0, there exists Ms > 0 such that > .y, Ji(IEN (€] + 2R) < 4. Fix
d < dist (A’, A°) and let N, := [m], where [-] denotes the integer part. For k € N we define

Acp={x e A: dist (z,A") < ke(Ms +r)}
and wk € C.(X) by
wh(ex) = 1a,, (ex)u-(ex) + (1 - La, (). (co).
Note that w® — w in L*(D) for all k € N. Now we set

SSS = {r=y+tE: yedAy, t| <e & &+ [ 7"} (A UB).
For k < N. it can easily be verified that

(3.11) F.(wf, A"UB) < F.(uc,Ac ) + F.(ve, AS , N B)

+ Z Z " (T $a+£)‘w§(‘€xa> - w?(‘gxaﬁ-&)l
§ETL™ aeRf, _(S;°)

_. &

=P (O‘)

< F(w)(ue, )+ Fe(w)(v, B)+ > > pp(a).
§EMLM aeRf _(S5°)

Ir,e

Now if d is small enough (depending only on A’), by Theorem 2.8 and Remark 2.9 we have

H YDA ) < CH™1(0A)
for all £ < N.. We deduce that

#(S5°NeX) < CetHPHOA')(J€] + 2R)

and hence

(3.12) > Yo At(@ < CHHOA) Y Tn(€)(IE] +2R) < Co.

€[> Ms acRE, _(S5°) I€1> M

Now we treat the interactions when |¢| < M. By our construction we have Sff C (Ac p+1\Ac k—1)NB =:
Sy Observe that every point can only lie in two sets S}, Sy, . Furthermore a straightforward calculation
shows that, for all z,y € X,

w () — wl(y)] < |uz(x) — uc(y)] + ve(x) — v=(y)| + 2Juc(y) — v-(y)|.
We deduce that
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Z Z piﬁ(a) SFE(UE’SI?) + FE(U&S;)
[E]1<Ms o e RE (5}?6)

Ir,e

+Cs Z 5n_1|us(5x) —vE(EIE)L

TzEX
ex€Sy,

where C5 depends only on Ms. Now averaging the last inequality yields

1 N.—1
I =0 31D D SR S ()

k=1 [£]<Ms aeR;, _(S5°)

2
< Fe £ A Fa aaB 2 5 " 3 - Ve
< Ng_l( (W)(ue, A) + Fe(w)(ve, B)) +2Cs ; " |ue(ex) — ve(ex)|
sg;ED
¢ /
sy T Cs (lue = vellLr(py + 0(1))

so that I. — 0 when € — 0. For every € > 0 let k. € {1,..., N. — 1} be such that

(3.13) Y. Y A<

lEl<Ms acRs, (S5

and set w. := wP. Note that w. still converge to u strongly in L*(D). Hence, using (3.11), (3.12) and
(3.13), we conclude that

F"(u, A"U B) <limsup F.(w., A’ UB) < F"(u, A) + F"(u, B) + C 4.

e—0

The arbitrariness of § proves the claim. |

Proof of Theorem 3.2. From Propositions 3.5 and 3.6 it follows by standard arguments that F”'(u,-) is
inner regular and subadditive on Af(D) (see, for example, Proposition 11.6 in [14]). Therefore, given a
sequence €, — 07 we can use the compactness property of I'-convergence to construct a subsequence &,
(not relabeled) such that

I-lim F., (u, A) =: F(u, A)
n

exists for every (u,A) € Ll(Q) x A%(D). By Proposition 3.3 we know that F(u, A) is finite only if
u € BV(A,{£1}). We extend F(u,-) to A(D) setting

F(u,A) :==sup {F(u,A"): A cc A, A" ¢ AR(D)}.

To complete the proof it is enough to show that F' satisfies the assumptions of Theorem 3.1. Again by
standard arguments F'(u, -) fulfills the assumptions of the De Giorgi-Letta criterion so that F(u,-) is the
trace of a Borel measure. Since this Borel measure is finite on D by Proposition 3.5, it is indeed a Radon
measure (Proposition 1.60 in [23]). The locality property is easy to verify. By the properties of T'-limits
we know that F(-, A) is L'(D)-lower semicontinuous and so is F(-, A) as the supremum. The growth
conditions (iv) in Theorem 3.1 follow from the Propositions 3.3 and 3.5 which still hold for F' in place of
F. Finally the additional symmetry property (v) holds for the discrete energies and thus it is conserved
in the limit. The local version of the theorem is a direct consequence of our construction. (|
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4. CONVERGENCE OF BOUNDARY VALUE PROBLEMS

In this section we investigate the convergence of the family of functionals F. under discrete boundary
conditions. Let A € A®(D) and let ¢ € L*(0A, {#1}). For the sake of simplicity let us assume that ¢ is
the trace of a polyhedral function u,, (more general boundary conditions may be considered (see Remark
4.3)). In particular we have

(4.14) H 1 (S(uy) NOA) = 0.

We define a family of discrete energies with trace constraint as follows: Let [ > 0 be such that

(4.15) lir% l. = +o0, lirr(l) l.e=0.

For fixed uy,, € > 0 and I > 0 we consider the functional F#'= (-, A) : L'(D) x AR(D) — [0, +oc] defined
as

. _ e s < le
(4.16) Fol (u, A) = {Fg(u, A) if u(w) uy () if dist (z,04) < l.e
+00 otherwise.

In order to state and prove the main result of this section we need to introduce additional notation. Let
C#1<(X, A) be the space of those u € C.(X) that agree with u, at the boundary of A as:

CPl (D, A) i= {u € C(X) : ulex) = uy(ex) if dist (e, 0A) < le}.
Furthermore, given u € BV (D, {£1}), we set uyg , : R” — {£1} as

(4.17) wa (@) = {u(x) if v € A,

ugy(x) otherwise.

Since A is regular we have ua,, € BVjo.(R"”,{£1}). The following convergence result holds:

Theorem 4.1. Let X be admissible and let ¢, and ¢y, satisfy Hypothesis 1. For every sequence converging
to 0, let ej and ¢x be as in Theorem 3.2. Assume that the limit integrand ¢, is continuous on D x S™~1.

e , .
Then, for every set A € A®(D), A CC D, the functionals ng 7(-,A) defined in (4.16) T'-converge with
respect to the strong L'(D)-topology to the functional F¥?(-, A) : L*(D) — [0, 4o0] defined by

F?(u,A) = {fS(uA74p)mA (T, Vuy ) dH" ! ifu € BV(A,{£1}),

400 otherwise.
Proof. By Proposition 3.3 we may suppose u € BV (A, {£1}).
Proof of the lim inf-inequality.

We show the lower bound taking only into account the long-range term, the same argument works if we
include the short-range interactions at the expenses of heavier notation. Without loss of generality let
u; — u in L*(D) such that

®ole;

liminf FZ;" 7 (u;, A) < C.
J

e . . . . .
Hence u; € C;. 7(X2,A). Given § > 0, by (4.14) and choosing appropriate level sets of the signed distance
function of JA, by Theorem 2.8 there are A; CC A CC Ay Lipschitz sets such that

H (S (uy) N (A2\AY)) <6,
H"1(S(uy,) N OAY) =0,
H1(S(uy,) N DAy) = 0.
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Let uy,; be the function defined by

Ug,j(€5T) = up(ejT).

