IMPROVED CONVERGENCE THEOREMS FOR BUBBLE CLUSTERS.
I. THE PLANAR CASE

M. CICALESE, G. P. LEONARDI, AND F. MAGGI

ABSTRACT. We describe a quantitative construction of almost-normal diffeomorphisms between
embedded orientable manifolds with boundary to be used in the study of geometric variational
problems with stratified singular sets. We then apply this construction to isoperimetric prob-
lems for planar bubble clusters. In this setting we develop an improved convergence theorem,
showing that a sequence of almost-minimizing planar clusters converging in L' to a limit clus-
ter has actually to converge in a strong C'*®-sense. Applications of this improved convergence
result to the classification of isoperimetric clusters and the qualitative description of perturbed
isoperimetric clusters are also discussed. Analogous results for three-dimensional clusters are
presented in part two, while further applications are discussed in some companion papers.
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1. INTRODUCTION

1.1. Overview. The aim of this two-part paper is developing a basic technique in the Calculus
of Variations, that we call improved convergence, in the case of geometric variational problems
where minimizers can exhibit stratified singularities. Here we think in particular to variational
problems where the minimization takes place over families of generalized surfaces.

Stratified singularities appear in many problems of physical and geometrical interest. The
term stratified indicates the possibility of decomposing minimizing surfaces into a hierarchy of
manifolds with boundary meeting in specific optimal ways along lower dimensional manifolds
of singular points. Although this behavior is well documented from the experimental point of
view, its mathematical description is a quite challenging problem, which has been satisfactorily
addressed only in a few specific cases. The most celebrated example of this is probably the
isoperimetric problem for bubble clusters (and, more generally, any other variational problem
whose minimizers can be shown to be (M, ¢, )-minimal sets in the sense of Almgren [Alm76]).
Indeed, Taylor [Tay76] has shown that two-dimensional (M, &, d)-minimal sets in the physical
space R3 satisfy Plateau’s laws, that is to say, they consist of regular surfaces meeting in threes
at 120 degrees angles along regular curves, which in turn meet in fours at common end-points
forming tetrahedral singularities.
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By improved convergence we mean the principle — usually exploited in the Calculus of
Variations when showing that strict stability (positivity of the second variation) implies local
minimality (in some suitable topology) — according to which a sequence of almost-minimizing
surfaces converging to some limit in a rough sense has actually to converge to that same limit in
a smoother sense. This is a very familiar idea in PDE theory: for a sequence of, say, harmonic
functions, L'-convergence always improves to smooth convergence. In the context of geometric
variational problems this kind of result is known to hold (and has been extensively used, see
section 1.2) under the assumption that the limit surface is smooth. Our main goal here is
discussing improved convergence theorems when the limit surface has stratified singularities. In
this setting, by smooth convergence one means the existence of diffeomorphisms between the
involved surfaces which converge in C! to the identity map, and are almost-normal (in the sense
that, at fixed distance from the singularities, the displacement happens in the normal direction
to the limit surface only), stratified (in the sense that singular points of a kind are mapped to
singular points of the same kind), and whose tangential displacements (which cannot be zero if
the singular sets do not coincide) are quantitatively controlled by their normal displacements.
Obtaining this precise structure is fundamental in order to use these maps in applications: in
other words, the matter here is not just constructing global diffeomorphisms between singular
surfaces, but also doing it in a quite specific way, and with quantitative bounds.

From the technical point of view, our main result is Theorem 3.1, see section 3, which
provides one with a quantitative method to construct almost-normal diffeomorphisms between
embedded orientable manifolds with boundary. This result is proved in arbitrary dimension and
codimension, and should have enough flexibility to be applied to different variational problems.
Given a specific variational problem, the starting point for deducing an improved convergence
theorem from Theorem 3.1 is having at disposal a satisfactory local regularity theory around
singular points. Bridging between such a local description of singularities and the global as-
sumptions of Theorem 3.1 is in general a non-trivial problem, which needs to be addressed by
some ad hoc arguments.

Our two-part paper, in addition to Theorem 3.1, contains exactly this kind of analysis for
those variational problems involving isoperimetric clusters. After a review of what is known
about isoperimetric clusters in arbitrary dimension, see section 4, we devote section 5 to address
this problem in two-dimensions, thus obtaining an improved convergence theorem for almost-
minimizing clusters in R?, see Theorem 1.5 below. In part two [LM15] we address this very same
problem for isoperimetric clusters in R3.

The improved convergence theorem for planar clusters has various applications. Some are
discussed in section 6, where we obtain structural results for planar isoperimetric clusters, see
Theorem 1.9 and Theorem 1.10. Improve convergence is also used as the starting point to
obtain quantitative stability inequalities for planar double bubbles [CLM12] and for periodic
honeycombs [CM14]. These companion papers provide one with a clear illustration of why it is
so important to formulate improved convergence to a singular limit in terms of the existence of
almost-normal, stratified diffeomorphisms converging to the identity map, with a quantitative
control between the tangential and normal components of the displacements.

It is also interesting to note that the applicability of Theorem 3.1 is definitely not limited
to the problem of isoperimetric clusters. For example, in [MM15] we use Theorem 3.1 and the
free boundary regularity theory from [DPM14a] to obtain an improved convergence theorem for
capillarity droplets in containers.

This introduction is organized as follows. In section 1.2 we review some of the applications of
improved convergence to smooth limit surfaces, and discuss which form an improved convergence
theorem should take on singular limit surfaces. In section 1.3 we state our improved convergence
theorem for planar minimizing clusters, Theorem 1.5, while section 1.4 presents the applications
of Theorem 1.5 discussed in this paper.
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1.2. Improved convergence to a regular limit and applications. A basic fact about
sequences of perimeter almost-minimizing sets, which comes as a direct consequence of the clas-
sical De Giorgi’s regularity theory [DG60], is that L!-convergence improves to C'-convergence
whenever the limiting set has smooth boundary, that is to say

{ {Ek }ren are perimeter almost-minimizing sets

: 1
E, — E in L' with OF smooth = OBy — OB in C. (1.1)

Referring to section 4.1 for the (standard) notation and terminology about sets of finite perimeter
used here and in the rest of the paper, let us recall that given A > 0, rg > 0, and an open set
A CR"™ (n>2),aset E of locally finite perimeter in A is a (A, ro)-minimizing set in A if

P(E§ B:r,r) < P(F§ Bm,r) +A‘EAF’> (1'2)

whenever EAF CC By, = {y € R" : |y — 2| < r} CC A and r < ro. In this way, (1.1)
means that if {Ej}ren is a sequence of (A,rp)-minimizing sets in R™ with |EAE| — 0 as
k — oo and if OF is a smooth hypersurface, then for every o € (0,1) there exist kg € N and
{tg}e>k, C CH*(OE) such that, denoting by vg the outer unit normal to E and for k > ko,

OEy = (Id + ¢xvE)(0F), sup || llcre@r) < 0, lim [[¢llcrom = 0. (1.3)

k>ko k—o00
(Here we have set (Id 4+ ¢¥xvp)(0F) = {x + ¢Yr(x)ve(x) : © € OE}.) A local version of this
improved convergence result is found in [Mir67] in the case A = 0, but actually holds even for
more general notions of almost-minimality than the one considered here; see [Tam84, Theorem
1.9]. Tt immediately implies a regularizing property of the sets E}, in the sense that JEy must be
a C'l-hypersurface as a consequence of (1.3). Improved convergence finds numerous applications
to geometric variational problems. These include:

(A) Sharp quantitative inequalities: In [CL12], (1.1) was used (with £ = B = By ) in combina-
tion with a selection principle and a result by Fuglede on nearly spherical sets [Fug89] to give
an alternative proof of the sharp quantitative isoperimetric inequality of [FMPO08], namely

P(B) > P(B){1+c(n) min |[EA(z + B)?},  VE CR",|E|=|B].

This strategy of proof has been subsequently adopted to prove many other geometric inequali-
ties in sharp quantitative form. Examples are the Euclidean isoperimetric inequality in higher
codimension [BDF12], the isoperimetric inequalities on spheres and hyperbolic spaces [BDF12,
BDF13], isoperimetric inequalities for eigenvalues [BDPV13], minimality inequalities of area
minimizing hypersurfaces [DPM14b], and non-local isoperimetric inequalities [FFM™]; more-
over, in [FJ14] the same strategy is used to control by P(E) — P(B) a more precise distance
from the family of balls (see also [Neul4] for the case of the Wulff inequality).

(B) Qualitative properties (and characterization) of minimizers: Given a potential g : R” — R
with g(z) — 400 as || — oo and a one-homogeneous and convex integrand ® : R” — [0, 00),
in [FM11] the variational problems (parameterized by m > 0)

inf{/a*Efl)(yE)dH"_l—i—/ng(x) dz : |E| :m}, (1.4)

are considered in the small volume regime m — 0*. Denoting by E,, a minimizer with volume
m, one expects m~ /™ E,, to converge to K, the unit volume Wulff shape of ®. One of the
main results proved in [FM11] is that if ® is a smooth elliptic integrand and g is smooth, then
m~Y"E,, — K as m — 0% in every C*<, with explicit rates of convergence in terms of m. The
improved convergence theorem (1.1), applied with £ = K and on (®, A, r¢)-minimizing sets,
plays of course a basic role in this kind of analysis. The same circle of ideas has been exploited
in the qualitative description of minimizers of the Ohta-Kawasaki energy for diblock copolymers



4 M. CICALESE, G. P. LEONARDI, AND F. MAGGI

[CS13], and to characterize balls as minimizers in isoperimetric problems with competing nonlo-
cal terms [KM13, KM14, BC13, FFM*], and in isoperimetric problems with log-convex densities
[FM12].

(C) Stability and L'-local minimality: A classical problem in the Calculus of Variations is that
of understanding whether stable critical points of a given functional are also local minimizers.
This question was addressed in the case of the Plateau’s problem by White [Whi94], who has
proved that a smooth surface that is a strictly stable critical point of the area functional is
automatically locally area minimizing in L™ (see [MR10, DPM14b] for the L!-case). A key
step in his argument is again an improved convergence theorem (for area almost-minimizing
currents) towards a smooth limit. Similarly, in the case of the Ohta-Kawasaki energy, volume-
constrained stable critical points with smooth boundary turn out to be volume-constrained
L'-local minimizers, see [AFM13]. Once again, (1.1) is the starting point of the analysis.

We now try to address the question of the precise meaning one should give to an assertion
like

{ {E} }ren are perimeter almost-minimizing sets

ol
Fy— Ein L} = OE, - 0F in C, (1.5)

when OF is possibly singular. To this end we split JF into its regular and singular parts:
precisely, recalling that the reduced boundary 9*FE of a (A,rp)-minimizing set in R™ is a C1:-
hypersurface for every o € (0,1) (relatively open into OF), we define the singular set X(E) of
OF as the closed subset of OF given by

S(E)=0E\ 9*E.

It turns out that 3(F) is empty if 2 < n < 7, discrete if n = 8, and H*-negligible for every
s >n—8if n > 9; see, for example, [Magl2, Theorem 21.8, Theorem 28.1]. The regularity
theory behind these results also leads to a weak form of (1.3), which in turn reduces to (1.3)
when 3(E) = (. More precisely, given a sequence {Ej}ren of (A, 7p)-minimizing sets with
Ey — E in L', denoting by I,(S) the p-neighborhood of S C R", and setting

0E], = 0E\ I,(S(E)) C 0*E,  p>0, (1.6)

one finds (see, e.g. Theorem 4.12 below) that, for every a € (0,1) and p small enough there
exist ko € N and {¢y }k>k, C C*([0FE],) such that

OFE} \ IQP(E(E)) C (Id + wkl/E)([aE]p) CcC O*E},, Vk > ko, (17)
sup Wklloreor,) =€, im [lYkllorom,) = 0- (1.8)

Of course, if X(F) = 0, then (1.7) and (1.8) coincide with (1.3). Moreover, we notice that to
replace 0FE), \ I2,(X(FE)) with, say, [0F]s, in the first inclusion in (1.7), one would need to
prove Hausdorff convergence of X(E)) to X(FE). However, in this generality, one just knows
that ¥(E)) C I,(X(E)) provided k > kg, and actually ¥(FEj) may not converge in Hausdorff
distance to X(FE). Indeed, by a classical result of Bombieri, De Giorgi and Giusti [BDGG69],
the Simons’s cone in R? is the limit of perimeter minimizing sets with smooth boundary.

Even though (1.7) and (1.8) seem to contain all the information we can extract from the
classical regularity theory, this is however not sufficient, for several reasons, to address any of
the above mentioned applications. The first evident gap is that we do not parameterize the
whole 0F), on OF. Of course, in presence of singularities we cannot expect to do this by means
of a normal diffeomorphism of JF; see Figure 1. Therefore, the best we can hope for is to find
a sequence {fi}ren of CL@-diffeomorphisms between OF and OE}, such that

sup || fellcr.eom) < 00, lim [|fr — Id|lc19m) = 0. (1.9)
keN k—o0
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FIGURE 1. The limit boundary dF is depicted with continuous lines, the approximating
boundaries 0Fj by dashed lines, the singular set X(F) by a black disk, and its p and
2p-neighborhoods I,(X(F)) and I5,(3(E)) by concentric balls: I,(X(E)) contains the
singular set of 0F}, (depicted by a black square), while (1.7) says that OEj \ I2,(X(E))
can be covered by a normal deformation of [0F], = 0E \ I,(3(E)) (depicted as a grey
region) which is C1-close to the identity thanks to (1.8). Of course, we cannot describe
OE), by a normal deformation of the four components of 9*E unless X (Ej) = X(E).

A difficulty here is to specify what is meant by a Ch-diffeomorphism between OF and 0},
since these are singular hypersurfaces. Moreover, in passing from (1.7)-(1.8) to (1.9) we may
lose the useful information that OE}, is actually a C'-small normal deformation of OF away from
the singular sets. It is therefore natural to require that

fe=1ld+¢YrvE on [8E]p, (1.10)
with 1y as in (1.7)—(1.8). The maps f; must have a nontrivial tangential displacement
up = (frr —1d) — ((fr —1d) -ve) ve,
on [0F], if ¥(Ey) # X(E): and, actually, in order for the maps f;, to be usable in addressing
problems (A) and (C), it is crucial to have control of the C'-norm of uy, in terms of the distance
between 3(E)) and X(E). A possibility here is requiring that fx(X(E)) = 3(E)) (and this
is something that makes sense only if, in the situation at hand, one has already shown the

Hausdorff convergence of ¥(Ey) to £(E)), with fr = Id on X(F) if ¥(Ey) = X(F), and, for
some constant C' depending on OF,

lukllcrory < Cllify — Idllormmy) - (1.11)

Due to our limited understanding of singular sets, proving (1.7)—(1.11) seems a goal out of
reach, and so the possibility of understanding improved convergence to singular limit sets. The
theory of bubble clusters (partitions of the space into sets of finite perimeter) provides us with
a (more complex) setting where singularities appear even in dimension n = 2. However, at least
when n = 2,3, these singularities have been classified and understood, and the corresponding
local regularity theory enables one to show the Hausdorff convergence of the singular sets (see
Theorem 5.5 in the case n = 2 and [LM15, Theorem 3.2] in the case n = 3). It thus makes sense
to look for improved convergence theorems in this setting, and this problem is indeed addressed
in this paper and in [LM15].

1.3. An improved convergence theorem for planar clusters. Following the ideas dis-
cussed in the previous section, we now formulate our improved convergence theorem for sequences
of almost-minimizing planar clusters. Given n, N € N with n, N > 2 and an open set A C R",
we let & = {€(h)}Y_, be a family of Lebesgue-measurable sets in R™ with |£(h) N E(k)| = 0 for
1 <h < k <N, and say that £ is an N-cluster in A if £(h) is a set of locally finite perimeter in
A with |E(h) N A > 0 for every h = 1,..., N. The sets £(h) are called the chambers of £, while
£(0) = R™\ UN_, £(h) is called the exterior chamber of €. The perimeter of € relative to some
F C R"™ is defined by setting
N

P& F) = %ZP(E(h); F),  PE) = PERY). (1.12)
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Setting vol (£) = (|€(1)], ..., |E(NV)]), a minimizer in the partitioning problem
inf {P(&) : vol (£) =m}, m € RY given, (1.13)

where Rﬂ\rf ={m¢e RN :my >0Vh =1, ..., N1}, is called an isoperimetric cluster. It is of course
natural to study partitioning problems in the presence of a potential energy term, like

N
mf{P(E)—}-;/g(h)g(fL’) dx : vol (€) :m}, (1.14)

where, say, g : R” — R with g(x) — +o00 as |z| — oco. The existence of minimizers in these
two problems can be proved by a careful restoration of compactness argument due to Almgren,
see [Magl2, Chapter 29]. It turns out that if £ is a minimizer either in (1.13) or in (1.14), then
there exist positive constants A and rg such that £ is a (A, ro)-minimizing cluster in R™, that is
(in analogy with (1.2))

P(S;Bx,r) < P("r§ Bx,r) + Ad(g,]-“) ) (1'15)
whenever z € R", r < rg and £(h)AF(h) CC By, for every h =1,..., N, and where we have set
N
1
(€, F) =35> ‘F N (5(h)Af(h))( . d(E,F) = dpe(E, F). (1.16)
h=0

In this case, as a consequence of the results obtained in [Alm76] (see also [Magl2, Chapter 30| for
the case A = 0, and section 4 below otherwise), 9*€ is a C1®-hypersurface for every a € (0, 1)
(CH!if n = 2) which is relatively open into € and H"~1(2(€)) = 0, where

N N
o =|Joem), o e=JoE(n), TpE€)=Fn@E\DE), T(E)=3Tpn(f). (117)
h=1 h=1

One does not expect this almost-everywhere regularity result to be optimal in any dimension
n, although the situation is clear only when n = 2 (by elementary arguments) and when n = 3
by [Tay76]. We now review the structure of singular sets when n = 2, and then exploit this
description to formulate an improved convergence result for planar clusters. With the notation
introduced in section 2.1, if £ is a (A, rp)-minimizing cluster in R?, then one has

9 = ) where [ is at most countable,
e fy'h 7; is a closed connected C11-curve with boundary, (1.18)
0°€ = Userint ()
e v {7i}ier is locally finite,

(see [Ble87], [Mor94], or [Magl2, Section 30.3] in the case A = 0, and Theorem 5.2 below in the
general case — which is a simple variant of the A = 0 case). Moreover,

where J is at most countable,
B(E) = g]{pj} B gbd (%), {pj}jes is locally finite . (1.19)
j i

Finally, each p; € ¥(€) is a common end-point to three different curves from {v;};cs, which
form three 120 degree angles at p;.

