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Abstract

We prove global Sobolev regularity and pointwise upper bounds for transition densities associated
with second order differential operators in RY with unbounded drift. As an application, we obtain
sufficient conditions implying the differentiability of the associated transition semigroup on the space of
bounded and continuous functions on RY.
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1 Introduction

Given a second order elliptic partial differential operator with real coefficients

N N
A= Di(a;D;)+ > FiDj=Ag+F D, (1.1)
i,j=1 i=1
where Ay = Z?fj:l D; (a;;Dj), we consider the parabolic problem

{ ug(z,t) = Au(z, t), reRN, t>0, (1.2)

u(z,0) = f(x), r € RV,

where f € Cp(RY).
We assume the following conditions on the coefficients of A which will be kept in the whole paper without
further mentioning.

(H) aij = aj;, F;: RY — R, with a;; € CTRN), F; € C2 (RY) for some 0 < a < 1 and

N

NEP < ) ai(@)&gs < AP

i,j=1
for every x, & € RN and suitable 0 < X\ < A.

Notice that the drift F' = (Fy,..., Fy) is not assumed to be bounded in RY.

Problem (1.2) has always a bounded solution but, in general, there is no uniqueness. However, if f is
nonnegative, it is not difficult to show that (1.2) has a minimal solution u among all non negative solutions.
Taking such a solution u, one constructs a semigroup of positive contractions T'(-) on C,(R™) such that

u(z,t) =T(t)f(z), t>0 zeRN,

solves (1.2). Furthermore, the semigroup can be represented in the form
T(0)f@) = | ple0f)dy, > 0.0 RY,
R

for f € C,(RY). Here p is a positive function and for almost every y € R, it belongs to C’IQCIO"HQ/Q (RN x
(0,00)) as a function of (x,t) and solves the equation d;p = Ap, t > 0. We refer to Section 2 and [21] for a
review of these results as well as for conditions ensuring uniqueness for (1.2).

Now, we fix # € RY and consider p as a function of (y,t). Then p satisfies

Op = Alp, >0, (1.3)

where A} denotes the adjoint operator of A, which acts on the variable y. The great amount of work devoted
to these equations (see e.g. [1] — [7], [12] — [14], [19], [20] and the references there) witnesses the interest
towards global properties of solutions. Beside the effort to extend as far as possible the classical results on
uniformly elliptic and parabolic equations, solution measures are important in stochastics, being stationary
distributions in the elliptic case and transition probabilities in the parabolic one.

For global boundedness and Sobolev regularity, as well as Harnack inequalities and pointwise estimates
in the elliptic case, we refer to [19] and [4]. Pointwise bounds on kernels of Schrédinger operators, which can
be treated with methods similar to those of the present paper, are proved in [20].

The aim of this paper is to study global regularity properties and pointwise bounds of the transition
density p as a function of (y,t) € RY x (a,T) for 0 <a < T.

We prove that p(z,-,-) belongs to W,'*(RN x (a,T)) provided that

T
[ [ Rt dyde < oo, w1
ao RN

for fixed * € RY and 0 < ap < a. This generalises in some sense Theorem 4.1 in [3]. Assuming
that certain Lyapunov functions (exponentials or powers) are integrable with respect to p(z,y,t)dy for
(z,t) € RN x (a,T), pointwise upper bounds for p are obtained. If in addition F € W1 , (RM RY) and

,loc



|F|Fp, |div F|*/?p € LYRN x (ap, T)) with k > 2(N + 2), then p € W2 (RN x (a,T)) and we get uniform
upper bounds on |D,p|. This is the case if F' and div F' satify some growth conditions of exponential or
power type. Analogously, in the case where F' and its derivatives up to the second order satisfy growth
conditions of exponential type, upper bounds are also obtained for |D,,p| and |0;p|. Notice also that, in
some situations, the semigroup (T'(t);>0) is compact on Cy(RY), and hence there is no semigroup in any
space LP(RY) (see [22, Remark 4.3]) and Co(R”) is not T'(t)-invariant, hence p(x,y,t) /4 0 as |z| — oo.
This means that there is no hope to obtain any decay of p with respect to x.

Finally, if the inward component of the drift term F is of power type, then all upper bounds obtained
before are independent of x € RY and as a consequence we deduce that the transition semigroup 7'(-) is
differentiable on C,(R”) for t > 0.

Problem (1.3) (even with time-dependent and less regular coefficients) has been considered in [6], [7],
where the initial datum is a L'-function . The Authors prove regularity and pointwise estimates for the
solution with respect to the space variables under suitable conditions on y. Lower bounds are obtained in
[7] from Harnack inequality. Moreover, a version of our Theorem 5.1 is proved in [6, Theorem 2.1] assuming
that the function p has finite entropy, see also [7, Corollary 3.5]. Our estimates are obtained directly for the
fundamental solution (i.e., when p is the Dirac measure) and have an explicit behaviour with respect to the
time variable. Bounds for any initial datum g can be obtained from those of the fundamental solution after
integration, but they explode as t — 0, whereas those in [6], which exploit some smoothness of p, do not.
We refer the reader also to [24], where other bounds on the fundamental solutions are proved, in particular
situations, using Lyapunov functions which depend also on the time variable

Notation. Bpr(x) denotes the open ball of RY of radius R and centre z. If x = 0 we simply write Bg.
For 0 < a < b, we write Q(a,b) for RN x (a,b) and Q7 for Q(0,T). We write C = C(ay,...,a,) to point
out that the constant C depends on the quantities a1, ..., a,. To simplify the notation, we understand the
dependence on the dimension N and on quantities determined by the matrix (a;;) such as the ellipticity
constant or the modulus of continuity of its entries.

If u: RN x J — R, where J C [0, 00 is an interval, we use the following notation:

ou ou
atu —E, Diu = 87:1;7;7

Du =(Dyu,...,Dyu), D*u= (D;;u)

Diju = DiDju

and

N N
|Dul> =Y |Djul’, D%l = ) |Dyul’.
j=1

ij=1

Let us come to notation for function spaces. Cg (RY) is the space of j times differentiable functions in R,
with bounded derivatives up to the order j. C°(RY) is the space of test functions. C%(R") denotes the
space of all bounded and a-Holder continuous functions on RY. We also introduce the space

C*Y(Q(a,b)) = {¢p € C*(Q(a, b)) : suppp C Br x [a,b] for some R > 0}.

Notice that we are not requiring that u € C*!(Q(a, b)) vanishes at t = a, t = b.

For 1 < k < o0, j € N, W{(R") denotes the classical Sobolev space of all L*—functions having weak
derivatives in L*(RY) up to the order j. Its usual norm is denoted by || - ||; x and by | - || when j = 0.

Let us now define some spaces of functions of two variables following basically the notation of [15]).
Co(Q(a,b)) is the Banach space of continuous functions u defined in Q(a,b) such that lim, o u(x,t) =0
uniformly with respect to t € [a,b]. C*'(Q(a,b)) is the space of all bounded functions u such that d;u, Du
and D;;u are bounded and continuous in Q(a,b). For 0 < a < 1 we denote by C?+*1+/2(()(a, b)) the space
of all bounded function w such that d;u, Du and D;ju are bounded and a-Hélder continuous in Q(a, b) with
respect to the parabolic distance d((z,t), (y,s)) := |z — y| + |t — s|2. Local Holder spaces are defined, as
usual, requiring that the Hélder condition holds in every compact subset.

We shall also use parabolic Sobolev spaces. We denote by W,? ’1(Q(a,b)) the space of functions u €
L¥(Q(a, b)) having weak space derivatives D2u € L*(Q(a,b)) for |a| < 2 and weak time derivative d;u €
L¥(Q(a,b)) equipped with the norm

”uHW,f’l(Q(a,b)) = [lull Lr(Qarpy) + 10cullLr(@(apy) + Z D%l Lr(Q(a,b))-
1<l <2



H*1(Qr) denotes the space of all functions u € Wkl’O(QT) with du € (W,:,’O(QT))’, the dual space of
W%(Qr), endowed with the norm

HUHHM(QT) = ||6tu||(W;;O(QT))/ + HUHW;YO(QT)a

where % + % = 1. Finally, for & > 2, V*(Qr) is the space of all functions u € W;’O(QT) such that there
exists C' > 0 for which

’/ s dt’ <c (¢||LJ2(QT) + ||D¢||ka1(QT)>

for every ¢ € C*1(Q(a,b)). Notice that k/(k—1) = k', k/(k —2) = (k/2)’. V¥(Qr) is a Banach space when
endowed with the norm

||UHV’€(QT) = Hu”W)i'O(QT) + ||8tu||k)/2,k;QT7

where ||Osul|1/2,1;0, is the best constant C' such that the above estimate holds.
In the whole paper the transition density p will be considered as a function of (y,t) for arbitrary but
fixed z € RY. The writing ||p|| therefore stands for any norm of p as function of (y,t), for a fixed z.

