THIN-WALLED BEAMS WITH A CROSS-SECTION OF
ARBITRARY GEOMETRY: DERIVATION OF LINEAR
THEORIES STARTING FROM 3D NONLINEAR ELASTICITY
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ABSTRACT. The subject of this paper is the rigorous derivation of lower dimen-
sional models for a nonlinearly elastic thin-walled beam whose cross-section is
given by a thin tubular neighbourhood of a smooth curve. Denoting by h and
dp, respectively, the diameter and the thickness of the cross-section, we analy-
se the case where the scaling factor of the elastic energy is of order e%, with
€n /82 — £ € [0,+00). Different linearized models are deduced according to the
relative order of magnitude of §;, with respect to h.

1. INTRODUCTION

A thin-walled beam is a three-dimensional body, whose length is much larger than
the diameter of the cross-section, which, in turn, is much larger than the thickness of
the cross-section. This kind of beams are commonly used in mechanical engineering,
since they combine good resistance properties with a reasonably low weight.

In this paper we consider a nonlinearly elastic thin-walled beam with a cross-
section of arbitrary geometry and we rigorously deduce, by I'-convergence tech-
niques, different lower dimensional linearized models, according to the relative or-
der of magnitude between the cross-section diameter and the cross-section thickness.

The derivation of lower dimensional models for thin domains is a classical prob-
lem in elasticity theory. Since the early 90’s a mathematically rigorous approach has
emerged [1, 11, 12], based on the notion of I'- convergence. This variational approach
guarantees convergence of minimizers (and of minima) of the three-dimensional en-
ergy to minimizers (and minima) of the limit models. Recently, owing to the seminal
paper [7], hierarchies of limit models have been identified by I'-convergence meth-
ods for plates [7, 8], shells [6, 13, 14], and beams [15, 16, 17, 18]. The different limit
models correspond to different scalings of the elastic energy, which, in turn, are
determined by the scaling of the applied loads in terms of the thickness parameter.

The subject of this paper is the study of the lower dimensional theories for
thin-walled beams that can be deduced by I'-convergence from three-dimensional
nonlinear elasticity. A similar analysis has been performed in the recent papers
[4, 5], in the case of a rectangular cross-section. Here, instead, we assume that the
cross-section of the beam is given by a thin tubular neighbourhood of a smooth
curve. More precisely, let v : [0,1] — R3, v(s) = y2(s)ea + v3(s)es, be a smooth
and simple planar curve, whose curvature is not identically equal to zero, and let
n(s) denote the normal vector to the curve at the point y(s). We consider an elastic
beam of reference configuration

11
Qp = {xlel + hy(s) + dntn(s) : x1 € (0,L),s € (0,1),t € (— 2 5)},
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where L is the length of the beam and h,d;, are positive parameters. To model a
thin-walled beam, we assume

h—0 and %%0 (as h — 0).

In other words, the diameter of the cross-section is of order A and is assumed to be
much larger than the cross-section thickness dj,.

To any deformation u € W12(Q,;R?), we associate the elastic energy (per unit
cross-section) defined by

1
hon Jq,
where the energy density W satisfies the usual assumptions of nonlinear elasticity

(see Section 2). We are interested in understanding the behaviour, as h — 0, of
sequences of deformations (u”) satisfying

EMuM) < 0, (1.1)

EMu) : W (Vu(x))dz,

where (e3) is a given sequence of positive numbers. Estimate (1.1) is satisfied, for
instance, by global minimizers of the total energy

1
Ehu——/ w- fidx
) hon Jo,

when the applied body force f" : Q;, — R3? is of a suitable order of magnitude
with respect to €, (see [4, 5]). The asymptotic behaviour of (u"), as h — 0, can be
characterized by identifying the I'-limit of the sequence of functionals (6;25 "). For
the definition and properties of I'-convergence we refer to the monograph [3].

In this paper we mainly focus on the case where the sequence (ep,) is infinitesimal
and satisfies

lim — =: £ € [0, +00). (1.2)

In analogy with the results of [5], this scaling is expected to correspond at the limit
to partially or fully linearized models. Other scalings, different than (1.2), will be
studied in a forthcoming paper.

Assuming e, = 0(dy), as h — 0, we first show (Theorem 5.2) that any sequence
(u™) satisfying (1.1) converges, up to a rigid motion, to the identity deformation

. . . . o 1 1
on the mid-fiber of the rod; more precisely, defining  := (0,L) x (0,1) x (—3,3)
and ¥" : Q — Q,, as
wh(zla S, t) =1x1€1 + h,")/(S) =+ 5htn(s)
for every (z1,s,t) € 2, we have that, up to rigid motions,
yh =ulo wh — T1€q

strongly in W12 (€; R3).