Remark 1.1. As already noticed, if £ is an isoperimetric cluster in R?, or if £ is a minimizer in
(1.14) with n = 2 and g is smooth, then £ is a (A, rg)-minimizing cluster in R? for some A and
ro, with the additional property of being bounded, so that I and J are finite. Moreover, if £ is
an isoperimetric cluster, then each ~; is either a circular arc or a segment; if £ is a minimizer in
(1.14), then ~; is a closed connected smooth curve with boundary, whose curvature is equal to
(the restriction to 7; of) g up to an additive constant.

Motivated by these examples, we now give the following definitions, and then state our
improved convergence theorem for planar clusters.
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Definition 1.2. Let & be a cluster in R2. One says that &£ is a C*®-cluster in R? if there exists
a family of C*-curves with boundary {7;};c; such that (1.18) and (1.19) hold.

Definition 1.3. Let £ be a C'“cluster in R2. Given a map f : 0 — R? one says that
f € CH¥(0E;R?) if f is continuous on IE, f € C1(v;;R?) for every i € I, and

[fllcraqae) = sup || flletagy,) < oo
el

If £ and & are C1-clusters in R?, then one says that f is a C1®-diffeomorphism between
0& and O&’ provided f is an homeomorphism between 0 and &' with f € CL*(9&;R?),
e b (0€;R?), and f(X(E)) = X(&).

Definition 1.4. Given a map f : R> = R? and a cluster £ in R?, the tangential component of
f with respect to & is the map 7¢f : 0*€ — R? defined by

Tef (@) = f(2) = (f(2) -ve(x))ve(z),  z€0E,
where vg : 0*€ — S! is any Borel function such that either v(z) = vy () or v(z) = Vg (a)
for every x € 9*E(h) N0*E(k), h # k.

Theorem 1.5 (Improved convergence for planar almost-minimizing clusters). Given A > 0,
ro > 0 and a bounded C*'-cluster £ in R?, there exist positive constants g and Co (depending
on A and &) with the following property.

If {& }ren is a sequence of perimeter (A, ro)—minimizing clusters in R? such that d(&, E) —
0 as k — oo, then for every u < po there exist k(u) € N and a sequence of maps { fi }r>i(u) such
that each fi, is a CY-diffeomorphism between O and O&), with

[ fkllcrieey < Co,
Jim [ fi —1dfleree) = 0,
— 00

C
[Te(fr —Id)[lcriarey < FO [ fr — Idllcocsey) »
Te(fr —1d) = 0, on O\ I,(X(E)).

Remark 1.6. A natural question is of course whether the maps fr in Theorem 1.5 can be
extended to C'!-diffeomorphisms g; of R? with ||gx|lc11ge)y < Co and ||gr — Id||c1rz)y — 0 as
k — oo. The answer is yes, but at the cost of a longer proof which only employs ideas similar
to the ones already used in the proof of Theorem 1.5. At the same time, in the applications of
Theorem 1.5 presented in [CLM12, CM14] there seems to be no real advantage in working with
the maps g in place of the maps f.

Remark 1.7. We briefly comment on the proof of Theorem 1.5. The first step consists in
exploiting the interior regularity theory to show (much in the spirit of (1.7)—(1.8)) the existence
of normal diffeomorphisms between those parts of € and 0& that are at a fixed small distance
from the singular sets 3(€) and (). This step of the proof can be carried out in arbitrary
dimension, and it is addressed in Theorem 4.12. Next, one exploits the description of singular
sets of planar clusters in order to prove the Hausdorff convergence of ¥(&) to X(€) (Theorem
5.5), and to prove that actually if z; € ¥(&), z € 3(€) and xp — =z, then the tangent
cones to 0& at xj converge locally uniformly to the tangent cone to OE, see step four in the
proof of Theorem 5.6. In Theorem 5.6 we actually show various other preliminary convergence
properties of 0&, towards O, including the fact that for k£ large enough, 0&, and OE share
the same topological structure. Given all these preparatory facts, one is ready to extend the
normal diffeomorphisms defined away from (&) to the whole 9€ by exploiting the construction
of almost-normal diffeomorphism described in Theorem 3.1.

Remark 1.8. The delicate extension of Theorem 1.5 to clusters in R? is discussed in [LM15].
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1.4. Some applications of Theorem 1.5. As explained in section 1.2, a result like Theorem
1.5 opens the way to several applications. The ones given below, see Theorem 1.9 and Theorem
1.10, are inspired by a list of questions concerning partitioning problems proposed by Alm-
gren in [Alm76, VI.1(6)], precisely “to classify in some reasonable way the different minimizing
clusters corresponding to different choices of m € R{'”. In this direction, let us consider the
equivalence relation ~ on the family of planar C!-clusters such that & ~ F if there exists
a Chl-diffeomorphism between 0£ and OF. Theorem 1.9 shows that isoperimetric clusters of
a given volume (or with volume sufficiently close to a given one) generate only finitely many
~-equivalence classes.

Theorem 1.9. For every mg € Rf there exists 6 > O with the following property. If Q) is the
family of all the isoperimetric N-clusters £ in R? with |vol (£) — mg| < &, then Q/~ is a finite
set.

By an entirely analogous principle, we can describe qualitatively minimizers in (1.14) when
the potential energy is small enough. (In the case of planar double bubbles N = n = 2 we can
upgrade this description to a quantitative one in the spirit of [FM11], see [CLM12].)

Theorem 1.10. Let mg € RY be such that there exists a unique (modulo isometries) isoperi-
metric cluster & in R? with vol (&) = mo, and let g : R — [0,00) be a continuous function
with g(x) — oo as |z| — oo. Then there exists 5o > 0 (depending on & and g only) such that
for every 6 < dp and |m — my| < &y there exist minimizers of

N
inf {P(E) +9 hzﬂ /S(h) g(x)dz :vol (£) = m} . (1.20)

If € is a minimizer in (1.20), then & =~ &. Moreover, if Hg(p k) denotes the scalar mean
curvature of the interface £(h,k) with respect to vg,y, then He,yy is continuous on E(h, k),
with

p A | He(hk) — Heg(hoiy lcoenpyy < Cod, (1.21)

for a constant Cy depending on & and g only. (Notice that Hg, () is a constant for every
0<h<k<N.)

Of course, thanks to Theorem 1.9, if the uniqueness assumption on mg in Theorem 1.10
is dropped, then one can still infer that minimizers in (1.20) with § < d¢ and |[m — mg| < do
generate only finitely many ~-equivalence classes. Moreover, we explicitly notice that the novelty
of Theorem 1.10 is not the existence part, which follows by standard arguments, but the fact
that £ =~ &.

Further applications of Theorem 1.5 are discussed elsewhere. In [CLM12], Theorem 1.5 is
the starting point for obtaining a sharp stability inequality for planar double-bubbles, while in
[CM14] we address a sharp quantitative version of Hales’s isoperimetric theorem for the regular
hexagonal tiling [HalO1].

1.5. Organization of the paper. The paper is essentially divided in two parts. The first part
consists of sections 2-3. The goal here is to provide in a reasonable generality the construction of
almost-normal diffeomorphisms between manifolds with boundary. As said, this is the key result
in constructing the maps appearing in Theorem 1.5. It is considered in arbitrary dimension and
co-dimension (and not just for curves in the plane) in view of its applications to the improved
convergence of clusters in R3 [LM15] and to the description of capillarity droplets in containers
[MM15]. We provide two statements of this result, see Theorem 3.1 and Theorem 3.5, the second
one being more practical in applications. These results are proved in section 3, after some
preliminary facts concerning the implicit function theorem and Whitney’s extension theorem
are gathered in section 2. In the second part of the paper, which consists of sections 4-5 we
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gather the various ingredients needed to deduce Theorem 1.5 from Theorem 3.1, as described
in Remark 1.7. Finally, in section 6 we give the (closely related proofs of) Theorem 1.9 and
Theorem 1.10.

Acknowledgement: We thank Frank Morgan for improving the presentation of our paper
with some useful comments. The work of FM was supported by NSF Grants DMS-1265910 and
DMS-1361122 The work of GPL has been supported by GNAMPA (INdAM).

2. NOTATION AND PRELIMINARIES

We gather here some basic notation and classical facts to be used here and in [LM15].

2.1. Sets in R". Given z € R" and r > 0 we set B(z,r) = By, = {y € R" : |[y —z| < r} and
B(0,7) = By, = By, where |[v]? = v-v and v - w is the scalar product of v,w € R". We set
Sl = {z € R" : || = 1}. Given S C R”, we denote by S, 8, and cl(S) the interior, the
boundary, and the closure of S respectively, while I.(S) denotes the tubular e-neighborhood of
S in R", that is I.(S) = {z € R" : dist(z,S) < €}, ¢ > 0. Given S,T C R"™ we define the
Hausdorff distance between S and T localized in K C R" as

hdg (S, T) = max { sup{dist(y, S) : y € TN K},sup{dist(y,T) : y € SNK}}, (2.1)
so that hdx (S,T) < € if and only if SN K C I.(T) and TN K C I.(5), while
hd, -(S,T) = hdp, . (S,T), hd(S,T) = hdgn(S,T).

If S is a k-dimensional Cl-manifold in R" (we always work with embedded manifolds), then the
geodesic distance on S is given by

1
dists(z,y) = inf { /0 Y (t)]dt -y € C1([0,1];8),~7(0) = z,v(1) = y}, x,y €S.

We also define the normal e-neighborhood of S as

n—k n—k
Ne(S)={z+ tiv(@):2€8,) <&}, (2.2)
=1 =1

provided {v(®)(z)}"=} denotes an orthonormal basis to (7,,S)*. If S is a k-dimensional C’-
manifold with boundary in R™, then int (S) and bd (S) denote, respectively, the interior and the
boundary points of S. If z € bd (S), then we define TS as a k-dimensional space (thus, not as
an half-space), and we denote by v&’(x) € T,S the outer unit normal to bd (S) with respect to
S. Moreover, we set

[S]p = S\ 1,(bd (5)), Vp>0. (2.3)

Denoting by 75 the projection of R” onto TS, for every f : S — R™ we define 7%f : § — R"
by taking

(7)) (@) =xJ[f(z)], w€S.
The terms curve, surface and hypersurface are used in place of 1-dimensional manifold, 2-
dimensional manifold and (n — 1)-dimensional manifold in R".

2.2. Uniform inverse and implicit function theorems. If S is a k-dimensional C1:°-
manifold in R" (o € (0,1]), z € S, and f : S — R™, then we say that f is differentiable
at = with respect to S if we can define a linear map V¥ f(z) : R® — R™ by setting

st(x)[v]: }%M if’UGTxS,")/Ecl((—&E);S), 7(0):$7 7/(0):1)7
0 it v € (T,S)*.
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Denoting by || L|| = sup{|L[v]| : |v| = 1} the operator norm of a linear map L : R™ — R™, we set
1fllers) = sup ()] + V()]
zeS

Of course, if f is differentiable on an open neighborhood of S, then V* f(z) is just the restriction
of the differential V f(z) of f at x to TS, extended to 0 on (7,.S)*. For a € (0, 1] we set
VS f(z) — V°
[vsf]co,a(s) _ sup H f( ) - f(y)H 7
T,YES, xF£Y ’1‘ - y’
IV fllcoags) = Slells) IVEf(@)]| + [VF flcoas) »

[flcrae) = suplf(@)]+ IV Fllcoas)

(note the use of the Euclidean distance in the definition of []co.a(s)). If {mi(z)}E, is an or-
thonormal basis of 7,5, then we define the tangential Jacobian of f as

k
TS f(z) = ‘ A\ V@ m@)], =z€Ss.
i=1
The following theorems are uniform versions of the inverse and implicit function theorems. The
proof of the first result is included in Appendix A for the sake of clarity.

Theorem 2.1 (Uniform inverse function theorem). Givenn > 2, 1 <k <n-—1, a € (0,1],
L >0, and Sy a k-dimensional CY*-manifold in R"™ with diam(Sy) < L and

distg, (z,y) < L|z —y|, Va,y € So, (2.4)
ly — x| < 2|75 (y — 2], Vr € So,y € By N So, (2.5)
||7T;§0 - 7-‘-50” <L ‘.TL' - y’a’ V$7y € ‘S’Oa (26)

there exist positive constants g, po and Cy, depending onn, k, «, and L only, with the following
properties. If f € CL*(Sy;R™) is such that

1
e 1S s
lgof IRz IV fllcoasy) < L, (2.7)

then f is injective on By ., N Sy for every x € Sy. If, moreover,

1f = 1d[|cogsy) < pos (2.8)

then S = f(So) is a k-dimensional C**-manifold in R™ and f : Sy — S is a C1*-diffeomorphism
satisfying ||f_1||01,a(5) < (.

Theorem 2.2 (Uniform implicit function theorem). Let n, k, a, L and Sy be as in Theorem
2.1. Then there exist positive constants Cy and ng depending on n, k, o, and L only with the
following property. If zo € So and u € CH*(Sy x (—1,1)""%; R"=*) s such that

n—=k
ou 1
u(w9,0) =0, ‘ A g(l‘oﬂ))‘ 27 [ull ¢resox(=1,1yn-%) < L (2.9)
i=1 "
where 0 = (0, ...,0) € R"™* then there exists a function ¢ € C1*(Sy N By yo; R¥7F) such that
C(l’o) =0, u(z7 C(Z)) =0, Vz €SN BOCOJIO ’ HCHCLO‘(SQHB(mo,no)) <Cp. (2'10)

Proof. One applies the first conclusion of Theorem 2.1 to the manifold Sy x (—1,1)""* and the
function f: So x (—=1,1)"% — R” defined by f(z,t) = (z,u(x,t)); see, e.g. [Spi65]. O
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2.3. Whitney’s extension theorem. Here we review some basic facts concerning Whitney’s
extension theorem. By k = (k1, ..., k,) we denote the generic element of N", and set

n n
k= "k, k=[], H=]]",
i=1 i=1 ]

i=1
for every k € N and z € R". If f is |k|-times differentiable at x € R", we let
okl ¢ oIkl f
DX flz)= ———21 (2) = T),
(@) Ol‘lfl...ﬁxﬁ” dxk

denote the k-partial derivative of f, with the convention that D° f = f (here, 0 = (0, ...,0) € N").
Let now X be a compact set in R™. A jet of order h on X is simply a family F = {Fk}|k|§h

of continuous functions on X, see [Bie80]. We denote by J"(X) the vector space of jets of order
h on X, and set

k
H]:HJh(X) = lrﬁ%PéHF HCO(X)-

One says that F € J"(X) is a Whitney’s jet of order h on X if, for every k| < h,

h—|k|
sup FX(y) — F¥@) = Y F}@)(y — o)) = o(r" M) .
z,yeX 0<|z—y|<r li|=1

Given a € [0, 1], we denote by W.J"(X) the space of Whitney’s jets of order h on X such that

_ K
| Fllw gnexy = III?\?;LHF llcocx)

[F¥(y) = F¥(@) = S0 B P (y — o))

+ max sup E _y|h_|k‘+a ,

[k|<h g WEX JxHy

is finite. We set WJH(X) = WJ"0(X), and notice that WJ"*1(X) c WJh*(X) c WJMX)
for every h € N and « € (0, 1].

Theorem 2.3 (Whitney’s extension theorem). For every n,h > 1, a € [0,1] and L > 0 there
exists a constant Cy depending on n, o and L only with the following property. If X is a compact
set in R™ with X C Br, and F € WJ"(X), then there exists f € C®°(R™\ X) N CM*(R™) such
that

D¥f = FX on X for every |k| < h, (2.11)
[fllona@ny < CollFllwinacxys — Ifllor@ny < CollFllwimx) - (2.12)

If, moreover, X is connected by rectifiable arcs and its geodesic distance distx satisfies
distx (z,y) <wlx —y|, Ve,ye X, (2.13)

for some w >0, then || F|ly jmx) < 2w || Flljnx), and thus, in particular,
[ fllenmny < 2w Co ([ Fllyn(x) - (2.14)

Proof. The classical construction introduced by Whitney (see [Ste70, Theorem 4, Chapter VI]
or [Bie80, Theorem 2.3]) gives a function g € C°(R™\ X) N C"*(Byy) with

D¥g = F¥ on X for every |k| < h, (2.15)
gllenaByy) < CNFlwimax) l9llen By < CUFlwanix) (2.16)

where the constant C' depends on n, h, a and L. If we now pick n € C2°(Bar;[0,1]) with n =1
on By, then by setting f = gn we prove the first part of the statement. The second part of the
statement is [Bie80, Proposition 2.13]. For the sake of clarity, let us explain this point in the
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case h = 1. If X is connected by rectifiable arcs and =,y € X with = # y, then for every € > 0
there exists ¢ € C°([0, 1]; X) such that

U(¢) < (I +e)distx(z,y) < (I +e)wlz—yl,  60)=z, o) =y, (2.17)

where ¢(¢) is the total variation of ¢. We can re-parameterize ¢ on [0, 1] so to have ¢ €
Lip ([0, 1]; X) with |¢/(t)| = £(¢) for every t € [0,1]. By (2.17) we thus find

n

FOy) = FO(z) = ) F(2)(y — )

i=1

1
= W) = @) = Vi@ - =)= | [ (V160) - i@ d o

IN

1
21V f e x) /0 /() dt < 2(1+¢) | Fllyaoxyw |z — vl 0

The following two propositions are used in the proof of Theorem 3.1.