2 Local regularity and integrability of transition densities

As a first step, we construct a semigroup in C,(R”Y) generated by a suitable realisation of A. Since the
domain will not be dense in C,(RY), we cannot use the Hille-Yosida theorem. Instead we follow a classical
approximation method based on Schauder’s estimates. We only sketch the procedure since it is presented in
detail in [21].

Let us fix a ball B, of centre 0 and radius p. Since A is uniformly elliptic on this ball, the operator A,
endowed with the domain

D(A) = {u e N W2(B,) : Au e C(B,), ulos, = o},

p>1

generates a semigroup (7,(t))i>0 on Cy(B,), see e.g. [17, Section 3.1.5]. As a consequence, for every
f € Cp(RY) there exists a unique function u, = T, f satisfying

Oruy = Auy,, x € B,, t>0,
up(z,t) =0, z € 0By, >0,
up(x,0) = f(z), z€ B,.

The maximum principle yields ||ty]lco < || flloo and uy, (x,t) < up,(x,t) if x € B, and o < g1 < g2, provided
that f > 0. Defining
T(t)f(z) = lim u,(z,t)

o0— 0

one constructs a semigroup of positive contractions in Cy(R”Y), named “the minimal semigroup associated
with A”, which satisfies the following properties.

Theorem 2.1 For f € Cy(RY), let u(z,t) = T(t)f(x), fort >0, . € RN. Then

(1) u belongs to the space C’lz()ta’1+a/2(RN x (0,00)) and satisfies the equation

N N
Opu(z,t) = Z D;(a;;(z)Dj)u(z,t) + ZFz(x)Dzu(x,t)

Moreover, if f € C2(RYN), then dyu(x,t) = T(t)Af(x).
(ii) T(@t)f(x) — f(z) as t — 0, uniformly on compact sets of RV.

(iii) Let (gn) be a bounded sequence in Cy(RYN) and suppose that g,(z) — g(x) for every x € RN, with
g € Co(RN). Then T(t)g,(z) — T(t)g(z) in C>L (RN x (0,00)).



In [21] it is also proved that the semigroup is given by a transition density p(x,y,t), that is

7@ = [ ple.07w)dy

Local regularity properties of the transition densities with respect to the variables (y,t) are known even
under conditions weaker than our hypothesis (H), see [3]. We combine the results of [3] with the Schauder
estimates to obtain regularity of p with respect to all the variables (x,y,t).

Proposition 2.2 Under assumption (H) the kernel p = p(x,vy,t) is a positive continuous function in RN x
R x (0,00) which enjoys the following properties.

(i) For every x € RN, 1 < s < oo, the function p(x,-,-) belongs to Hls(;i(RN x (0,00)). In particular
p, Dyp € L, (RN x (0,00)) and p(z,-,-) is continuous.

(ii) For every y € RY the function p(-,y,-) belongs to gtaltae/2

low (RN x (0,00)) and solves the equation
O:p = Ap, t > 0. Moreover

sup [Ip(, 9 M c2rettarz(Brxie,r)) < 0©
ly|I<R

for every 0 <e <T and R > 0.

(iii) If, in addition, F € C*(RY), then p(z,-,-) € Wj,,l})c(QT) for every x € RN, 1 < s < 00, and satisfies
the equation 9yp — Ayp = 0, where

A*=Ay—F-D—divF
is the formal adjoint of A.

PROOF. Assertion (i) is stated in [3, Corollary 3.9].
Let us prove (ii). Since p(z,-,-) is continuous in (y,t) for every fixed  we have p(x,y,t) < oo for
every t > 0 and x,5y € RY. Under this condition, the proof of [21, Theorem 4.4] ensures that p(-,y,-) €

Cﬁ;ga’ua/z(RN x (0,00)) for every y € RY and that p solves d;p = Ap.

Let us fix y € RN, 0 < e < 7and t; > 7. If |y| < R, the parabolic Harnack inequality (see e.g. [16,
Chapter VII]) yields

sup  p(z,y,t) < Cp(0,y,t1) < C sup p(0,y,t1) =M
e<t<T,x€B2Rr ly|<R

for a suitable M > 0. By the interior Schauder estimates (see e.g. [11, Theorem 8.1.1]) we deduce that

sup [Py, Ml mseser2(maxie ) SC( sup 190(,7) = AP(5y, Mmora(pynnie/an) + M)
ly|<R lyl<R

=CM < .
Finally, we prove that p is continuous in RY x R™ x (0,00). If (Zp, Yn,tn) — (20,%0,to) With tg > 0, then

|p(xn7ynat") 7p(x05y07t0)| < |p('rn7yﬂatn) *P(Io,ymtO” + |p($0,yn,t0) 7p(x07y0?t0)|'

The last term tends to zero by the continuity of p(xo, -, o) and the first too, as, by the above estimate, D,p
is uniformly bounded in a neighbourhood of (zg, yo, to)-
Assertion (iii) follows from standard local parabolic regularity. O

The minimal semigroup selects one among all bounded solutions of equation (1.2), actually the minimal
among all positive solutions, when f is positive. The uniqueness of the bounded solution does not hold, in
general but it is ensured by the existence of a Lyapunov function, that is of a C’ﬁjc'o‘—function W :RYN — [0,00)
such that lim,|_,oc W(z) = +o00 and AW < AW for some A > 0. Lyapunov functions are easily found
imposing suitable conditions on the coefficients of A. For instance, W (x) = |z|? is a Lyapunov function for
A provided that Y, a;;(z) + F(z) -z < C|z|* for some C > 0.

Proposition 2.3 Assume that A has a Lyapunov function W and let u,v € Co(RYN x [0,T]) N C*} (RN x
(0,T]) solve (1.2). Then u = v.

ProoF. It is sufficient to show that if such a u solves (1.2) with f > 0, then « > 0. Define v, = e Mu+eW,
where e > 0 and A is such that AW < AW. Then v, has a minimum point (zg,ty) € R™ x[0, T]. If v (w0, to) <
0, then ty > 0, since f > 0, and hence 9,v:(xg,tg) < 0. Since Dv.(xg,t9) = 0 and Z” a;;D;jve(z0,t0) > 0,
we have also (A — A)ve(xg,t9) > 0 and this contradicts the equation d;v. — (A — A)v, > 0. Therefore v, > 0
and, letting ¢ — 0, u > 0. ]



Now we turn our attention to integrability properties of p and show how they can be deduced from the
existence of suitable Lyapunov functions.

The integrability of Lyapunov functions with respect to the measures p(x, y, t) dy is given by the following
result, which is proved in [22], see also [1].

Proposition 2.4 A Lyapunov function W is integrable with respect to the measures p(x,y,t)dy. Setting

at) = [ plap )W) dy, (2.1)
RN
the inequality
C(x,t) < MW (x)

holds. Moreover, |AW| is integrable with respect to p(z,y,t)dy, ¢ € C*L(RY x (0,00)) N C(RY x [0, 00))
and

0 < [ pla.) AW () dy

Assuming that AW tends to —oo faster than —W one obtains, by Proposition 2.4, that the function ¢
in (2.1) is bounded with respect to the space variables, see [20, Proposition 2.6]. We repeat here the proof
for reader’s convenience.

Proposition 2.5 Assume that the Lyapunov function W satisfies the inequality AW < —g(W) where g :
[0,00) = R is a convex function such that lims_, 1 g(s) = +o0o and 1/g is integrable in a neighbourhood
of +00. Then for every a > 0 the function ¢ defined in (2.1) is bounded in RN x [a,00). Moreover, the
semigroup (T(t))i>0 is compact in Cp(RY).

PROOF. Observe that, since g is convex, then

|l gV ) dy > a(c(e.0).

Then, form Proposition 2.4 we deduce

9((z,t) < /

[ e AW @)y < = [ a0V @) dy < —g(Cla0)

RN

and therefore ((x,t) < z(x,t), where z is the solution of the ordinary Cauchy problem
7 =—g(2)
z(z,0) = W(z).

Let ¢ denote the greatest zero of g. Then z(x,t) < £if W(x) < £. On the other hand, if W (z) > ¢, then z is

decreasing and satisfies
- (2.2)
z(z,t) g(S) z(x,t) g(S)

This inequality easily yields, for every a > 0, a constant C(a) such that z(x,t) < C(a) for every t > a and
x € RN. The compactness of the semigroup is proved in [22, Theorem 3.10]. O

Let us state a condition under which certain exponentials are Lyapunov functions. Propositions 2.6, 2.7
will be used to check the integrability of |F'|¥ with respect to p.

Proposition 2.6 Let A be the mazimum eigenvalue of (a;;) as in (H). Assume that

limsup |z|* P F(z) - = < —g, (2.3)

0 < ¢ < oo, for some ¢ > 0, 3 > 1. Then W(x) = exp{d|z|?} is a Lyapunov function for 5 < (BA)~'c.
Moreover, if 8 > 2, there exist positive constants c1,cy such that

C(z,t) < cpexp (czt_ﬁ/(6_2)> (2.4)

forz e RN, t > 0.