Then u, ; — u, in L' (D) and, as in the proof of Proposition 3.5, by the choice of A; and Ay we obtain

(4.18) limsup F, 7 (w5, A2\ A7) < C'6.
J

We define u; € C,(¥) by

j(ejw) = La(eja)u;(e;e) + (1 - Lalesz))ug ;(e52).
Note that @; — ua,, in L'(D). Setting

S ={x=y+t&: yc oA, |t| <ej € €&+ [ 7]} N Ay,
it holds that

Ao e e . R
FE0 (e, Ag) < F2 9 (uey, A) + F 9 (ug e, A\ A7)

(4.19) + > > TGN (s Tare) i (€5Ta) — G5(ejTate)],
cer’'am aeRf;f; (S6:9)

J

where we denoted by

R (59) = {a € RS, (5%9) : j2a € A, &j7are € D\AJ

By Hypothesis 1 there exists Ms > 0 such that >/, Ji(I€) (€] + 2R) < 6. As in the proof of
Proposition 3.6 we obtain

(4.20) S > et an(lé)) < CHH04) 6.

&, A j
1€1>Ms R, (S69)

For interactions where [£| < Ms and j large enough, we have that S¢9 C A;\Ay. Moreover, if I, > Ms+r,
then by the boundary conditions on u;,

— i ~ - ©,le. N
> Yo G (e ware)liy(eja) — (e jare)| < FL 7 (g5, Ao\ A7)
l8]<Ms aeR5A (5¢9)

J

From Theorem 3.2 and (4.18),(4.19) and (4.20) we infer
Flug,g A) < liminf FE'9 (ue,, A) + C6.
Now letting Ay | A and then § — 0 we obtain the lim inf-inequality.
Proof of the lim sup-inequality.
We start assuming that u = u,, in a neighbourhood of dA. Let C.,(X) 3 u; — u in L'(D) such that
lijr_n Fe,(uj, A) = F(u, A).

Given § > 0 there exist Ms > 0 such that > ¢/, Jir(I€))(J€] +2R) < 6. Using Theorem 2.8 and Remark
2.9 we choose regular sets A; CC As CC A such that
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(4.21) u=u, on A\Aj,

(4.22) H"(S(uyp) NOA) = 0.

We now proceed by an argument similar to the proof of Proposition 3.6. We fix d < dist (A;,9As) and
set N; = [W‘M] and, for k € N,

Ajp={xecA: dist(z,A1) <ke; (Ms+71)}.
We also define u} € C (%) setting

uk(g :)3) _ u%j(ejm) if E;T ¢ Aj’k and dist (6]'1,‘,14) < lEjEj,
7 u;(g;x)  otherwise,

where u,, ; is as in the proof of the lim inf-inequality. Again we get

F, (uf, A) <F (uj, A) + F, (uw,j,A\E)
+ >0 (€)Y uk(eea) — uf(gmare)l,
ger'zn a€RJ(S57)
where ,
S,E’j ={r=y+t&: yedAy;, |t| <e;, & e+ [, 7"} n A

As in the proof of Proposition 3.6 we can show that, at least for small d,

> > T I(E]) < CHYTHOAY)S.
[€1>Ms aerg? (S57)
To control the interactions where |{| < My, we use the averaging technique again to obtain k; €

{1,...,N;} and the corresponding sequence ufJ fulfilling the boundary conditions (at least for large
Jj because of (4.15)) and ufj — u such that

limsup FY 7 (u?, A) < F(u, A) + CH* (9A41)5 + CH™(S(uyp) N (A\AY)),
J
where we have also used that, by (4.21)

7lE ; A — A
limsup FL, 7 (g5, A\AT) < CH ™ (S(u,) N (A\AY)).
J
Letting first § — 0 and then A; T A we finally get

- lim sup Ffj’lej (u, A) < F(u, A).
J

Now given any u € BV (A, {£1}) let u,, be the sequence given by Lemma A.1 and let A’ € A%(D),
A cc A’. By lower semicontinuity and Reshetnyak’s continuity theorem we have

I'-lim sup F;i’lsj (u, A) < lim inf (F— lim sup F;;’lsj (Un,, A)) < liminf F(up, A") = Fua,p, A').
J " J "
Letting A’ | A yields the upper bound. a

Theorem 4.2. Let A € A®(D), A CC D. Under the assumptions of Theorem 4.1, the following holds:
(i)

lim ( inf Fi’lsj (u, A)) = min F¢(u, A).
7 \weBV(A{+1}) wEBV (A {+1})
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(ii) Moreover, if (u;); is a converging sequence in L'(A,{%1}) such that

®ile;

FE'9 (uy, A) = FE'9 (0, A) + o(1),

inf
uEBV (A,{£1})
then its limit is a minimizer of F¥(-, A).

Proof. Note that Theorem 4.1 also holds when we take the I'-limit with respect to the L!'(A)-topology.
Thus the statement follows immediately from the general theory of I'-convergence since the functionals
are equicoercive in L!(A). O

Remark 4.3.

(i) If we have only finite range of interactions, i.e. ¢;.(z,y) = 0 for |z — y| > L then it is enough to take
l- > L.

(ii) Defining an appropriate extension based on an abstract construction using Sard’s lemma, it is possible
to prove the previous theorem for arbitrary functions ¢ € L*(9A, {£1}).

(iii) If the limit integrand is not continuous in the space variable, one can prove a convergence result for
boundary value problems, too. However, in that case one has to define a different discrete trace. In the
case of periodic lattices this result is contained [7].

5. FROM DETERMINISTIC TO STOCHASTIC ENERGIES

So far we considered energies defined on a fixed, possibly non-periodic network. In this section we replace
the fixed lattice ¥ by a suitable random variable generating the set of points and, as a result of their
interaction, random energies. Let (2, F,P) be a probability space and let the o-algebra F be complete.

In what follows we introduce the stochastic framework that we will use later on to define the random
energies.

Definition 5.1. We say that a family (7.).czn, 7. : Q — Q, is an additive group action on Q if
Tordzy = Tay OTzy V21,20 €Z™.
Such an additive group action is called measure preserving if
P(r.B)=P(B) VBeF,z€Z".
If in addition, for all B € F we have
(r.(B)=B VzeZ") = P(B)e{0,1},
then (7,).ezn is called ergodic.

We set Z = {[a,b) : a,b € Z""' a # b}, where [a,b) :== {zx € R""!: a; < z; < b; Vi}. We introduce the
notion of discrete subadditive stochastic processes.

Definition 5.2. A function p: T — LY(QQ) is said to be a discrete subadditive stochastic process if the
following properties hold P-almost surely:

(i) for every I € T and for every finite partition (I)rex CZ of I we have

wIw) < 3 plli,w).

keK
(i)
inf{lz/ﬂu(l,w) dP(w) : [ EI} > —00.