Proposition 2.4. Ifn > 2, 1 <k <n-—1, a € (0,1] and L > 0, then there exist positive
constants C' and € depending on n, k, a and L only, with the following property. Let X be
a compact set in R™ with diam(X) < L, and assume that for every x € X one can define
an orthonormal system of vectors {v\9)(x) ;‘:_f

i such a way that for every x,y € X and

(@) (y—a)| < Ll -y, pY(2) =V (y)| < Llz -y (2.18)

Then there exists d € C®(R™ \ X;R"¥) 0 CL(R™; R"*) with

d(x) =0 and Vd(x) = Z’;:_ll ej @ V) (z) for every x € X ,

I.(X)N{d = 0} is a k-dimensional CY*-manifold in R™, (2.19)

max {7, ldllcramn} < C.
Proof. By (2.18), if one sets Fjo(a:) = 0 and F}*(z) = v (z)-e; for x € X and 1 < i < m,
then F; € WJY*(X) with || Fjlly jrex) < C. Since diam(X) < L, by Theorem 2.3 one finds
dj € C®(R™\ X) N CY(R") with d; = 0 and Vd; = v19) on X. The function d = 3/~ d; e;

satisfies the first property in (2.19). If now = € I.(X), then there exists y € X such that
ly — x| <e, thus [|d| c1.amn) < C gives

n—k n—k
|\ Vd@) )| = | A\ VAP )] - Ce=1-Ce > %
J=1 j=1

provided ¢ is small enough (depending only on n, k, « and L). In particular, Vd(x) has rank
n — k for every z € I.(X), thus I.(X) N {d = 0} is a k-dimensional C1*-manifold in R". O

Proposition 2.5. Ifn>2, 1 <k<n-—1, a € (0,1] and L > 0, then there exists a constant
C depending on n, k, o and L only, with the following property. If S is a compact connected
k-dimensional C*'-manifold with boundary in R™ with diam(S) < L and

diStbd(S)(may)SL|x_y|7 V:z:,yEbd(S),
and a € CH%(bd (S)), then there exist a € CH*(R™) with a = @ on bd (S) and

lallctamny < Cllallcramas)) lallcrrny < Cllallerpa(s)) -
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Proof. We note that, by definition of tangential gradient, VP49a(z) € T,(bd (S)) for every
x € bd (S). We then define F € J'(bd (S)) by setting FO(x) = a(z) and F¢ (z) = ¢; - VP4%a(x)
for x € bd (9), and note that F € W.J%%(bd (S)) with

[ Fllw stemd s)) < lallerema(s)) s [ Fllw s ma sy < lallerwa sy -
We conclude by Theorem 2.3. O

3. ALMOST-NORMAL DIFFEOMORPHISMS BETWEEN MANIFOLDS WITH BOUNDARY

The main result of this section is Theorem 3.1, where we address the following problem. We
are given two k-dimensional manifolds with boundary Sy and S, which are known to be close
in Hausdorff distance. Moreover, we are given a diffeomorphism fj (close to the identity map)
between the boundaries of Sy and S, and we know that S is a small normal deformation of Sy
up to some small distance from its boundary. (The motivation for considering this scenario is
that — by interior and boundary/free-boundary regularity theorems — this is the typical starting
point in addressing the improved convergence problem in presence of singularities). Then we
would like to extend fj into a diffeomorphism f between Sy and S while keeping the size of the
tangential displacement 7g,(f — Id) of f as small as possible.

In section 3.1 we state and prove Theorem 3.1, while in section 3.2 we provide an alternative
formulation of this result in terms of sequences of manifolds converging to a limit manifold Sy
which is more natural to invoke when addressing applications.

3.1. Construction of the diffeomorphisms. Before stating the theorem we premise the
following definition, which in turn is motivated by Proposition 2.4. Given an orientable k-
dimensional C'%®-manifold S in R” which admits a global normal frame of class C1® (i.e., such

that for every x € S there exists an orthonormal basis {ug) (2)}=F of (T,,S)* with the property

v € C12(S) for each i) then one writes
[Slcre < L,
if
(i) (i) a
ve'(z) —v <L|x— ,
| *Z.)( ) —vs Wl < L] yj Ve,ye S,i=1,..,n—k. (3.1)
vg' (@) - (y — )| < Lly — 27,

We are now ready to state the main result of this section (see Remark 3.4 below for some
clarifications about the cumbersome assumption (a)).

Theorem 3.1. Ifn >2, 1 <k<n-—1, a € (0,1], and L > 0, then there exist o € (0,1) and
Co > 0 (depending on n, k, o, and L only) with the following property.

(a) Let Sy be a compact connected k-dimensional C*'-manifold with boundary in R™, let §0 be
a k-dimensional C*'-manifold in R™, and assume that

bd (So) £0, Sy c S, diam(Sy) < L, (3.2)
istua(so)(e.y) < Lz —yl.  Vayebd(Sy) (ifk>2), (33)
distg, (z,y) < L |z —y], Vz,y €Sy, (3.4)
distg (z,y) < Lz —yl, Va,y € S. (3.5)

Moreover, let {Voi) nk CH1(Sp;S™ 1) be such that {I/(()i) (2)}"=F is an orthonormal basis of
(TxSo)* for every x € Sp, and

() N
e [ ey < L (3.6)
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(b) Let S be a compact connected k-dimensional CY*-manifold with boundary such that, for
some p € (0,p3), one has

bd (S) # 0, [Sllere <L, hd(S,S) < p. (3.7)
In addition:

(i) if k =1, assume that, setting bd (So) = {po,qo}, bd (S) = {p,q}, fo(po) = p and fo(q) = ¢,

= < Ipo — aof
L= Po qo| ,
Ifo = Idllcoma (so)) + 1¥8°(fo) — V& lcowa (se)) < P

if k > 2, assume that there exists a CL*-diffeomorphism fo between bd (Sp) and bd (S) with

(3.8)

| follcrea (so)) < L
| fo — Id”cl(bd (S0)) < P>

(i) (i) (3.9)
| max lvg”(fo) = v leoa sy < P
[v§’(fo) — vsollcomwa (so)) < P>
where {Vg)}?;lk is as in (3.1).
(ii) there exists {1;}"=F < CY([So],) such that, setting ¢ = S, Vg)), one has
Sls, C (Id + S cS,
[S]3p < (Id + )([So] ) (3.10)

I llereso),) < L [l iso),) < -
Then, for every p € (\/p, jo) there exists a Che_diffeomorphism f between So and S such that

f = fo, on bd (Sp), (3.11)
fo= 1d+v,  on[So, (3.12)
[fllcrasy < Co, (3.13)
If = Tdllcogsyy < Co (hd(S,S0) + [1fo = Tdllcr(bacse)) + [1¥lleogsey,y) s (3:14)
1f =Tdllersy) < C: “, (3.15)
C —1d) - v@||co , ifk=1,
70 = 1Dllcrsy < ;{W ufi-féHZliiiiiiii, . (316)

Remark 3.2. One would expect the C° norm of fy — Id, and not its C'-norm, to appear in
(3.14). When k = 1 we indeed prove this, as in that case bd (Sp) consists of two points and thus
Ifo=Idllc1ba (so)) = Ilfo—Idllcoba sy))- However, when k > 2, our construction of f requires a
preliminary rough extension of fy from bd (Sp) to R™ by means of Whitney’s theorem. Although
the CH*(R™) and C'(R")-norms of this rough extension will be controlled by the C'*(bd (Sp))
and C'(bd (Sp))-norms of fy, because of how Whitney’s extension procedure works, the C°(R™)-
norm will only be controlled by the full C'(bd (Sp))-norm of fo.

Remark 3.3. In order to obtain (in the spirit of (3.14)) a more precise estimate than (3.15),
that is, in order to replace p® by some function of hd(S, So), || fo—1Id|lc1(ba (se))s 191l ((s0),) €t
one would need to relate to these quantities the smallest value of p which makes the inclusion
[Sl3p € (Id + 9)([S0],) in (3.10) hold. More precisely, with such a control at hand one could
prove such a strengthened form of (3.15) by the same argument used below.
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Remark 3.4. We claim that assumption (a) can be replaced by
Sp is a compact connected k-dimensional C?!-manifold with boundary in R”
and there exists {Z/S P CY(Sp; S™) such that (3.17)
{I/S }7-[ is an orthonormal basis of (T3,Sp)* for every z € Sy .

(In the case k = 1, (3.17) simply amounts in requiring that Sy is a compact connected C?!-
curve with boundary in R™.) More pre(nsely, We clalm that (3.17) implies the existence of an

extension Sy of Sy and of a normal frame {VO 1m=F to So such that assumption (a) holds for a
suitable value of L: correspondingly, the constants Cy and pg given by the theorem will depend
on the particular extension Sy we have considered. We now prove the claim. By compactness
of Sp one immediately finds a constant L’ such that (3.3) and (3.4) hold with L’ in place of L,

diam(Sp) < L', and ”l/g;)”cl,l(so) < L'. Now let us fix £ =1,...,n — k, and for x € Sy set
e; _ (e e;+e; _ 14
Foo) =0, F(z)=v(z)-e;, Fot(z) =e;- VUL (z)[e].

By compactness of Sy we find that F = {Fk}|k|§2 € WJ?1(Sy). Hence, by arguing as in the
proof of Proposition 2.4, there exist dg, € C*!(R";R"*) and £y > 0 such that

dg,(x) = 0 and Vdg,(z) = E?:_f e ® ygo) (x) for every z € Sp,

I.,(So) N {ds, = 0} is a k-dimensional C*!-manifold in R", (3.18)

max {661 ) Hdso ||C271(]R")} <C,
where C depends on n, k and Sy only. Let us set Sy = I.,(So) N{ds, = 0}. Up to further

decreasing the value of £y one immediately deduces (3.2) and (3.5) for some value of L. Moreover,
by construction, for every i =1,...,n — k there exists {h;;}7_; C CH1(R™) such that

n—=k n

Vdso(x) = e (Z hi’j(.’E) ej) , Vo € R™.
1 j=1

i

Up to further decreasing the value of 5 we can define {VO nok € C11(Sp;S" 1) in such a way
that (3.6) holds by simply applying the Gram-Schmidt orthogonalization process to the vectors

{371 hij(x) eyl
Proof of Theorem 5.1. In the following we denote by C' a constant which may depend on n, k,
« and L only. We start our argument by extending .S into a larger manifold S. More precisely,
by ||S|/c1.e < L and Proposition 2.4, there exist dg € CH*(R™; R"¥) and ¢ > 0 such that
ds(z) =0 and Vds(z) = S Fe; @ Vé)( ) for every x € S,
I.(S) N {ds = 0} is a k-dimensional C1*-manifold in R", (3.19)
max {5*1 , HdSHCI,a(Rn)} <C,
where 0 = (0, ...,0) € R"7¥. We shall use dg to locate the position of S in R™ (see the proof of
the claim below). We set
S=1.(8)n{ds = 0},
and we record for future use that, by (3.19), if v € S*"!, § > 0, and x € S, then
|Vds(z)v| < C4, if |72 (v)| >1-6, (3.20)
|Vds(z)v| >1-C6, if |72 (v)| <6, (3.21)
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Next, we note that

max ]V(()i)(x) (y—x)| <C ’7T§O<y —2)|?, Vo e Sy,y € B, 1cnN So. (3.22)
1<i<n—k >
|y—a:|§2|7rf°(y—x)|, vx€§07yeBm,1/Cm§07 (323)
Inse — Pl < Cle—yl,  Va,ye S |

Indeed, (3.22) follows from (3.6) and the fact that {v(®(z)}"=} is an orthonormal basis of
(T,:S0)*, the first condition in (3.23) follows from (3.22), and the second condition in (3.23) is
an immediate consequence of [v(?)] c01(5y) < L. We now set

Ups =S0N Brs, Ks=1I5(bd(So))NSy, K; =1I5(bd(So))NSo, x€8p,0>0,
and then we make the following claim:

Claim: There exists 1 depending on n, k, @ and L only such that, if yo is small enough with
respect to 7o, then one can construct f : K, — S with

f = fO ) on bd (SO) ) (324.)
f = Id+7v, on Kt \ K, , (3.25)
[fllcram,,) < C, (3.26)
If =Tdllcogery < € (hd(S,S0) + Ifo —Tdllcrgpasyy) » (3.27)
C (e

IF =Tdll gy < i (3.28)

3 C [ I =1d)-vglloomasey, k=1,

So 0 0
w0 (f —1d < = . 3.29
H ( )HCI(Kno) L { ||f0 _ IdHCl(bd (50)) » ifk>2, ( )
3 1

Jof > 50 oKy, (3.30)
m0(f —1d) = 0, on Ky \ K, , (3.31)
f(Ey,) < 8. (3.32)

Given the claim, the theorem follows: Indeed, if one extends f from K, to K,, U Sy by setting
f =1d+4 on Sp\ Ky, then thanks to (3.25), (3.10) and (3.26) we find that f € C1¥(K,,USy; R")
and that (3.11), (3.12) and (3.13) hold; similarly, (3.14) and (3.15) follow by (3.27) and (3.28),
while (3.29) and (3.31) imply (3.16). By Theorem 2.1, (3.4), (3.23), (3.26) and (3.30) there exists
70 > 0 (depending on n, k, o and L only) such that if || f —Id[[co(g,) < 70 (as we can entail thanks
to (3.27), (3.7), (3.9), and (3.10) provided we take uZ < 7g), then f is a C'h®-diffeomorphism
between int (Sp) and f(int (Sp)). Let us set

5% = cl(f(int (S0))) ,

so that S* C S by (3.10) and (3.32). Moreover, S* is a compact connected k-dimensional
CY*_manifold with boundary in R" with

int (§%) = f(int (So)),  bd (%) = S\ f(int (Sp)) = f(bd (So)) = bd (S).

thus, by connectedness of S, one has S = S* = f(Sp). Indeed, in order to obtain a contradiction
it suffices to consider y € int (S) \ S*, together with a curve v with int (y) C int (S) \ S*, i.e.
which lives in the connected component of int (S)\ S* determined by y, such that bd (v) = {y, z}
with = € bd (5).
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Proof of the claim: We first describe the case k > 2, and then explain the minor variants needed
when k£ = 1. We fix ¢ € C°(R" x (0,00); [0,1]) such that, setting ¢, = ¢(-, ) for u >0,

by € C(1,(bd (), @ =1 on Lya(bd (50)) (3.33)

C C
Vou@l <. V@ < . Yaw €Rx (000) (330

Let us define @; : bd (Sp) = R, i =1,....,n — k, and b: bd (Sp) — R" by setting

ai(z) = (folz) —2) -1 (@),  b(x) = fole) —z =Y ai(x)v§’(x), = ebd(Sy), (3.35)

so that, trivially,
folz) =z +b(x) + Y a(x) vy’ (x),  Vaebd(Sp). (3.36)

By (3.9) one has
@il c1e b (s6)) + 1Bl cteba (so)) < €'
@illcr b (so)) + 10llcrwa (so)) < C Ml fo —1dllerpa sy < C e,

By Proposition 2.5 and by (3.3) we find a; € CY*(R"), i = 1,...,n — k, and b € CL*(R™;R")
such that

(3.37)

a;=a; and b=10, on bd (Sp),

(3.38)
laillcto@ny + [IBllcto@y < C,  lailler@ny + [[Bller@ny < C llfo —1d[l e ba (s0)) -
Correspondingly we define G € C’l’o‘(go; R™) by setting
n—k
_ ) (1) 3
G(z) = gu(x)b(z) + > _ai(x) vy’ (z),  x€Sp. (3.39)
i=1
By (3.33) and (3.36),
fo(x) =2+ G(x), Vz € bd (S), (3.40)
while (3.34), (3.38) and p < u? give
1Gll oz, <€ ||f0 —1d[[c1 (b (50)) »
HGH l,a —= ’ C (341)
@) 1Gllen s,y < Hfo ~Mllorpagsy < p < C o
We now define F € Ch(Sy x (-1, 1)”_""R”) by settlng, for (z,t) € Sp x (—1,1)"~
F(z,t) =2+ ¢u(x +Z a;(x) + t;) 1/0 (ac)
o (3.42)
=2+ Gla)+ Y ting (@),
i=1
and then exploit dg € C1*(R™; R" %) to define u € C¥(Sy x (=1, 1) F; R"F) ag
u(z,t) = ds(F(z,t),  (z,t) € Sy x (—1,1)" %,
By (3.40),
F(z,0) = fo(z), Va € bd (Sp), (3.43)

which combined with S C {ds = 0} implies
u(z,0) =0, Vz € bd () . (3.44)
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By (3.41) and by (3.19) one has

”FHCl,a(gOX(_]_’l)n—k) < Ca ||u”cl,a(§o><(_l’l)n—k) < C. (345)

We claim that if pig is small enough (and up to identify (n—k)-vectors in R" ¥ with real numbers,
with the convention that e; A--- Ae,_ = 1), then

ou 1
A aTZ-(“"’O) >3, Voebd(S). (3.46)
Indeed, by (3.43), (3.19), and by OF/0t;(x,t) = 1\ (z) we find that
n—k ou n—k ) n—k ' )
A 5p @0 = N\ Vis(fo@)l @) = [[ v (o) -1 (@),  Yrebd(S), (3.47)
i=1 " i=1 i=1

so that (3.46) follows by (3.9) provided g is small enough (recall that p < p3). By (3.44),
(3.45), (3.46) and Theorem 2.2 (that can be applied thanks to (3.5) and (3.23)) there exists a
positive constant 79 > 0 (depending on n, k, , and L) such that for each x¢ € bd (Sp) one can
find Cyy € O (Usymo; RPF) with

U(CC, Ca:o (CC)) =0, Vr € Umo,no s (348)
Colt0) =0, [Canlloro, ) < C (3.49)

Note that we had to put constraint on the smallness of pg to assert the existence of 1. We are
of course free to decrease the value of ug without affecting the value of 75. We shall require that
o is suitably smaller than 7, precisely that pg < 19/Cy for some suitable C, = Ci(n, k, o, L),
and we shall further decrease the value of 1y depending on n, k, a and L only.