PROOF. Let W(x) = exp{d|z|®} and set G; = F; + >_j Dja;j. We obtain, by a straightforward computation,

)T T

AW (x) =(5ﬁ|ac|5_1e‘s|gclfj % Zaii(x) + f-

+08|x|P~3 Zaij(x)xixj +G =

0 ]
<Cylz|P~1e” (14 (68A — ¢)|2[P )
< - Cg|l’|2ﬁ7266|m‘ﬁ <0

for |x| large. This shows that W is a Lyapunov function. Finally, if 8 > 2 it follows that AW < —g(W)

with g(s) = C3s(log s) ~2/8 _ ¢y, for suitable C3,Cy > 0. Then Proposition 2.5 yields the boundedness of
¢(+,t). To obtain (2.4) we recall that ¢ < z where z satisfies (2.2). If £ denotes the zero of g and z(z,t) < 2¢
we have simply to choose a suitable ¢;. If z(z,t) > 2¢, then

> ds o ds
t< < . — o (| 2/6-1
<[ =0 ogsyam < Culios?)
and (2.4) follows. 0

The right hand side of (2.4) becomes very big as t — 0. In order to have a milder behaviour we investigate
when powers are Lyapunov functions.

Proposition 2.7 Assume that
limsup |z|' P F(z) - — <0, (2.5)
x

|2 =00 |z

for some B > 2. Then W(x) = (1 + \x|2)a is a Lyapunov function for every a > 0 and there exists a positive
constant ¢ such that
C(z,t) < et (2/(B=2) (2.6)

foratERN, 0<t<l1.

PRrROOF. We have, with the notation of Proposition 2.6,

4ozoz71 2«
AW 1 i+ ——G-
(@) = 1+ [aF) 1—|—|x|22 AT TPy Z"” s b e

< —Cy (14 [af2) O
for |z| large and with v = 1+ (8 — 2)/(2a)) > 1. This shows AW < —g(W) with g(s) = Cas” — Cs5 for
suitable Cs,C5 > 0. Proceeding as in the proof of (2.4) one shows (2.6), the only difference being that the
function ¢~ (2®)/(F=2) goes to 0 as t — 400, and then the estimate is not true, in general, for all t > 0. [

-Ciw

Remark 2.8 Conditions (2.3), (2.5) are assumptions on the radial component of F. Of course, changing
x/|z| to (x — x0)/|x — x0| leads to new conditions that, though not equivalent to (2.3), (2.5), yield similar
conclusions.

Finally we clarify in which sense the identity p; = Ayp is satisfied.

Lemma 2.9 Let 0 < a < b and ¢ € C>1(Q(a,b)). Then
L o)+ A, 0) i )y (2.1

= /RN (p(z,y,b)0(y,b) — p(x,y,a)p(y,a)) dy.

PrOOF. If ¢ € C2(RY), then 0,T(t)y) = T(t) A, see Theorem 2.1(i).
If o € C21(Q(a,b)), then 9; (T(t)p(-,t)) = T(t)sp(-,t) + T(t)Ap(-,t). Integrating this identity over
[a,b] and writing T'(¢) in terms of the kernel p, we obtain (2.7). O



3 Sobolev regularity: Preliminary estimates

In this section we fix 7 > 0 and consider p as a function of (y,t) € R™ x (0,T) for arbitrary, but fixed,
xz € RN. Further, fix 0 < ag < a < b < by < T and assume for definiteness by — b > a — ag. Setting

1

k

F(kaxaa()abO) = </ ‘F(y)|kp(l’,y,t) dgdt) ) (31)
Q(ao,bo)

we show global regularity results for p with respect to the variables (y,t) assuming I'(k, z, ag, by) < oo for
suitable k > 1. Observe that if T'(k, z, ag, bg) < oo then I'(h, z, ag, by) < oo for all h < k. We also recall that
this assumption can be verified, in many concrete cases, using Propositions 2.6, 2.7.

In the following proposition we show that p € L"(Q(ag, bo)) for small values of r > 1.

Proposition 3.1 IfT'(1,z,a9,by) < 0o, then p € L™(Q(ao, bo)) for all r € [1, %—ﬁ) and

1Pl L7 (@(ao,boy) < € (1 +T'(1,2, a0, bo))
for some constant C > 0.

PROOF. For every ¢ € C21(Qr) such that ¢(-,T) = 0, by (2.7), we obtain, with Ag as in (1.1),

/ p(Orp + Aop) dy dt = — / pF - Dpdydt
Q(ao,bo) Q(ao,bo)

+/ (p(z,y,b0)p(y, bo) — p(x,y, a0)e(y, ao)) dy.
RN

Since fRN p(z,y,t)dy <1 for allt >0, x € RV, it follows that

/Q( \ )p(at@+A090) dy dt| <I'(1, 2, a0,b0)[llw10(Qag,b0)) T 2l#llso
ao,b0

<(2+ (1, 2,0, 80) ) 12l w20 (a0 (3:2)
Fix ¢ € C°(Q(agp,bo)) and consider the parabolic problem

atgo + AOSD = w in QT7 (3 3)
oy, T) =0, y € RV '
The Schauder theory, see [11, Chapter 9], provides a solution ¢ € C?t*1+/2(Qr). Fixing 7{ > N + 2, by

[15, Theorem IV.9.1] we see that ¢ belongs to Wfl,’l(QT) and satisfies the estimate

(3.4)

||(p||W1?1(QT) < Oy L (Q(ao,bo))"

Since 1{ > N + 2, from the Sobolev embedding theorems (cf. [15, Lemma I1.3.3]) and (3.4) it follows that
lellwio@ao o = Ielwior < Clelwzir) < ClYN L (Qap by

Note that the solution ¢ of (3.3) cannot be inserted directly in (3.2), since it does not have compact support

with respect to the space variables. To overcome this problem we fix a smooth function § € C2°(R") such

that 6(y) = 1 for |y| < 1 and write (3.2) for v, (y,t) = 0(y/n)e(y,t). Letting n — oo and using dominated
convergence we see that (3.2) holds also for such a ¢. Therefore

/ pY dy dt
Q(ao,bo)

and hence p € L™ (Q(ao,bo)), where % + L =1. Since 7{ > N + 2 is chosen arbitrarily, p € L"(Q(ao,bo))

b8
for all r € [1, %—ﬁ), and

< C(l + F(la x7a07b0>) ”wHLTl/(Q(ao,bo))

121l (Q(a0,b0)) < C'<1 +I'(1, , ao, bo))~ (3.5)



Lemma 3.2 If I'(k,z,a0,bp) < oo for k > 1 and p € L"(Q(ao,bo)) for some 1 < r < oo, then p €

H>1(Q(a, b)) for s = T+’”kk71 ifr<oo, s=kifr=oc.

PROOF. In the proof we denote by c¢ for a generic constant depending on k, x, ag, bg.
Let n be a smooth function such that 0 < n <1, n(t) =1 for a <t < b and n(t) = 0 for t < ap and
t > bg. Consider p € C21(Qr). Plugging ne in place of ¢ in (2.7) and setting q := np, we obtain

/ 0B + Avp) dy dt — / (4G - Dep + ppdyn) dy d, (3.6)

T Qr

where A1 = Zi,j aijDZ-j and Gl = FZ + Dl(Z;V:l aij).
By Holder’s inequality we have

/ |F|*p* dy dt = / |F|*pEp*=%) dy dt
Q(ao,bo)

Q(ao,bo)
-
k s(k—1)
< / |F|"pdydt / p k= dydt
Q(ao,bo) Q(ao,bo)
-
= / |F|*p dy dt / p" dy dt
Q(ao,bo) Q(ao,bo)

-
<D(k, 2, a0, bo)* / pdydt)
Q(ao,bo)

1Gpl

s
k

B

whence

=
L7(Q(a0,b0))°

L3 (Q(ao,bo)) < C”p‘
This yields
k—1
[ a0+ ) dyt] < el Figreg 1ol
T

where % + L = 1. Replacing ¢ by its difference quotients with respect to the variable y

S

T_ne(y,t) := |h| " oy — hej, t) — o(y, 1), (y,t) € Qr, 0 #h €R,

and since a;; € C}(RY), we obtain
k=1
‘ / Thq(Op + A1) dy dt| < CHPHL);(Q(QO,Z)O))||W||Wf,v1(QT)- (3.7)
T

As in the proof of Proposition 3.1 we approximate ¢ in VVSZ,’1 (Q7) with a sequence of functions ¢,, € C12(Qr).
Since ¢ € L*(Qr), writing (3.7) for ¢,, and letting n — oo we see that (3.7) holds for .
Since s = (s — 1)s' < r, and then |7,q| 2m,¢ € L¥ (Qr). Using [15, Theorem 9.2.3] we choose now
¢ € W2 (Qr) such that
{ O+ Arp = |mngl* ?*mng,  in Qr,
¢(y,T) =0, y e RN

and

Il @ry < ClImnal* Ml i)

Therefore we get

k-1 B
/Q Il dy < el e,y 17l

hence s
1Dl @r) < cllpll ¥ gm
and Dq € L*(Qr), ¢ € W}H(Qr).



