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MARCINKIEWICZ ESTIMATES FOR DEGENERATE PARABOLIC
EQUATIONS WITH MEASURE DATA

PAOLO BARONI

ABSTRACT. We consider solutions to degenerate parabolic equations with measurable
coefficients, having on the right-hand side a measure satisfying a suitable density condition;
we prove integrability results for the gradient in the Marcinkiewicz scale.

1. INTRODUCTION

The aim of this paper is to give a natural integrability result for solutions of degenerate
parabolic equations of the type

ug — diva(z,t, Du) = p in Qp :=Q x (-T,0), (1.1)

where (2 is a bounded open set in R™, n > 2, and the vector field a(-) satisfies only
minimal measurability and monotonicity assumptions of Ladyzhenskaya-Uralt’seva type,
see the forthcoming Section 2 for more details about the precise assumptions made and
the notation adopted in this paper. Here, as in the forthcoming pages, y is a signed Borel
measure with finite total mass which in general does not belong to the dual of the energy
space naturally associated to the operator on the left-hand side. The most prominent model
we have in mind for (1.1) is the degenerate parabolic p-Laplace equation with measurable
coefficients, i.e.

p—2
a(z,t, Du) = A(z,t) (s> + |Dul*) * Du, p>2, (1.2)

where A(+) is a measurable, bounded and uniformly elliptic matrix and s > 0 a parameter
used to discern the degenerate case (s = 0) from the non-degenerate one (s > 0).

The phenomenon object of this investigation is the improvement of integrability for the
gradient of solutions of (1.1) in the case the measure on the right-hand side satisfies a
quantitative density type condition that, roughly speaking, says that the measure does not
concentrate on sets with small parabolic Hausdorff dimension. This general fact, first noted
in [26, 27] for the elliptic case, is here found to hold in the parabolic degenerate one, which
on the other hand needs very different techniques. To be more specific, we shall consider,
for a Borel measure p of finite total mass, a Morrey type condition as follows:

|1l (Qr(20))

pvog S = peLlY(Qr), (1.3)

sup
QRr(z0)CQr

where Qr(z0) = Br(zo) x (to — R?,to + R?) is the standard parabolic cylinder and
N := n+ 2 denotes the parabolic dimension. The improved integrability of the gradient is
naturally formulated in terms of Marcinkiewicz spaces, which are the natural and optimal
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ones to be used when dealing with measure data problems, see for instance [6, 13, 26, 28]:
we indeed prove that
J IR S

peL(Qr), Y.<?<N =  |DuleM. Q). (14)
The number ¥. € (1,2) is a threshold depending on the data of the problem, i.e. upon
n, p, v, L — see the next Section and in particular (2.6) — and it is linked with the higher
integrability exponent for homogeneous problems. We recall the reader that Marcinkiewicz
spaces (also called weak-Lebesgue spaces) M™ (Qr) are defined via the decay condition
on level sets (for f : Q7 — R to be a measurable map)

sup A {2 € 0r  17(2)] > A} = 17 fim ap) < o0
their local variant is defined in the usual way.

The existence theory for measure data problems has been settled by Boccardo and Gal-
louét in [8] for elliptic equations of p-Laplacian type; for parabolic operators, their ap-
proach has been developed in [7, 10], where it is shown that in the general case where p
is a Borel measure with finite mass, there exists a distributional solution (in the sense of
Definition 2.1) to (1.1) such that

\Dul € L9(Qy)  forallg e 1,p71+ﬁ). (1.5)
The strategy of these papers is based on an approximation procedure leading to a particular
type of solution usually called Solution Obtained as Limit of Approximations, SOLA in
short. Note indeed that it turns out that different notions of solution can be given when
dealing with measure data, for example entropy solutions [6, 9] or renormalized ones [13];
uniqueness in general holds only in very particular cases, see [12]. In this paper we shall
focus on the solutions obtained by approximation and we shall briefly recall the procedure
we follow in the next Section 2; note on the other hand that in the elliptic case, for non-
negative measures, all these notions of solution collapse, see [20]; this suggests that our
results holds also for the solutions considered in [6, 13], in the case the measure is non-
negative. The improvement of integrability in the case of Morrey data for the elliptic case
has been presented in [26]:

d(p=1)

peLb(Q), 2<9<n = |Dul € M, 7" ().

loc

In the general case ©¥ = n without density properties, this gives back the classic, sharp
result

pe LV(Q) = My(Q) — |DulP~ € M7-1(Q),

whose origins we reassume by citing [6, 13] for the case p < n, in a slightly different
setting; the borderline case p = n requires different techniques and has been settled in
[16]. Notice that L1 (£2) is nothing else than the full space of signed Borel measures with
finite total mass M, ().

More comments are now in order. The result in (1.4) has been proved for the linear
growth case p = 2 in [5] and extended up to the boundary in [15]; the degenerate case
p # 2 needs completely different techniques and the use, in the context of measure data
problems, of the “intrinsic scaling” method first pioneered by DiBenedetto in [14]; see
also the more recent contributions [1, 23, 24, 32]. We note that the condition and the no-
tation adopted in (1.3) in fact involves the notion of Morrey space, typically adopted for
functions in the non-degenerate case, and in this paper we show how to deal with such a
condition in the setting of degenerate evolutionary equations, and getting corresponding
results; very recently, similar conditions have been considered by Misawa [30], who an-
alyzed the relation between Morrey spaces conditions and regularity of solutions in the
setting of degenerate parabolic equations.
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Let us moreover note that (1.4) actually sharpens, at least locally, the result in [7, 10]:
in this case indeed (1.4) reads as

peMQr) —  |Dule M) (1.6)

loc

and we note that MP~ 21/ (N=1) « L4 for all ¢ as in (1.5). A preliminary form of (1.6)
can be found in [2], where only the case 2 < p < n is considered, due to the technique of
the proof; on the other hand the result therein is global and requires no regularity of 02,
while it can be expected that the local estimates (1.4) and (1.6) could be extended up to the
boundary similarly as in [4], assuming a (mild) capacitary condition on the complement
of Q. In this paper we extend (1.6) to all the exponents p > 2 with an approach which,
resting directly on estimates for the gradient, allows for a unitary treatment of the full range
p € [2,00).