Moreover we make use of the following pointwise ergodic theorem (see [1]).
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Theorem 5.3. Let y: T — LY(2) be a discrete subadditive stochastic process and let Iy, = [—k, k)"~ 1. If
1 is stationary with respect to a measure preserving group action (7),ezn-1, that means

VICT, V2eZ" ' p(l+zw)=pu(l,7.w) almost surely,
then there exists ® : 0 — R such that, for P-almost every w,
i AUk w)
k—+o00 anl(]‘k)
Now we specify the assumptions on the random variable generating the network.
Definition 5.4. A random variable £ : Q@ — (R™)%", w s L(w) = {L(w)(i)}iezn is called a stochastic
lattice. We say that L is admissible if L(w) is admissible in the sense of Definition 2.1 and the constants

r, R can be chosen independent of w P-almost surely. The stochastic lattice L is said to be stationary if
there exists a measure preserving group action (7,),ezn on € such that, for P-almost every w € ),

L(T,w) = L(w) + z.

If in addition (1,).ezn is ergodic, then L is called ergodic, too.

= P(w).

As we are interested in proving a stochastic homogenization result, we suppose from now on that there
exist functions ¢py, ¢ 1 R™ — [0, +00] such that

(5.23) Cn(@,y) = canly — ), c(2,y) = ar(y — ).

In particular this means that the coefficients stay deterministic. In the following we let F(w) be the
discrete energy defined in the previous section, with the random lattice £(w) in place of 3. Many of the
notation that will follow are the version in the present random case of those used in the deterministic
case in the previous section. As a general rule we will replace ¥ by w to indicate the dependence on the
random lattice £(w). For instance C.(w) denotes the set defined in (2.5) with £(w) in place of X.

The next theorem is the main result of this section.

Theorem 5.5. Let L be a stationary stochastic lattice and let ¢,y and cy. satisfy Hypothesis 1 with the
additional structure of (5.23). For P-almost every w and for all v € S"~! there ewists

. 1 . U0, vyl —
Phom(w; V) 1= ti}gloc 1 inf {Fl (W)(u, Qu(0,8)) : we ™ w, Qu(0, t))} ‘
The functionals F.(w) T'-converge with respect to the L*(D)-topology to the functional Fjm(w) : L*(D) —
[0, 4+00] defined by

fS(u) Ghom(wivy) dH" Y if u € BV(D,{£1}),

400 otherwise.

From(w)(u) = {
If L is ergodic, then ¢pom(-,v) is constant almost surely and is given by

Brom() = [t {A). Q.0 ue 011 (0,Qu(0.0) } dP(w).

= lim
t——oo tn—1

Remark 5.6. The result above holds with the same proof if instead of considering stochastic lattices
one takes the deterministic lattice Z" and random interaction coefficients ¢’; for all ¢, j € Z" such that
P-almost surely, it holds that

1 [T
Sc‘lfjjSC’ if |t —j]=1,
0 <y < Jin(li =)
with C and Jj,- as in Hypothesis 1. (In this setting the assumption on the long range interactions could
be weakened a little bit as in [7]). In this case the stochastic group action acts on the coefficients via

w _ TLw
Citzj4+z = Cij -
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In this setting an analogous result has been obtained in [15] in the case of a two-dimensional system with
nearest-neighbors ergodic interactions.

Proof. (of Theorem 5.5) We start proving the theorem for the truncated energies

FE(w)(u, A) = Fne(w)(u, A) + Fig () (u, A),
where Flﬁe denotes the truncated long range energy defined in (2.7). By our assumptions on the lattice,

there exists a set Q& C  of full measure on which Theorem 3.2 holds. Then, for fixed w € Qk and a
given sequence ¢; — 0, there exists a subsequence (not relabeled) such that

(5.24) I- lim F;(w)(u,A)z/ OF (w; z,vy) dH™ 1
j—too S(u)NA

for all A € AR(D) and u € BV (A, {£1}). We will prove that, almost surely, the function ¢ is given by
oL forallz € D,v € S"! where ¢f,  is defined as ¢pom with the energy F replaced by F{- and the
width of the discrete boundary reduced to L + r. The main part of claim then follows from the Urysohn
property of I'-convergence.

Step 1 Existence of ¢f,

Fix L € N. We have to show that, for P-almost every w € Q{;‘ and every v € S"~1, there exists

(525)  Shonlor) = lim_—Linf EH@) Qu0.0) 1 we O (0,Q,00) )

To reduce notation, for v € S"~1 and a cube Q,(z, p) we set

. Uy v, L+7
il (w3 Qu(w,p)) = inf { FE@)(u, Qulw,p)) + w € P (w,Qu (. p)) }
Substep 1.1 Defining a stochastic process

At first let ¥ € S”! be a rational direction. Then there exists a matrix A, € Q™*™ such that A, e, = v
and the set {A,e;};=1, . n—1 forms an orthonormal basis for vt (see e.g. [29]). Moreover there exists an
integer M = M (v) > L such that M A,(z,0) € Z" forall 2 € Z"1. To I = [a1,b1) X+ X [apn—1,bp_1) €L
we associate the set I,, C R™ defined by

I, := MA,(int T x (— S”;‘", 8“;")),

where spax = max; |b; — a;|. We define the stochastic process jiZ : 7 — L'(f2) setting

(5.26) RL(D(w) = inf {FE@)(0, 1) : v € C1 7 (w, L) } + K PLR™),

where P(I,R"~!) stands for the perimeter of I in R"~! and K is a constant to be chosen later.

Next we show that jiZ(I) is a L*(Q)-function. Testing the Cj(w)-interpolation of ug, as candidate
in the infimum problem, one can use the growth assumptions from Hypothesis 1 and Lemma 2.3 to show
that there exists a constant C' > 0 such that

(5.27) fiy(I)(w) < C M H(T)

for all I € T and every w € Qk so that L (1) is essentially bounded. The proof of the measurability can
be found in the appendix.

We continue with proving the stationarity of the process. Let z € Z"~!. Note that (I —z),, = I,, — 2%,

where 2, := M A,(z,0) € v NZ". Moreover v € C;LO'”’LH(w, (I —2)p) if and only if u(-) = v(- —24,) €

Cf 0’V7L+T(sz4w7 I,,). We assume without loss of generality that r' = % for some positive integer k. Note
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that if the couple («, €) is taken into account in puZ((I—2),)(w) with the corresponding points zq, Tate €
L(w), then the points 2o := %o + 25, and Ta/4¢ = Taye + 25, are points of the lattice E(szfw) and are
taken into account in /i (I,,)(7.y, w) since we have o’ = a+zf; and &’ = £ so that [¢'| < L. Here we used the
fact that Z™ C r'Z™. This argument works also the other way around. Moreover (24, Za/4¢) € NN (w)
if and only if (o, Za+¢) € NN (7.r, w). This shows that i) (I — z)(w) = il (I)(7.y,w). Setting 7. = 7_.v.
we obtain a measure preserving group action on Z"~! such that

i (1)(Fw) = i (I + 2)(w).
For the subadditivity let I € Z and let {I*}¥_, C T be disjoint such that I = U?:l I*. For fixed i let
ui € Co P (w, It be such that

rn

(I (w) = F{ () (', I,) + K P(I, R" ™).
We define u € Cfo’”’LH(w,In) by

( ui(z)  if z € I} for some i,
u(z) ==
uo,,(z) otherwise.