Now we treat the time derivative. Using the above estimates we deduce

k—1
‘/Q qat‘dedt’S‘/Q qAOS"dydt‘+C”p”Lﬁ(Q(ao,bo))||9"||Wj;°<QT>
T

/Q S ay DugDyqdy ] + clpl o syl

T 4,5=1

“@ollellwrogrn + C”pHLr(Q(ao bon Pllwo@n)

SC”T’HLT@(ao,bo))”‘/’HW,:;O(Qﬂ

and the statement follows. |

Proposition 3.3 IfT'(k,x,a9,bp) < 0o for some 1 <k < N+2, thenp € L"(Q(a,b)) for allr € [1
and p € H>1(Q(a,b)) for all s € (1, Njfs_zk)

PROOF. Let us see how the arguments in the proof of Lemma 3.2 can be iterated. Let 1 < (N +2)/(N +1),
so that Proposition 3.1 applies, and fix a parameter m (to be chosen later) depending upon k and r. Set
an = ap +n(a —ag)/m, by, = by —n(bg — b)/m for n =1,...,m. Suppose that p € L™ (Q(an, by,)) and take
Sp 1= k_f:” Then, 1 < s, <71y, 8, < k and r,, = ST,;(I: D

We con51der again ¢ = np with n(t) = 1 for a,11 <t < bn+1 and n(t) = 0 for t < ay,, t > b,. As in the

proof of Lemma 3.2 we get

N+2 )
? N+2—k

k—1
‘/ qatwdydt’ < Pl Lh @anpup 120 @)
T n

where ¢ denotes a constant depending on k, x, ag, by. Therefore, p € H*"'1(Q(an11,bn11)) and, by Theorem
A.3, we obtain that p € L™+ (Q(an+1,bny1)) where

1 1 1 1 1 1 +1 1
Tnil  Sn N+t2 on k E N+2

Since = > N+tL it follows that

N+2?
11 1 1 1 1 1 (1
< (1) ———=——(-—1) <0
ro T k( N+2>+k: N+2 N+2<k )
1

Hence, by induction, (T—) is a positive and decreasing sequence which converges to
"

Nt2
any r < N]j_;fk,, after finitely many, say m, iterations we get r,, > r and p € L"(Q(a,b)). The second half of

the statement now follows from Lemma 3.2. O

N+2—k = Therefore, for

Corollary 3.4 IfT'(k,z,a0,bp) < 0o for some k > N + 2, then p belongs to L (Q(a,b)).

PrROOF. We know from Proposition 3.3 that p € L"(Q(a,b)) for all » € [1,00). Hence, by Lemma 3.2,
p € H51(Q(a,b)) for all s € (1, k). Choosing N+2 < s < k it follows from Theorem A.3 that p € L>(Q(a,b)).
([

A closer look at the above proof shows that p is globally Holder continuous in (y, t).

Proposition 3.5 Assume that T'(k,z,aq,by) < 0o for some k > N+2. Then, p belongs to C([a,b], C{ (RN))
for some v, 0 > 0.

PROOF. Since k > N + 2, we can choose o > 0 such that + s<a<g 1 and k(1 —2a) > N. So, applying the
embedding theorem in [13 Corollary 7.5] for the space H* 1(QT) (Wlth g=p=k,vy=1and 8 = 2a) we
obtain

a1
Ip(t) — p(T)lwr-20.k @y < Clt = 7|7 % [[pllaka(Q(ap))

for a < 7 < t < b, where the constant C' > 0 is independent of 7,¢{. Thus, p belongs to the space
C*=% ([a, b], W12k (RN)). Since k(1 — 2a) > N, it follows from the Sobolev embedding theorem that

péCaf’([a b, CY(RY)),  for some 6 > 0.
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4 Uniform and pointwise bounds on transition densities

We consider the following assumption depending on the weight function w which, in our examples, will be a
power or the exponential of a power.

(H1) Wy, Wy are Lyapunov functions for A, Wi < W, and there exists 1 < w € C?(R"Y) such that for some
c>0and k> N+2

1 oy 2
(i) w<cWp, |Dw|< cw%Wl’“, |D%w| < cw%Wl’c;
(ii) w|F*F < cWs.

We denote by (1, (2 the functions defined by (2.1) and associated with W7, Wy, respectively.
We use different Lyapunov functions to obtain more precise estimates in the theorem below and its
corollaries.

Theorem 4.1 Assume (H1). Then, there exists a constant C > 0 such that

bo bo

a0 a—ap)z Jao
forallx,yeRN,aStSb.

PROOF. Step 1. Assume first that w is bounded. Since T'(k, x, ag,by) < oo then p € L>=(Q(a,b)) for every
ag < a < b < by, by Corollary 3.4. We choose a smooth function 7(t) such that n(t) = 1 for a <t < b
and n(t) = 0 for ¢ < ag and t > by, . We consider v € C>(Qr) such that ¥(-,T) = 0. Setting

¢ = n%p and taking oy, t) = ngw(y)lb(y,t) (2.7) we obtain

N
/ wq (—0) — Agth) dy dt :/ la(vAgw+2 Y ai;DwDj + wF - DY+ yF - Dw)  (42)
T Qr

i,j=1
k k=2
+ §poﬂ/}n 2 87517} dy dt.
Since wq € L*(Q7) N L (Q7), Theorem A.5 yields
2
lwallz=@n <C(laD%l 5 o, + ||quHLk<QT> + lgF e @r)
llaF Dl g o+ o llmon g )

Next observe that, by (H1)(ii),

ko1 1 ket bo F
waFl 1x ary < Iwal 2o 0aFH 2y < cllwall i ( [Ce dt) |

0

and that

o

k=2 bo
o213 g, € Vot ol < ol ([0
0

Next we combine (H1)(i) and (H1)(ii) to estimate the remaining terms

H bo B
ko k=2 k=2
laFDwll 5 . < </Tq2w : ngydt> < cllwall L5 g, (/ ngt>

bo %
laD%ll, 4 o, < clwdl gy ( [ a dt)
ao

1
k—1 bo k
laDwllzs@n) < cllwdll E om ( [ a dt> .
ag

11
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Collecting similar terms and recalling that W; < W5 we obtain

ko1 bo i
gl oo @r) <Cllwdll 5 g / Gz df
ao

— bo ¢ 1 bo ;
k dt e dt
+ ||OJ(]||L00(QT) /ao <2 + a— ag ‘/ao Cl

Hence, after simple computations,
bo 1 bO
||wq||Loo(QT) S C CQ dt+ 7&/ Cl dt s
ao (a — ao) 2 Jag

and (4.1) follows.
Step 2. If w is not bounded, we consider w, = w/(1 + ew). A straightforward computation shows that w,
satisfies (H1) with a constant ¢ independent of . Therefore, from Step 1 we obtain

bo 1 bO
0< ws(y)p(xv Y, t) § c ( CQ(xa t) dt + o Nk Cl (x7t) dt) (43)
ag a—ap)z Jag
with ¢ independent of € and, letting ¢ — 0 the statement is proved. ]

Theorem 4.1 can be applied with w = W; = 1 yielding uniform bounds on p, for fixed z.

Corollary 4.2 Toke w=W; =1 in (H1)(i) and assume that (H1)(ii) holds. Then

b bo — agp
2/l Lo (Q(ap)) < C Cola, t)dt + —— | .
ao ((1 - a0)2

Let us now see some special cases.

Corollary 4.3 Assume that

limsup |z|' P F(z) - L < —c, 0<e< oo (4.4)

for some ¢ > 0,5 > 2, and that |F(z)| < crecelel”* for some €,c1,co > 0. Then, if v < (BA)"te, where A
is the mazimum eigenvalue of (a;j), the inequality

__B_
0 <p(z,y,t) < czexp (C4t H) exp (—lyl?)
holds for x,y € RN, 0 <t < T and suitable c3,cq > 0.

PROOF. We take w(y) = ey’ Wi(y) = Waly) = eSlv” for some y < & < (BA)~tc and use Theorem 4.1
with a =t and a —ag = bg — b = b — a = (1/2)t. The thesis then follows using Proposition 2.6. ]

Example 4.4 Let us specialise the above corollary to the case of the operators

A:A—|:z:|’"ﬁ~D
i

with > 1. Then Corollary 4.3 applies with 8 =r 4+ 1 and any v < 1/(r + 1). Therefore
1 -
0 < p(z,y,t) < crexp (0215 H) exp (—ly[™*!)

forall0 <t <T, 2,y € RV.