To express the limiting functional, we introduce and study the compactness
properties of some linearized quantities associated with the scaled deformations y".
We consider the tangential derivative of the tangential displacement

1
gh(xla Sat) = e_al(yil - xl)
h

for a.e. (x1,s,t) € Q, and the twist function

€h _%



THIN-WALLED BEAMS WITH AN ARBITRARY CROSS-SECTION 3

for a.e. (z1,s) € (0,L) x (0,1). In Theorem 5.2, under assumption (1.2), we prove
that

g" =g  weakly in L*(Q),

wh — w  strongly in L?((0, L) x (0,1)),

for some g € L?((0,L) x (0,1)) and w € W12(0,L). Moreover, the sequence of
bending moments (%&wh) converges in the following sense:

1
Easwh — b weakly in W~12((0, L) x (0,1))

for some b € L?((0, L) x (0,1)) (see Proposition 5.3). In Theorem 6.2 we show that
the limit quantities w, g, b must satisfy some compatibility conditions that depend
on the relative order of magnitude between &, and h. More precisely, assuming the
existence of the limit

. n
B 0 s
three main regimes can be identified:
® [ = +009,
e € (0,+00),
o 11 =0.

In the first regime p = +o00, one has that g is the tangential derivative of the
first component of a Bernoulli-Navier displacement in curvilinear coordinates, that
is, there exists v € WH2((0,L) x (0,1); R?) such that

Ow-egr=g, Ov-7=0, Ov-e;+0wv-7=0 on (0,L)x(0,1),

where 7(s) denotes the tangent vector to the curve v at the point v(s). The structure
of the cross-sectional components of v depends on the existence and the value of
the limit

Indeed, if A = +oo, there exist a, 3 € W12(0, L) such that
v(x1,8)-ea =ax;) and v(xy,s)-e3 = p(x1)

for every (z1,s) € (0,L) x (0,1). If A € (0,+00), then one can show that the twist
function w belongs to W22(0, L) and the cross-sectional components of v depend
on w in the following way:

v(zy,s) e =a(r) — %w(ml)vg(s) and  v(z1,s) ez = B(x1) + %w(ml)vg(s)

for every (x1,s) € (0,L) x (0,1) and for some a, 3 € W12(0, L). Finally, if A = 0,
the twist function w is affine, while the cross-sectional components of v satisfy

v(w1,s) ez = a(r1) —6(z1)y3(s)  and  v(z1,s)- ez = Bz1) + d(z1)72(s)

for every (x1,s) € (0, L) x (0,1) and for some «, 3,6 € W12(0, L). In other words,
in the regime p = 400, the structure of g is essentially one-dimensional. As for the
bending moment b, we prove that it simply belongs to L?((0,L) x (0,1)).

In the regime p = 0, we still have that ¢ is the tangential derivative of the first
component of a Bernoulli-Navier displacement in curvilinear coordinates, but only
in an approximate sense (see the definition of the class G in Section 4). Moreover,
the bending moment b is associated with an infinitesimal isometry of the cylindrical
surface

{z1e1 +7(s) : x1 € (0,L),s € (0,1)},
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in the sense that there exists ¢ € L*((0,L) x (0,1);R?), with ds¢ € L?((0,L) x
(0,1); R3), such that

ho-e1=0, 0s¢-7=0, 0Osp-e1+0¢p-7=0 on(0,L)x(0,1)

and
05(0s¢-n)=0b on (0,L) x (0,1).
The equalities are intended in the sense of distributions; some higher regularity for
¢ can be proved (see Remark 4.6). In other words, in this regime the limit kinematic
description of the thin-walled beam is intrinsically two-dimensional.
In the intermediate regime p € (0, 400), the limit quantities g and b are no more

mutually independent but they must satisfy the following constraint: there exists
¢ € L?((0,L) x (0,1); R3), with d5¢p € L*((0,L) x (0,1); R?), such that

NG-e1=pug, 0s¢-7=0, Os¢p-e1+01¢p-7=0 on (0,L)x(0,1)

and
0s(0s¢-n)=0>b on (0,L) x (0,1).

Finally, for the twist function w, we show that it is affine for p € [0, +00).

The I'-limit functional is expressed in terms of the limit quantities w, g,b and,
according to the values of A and y, is finite only on the class Ay, of triples (w, g,b)
with the structure described above. In Theorems 6.3 and 7.1 we prove that for
(w,g,b) € Ay, the I-limit is given by the functional

\7%#(9) w, b) = ﬂ/{) /0 Q2(Saw/a b) deZEl + 5 /0 /0 E92 dexla

where ()2 is a positive definite quadratic form and [E is a positive constant, for
which an explicit formula is provided (see (2.7) and (2.8)).