Let us now prove that if 2,21 € bd (Sp), then

CIO (:U) = Cl‘l (:E) ’ Vo e UZO,VIO N UfElﬂ?o . (3'50)
Indeed, by [Caolco1 (v, ) < C and Gz (20) = 0 one has
G0 llco @y my) < Crm0 s (3.51)

for some constant C; depending on n, k, @ and L only. In particular, up to further decreasing
the value of 79 in dependence of the C*-bound on u in (3.45) and of Cy, we can entail

ou 1 B
/\ %(l’,t) > g’ V(Jj,t) € Uxoﬂlo X (_01770701 770)n k (3.52)

Now, if & € Uyyno N Uzy o and we set Ag = (—Cino, C110)" %, then by (3.45) and (3.52) one
has u(z,-) € CL¥(Ag; R"F) with

u(z, )|cteay < C, JAou(z, - 2} on Ag.
(Ao) 3

By Theorem 2.1, there exists £y (depending on n, k, o and L only) such that u(z,-) is invertible
on Aj = (—€0,€0)"*. By requiring that Cyng < &g, we thus find that u(z,-) is invertible on
Ay, and since (g, (), (z, () € A with u(z, (g (2)) = u(z, (5, (x)) by (3.48), we deduce (3.50).
Moreover, by an entirely analogous argument, we deduce from (3.44) and (3.48) that

Cao(x) =0, Vo € bd (So) N Uy - (3.53)
By (3.48), (3.49) (3.50), and (3.53), if we define ( € CH¥(K,,; R" %) (recall that K, =

I,),(bd (Sp)) N Sp) by setting ¢ = (z, on Uy y, for each z¢ € bd (Sp), then
uw(z,((x)) =0 Vre K,, ((x) =0 Vz ebd(S), (3.54)
[¢llcox,,) < Cimos ¢llera,,) < C- (3.55)
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We finally set

f(z) = F(z,((2)) = = + G(z) + Z iz .z e Ky, (3.56)

where (; = e; - ¢, and show that f has the required properties. By (3.43) and (3.54) we prove
(3.24), while (3.26) follows from (3.45) and (3.55). Similarly, (3.54) and the definition of u give

f(Ky) C {ds =0}. (3.57)

By (3.24), (3.26), and f(bd (So)) = fo(bd (Sp)) = bd (S), we find that f(K,,) C Icy(bd (S)),
so that, up to decrease 7y and thanks to e > C~1 (recall (3.19)), we can entail f(K,,) C I.(S).
In particular (3.57) gives

J(EKy) C 5. (3.58)
By (3.56) and (3.39),

70(f —1d)(z) = du(z) b(x), Vo € Ky, (3.59)

so that (3.31) follows by spt ¢, CC I,(bd(Sp)). By differentiating (3.59) along 7 € T, Sy we
find

VI (f 1)) (2) [7] = (Vou(@) - 7) bla) + 6,(@) Vb(x) 7]

which implies (3.29) (recall we are addressing the case k > 2) once combined with (3.38) and
(3.59). By differentiating (3.56) along 7 € TSy we find that

Vo f(2)r] = T—i—ZVSOC, 7] v () (3.60)

=1
VG +zg (@) V5 @)[r].

The first term on the second line is bounded by Cpyg thanks to (3.41), while the second term
on the second line is bounded by C g thanks to (3.6) and (3.55), so that, as we are requiring

po < 1o/Cs < o,
_ n—k )
V5 f@)ir = (r+ Y V6@ @) < Cm. (3.61)
i=1
Thus, if {7',-};'7’:1 is an orthonormal basis of T, x§0, then

T f(@) )/\(mzv% (] (@) | = C o

Since /\ i—1 Ti is orthogonal to A;c; 7 AN\ ey Vo )($) forevery I C {1,....,k} and J C {1,...,n—k}
with #1 + #J = k and #1 < k, by projecting over /\f:1 7; one finds

Jsof ‘/\ (TZ—I—ZVSOCJ [7i] 1/0 (CC)) . /k\Ti
=1

provided 7 is small enough; this proves (3.30). Again by (3.61) we find that if z € bd (Sp), then

U f (@) g (0)] - v (F()) > v (2) v (f(2) = € max [ (@) - vE(f(2))| = Co.-

1<i<n—k

1
—0770:1—07]025, (3.62)
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By (3.9), v () - v2(f(@)) = 1 — Cp and " (x) - vE?(£(2))] < C'p, 50 that

VI @] (@) 2 5, Ve € b (So), (3.63)
2

provided 7o (thus p < p2) is small enough. By (3.24), (3.58), and (3.30), for every = € bd (Sp)
one has

VR F(@)[To50) = TyyS, 9 f(2)[Ta(bd (S0))] = Ty (b (5)).
so that (3.63) gives
Vgof(m) [{v eT,Sy:v- vg(x) < 0}} ={we Tf(x)g cw- v (f(z)) <0}

By combining this fact with (3.58) we deduce (3.32) (up to possibly further decreasing 7y in
dependence of the bound in (3.26)). We are thus left to prove (3.25), (3.27) and (3.28).
We first prove (3.27). By (3.32) one has

nd(S, So) > dist(f(x),S0), Vo e K. (3.64)

Let g > 0 be the inverse of the maximum of the largest principal curvature of Sy, so that, by
(3.6), g0 depends on L only. Then

n—k
dist (x + 5 (@), so) =|t|], VazeS,t|<eo. (3.65)
=1
By spt¢, CC I,,(bd (Sp)) and by (3.56)

f@) =2+ Y (ai(@) +G@) (@), Vee Ky \K,,
where |la; + Gllco(k,,) < Cno by (3.38) and (3.55). Up to decrease 79 in order to obtain
||a; +Ci”c’0(Kn0) < €0, we can apply (3.65), (3.64) and [|a;||comny < Cl[fo —Id|[c1(pa (s,)) to find
\i,y < € (hd(8,80) +I.fo — |1 ba (so))) - (3.66)

In order to estimate HCHC’O(K,T) we consider, for every x € K, a point g(x) € Sy such that
|f(x) — g(x)| = dist(f(x),Sp): we claim that then one must have

lg(x) — x| < hd(S,Sp) +C p, Vee K. (3.67)

”CHCO(K%

Indeed, let z € K, so that there exists y € bd (Sp) with [z —y| < p: since f(z) € S implies
|f(x) — g(x)| = dist(f(x),So) < hd(S,Sy), by (3.26) we find

l9(z) — x| <lg(x) = f(@)| + |f(z) = f(y)| + |z — y| <hd(S,S0) + C |z —y|

that is (3.67). By (3.67), provided gy is small enough with respect to the constant 1/C appearing
in (3.22), we find that

- @) So _ 2 +
L (o)~ ) @ SOl — P, eeKi. (369

Now, by (3.64) and (3.59) we find that, if z € K/, then
hd(S,S0) > dist(f(x), S) = | f(x) = g(2)| > |73 (f(x) — g(x))|
=m0 (z = g(x))] = [b(2)] du(x)
so that (3.68) and (3.38) give

7 2
Lmax_|(g(2) —2) -1 (@)] < C (hd(S.50) + | fo ~ Wlengacsn)’s Vo € K-
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By exploiting this last inequality, (3.56) and (3.38) we deduce that if z € K, then

hd(S,S0) > dist(f(x),S0) = |f(2) — g(@)| > |(F(2) — 9(2)) - v ()]
> (e = g(0) 15" (@) + (ai(x) + G(@)] ~ ()] u(x)
> |¢i(z)| = C (hd(S, So) + IIfo = Id]lcr ba (s0))) -
By combining this estimate with (3.66) we thus conclude that

ICllcorey < € (hd(S, So) + [l.fo — Idll o1 ba (so))) - (3.69)

By combining (3.69), (3.56) and (3.41) we prove (3.27).
We now prove (3.25). First, we claim that there exists a constant M depending on n, «, k
and L only such that
f(z) €[Slsp, Ve e K\ K. (3.70)
Indeed, let € K& \ Ky, and let y € bd (Sp) be such that [f(z) — f(y)| = dist(f(z),bd (5))

(we can find such a point y as fp is a bijection between bd (Sp) and bd (S) and since f = fy on
bd (Sp)). By (3.27), we have

dist(f(z),bd (5)) = |f(z) = fW)| =l =yl = [f(z) —z[ = [f(y) -yl
> dist(z,bd (Sp)) —Cp> (M —-C)p>3p,

provided M is large enough. This proves (3.70), which, combined with assumption (ii) and
(3.65), gives in particular

fl@)=g(@) +¢(g@)  g(@) €[Sl,,  Voe Ky \Ku,. (3.71)
By (3.31) and (3.71), we find g(z) = x for every z € K, \ K, so that, in particular,
fl)=x+9¢(x), VeeK\K,, (3.72)

that is (3.25). Note that this argument also gives ¢; = a; + (; on K,f \ K}, so that (3.38) gives
us
Il e\ i) < C (I fo = Tdlleraso)) + 1llor(1so),)) »
and thus, by (3.56) and (3.41)
C

I~ lon ey < 0% Coo (3.73)
which will be useful in proving (3.28), as we are now going to do. We first note that by (3.60),
(3.41), (3.27), and (3.6), it is enough to show that

~ C o
IV oy < i (3.74)

To this end, the natural starting point is differentiating ds(f) = 0 on K, at some fixed x € K,
along 7 € T,,S). By combining the resulting identity Vdg(f(x))[V0 f(x)[r]] = 0 with (3.60),
(3.41) and (3.69) one finds that, if z € K;I' and 7 € T;;Sp with |7]| = 1, then

|Vds(f(2)[ + > (VoG@)Ir) v @) | < f: (b(S, 50) + 1o = Tl o ) < f:p,
=1
that is L ] . .
[Vds(/ () [Zj (Voa@in) o’ @] | < - (o + Vst (3.75)

We claim that
|Vds(f(z))[v]] > 5 Vo € Kb v e (TuSo)" . (3.76)
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Indeed, if z € bd (Sp), then, by (3.9), V(()i) (x) - Vg)(f(x)) >1—Cpforeveryi=1,..n—k, that
is, |7T,§(x) [v]| < Cp|v|: thus by (3.21) and provided pg is small enough

Vds(F@)| > 5 ol Vo€ bd (So),v € (T50)" (3.77)

which immediately gives us (3.76) for x € K;LL provided pg is small enough depending on C' >
|dsl|ct.a(mny- If instead z € K|\ K, then by (3.73) we find that ‘W?(m) [v]| = |7T]‘?(w) [v] =750 w]| <

0

C po [v]. Thus we deduce that (3.76) holds for z € K,!' \ K, too, once again, thanks to (3.21)
and provided pg is small enough. By combining (3.76) with (3.75) we thus find

~ C -
V¢ (2)[r]] < " (p+IVds(f(x)Ir]l), VzxeKl reTSns" . (3.78)

We are now going to show that
IVds(f(x)[7]] < Cp*,  Voe Kl reT,SnsS" . (3.79)

Indeed, if x € bd (Sp), then (3.79) follows by exactly the same argument used to prove (3.77)
(with p in place of p®). By exploiting [|Vds|c1.e@ny < C, one deduces the validity of (3.79) for
every x € K, p (here is the point where p® appears in place of p). In order to prove (3.79) on
Ko\ K, we first notice that if x € Kb, then |g(z) — f(x)| = dist(f(x), So) < [f(z) — x|, so
that (3.27) implies the following improvement of (3.67):

l9(z) — 2| < C (hd(S, So) + [ fo —dllcr(ba(soey) < Cp, Vo€ K. (3.80)
At the same time, by (Id +)([Sol,) C S and [[¢[c1((sy),) < p one finds

7wl = (1= Cp)lrl, Vo€ [Sol,,7 € TuSo,
which, by (3.21), gives
\Vds(z +¥()[7]| < Cplrl, V€[S, € TuSo.
By (3.19), (3.10) and (3.80)
Vds(g(z) +¥(g(x)[7]]| < Cp*|r|,  Vaoe Ky \K,,7€TS,

which implies (3.79) for x € K \ K, thanks to (3.71). This completes the proof of (3.79),
which combined with (3.78) gives us (3.74). The claim, thus theorem, is then proved in the case
k > 2. Concerning the case £k = 1, the main difference is that the extensions a; and b of a;
and b satisfying (3.38) can now be defined by elementary means by exploiting the assumption
Ipo — qo| > 1/L, with their C*(R")-norms controlled in terms of ||fy — Id|lcoa s,y (see also
Remark 3.2). The rest of the proof carries on almost verbatim, and we thus omit the details. [J

3.2. A reformulation of Theorem 3.1. In the situations in which we plan to apply Theorem
3.1 we are usually given a sequence of manifolds {S;}; converging to a limit manifold Sy rather
than a pair of nearby manifolds S and Sy. In order to apply Theorem 3.1 one thus needs to
pass from the former situation to the latter, and this can indeed be done by a simple argument.
Instead of having to repeat this argument at each application of Theorem 3.1, it seems preferable
to prove once and for all an alternative version Theorem 3.1 which is already tailored for the
case of sequences.

Theorem 3.5. Letn >2,1<k<n-—1,a€(0,1], and L > 0. Let Sy be a compact connected
k-dimensional C%'-manifold with boundary in R™ and let {l/go) ?:]k C CH1(Sp;S™ 1) be such

that {l/go) ?:_lk is an orthonormal basis of (TySo)* for every x € Sy. Then there exist g € (0,1)
and Cy > 0 (depending on n, k, a, L and Sy only) with the following property.
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Let {S;}jen be a sequence of a compact connected k-dimensional CYH®-manifold with bound-
ary in R™ such that

bA(S;) #0, Sl <L, lim hd(S;, o) =0, (3.81)
J]—00

and assume in addition that:

(1) if k =1, then, setting bd (So) = {po,qo}, bd (S;) = {pj,q;}, foj(po) = p; and fo;(q0) = qj,
jﬁj{)lo 1fo; — Idllcoma sy + 1V§] (fo.5) — vS;llcowa o)) = 0 (3.82)
if k > 2, then there exist C1*-diffeomorphisms fo ; between bd (Sp) and bd (S;) with
?gg I foillcremase)) < Ly

lim [1fog =Tl (na si)) =0
. (3.83)
Jli>rgol<1?<%1x k”’/s (fo5) = v llooa (s)) = 0

Jim V5] (fo3) = vsglleoga sy = 0

where {Vél])}?:_lk is satisfies (3.1) with S = Sj;

(i) for every p < p3 and i = 1 ,n—k there exist j(p) € N and {i;};> () € CH*([So],) such
that, setting ¥; =Y 1) w” VS , one has

[Silsp € (Id +45)([Sol,) €S, Vi=>j(p),

o < i ; =0.
sup Wglloreqsay <2 Jim ilessy =0

(3.84)

Then, for every pu € (0, o) there exist j(u) € N and, for each j > j(u), a CH*-diffeomorphisms
fj between Sy and S; such that

fj = fO,j on bd (S()) y fj =1d + ”L/Jj on [So]u N

Sup ”fj||01’°‘(5'0) < (o, hm Hf] — Id”cl(so) =0,
725() j=0 (3.85)
—1d) - vg, : ifk=1,
752y ) fon sy < S0 {100 720 ety
t [fo; —1dllcrwa(sey, — ifk>2.

Proof. By Remark 3.4, up to increasing the value of L depending on Sp, one can entail the
existence of Sy such that assumption (a) in Theorem 3.1 holds, and also that |pg — qo| > 1/L
in the case £k = 1. Now let ug and Cy be determined as in Theorem 3.1 by n, k,  and the
increased So-depending value of L, and let us fix p € (0, ug). Given p € (0,u2), by (3.82),
(3.83), and (3.84), and up to increasing the value of j(p), then for each j > j(p), S;, fo; and
1; satisfy assumption (b) of Theorem 3.1, that is, referring from now on to the case & > 2, for
every j > j(p) one has [Sj]3, (Id—{—?,!)])([ 0lp) C S; with

max {hd(So, ), [l fo; — Il va sons 175" (fos) = 6 e v s
1€ (fo.5) = v6°ller a soyys 1¥illcr sl } < o

max { || Sjllcra, | fojllcrema (so))s 1¥5llcrase,) } < L-
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Hence, by Theorem 3.1, for each j > j(p) we can construct C'"*-diffeomorphisms ff between
So and S; such that

ff:foJ on bd(S()), f]p:Id—l—’l]Z)OIl [SO]M7

Co .
17 lcre(syy < Cos 1} = Tdllcr(sy) < o
Co | I(fo; —1d) - v@llcomaseyy . k=1,
”ﬂ-so(f;') _Id)HCl(SO) < ~0 J | 0 (bd (S0)) .
p [fo; —Wdllcrpacse)y, k=2

Finally, let us set, for £ > 2, p, = p?/*/(2 + €). For each £ > 2, p, € (0,4?). By iteratively
applying the construction above we can find a strictly increasing sequence {js}¢>2 C N such
that if j, < j < jyq1, then f; = f]m defines a C1*-diffeomorphism between Sy and S; such that
(3.85) holds with

C() C()M
. < = __F
Hf.] IdHCl(So) — L Pe (2+€)a

This completes the proof of the theorem. O

4. PERIMETER ALMOST-MINIMIZING CLUSTERS IN R"

The goal of this section is preparing the ground for the application of Theorem 3.1 to the
proof of Theorem 1.5. Specifically, in this section we discuss those preliminary facts that we
can prove in arbitrary dimension n. (In particular, these results shall also be used in part two
[LM15].) For the most part the arguments of this section should be familiar to some readers,
but we have nevertheless included some details of most of the proofs for the sake of clarity.
In section 4.1 we gather some relevant definitions from Geometric Measure Theory. In section
4.2 we recall the classic regularity criterion for almost-minimizing sets (Theorem 4.1) and derive
from it a very useful technical statement (Lemma 4.4 — which is well-known to experts, although,
apparently, not explicitly stated in the literature). In section 4.3 we exploit a simple “infiltration
lemma” to construct normal diffeomorphisms away from the singular sets (Theorem 4.12) and to
prove Hausdorff convergence of the boundaries (Theorem 4.9). Finally, in section 4.4 we briefly
discuss blow-up limits of clusters.

4.1. Basic definitions and terminology. Here we gather various definitions from Geometric
Measure Theory needed in the sequel.

Rectifiable sets. Let #* denote the k-dimensional Hausdorff measure on R™. A set S C R" is
locally k-rectifiable in A C R™ open, if H*_S is a Radon measure on A and S is contained, modulo
an H*-null set, into a countable union of k-dimensional C''-surfaces. If S is locally H*-rectifiable
in A then for #*-a.e. € SNA there exists a k-plane T,,S in R", the approzimate tangent space to
S at x, with H* (S — x)/r = H*_T,S when r — 0T as Radon measures; see [Magl12, Theorem
10.2]. Given such z € S, T' € CHR"™R"), and {7;(z)}*_, an orthonormal basis of T,.S, the
tangential divergence divsT of T over S at x is defined by divg T'(x) = Zle 7i(2) - (VT (z)7(x)).
One says that S has generalized mean curvature Hg € L (H* (AN S);R™) in A, if

loc

/divsTde:/ T-HsdH*, VT €ClARY). (4.1)
S S

If Hg € L®°(H*L(AN S); R™) one says that S has bounded generalized mean curvature.

Sets of finite perimeter. A Lebesgue-measurable set E C R" is a set of locally finite perimeter
in an open set A C R™ if sup{ [, divT : T € C(A; B)} < oo, or, equivalently, if there exists a
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R"-valued Radon measure p on A with

[ Vo= [ s@du@),  veecha). (4.2)
E n

The Gauss—Green measure pp of E is defined as the Radon measure appearing in (4.2) for the
largest open set A such that F is of locally finite perimeter in A. The reduced boundary 0*E of
E is defined as the set of those x € spt up C A such that

— lim FEZer)
ve(®) = i Bar)

It turns out that 0*E is a locally H" !-rectifiable set in A, and the Borel vector field v : 0*E —
S"~1 (called the measure-theoretic outer unit normal to F) is such that up = vg H" 'LO*E on
bounded Borel subsets of A. If F¥ C A is a Borel set, then the perimeter of E relative to the
Borel set F is defined as P(E; F) = |ug|(F) = H" Y(F N 0*E), and we set P(E) = P(E;R").
One always has

ANcl(0*E) =sptpup={z € A: 0 < |ENBy,| <w,r" Vr>0} C ANIE,

where w,, is the volume of the Euclidean unit ball in R™; moreover, ug is invariant by modifica-
tions of E'N A on and by a set of volume zero, and up to such modifications (see, for example,
[Magl2, Proposition 12.19]) we can assume that

ANcl(0*E) =sptug = ANOE. (4.4)

Throughout this paper, all sets of finite perimeter shall be normalized so to have
identity (4.4) in force (where A denotes the largest open set such that E is of locally finite
perimeter in A).