Now, a few words on the techniques used in this paper. As mentioned above, treating
the parabolic case p # 2 needs a different approach than the one used in [26] for the
elliptic and adapted in [5] to parabolic equations with linear growth, based on maximal
operators and Calderén-Zygmund coverings. Indeed equation (1.1), already in the case
= 0, does not have a universal scaling property, and as consequence estimates do not
show homogeneity, see for instance Proposition 4.1; therefore Harmonic Analysis tools
are difficult, if not impossible, to apply. We overcome this difficulty by using an intrinsic
geometry viewpoint which finds its roots in [1] and in turn uses tools from [11, 19, 21],
arguing directly on certain covering arguments to get estimates as

(H)\)mHz € Qr : |Du(z)| > H)\}’
< %)\”‘Hz € Qor : [Du(2)| > A} + clul(Qar) (17)

for an a priori given constant H >> 1 depending only upon the data of the problem. This
is sufficient to prove (1.4), after reabsorbing the term on the right-hand side with standard
iteration arguments. The main point in proving the estimate in the previous display is,
given a fixed super-level set {|Du| > A}, to build a covering of intrinsic cylinders with
scaling parameter \. These are cylinders of the type

Qx(2) := Br(z) x (t = N> PR? t + \>"PR?).

where |Du| & A, in some integral sense; these cylinders are called intrinsic since the pa-
rameter A comes into play both in the definition of the cylinder itself and in the value of the
average of Du over it. As we are working with A fixed, the construction of such a covering
is done using a refined exit-time argument on the function R — fQ?? |DulP~tdz. The
heuristic under the use of these cylinders for the parabolic p-Laplacian equation is the fol-
lowing: by the fact | Du| ~ X the equation d;u = div[|Du|P~2Du] behaves like the A\-heat
equation u; = AP~2Aw, and by their particular form we can rebalance the occurring multi-
plicative factor \P~2 by rescaling v in time by a factor A2~P. What we explained here in a
naif way can be made rigorous, and estimates on these cylinders recover the homogeneous
character needed for covering arguments, see for instance Proposition 4.6 and Corollary
4.7 in our case. For some more (again heuristic) details about the implementation of this
technique in the setting of measure data problems, see the last part of Section 2.

Finally, the techniques developed in this paper would allow to treat also the case where 1
is not anymore just a measure but a Lebesgue function, therefore fully extending the paper
[5] to the degenerate parabolic case; this will be the content of the forthcoming [3]. Indeed
estimates on level sets as (1.7) allow for bounds in all rearrangement invariant spaces: in
connection we suggest the reader to look at [27], which contains Adams type theorem for
singular and degenerate elliptic equations of p-Laplacian type.
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2. ASSUMPTIONS AND STATEMENT OF THE RESULTS

The most natural and classic way to generalize (1.2) is to consider Carathéodory regular
vector fields a : Q7 x R™ — R satisfying the following ellipticity and growth conditions:

<a(.’1),t,€1) - G/(.’I?,t,§2),§1 - £2> > V(52 + |€1|2 + |£2|2)P772‘§1 - £2|2a

(o, t,€)] < L(s® + [€2) 7,
2.1

for p > 2, for almost every (z,t) € Qr, every £;,&2,£ € R, with0 < v < 1 < L and
for s > 0. In the case here considered where the data do not belong to the natural energy
space, it is customary to consider solutions not lying in the energy space; these solutions
are usually called very weak solutions:

Definition 2.1. A very weak solution to (1.1) is a function uw € LP_' (=T, 0, W,5P~H(Q))
such that

/ [—u o1 + (a(m,t,Du),Dap)} dz = / pdu, (2.2)
Qr Qr

for every ¢ € C°°(Qr) vanishing in a neighborhood of OpQr-.

In general, since the right-hand side in (1.1) does not belong to the dual of the energy
space, usual monotonicity methods do not apply and therefore it is not clear how to find
a solution, in the general case, to the distributional formulation (2.2). A solution can be
obtained via an approximation procedure, see [7, 10], once we consider equation (1.1)
together with null Cauchy-Dirichlet data. Indeed we briefly recall here to the reader the
argument proposed in [7, 10] to solve the problem

{ut —diva(x,t,Du) = p in Qp,

(2.3)
u=20 on 8’PQT,

where the vector field satisfies (2.1). One considers regular functions L>°(Qr) 3 fi, — u,
k € N, converging to 4 in the weak sense of measures, such that

[ fellro@ry < lulleio@rys 1fellro@aninsn) < IEllLto@ar), k>1

for Q2r € r and solutions wuy to (2.3) where in place of p we consider as right-hand
sides the regular functions f; therefore

u € LP(=T,0; Wy P(Q)) N C%(=T,0; L*())  and  Du e LPX(Qr),

loc

see [19], and they solve (2.2) with du = fi dz. Existence of such solutions is classic
since the datum is regular; a.e. pointwise convergence of both u and of Du, up to sub-
sequences, proved in [10], allows to pass to the limit in (2.2) therefore yielding existence
of a very weak solutions satisfying (1.5). These solutions are called, as we already said,
SOLAs. Note that in this class of solutions uniqueness does not hold in the case yu is
not more than a measure, in the sense that if one considers a different regular sequences
{fx} converging to 1, it could happen that the limit % of the corresponding approximated
solutions 1wy, is different from w; this will not be the case, for instance, when p belongs to
LY(Qr), see [12].

After this introduction, we can state our main result (1.4) in a more precise form:

Theorem 2.2. There exists a constant 9. € (1,2) depending on n, p, v, L such that if u is
a SOLA to equation (2.3) with i € LY (Q7), for 9. < 9 < N, then

1
Du € M. (Qr,R™), where m:=p—1+ -1 (2.4)
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Moreover for any parabolic cylinder Qar = Q2r(20) € Qr there exists a constant de-
pending on n,p, v, L, cq, 9 such that the following local estimate holds:

|M|(Q2R)r_l

|Q2r|
m

+CRN{][ (|Du| 4+ s+ 1)P~1dz| . (2.5)

s+ 1Du [ Zyny < RS [

We here point out that the critical value ¥J.. is the solution of the equation

1
p—1+19 —7 =X (2.6)

where x = x(n,p,v, L) > 1 is the higher integrability exponent for homogeneous prob-
lems v; —div a(z, ¢, Du) = 0, see Corollary 4.8. The point here is clear: for what concerns
regularity for Du, we obviously cannot overcome the maximal regularity we can get when
p = 0, which is [Du| € LPX(Qr). Things change when considering more regular vector
fields, see the last Section for the precise statements. In this case we have the following

Corollary 2.3. Let u be a SOLA to (2.3) , where the vector field a(-) is more regular in
the sense that (7.1)-(7.2) or (1.3) holds. Then, if € L“?(Qr) for 1 < 9 < N, the

conclusions of Theorem 2.2 hold.

Here we can see that if u satisfies the condition |u|(Qr) < cqRN ™!, then |Du| €
Ll (Qr) for all ¢ > 1. Compare with [24, Theorem 1.5] which states that

ul(Qr) < cgRN71* forsomee >0 = Due C2P(Qr,R")

loc

for some § € (0, 1) depending on n, p, v, L, £, and moreover the improved borderline case
in [25]

‘MKQR) < CdRNilh(R) = Du e CO(QTaRn)a

where h(p) is Dini continuous, that is fol h(p)/pdp < oo (actually in [24] only the case
with no coefficients is considered).

Proof techniques. We finally want to spend here a few words to explain in which sense we
want to mean here “|Du| = \” in Qj\% , since there are two possibilities which need to be ac-
commodated. Indeed, starting from the pioneering work of Iwaniec [18], local comparisons
estimates with homogeneous problems have become an essential tool in proving regular-
ity results (in particular Calderén-Zygmund estimates) for non-linear problems, lacking
of representation formulae. The correct cylinders to use in order to approach questions
regarding homogeneous problems are energy ones, i.e.