The proofs of compactness and of the liminf inequality rely on the rigidity es-
timate due to Friesecke, James and Miiller (Theorem 3.1) and on a rescaled two-
dimensional Korn’s inequality in curvilinear coordinates for cross-sectional displace-
ments (Theorem 3.5). The key ingredients in the construction of the recovery se-
quences are some approximation results for triples in the classes Ay, in terms of
smooth functions (see Section 4). In the regime u = 0 the approximation result
is proved under the additional assumption that the set where the curvature of ~y
vanishes is the union of a finite number of intervals and isolated points. Therefore,
for 4 = 0 the I'-convergence result is valid only under this additional restriction.

The dependence of the I'-limits on the rate of convergence of the thickness pa-
rameter &5, with respect to the cross-section diameter h is an effect of the nontrivial
geometry of the cross-section. Indeed, in the case of a rectangular cross-section this
phenomenon is not observed for the scalings (1.2) and is conjectured to arise only
for scalings €, such that 67 < e, < &), (see [4, 5]).

Another difference with respect to [5] is that, in general, one can not rely on a
three-dimensional Korn’s inequality on ) to guarantee compactness of the sequence
of cross-sectional displacements. However, the two-dimensional Korn’s inequality
proved in Theorem 3.5 allows us to implicitly determine the cross-sectional dis-
placements in the limit models through the characterization of g (see the proof of
Theorem 6.2).

The paper is organized as follows. In Section 2 we describe the setting of the
problem. In Section 3 we recall some preliminary results and prove the rescaled
Korn’s inequality in curvilinear coordinates. In Section 4 we discuss some approxi-
mation results for displacements and bending moments. Section 5 is devoted to the
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proof of the compactness results, while Section 6 to the liminf inequality. Finally,
in Section 7 we construct the corresponding recovery sequences.

Notation. We shall denote the canonical basis of R® by {e1,e2,e3}. If a :
(0,L) — R™ is a function of the z; variable, we shall denote its derivative,
when it exists, by o/, while if « : (0,1) — R™ is a function of the s variable,
we shall denote its derivative by &. The k-th component of a vector v will be
denoted by vi. For every v,w € R", we shall denote their scalar product by
v - w. We endow the space M"*" of n x n matrices with the euclidean norm

|M| = /Tr(MTM) = /> i=1.. »My; and denote by the colon : the associated

scalar product. For every j € N, CJ(A;R™) and C5°(A;R™) will be respectively
the standard spaces of CV and C'*° functions with compact support in A.
2. SETTING OF THE PROBLEM

Let (h), (dn) be two sequences of positive numbers such that ~ — 0 and
lim 2% = 0. (2.1)

We shall consider a thin-walled elastic beam, whose reference configuration is given
by the set

11
Qp = {xlel + hy(s) + dntn(s) :x1 € (0,L), s € (0,1), t € (f 2’ 5)},
where v : [0,1] — R, v(s) = (0,72(s),73(s)) is a simple, planar curve of class C°
parametrized by arclength and n(s) is the normal vector to the curve v at the point
~(s). We shall denote by 7(s) := #(s) the tangent vector to v at the point v(s), so

that
0
n(s) = ( —73(s) )
To(s)

for every s € [0, 1]. We define also the map Ry : [0,1] — SO(3) given by
Ro(s) := (61 7(s) n(s))

for every s € [0,1]. For the sake of notation we introduce the two-dimensional

vectors
7(s) := ( 72(s) ), n(s) = ( —73(5) )

T2(s)

and the 2 x 2 rotation

Ro(s) := (7(s)[n(s))
for every s € [0,1]. Let k(s) := 7(s) - n(s) be the curvature of v at the point ~(s).
We shall assume that k is not identically equal to zero. Finally, let N,T :[0,1] — R
be the functions defined by N :=~-nand T :=~v - 7.