Let us now recall from the introduction that a family & = {£(h)}}_, of Lebesgue-measurable
sets in R™ with |E(h)NE(k)| =0 for 1 <h <k < N is an N-cluster in A if each £(h) is a set of
locally finite perimeter in A and |E(h)NA| > 0 for every h = 1,..., N. If A is the largest open set
such that £ is a cluster in A, then, according to (4.3), 9*E(h) is well-defined as a subset of A and
so are the interfaces E(h, k) = 0*E(h) N 0*E(k); thus 0*E, as defined in (1.17), is automatically
a subset of A, with

exists and belongs to S*~!. (4.3)

oE= | J Ehk).
0<h<k<N
It will be useful to keep in mind that, by (4.4), one has

N N
cl(9*€)=An U sptie(n) = U {ZL’ €A:0<|Eh)NByy| <wpr™ Vr> 0} =ANoE,
h=1 h=1

4.2. A regularity criterion for (A, rg)-minimizing sets. Given z € R",r >0 and v € S" 71,
let us set

Co,={yeR":|(y—a) v|<r,|(y—2)—((y—=) v)v|<r},

Dy, ={yeR":|[(y—=) v[=0,|(y —2) = ((y —2) v)v| <7},

and define the cylindrical excess of E C R™ at x, in direction v, and at scale r, as
1

= — vp —v2dH™ !,
-l /Cg,ma*E
provided FE is of finite perimeter on C;,. When v = e, and = 0 we simply set

C.=Cg,, D, = Dg;., exc,(E) = excy,.(E).

The next result is a classical local regularity criterion for (A, rg)-minimizing sets.
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Theorem 4.1 (Small excess regularity criterion). For everyn > 2 and « € (0, 1) there exist pos-
itive constants ,(n), C(n) and C(n,«) with the following property. If E is a (A, ro)-minimizing
set in C¥_ . with xg € OF, r < 19, and

0,7
exc, (E)+Ar <ei(n), (4.5)
then there exists a Lipschitz function v : DY ) — R with v(zp) =0,
lolloopy ) < Cln)rexcy, (B)/20Y, (4.6)
zq,r/2 ’
v 1/2(n—1
IVelloopy, ) < Cln) (excl, () +Ar) /2n=1) (4.7)
7% [Vv]co.e v 1) < C(n,a) (excy . (E)+Ar) 1/2(n=1) , Va € (0,1), (4.8)
zQ,T ’
and such that
CZO,T‘/2 ﬂaE = (Id‘i"l)lj)( 5077./2) . (49)

< CA.

Moreover, if n = 2 then one can replace (4.8) with |[v"|| v )
zq,r

Proof. Without loss of generality we set g = 0 and v = e,. By [Magl2, Theorem 26.3] (applied,
in the notation of that theorem, with v = 1/4) there exist positive constants .(n) and C(n)
such that if (4.5) holds then (4.9) holds for a Lipschitz function v : Dy, /3 — R with v(0) =0
and

for every z # y € Dy, /3. We now prove (4.8). By (1.2) and (4.9) one finds that

/ \/1+]Vv|2§/ V14 [Vo+ )2 +A lol, (4.11)
D2r/3 D

2r/3 D2T/3

< C(n) (exc,(E) + Ar)/*" Y (4.10)

for every ¢ € CCI(D2T/3>. In particular, there exists g € L>(Dy,/3) such that

th € Ccl(D2r/3) .

Vo
9]l oDy, 5) < A —/ 'Vsoz/ ge
/s Dy./3 V 1+ IVUP Dy, /3
By taking incremental ratios one sees that v € I/Vfo’CQ(DQ,, /3) with
tr(A(z)V3u(z)) = g(z), for a.e. z € Dy, /3,

where A = (1 + |Vo[>)=3/2[(1 4 |Vv|?)Id — Vv ® Vv] = F(Vv) for a Lipschitz map F : R —
R" @ R”. Thanks to (4.10),

Cog <A@ <CEL A — AW < Co)lr =yl Ve €Dy,
If we set A*(v) = A(rz), v*(z) = v(rz) and g*(x) = g(r ) for z € Dy/3, then

tr(A*(2)V20*(2)) = r? ¢g* (), for a.e. z € Dy3,

with |A*(z) — A*(y)| < C(n) |z —y|"/* for every z,y € Dy/3. If n > 3, then by [GTO01, Theorem
9.11], for every p € (1,00) one has

A

o oy < COPY (I oag) + 172 6oy
C(n,p)r (exc,(E) + Ar) 1/2(n—1)

thanks to (4.10). At the same time, by Morrey’s inequality, if we pick p > n — 1 such that
a=1—(n—1)/p then

Cln,p)l[v*wzem, ) 2 10" llcrem, ) = VU lcoam, ) = rite [Vv]goam, ) -

IN
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which gives us (4.8) in the case n > 3. If n = 2, then (4.11) directly implies that (14 (v")2)~%/2/
has a bounded distributional derivative g on the interval Dy, /3. By the chain rule we immediately

find [0y, ) < (1+ [0, ))¥%A < CA. O

Remark 4.2. Recall that lim,_,o+ inf,cgn1 excy .(E) = 0 for every x € 9*E; see, for example,
[Magl12, Proposition 22.3|. In particular, if E is a (A, rp)-minimizing set in A, then ANJ*E is
a Ch%hypersurface for every a € (0,1) (CH! if n = 2).

Theorem 4.1 can be used to locally represent the boundaries of (A, rg)-minimizing sets F
converging to a set E as graphs with respect to OF, at least provided OF is smooth enough.
This basic idea is made precise in Lemma 4.4 below. Before stating this lemma, we prove the
following technical statement where, given v € C**(D,) we set

k

HUH*C’C’Q(DT) = Z T’jil HDjuHCO(DT) + 7’k71+a [Dku]oo,a(Dr) .
j=0

In this way, if we set A\.(u)(z) = r~tu(rz) for x € D, then
1Ar(@)llcne ) = IAr (@)l cre ) = lullgrem,):  ¥r>0.
Moreover, given u : Dy, — R with |u| < 4r on Dy, we set
Iyp(u) = (Id +uep)(Dyy) C Cyp,
and let a A f = min{«, 5}.

Lemma 4.3. Givenn >2, L >0 and «, 3 € [0,1] there exist positive constants oo < 1 and Cy
with the following property. If u; € C**(Dy,), uz € CYP#(Dy,), and

mas luilen o,y < 00, mas [l s l2linsm,) ) S L (412
then there exists ¢ € O (Cq. N T, (u1)) such that

C, NI (ug) € (Id+¥v)(Cor NI (u1)) C Ty(u2), (4.13)

Dy IVl co(cannrs u)) + 7 [Vl goans (o (ur)) < Co s (4.14)

HwHCO(CQTﬁFT(QM

HwHC’O(CQTQFT(ul
T

4 [V elleoorstuny < Co i = wsllorp,) - (4.15)
Here, v € CYY(T'(u1); S"1) is the normal unit vector field to T'y(u1) defined by

v(z,ui(z)) = (_vul(z>71)
| 1+ |[Vuy(2)2’

Proof. Up to replacing u; with A.(u;) we may directly assume that » = 1. Correspondingly,
we write I'(u;) in place of T'1(u;) for the sake of simplicity. We define F' : Dy x R — R™ and
¢ : Dy x R — R by setting

F(z,t) = (z —t Viu (2)

t
S vaee O 1+|w1(z)yz>’

d(z,t) = wua(z) —t, (4.18)
for (z,t) € Dy x R. Notice that F' € C%*(Cy) and ¢ € C1#(Cy) with
[Fllerecy < C, [9llcrscy < C (4.19)

Vz € Dy, . (416)

(4.17)
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where C' is a constant depending on n, «, § and L only. Provided gy is small enough we also
find F(Cy) C Cy, so that we can define ® : Cy — R by setting

Vi (2) ui(z) —

t
1+ |Vu1(z)|2> a

V1+ [Vur(2)?

By exploiting (4.12) and (4.19) we find that, provided o is small enough,

B(z,1) = $(F(2,1)) = us (z —t

oo 1
H(I)HCI*O‘AB(CQ) S C, (I)(Z, 2) S —1, @(Z, —2) 2 1, E(Z,t) S —5,
for every (z,t) € Ca; hence there exists ¢ € CHV¥(Dy; (—1,1)) with
HCHCLW\/B(DQ) <C, (P(Z, C(Z)) =0, Vz € Dy. (420)
By (4.16) and (4.20) we find
{(z,u1(2)) + ¢(2) v(z,u1(2)) : 2 € Do} C I'(ug). (4.21)

Again by ®(z,((z)) = 0 we deduce that

((2) = V1+ Vui(2)]? (uz (- ¢ Wl(z)(zw) = ul(z)) , (4.22)

1+ \Vul

so that, by (4.12),

ICllenms) < /1 + 03 (lluz = willcom,) + o Koo )

and thus [[([lcom,) < C[lur — uz||cop,)- Similarly, by differentiating (4.22), by exploiting the
fact that u; € C*%(D2) and thanks to (4.12), one finds that
[Nl < Cllur — uzllcr(p,) - (4.23)

We finally define ¢ € C1*"(Cqy N T (u1)) by the identity ¢(z,u1(2)) = ((2), z € Dy. In this
way (4.14) and (4.15) follow immediately from (4.12), (4.20) and (4.23), whereas (4.21) gives
the second inclusion in (4.13). The first inclusion in (4.13) is obtained by noticing that: (i) up
to further decreasing the value of og we have

x € Conl(uy), ‘
{SUHVZ(HS),misy(x)er(uQ) = t=s; (4.24)

(ii) there exists n > 0 (depending on L only) such that every y € N, (Co NT'(u1)) has a unique
projection over Co NI'(uy). Since (by (4.12) and provided og is small enough) we can entail

Ci NI (ug) C Nn(CQ NI (up)),
by (ii) we find that for every y € C; NT'(u2) there exists a unique § € Co NI'(uy) such that
y =y +dist(y,CoNT'(w)) v(y).

By the second inclusion in (4.13), y € Co N I'(u;) implies that §+ ¥ (9) v(9) € I'(uz). By (4.24)
we thus find dist(y, CoNT'(u1)) = ¢¥(9), and thus y = §+¢(9) v(y). The first inclusion in (4.13)
is thus proved. U

Lemma 4.4. Ifn>2, a« €0,1], € (0,1), A >0, and E is an open set with 0 € OFE and
CiNnE={z+se,:2€Dy,v(z) <s<1}, (4.25)

for some v € C?%(Dy) with v(0) = 0 and Vv(0) = 0, then there exists r € (0,1/64) (depending
onn, a, B, A and ||v]|c2.«(p,)) with the following property.
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If {Ek}ren is a sequence of (A, rg)-minimizing sets in Bsa, with |Bsa, N (ELAE)| — 0 as
k — oo, then there exist ko € N and {tg }r>p, C C1(Ca, NOE) such that

C, NOE; C (Id + ¢i)(Cop N OE) C Car NOE,, Yk > ko, (4.26)
sup ||[¢kllcrens (e, noe) < C lim [[¢gllc1(cynom) =0, (4.27)
k>ko k—o0

where C = C(n, o, B, A, ||v]|c2.a(p,)). Moreover, when n = 2, one can take 8 = 1.
Proof. First, we note that by (4.25) one has
CiNIE ={z+v(z)e,:z€D1}. (4.28)

Second, we set M = |v||c2.a(p,), and exploit v(0) = 0 and Vv(0) = 0 to find r € (0,1/64)
(depending on n, A, and M) in such a way that

excerr(E) +A(64r) <o, |vllcip,,) <o, (4.29)

for a positive constant o to be chosen later depending on n, «, 8, A and M. Since 0 € OF, E},
is a (A, rp)-minimizing set in Bsa,, and |(ExAE) N Bsa,| — 0 as k — oo, by [Magl2, Theorem
21.14-(ii)] there exists {xy }ren with zx € 0F; and xp, — 0 as k — oco. By [Magl2, Proposition
22.6], for a.e. t € (167,327),

lim excy, ((Ey) = lim exci(Ey — x) = exc(F) < C(n) excea,(E) .
k—o0 k—o0

By (4.29) there exists kg € N such that
excy, t(Ep) + At < C(n)o,  Vk=ko. (4.30)

Provided o is suitably small with respect to the constant e.(n) introduced in Theorem 4.1, one
finds that for every k > ko there exists wy : D, ;o — R such that

t
CopieNEr = {z +sen:z €Dy, 19, wp(2) <5< 5} , (4.31)
ka,t/Q N aEk = {Z + wk(Z) STIFALS Dzk,t/Q} ) (432)
lokllorsm,, . = O 6). (4.33)

(Note that (4.31) follows by (4.32), (4.25) and the fact that | Bsa,,N(ExAE)| — 0.) By composing
the functions wy with vanishing horizontal and vertical translations, and since t/2 > 87, we
actually find that, up to further increasing the value of kg, then for every k > kg there exists
vy, : Dgy — R such that

Cs,NE, = {z+sen:z€D8T,vk(z)§5§87‘}, (4.34)
Cs,NOE, = {z+vk(z)en ZZGDgT}, (4.35)
Ikl e,y < ClnB). (4.36)

If we set L = max{M/r,C(n, )} with C(n, ) as in (4.36), then by (4.36) and by definition of
M we have

masc {[vl| o, g [0l50s o, ) S Ly VE > ko,

Let 09 = oo(n,a, 8, L) = oo(n,a, 5,A, M) be determined as in Lemma 4.3. By (4.25), (4.34)
and |Bs2,N(ERAE)| — 0 we have v;, — v in L!(Dg,.), thus by (4.36) we find vy, — v in C!(Dsg,),
so that, up to further increasing kg, decreasing o in terms of o, and thanks to (4.29),

max {HUHEI(Dzn‘)’ HU]CH241(D4T)} S ao, Vk Z kO .

We thus apply Lemma 4.3 and find ¢, € C1*"(Cy, N OE) with the required properties. O



30 M. CICALESE, G. P. LEONARDI, AND F. MAGGI

4.3. Infiltration lemma and consequences. In this section we exploit an infiltration lemma
(Lemma 4.5 — which is a special case of [LT02, Lemma 4.6], see also [Leo01, Theorem 3.1]
for a similar result in the context of immiscible fluids) together with Theorem 4.1 to address
various regularity properties of (A, rg)-minimizing clusters, and to prove some basic convergence
properties, see Theorem 4.9 and Theorem 4.12.

Lemma 4.5 (Infiltration lemma). There exists a positive constant ng = no(n) < wy, with the
following property: if € is a (A, r9)-minimizing cluster in A, then there exists a positive constant
r1 < 1o (depending on A and ro only) such that, if

> 1E(h) N Byy| < mor™, (4.37)
heH
for somer <ry, HCA{0,...,N}, and x € R" with B, CC A, then
D [E(R) N Byl =0. (4.38)
heH

Proof. By arguing as in [Magl2, Lemma 30.2] one sees that if £ is a N-cluster in A such that
P(&;By,) < P(F; By )+ Colvol (€) — vol (F)J, (4.39)

whenever £(h)AF(h) CC By, CC A for some z € R", r < ry and every h = 1,..., N, then

(4.37) implies (4.38) with 71 = min{rp, 1/8Cp}. This is achieved by exploiting the perturbed

minimality inequality (4.39) on comparison clusters F having the property that, if 0 < h < N,
then either F(h) C £(h) or £(h) C F(h). We now notice that, on such clusters F one has

N
d(E,F) =) [IEM)| = |F(R)|| < VN |vol (€) — vol (F)|.
h=1

Therefore, if £ is a (A, r¢)-minimizing cluster in A, then (4.39) holds on every comparison cluster
F as above with Cy = v/NA, and we can argue as in [Magl2, Lemma 30.2] to prove the lemma
(with r; = min{rg, 1/8v/NA}). O

Corollary 4.6 (Almost everywhere regularity). If € is a (A, rg)-minimizing cluster in A, then
0*E is a OV -hypersurface for every a € (0,1) (CYY ifn = 2), it is relatively open inside ANOE,
and H""1(34(£)) = 0. Moreover, if n = 2, then we can replace C** with C1:t.

Proof. Step one: We prove that there exists ¢(n) € (0,1) and r; < r¢ (depending on &), such
that, if 0 <h < N, z € 9€(h), and r < rq is such that B,, CC A, then

wp "

P(E(h); Ba,r)

() < —5

Indeed, Lemma 4.5 implies (4.40) with ¢(n) = no(n)/wn,; see [Magl2, Section 30.2]. Up to

further decreasing the value of ¢(n), the lower bound in (4.41) follows from (4.40) and the

relative isoperimetric inequality on balls, see [Magl2, Proposition 12.37]. Finally, by testing

(1.15) on F(h) = E(h) \ Bezr, 1 < h < N, we find that P(E(h); Byy) < nw, ™1 + Aw, 1",
whence the upper bound in (4.41).

Step two: We show that if x € E(h, k) = 0*E(h) N 0*E(k), then there exists r, € (0,7p) such

that |£(j) N Byr,| = 01if j # h,k and B, ,, CC A. Indeed, by standard density estimates (see
[Magl2, Exercise 29.6]), we have

(1 —c(n)), (4.40)

<O, A)(1+7). (4.41)

o B0 Busl | |E(R) 0 Bl _

r—0+ Wp T Wp T

L,
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so that the existence of 7, follows from Lemma 4.5. As a consequence, (1.15) implies that both
E(h) and £(k) are (A, rp)-minimizing sets on By, . By Theorem 4.1 and Remark 4.2, 0*& is a
Cl@_hypersurface for every a € (0,1) (Ct! if n = 2) and it is relatively open inside ANJE. The
lower (n — 1)-dimensional estimate in (4.41) implies H"1($4(€)) = 0 by a classical argument
(see for example [Magl2, Theorem 16.14]). O

Corollary 4.7 (Local finiteness away from the singular set) If € is a (A, ro)-minimizing N -
cluster in A, p >0, and A’ CC A is open, then (A'NIE)\ cl(1,(X4(£))) is the union of finitely
many disjoint connected hypersurfaces.