][% (|Dv| + )" dz = AP,

R

see (4.18) and also the Caccioppoli estimate Lemma 4.3; this could be seen as the energy
geometry. On the other hand, since we are dealing with very weak solutions to equation
(1.1), these functions might in general even have infinite energy (also comparison estimate
Lemma 5.1 does not hold for the natural exponent p). Therefore, the only meaningful
definition for intrinsic cylinders for w is

][ (IDu| +5)" " dz ~ AP~! implying ][ (1Dv| + )" " dz ~ AP
Q% Qx

via comparison, see (6.6) and (6.13); we could call this the weak geometry. It will turn out
in Section 5 that the right geometry for the problem is the unique possible, the weak one,
as one could expect; the regularity of solutions to homogeneous problems (in particular the
sup bound for v) will allow to show that the two geometries for v are actually equivalent,
as proved in Proposition 5.5.
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3. NOTATION AND TECHNICAL LEMMAS

This section is devoted to fix the notation we will use in the rest of the paper. We denote
by Qs (20) the generic cylinder in R+

QT,S(ZO) = Br(xO) X (tO - S, to + S)
having “vertex” zg = (xq,t9) € Qr, for r, s > 0. Particular cylinders will be of special

importance: these are the cylinders Q7 (o) defined starting from a radius 7 and a parameter
A > 1 in the following way:

Q%(20) := Br(xo) x AN(to) =: Br(zo) x (to — NX>"PR%, to + A2"PR?). (3.1)

Such cylinders will be called “intrinsic” if some intrinsically defined relation between A,
Du and p will hold, see for example (6.6). When dealing with families of cylinders with
the same “vertex” (respectively of balls, of intervals), we will often avoid to denote it.
Accordingly with the parabolic metric, for > 0 we shall write @A) = A)p(ty) =
(to — A27P(aR)?,tg + A27P(aR)?). The same will hold for the cylinders Q% (o, o) :=
Bar(w0) x A)g(to).

R™*! will always be thought as R™ x R, so a point z € R™"*! will be often also denoted
as (z,t), 2o also as (g, to), and so on. By parabolic boundary of a cylinder C' := A x J,
with A C , J C (=T,0), we will mean 9pC := A x {inf JJUOA x J. Being G € R™ a
measurable set with positive measure and f : & — R¥ an integrable map, with m, k > 1,
we denote with (f), the averaged integral

e 1= f 10 85— g [0

Moreover for a measurable function g : € = B x J C R" x R — R over a cylinder we
will use the notation

(9)g(t) == ][ g(z,t) dz forall t € 7.
B

Note thatif g € LP(J, WIP(B)), p > 1, B, J as above, then x — g(x,t) € WLP(B) for
a.e. t € J. Hence we will be allowed to use Poincaré’s inequality slice-wise. As the reader
may have already noticed, the expression |&| will denote the m-dimensional Lebesgue
measure L™ depending on where & lies: |§| = L™(6) if & C R™.

Finally, we will denote with ¢ a generic constant greater than one, possibly varying
from line to line. Constants we need to recall will be denoted with special symbols, such
as cy, ¢, G, c«. Relevant dependencies will be highlighted between parentheses or after the
equations; when non essential, the dependence on a parameter will be suppressed (this will
be the case, for instance, in (5.4), where the constant depends only on p and not on q).

Observe that our definition of LV slightly differs from the classical one; however,
since we are treating inner local regularity, information near the boundary 921 will play
no role. Therefore in the definition of Morrey density we shall consider only cylinders not
intersecting the boundary.

The following lemma is a standard iteration lemma and can for instance be found in
[17, Lemma 6.1].
Lemma 3.1. Let ¢ : [R,2R] — [0, 00) be a function such that

1
P(r1) < 5(25(7”2) + A+ forevery R <ri <1y < 2R,

(ro —11)P
where A, B > 1 and 8 > 0. Then

o) < () A+ 1]
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The following, on the other hand, is less known but allows to lower the exponents on
the right-hand sides in our particular situation, encoding the self-improving property of
reverse-Holder inequalities; see [22, Lemma 5.1] for its proof.

Lemma 3.2. Let v be a non-negative Borel measure with finite total mass. Let moreover
l<g<p<ooand& >0, and let {0U} be a family of open sets with the property

0 UCOUClU=U 3.2)

whenever 0 < 01 < 03 < 1. If w € L1(U) is a non-negative function satisfying

1/p co 1/q
wP dv < — / w? du) (3.3)
(/elU ) (02 — 61)¢ ( 02U

Sforall 1/2 < 0, < 03 < 1, then there is a positive constant ¢ = ¢(co, &, p, q) such that

1/p c
P
(/euw du) < a=07° /dey, (3.4)

forall0 <0 <1, where &' = &q(p—1)/(p — q).

4. ESTIMATES FOR HOMOGENEOUS PROBLEMS
Let us consider v € CO(I; L2(A)) N LP(I; W1P(A)) a solution to the problem
vy —diva(z,t,Dv) =0 inAx1ICQp, 4.1

being A, I open sets and with a : Q7 x R® — R the vector field appearing in (1.1),
therefore satisfying (2.1) and

(a(z,t,£),8) > c(s* + |§|2)p?;2|£|2 —c ' Ls?, (4.2)

with ¢ = ¢(p, v, L), by a simple use of Young’s inequality. In this section we collect some
regularity results for weak solutions to (4.1).

The following is the sup bound for solutions to degenerate parabolic equations. It can be
found in [31], see obviously also [14, Chapter V, Theorems 3.1 & 4.1]. Some modifications
of the proofs are needed; in particular we followed the proof of the homogeneous case
and the last term in (4.3) is due to the fact that in (4.2) the term containing sP appears.
Moreover we introduced the parameter ¢: following [14, §12, Proof of Theorem 4.1], once
we fix ¢ € (0, 1), we just need in equation (12.1) of the aforementioned proof to take k so
big that k > £(p?/60)'/(P=2), Note that DiBenedetto’s book notation differs from ours (in
particular 6§ <+ o). Recall that a sub-solution is a function such that the left-hand side of
the weak formulation of (4.1) is negative, for every positive test function.

Proposition 4.1. Any positive sub-solution w to (4.1) in A x I is locally bounded with the
following quantitative estimate: for Q, (70) = Qp.o C A x I, 0 € (0,1) and for every
e € (0,1] there holds

n+p

1 2 oNz 1/2
<ecl—n =)’ P d
awose(ia) () (F, =)

P 1/(p—2)
+ e ((7) +sp (4.3)

for a constant depending only on n,p, v, L.

Starting on the other hand from (4.3) and following exactly [14, §12, Proof of Theorem
4.1] we can lower the exponent appearing on the right-hand side, therefore getting the
following corollary:
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Corollary 4.2. Let w be as in Proposition 4.1; then for Q, », 0, € as above there holds

1 ntp o P 1/(p—2)
sup w Sc() —][ wPldz +¢ <> +sp (44
Qop,00 (1 - 9)8 PP o

po
with ¢ = ¢(n, p,v, L).