For every u € W12(;,; R?), we define the elastic energy (per unit cross-section)

associated with u by
1

:h—éhgh

The stored-energy density W : M3*3 — [0, +00] is assumed to satisfy the following
conditions:

EM(u) : W (Vu(z))dz. (2.2)

(H1) W is continuous;
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(H2) W(RF) = W(F) for every R € SO(3), F € M?*3 (frame indifference);
(H3) W =0 on SO(3);

(H4) 3C > 0 such that W (F) > Cdist?(F, SO(3)) for every F € M>*3;
(H5) W is of class C? in a neighbourhood of SO(3),

where SO(3) := {R e M?*3 : RTR = Id, det R = 1}.
As usual in dimension reduction problems, we scale the deformations and the

corresponding energy to a fixed domain. We set  := (0,L) x (0,1) x (—3,3). In
the following we shall also consider the set
=(0,L) x(0,1)

and the scaled cross-section
11
S :=(0,1 - =, =).
0.1)% (= 5:3)
We define the maps " : Q@ — Qy, as

UM (@1,5,t) = z1e1 + hry(s) + Ontn(s),

for every (z1,s,t) €  and we notice that there exists hg > 0 such that " is a
bijection for every h € (0, hg). To every deformation u € W12(Qy,; R3) we associate
a scaled deformation y € W12(0; R?), defined by y := u 09", so that we can rewrite
the elastic energy as

h — optk
£ u) = T"(y) = /Q (=== )W (Vns,yB) dardsat, (2.3)
where
VoY = (31y‘ m sy‘ o aty)

We observe that

Vhs,0" = Ro.
Moreover, since k is a bounded function and (2.1) holds, we have that

L}fhtk —1 (2.4)

uniformly in S. In particular, for h small enough it follows that h — 6tk > 0 for
every s € [0,1] and ¢t € -1, 3].
Throughout this article we shall consider sequences of scaled deformations (y")
in W12(Q;R3) satisfying
h — Optk
/Q (Th)W(vh,éhthoT) dzydsdt < O, (2.5)

where (ep,) is a given sequence of positive numbers. We shall mainly focus on the
case where (€p,) is infinitesimal of order larger or equal than (837), that is, we shall

assume that .
3lim — =: £ € [0, +00). (2.6)

A key role will be played by the quadratic form of linearized elasticity Qs :
M3*3 — [0, +-00) defined by

Q3(F) := D*W(Id)F : F for every F € M**3,
The limiting functionals will involve the constant

E .= a,rlgleiES Qs(eylalb) (2.7)
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and the quadratic form Qs : [0,1] x R? — [0, +00) defined by

0 a o1
Q2(s,a,b) = gé%@g <R0(s)< a b oy )Rg(s)> (2.8)

o1 02 O3

for any s € [0,1] and for any (a,b) € R?. It is well known that, owing to (H2)—(H5),
Q3 is a positive semi-definite quadratic form and is positive definite on symmetric
matrices. Hence, E > 0 and Q2(s, a,b) is strictly positive for every s € [0,1] and

every (a,b) # (0,0) .

3. PRELIMINARY RESULTS

In this section we collect some results which will be useful to prove a liminf inequal-
ity for the rescaled energies.

A first key tool to establish compactness of deformations with equibounded en-
ergies is the following rigidity estimate, due to Friesecke, James, and Miiller [7,
Theorem 3.1].

Theorem 3.1. Let U be a bounded Lipschitz domain in R™, n > 2. Then there
exists a constant C(U) with the following properties: for every v € WH2(U;R™)
there is an associated rotation R € SO(n) such that

HV’U — RHLZ(U) < C’(U)Hdlst(Vv, SO(TL))||L2(U)

Remark 3.2. The constant C'(U) in Theorem 3.1 is invariant by translations and
dilations of U and is uniform for families of sets which are uniform bi-Lipschitz
images of a cube.

Another crucial result in the proof of the liminf inequality is a modified version
of the Korn’s inequality in curvilinear coordinates. We refer to [9] for a survey
on Korn’s inequality on bounded domains and to [2] for an overview on standard
Korn’s inequalities in curvilinear coordinates.

We first fix some notation. We recall that S = (0,1) x (-3, 3). For any € > 0
and v € WH2(S;R?) we set

Vo= ( %8,51)) (3.1)

and we consider the subspace
M, := {’U € Wh2(S;R?) : sym(vgvﬁg) = 0}.

. = 57 . . .
We remark that the expression sym(V.vR,, ) represents the linearized strain asso-
ciated with the displacement v o (¢€) ™!, where

(s, t) :==7(s) + etna(s) (3.2)
for every (s,t) € S. Since M, is closed in W12(S;R?), the orthogonal projection
I, : WhH2(S;R?) — M,
is well defined. We also introduce the set
Mo = {v € W2(S;R2) : v = 0, dyv -7 = 0, 0 (dyv - T1) = o}, (3.3)

which will play a key role in the proof of the Korn’s inequality.
The following characterization of the spaces M, and M, can be given.
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Lemma 3.3. Let v € My. Then there exist ay, g, s € R such that
a2 —73(s)
W= (02 +a ) 3.4
v(s,1) as )Tl 4o0s) (34)

for every (s,t) € S.
Let v € M. Then there exist a1, s, a3 € R such that

a2 —3(s) =
D=2 )+ ) et 3.5
v(s,t) o a1 7a(3) etag7(s) (3.5)
for every (s,t) € S.