Note that u fulfills the required boundary conditions. Moreover the set M A, (int I x (=3, 1)) is contained

2
in UZ 1 I}, so that by definition of v and the fact that M > L + r we have

FE(w)(u, 1) UP

Next if 21 € I} and 2o € T2 (iy # i2) give a contribution to F{*(w)(u,I,), then |z; — ao| < L + 7
and therefore dist (;vj,afff) < L + r. We conclude that u(z;) = wo(z;) for j = 1,2 so that z; and
xo lie on different sides of the hyperplane v+. Denoting by P, the projection on v+ we know that
|P,(z;) —z;] < L+ and |P,(21) — P,(x2)] < L+ r. Moreover the ray [P,(x1), P,(x2)] intersects a
(n — 2)-dimensional set of the form M A, I¥* N M A, I*2. Tt follows that

dist (z;, |J MAJIMNMAR)<2(L+r) j=1,2.
1<k1#k2<k
We deduce that there exists a constant C' = C(L, M) such that

Fl(w)(u, 1, <ZF1 Y, I +C > P(IINDLR™).

1<i#j<k
Having in mind that
k
PR =) P(I'R"Y - > PINDIR"Y,
i=1 1<i#j<k

we get
i (1) (w) <F1L(w)(u I,) + K P(I,R*™)
<Z +(C-K) Y PInT,R",

1<i£j<k

so that we obtain subadditivity if we choose K > C'. The inequality

mf{G'/ AL (D)(w) dP(w) : T ez} > —00
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is trivial since the integrand is always positive. Therefore we can apply Theorem 5.3 to obtain almost
surely the existence of qﬁﬁom(w; v) at least for rational directions v and the sequence t;, = 2Mk.

Substep 1.2 From integer sequences to all sequences

Consider an arbitrary sequence t, — +00. From the previous step we know that

1

L : L
v)= lim ———— 2M [t Qy
d)hom(wvy) k—1>+oo (2M[tk])n71 Hy (wv [ k]Q )
almost surely. To reduce notation we set t1 = 2M¢t), and t o = 2M|[ty]. Given a minimizer uk e

CLo IHT (4 12Q) for FE(w) (-, tr2Q) we set

koo Juop(w) if 2 €t 1Q\tg 2Q or dist (v, 0t 1Q) < L+,
vi(x) =49 .
u"(xz)  otherwise.

We have vF € C’fo"”LM(w,tk,lQ) and, due to the boundary conditions on u*, also v* = u* on t42Q.
Using a similar argument as in the proof of the subadditivity of the process we obtain

FE () (0%, t1,1Q) <FF (W), t:.2Q) + CLH™ (k1 Q\tr2Q) Nvt)
+ CLH (0t 2Q Nvt)
<pp (Wit 2Qu) + O(t1 1),
which yields

) 1
(528) hmsup ﬁ#f(‘d;tk,l@u) < (b}l;om(w;y)'
k—too (k1)

Similar we can prove that

. 1
(5.29) Dhiom (Wi v) < lklgigf W#f(“’; te,1Qu)-

Combining (5.28) and (5.29) we get the almost sure existence of the limit for arbitrary sequences.
Substep 1.3 From rational to irrational directions

Let QF =, Sn—1nQn OL where QL is the set of full measure where the limit exists for the rational

direction v. At first let us prove that the function gbﬁom is invariant under the group action 7,. Given
z € Z" and w € QF there exists R = R(L,2) > 0 such that for all k € N

(5.30) Q.(0,k) C Qu(—2z,R+k), 2(L+r)<dist(9Q,(0,k),0Q,(—z, R+ k)).
Similar to the stationarity of the stochastic process we have

S (7203 1) < limsup inf { F{(w)(w,Qu(—2, R+ k) : we " (w,Qu(~2 R+ k)|

1
k—+oo (R + k)nil

inf {FlL(w)(u, Qu(—z,R+k)): ue Cf‘z’”’LJrT(w, Qu(—z, R+ k))} .

= lim sup
k00 kn—1

Now given a minimizer u; € C?O’”’LM(W,QV(O,k)) for FE(w)(-,Q,(0,k)) due to (5.30) we can extend
this function to a function vy € Cf’z’”’LM (w,Qy(—z, R+ k)) such that

FE () (vr, Qu(=2, R+ k) < F{*(w)(ur, Qu (0, k)) + O(k"~?),
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hence we get oL (T.w;v) < ¢t (w;v). The other inequality can be proven similar so that the limit
indeed exists and, for all w € QF,

L L
(531) ¢h0m(7—zw; V) = ¢hom(w; V)'
In particular this shows that ¢f (-;v) is measurable with respect to the o-algebra T of invariant sets,
that is

J={AeF: P(AAT,A)=0 VzeZ"}.
We now show that the definition of ¢f.  is independent of the matrix A,. Indeed, if we consider

another cube Q, obtained as before but with respect to a different A, completing v to a different
orthonormal basis and the corresponding 7-measurable limit ¢}€0m7 then it holds

(5.32) / ok (w;v) dP(w / o (w;v) dP(w) VA e J,
so that ¢f = ¢k almost surely. (5.32) can be justified as follows: Given k; >> ky we define
ko ko n-1
Ckg = {MAV<(.’IJ,0) + [—57 ?)) S kQZ }
cre= |y c
CeCpy
CCQu(0:k1)

and the function vy, € Cfo'”’LM(w, Q. (0,k1))
. k
ok (z) = ve(z) ifze C"kf,
uo,v(z) otherwise,

where vo € O} "’LM(w, C) is a minimizer for Fl'(w)(-,C). Testing v, in the definition of the infimum
problem defining ¢h0m (w; v) we infer that

/ 3L (wiv) dP(w) < limin / FL(w)(wen, O (0, r)) dP(w)
A

k1—+oo k
1 k n—1
glimsupﬁ/Cg/[ k?2k2+<1> k2| + Z pl(w; C) dP(w)
k1 ——+4o00 kl A k2 ©
ccey?
C 1
<ty [ QU0 k) dP (),
kQ k2 A

where in the last inequality we have used a change of variables, combined with the stationarity of the
process and the fact that A € 7. One inequality in (5.32) now follows by letting ko — 400 and applying
dominated convergence. The other inequality can be proven the same way.