The next Lemma is a standard Caccioppoli’s inequality on generic cylinders; for its
proof see [19, Lemma 3.2].

Lemma 4.3 (Caccioppoli’s inequality). Let v € LP(I; WYP(A)) be a weak solution to
@.1) and let Q,, .00 = Qpy.0.(20) C A X I be a cylinder. Moreover let k € R. Then the
following estimate holds:

-2
/ (\Dv|2+52)pT|Dv|2dz+ sup /B( )|v(~,t)—k|2dx
r1(Zo

Qpy,01 te(to—o1,to+0o1)

< ¢ / |v—k|2dz
02 — 01 JQ

p2,02

c
+ — v—k|Pdz+cs?|Qr, .|, (4.5
revnd ML Qraal: @)

p2,02

for all concentric cylinders Qp, o, = Qpy,01(20) € Qp,.00(20) and with a constant de-
pending on n,p, v, L.

The nextis [19, Lemma 3.1]:

Lemma 4.4. Let v € LP(I; WYP(A)) be a weak solution to (4.1). If Qp, o(20) C A X T
and p1 < pa, then there exist a radius p € (p1, p2) and a constant ¢ depending on n,p, L
such that

)80y (1) — (0) 3, oy (E2)] < —7 ][Q (Dol +5)" dz @6)

p2—r1Jq,,.,
forae. ti,ts € (to —o,tg + 0).
The following is instead a Sobolev-type inequality. See again [19, Lemma 3.3].

Lemma 4.5. Let 1 < q < 0o and suppose v € Li(ty — 02,to + 02; WH4(B,, (z0))).
Then, for a constant depending only on n, q, there holds

q
/ lv—(v)B,, (t)|q(1+2/n) dz<c ( R > / |Dv|?dz x
Q P2 — p1 Q

P1:01 P2,02

x ( sup /sz |0(-t) — (v)5,, (t)’de) "

te(to—02,to+02)

for every couple of radii R/2 < p1 < p2 < R. Qp, .0, and Qp, -, share the vertex
zZo = (Qio,to).

Finally a reverse-Holder’s inequality for solutions to (4.1). Since this proof is very
similar to that of [19, Lemma 3.4], in some points the arguments are only sketched. We
refer to the aforementioned papers for the missing details.

Proposition 4.6. Let v € LP(I; W1P(A)) be a weak solution to (4.1) and let Q(20) C
A x I be a cylinder such that

(é)”gjf (|Dv| +s)"dz and ][ (|Dv| +5)" dz < (KA)P 4.7
: Qh/a Q%
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hold for a constant k > 1. Then there exist constants ¢ depending on n,p, v, L,k and an
exponent § = £(n, p) such that

(f, omere) "< () (]

ora <ri <rqg < Randwith q := maxip — 1,np/(n + < p. Here an
forall R/2 R and with 1 2 H Q;\l d

>\ . . . )\
7, are concentric cylinders having the same vertex as Q7.

1/q
(Dm+gqm> (4.8)

A A
1 T2

Proof. For ease of notation from now on we suppose zy = 0. If this were not the case, a
simple translation would be sufficient to recover this situation.

We begin by defining r3 := (ro — r1)/5. Caccioppoli’s inequality (4.5) applied with
Qﬁl,ffl = Qi\l, QP2,02 = BT1+T‘3 X Ai\1+2r3 = BT1+T3 X (_)\271)(7”1 + 27“3)2, )‘27‘7)(7‘1 +
2r3)?) gives, for ¢ € (0, 1) to be chosen

—2
][ (|Dv\2+82)pT\Dv|2dz§ %][ |v — k[P dz

QY "3 JBritry XAQ farg

P2

+ 2 5 ][ lv —k[*dz + csP
"3 Britry ><A;}1 +2rg
< %AM% lv—kPdz+cs?,  (4.9)
s JB,, +r3 ><Af:1 +2rg

with the constant ¢, depending on n, p, v, L and on €. In the last line we used Young’s and
Holder’s inequalities. Note moreover that we can take averages in (4.5) since | By, 4,4 X
A} 12.,1/1Q0 ] < ¢(n). Now, denoting Q := By, 45 X A} 4o, =8 B X A} we

r1+2r3°
choose
k=(v)g= ][ vdz,
By 47 XA}

r1+27r3
where 7 € (r3,2r3) is such that ry +  is the radius p of Lemma 4.4 with p; = r1 + r3,
p2 =11 +2rgand 0 = A27P(ry + 273)2. Note that
A A A
B7‘1+7‘3 X A7'1+27'3 - BT"l 47 X An +2r; C Q7'1+27'3
and their measures differ only by a constant ¢(n). The goal of the proof now is to estimate
the second term of the right-hand side of (4.9); using triangle’s inequality

]{Lmsxm v = ()g|" dz < C(p)]l v — () 5(t)|" dz

A
14273 Bry4rg XAL o,
1t+273 1t2r3

P 4.10)

-+(ip)t€fyp [(v) (1) = (v)g

where sup is to be understood in the sense of essential supremum. Applying (4.6) from
Lemma 4.4 we have

2— 2
[(v) g(t1) = (v) p(t2)] < cfigfﬁiijlgfﬁl—]f (IDu| + )" " dz (411
3 Qb2

fora.e. t1,t2 € Ai‘l 42,5+ This will be useful to estimate the second term in (4.10): indeed
fora.e.t € A;}l +2r, DY (4.11), using the intrinsic estimate (4.7), we have

A27P(T‘1 + 27”3)2
r3

R2
< C<][
T3 Q

[(v)(t) — (v)gl < ¢ (IDv| + )" " dz

A
r1+2r3

(D pe1 1/(p=1)
v| + 5) dz (4.12)

A
T2
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for a constant depending on 1, p, L, x. Note again that |Q} ,,..| = |Q} | ~ |Q%[, uptoa
constant depending on n.