Proof. Tt is immediate to see that, if v € My, then Osv = §n for some constant §,
from which (3.4) follows.

If v € M., then v o (¥)~! is an infinitesimal rigid displacement, that is, there
exist a1, as, ag € R such that

(U ° @6)71)(1”2,%) = ( 32 ) +041( _;Zs )
for every (xa,23) € 1(S). This implies (3.5). O

Finally, we recall a lemma which is due to J.L. Lions.

Lemma 3.4 (Lemma of J.L. Lions). Let U be a bounded, connected, open set in
R™ with Lipschitz boundary and let v be a distribution on U. If v € W=12(U) and
O e W=L2(U) fori=1,--- ,n, then v € L*(U).

We refer to [2, Section 1.7] for a detailed bibliography on this lemma.
We are now in a position to state and prove a rescaled Korn’s inequality in
curvilinear coordinates.

Theorem 3.5 (Korn’s inequality). There exist two constants eg > 0 and C' > 0
such that for any € € (0,¢0), v € WH2(S;R?), there holds

C — —T
o = T@)llwcs) < < lsym (TR zecs). (3.6)

Remark 3.6. An analogous dependance of Korn’s constant on the thickness of a
thin structure has been proved, e.g. in [10, Proposition 4.1], in the case of a thin
plate with rapidly varying thickness.

Proof of Theorem 8.5. By contradiction, assume there exist a sequence (¢;) and a
sequence of maps (v/) C W2(S;R?) such that e; — 0 and

. . _7 _ T
[v) = 1ILe; (W)llw2 sy > = llsym(Ve; o7 Bo )2 s), (3.7)
J

for every j € N. Up to normalizations, we can assume that ||v/ — II, (v7)[|w1.2(s) = 1.
We also set ¢/ := v’ — I, (v7). By definition ¢/ € W'2(S;R?), ¢/ is orthogonal to
M, in the sense of W2 and

. T €j
||sym(VE].q§JRO )||L2(S) < 7j (38)

for every j. Since ||¢?||w1.2 = 1 for every j, there exists ¢ € W12(S;R?) such that,
up to subsequences, ¢’ — ¢ in WH2(S;RR?).

Let now u € My. Then, there exists a sequence (u’) such that v/ € M, for all
j€Nand v/ — uin W12(S;R?). Indeed, from Lemma 3.3, it follows that

o= (2 ) v )
Qs Y2
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for some a1, aa, a3 € R. The maps v/ given by
woi=u— ;10T

have the required properties. Since (¢’, u?)y1,2 = 0 for any j € N, passing to the
limit, we obtain that (¢, u)y1.2 = 0 for every u € My; hence ¢ is orthogonal to My
in the sense of W12,

To deduce a contradiction we shall prove that the convergence of (¢/) is actually
strong in W12(S;R?) and ¢ € Mj.
Indeed, since from (3.8)

— T — T — o
sym(Ve, ¢’ Ry )11 — 0, esym(Ve, ¢’ Ry )12 — 0 and  sym(Ve; ¢’ Ry )22 — 0
(3.9)
strongly in L?(S), it is immediate to see that

_ _ 1 .
s T —0, O -T—0, and —¢’ -1 —0 (3.10)
€j
strongly in L?(S). To show the strong convergence of ¢’ in W?2(S;R?), it remains
to prove that 9s¢’ - — 0s¢ -1 strongly in L?(S). By Lemma 3.4 and by the closed
graph Theorem, it is enough to prove that

Ds¢’ -7 — sp-m  and  V(9s¢’ -7) — V(0:¢ - 7)
strongly in W~12. Convergence of (05¢7 - M) is immediate as (¢7) is strongly con-
verging in L?(S;R?). Strong convergence in W~12(S;R?) of (9;05¢" - ) follows
from the identity
0507 - = 0,(0y ¢’ - M) + kO’ - T
and from (3.10). To prove convergence of (9s(0s¢’ - 7)) we notice that, by (3.8),

1 — =T 1
:Hat(sym(vﬁjd)JRO)11)HW*L2(S) < 7 (3.11)
J

T

for all j € N and by (3.9), 95(sym(Ve,¢' Ry )12) — 0 strongly in W~12(S). Fur-

thermore,

1 _ 0. T k(Dsd T
LoV, ¢ Ty ) = T MO0 T)

j Gj(l — Gjtk) 1-— Gjtk/’
— T .
_20s(sym(Ve, ¢’ Ry )12) k¢ -m
N 1-— Gjtk 1-— Gjtk €5
1 Os J .7 k(0 VI
_ 85( ¢ n) L KO- T)
1-— Gjtk 1-— Gjtk/’ 1-— Gjtk
Then, using (3.10) and (3.11), we deduce
Ds(05¢’ - 1) — 0 strongly in W~52(S9). (3.12)