Next note that the set of rational directions is dense in S™~!. This follows easily from the fact that
the inverse of the stereographic projection maps rational points to rational directions. Given v € S*~!
and a sequence tp — +0o we define

—L . 1 . UQ,v T
Phom (Wi V) = llimsup T inf {FlL(w)(u,QV(O,tk)) cu el Lt (w ,QV(O,tk))} ,
—+oo U

L . 1 . wo, v, L+r
G ) = linint oy nf {FE @), Qu0,t0)) - w € O (0. Q, 0.0}
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Let v; — v. Since we may construct the cubes @,,(0,1) such that all basis vectors converge to the basis

vectors of Q,,(0, 1) it follows that, for w € QF, the functions aﬁom, Qﬁom are both continuous extensions of
(b{jom on 8" 1. Indeed, given § > 0 we find N € N such that for all j > N the following properties hold:

(i) Q,,(0,1=6) cC Q,(0,1) CC Qy,;(0,1+0),
(ii) dist (- N Ba(0), v~ N By(0)) < 6.
uo, v, L+1

For fixed j > N we define a test function vy, € C} (w, Qu(0,tg) setting
L vQV,(O,(l—é)tk)(z) ifze Qyj (0, (1 — 5)tk),
v (x) = ’ )
uo,u () otherwise,

where v, (0,(1-5)t,) is @ minimizer for ij (w, @y, (0,(1 = d)tx)). By the choice of N we have

p (@, Qu(0,tx) < il (w,Qu, (0, (1 = 8)ty) + Croty .
Dividing the last inequality by tzfl and passing to the right subsequence of t;, we deduce

—L —L _
(bhom(w; V) < ¢hom(w; Vj)(l - §)n ! + CL(S
Letting first j — 400 and then § — 0 yields

—L . . —L
(bhom(w; V) S hm inf d)hom(w; Vj)‘
oo

. . - —L
By a symmetric argument we can also prove upper semicontinuity of ¢, .., (w;). The same proof also
works for Qiom(w; -) so we get the existence of the limit for all directions v and arbitrary sequences for
all w € QL. Moreover we have proved the continuity of v +— ¢& (w;v).

Step 2 Translation invariance

In this step we prove the existence of the limit defining (b{jom (w;v) when we replace @, (0,t) by Q. (z,t).
We will indeed prove that this limit exists and that it agrees with the one already considered. We start
considering a cube @, (x,1) with rational direction v and x € Z"\{0}. Given € > 0 we define the events

e Qu0.0) ~ (i) <)

By Step 1 we know that the function 1o, converges almost surely to 1. Let us denote by J, the o-
algebra of invariant sets for the measure preserving map 7,. Fatou’s lemma for the conditional expectation
yields

N
QN:{wEQ: szgitholds

(5.33) 1o = EflolJ] < lminf El1o,|7;].
Using (5.33) we know that, given 6 > 0, we find Ny = Ny(w, d) such that
1> Ellgy 7)) 2 1-6.

Due to Birkhoff’s ergodic theorem, almost surely, for every v > 0 there exists mg = mg(w,~y) such that,
for any m > %mo,

1 m
m Z ]lQNO (Tiww) - ]E[]]'QNO |'~79L’](w) <7.
i=1

Note that the set we exclude will be a countable union of null sets.

For fixed m > max{mg(w,7), No(w,d)} we denote by R the maximal integer such that for all i =
m+1,...,m+ R we have 7;;(w) ¢ Qn,. In order to bound R let m be the number of unities in the
sequence {1g (7iz(w))}i2;. By definition of R we have
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m ﬁm—m—R’>R+m—ﬁ1_
m+ R m+R |7 m+R
Since m —m > 0 and without loss of generality v+ 9§ < % this provides an upper bound by R < 2m(y+9).

So if we choose an arbitrary m > max{mg(w, ), No(w,8)} and R = 3m(y+0) we find [ € [m+1, m+R]
such that 7, (w) € Qn,. Then by (5.31) we have for all k¥ > & that

vz J.

—Eflgy,|7:](w)

1= E[lgy, [Te](w) +

(@3 Qu(1, ) — ()| <
We define [} = m+Cy(2|z[>Vv1)(I—m), where C;, € N is a constant to be chosen such that Q, (—ma, m) C
Qu(—lz,1;) and 2(L 4 r) < dist (dQ, (—ma, m), dQ, (—lx,11)) (note that I —m > 1). Then each face of
the cube Q, (—ma, m) has at most the distance I; —m < C(2|z|? V 1)(I — m) to the corresponding face
in Q,(—lz,l1). Therefore, given a minimizer u,, on Q,(—ma,m) we can again extend u,, to a function
U on Q(—lx, Zl) such that it fulfills the correct boundary conditions and

(5.34) ‘

FHw) (0m, Qu (=1, 1)) < pf(w; Qu(=ma,m)) + Cp R (1)" .

Dividing the last inequality by (l~1)” I we deduce

w3 Q=1 1)) _ (s Qu(=mar,m)
(ll)n—l - (l1>n—1

/"5(‘*}; Qu(_mx’ m))
mn—1

(5.35) <

+3Cy, (v +9).

On the other hand we can define Iy = m — Cr(2|z|? V 1)(I — m) and use the same argument to obtain

Mle(w; QV(_mx’ m)) < Iull//(w; QV(_lx7 Z2)) +
mn—1 — [gfl

Now if v 44 is small enough (depending only on x, L) we have I; > I, > 7> Mo Combining (5.35),(5.36)
and (5.34) we infer

(5.36)

ph (w; Qu(—ma, m))

mnfl

lim sup — Ghiom (Wi V)| < 3CL (v +6) +e,

m—-+00
which yields the claim for all integer vectors and all rational directions. Note that the argument also
holds if we consider a cube @, (z,p) with p € Q where the constants may also depend on p (taking out
another null set).

The extension of this result to the general case is straightforward. We make here only make few comments
and leave the details to the reader. The extension to arbitrary sequences (and thus to rational points)
works similar as for the case of cubes centered at the origin except that now the cubes to be compared
are not contained in each other (this is a minor detail that can be fixed by the same arguments already
used in the proof of the invariance under the group action). For irrational points and irrational directions
v € S”~! the statement follows by continuity arguments.

Step 3 I'-convergence for the truncated energies

So far we have shown that for every L € N there exists a set Q% of full measure such that for all v € S7~!
there exists

(5.37) o (wiv) = t_l}_%moo t"% inf {FlL(w)(v, Qu(tx,t): ve C{ltm,u,L—s-r(w’ Q,,(tx,t))}
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for all z € D and all w € QF. As we show now, this function is the surface density of every possible
T'-limit of the truncated energies.

We start with the lower bound. Fix w € Q. Using Theorem 3.1, for every n > 0,z € D and v € S"~!
we find p = p,, > 0 and a function u, € BV (Q,(z, p),{£1}) such that u, = ug, in a neighbourhood of
9Qy(z, p) and

1
— / " (wiy, vy, ) dH"
P S(“T})ﬂQu(va)

Now from the construction of the recovery sequence in the proof of Theorem 4.1 we know that we can
take a recovery sequence for u, already fulfilling the discrete boundary conditions. Let u, ; be such a
recovery sequence. From the last inequality we infer that

o (wiz,v) +n >

o (wiz,v) + 1>

o1 311»1—11-’100 st (w) (un,ja Qv (l‘, p))

1
> ljm}_nf = inf{F., (w)(v,Qu(x,p)): ve C;.LJ“’LH(w,QV(x,p))} = ok (w;v),
J—oo

where the last equality follows by a simple rescaling of the energies. Since 1 > 0 was arbitrary, we proved
the lower bound.