Now we estimate the first term of (4.10). Using Sobolev’s estimate of Lemma 4.5 with
q = np/(n + 2)’ Qm,ﬂl = Q = BT1+f’ X Av)ﬂ\1+2r3’ QP2702 = BT1+3?”3 X A7{\1+2r3 we gain

]{37-1+,,.3><A>‘ |U - (”U)B(t) Pz <c ]{;X/\A ‘v _ (U)é(t)|pdz

14273 T1+2r3
R\ "/ (nt2)
< c<> ][ | Do |/ ("F2) 7
3 Bry 305 XA +2rg
) p/(n+2)
X ( sup lo(-,t) — (v)o] dx) ,  (4.13)
t€A7)}1+3T3 By t3rg
where Q := B x A} 5, = B, x A}, is the ball of Lemma 4.4 for the choice p; =
r1 + 4rs, p2 = r1 + 5r3 = ro; note that we indeed used the elementary property
/ lo(-,t) — (U)Br1+3r3 (t)|2 dx < 4/ |v(-,t) — 8\2 dx (4.14)
Br1+37‘3 B'r1+37*3

valid for any ¢ € R. We now need to further estimate the supremum in the right-hand

side of (4.13). Using the Caccioppoli’s Lemma 4.3, this time with Q,, », = ;\1+3T3,

Qproy =Qand k = (v) g, after taking averages we have, since p — (r1 + 3r3) > 73

1
IR AR ORI
teA)

r1+3r3 r1+3r3

Ap_Q
< %J[ v — (U)Q’pdz—i— 072][ v — (v)Q‘de—I—csp, (4.15)
7"3 Q 7'3 Q

the constant depending upon n, p, v, L. The goal now is to estimate the two averages on
the right-hand side with appropriate powers of A. We have

][v \v—(v)Q|2 dz <4 ][ ’v—(v)B(t)|2dz—|—4 sup |(U)B(t)—(v)(2‘2. (4.16)
Q Q

tEAY,

At this point Poincaré’s inequality applied slicewise gives
][ v — (U)B(t)|2 dz <c¢(n)(ry + 57”3)2][ |Dv|? dz < e(n, k) riN2,
Q Q

using also Holder’s inequality and (4.7). As for the second term in (4.16) we deduce,
similarly as done in (4.10)-(4.11), using Lemma 4.4 with p; = ry + 4r3, po = r1 + 5713
and 0 = \27Pr3

|2

p—1

sup  |(v)5(1) — (v)g
2

tEA +arg
_ 2
A2—Py2 P r5\2
<ec [ 2 <c (—2> A2
r3 Q r3

with ¢ = ¢(n, p, L, k), so merging the last two inequalities into (4.16) gives

][Q’U_(U)Q|2dZSCTg(1+:Z)2)\2SCR2<2>2)\2

(IDv| +5)° dz)

A
T2

c having the same dependencies as the constant above. Similar estimates give

RN\P
][Q’v—(v)Q|pdz§cRp(r) AP;

3
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putting these two estimates into (4.15) and noting that s < kK gives
1 / 2
—  sup v(,t) — (v)g| dz
‘Q| teA) B ’ Q‘

r1+3r3 r1+3r3
2p 2p
R R
Sc() )\p—|—csp§c<> AP
r3 T3

) p/(n+2)
( sup / lo(-,t) — (’U)Q| d:c)
teA) By t3rg

r1+3r3

that is

2p*/(n+2)
R) 2P/ (n+2)

< cRP (
r3
Plugging in turn this estimate into (4.13) and with the help of Young’s inequality, ¢ being
the same quantity already chosen as in (4.9), finally gives an estimate for the first term of
(4.10)

L ]{9 v — (0) 5O d=

P

"3 r1+73 XAil +2rg
< 220/ (142) (E)Q”("”*”/ () ][
> T o

R\ 2p(nt+p+1)/n
By
2 rs Q

with ¢ = c.(n,p,v, L, k,€); putting this estimate inside (4.10) together with (4.12) and
in turn the result into (4.9)

\Dv|"”/(”+2) dz

A
T2

(n+2)/n
| Doy|"P/ (n+2) dz)

A
T2

p—2
][ (|Dv]* + s*) = |Dv]*dz
Q)\

1

2p
<N te. (R) (][
3 Q2
(R)2p(n+p+1)/n (][
+ Cs -
T3 Q

c. depending upon n, p, v, L, k and obviously €. Now we only need some algebraic ma-
nipulations to get (4.8). In particular we first recall the definition of r3 and that ¢ < p, we
then estimate from below the left-hand side and we sum to both sides s. Finally

)\PSKPJZ
Q

choosing ¢, depending on n, p, k, small enough to make reabsorption possible finishes the
proof. O

pei p/(p—1)
(|Dv|+s)" " dz

(n+2)/n
|Dv|np/(n+2) dz) ,

A
To

|Dv| + 5)" dz < kP 22 |Dv| + 5)" dz;
Q)\

A
R/2

Matching the previous Proposition with Lemma 3.2 immediately implies the following

Corollary 4.7. Let v € LP(I;WP(A)) be a weak solution to (4.1) and let Q7 (zp) C
A x I be a cylinder such that

(é)p < ][ (|Dv|+s)"dz  and ][ (|Dv| +5)" dz < (KA)P
Q;\?/Q Q

KR A
R
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hold for a constant k > 1. Then there exists a constant c depending on n,p, v, L, k such

that
» 1/p c . 1/q
<][@ (|Dv| + s) dz) <(1_9)5/<][% (|Dv] + s) dz) , (4.17)

6R
forany 0 € (0,1), g € [1,p] and with &’ = &' (n,p, q).
Proof. We apply Lemma 3.2 with the choices

1
V= =Nl ,C,Tl-‘rl7 U = Q?%(Zo)v o; =

Q%
so that o;U = Q;\i (20), i = 1,2. (3.2) obviously holds. With these agreements (4.8) looks
exactly like (3.3), apart from a constant depending on n and p (the reader might recall that
Q%] =~ |Q| = |Q},]). Then (4.17) follows straight from (3.4). O

Finally we can state the higher integrability result for the parabolic p-Laplacian of [19]
in the homogeneous form we need. With all the preceding results at hand, its derivation is
immediate.

Corollary 4.8. Let v as in Proposition 4.6 and in particular let
A\ P

()<t

K Q

hold in some cylinder Qj\%, with A > 1 and for a constant k > 1. Then there exists
X = x(n,p,v, L) > 1 such that

(]lQ (|Dv| + s)"* dz)l/(m <c <][Q

Sor any q € [1,p|, the constant c depending onn,p,v, L, k.

(IDv| + )" dz and ][k (IDv|+8)"dz < (KNP (4.18)
Qr

by
R/2

1/q
(|1Dv Jrs)qdz) (4.19)

A A
R/2 R

Proof. The estimate

<][Q (|Dv| +s)"* dz)l/(pX) <ec <][Q

is deduced starting from [19, Proposition 4.1] and (4.18) very similarly to [1, Lemma 3].
At this point using (4.17) in the previous display gives (4.19). (]

1/p
(|Dv| + s)pdz>

by A
R/2 3R/4

5. COMPARISON LEMMATA & MERGING THE GEOMETRIES

In this section we approach the proof of Theorem 2.2, first collecting some compari-
son results and then showing how to accommodate the two geometries of the problem, as
explained in the end of Section 2.

First of all, from now on we will choose as the set A x I a cylinder Qf‘%(zo) C Qrp
and we will introduce therein the comparison function solution to the Cauchy-Dirichlet

problem
vy — diva(z,t, Dv) =0 in Q7,
¢ ( ) Qr 5.1)
v=u on 9pQ%,

where u is a solution to (1.1). Recall we are dealing with approximating, regular solutions
u = uy; therefore existence and uniqueness of v are well known arguments (see [14]) and
so it is the fact that v € u + C°(A; L2(B)) N L?(A; Wy P(B)) if Q) = A x B. The
following comparison result is [23, Lemma 4.1].
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Lemma 5.1. Let u be a weak solution to (1.1) and let v be the comparison function defined
in (5.1). Then

0 )" o [Il@y) ]
(][ | Du — Dv| dz) < [ o } (5.2)
QX QX"
1
for every q € [1,p 1+ N7) and for a constant ¢ = ¢(n, p, v, q).