Under conditions similar to those of Corollary 4.3, the estimate of p can be improved with respect to the
time variable, loosing the exponential decay in y.

12



Corollary 4.5 Assume that

limsup |z|' P F(z) - L < 0, (4.5)
or some B> 2. If |F(x)| < c(1 + |z|?)" with v, > @, then for every vo > 0, k > N + 2, there exists a
v 1
constant C' > 0 such that o
0<p(z,9,1) < - (1+ |y
for all z, y € RN, 0 <t <1, where

2

B72((k—2)% +72)-

g =

PROOF. Observe that W,.(z) = (1 + |z|*)" is a Lyapunov function for every r > 0. If (.(x,t) is the
corresponding function defined in (2.1), then Proposition 2.7 yields

—2r

Gr(z,t) < cptF-2

forr e RN and 0 <t <1 Weseta=tanda—ay=0by—b=b—a=(1/2)t*, where s > 1 will be chosen

later, and we apply Theorem 4.1 with w(z) = Wi (z) = (1 +[z]?)”* and Wa(z) = (1 + |z|2)kﬂ/1+%. Thus we
obtain i), ET ,

plo,yt) < C (P 2BF LB (L )
Minimising over s we get s = (4v1)/(8 — 2) and the thesis follows. O

Example 4.6 (i) Choosing v = %, ~v2 = 0 in the above corollary one obtains the following estimate
of the norm of T'(t) as an operator from L'(RY) to L=(R")

1T ()] L1 (jN Y= Lo mN) < Ct_(k_Q)g%, 0<t<1.

Observe, finally, that the operator T'(t) need not map LP(RY) into itself, for any p > 1. A simple
example of this situation is given by the 1-dimensional operator D? — 23D (for which 8 = 4 is in the
estimate above), see [22, Remark 4.3].
(ii) Let us consider again the operators
x
|z

with » > 1. Then Corollary 4.5 applies with 8 =r 4+ 1 and v; = r/2 yielding

A=A—|zI" < . D

p(sc,y7t) < Ct_(k_z)ﬁ_% (1 + |y|2)*72 .

5 Pointwise bounds for the derivatives of transition densities

In this section we derive pointwise estimates on the derivatives of the kernel. The first step consists in
showing that p2 belongs to W21 ’O(Q(al, b1)). Observe that estimates in this space are known for invariant
measures, that is for the limit, as ¢ — oo, of the transition kernels p(z, -, t), see [2], [5], [19], [4].

As in Section 4, we fix 0 < ag < a < a1 <by <b<by <T withb—>b; > a1 —a,a —a>a— ag.

Theorem 5.1 Assume that (H1) holds for a certain weight function w such that

/RN (w(ly))ls dy < oo (5.1)

for some e € (0,1). Then the function plogp is integrable in RN for all t € [a,b] and

|Dp(z,y,t)? 1 / 2
— o dydt <— |F(y)["p(x, y,t) dy dt
/Q(a,b) p(z,9,1) A JG(an)

2 t=b

-3 /RN {p(x,y,t) logp(x,y,t)Lza dy < oo.

In particular, pz belongs to W;’O(Q(a,b)),

13



PROOF. Let us first observe that the functions plog? p and plog p are integrable in Q(a,b) and in RY for all

fixed t € [a, b], respectively, as follows from Theorem 4.1 and (5.1).
Since p € Wkl’O(Q(a, b)) by Lemma 3.2, we get from (2.7)

/ PO dy dt :/ ZaijDigoDjp —pF Dy | dydt
Q(a,b) Q(ab) \
t=b
+/ [p(x,y,t)so(ty)] dy
RN t=a

(5.2)

for every ¢ € C?1(Q(a,b)). By density, the previous equality holds if ¢ belongs to W;*l(Q(a,b)) with
compact support in y. Let us take ¢ € C2°(RY) such that £(y) = 1 for |y| < 1 and &(y) = 0 for |y| >
2, &n(y) = €(2) and note that, by Proposition 2.2, the functions &2 logp(z, -,-) belong to Wy (Q(a,b)).

Plugging ¢ = £2 logp in (5.2) and writing a(¢,n) for > aig&iny we get

| gowaya=[ (¢
Q(a,b) Q(a,b)

— EF - Dp—26plogp F - D&, )dy dt

a(Dp. Dp) + 2¢,, logp a(Dp, DE,,)

+ /RN [p(x,y,t)fi(y) logp(x,:%t)y:b dy.

t=a

That is
t=b

Dp, D
/ Eiwdydt = 21, +Jn+2Kn—|—/ 5721 {p—plogp} dy,
Q(a,b) p RN t=a

where
I, = / € logpa(Dp, DE,) dy dt
Q(a’b)
In :/ &h(F - Dp) dydt
Q(a’b)
K, = / €uplogp F - D&, dyt.
Q(a.b)

By Hoélder’s inequality we have

1/2 1/2
Dp,. D
11| < / 22Dn.Dp) 4 o / plog?p a(DE,, DE,) dy dt
Q(ab) p Q(ab)

Dp, D C
g:—:/ fiwdydt+—2/ plog? pdy dt.
Q(ab) p en® Jo

a,b)
Also
1/2 1/2
D 2
| Tu] < / |FI? pdy dt / 21000 4
Q(a,b) Q(a,b) p
Dp, D
e LT
Q(a,b) p € JQ(ab)
and

C
|Kn| < f/ |F'| p|log p| dy dt.
n JQ(ab

s

Hence (5.3) yields

1 Dp, D C
(1-(+3)e) [ & PePlayas = [ piogpaya
Q(a.b) p ENTJQ(asb)

C C ¢
+*/ |F|2pdydt+*/ IFlplogpdydt+/ £Z[p—plogp]
€ JQ(a,b) n JQ(a,b) RN

14

(5.4)



Letting n — 0o, since the function plog? p is integrable in Q(a,b), it follows that

Dp, D
/ ADp.Dp) 4t < o
Q(a,b) p

and hence, by the first inequality in (5.4), I,, — 0 as n — oo. Since also K,, — 0, letting n — oo in (5.3)
and estimating J,, as above we obtain

Dpl? Dp, D
A/ Lﬂf@ﬁg/ «Dp. Dp) 4
Q(ab) P Q(a,b) p

1/2 Doy 1/2
< / \F?p dydt / [Dypl i
Q(a,b) Qa,b) P

t=b
+ / [pfplogp} dy
RN t=a
Dpl? 1
gs/ ﬂdydwr—/ \F|? pdydt
Qap) P e JQ(ap)

s

t=b
+ / [—p log p} dy,
RN t=a

because [p~ p(x,y,a)dy = [~ p(x,y,b)dy = 1, see [21, Proposition 5.9], and the statement follows choosing

E = % . D
Assuming also that F' € W;OJOC(RN) and
/ (|F|* 4 |div F|**)pdy dt < oo, k> 2(N +2), (5.5)
Q(ao,bo)

we can now prove that Dp is bounded.

Lemma 5.2 Assume that (H1), (5.1) and (5.5) hold. Then
Dp e L*(Q(a1,b1))

foralll < s < 0.

PROOF. From Corollary 3.4 and Lemma 3.2 we know that Dp € L¥(Q(a,b)).
Consider the function ¢ = np, where n(t) = 1, a; <t < by, and n(t) = 0 for t < a, t > b. Observe that, by
Theorem 5.1, \/q € W;’O(QT). Let us consider r; > 1 with

L_(;_2\1. 2
o k)kE

By taking a = % and 8 > 1 such that % + % = 1, we deduce, using Hélder’s inequality and Theorem 5.1,
that

T1 T1 _ rp L 1 2 ri—2
/ |F|" Dyl dydt—/ |F|"gd g~ %|Dg)* | D™ % dy dt
T T

ES 1 1
Dpl? - @ B
< / ﬂdydt (/ |F|quydt> (/ |Dq|<“—i>ﬁdydt)
Qap) P T T
Dp|? s g G
- / 1DpE </ |F|kqdydt> (/ |Dq|kdydt> < o0
Qab) P Qr Qr

By Proposition 2.2(iii) the function ¢ belongs to w2l (Qr) N L™ (Qr) and solves the parabolic problem

r1,loc

0vq — Agq = —F - Dq — qdiv F' + pOyn, in Qr,
q(y,0) =0, yeRY,

whose right hand side belongs to L™ (Qr) by (5.5) and the previous estimate. By parabolic regularity (see
[15, Theorem IV.9.1]), we deduce that ¢ € W2 (Qr).
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If 11 < N + 2 we use again the Sobolev embedding theorem to deduce that Dg € L*'(Qr) for i =
1 1

r N+2°
' Now, we iterate the above procedure by setting for every n € N
1 2y 1 2 1 1 1
={l--)—++, —=—= d sp = k.
Tl < k> Sn + k' s, rn N+2 and so

If r, < N + 2 for every n, then 0 < s,, < s,41. Take s = lim,_, o S5, Since k > 2(IN + 2) one can see that

L_ (21,2 v

s k)s k N+2
Thus, r, > N + 2 for some n and hence Dq € L*°(Qr), by the Sobolev embedding. Similarly, if r, = N + 2
for some n, then s, < oo is arbitrary and hence 7,11 > N + 2, taking s, sufficiently large and using

k> 2(N +2). Thus Dg € L*(Qr) in all cases.
The statement follows now from Theorem 5.1, since

1
D 2 2
/ |Dq|dydt§(/ |Dal” dt) </ qdydt) < o0,
T T q T

and the proof is complete. ]

N

We can now refine Lemma 5.2 providing also a quantitative estimate for the Wk /2—norm of p.