It follows that ¢/ — ¢ strongly in W12(S;R?) and, since ||¢’||j1.2 = 1 for any
j €N, also ||¢]|wr.2 = 1. On the other hand, by (3.10) and (3.12), ¢ € My. Since ¢
is orthogonal to Mj in the sense of W12, then ¢ must be identically equal to zero.
This gives a contradiction and completes the proof. 0

We conclude this section by proving a technical lemma. We recall that w =
(0,L) x (0,1).
Lemma 3.7. Let (af) € W=22(0,L), i = 1,2,3, and let f € W~22(w) be such
that
AN + b+ alirs — f (3.13)
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weakly in W=22(w), as h — 0. Then, there exist o; € W=22(0,L), i =1,2,3, such
that for every i

al — o (3.14)
weakly in W=22(0,L), as h — 0, and
f=a1N + ag7e + aszTs. (3.15)

If, in addition, there exists g € L*(w) such that f = Osg, then o; € L*(0,L) for
any1=1,2,3. If f =0, then a; =0 for anyi=1,2,3.

Proof. For the sake of notation, throughout the proof we use the symbol (-, -} to
denote the duality pairing between W~22(w) and W"*(w).

We recall that any a € W~22(0, L) can be identified with an element of the
space W~22(w) by setting

1
(a, &) := /0 (o, 6(s, ~)>W,2,2(07L)7W02,2(01L) ds (3.16)

for any § € C§°(w) and extending it by density to WO2 ?(w). Moreover, for any
a € W=22(0,L) and B € C(0,1), we define the product af3 as

1
(f, 0) = (e B0) :/0 (@, 6(s5 D —2.2(0,L), w22 0,0)B(5) ds
for every § € C§°(w). _
Let now ¢ € WOQ’Q(O, L) and ¢ € C(%H(O, 1), with 7 € N. We claim that
(o, p0Itp) = 0. (3.17)
Indeed, let (¢') C C5°(0, L) be such that ¢! — ¢ in W22(0, L). Then,
(o, p0lp) = Tim (af, ' 0Iy).
=400

On the other hand,

1
(af, p'oly) = /O 0s{a7’s 'L P20, 1) w220,y 45 = 0

for any [ € N. Therefore, claim (3.17) is proved.
By (3.13), for any ¢ € W22(0, L), v € C(J)JFQ(O, 1), we have

(QIN, 9dl) + D (afmi, pdI) = (f, 0it).

i=2,3
Claim (3.17) yields then
("ET + ol krs — alikry, 0097140y — (f, 0dI1). (3.18)
Hence, choosing j = 1 we obtain
(0l kT + alkrs — aigkra, @) — (f, @0sth) (3.19)

for any ¢ € W;*(0, L) and ¢ € C§(0,1).
Let now ¢ € W*(0,L), 1 € CJ7(0,1). Taking ¢dJ4) as test function in (3.19)
and applying again (3.17), we deduce

(=l (KT + k + k*N) — o (ks + K1) + of (kra — k?73), 001 ~10) = (f, 00I"10),
which in turn gives

(=" (ET 4+ k+E2N) — ol (krs + k212) 4+ o (ko — K273), 00) — (f, 0024), (3.20)
for any ¢ € W22(0, L), ¢ € C3(0,1).
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Consider ¢ € C§°(0,1). By regularity of the curve v, the map k¢ € C3(0,1).
Therefore, for any ¢ € Wy *(0,L) we can choose k¢ as test function in (3.20)
obtaining

(—al (KT + k> + K N) — oy (ks + k372) + oy (kkms — K373), 08) — (f, 002 (ko).
On the other hand, by (3.13)
(@IN+ Y aln, ok*¢) = (f, ok9),
1=2,3

and by (3.19)

(M ET + abkrs — ok, ko) — (f, 0ds(k)).
Collecting the previous remark we deduce

(o1, ok?0) = (f, o(=0F (ko) — k*¢ — 04 (ko)) (3.21)
for any ¢ € W22(0,L), ¢ € C5°(0,1).