We note that this comparison estimate shows a non-homogeneous character, differently
from the elliptic corresponding ones, see [29, Lemma 9.5]; however it perfectly fits our
situation, once having intrinsic relations at hand, as we will see several times in the sequel.
The first one is the following

Lemma 5.2. Let u be a weak solution to (1.1) and let the density condition (1.3) for some
1 <9 < N hold. Moreover suppose that the intrinsic relation

|u|<czﬁ>}* . 5.3
el o3

holds true for some constant € € (0, 1), where m is defined in (2.4). Then

1/q N
(][ ’Du—Dv’qdz) <ecreAa
Q%

1
for all q € [ -1+ ﬁ) for a constant c¢1 depending on n,p,v,cq,V,q. Here

A:=(N-1)(p—1)+ 1inshort.

Proof. From (5.3) and (1.3) we obviously have

A A
‘N|(C/€R) < (€A)m and |p"(?R) < Cd/\piZRiﬁ.
Q%I Q%
Hence by Lemma 5.1 for g as in the statement ,we deduce, using the previous relations and
recalling the definition of A
(a+ N
. {m(QR)} g

(f iou-prae) " <[] [

<C€o¢mA )\amAJr,B(p 2)N —R BQ?N+A

N
A

1
Q|7

where «, 8 are two positive constants such that « + 8 = 1. If we choose 3 so that the
exponent of R is zero, i.e. 8 = 1/9, then &« = 1 — 1/4 is such that a simple computation
shows that the exponent of A is 1, i.e.
9—1 (p—2\N 2-p
-+ —=1
(5m+ 5 57) 3+ 2
At this point again a direct calculation shows that am > 1. U

At this point we need a Poincaré-type estimate for the function v. Despite its proof is
standard, we prefer to propose it, being quite short.

Proposition 5.3. Let v be as in (5.1) and let Q% = Q}(20) C A x I be a parabolic
cylinder, not necessarily intrinsic. Then

a
][ dzgc][ (|1Dv| +5)" dz
R Qi

R
q
+¢c\12=P) <][ (|Dv| + s)pi1 dz) (5.4)
Qx

forall 1 < q < pand for a constant c depending only on n, p, L.

v— (V)
R
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Proof. Take a positive weight function € CS°(Bpg) satisfying
]{9 ndx =1, n(x) + R|Dn(x)| <c(n) forallz € Bg
R
and define the weighted mean of v(-, ¢) on Bg by

b = f, -t

Now we split the integral on the left-hand side of (5.4) in the following way:

T, quSc<q>][Q 00,0

q

v— (v
7( )Q’é dz

R

A A
R R

L f |0 - f Oy (r)dr|
+ G f, el i~ Oy =111

We have, by a standard variation of Poincaré’s inequality applied slice-wise
IIr<Ir< c(n,p)][ |Dv|? dz.
QX

To estimate I we rather use the equation. Test indeed directly (5.1); with the test function
7 independent of time: for a.e. t1,ts € A%

to to
/ O [()E, ()] dt‘ = / O ndx dt‘
t ti JBr

ta
/ ][ (a(-, Dv), Dn) dz dt‘
t1 Br

L _
< c(n) / ][ (s + |Dv|2)(p n/2 4,
R A J Br

<c(n,L) PR (|Dv] + s)p_1 dz,
QX

|(0)B, (1) — (), (t2)] =

SO

q
IT < ¢(n, L,q)\13=P) (][ (|Dv] + s)p_l dz> :
A

Qr
Note that the previous estimate is just formal: a precise proof can be done using a regular-
izing procedure in time, for example Steklov’s averaging. Merging together the estimates
for I, 11,111 gives (5.4). U

The previous proposition immediately translates in the following corollary, once we
know that the cylinder Q?\z is intrinsic:

Corollary 5.4. Let v be as in Proposition 5.3 and moreover let us suppose the intrinsic
relation

][ (|Dv| + s)p_l dz < (kA)P1
@

satisfied for some k > 1. Then

][ v—()gy
Qk

p—1

dz<c¢ ][ (|Dv| + S)Pﬂ dz
R Q
for a constant c depending on n,p, L, k.

A
R
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The following Proposition finally shows that the weak geometry for Dv is equivalent to
the standard one.

Proposition 5.5. Let v be the weak solution to (4.1). If

A\ Pl p— -
(f)p < ][ (1Dv] + 5)" " dz, ][ (1Dv] +5)" " dz < (kAP (5.5)
r Q% /a Qx
hold for a constant k > 1, then
A
(—)q < ][ (|Dv| +s)? dz, ][ (IDv| +8)" dz < e (kA" (5.6)
R Qh/a Q)2

hold for every q € [p — 1, p|, with ¢ depending on n,p,v, L.

Proof. The first inequality of (5.6) follows immediately from (5.5);. For the second one,
we use Caccioppoli’s inequality together with Holder’s and Young’s inequalities to infer

. ., v—(v) PoN\2/p
][ (|Dv|+ s)"dz < ¢ | NP ][ —— | dz
Q% Q3r/4
v~ Wy,

Q’o)’\R/AL
R/2 R
P a/p
+ ][ ( + sp> dz}
Qs R
v—(v) P q/p
(=] +»)«]

Q?,R/zx
R
a
[ 0sc v} +cs?+c (k) (5.7
QQR/AL

Sc{)\p—k][
Q

&
<
~ Ra

A
3R/4

where ¢ = c¢(n,p,v,L). Now we estimate the oscillation using Corollary 4.2: we in-
deed apply (4.4) withe = 1, Q,, = Q}\%, 6 = 3/4, to the positive sub-solutions
w=(v—(v) Q§3/4)i; then we sum up the resulting inequalities and, noting that Qg‘R /1 C

Q3R/473)\2—pR2/4, we infer

p—1

v — (U
v Way I AR+ 2R,

. < 2—p
0sC v<cAN"PR 7

QSR/4 Qi\a

with ¢ = ¢(n,p, v, L). Therefore, using Poincaré’s inequality Corollary 5.4, and this is
allowed since (5.5)3 holds, we infer

1 _
= osc v<cA\TP ][ (|Dv| + s)p Ydz 42X+ 2s < CcRA, (5.8)
QA

Q:/«}\R/4 R

using again (5.5)3, which also yields s < xA. Using again this fact together with (5.8) into
(5.7) concludes the proof. O
6. PROOF OF THEOREM 2.2

Finally we come to the proof of the Theorem. We take a parabolic cylinders Q2p =
Q2r(30) C Qp, R > 0, and following [29], letting M > 1 be a free parameter to be
chosen, we define the Calderén-Zygmund functional