Proof. By Corollary 4.6, we can directly assume that 9*€ = (J;c Si, where each S; is a nonempty
connected C'-hypersurface with S; N.S; =0 for i # j. If we set S = (A'NS;) \ el (1,(24(E)))
then {S }ien is a disjoint family of connected C''-hypersurfaces whose union is equal to (A’ N
9E)\ el (I,(X4(€))). We claim that only finitely many elements of {S”};en are nonempty. If
this were not the case, then, up to extracting subsequences, we could find {z; };en C (A'NIE)\
cl(I,(X4(£))) with x; € S; for every i € N and z; — « for some z € (cl (A") NIE) \ I,(X4(E)).
Since x € 0*E, by Theorem 4.1 and step two in the proof of Corollary 4.6, there exists r, > 0
and v € S"7! such that € N CY, =9*ENCY, = (Id+wvv)(DY, ) for some v € C(DY, ).
By connectedness, we infer that S; N C7, = S; N CY ., which contradicts the assumption on

SZ' and Sj. O

Corollary 4.8 (Bounded mean curvature). If € is a (A, ro)-minimizing cluster in A, then ANOE
is a locally H™'-rectifiable set with bounded mean curvature in A, and

[Hocl| Loo (1n—1.(anoe)) < A- (4.42)

Proof. Since 9*€ is locally H" !-rectifiable in A and H" (X 4(€)) = 0, one finds immediately
that AN OE is a locally H" !-rectifiable set in A. By Riesz theorem and Lebesgue-Besicovitch
differentiation theorem, in order to prove (4.42) it suffices to show that

/ divoe T dH" ' < (1 +n)AP(E; Bey), (4.43)
o0&

whenever B,, CC A, r <19, T € C}(By,;R") with |T| < 1. To this end, let {f;} <. be the
flow with initial velocity T, so that (see, e.g., [Magl2, Theorem 17.5])

P(fi(E); Byy) = P(E;Byy) +1t / diV@ETdHn_1 + O(tQ) ,
o*E

for every set E of finite perimeter in B, ,. By Lemma B.2 (see Appendix B) one sees that for
every n > 0 it is possible to decrease € > 0 in such a way that

[fe(E)AE] < (1+n) P(E; Boy) [t],  V[t] <€,

for every Borel set E C R™. Up to further decreasing the value of € we have f;(E(h))AE(h) CC
B, for every h =1,..., N, so that by (1.15) one finds

A

N
P(€:Bay) < PUAE): Buy) + 2 S IEMAREM))
2 h=0

— P(&:B.,) +t/ divoeT A" + O(2) + (1 + n) A lt| P(£; B.y) .
o

and immediately deduces (4.43). O

We now start to consider the situation when
{&k}ren are (A, rg)-minimizing N-clusters in A

4.44
and & is a N-cluster in A with d4(&;, &) — 0 as k — oc. (444)
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Note that in this situation, by arguing exactly, say, as in the proof of [Magl2, Theorem 21.14],
one has that £ is also a (A, r¢)-minimizing cluster in A. As a further corollary of the infiltration
lemma and of Theorem 4.1 we have the following theorem.

Theorem 4.9 (Hausdorff convergence of boundaries). If (4.44) holds, then for every A" CC A
one has hd 4/ (0&,0E) — 0 as k — oo, and actually

lim hdy <8€k(i) N A&L(), DE() N ag(j)) =0, forevery0<i<j<N. (4.45)
— 00

Moreover, for every e > 0 there exist kg € N such that
Ya(&) C I(X4(E)), Vk > k. (4.46)

Remark 4.10. We are not able, in general, to prove the inclusion ¥ 4/(€) C I.(X4(&)) for k
large, and thus infer the full Hausdorff convergence ¥ 4 (&) to X 4(€) in every A’ CC A. We can
achieve this if n = 2, see Theorem 5.5 below, and if n = 3, see [LM15].

Remark 4.11. Note that if A’N9E(i) NIE(F) = 0, then (4.45) forces A’ N OE (i) N OEL(j) = O
for every k large enough. Indeed, hda/(0,7) =0 if TN A’ = ), with hd (0, T) = +00 whenever
TNA #10.

Proof of Theorem 4.9. Step one: We prove (4.45). To this end, let us fix 0 <i < j < N, set
Sty = 06,(1) N OE(G),  Siy = 9E(I) NOE()),
and show that for every ¢ > 0 there exists kg € N such that
A'NSE, CI(Siy),  ANS;CI.(Sf), Vk>k. (4.47)
We prove the first inclusion in (4.47) by contradiction. Let us consider z; € A’ N Sfj with
dist(xg, S; ;) > ¢ for every k € N. (Note that if S; ; = 0, then dist(z, S; ;) = +oo for every xz € R”

and contradicting the first inclusion in (4.47) exactly amounts in saying that A’ N Sf‘:j #0.) Up

to extracting subsequences, we may assume that xzy — z for some z € cl(A’) C A. Since
dist(x, S;;) > €, by (4.4) there exists r, < dist(x,0A) such that

either | By, NE(E)| =0, or |Byr, NE(T)| = wpnrly,
or |Bzr, NE(7)] =0, or |Bzr, NE(J)| = wn
For r; as in Lemma 4.5, let s, = min{r,,r;}/2, then for k > ko one has
either | Bz, 25, N EL()| < mo (252)", or | Bz, 25, N EL(1)| > (wn — o) (252)",
or | Bay,25. N ER(F)] < mo (252)" or | Bay,25. N ER(G)] > (wn —10) (282)"
and thus, by Lemma 4.5,
either |Bz,,.s. NEL(1)| =0, or | Bz, N EK()| = wp sk,
or |Bz,..s. NEL(T)| =0, or |Ba.,s. N EL(F)| = wn sy .

By (4.4), x, € A"\ Sffj for k large, a contradiction. We now prove the second inclusion in (4.47):
by contradiction, there exist x € A’ N .S; ; and £ > 0 such that B, . N Sfj =0, i.e., by (4.4),

either |Bze NEL(1)] =0, or |Bze N EL(1)] = wpe™,
or |Bze NEL()| =0, or |Bze NEL(J)| = wne™,
for infinitely many values of k; by letting & — oo along such values we thus find that z ¢ S; ;.

Step two: We prove (4.46). Should (4.46) fail, we could find ¢ > 0 and xp € X4/ (E) with
dist(zg, X(E)) > € for infinitely many k& € N. By step one, up to extracting subsequences,
xp, — x as k — oo for some x € ANOE. Since dist(z, X(E)) > ¢, we have x € 9*E. By step two
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in the proof of Corollary 4.6, there exist 0 < h < A’ < N and 27, < min{ry,dist(xz,0A)} such
that € £(h,h') and By 2,, C E(h)UE(R'). Hence, for some ky € N we have

"c/‘k(h) N Bwk,2r*| + |gk(h/) N sz,Zm| > ("Jn - 770) Ty s Vk > ko .
By Lemma 4.5, & (j) N By, r, = 0 for every k > ko and j # h, R/, so that & (h) is a (A,rg)-
minimizing set in By, ,,. By arguing as in Lemma 4.4 we find that
excl (E(h)) = lim excl ,(E(h)), for a.e. r < ry. (4.48)
k—o0

x,r T,T

Since x € £(h, 1), by Remark 4.2 there exist r., < min{r,,ro} and v € S"~! such that

exc? . (E(h) + Are < S

TyT s — 2n ’

where €,(n) is defined as in Theorem 4.1. By (4.48) and (4.49) we conclude that, for some
7 € (rex/2,74) and up to increasing ko, excy . (Ex(h))+Ar < e, for every k > ky. By Theorem

T,T

4.1, By, /2N O*Ek(h) is a Cl_hypersurface, against x;, € ¥4/ (E). O

(4.49)

We now set
[ag]p = (ANoE) \Ip(zA(‘g)) )
recall the definition (2.2) of normal e-neighborhood N.(S) of a manifold S C R", and then
combine Theorem 4.1 and Theorem 4.9 to obtain the following weak improved convergence
theorem.

Theorem 4.12 (Normal representation theorem). If A > 0, a € (0,1), and £ is a N-cluster in
A C R™ such that 0*E is a C*'-hypersurface, then there exist positive constants py (depending
on &) and C (depending on «, A, and &) with the following property.

If (4.44) holds, then for every A CC A and p < pg there exist kg € N, e € (0, p), Q open
with A’ CC Q CC A, and {tx} k>, C CHY(QN[OE),) such that

(AN OEK) \ I2p(34(E)) C (Id + thpre) (2N [9E],) C 0*Ek, (4.50)
N.(A' N [0€),) NOE, = (Id + Y ve) (A N [DE],), (4.51)

with
m [9]lor@njae,) = 0. sup [¥kllcra@nppe),) < C- (4.52)

Moreover, when n = 2 one can set a = 1 in this statement.

Proof. Since 0*€ is a C%!-hypersurface, for every = € 9*& there exist r, > 0, v, € S* ! and
Vg € C2’I(Dgf64rz) with vz (z) =0, Vuz(z) =0, and

9E N Ca,, = (Id + vz 1) (D%, ) Ciioar, CCA. (4.53)

By Theorem 4.9, £ is a (A, rp)-minimizing cluster in A, so that by step two in the proof of
Corollary 4.6 there also exist 0 < h, < hl, < N such that, up to further decreasing r,, one has

1£G) N Coeyr, | =0, Vi # hg, bl (4.54)
and thus, taking (4.53) into account and without loss of generality,

Clioar, NE(hy) = {z +svg 2 €Dy, s va(2) <5< 647“90} . (4.55)

By Lemma 4.5 and by (4.54) there exists k, € N such that
|€:(j) N Basar,| =0,  Vj#hghly,  Vk>kg, (4.56)

so that & (hy) is a (A, rp)-minimizing set in By 32, for & > k;. By Lemma 4.4 there exist
sz € (0,72) and, up to increasing k,, functions 1, € CH*(CY%,, N IE(h,)) with

x,2 Sy
C.rs, NOE(hy) C (Id + ¥y g Ve, (h,)) (Chia s, NOE(hy)) C CFfy g N OEk(hy) (4.57)

x,4 Sy
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« v < C 1 v — 0 458
§§£)||¢z,k”ch (cr,, nogtha)) < € kglgo||¢x,k||01(cm%mag(hz)) ; (4.58)

where C depends on «, A and €.
Let pg > 0 be such that [0&],, # 0. For every p € (0, pg) we can find {z;}}1, Cc A'N[d€], C
0*E such that (for s; = s;, and v; = v,,) one has

M
A'nogl, cc| ey

Ti,8q 7
i=1

CY 4, CCA. (4.59)

Since 0*& is a C?-hypersurface we can find £(p) € (0, p) such that every point in N,(,) (A’ N[OE],)
has a unique projection onto A’ N [0€], and

M
N.(p)(A'N[0€],) C Ly (A N[OE],) c | Ch .- (4.60)

Ti,Si
i=1

By arguing as in the proof of Lemma 4.3, we see that 1; ; = v on CZ’;,Q s; N C;;Q 5 N o€ for
every i, j. In particular, if we set

M
— Vi
Q= U szﬂ 8
=1

then we can define ¢, € C1(Q N 9E) for every k > ko = max{k,, : 1 < i < M} by letting
Y = P,k on Cy  NOE. In this way,

M

o0& N JCh € Id+4hpre)(QNOE) C °E,  VE > ko, (4.61)
=1
sup [[Yllct.e@nas) < C, im |9 lc1onaey = 0- (4.62)
k>ko k—o0

By (4.60), (4.61), A’ N[0€], C £, and since Id + ¥, vg is a normal deformation of N OE,
Na(p)(A, N [88]p) No&E, C (Id + wkl/g)(Q N 85) N Ng(p)(A/ N [88]p)
= (Id+¢kV5)(A/ﬂ [0€],) C Ne(p)(A/ﬂ [0€],) N O&

where the last inclusion follows by the second inclusion in (4.61) provided ||¢k||coonas) < €(p)
for every k > ko. This proves (4.51). Finally, by Theorem 4.9, up to increasing ko, A’ NI, C
I () (0€) for every k > ko, so that e(p) < p gives us

(A" 01 08) \ Iop(B(E)) € A' 1 (T (96) \ Top(Ba(€))) C A" iy (9E],)  Lep(A' 1 [0E], )

By combining this last inclusion with (4.60) we find that

M
(A'N0&)\ Lp(Ba(€)) c0& N | CY .,
=1

and thus deduce (4.50) from (4.61). O

4.4. Blow-ups of (A,rp)-minimizing clusters. If £ is a N-cluster in A and = € A, then the
blow-up of € at z at scale 7 > 0 is the N-cluster &, , in (A — x)/r defined by setting

(g'gc’r(h):m7 1<h<N.
r
We set
P(&; By, .
0(0E, x,r) = (577_1) =60(0E4+,0,1), 0(0€,x) = lim O(OE,x,r),
rh ’ r—0+



IMPROVED CONVERGENCE FOR PLANAR CLUSTERS 35

provided this last limit exists. By a classical argument based on comparison with cones (see,
for example [Magl2, Theorem 28.4]), one sees that if £ is a (A, rp)-minimizing N-cluster in A,
x € ANOE, and r, € (0,79) is such that wy, r? < min{|E(h) N A|:1 < h < N}, then

0(OE, x,r) eln—DwnAr is increasing on (0, 7), (4.63)
so that 0(0€, x) is defined for every x € A N 0E. Moreover, the same argument shows that if
A =0 and 0(0&,x,r) is constant on r € (0,r,), then B, ,, NOE is a cone with vertex at x. Now

let us say that a M-cluster K in R™ is a cone-like minimizing cluster if k(i) is an open cone
with vertex at the origin for each i = 1,..., M, [K(0)| = |R™ \ Uf\il K(i)| = 0, and

P(K; Br) < P(F;Bg), (4.64)

whenever R > 0 and F is an M-cluster in R™ with F(i)AK(i) CC Bpg for every i = 1,..., M.
Moreover, given a N-cluster £ in A and an injective map o : {1,..., M} — {0,...,N}, let us
denote by o (&) the M-cluster in A defined by setting

oE(i) = E(0(i)), i=1,.. M.

Theorem 4.13 (Tangent cone-like minimizing clusters). If £ is a (A, ro)-minimizing N -cluster
inA, x€ ANOE, and s; — 0 as j — oo, then there exist a subsequence {Sg}jeN and a cone-like
minimizing M-cluster K (with 2 < M < N ) such that 0(0€,x) = 0(OK,0) and

JILIEIO dBR (0517%,/(:) =0, VR > 0. (4.65)

for some injective map o : {1,...,M} — {0,...,N}. (Note that given R > 0 one has Br CC
(A —x)/r as soon as r is small enough.) Moreover, x € ¥ A(E) if and only if 0 € X(K).

Proof. Once again this follows by a classical argument. We refer to [Magl2, Theorem 28.6] for
a proof in the case of (A, rp)-minimizing sets. O

We conclude this section with a technical lemma, which is the starting point in showing
(under the situation described in (4.44)) the Hausdorff convergence of (&) to X(€) when
n=23.

Lemma 4.14. Let n > 2 be fized. FEither hd4(3(&),X(E)) — 0 as k — oo whenever (4.44)
holds and A’ CC A, or there exist a cone-like minimizing M -cluster K in R™ and a sequence
{Fj}jen of (05, 5]71)—mmimizmg M -clusters F; in By with

OEE(,C), EBQ(./_"]’):Q) Vi eN, hm max{éj,dBQ(]-"j,lC)} =0.
j—o0

Proof. Let us assume that for some &, £ and A as in (4.44) there exists A’ C A such that
limsupy,_,o, hd 4/ (32(&), E(€)) > 0. By Theorem 4.9 and by (4.46) in Theorem 4.9 and up to
extracting subsequences, we may directly assume the existence of x € ¥ 4/(€) and € > 0 such
that B, . CC A,

Bx@ N EA(gk) =0 Vk eN, (4.66)
and such that zp — z for some xp € AN O&. In particular, up to discarding finitely many
values of k, we may assume that z;, € A’ N 0*E, for every k, and finally, up to translating &,
that z, = x for every k. Summarizing, we have & and £ as in (4.44) such that there exists

reXAE)N ) 0.
keN
By Theorem 4.13 we can find a cone-like minimizing M-cluster K in R" with 6(9&, z) = 6(9K, 0)
(so that 0 € X(K) by z € £4(£)), an injective map o : {1,..., M} — {0,..., N}, and a sequence
sj — 07 as j — oo such that (4.65) holds (with s; directly in place of s/). Correspondingly, we
consider {k(j)} en such that

de,s (&C(]), 8) = O(S?) as j — 0o, (4.67)
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and finally define (s; A, ro/s;)-minimizing M-clusters F; in (A — x)/s; by setting
5%@)@7@))—'$

./T"](l) = —S‘ , that is .F] = U((gk(j))x,Sj) .
J
By (4.65) and (4.67) for every fixed R > 0 one has dp,(F;,C) — 0, while (4.66) implies that
Y (F;) = 0 provided j is large enough. O

5. IMPROVED CONVERGENCE FOR PLANAR CLUSTERS

In this section we finally prove Theorem 1.5. First, in section 5.1, we address the structure
of (A, 7g)-minimizing clusters in R?, and deduce from this structure result and Lemma 4.14 the
Hausdorff convergence of singular sets. Next, in section 5.2, and specifically in Theorem 5.6, we
complete the preparations needed to exploit Theorem 3.5 in the proof of Theorem 1.5. This last
argument is then presented at the end of the section.

5.1. (A, ro)-minimizing clusters in R?. In view of Theorem 4.13, the starting point in the
analysis of almost-minimizing clusters near their singular sets is the classification of cone-like
minimizing clusters. Such a classification is currently known only in R? and R3. Referring to
[LM15] for the latter case, we work from now on in R% Let us denote by ) the cone-like
minimizing 3-cluster in R? defined by

2 2
Wo(i) = {(tcosa,tsine) L t>0,(i—1) % <0< zg} i=1,2,3. (5.1)
Up to rotations around the origin, ), is the only cone-like minimizing cluster in R? (other than
the one defined by a pair of complementary half-planes, of course); see, for example, [Magl2,
Proposition 30.9]. As a consequence, by Theorem 4.13 one has that if £ is a (A, r)-minimizing
cluster in A C R?, then 9*€ = {z € AN IE : (O, x) = 2} and

$A(E) = {x € ANIE : 0(OE,x) = Oy, 0) = 3} . (5.2)

We now localize Definition 1.2, and then, in Theorem 5.2, describe the structure of planar
almost-minimizing clusters.