Theorem 5.3 Assume that (H1), (5.1) and (5.5) hold. Then p(z,-,-) € W,f/’;(Q(al,bl)). Moreover there
is a constant C > 0 such that

1

p(. -, )l <C (/ |F|kp)% / 1D )
)’ Wg (Q(a1,b1)) = Qla.b) Oap) P
k2 kNP (b—a)F
+ el 5% o / divF|zp) +——] .
o1l o ,,,»(( [ lavFlEp) e S

PROOF. (Qr) by Lemma 5.2, it follows that

/ |F|§|Dq|’2‘dydt=/Q P4 |Dg ||f|\fdydt

1 1

£ |Dp|? ’ k 2

<|IDg|,% / dy dt (/ FlEgdydt)
2@\ Jo@p P Qr

since Dg € L™ (Qr). This gives

1

Dol |Dpl? '

DAl g, < ([ 1P9) 1001 g, ( [ dydt)
Li@n = Q(a,b) L=Q0)\ Jow@p P

Let us consider again the parabolic problem satisfied by ¢

Orq — Aoqg = —F - Dq — qdiv F' + po;n, in Qr,
q(y,0) =0, y € RN,

Using (5.5) and the previous computation, the L5-norm of the right hand side can be estimated through

3 k-2 |Dpl|? *
([ 1rt) IpalZ, ([ dy dt
/Q(a b) LR\ Jowap P

)

b2 L -0t
+llall L5 g <(/Q( |div F|*/2p ) pr— ) :
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Therefore, q € Wil(QT) and, using the embedding of Wi7O(QT) in L>®(Qr), we get

1
1oy |Dpl? '
q|ly2.t <C (/ ka allyyzs / W
lahwioin <€ (Lo F12) Won | Ly
een ) 2 (b—a)t
1 ([ o) e
lall . (QT)< Q(a’b)| |*/“p a—a
. 2
4 | Dp|?
< ellalwzrgn + ([ 1F) ([ P dyar
Wg (Qr) Q(asb) Qap) P

, t (b-at
+ llall & / div F|*/%p) " 4 ——
lal, (QT)<( oy iV Fp) T S

and the estimate for HqHWz‘l(QT) follows choosing Ce = 3. U
2

1

The following result is similar to Theorem 4.1, but relies upon Theorem 5.3 rather than Corollary 3.4.
In the sequel, we shall use the following assumption.

(H2) F € C?(RN,RY), W; < W, are Lyapunov functions for A and there exists 1 < w € C4(R") such

that
(w* + |Dw|* 4+ |D*w|® + |D3w|* + |Diw|¥) < CW;y

and
(@" +1Dwl* + |D*w[* + [D*wl*) (1 + [FIF) + (W* + [Dwl® + |D?w[*)
(1+|D,;F|* 4 |div D;F|*) < CW,, j=1,...,N,
for some k > 2(N +2) and a constant C' > 0. Moreover we suppose that (5.1) holds for some ¢ € (0,1).

We still denote by (1, (a2 the functions defined by (2.1) and associated with W7, Wy, respectively.

Remark 5.4 The C* requirement on w is not always necessary. In order to simplify the presentation, we
refrain from specifying the minimal regularity needed in each statement.The minimal degree of smoothness
will be clear from the context. Notice also that (H2) implies (H1) and (5.5), hence all the estimates depending
on (H1) and (5.5) are true under (H2).

Theorem 5.5 Assume that (H2) holds. Then there is a constant C > 0 such that

o oo, N ([ ‘
() D, 5, )] <€ {18l g o) /Q ayar) | [ e

(a;b)

k-2 b 1 b £
Il 25 (s Gz, t)dt+ —— 7 | Gz, t)dt
(Q(a,b)) (ay —a)k/

forallx,yERN, and a1 <t <b;.
PROOF. As in the proof of Theorem 5.3, let us take ¢ = np. Then we have w(y)q(y,0) = 0 and

Or(wq) — Ap(wq) =w(0rq — Aoq) — 2a(Dw, Dq) — gAow
=—wF - Dg — wqdiv F + wpdyn — 2a(Dw, Dq) — qAgw. (5.6)

Assumption (H2) easily gives

2
k

bos b
lwadiv Fll a2y + laAowllLerzar) < CllallE om ( JREY dt)

and

2
B2 C b *
lwpdenllLrr2(@ry < 1PN L% (a, (/ Ci(x,t) dt) .

b))al —a
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To treat the terms containing Dq we proceed as in Theorem 5.3, getting

[ WP D 2 dyde = [ Dyl 2 24 G ayar
Qr Qr f

1 1
k—2 Dq2 2 2
<104l ) (/ [Dg dydt) (/ w’“lF|’“qdydt> ,
QT q T
ko2 IDqI2
||w\FHDq|||Lk/z(QT) S CHDQHLOC(QT) o d dt CQ Z, t dt
T

The term \Dw Dq| is estimated in the same way. Then the right hand side of (5.6) belongs to L*/2(Qr).
Hence, wqg € W, /2(QT) and the following estimate holds
b 3
/ CQ ($7 t) dt
a
2
k

s b 1 b
Pl L5 (@a.n) (/a Co(x,t) dit + (ai—a)’“/?/a G(w,t) dt) . (5.7)

Since k > 2(N 4+ 2), we use Sobolev embedding (see [15, Lemma I1.3.3]) to get the same estimate for the
L>=-norm of D(wq) in Q7. Now we use Theorem 4.1 with w replaced by @ = (1 + |Dw|?)*/2, to obtain

whence

e

kg2 | Dp|®
(e, -, - <c{|pp| T dy dt
loC)p(, - w22 @ar,b) < € PP L& Qa0 (/Q(am o W

k=1 1
laDwll = @r) <Nl o a1 Dl 1 o

ko1 BN
S”QHLI;C(QT) ||qw||£D@(QT)

<C’Hp||LOO(Q(a b)) (/ Ca(z,t) dt—i— k/2/ Gi(z,t) )
<Ci|p||Loo(Q(a b)) (/ Go(z, 1) dt-i- o k/2/ Ci(z,t) )

Using all the above estimates, one finally gets the result from the inequality

B

lwDqllL<(@r) < 1D(Wq) Lo (@r) + laDw| Lo (@r)-

We can prove similar decay for D?p and O.p.

Theorem 5.6 Assume that (H2) holds for certain weight functions w and wqy such that w|F| < cwq for a
constant ¢ > 0. If a;; € CZ(RYN), then there is a constant C > 0 such that

|Dpl?
(ab)

(/ngtdt+ al_ag/glztdt>

for allz, y € RN, and a; <t < by.

1
k2 E k2
w() D*p(z,y,t)] <C | 1Dl L% (a1 1) </Q dy dt) + 1Pl L5 0tan)

PRrROOF. Suppose, for simplicity, that a;; = 6;5. From the proof of Theorem 5.5 we know that the function
v = wq belongs to Wk/z(QT) and satisfies v(y,0) = 0 and

0w — Av = —wF - Dg — wqdiv F + wpdn — 2Dw - Dg — qAw. (5.8)
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Since F' € C?, by local parabolic regularity v € W, /2 lOC(QT) We can therefore differentiate (5.8) with
respect to y; € R, j =1,..., N, thus obtaining

<§16_A> Djv=— (Djw)F -Dq—wD;F -Dq—wF -DD;q— q(D;w)div F

—w(D;q)div F — wqdiv (D; F) + (D;jw)pdn + w(D;p)0m
—2DDjw-Dq—2Dw-DDjq— (D;q)Aw — gAD;w. (5.9)

As in the proof of Theorem 5.5 one can see that Assumption (H2) easily implies that

l4AD; W)l Lrr2(@ry + lwadiv (D F)l[Lrr2(qr) + laDjwdiv F[Lrr2 (g

b2 b
< OH‘]|‘L§°(QT) (/ G, t) dt)