CzZ(Q) = (][;7/20 (‘Du| +s>p—1 dz)ﬁ n [MW}M

for cylinders Q = (z9) C Qr, where

1
m::p—1—|—m>p—1.
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Now, after fixing two radii R < r; < ro < 2R, we define

- et N[ (@) ]
A= (][ (|Du| + s) dz) + [MQ} +1, (6.1)
Qry |62T2‘
we take )\ such that
N
A>B)\y where B:i= < 800ry ) >1 (6.2)
To —T1
and first consider radii satisfying
T2 —T1 T2 —T1
<r< . 6.3
0 "= 2 ©.3)

Note that due to such a bound Q(z) € Q,., for any z € Q,, and for all r satisfying (6.3).
Hence by (6.1) and (6.2), enlarging the domain of integration, we have

Q] 17Tt s 20meN P
CZ(Qf\(Z))S l: 2 A0 < AT Ap—1 B~ p—1
|Qi\/20| 0 ( r )

<\ < 4N (6.4)

Now we prove by Lebesgue’s theorem that the converse inequality holds for cylinders
centered in points where the gradient takes big values. More precisely, for A > 0 and radii
v € [R,2R], define the level sets

E(\,7) = {z € Q(z0) : |Du(2)| + s > )\}. 6.5)

Note that the cylinder Q- (30) have the same “vertex” as Qg and QQ2r. Take then a point
z € E(4)\, ) with A > B)g. By Lebesgue’s differentiation theorem, for almost every
such points it holds

1

lim CZ(Q(2)) > lim ][ (1Dul + )77 dz) ™" > 4n,
'F\O ,\O( Qi\/Qo(z) )

Hence for small radii 0 < 7 < 1 we have by continuity CZ(Q}(z)) > 4\. From this
consideration and the fact that (6.4) holds, together with the absolute continuity of the
integral, we infer the existence of a maximal radius 7, such that

_ b N [ @Y )1
CZ( Tz)(][@ (|Dul +s) dz) %M%} =4\. (6.6)

The word “maximal” refers to the fact that for all radii ¥ € (7, (r2 — r1)/2] the inequality
CZ(Q2)(2) < 4\ holds. In particular for # = 20r, we have

<][ (@)™
Q

rs /20

@A} =CZ(Q%,.) <4X. (6.7

Note also that obviously 7. < (ro — 1) /40 and hence @3, _(z) C Qr,.

_1
(|Dul + s)pf1 dz) 4 [M

A
Tz

A favorable case. Now we single out an intrinsic cylinder Q) (z), z € E(4A, 1), A >
By, where (6.6) holds. For ease of notation, from now on let denote () := Q;\z(z).
Assume that, in addition to condition (6.6), also

(0Pt < ][Q/QO (IDu| + )" d2 (6.8)

holds true. The reason for this additional assumption will become clear in the remainder
of the proof.
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We introduce the comparison function solution to the Cauchy-Dirichlet problem

vy —diva(z,t, Dv) =0 in @,
¢ ( ) Q 69)
v=1u on OpQ;
applying Lemma 5.2 with ¢ = 4™ /M (we can here assume M > 4™), we get
1/q N
4™A ¢q Cy
Du — Dv|*d < A= =A<, 6.10
(][Q | U v| z) S U S c ( )

with ¢, and ¢ depending on n,p, v, cq,¥,q, forall ¢ € [1,p — 14+ 5= ). The previous
estimate (6.10) holds in particular for the choice ¢ = p — 1. Hence first we have

][ (IDv] + )" dz < 2772 {][ (1Du| + )7 " dz +][ |Du — DolP~" dz
Q Q 0

et 6.11)
by (6.7) and (6.10); then

-1 1 p—1
|Dv| + 5)” dzzfi][ |Du| + s dz
[ARCIER IR = SN LY
—4N ][ |Du — DvP~1dz
Q

N p—1
4Nk
N(p—1)
A

M

since we are assuming (6.8) and we can use (6.10). Now we impose that M > 4™ is so
large that also
4N P 1
MN(IZ;I) — 57N
is satisfied and this, making M depend on n, p, v, cq4, ¥, finally yields, together with (6.11)

> 2 A1

= 57N )\p—l,

6.12)

A\ P—1 _ _
<7> < ][ (|Dv| + s)p ' dz, ][ (|Dv| + s)p Ydz < cAPTL (6.13)
¢ Q/4 Q
therefore we can apply Proposition 5.5 which gives
A
<7>q < ][ (|1Dv| + s)" dz, ][ (|Dv| + 5)? dz < eX (6.14)
¢ Q/4 Q/2

forall ¢ € [p—1, p] and with a constant ¢ depending on n, p, v, L, ¢4, ¥. Since in particular
(6.14) holds for ¢ = p, we are finally in a position to apply Corollary 4.8:

1/(px) , 1/(p—1)
(][ (| Dv| +s)pxdz> < c<][ (|Dv| + )" dz) <c),
Q/4 Q/2

(6.15)
for x = x(n,p, v, L) > 1 and the constants c at this point depending only upon n, p, v, L, ¢q, .

1
We moreover have, for any ¢ € [1, p—1+ m), using the previous (6.15) and (6.10)

(][QR/4 (|Du| + s)qdz>1/q < <][QR/4 (1Dv] + S)qdz) 1/q

1/q
+ <][ DuDv|qdz) <cA.  (6.16)
QRrya
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Splitting the intrinsic cylinder — a density estimate. We here show when the additional
assumption (6.8) can be assumed and, at the same time, we make use of the results of the
preceding section. Clearly, by the definition of the C'Z operator and by (6.6), one of the
following two inequalities must hold true:

O L=V R L SR SOV L S ACRE
Q/20

1Q/20]

Suppose we are in the first case, so we can use the results of the previous section: we split
the integral, observing that )/20 = Qi‘ /20(2') C @r, and we use Holder’s inequality to
infer

_ 20 ~ E(\, )| ..
D p 1d < |Q/ ) Ap 1
T P07 S

1
in]
1Q/20] /g 20nE(xr) (

1—e=L B =
S /\p_1+C<Q/QOﬁE(/\,T2)> (][ (|Du|—|—3)q dZ) ,
Q| Q/20
(6.18)

| Dul + s)p_l dz

for ¢ = ¢(n, p) and for the exponent
1 1
gi=p—14+ ——— (—1, -1 7) 1
q:=p +2(N_1)€ p—lp—1+5— (6.19)

Plugging the density estimate (6.16) into (6.18) (the reader might recall now (6.19)) and
taking into account the fact that (6.17); holds, we infer

|Q/200E()\,r2)|>1_p‘71}

(2Nt < ]l (|Du|+s)p71 dz < \P1 [1+c(
Q/20 Q|

in turn, dividing by AP ~! and reabsorbing the first term, we get

1 _Q/200 B\ )

¢ Q| ’
with ¢ = ¢(n, p, v, L). Merging this estimate with the second alternative (6.17)2, we get
finally the estimate for |()| we were looking for:
M
)

QI < ¢|@Q/20N E(X, r2)| + ¢ -2 [ul(Q/20). (6.20)

We recall that Q = Q; (2).