Definition 5.1. Let £ be a cluster in A C R? open. One says that £ is a C*-cluster in A if
there exist at most countable families {7;};cr of connected C*-curves with boundary relatively
closed in A, and {p;};c of points of A, which are both locally finite in A (that is, given A’ CC A
we have v; N A’ # () and p; € A’ only for finitely many i € I and j € J), and such that

ANoE=Jw, o &=t (w),
i€l iel

Sa€) = An{Jbd(v) = An [ J{p;}-

iel jed

(5.3)

Theorem 5.2. If £ is a (A,rg)-minimizing cluster in A C R?, then & is a CY'-cluster in A.
Moreover, each vy; has distributional curvature bounded by A and each p; is a common boundary
point of exactly three different curves from {v;}icr which form three 120 degrees angles at p;.
Finally, diam(~;) > 1/2A for every i € I such that v; CC A and bd (v;) = 0. (In particular, if
A =0, then bd (v;) # 0 for everyi e I.)

Proof. By exploiting the argument of [Mag12, Theorem 30.7] (which addresses the case of planar
isoperimetric clusters, but actually uses only a minimality condition of the form (1.15), and that
can be easily localized to a given open set) we just need to prove that the curves 7; have
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distributional curvature bounded by A and the diameter lower bound when v, CC A with
bd (v;) = (. By Corollary 4.8 we have that

/)dhwgdelz T - -Hpe dH!, VT € CH(A;R?), (5.4)
o0& o0&
where [Hpg| < A. In particular,
‘/'&vadHI::/TT-EbgdHl, (5.5)
Vi Vi

for every T € CL(A’; R?) such that spt TNOE = spt TNint (;). Since |[Hpg| < A this proves that
each A’ N ~; has distributional mean curvature bounded by A. If, in addition, v; cC A’ cC A
and bd (vy;) = ), then we can test (5.5) with T'(z) = ((z)(x — zg) where zop € R? is such that
Y C Byg2diam(y) and ¢ € Cl(A") with ¢ = 1 on ; and spt¢ N OE = spt{ N ~;, to find that
H(v;) < 2A diam(ry;) HE (i), as required. O

Remark 5.3 (Topology of boundaries of planar (A, r¢)-minimizing clusters). If £ is a bounded
(A, 70)-minimizing cluster in R?, then Theorem 5.2 implies the existence of finite families of
closed connected C!-curves with boundary {; }ic; (whose distributional curvature is bounded
by A) and of finitely many points {p;};cs such that each p; is the common end-point of three
different curves from {v;}ics, which form three 120 degrees angles at p;. Moreover, (5.3) takes

the form

08 =]y, oe={Jint(v), 2E) =bd(w) =J{p}- (5.6)

iel iel iel jet

Let I” denotes the set of those ¢ € I such that ~; is diffeomorphic to [0,1] (so that ~; is
diffeomorphic to S! for every i € I’ = I\ I, this will be the notation used in the proof of
Theorem 5.6). For each i € I”, ~; has exactly two end-points, both belonging to X(&), and
for every x € (&) there exist three curves from {v;};c;» sharing z as a common end-point:
therefore we find that

(1) = SHO((E)).

Remark 5.4. With the notation of the previous remark, we claim that I’ = I whenever &
is a planar isoperimetric cluster (that is, £ is a minimizer in (1.13) with N > 2 and n = 2;
notice that &£ is necessarily bounded). Indeed, arguing by contradiction, let us assume there
exists i € I such that v; is C!-diffeomorphic to S!. Since v; N X(£) = 0, the constant curvature
condition on interfaces of £ implies that ~; is, in fact, a circle. Moreover, since N > 2, we must
have #(I) > 2. Since #(I) > 2, we can translate ; along a suitable direction until it intersects
for the first time 9& \ ~; at some point z. Denoting by &’ the resulting cluster, we have that
P(&") = P(&) and vol (£') = vol (£), so that &' is a minimizing cluster in R2. The fact that, in
a neighborhood of x, &’ is the union of two tangent circular arcs, leads to a contradiction with
Theorem 5.2 (applied to &’).

We now upgrade (4.46) to the full Hausdorff convergence of singular sets.

Theorem 5.5 (Hausdorff convergence of singular sets). If {E}ren s a sequence of (A, ro)-
minimizing clusters in A C R? with da(&, &) — 0 as k — oo, then

khm hda/(X4(&),24(E)) =0 VA ' cc A.
—00

Proof. We argue by contradiction. In this way, by Lemma 4.14 there exists a sequence {F;};jen
of (6, 5;1)—minimizing M-clusters in By C R? such that

Y, (Fj) =10 VjeN, jli)rgomax{éj,dBQ(}'j,yg)} =0, (5.7)
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where )s is defined as in (5.1). By Theorem 4.9,
lim max hdg (afj(z') N AF; (), 0¥(i) N 83)2(6)) —0, (5.8)

J—ro0 1<i<t<3
while, by Theorem 4.12, for every § small enough one can find {¢;};>;, € C*(B N [0)xs]s) such
that (on taking into account that Iys(3()s)) = Bas)

OF; N (B\ Bys) C (Id + ¢;v) (BN [0Ya)s), Vi > Jo, (5.9)

where v denotes a continuous normal vector field to 9*),. By Theorem 5.2 there exists a
finite family of connected C'!'-curves with boundary {;}ics, relatively closed in B, such that
BNOF; = BNU;cr vi and Ep(F;) = U,;c; BNbd (74), so that, by (5.7), BNbd (v;) = 0 for every
i € I. Let 7;¢ denote the connected curve in 0F; that contains (Id+1;v)(BN[0Y2(1) N0Va(0)]s),
for 1 <i < ¢ < 3. By (5.9) we notice that

OF;N(B\ By) = |J ~en(B\ Ba) (5.10)
1<i<f<3
while by (5.8) we get vi¢ N B C I5(0)2(i) N 0Y2(¢)) for all 1 < i < ¢ < 3. By combining this

last fact with (5.10), we deduce that bd (y;¢) N Bag # 0, against the fact that BNbd (y;) = 0 for
every 1 € I. ]

5.2. Proof of the improved convergence theorem for planar clusters. We now prove
Theorem 1.5. We start by setting some notation. Let us consider A, rg, £ and & as in Theorem
1.5. Since 0 is bounded, by Theorem 4.9 also 0& is bounded, and thus according to (5.6)
there exist finite families of C*!-curves {v;};c;r and C*'-curves {'yf’ }ier,,, and finite families of

points {p;};es and {pé?}jeJk such that

o8 =Jw, oe=Jimt(n), 2(&) = Jpd (v) = [J{p},

i€l iel iel jeJ
og=\J,  oa=JmehH, =@ =bd0bH =0
i€}, i€l i€l jE€J

Moreover, each p; is the common boundary point of exactly three curves from {v;}icr, and an
analogous assertion holds for p;? and {vF}ier.

Theorem 5.6. Under the assumptions of Theorem 1.5, there exist positive constants py and L,
depending on A and £ only, such that the following properties hold:
(i) there exists ko € N such that for each k > ko, up to a relabeling of Iy, and Jy, one has
I =1y and J = Jy, with bd (v;) # 0 if and only if bd (v¥) # 0 for everyi € I, and

Jim [py — pj| +hd(y, ) =0, VieljeJ; (5.11)
—00
moreover

Willew <L, Vi€l (5.12)
and if p; € bd (v;) then p;‘-” € bd (7F) with

Jim [uE2(p;) — 12 05)] = 0 (5.13)

(ii) for every p < po there exist k(p) € N and {4r }y>k(,) € CVH([OE],) such that
[85k]3p C (Id+ ”(ﬁkl/)([ag]p) cC O, Vk > k(p), (5.14)
where v is a CY'-normal unit vector field to 0*E and

- - <L. .
m (Yo gae,) = 0, k;ﬁ?p) [kllcraoe),) < L (5.15)
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Proof. Step one: We prove statement (ii). By Theorem 4.12 (applied with A = R? and A’ equal

to an open ball such that £(h) cC A’ for every h = 1,...,N) there exist pg, L > 0 such that

for every p < po one can find k(p) € N, £(p) > 0 and {¢p } k() C CH([0E],) such that (5.15)
holds, with

D€\ I2y(S()) © (14 + Yy)([0€],) © & (5.16)

Ne(p)([0€]p) N O&, = (Id + ) ([0E],) (5.17)

for all k > k(p). In turn, by Theorem 5.5 (applied with A = R? and A’ as above), we have
hd(3(&),2(E)) — 0 as k — oo. Hence, up to increasing the value of k(p) we find X(&) C
IP(E(Ek)) for k£ > k’(p), and thus [65k]3p = 0& \ Igp(2<8k)) C 0& \ Igp(Z(S)). Thus (5.14)
follows from (5.16).

Step two: We prove (i) up to (5.11). We first note that if xg,yx € 3(E) with zx # yr and
xp — x and yp — y (so that z,y € X(€) by hd(X(&),2(E)) — 0), then it must be = # y.
Indeed, if z = y, then e, = |z — yx| — 0, and the sequence of clusters Fy = (& — xy)/ex would
converge (up to subsequences and in the sense explained in Theorem 4.13) to a Steiner partition
of R%2. At the same time, this Steiner partition should have a singular point at unit distance
from the origin, arising as the limit of of some subsequence of (yx — z)/er. This contradiction
proves our remark, which coupled with the Hausdorff convergence of ¥(&) to X(€) allows us to
assume without loss of generality that J = Ji with

lim |ph—p;|=0, VjelJ. (5.18)
k—o0

Let now I’ and I"” be the sets of those i € I such that ; is homeomorphic, respectively, either to
St or to [0,1], and similarly define I}, and I}/ starting from I;. By intersecting with N (,.)([7i]p)
in (5.17) and by directly assuming that [[¢x[|co(ag),,) < €(p0) < po for every k > ko = k(po) we
find

Ne(po)(hi}po) NO&, = (Id + ¢kl/)([’yi]ﬂo) ) Viel, k=>ko.

In particular, by exploiting the connectedness of the curves {”Y/i}ie 1., one defines for every k£ > kg
a map oy : I — I in such a way that

(1d + ) ([l o) € 5 (i) »
(Id + ) ([iloo) Vv =0, Vi€ I,V € I\ {on(i)};

hence,
(Id + ) ([iloo) = Negoo) (ilpo) N OEK = Nego) ([iloo) N Vg VE 2 kosi €. (5.19)
To complete the proof of (5.11) it will suffice to show that
o, is a bijection with oy (I") = I}, and o (I") = I}/, (5.20)
Jim. hd(vi,v5,) =0,  Viel. (5.21)
We start by choosing 1 > 0 such that
Livi) N ILy(ya) =0,  Vi,i'el. (5.22)
If i € I', then [yi], = v and N, (vi) = Io(p) (i) for every p > 0, so that (5.19) gives
(1d + Y1) (1) = Te(p) (1) VO = Loy (i) NVlpiy» Yk > ko,ie I (5.23)

Since (Id + 1) (7;) is homeomorphic to S' and is contained in fyfjk (i) by connectedness of ’yﬁk( )

i

we conclude that oy (i) € I}, with
(Id + ) (Vi) = Le(p) (i) N OER = fok(,») , (5.24)
hd(vi, 75, 1)) < IUkllcoqoer) <o, Yk > ko i€l (5.25)
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By combining (5.22), (5.24) and (5.15) and up to requiring pp < n we conclude that
(5.21) holds for every i € I', o,(I') C I}, o, is injective on I'. (5.26)
Before showing that o,(I’) = I}, we first prove that
o, is a bijection between I” and I, . (5.27)

To this end, we shall first need to prove (5.28) and (5.32) below. In order to formulate (5.28) we
introduce the following notation: given j € J, let us denote by a;(1), a;(2), and a;(3) the three
distinct elements in I” such that the curves {%j (g)}?zl share p; as a common boundary point

(as described in Theorem 5.2), and let {a;?(f)}?:l C I}/ be defined analogously starting from pé? .
We claim that, up to permutations in the index ¢ € {1,2,3}, one has
af(0) = o(a;(0)),  VjeJ,k>k(p), le€{1,2,3}. (5.28)
Indeed, by Theorem 5.2, up to decrease the value of n > 0, we find that, for every j € J,
3 3

OEN By, 5 = U Ya; () O By s {pj} =%(&)N By, = U bd (’Yaj(z)) N By, (5.29)
£=1 £=1

Since £(pp) < po, up to further decreasing pp depending on 7, we can entail by Theorem 4.9 and
(5.18) that

Ok C L(p)(0E),  B(Ek) N By =1{pf} CBycipy)>  ViE€J k>ko. (5.30)
By (5.29) and provided pg is small enough,

Le(p)(0E) N By, = UIE(PO) Yaz(¢)) N Bpjm
/=1

C By, 2p9 U U( e (o0) ([yaj(g)]po)mej,T,), Vie.
(=1

By 08, C I.(p,)(0&) and by (5.19) one thus finds

w

08,1 By, © (0€k 1 By 200 ) U U (% (ay) N Boyn) (5.31)

Let now w be the connected component of 7%,

a; (1)
is a connected C1-curve with boundary, homeomorphic to [0, 1], with p;? € bd (w) N By, 4. It
cannot be w CC By, 5, because otherwise it would be w = 75;?(1) CC By, 5, and thus %(&) N
Bypim \ {pj} # (), against (5.30). Hence w N By, , # (). At the same time, by (5.31),

Nl (By, ) which contains pg? . In this way, w

3
k
wN By, C (W a Bpj,2po) U U (W M Yo (az ) N Bpj,n> )
l=1
and since w is connected with wNdB,, , # 0, it must be w ﬁfygk(aj(z)) # () for some ¢ € {1,2,3},
N~k ) # (). Up to relabeling ¢ € {1, 2,3}, we have thus proved that

o (a;(L

thus 7" ak (1)

’yf?(g) N Yoy 70, Vi€, k>ko£e{1,2,3},

from which (5.28) follows by the connectedness of the curves {y¥};c;. Having proved (5.28), we
now introduce the notation needed to formulate (5.32): given i € I”, let b;(1) and b;(2) denote
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the two distinct elements of J such that bd (vy;) = {b;(1),5;(2)}, and define similarly b¥(m)
(m =1,2) for each ¢ € I}]. Then, up to permutations in the index m € {1, 2},

bk iy(m) =bi(m),  Viel” k>ky,m=1,2. (5.32)
Indeed, if 7 € I" then i = ay,(1)(¢) for some ¢ € {1,2,3}, therefore, by (5.28),
op(i) = Uk(abi(l)(f)) = a’zfiu)(f) )
that is,
p]gi(l) € bd (F)/Uk(z)) = {pb’;k<i)(1)7pb(’jk(i>(2)}? thus ( ) € {bak z)( )7 bgk(z)( )}7

as required. With (5.28) and (5.32) in force, we now prove (5.27). The fact that o, (I") C I}/
is immediate from I” = {a;(¢) : j € J,¢ € {1,2,3}} and (5.28). If now ¢,i' € I"” are such that
ok (i) = ok (i") then by (5.32)
(e :pjebd(n)} = {bi(m)}n—1 = {85, o) (m) ey = {05, oy (M)} hma
= {bu(m )}m:1 ={jeJ:pjebd (%/)},
so that bd (y;) = bd (v;r), and thus i = i’; this proves that oy is injective on I”. Finally, by
Remark 5.3, it must be # I"” = (3/2) # J = (3/2) # Ji. = # I}/, so that oy, is actually a bijection
between I” and I}, and (5.27) is proved.
Let us now show that

lim hd('y“'ygk(i)) =0, Viel”. (5.33)

k—o00

We first notice that, by (5.32),
{7 € 0§ €bd(vg,i)} = {05, ()Y omy = {0i(m) )7y = {5 € J 1 pj € DA (30)}
so that (5.18) gives
Jim hd(bd (7:), bd (Ve @) =0, Viel. (5.34)

Next, if i € I”, then by (5.23) one has v* L) M e(po) (i) = () for every ¢/ € I', while (5.19) gives
(0€) for k > kg, we thus find

75k<i) N Ne(po) ([Virlpo) = 0 for every i' € 1"\ {i}; since 0 C I.(,)
Wi € Lap (i) U | Top(bd (i), Vi€ I” k> k.
Z GI/I

Since I 5, (7;) is disjoint from J;c v I2p, (bd (7ir)) thanks to (5.29), we conclude that ’ng(i) C
I5 5o (7i) for every i € I" and k > ko. At the same time, by (5.19), (5.15), and (5.34)

Miloo € Ipo (Vi) Lo (PA (1)) C Topo (Vi) Vi€ I" k> ko,

that is, v; C Igpo( o0 )) for every i € I"” and k > kg. We have thus proved (5.33).

In order to Complete the proof of (5.20) and (5.21) we are thus left to show that oy (I") = I}..
We argue by contradiction, and assume the existence of i, € I}, \ oy (I"). Since I.(,)(vi) NOE, =

'yfk (i) for every i € " (recall (5.24)), by connectedness we deduce that

¥ 0 Tepoy (i) = 0. (5.35)
el’
Since NE(pO)([%]pO) N o&, = Ns(po)([’}’i]po) N fy () for every ¢ € I (recall (5.19)), if ’yf* N
Ne(po)([Vilpo) # O, then, by connectedness of ’ygk(l), one finds i, = oy(i) € ox(I), a contra-
diction: hence,

%‘k* N U Na(po)(hi]po) =0. (5.36)
,L'EII/
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Since 9&;, C Ia(po)(aé’) = Uiel Ie(po)(’yi), by (5.35) and (5.36) we find

’YZ*C UI (po) (Vi \UN (o) (il po) UBPMW

el el jeJ

and since the balls { B, ,}jes are disjoint by (5.29), we conclude that for every i € I}, \ o1 (')
there exists a unique j € J such that ’yi C By, 2p; however, by Theorem 5.2,

1
A < diam(yF) < 2po,

which leads to a contradiction if pg is sufficiently small.