2

k

and
||( )F Dq||Lk/2(QT + ||OJD iF - DqHLk/z(QT + ||wd1vFqu||Lk/2(QT)
+ |1 DjqAw|| Lr/2(py + [|DDjw - Dq||Lk/2(QT)
k2 |Dg|?
< C||DQ||L]<§0(QT) (/ dy dt) (/ Co(x, 1) dt)
Qr
Moreover,

2
3

C
I(Dje)pdenliprr@ry < — ||pHL<>°(Q(ab </ Gu(z,1) dt) and

C k-2 |Dq|?
(Dm0l arsiar <= IDal iy ( /Q sy / Gl ) dt

To treat the terms containing the second order derivatives of ¢ we use (H2), Theorem 5.5 and (5.7) with w
replaced by wy, since w|F'| < éwy. Hence,

|wE - DD;qll per2(gqry <Cllwo - DDjqll1r/2qr)
<& {llalDDjwolllLrr2(qry + I1Djw0l Dalll Lrr2 gy

+|| |Dw0|qu||Lk/2(QT) + ||(")0C]||W2)1 (QT)}

k=2 Daql?
<c 1Dl E gy ([ P yar)” ( [t )
Qr
+ HqHLOO(QT) (/ CQ € t) dt+ k/2/ Cl x, t dt)

Now, applying (5.7) with w replaced by (1 4 |Dw|?)/2, the same arguments yield

Dw- DD, <c{ |Dgll % |DQ|2d d
[ Dw il ez (@ry <C 1Dl L5 0,0 0 l C2 z,t)d
T
+|IQI|L00QT </ szt)dt+( m/gmdt)

Therefore the right hand side of (5 9) is in L¥/2(Qr). Thus, Since D;v € L¥/2(Q7) and D;v(y,0) = 0, by
the parabolic regularity D;v € k/Q(QT) and, by Sobolev embedding [15, Lemma I1.3.3], D;;v = D;;(wq) €

2
k
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L>(Qr). Moreover, from the above estimates, we get

1
ko2 |Dgl? B ko2
1Dij(wa) |l (@r) <C <||DqL’£c<QT) (/QT qdydt> + IqILﬁo@T))

b b %
(/ Cg(x,t)dtJrW/a Cl(x,t)dt> : (5.10)

Since wD;;q = D;;(wq) — ¢Djjw — D;wD;q — DjwD;q, it follows from (H2), Theorem 4.1 with w replaced
by (1 + |D?w|?)'/? and Theorem 5.5 with (1 + |Dw|?)'/? instead of w, that wD;;q € L®(Qr). Finally, the
estimate for D?p follows from Theorem 4.1, Theorem 5.5 and (5.10). O

Theorem 5.7 Assume that (H2) holds for certain weight functions w and wy such that w(|F|+|div F|) < éwp
for a constant ¢ > 0. If a;; € C2(RN), then there is a constant C > 0 such that

ko2 |Dpl? ’ ko2
‘W(y)atp(xayat” SC HDp”LI;C(Q(al’bI)) ~/Q(a b) P dy dt + HpHLZ‘J(Q(a,b))

b b
(/ g2(x,t)dt+W/a Cl(aj,t)dt>

forallz, y € RY, and a; <t < by.

o

PRrOOF. Asin the proof of Theorem 5.6 we assume, for simplicity, that a;; = d;;. It follows from Proposition
2.2 that

w(y)Orp = w(y)Ap — w(y)F - Dp — w(y)div Fp.

Hence, by assumption we have

|w(y)6tp(x’ Y, t)‘ < |w(y)Ap(x, Y, t)‘ + Ewo(y)|Dp($7 Y, t)| + Ewo(y)p(x, Y, t)'

So the estimate for d;p follows now from Theorem 4.1, Theorem 5.5 and Theorem 5.6. ]

Remark 5.8 In concrete examples, the weight w and the Lyapunov functions Wy, Wy are powers or expo-
nentials of powers. The above results are formulated in a unified way, but the two situations are different. In
the exponential case, in fact, slightly simpler statements are possible: typically, one has w(y) = exp{y|y|®}
and Wi (y) = Wa(y) = exp{d|y|®}, with B > 0 and § > v > 0, so only one Lyapunov function is needed.

6 Some applications

We show that, under the main assumptions of the previous section, the semigroups T'(-) associated with the
transition kernels p are differentiable in C,(RY). We remark that if the drift F' is unbounded, the associated
semigroup is rarely analytic in C,(RY), see [23].

Theorem 6.1 Suppose that a;; € CZ(RY), F € C*(RY) and that there exist constants ¢ > 0,3 > 2 such
that

limsup |z|* P F(z) - L < e

Assume moreover that |F(z)| + |DF(x)| + |D?*F(x)| < ¢y exp(ca|z|?~¢) for some €,c1,co > 0. Then the
inequalities

. __8_

(i) 0<p(z,y,t) < cgexp <64t H) exp (—[yl?)

. __B_

(ii) |Dp(z,y,1)] < es exp (eat™72 ) exp (—1y)?)

8

(iif) |D*p(e,y,0)] < csexp (eat™772 ) exp (—7ly)”)

. __B_
(iv) [0up(a,y. D) < caexp (eat™ 72 ) exp (—7lyl”)
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hold for suitable cs,cq,y > 0 and for all0 <t < T and z,y € RY.

Proor.  From Proposition 2.6 we deduce that the function exp{d|z|®} is a Lyapunov function for a
sufficiently small § > 0. We fix w(y) = exp{7y|z|?}, wo(y) = exp{yo|z|®}, Wi(y) = Wa(y) = exp{d|z|’} with
v < 7o and ko < 0. With these choices, it is easily seen that assumption (H2) holds both for w and wp so
that all the results of the previous sections apply. Moreover

C(x,t) < cyexp <02t7%>

for suitable ¢;,cy > 0 and every z € R™,t > 0, where ( is the function defined in (2.1) and associated with
Wy = Wa.

Statement (i) follows from Corollary 4.3. For the proof of the other statements we apply Theorem 5.1
with a = t,b = 2t. Estimating the integral of |F|*p through ¢ and using (i) for that of plogp we deduce

2t 2
D
/ / | p 1Y, )| dyds < csexp (C4t_ﬂ€2>
RN ZIZ » Y, S

for x € RN, t > 0 and suitable positive constants cs,cs. Inserting this estimate in Theorem 5.3 and using
(i) and Sobolev embedding we obtain

|Dp(z,y,s)| < csexp (c;;t‘%)

for x,y € RNt < s < 2t. Finally, (i), (iii), (iv) follow using these estimates in Theorems 5.5, 5.6, 5.7,
respectively. ]

Remark 6.2 Observe that the assumption a;; € CZ(RY) is not needed for (i) and (ii).

Remark 6.3 Let us point out a variant of Theorem 6.1. We assume that a;; € CZ(RY), F € C*(R") and
that there exist constants ¢ > 0,3 > 2 such that

limsup |z|* P F(z) - =

x

|| =00 |z

S_

We assume moreover that |F(x)| + |DF(x)| + |D?F(z)| < c1(1 + |z|?)" for some v1,c1,¢2 > 0. Then, for
sufficiently large - the following estimate holds

p(,y.t) + [Dp(x,y,y)| + | D*p(z, y, t)| + [Oep(z, y, 1) < Ct™7 (1 + |y[*)

for z,y € RY,0 < t < 1 and with a suitable o depending on 71, 7,. In fact, the estimate for p is contained
in Corollary 4.5 where the dependence of o on 71,2 is explicitly stated. The corresponding bounds for the
derivatives of p can be obtained as in Theorem 6.1. We refrain from stating the explicit dependence of ¢ in
the general case since it does not seem to be optimal.

Finally, let us show that the transition semigroup 7'(+) is differentiable in spaces of continuous functions,
under the assumption of Theorem 6.1. We observe that in the case § = 2 the semigroup need not to be
differentiable as the example of the Ornstein-Uhlenbeck operator shows, see [18]. Moreover, even when 3 > 2
the semigroup is not, in general, analytic, see [23]. Finally we point out that our methods allow to prove the
differentiability of the semigroup without requiring that the drift F' is a gradient.

Theorem 6.4 Under the assumptions of Theorem 6.1, the transition semigroup T(-) is differentiable on
Cy(RN) fort > 0.

PROOF. Let us fix 0 < a < T. By Theorem 6.1 we know |0;p(z,y,t)| < ¢1 exp(—ca|y|?) for every a <t < T,
z,y € RN, Since p(-,y,-) € e oLt/ 2'W(RN x (0,00)), for every f € Cy(R”Y) and t > 0 the function

loc
T0)10) = [ o0 0f ) dy
RN
is differentiable with respect to the norm of C;(R”) and

= / op(-y,t) f(y) dy.
RN
O

As an example, we obtain that the operator A = A—z|z|"- D, r > 0, generates a differentiable semigroup
in Cy(R). The same result is proved also in [23, Proposition 4.4], where the proof was based on results on
intrinsic ultracontractivity of Schréodinger operator proved in [9] and therefore used the gradient structure
of the drift.
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A Appendix

In this appendix we present a simple, purely analytical, proof of the embeddings of the spaces H*'1(Qr), due
to Krylov, see [13]. Krylov proves the above embeddings for the more general case of stochastic parabolic
Sobolev spaces. We also prove by the same method an embedding for the spaces V¥(Qr) which we used in
Section 3. Finally, we prove an estimate for the L*> norm of solutions of certain parabolic problems.