Let now ¢ € C5°(0,1) be such that fol k*¢ds = 1 (such ¢ exists because k is not
identically equal to zero in (0, 1)). Convergence (3.21) implies that

ol — oy weakly in W=22(0, L), (3.22)
where

<041a ‘P>W*212(0,L),W02’2(0,L) = <fa @(*ag(ka> - k% - 35(765)» (3-23>

for every ¢ € WOQ’Q(O, L). By definition (3.16) it is immediate to see that, identifying

al, oy with elements of W~22(w), we also have

alt =~ o (3.24)
weakly in W~22(w).
Let again ¢ € W02’2(0, L), ¢ € C§°(0,1). Taking pkto¢ and p73¢ as test function
respectively in (3.13) and (3.19) we deduce
(' N + ol + i, okmad) — (f, PkTag)) (3.25)
and
(KT + afkrs — akra, o730) — (f, 005(130)). (3.26)
Summing (3.25) and (3.26) and using (3.24), we obtain
<aga k¢90> - <fa (p(kT2¢ + 05(7-3¢))> - <O¢1, (pk/v73¢>
for any ¢ € WO2’2(0, L) and for any ¢ € C3°(0,1).
Choosing ¢ such that fol k¢ ds = 1 and arguing as in the proof of (3.22), we
deduce that
ol — ap weakly in W=22(0, L), (3.27)
where
(CY2, (P>W*2,2(O,L),W2’2(O,L) = <fa <P(k/’7'2<$+ 53(7325))) - <0<1a <Pk?73<$> (3-28)
for any ¢ € Wg2(0, L).
Similarly, one can prove that
alt — ag weakly in W~22(0, L)

where

<O‘37 ‘P>W*2,2(0,L),W02’2(0,L) = <f7 ‘P(kTB‘g* 85(7—2;5)» =+ <O‘17 ‘Pk72$> (3-29>

for any ¢ € Wy*(0, L).
Combining (3.13), (3.24), (3.27), and (3.29), we obtain the representation (3.15).
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If f = 0,9, with g € L?(w), then by (3.23)

L 1
(o, <p>W,2,2(07L)7W5,2(0,L) = / / 905 (02 (kd) + k¢ + 04 (ko)) dsduy,
o Jo

for any ¢ € W;?(0, L). This implies that a; € L2(0, L). Similarly equalities (3.28)
and (3.29) yield oo, a3 € L?(0, L).

Finally, if f = 0, by (3.23), (3.28) and (3.29) we deduce immediately that a; = 0
for every i. O

4. LIMIT CLASSES OF DISPLACEMENTS AND BENDING MOMENTS AND
APPROXIMATION RESULTS

In this section we introduce some classes of displacements and bending moments,
that will emerge in the limit models, and we discuss their properties and their
approximation by means of smooth functions.

We begin by introducing the limit class of the tangential derivatives of the tan-
gential displacements

g:= {g € L*(w) : 3(v°) C C®(@; R?) such that d,v§ + v -7 =0,
Osv° -7 =0 for every e > 0 and g = ling)alvf}, (4.1)
e—

where the limit is intended with respect to the strong convergence of L?(w). In
other words, if for every v € W12 (w; R?) we consider the symmetric gradient e(v) €
L?(w; MZ52) of v, defined by
o O1v1 %(851)1 +01v-T)
e(v) := ( 1,0 + Oy - 7) w7 : (4.2)

a function g € L?(w) belongs to G if and only if there exists a sequence (v¢) C

C5(w; R3) such that
. B1vs 0 0
=% 0) - (50

2x2) as € — 0.

sSym

strongly in L?(w; M

Lemma 4.1. Let g € L*(w) and assume there exists a sequence (v¢) C W12(w; R3)
such that
o (9 0 )
e(v°) ( - (4.3)
weakly in L?(w;M2%2) as e — 0. Then g € G.

Sym

Proof. Condition (4.3) can be rewritten as

g — g weakly in L?(w), (4.4)

Osv§ + 01v° -7 — 0 weakly in L*(w), (4.5)

0sv° -7 —0 weakly in L?(w). (4.6)

By Mazur’s Lemma, we may assume that the convergence in (4.4), (4.5) and (4.6)
is strong in L?(ws). For every e, let u¢ € Wh?(w), with 97u° € L?(w), be such that

Ohu® = v§. By (4.5) and by Poincaré inequality
L L
Ou + v -1 — ][ Osu dry — ][ v¢-1dry — 0 (4.7)
0 0

strongly in L?(w). Let now v € W12(w) be such that dsv¢ = v° - 7. Setting

L L
ut = uc —][ u¢ dxy —][ vedry,
0 0
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then u¢ € W2(w) with 9fuc € L?(w) for every e, (4.7) yields

Osu+v°-7—0 (4.8)
strongly in L?(w) and by (4.4) there holds
Oiu — g (4.9)

strongly in L?(w).