Step three: We prove (5.12). We directly consider the case when bd (%) # ), and omit the (analo-
gous) details for the case bd (vF) = (). Let us set £¥ = H!(yF), consider of € C11([0, £F]; R?) to be
an arc-length parametrization of ’yf, and define unit normal vector fields v¥ € C%!(yy; S!) by set-
ting vF(af(t)) = () (t)*, with the convention that v = (vy, —v1) for every v = (v1,vq) € R2.
According to Definition 3.1, we just need to show that, up to further increasing the value of L

Vi@ - S Llo—yP,  Wh@) - @I <Lls—yl, Voyet.  (537)
Indeed, if 7,y € vF with s, € [0, ] such that x = o (s) and y = a¥(t), then, by Lip ((aF)") < A,
Wh@) (-2 <Cls—tF,  Wh() - i) < Cls —1];

we are thus left to show that
5=t/ < Clak(s) — k)], Vs te (0,6, (5.39)
If |s —t| < 1/A, then (5.38) follows with C' > 2 by noticing that
PR
i (s) — ok |—‘/ rydr| > |t —s| - A‘;‘,

once again thanks to Lip ((aF)’) < A. If y;[x, y] denote the arc of +; with end-points z,y € v;,
then by compactness

1
f{ — L, > 7} >
min inf | o —y| 2,y €%, H (vilz.y]) 2 55 = ¢
where ¢ > 0 depends on € and A only. Since for every i € I we have hd(yF,v;) — 0 as k — oo,
we can thus entail
1
min inf {|z —y| : 2 = a}(s) .y = a}(1) Js — 1] = 7 } > 7.

so that (5.38) holds on |s — t| > 1/A provided C > 2A/c. This completes the proof of (5.37),
thus of (5.12).

Step four: We prove (5.13). Let us fix j € J, and consider p € X(&) and iy,1i9,i3 € I such
that {pk} bd ('y“) Nbd ('yZ ) N bd (v ) Since each 7 is a compact connected C''-curve with
d1str1but10nal curvature bounded by A one finds that, for every ¢ = i1, 19, i3,

k

k
Y — P
li hdp(——=L Ry [7F(p")]) =0, 5.39
Jimo, sup B( . +[TZ(PJ)]) (5.39)

where we have set R, [7] = {t7 :¢ > 0} for every 7 € S!, and we have set

— k __
Ti =V, , T, = —l/,yk ,
1
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for the sake of brevity. We thus find

k_ ok
Yi —DPj
b (R (o)) R [ 0f)]) < suphdis (S Ry [ 2))]) (5.40)
€
i = pj hd(v}', i + (0§ — p;
thda (B R, r(py)) + 2 7«( =B,
where we have also used the fact that, for k large enough,
k_ph hd(vfF, v + (pF — p;
th(% Pj i pj) <9 (i’ i + (pf —p3)) (5.41)
r r r

At this point we can choose a sequence 7, — 0T, such that the right-hand side of (5.41)
with r = 7 is infinitesimal as k — oo. By also exploiting (5.11) and (5.39), this gives
hdg(R4 [7(pj)], Ry [Tf(p;?)]) — 0 as k — oo, that is (5.13). O

Proof of Theorem 1.5. Let € be a C?*!-cluster in R?, {&; }1en be a sequence of (A, rg)-minimizing
clusters such that d(&, &) — 0 as k — oo, and let L, pp and, for each p < pg, k(p) € N, be the
constants given by Theorem 5.6. Denote by pg and Cj the smallest and the largest constants,
respectively, associated by Theorem 3.5 to some ~; such that bd (y;) # 0. In this way, po and
Cp depend on A and &£ only. Up to further decreasing the value of pg, we can also assume that
p3 < po. Given p < g, we now want to find k(1) € N such that for every k > k(p) there exists
a Cll-diffeomorphism fi, between 0 and 0&, with

| fellcriey < Co, (5.42)
Jm [ fy —Idflcree) = 0, (5.43)
— 00
C
ITe(fi — 1)1 oee) < 70 £ = Tdl|cogsey) » (5.44)
Te(fe—1d) = 0, on[0€],. (5.45)

Let us fir i € I such that bd (y;) # 0. Since u? < p2 < po, Theorem 5.6 ensures that {75 }r>x,
satisfies the assumptions (i) and (ii) of Theorem 3.5. By Theorem 3.5 for every k > k(u) one
finds a C'!-diffeomorphism fF between v; and ¥ with fF(p;) = p?, fEpy) = pé?, (j and j as
in statement (ii) of Theorem 5.6) and

I lcray < Co, (5.46)
I(fF =1d) 7l < C;Hff—IdHCO(bd(%)), (5.47)
(ffF=1d)-7 = 0  on[ylu; (5.48)
Jim[|fE = Tdllery,y = (5.49)

Let us now fix i € I such that bd(y;) = 0. Up to further decreasing pug, 7; is a connected
component of [9€],, and thus by statement (i) in Theorem 5.6, {¢y}g>k(p) € CT'([0&0],) are
such that

v = (Id + ¥pv) (%) , im [[Ygllery =0,  sup ey, < Co. (5.50)
k—o0 kEN

We set f¥ = Id + vy v for every i € I such that bd (v;) = (), and finally define fi(z) = f¥(z) for
x € 7;. The resulting map fi defines a C1-!-diffeomorphism between € and 9&, (see Definition
1.3) with (5.42)—(5.45) in force. O
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6. SOME APPLICATIONS OF THE IMPROVED CONVERGENCE THEOREM

We now prove Theorem 1.9 and Theorem 1.10. To this end, let us notice that if {& }ren is a
sequence of planar isoperimetric clusters with sup,ey P(Ek) < 0o, then there exist z; € R? and
a planar N-cluster & such that, up to extracting subsequences, x + & — &. This is a simple
consequence of (i) the inequality 2 diam(F) < P(E), which holds for every indecomposable set
of finite perimeter £ in R? (this, of course, after the normalization (4.4)); (ii) the fact that
R?\ £(0) is indecomposable whenever & is an isoperimetric cluster (as it can be easily inferred
by arguing as in Remark 5.4).

Proof of Theorem 1.9. We argue by contradiction, and assume that there exists a sequence
{Ek}ren of isoperimetric N-clusters with vol () — mg such that [E]~ # [£j]~ whenever
k#7. Let ¢: Rf — (0, 00) denote the infimum in (1.13), then it is easily seen that ¢ is locally
bounded. In particular, sup,ey P(E) < 00, and thus there exists a N-cluster & and zj € R?
such that, up to extracting subsequences, xp + & — & as k — co. We claim that, for k large
enough, xj, + & is a (A, ro)-minimizing cluster in R?, where A and 7o are independent from k.
To this end, let e, 19, and Cy be the constants associated with & by Theorem B.1 and let kg
be such that d(zy + &, &) < o for k > ko. Given F with F(h)A(zy + Ex(h)) CC By, for
h =1,...,N, by applying Theorem B.1 with £ = xj, 4+ &; we find F}, such that

vol (./—"]/c) = vol (a:k + 5k) = vol (c“:k) R P(]:]/ﬁ) < P(.F) + Cy d(.%'k + gk,]:) .

so that, by the isoperimetric property of &, P(xy + &) < P(FL) < P(F) 4+ Cod(xy + &, F).
Thus zp + & is a (A, r)-minimizing cluster in R? for k large enough. By Theorem 4.9 we
infer that £ is also a (A, rg)-minimizing cluster in R?, and thus conclude by Theorem 1.5 that
xp+E, = & for k large enough. Since z1,+E&, =~ &, we have found a contradiction to [Ex]~ # [£]~
for k # j. O

Proof of Theorem 1.10. Step one: We first prove that, if £ is a minimizer in (1.20) with ¢ € (0, dp)
and |m — mp| < dg, then £ ~ &. We argue by contradiction, and consider a sequence {& }ren
of minimizers in

/\k:inf{ +5k2/ z)dz : VO](E):mk}, keN, (6.1)

where 6 — 0 and my — mg as k — oo, and [Ex]~ # [Eo]a for every k € N. Let {Fy}ren be a
sequence of isoperimetric clusters with vol (Fj) = my. Since my — mg implies supycy P(Fi) <
00, by the argument presented at the beginning of this section there exists R > 0 such that, up
to translations, Fj(h) CC Bpg for every h = 1,..., N and k € N. By comparing & and Fj in
(6.1) we find

N
P(gk)+5k2/g 9 < P(Fk) +5k2/ 9 < P(Fi) + 0k [mu| SUb g (6.2)
h=1"¢k
and since P(Fy) < P(&) we thus find that for every r > 0
inf ¢ Z\Ek(h) \ By| < |my Sélpg.
R

By g(z) — o0 as |z| — 0o, we conclude that

lim supz |E(h) \ By| =0. (6.3)

T‘—)OO
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Since (6.2) also implies supycy P(E) < o0, by (6.3) we conclude that up to extracting subse-
quences, d(&, ) — 0 as k — oo, where £ is a planar cluster with vol (£) = myg. In particular,
recalling that & denotes the unique isoperimetric cluster with vol (§y) = mg, we have

P(&) < P(€) < liminf P(&) (6.4)

Now, by [Magl2, Theorem 29.14] there exist positive constants ¢, n and C, a smooth map ¢ €
CH((=n,n)N xR2;R?), and a disjoint family of balls { B,, . }}4, such that, for every v € (—n,n)¥
the N-cluster defined by &, (h) := ®(v,E(h)), h =1,..., N, satisfies

M
Eow(h)AE(h) CC A= (B, P(&w) < P(&)+Clo|, vol (€)= vol (&) +v
=1

For k large, vy, = vol (&) — vol (&) € (—n,n)Y, so that vol (&, ) = my and, by g > 0

P(&) +5k2/ g < P(&o.,) +5k2/ g < P(&) + C |vg| + 0k sup g

Eo,uy, ( Bss
where S is such that thl Eo(h) U A CC Bg. Letting k — oo we find that
lim sup P(&) < P(&)

k—o0

so that, by (6.4), P(£) = P(&y). Since vol (£) = my, we find £ ~ & (through an isometry),
and we may thus assume, without loss of generality, that £ = &. By arguing as in the previous
proof (with some minor modification because of the presence of the potential), we see that, for
k large enough, & is a (A, rg)-minimizer with A and ry uniform in k. Since d(&, &) — 0 as
k — o0, by Theorem 1.5 we find that & = & for k large enough, a contradiction.

Step two: The argument of step one can be easily adapted to show the existence of minimizers in
(1.20), together with the existence of Ry (depending on &, dp and g only) such that £(h) C Bg,
for every h = 1,..., N and every minimizer £. In particular, there exists Cy depending on g and
Ry only such that

P(E) < P(F) + Co 8 d(E, F), (6.5)

whenever vol (£) = vol (F) and F(h) C Bag,. Let us fix 1,22 € E(h, k), T; € CH(By, ,;R")
(1=1,2) with |E(j) N By, »| =0if i # h, k andr< |z1 — 22|, and with

/ Ty vegy dH™ =1 >0, sup|Ti| < 1.
~£(h) Rn
By a standard argument we can construct a one-parameter family of diffeomorphisms f; with

fi(x) = 2+t (T1(x) — (m/n2)Te(x)) + O(t?) such that vol (f;(€)) = vol (£). For t small enough
F = f(€) is admissible in (6.5), with

d(€, fu(€)) < 21fe(E(h))AE(R)| < 2 P(E(h); Beyr U By ) [t
by Lemma B.2. Since

P(fi(€)) = P(&) +1 /*S(h) (Th = (m/m2)T2) - Ve Hengy + O(t),
and P(E(h); Byy,s U Bay.s) = wp—1 8" 114+ O(1)) as s — 0T, by (6.5) we conclude that

/a con (Ty = (m/m2)Ta) - ey Heny < 2CoSwn 1" (1+O(1)).
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Let now T; = Tij — 1B, Ve in LY(H'LOE(R)) as j — oo, so that

/ Hepry — n / Henpy <2Codwn1r" (14 0(1)).
B, »NO*E(R) 12 J By, »no*E(R)

By the mean value theorem, as r — 0%, we find that Hen ) (x1) — He(p iy (72) < 2Co 6, that is,

max HHg(h,k) -

) S 057
0<h<k<N (h,

for some HY, € R. At the same time, by arguing for example as in [CL12, Lemma 3.7(ii)], one
see that Hg(p, x) has to converge in the sense of distributions to Hg s 1) as 6 — 0T, and thus

prove (1.21). O
APPENDIX A. PROOF OF THEOREM 2.1

Proof of Theorem 2.1. In the following, we denote by C' a generic constant depending on n, k,
a, and L only. Let us set Amin, Amax : S0 = R as Apin(z) = inf{\VSOf(x)v] cv € TS, [v| =1}
and Apmax(z) = ||V f(x)||. By (2.7) we find that

1
Z < Jsof(x) < Amin(fp) )\max(m)k_l < Amin(SU) Lk_17

that is Amin(z) > L™ for every x € Sp. In particular, by also using (2.5) we find that

So(a) — _
V% £ (@) —a)| = [V f(a)ro(y—a)| > D Wl

We now assume g9 < 1/L and fix y € B., N So \ {z}. Since dists,(x,y) > 0 we can find
v € CY([0,1]; Sp) such that v(0) = x, y(1) = y and

Yy € Bz,l/LﬂSO- (A.1)

1
dists, (z,y) < / |7(t)| dt < 2 distg,(z,y) . (A.2)
0

By (A.1),

1
)~ f@)| = \vSOf@:)(y ) - / (V50 F(3(1)) = V0 ()3 0)

> [ iwsesaa) - vo @ikl
By (2.7), (A.2), and (2.4)
1
/ V5 £(r(1)) — VS p@)[3(0)] de < L /0 & — ()] |5 (1)] dt
1 t o
<1 /0 ( /0 ()l ds)” (o) o

< LY distg, (x,y) T < L (20)7 |z — y| e

We thus conclude (up to further decreasing the value of ) that if € Sy and y € B, ., N So,
then

f(2) = f(W)] > |y —a <22k - L (2L)1+%8> > |y4z,f| . (A.3)

This shows that f is injective on B, ., N Sy for every z € Sp. If now (2.8) is in force with
po < 0/4, then by diam(Sy) < L one finds that for every =,y € Sy with |x — y| > &

f(@) = S| = 2 =yl = 1f@) =] = @) =] = 202 = F = % o =],
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so that, in conclusion, f is injective on Sy with

17 (1) — FH (p2)] < Clp1 — pal Vp1,p2 € S = f(S). (A.4)
We are thus left to prove that
Hvsfil(pl) - vSffl(pz)H S C |p1 _pZ‘aa vplaPZ S S (A5)
Indeed, by (2.6), (2.7) and (A.4) we can entail
Im) =75l <Clp—ql*,  VpgeS. (A.6)

Let us now fix p1,p2 € S and set
M;=V5fp), m=my, x=f " p), Ni=VOf(x;), n)=n3

pi z; -
By exploiting the relations
mOM; = M; = Mym;,  mN; = N; = Nyn) (A7)
NiMym = 71, NoMomy = 7o, M1N17T? = 71'(1) , M2N27r3 = Wg, (A.8)
one finds that
M, (Ny — N1)Msy + My(No — Ni)My
= MiNoMy — My N1 Ma + MaNo My — MoNy My
= MNyMymy — MyN 170 My + MyNomMy — Mo Ny My
= Mjymg — W?MQ + 7T8M1 — Moym
= 2(My — My) + (My + M) (ma — m1) + (75 — 70) (M7 + Ma) .
By (2.6) and (A.6), and since || M;|| < C by (A.4), we thus find

2My — M|l < 2[MIMIN — Nl + M+ Mo (Ima = | + 1 — =)

IN

C (INz = Nal| + p2 = prl* + oz — 21"
< (D) ke —a1l* + o~ p1*) < Clos = ;i

where in the last line we have first used [V fleoasy) < L and then (A.4). This completes the
proof of (A.5), thus of the theorem. O

APPENDIX B. VOLUME-FIXING VARIATIONS

Comparison sets used in variational arguments usually arise as compactly supported pertur-
bations of the considered minimizer. In order to use these constructions in volume constrained
variational problems, one needs to restore changes in volume due to such local variations. In the
study of minimizing clusters, this kind of tool is provided in [Alm76, Proposition VI.12]; see also
[Magl2, Section 29.6]. The following theorem is a version of Almgren’s result which is suitably
adapted to the problems considered in here. In particular, it adds to [Magl2, Corollary 29.17]
the conclusions (B.6) and (B.7).

Theorem B.1 (Volume-fixing variations). If & is a N-cluster in R™, then there exist positive

constants ro, €9, Ry and Cy (depending on &) with the following property: if £ and F are
N-clusters in R™ with

d((‘:,g()) < €0, (Bl)

F(h)AE(h) CC By, Yh=1,..,N, (B.2)
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for some x € R™, then there exists a N-cluster F' such that

F'(R)AF(h) CC Bpry\ Bzrgs Vh=1,...,N, (B.3)
vol (F') = wvol(€), (B.4)
|P(F') = P(F)] < CoP(€)|vol (F)—vol(&)], (B.5)
|dA(F,E) —d(F.E)] < CoP(E)|vol (F) —vol(€)]. (B.6)
Moreover, if g : R™ — [0, 00) is locally bounded, then

N

> 9 < Collglim(n P(E) Vol (F) - vol (£)]. (B.7)
"(h)AF(h)

We shall need the following slight refinement of [Magl2, Lemma 17.9].

Lemma B.2. If g : R™ — [0,00) is locally bounded, E is a set of locally finite perimeter in an
open set A and T € CL(A;R™), then for every n > 0 there exist K C A compact and ¢ > 0
(depending on T') such that if { fi}<c is a flow with initial velocity T, then

/ 9 <@ +n) 1T comny l1gllLee iy P(E; K) [t], V[t <e. (B.8)
ft(E)AE

Proof. Since (d(fi)~t/dt)|i=o = —T, if we set ®s4(z) = sz + (1 — s)(fi)"}(z) for z € R”
and s € (0,1), then for every n > 0 there exists ¢ > 0 such that {®s;}y . is a family of
diffeomorphism on R™ with

it () 2 1m0 () Moo < (T4 ooy, VI <.
Let K C A compact be such that {f; # Id} C K for every |t| < e. By Fubini’s theorem and by
the area formula, if u € C*(R"), then

1
L ala=al ™l < @ enle Tlege [ at@)de [ [9u(@, (@) s

= Qe Tlevgnlalims [ s [ o Bl

1+77
< TR T oo gl / Vul.

By [Magl2, Theorem 13.8] thge exists {up}hen C CH(R™) such that u;, — 1g a.e. on A and
limsupy, o [ [Vun| < P(E;K). Since [up, — un((fe) ') = 1gas,(g) a-e. on A, we conclude
the proof by Fatou’s lemma. O

Proof of Theorem B.1. One repeats the proof of [Magl2, Corollary 29.17|, exploiting Lemma
B.2 in place of [Magl2, Lemma 17.9] in order to obtain (B.6) and (B.7). We thus omit the
details. g
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