A covering argument. The following covering argument has been firstly developed in
[19], but the “weighted” version we use here is very similar to the improved version which
has been described in [1]. We saw in the preceding step of the proof that, once we fix
A > By, then for every z € E(4),r1) we can find a cylinder Qi‘z (z) such that (6.6) and
subsequently (6.20) hold.

Then we consider the collection of all such cylinders £y := {Q;\z/m(z)}ze;;(@\’rl)
and, by a Vitali type argument, we extract a countable sub-collection F C &, such that
the 5-times enlarged cylinders cover almost all E(4\, 1) and the cylinders are pairwise
disjoints. Le., if we denote the cylinders of Fy by QY := Qizi/%(zi)’ for i € 7, being
eventually Z), = N, and with z; € E(4X,r1), we have

QYN Q? =( wheneveri#j and E(4\,7) C U Qi UN, (6.21)
i€y
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with | V] = 0 and where we denoted Q} := 5Q7 = Q) /4(21) note that by (6.3) we have
the inclusion Q% C @, forall i € Zy. We now fix H > 4 to be chosen later and we
estimate

[B(HA, )| < Y |QF NE(HA, 7). (6.22)

i€

We split every term in the following way:

Qi NE(HX,12)| = |{z € Q} : |Du(z)| + s > H\}|

< |{z € Qzl . |Du(z) — Dv;(z)] > H/\/2}|
+{z € Q} : |Dvi(x)| + s > HN/2}| = I; + II;. (6.23)

Here v; is the comparison function, solution to (6.9) with Q = Q7 = 7/}2 = 4Q}. We
estimate separately the two pieces: for the first one we use (6.10) and subsequently (6.20)

to infer

2 \p-1 c
= 7y —DuPlde < ——— QNPT
1< (45) / Du— Dot d= < st QA (6.24)
0 0

since N(p—1) > A= (N —1)(p—1) + 1. On the other hand we use higher integrability
(6.15) to get

2 20 X C
II; < (H)\) /Q% (IDvi| + )" dz < (HA)pX

[lQ‘JﬂE( ;o) + M

2| APx (6.25)

o &g?)].

<

= Hrx
Connecting the two estimates (6.24) and (6.25) and plugging the result into (6.23), taking
into account that H > 1, gives

1 Cx
|[E(H\, ) NQ;| < |:Hp—1MP_1 Hpx

At this point, since the {Q?} are disjoint, see (6.21), summing up and multlplymg both
sides of the previous inequality by (H\)™, see also (6.22), gives

Qe n B )+ e M'“KQO),

Cx Cx

Hpr—t-mM + Hpx—m

(HN)™|B(HA, )| < | |AmE )]

+ecMH™[u|(Q2r) (6.26)

Finally we perform the choice of M and H: recall that p — 1 < m < pyx by (2.6). First
choose H so big that

Cy 1

Tox—m < 1 and H > 4.

Then at this point, having fixed H = H(n,p,v, L, cq,v), choose M > 4™, satisfying
(6.12) and such that

c 1

- < Zgp—l-m

M — 4

This choice makes also M depend on n, p, v, L, c¢q, . Having such choices at hand, after

taking the supremum with respect to A > B, (6.26) rewrites as

1
sup  A"|E(A, )| < 5 osup ATE(A,12)| + ¢ |pl(Q2r)
A>HBM\o A>Bo

IN

1 m
S 1Dul + sl jm q,,) + ¢ lul(@2r) (6.27)
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and therefore, recalling that F(\, ) denotes the super-level set (6.5)

m 1 m m
1Dul + 51 Xim g,y < 5 I1Dul+ 51 %emq,,) + ¢ [Bro] " RY + clul(Q2nr)

forall R <11 <1y < 2R, since BAyg > 1. We now, recalling the definitions of A\ and B,
apply Lemma 3.1 with ¢(r) := ||| Du| + s(|\ym (g, s A = c|ul(Q2r),

B = c¢RNMm+1) <{][ 2R(|Du| +s5)Pt dz} "y [mgizmrl + 1>

and 8 = Nm. Note that this is possible since we are dealing with approximate energy
solutions; since Du € LYX(Qr), we have ||| Du| + 8l pom (Qomy < 00 for m < px. This

loc

yields, using also Young’s inequality with conjugate exponents p — 1 and (p — 1)/(p — 2)

p—1
11Dul + 8l o < ['“'(QR)}
|Qar| 7T
+c¢RN 4+ ¢RY [][ (|Du| + s)P~! dz}
Q2r

which finally gives (2.5).

7. MORE REGULAR VECTOR FIELDS

In this section we show in detail what we meant when we mentioned “more regular
vector fields” and we show how to modify the proof to match the different assumptions. We
here can consider vector field of the form a(z,t, &) = b(x)a(t, §) with a(-) a Carathéodory
map differentiable with respect to the variable ¢, with (¢,£) — 0Oca(t,§) Carathéodory
regular and satisfying

(Oea(t, E,6) > V(s + €2) T 1P
la(t, )] + |9ea(t, )| (s> + [¢[2)® < VI (s? + [¢[?)

forall t € (=T,0), £&,€ € R™, p > 2 and with v, L, s as in (2.1). We moreover suppose
b: © — R bounded and VMO regular, i.e. /v < b(-) < V'L and

(7.1)

p—1
2
’

lim w(R) =0, where w(R):= sup][ |b— (b)p|dx, (7.2)
RNO B JB

where the supremum is taken with respect to all the balls B = B,(z) € Q with0 < p <
R.

We could also consider the case where the dependence with respect to the x variable is
continuous, i.e. vector fields a(z, t, £) satisfying

(Ocalz,t, O, E) > v(s? +[¢[2) T |,

la(z, £, )| + |Oca(w, 1, )] (s + |€]2)F < L(s? + [¢]?)

p—1
2
)

p—1
2
)

(7.3)

|a(xvt7£) - a(x07t’§)| < L&(lz - JC0|)(52 + ‘€|2)

for all z,zg € Q,t € (=T,0),¢,€ € R, with p > 2 and v, L, s as above. We suppose
@ :[0,00) — [0,1) a concave modulus of continuity such that limpz~ o @(R) = 0.

In both these cases higher integrability holds for every x > 1, see [5, Theorem 5.7],
with the constant appearing on the right-hand side depending critically upon y. Therefore
an argument similar to the one carried in Section 4 can be performed, in order to get that
Corollary 4.8 holds for every x > 1 and with the constant depending also on . Now the
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only different point in Section 6 is that in (6.25) now we can choose, given ¥ > 1, y =
x(p, ) such that pxy = m + 1; this reflects in the critical dependence of the constant upon
¥, as 9 — 1. The same Theorems justify the reabsorption after (6.27): since the data for
the approximating problems are regular, then the energy solutions uy, under assumptions
(7.1)-(7.2) or (7.3), are as integrable as needed.
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