For the upper bound, note that by the continuity of v — ¢ (w;v) it is enough to prove it for polyhedral
functions. Moreover, since the construction we provide is local we can assume that uw € BV(D, {£1})
with S(u) N D = (z + v+) N D for some z € D and v € S"~1. Again let n > 0. We cover S(u) N D with

cubes {Q, (z;, n)}f\i"l, where z; € S(u)N D and M, = n'~" (K"~ (S(u) N D) + o(1)). Now we define the
sequence uy ; € C;,; (w) as

wy s = {u(ij) if o ¢ UQu (i, 1),

where u; is the rescaled solution of the problem
wa ,,,L4r
. T N = T p
it { PP, L ve e w2 Lyl
€j & €5 &j

and v is orientated in the obvious way. By the previous steps we have that the contribution on each cube
Q. (w;,n) converges to n" 1oL (w;v). It remains to control the interactions between different cubes.
Since on each cube the functions fulfill boundary conditions on a discrete boundary whose width is larger
than the range of interactions, interacting points in different cubes are bound to be in a set whose measure
scales like € and therefore their contribution to the energy vanishes in the limit. Moreover we have no
contributions from outside the cubes. This follows again by the width of the discrete boundary. By (5.27)
it follows that the sequence has bounded energy and arguing similar to the proof of Proposition 3.3 there
exists a subsequence €j, such that wu, ; converges to some u,. Taking a countable set i, — 0, by a
diagonal argument this holds for all ;. We conclude that

I = lim e (@)(utg) = T = lim Py, (@) (ug,) < Biensup P (@) (g ) < My~ o (w50,
Now obviously u, converges to u in LY (D) when n — 0. By lower semicontinuity we deduce that

P = lim £, (@) (@) < (@i )7 (S(w) N D),

which yields the result since u is a polyhedral function and therefore H"~1(S(u) N dD) = 0.
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Step 4 Eliminating the truncation

We have shown that the truncated energies possess a I'-limit with a surface density independent of x.

Therefore Theorem 4.1 and Theorem 4.2 hold. Using Remark 4.3 we can replace the width of the boundary

by some sequence [. fulfilling (4.15) in the definition of ¢f_  (w;v). Having this in mind we now show

that we can define ¢nom(w;v) as the pointwise limit of the functions ¢ (w;v) on the set Qp = (N, QL.
Indeed let t;, — 400, w € OF and let Q = Q, (7, p) be a cube. We set I}, = lt;1 and

jie(w) = inf {Fl(w)(v,th) Lwe C’f‘k”'"’lk(w,tk@)} :
pE @) = inf {FE@)(0, Q) s v e O (w,0.Q)}

Let v} € Cft”’"’lk(w,th) be such that

Ff(w)(vg, trQ) = i (@)

We have
=~ tz_l — tZ_l
1 ~
< | Xl Y Ik - vF(ase)
k

|€]>L a€R;,  (thQ)
We can bound the last expression by

CHL(S(WE) Nt Q
!

) > T (€D (€] + 2R).

1€1>L

Using the fixed values of v} near the boundary (we may assume that [, > 2R) and the same argument
as in the proof of Proposition 3.3, one can show that

H'H(S(og) N0Q) < C F () (v, ta Q) + C
so that, taking into account (5.27) we infer that

(5.38) 0< B Z1E@) 65 g el + 2m).

— n—1
B [3p32

)

This shows that {¢f, (w;v)}r is a Cauchy sequence because A7 converges to i (1)
k

n—1
tk

uniformly in k.

Defining ¢nom (w; ) := limp,_, 100 ¢, (w;v) it follows easily from (5.38) that

Phom(w;v) = lim

Since gnom(w; +) is the limit of surface integrands of T-limits, it is convex (in the sense of one-homogeneous
extensions) and bounded, hence continuous and we may proceed as in Step 3 to show that the surface
density of every possible I'-limit is given by @nom(w;v). The proof of the lower bound remains un-
changed while for the recovery sequence we split the contributions between two different cubes to finite
range interactions within distance smaller than M and the long range interactions that can be bound
by C ¢ T (€D (€] + 2RYH™ 1 (8Q, (5,m)). Since the width of the boundary fulfills (4.15) we can
apply the argument from the previous step for fixed, but arbitrarily large M. We let first j — +o0o and
then M — +o0o. From then on we proceed as in the case of finite range interactions.
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The claim of the theorem regarding the ergodic case follows easily from (5.31) since in this case all the
functions ¢ (-;v) are constant and so is the pointwise limit. O

6. EXAMPLES AND GENERALIZATIONS

In this section, motivated by the applications, we provide two examples of stochastic lattices that are
admissible in our setting. In the last paragraph we generalize the results obtained so far for pairwise
interaction models to multi-body interactions.

6.1. Stochastically mixing perturbations of periodic lattices with defects. We may model a
magnetic crystal as a discrete spin system parameterized on a periodic multi-lattice; i.e., the union of
finitely many translated copies of Z™. These lattices include for example the well-known fcc, hep or bee
lattices in dimension n = 3 or the triangular lattice in dimension n = 2. We allow these crystalline struc-
tures to have defects in the periodic configuration and we assume that the number of defects is small with
respect to our relevant scaling, that is surface scaling. For small temperature we expect small random
fluctuations of the position of the atoms in the network to take place. The way we model such fluctuations
as small stochastic perturbations of the crystalline lattice is detailed in the following construction.

Given a fixed periodic lattice, we need to construct probability space that would generate the stochastic
lattice. We make this construction explicitely in the case of Z™. Let p be a probability measure on [—a, a]”,
where |a| < 1. We define Q = IL;czn[—a,a]” and let (F,P) be the product o-algebra with the product
measure. As a group action we take the shift operator. This action is measure preserving and strongly
mixing on cylindrical sets and therefore on all sets, whence ergodic. We define the stochastic lattice as

E(w)i =1+ w;.

The bound on |a| ensures that £(w) is admissible uniformly in w almost surely. Moreover, by the con-
struction we have L(w) + z = L(7,w) at least as a point set, so that Theorem 5.5 can be applied. As the
construction done in the case of Z™ can be repeated for any periodic multi-lattice £, (with some obvious
modification on the bound on |a|), in what follows we state the results for any multi-lattice.

We now model the possible presence of defects on the periodic structure considering an admissible lattice

L (the lattice with defectes) with the property that there exists a periodic multi-lattice £, (a lattice
without defects) such that

=0.

) # (LAL,) N By(0)
639 im,
Note that here the number of defects is scaled to zero with respect to the surface scaling, which is the
relevant scaling of our problem.

In the next proposition we show that the stochastic perturbation of the lattice £ yields the same asymp-
totic energy as that of the stochastically perturbed multi-lattice £,.

Proposition 6.1. Let L(w) fulfill (6.39) with corresponding lattice L(w),. Then, for everyu € BV (D, {£1})
and every cube @, we have
F(w)(u,Q) = F(w)p(uv Q),

where F(w), denotes the limit energy with respect to the lattice L(w), (we assume it exists).