We recall that H*!(Qr) consists of all functions u € Wkl’O(QT) with du € (W;;O(QT))’ and that, for
k> 2, VF(Qr) is the space of all functions u € Wkl’O(QT) such that there exists C > 0 for which

’/T “at¢dxdt’ sC ("5”#2(%) * ”D(bHkal(QT))

for every ¢ € C21(Qr). ||0¢ul|k2,k;0, denotes the best constant C such that the above estimate holds. Note
that if a smooth function belongs to H*'(Q7) or to V¥(Qr) the estimate for d;u implies that u vanishes at
times 0, 7.

Lemma A.1 There exist linear, continuous extension operators Ey : H*1(Qr) — HEYRNTL) and B -
VE(Qr) = VF(RNT).

PRrROOF. The proof is easily achieved using standard reflection arguments with respect to the variable ¢. []

Lemma A.2 The restrictions of functions in C2°(RNTY) to Qr are dense in H*(Qr) and in VF(Qr).

PROOF. If u € H*Y(Qr) we consider v = Fju € HM(RN*!). By standard arguments involving
convolutions and multiplications by cut-off functions, we may approximate v with smooth functions with
compact support in the norm of #*1(RN*1) hence u. The proof for V¥(Qr) is similar. L]

Theorem A.3 (i) If1 <k < N+2, then H"'(Qr) is continuously embedded in L"(Qr) for 1 =} — ﬁ

(ii) If k = N +2, then H*1(Qr) is continuously embedded in L"(Qr) for N +2 < r < oc.
(iii) If k > N +2, then H*Y(Q7) is continuously embedded in Co(Qr).

PrROOF. By Lemma A.2 it is sufficient to establish the estimate

lullr(@r) < Cllullakr(@r)
for every u € C2°(RN*1), with C independent of u, where 7 is as in (i), (ii) or 7 = 0o in case (iii).
We consider the fundamental solution G of the operator 9; — A in RV, We have

TN —Llz|? t>0
Gz t) — 4 @rON/2 exp (—g;|2[?)

(2,1) { ; o

Let u € O (RN*T1) 4 € C2(Qr) and consider ¢ = G*1). The function ¢ belongs to C?(R™V*1) and satisfies

0y — Ap = 1, see e.g. [11, Theorem 8.4.2]. Since 1 has support in RY x [0, 7], then G x1) = G * 1), where

Gr = Gx[o,1]- By a straightforward computation one sees that Gy € L*(RY ™) for 1 < s < (N +2)/N and

DGr € L¥(RN*1) for 1 < s < (N +2)(N + 1). Young’s inequality then yields ¢llwrogm < cll¥llr@r
for s < (N +2)/(N+1). Since k > N +2, k' < (N +2)/(N+1) and we get

’/ uwdmdt‘ =

< ellullyrr@nllollwie@qry < esllullarr@nll¥llzi@r-

/ w(Byp — AQ) dxdt‘ = V w(0;¢) + Du - D da dt
QT T

This proves (iii).
In order to prove (ii) we fix N 4+ 2 < r < oo and choose 1 < s < (N 4 2)/(N + 1) such that

I N
¥ s 1 '

Young’s inequality then yields H(bHW;;O(QT) < |||

L (Qr) hence

\ /Q wdxdt\ < ellullsorsiom Il o
T

and (ii) is proved.
To prove (i) we use the estimate [[¢||y21 o, ) < cll¢/]

WE,’I(QT) C W;,’O(QT), see [15, Lemma I1.3.3] to conclude as before. O

L (Qq)» S€e [15, Theorem 9.2.3] and the embedding
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A closer look at the above proof shows an embedding of the space V*(Qr), used in Section 4.

Theorem A.4 If k> N +2, then VF(Qr) is continuously embedded in Co(Qr). Moreover
ull Lo (@r) < C (IDull Lr(gry + 110eullky2,0:01) -

PROOF. As above we may assume that u € C2°(RM*1). Choose ¢, as in the above theorem. Then

'/ uwdxdt’ = ’/ u(@gﬁ—A(ﬁ)dmdt‘ = ‘/ u8t¢+Du~quda:dt‘

< (1Dulur )+ 100uleyzn) (1061t g+ 10, )
< C([IDull i (@ry + 10eullks2.m:02) 191 L1 @r)
by the above estimates for ¢, since k/(k —1) < (N +2)/(N + 1) and k/(k —2) < (N + 2)/N. ]

We need the following estimate of the sup norm of solution of parabolic problems.

Theorem A.5 Let k> N +2, ve LF(Qr), w € Lg(QT) and assume that u € L*(Qr) satisfies
/ u(0rd + Aog) dw dt = / (v- D¢+ wo)dxdt (A1)
Qr Qr
for every ¢ € C>Y1(Qr). Then u € VF(Qr) and
[ullzoe(@r) < Crllullvrgr) < Co (||U||Lk(QT) + ”“’”L%(QT))
where Cy, Cy depend on N, T,k and the C}-norm of Qij.
Proor. Step 1. First we show that
lullzsiar) < € (Iolze@n + 1wl 5 . ) - (A2)
For ¢ € W' (Qr), Sobolev embedding gives
161, k5 . < Ol (A.3)

since k > N +2and 1 —1/k—2/(N +2) <1-2/k <1—1/k. As a consequence, since u € L*(Qr), by
approximation (A.1) holds if ¢ belongs to W2 (Qr). Let us fix ¥ € C>°(Qr). Using [15, Theorem 9.2.3] we
choose now ¢ € W' (Qr) such that

09+ Aop =1,  inQr,
o(z,T) =0, z e RN,

We have also
||¢||W§;1(QT) < C'”@Z’HL’C'(QT)’

where C depends on k, T and the coefficients (a;;). Therefore, inserting this ¢ in (A.1) and using (A.3), we

obtain
’/ uY
T

/ u(Opp + A1) dx dt :/ (9- D¢+ wo) dx dt,

T T

< 0 (Iolriom + el 5 . ) Il or)

and (A.2) follows.
Step 2. We have

where A; = Z ca;;D;; and g; = v; + uD; (Z] 1 ai;) and therefore

‘/ u(0r¢ + A1) dwdt’ SC[(“UHL’“(QT) Fllolee@m) 1PN s (s

+ el g, 2l

L2 Q ) Lk 2(Q )]
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Replacing ¢ by its difference quotients with respect to the variable x we obtain as in Lemma 3.2

] JR dxdt\ <0[(lullzx@m + Ielr@e) 18wy @n)
T k—1

+ [l 5

L5 on P9l

L%(QTJ '

By Sobolev embedding
D¢

Le@r) < Cldllw2r (on
k-1

if1/s=1-1/k—1/(N +2). Since k/(k—1) < k/(k —2) < s, because k > N + 2, we can estimate the
LF/(:=2)_norm of D¢ with its W,fﬁk_l)—norm thus obtaining

] | e+ i0) ds dt\ < O (lullzeen + Wlix@n + ol 5 o, ) 19lwes (o
T k-1

We approximate ¢ in Wkgﬁk_l) (Qr) with a sequence of functions ¢, € C}%(Qr). Since u € L¥(Q7), writing
the above inequality for ¢, and letting n — oo we see that it holds for ¢.
Proceeding as above we now choose ¢ € WQ,’l(QT) such that

oo+ A1 = |hq/F 2 1pu, in Qr,
¢($,T) = 07 T € RN

and
k_
Iellwz1(gr < Cllmnul v @n)-

This yields u € W,"°(Qr) and

1Dullzx@r) < € (llullzs@n) + I0lze@n + ol 5, ) -

Now we treat the time derivative. We have

/ udyp dz dt :/ (Z ai;DiuDj¢p+v- Dé+ we) dx dt

T Qr 4 ;

and hence, using the above estimates,

<
\ | wdnoda dt\ <C[(hllzriany + Iollxcr) + Il 4 g, IS o

+lwll 5

Li(QT)H(b” —k_ :|'

LF*=2(Qr)
Then u € V*(Q7) and hence Theorem A.4 yields u € L>(Q7) and

lull=(@ry < C (I1DullLr(@q) + 10sulli/2,k:0r) <C (||uHLk(QT) + lvllr@r) + ||wHLg(QT))
<C (Iollzei@n + Il 5 )
having used (A.2) in the last inequality. O
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