Proof. We only show that F(w)(u, Q) < F(w),(u, @), the other inequality being exactly the same. Using
the inner regularity of the limit functional, it is enough to show that F(w)(u, Q") < F(w),(u, Q) for every
cube Q) CC Q.

Given ¢ > 0 there exists Ms > 0 such that >_ .y, Jir(J€) (€] + 2R) < 6. Next we have to check
how many interacting points change from nearest neighbours to long-range or vice versa, or vanish when
changing the lattice. Note that (24, Za+e) € NN (w) if and only if
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(6.40) 2z eR": |zq — 2| = |Tage — 2| < |l — 2| VI€ L(W)\{Ta)Zate}
We have to distinguish several cases: If (24, Za+¢) € NN (w) then there are three possibilities:
() (2. 7are) € NN ),
(i) o ¢ L)y of Tare ¢ L),
(ill) (Ta; Tare) E NN (W)p, {Ta, Tate} C L(w)y,
where NN (w), means the nearest neighbours in the lattice £(w),. In the last two cases one can deduce
that

(6.41) {ZarTase) C (LW)ALW),)".

In the second case this is trivial, in the third case one uses (6.40) to see that there exists z € R™ and
I, € L(w)p\L(w) such that

[Ta — 2| = [Taye — 2[ <[l — 2] VI € L(W)\{Ta,Tate},
2o — 2| = [Tare — 2| = |lp — 2|,
from which we deduce that
Iy — x| < |l — 2| + |20 — 2| < 2|zq — 2| < 2R,
= asel < by — 21 + rase — 2| < 2rare — 2| < 2R,

where we have used that z € C(z) N C(y).
If (2o, Zate) € NN(w) we have again the three possibilities from above. In the two interesting cases
one can use a similar argument as before to show that (for M; large enough, depending on £(w),)

(6.42) {2, Zare} C (LW)ALW),)" T or €] > M;.

Now let u.,, converge to u in L'(D) such that

lim F.(w)p(ue, Q) = F(w)p(u, Q).

e—0

We define u. € C:(w) by

uo(ex) = Ueplex) if ex € eL(w)p,
‘ ] +1 otherwise.

It follows easily that also u. — u in L'(D). Using (6.41), (6.42) and Hypothesis 1 we get

F0)(te, Q) Sy (e, Q) + O {(r,9) € (L)AL, 2 1 1)
+ Z Jlr(|£|) Z 5n71|“8,p(5$a) — Ue,p(ETate)l-
|€]>Ms a€R;,(Q)

Using Lemma 2.3 and (6.39) one can easily see that the second term vanishes when € — 0. To estimate the
last term note that, since Q' is convex, ue p(exqa) # Ue p(ETat¢) implies that [exq, exaye]NS (ue p)NQ" # 0.
This yields

(6.43) > Muep(era) — e p(emare)| < CH (S (uep) NQ)(IE] +2R),
aGRfT)E(Q’)

where we have used that S(ucp) is regular. Repeating the proof of Proposition 3.3 we know that
H" 1 (S(uep) N Q') is bounded. By the definition of M;s we have shown that

Fw)(u, Q) < F(w)p(u, Q) + C0.
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The arbitrariness of § proves the claim. O

6.2. Random parking and isotropy. It is a very challenging problem to relate the symmetries of the
stochastic lattice to those of the limit energy density. It has already been observed in the periodic setting
in [2] that for Ising spin systems the discrete symmetries of the periodic lattice induces anisotropies in
the limit. In the stochastic setting, on the other hand, one can immagine that the anisotropy of a single
realization of the stochastic lattice may be averaged out by ergodicity. This is indeed the case of another
interesting and more involved probabilistic setup: the so called random parking model investigated in
[24]. This model provides a stochastic lattice that is stationary, ergodic and in addition stationary with
respect to rotations in the following sense: for all R € SO(n) there exists a measure preserving group
action g : ! — Q such that

(6.44) L(Trw) = RL(w).

If the discrete energy densities are isotropic in the space variable, that means

(6.45) Cnn(2) = cnn(|2]),  ar(2) = ar(lz]) VzeR",
then one would expect that the limit energy is isotropic, too. Indeed, the following theorem holds.

Theorem 6.2. Let L be a stationary (with respect to both translations and rotations) stochastic lattice
and let cpn, 1 satisfy Hypothesis 1 and (6.45). Then, for P-almost every w € Q, ¢pom(w;-) is constant
and the T-limit of the functionals Fr(w) is given by

Grhom(W)H™1(S(u)) ifu € BV(D,{£1}),

+00 otherwise.

Fw)(u) = {

Proof. Fix v € S"~1 and consider countably many rotations {R,,} such that { R, v} is dense in S"~1. By
continuity it suffices to prove that there exists a set €’ of full measure such that ¢nom (w; Rnv) = hom (w; V)
for all n € Nyw € Q. Let Q" be the set of full measure where ¢pom(w; V) exists. Since 7g, is measure
preserving, it follows there exists a set Q) C € such that also ¢nom(Tr,w; V) exists for all w € Q. If we
define Q' =", €2, then the claim follows by the same arguments as in the proof of Theorem 9 in [4]. O

Remark 6.3.

(1) Under the additional ergodicity assumption Theorem 6.2 shows that the I'-limit turns out to be of the
form C'H"~!(S(u)) where C' is a deterministic constant.

(2) Combining the previous remark with the results on non-local energies obtained in [7], the lattice given
by the random parking model can be used to obtain an approximation of the Ohta-Kawasaki energy.

6.3. Multi-body interactions. Our techniques can also be applied to treat the variational convergence
of energies accounting for multi-body interactions. To be precise, given M € N, an admissible lattice
¥ =3(r, R) and a function u € C.(X) we can consider an (already localized) energy of the form

(6.46) Fom(u, A) = Z " e (z,ulexy), ... ulexny)),

M
z=(x1,...,2m)ED
EX1,...,eXMEA

Let us set 1 = (1,...,1) € RM. Analogous to the case of pairwise interactions, we make the following
assumptions on the density £ : (R™)M x {£1}M — [0, +00): There exists a monotone decreasing function
J :[0,+00) — [0, +00) with
/ J(2]oe)[]oc dz < +00
(Rn)M—1

such that
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(M1) fe(x1,...,2m,x1) =0 Vai,...,2pm € R", (ferromagnetic behaviour)
(M2) min{f®(z1,...,Zp,U1,...,upg) 2 sup; |z — x| < 2R, Ji: w; #ui} > e >0, (coercivity)

(M3) fe(x1,...,xa,u1,- .. upnr) < J(sup; |21 — 24]), (decay)

where, for x = (x1,...,23-1) € (R")™ 1 we use the notation |z|s = sup, |z;|. Note that the coercivity
assumption depends on the geometry of the lattice.

Under the assumptions (M1)-(M3) one can check that, up to minor changes, the proofs for pairwise
interaction energies also work in this setting, so that the following theorems hold.

Theorem 6.4. Let ¥ be admissible and let f€ satisfy (M1)-(M3). For every sequence €, — 07 there
exists a subsequence e, such that the functionals ank,M defined in 6.46 T'-converge with respect to the

strong L*(D)-topology to a functional Fy : LY(D) — [0, +00] of the form

S5 @4 (w,v0) AHPYif u € BV(D, {£1}),
+0o0o otherwise.

Moreover a local version of the theorem holds: For allu € BV (D,{41}) and all A € AR(D)

I-limF., a(u,A)= / oY (2, v) dH™ L
k * S(u)NA

To state the convergence of boundary value problems, given a polyhedral function u, on A € AR(D)
and a sequence [, as in (4.15), we define

Fo(u, A) ifu e CP(3, A),
400 otherwise.

(6.47) F#yi (u, A) = {

Theorem 6.5. Let & be admissible and let f¢ satisfy (M1)-(M3). For every sequence converging to 0,

let €5 and ¢x; be as in Theorem 6.4. Assume that the limit integrand ¢x; is continuous on D X Sn=1. For
e ‘ ,
every C?-set A CC D the functionals F:;MJ (-, A) defined in (6.47) T'-converge with respect to the strong

LY(D)-topology to the functional Fi (-, A) : L'(D) — [0, +00] defined by

fS(uQ.q;)ﬁZ oM (z, Vua.,) dH" ! ifu € BV(A,{£1}),
400 otherwise.

F{(u, A) = {

Theorem 6.6. Let A CC D be a C%-set. Under the assumptions of Theorem 6.5, the following holds:

(1)

e,
li inf  F i (u,A) ) = i F¥ (u, A).
o <uerl(rix,{i1}) eyt (1 )> uern(lfllr,l{il}) i (s 4)
ii) Moreover, if (u;); is a converging sequence in L'(A,{%1}) such that
3 )i
LPvlsj . <p1l€j
Fej,M(uj,A): inf Faj,M(WA)"'O(l)a

wEBV (A,{£1})
then its limit is a minimizer of Fi;(-, A).

For the stochastic homogenization we have to replace (5.23) by

(648) fg(l'h...,,ibM,') = f(,fEl —T2y...,T1 — J,‘M,-).

Under this additional assumption also the analogue of Theorem 5.5 holds.
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Theorem 6.7. Let L be a stationary stochastic lattice and let f€ satisfy Hypothesis 1 with the additional
structure of (6.48). For P-almost every w and for all v € S"~1 there exists

it { Fuar(@) (e, Qu(0,0)) : w e G (0,Qu(0,1)}.

M . R T
hom(w7 V) T t—lg-noo

The functionals F. p(w) T-converge with respect to the L'(D)-topology to the functional Fhom (W) :
LY (D) — [0,+00] defined by

Sty OMenlwi ) MM if w € BV(D, {#1}),

+00 otherwise.

Fhom,M(W)(u) - {
If L is ergodic, then ¢%m(', v) is constant almost surely and is given by

o) = Jim_zp [ it {Foar @), Qu(0.0) : we O (0,Qu(0.0)} dP(o).

= m
t—foo tn—1
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APPENDIX A

Lemma A.1. Let A CC B, A,B € AR(R"). Given u € BV (A,{£1}) let ua,, be defined as in (4.17).
Then there exists a sequence A. CC A of sets of finite perimeter (not depending on B) such that u. =
ua, o converges strictly to ua, , on B.

Proof. As a special case of Proposition 4.1 in [27], applied to the BV-function v := w4 , — u,, for every
€ > 0 we find an open set A, of finite perimeter such that A. CC A, |A\A.| < ¢ and

(A.49) / lo™ | dH™ ! g/ o™ |dH" ! + ¢,
0*Ae 0A

where v~ denotes the interior trace. By refining in a trivial way the argument in [27] the sets A. can be
constructed in a way such that, for all § > 0 there exists €9 > 0 such that for all ¢ < gy

(A.50) {r e A: dist (z,04) >0} C A..

We show that the sets A, fulfill the required properties. It is easy to see that u. converges to uy4 , in
L'(B). By lower semicontinuity of the total variation it is enough to show that

(A.51) limsup |Duc|(B) < |Dua,,|(B).

e—0

By definition we have |Du.|(B\A) = |Dua,,|(B\A) so that we can reduce the analysis to A. Note that

Due =1 400 Du+ 140 Dug + (uf —u™) - vH

where Ago), AY denote the points with density O resprectively 1 with respect to A.. Since A, CC A and
A, is open we infer

| Duc|(A) < |Dul(A) + [Dug|(A\A:) +/ uf —u”[dH"
0* A,

< |Dul(A) + | Dug|(A\A,) + / fut — u A 4 /
0*Ac

oA

lu, —u™| dH™ .
=

By assumption on u, we have H"~!(Su, N dA) = 0, so that by (A.50) the second and the third term
vanish when € — 0. For the third one we use (A.49) to infer
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limsup |Duc|(A) < |Dul|(A) +/ |lu™ — u;|dH"_1
e—0 0A

= |Dul(A) + /BA lu™ —uf|dH" = |Dua,|(A),

where we have used that on A the inner and outer traces of u,, agree.
|

Lemma A.2. For every L € N,I € T and every rational direction v € S"~' the function jiL(I) defined
in (5.26) is F-measurable.

Proof. For 0 < r < R, we denote by X, r the space of all admissible lattices with corresponding constants
r, R (in the sense of Definition 2.1). Since F is a complete o-algebra, we can assume that £(w) € 3, p for
all w € Q. Let us write Z" = {z1, 22, ... }. Given i,j € N, we first prove that the set of all z € 3, g such
that =, and z,; are nearest neighbours is measurable. Note that x,, and T, are nearest neighbours if
and only if

JyeR": |y—=x,

= |y_xzj| < |y_xzk| vk #Za]

Let us take a countable collection {B,, },, of connected sets that form a basis of the norm topology in R™.
Using the fact that z € X, g on the one hand and the intermediate value theorem on the other hand one
can check that the above characterization is equivalent to

U U ({y €Xpr: sup Yz —v| = ‘yzj- —v[ >0, inf [y, —v|— |yzj —v| <0}
neN vEDBn veBn

N ﬂ {yeZrr: sup |y, —v| — |y, —v| < 0})
kEN\{i.} Vb

The last set is a countable union of measurable sets, hence measurable. It remains to show that the
infimum in the definition can be taken over a countable set. The discrete constraints near the boundary
can be replaced by a measurable penalty term of the form

Z - (’U(‘C(w)zb) - U’Oﬂ/(ﬁ(w)zi)) ’ IL{yG]R": dist (y,01)<L+r} (‘c(w)zi)7

i>1
where C' is large enough to dominate the right-hand side of (5.27). Finally we minimize over the first M
coordinates of vectors in {£1}%" (the others being constantly 1) and then let M — +oo0 to see that i~ (I)
can be written as the pointwise limit of measurable functions. Note that the limit exists since only finitely
many points of the lattice are contained in I, so that the minimization process is finally constant. |
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