We want to approximate u¢ and v¢ by smooth functions in such a way that (4.9)
holds and the quantities in (4.6) and (4.8) are equal to zero for every e > 0. To this
purpose, we first extend u© and v¢ to the set

ws = (=6,L+0) x (0,1),

with 0 < 9§ < % For every €, we define

ve(z1, 8) n w,
05(z1, 8) 1= ¢ 6v°(—x1, 8) — 8v¢(—2x1, 5) + 3v(—3x1, 5) in (=6,0) x (0,1),
60 (2L — x1,8) — 8v°(3L — 21, 8) + 3v°(4L — 3x1,s) in (L,L+4) x (0,1)
and
ut(x1, s) inw,
ué(x1,8) == < 6u(—x1,s) — 8u(—2x1, ) + 3u(—3z1, 5) in (—=4,0) x (0,1),

6u(2L — x1,s) — 8u(3L — 21, ) + 3u (4L — 3z1,s) in (L,L+6) x (0,1).

Clearly, v¢ and 1€ are extensions of v¢ and u€, respectively, to ws. Moreover, 1€ €
Wh2(ws) with 824° € L?(ws), ©¢ € Wh?(ws) and both (4.6) and (4.8) still hold in
ws.

Furthermore, defining

g(x1,8) in w,
5= { 6g(—21,5) — 329(~2u1,8) + 2Tg(~3a1, ) in (=35,0) x (0,1),
69(2L — x1,s) — 329(3L — 221, s) + 27g(4L — 321,s) in (L,L+0) x (0,1)
we have that § € L?(ws), § = g a.e. in w, and
0{uc — g (4.10)

strongly in L?(ws).
We set 0f := 0° - n and 05 := 0° - 7. For every ¢, let U5 € C°(ws) be such that

75 — 0 [lwr2(ws) < Ce. (4.11)
Let now 7€ € C5(ws) be the solution of
0,0 = kv;  in ws, (4.12)
satisfying fol ¢ (21, 8)ds € C*°(—4, L+ §), with

1 1
/ Eg(xl,s)ds—/ 05(x1,8)ds = 0
0 0
strongly in L?(—6, L + §). By (4.12) we deduce
10s(Ws = 091 L2(ws) < NR@F = 0D L2(ws) + I1F0F = 055 L2(ws)-

Hence, owing to (4.6) and (4.11),

10s(@S — 09| £2(ws) — O (4.13)
By Poincaré inequality we deduce

75 — 05| L2 (ws) — 0. (4.14)
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Finally, let u¢ € C%(ws) be such that
0su° +7, =0 in ws, (4.15)
with fol u(z1,s)ds € C°(=4, L+ §) and

/1 ut(x1,8)ds — /1 u(x1,8)ds = 0
0 0
strongly in L?(—4§, L + §). By (4.15) we have
19 (8 — )12y < 1968 + 5 L2 + 155 — T L2

Therefore, by (4.8) and (4.14),

Os(u® —u) =0
strongly in L?(ws). Hence, by Poincaré inequality

T — i€ >0 (4.16)

strongly in L?(ws).

To have convergence of the second derivative in the x; variable of the sequence
(@), we regularize both (7€) and (v¢) by mollification in the x; variable. Let p €
C5 (=X, A) with 0 < A < 4. Defining

{ (21, 8) == (0°(, 8) * p)(w1),
u(x1,8) := (@(-, 8) x p)(a1),

for a.e. (z1,s) € w and for every € > 0, we have (v5) C C*(w), (0¢) C C°(w), and
() € C%(@). By (4.12) and (4.15), we deduce

0V, = kv; and  O,u‘+v; =0.

Moreover, by (4.16),
OF (@ — (U (-, 5) * p)) = (@(,5) — (-, 5)) % p" =0
strongly in L?(w) as € — 0. On the other hand, by (4.10),
O (U (-, 5) * p) = O (-, 8) % p = (- 8) % p
strongly in L?(w) as € — 0; hence
0% — g(-,8) % p

strongly in L?(w) as € — 0.

The conclusion of the lemma follows considering a sequence of convolution kernels
in the z; variable, and applying a diagonal argument. 0

Remark 4.2. An equivalent characterization of G is the following:
g= {g € L*(w) : 3(uf) C C°(@), () € C*(@) such that
?uf = kz° for every ¢ > 0 and g = lir% aluﬁ}, (4.17)
€E—>

where the limit is intended with respect to the strong convergence in L?(w).

Indeed, let G’ be the class defined in the right-hand side of (4.17). If g € G,
setting u€ = v§ and 2¢ = —01v¢ - n for every € > 0, it is easy to check that g € G'.
Viceversa, if g € G, it is enough to define

ve(21,8) = u (21, 8)er — /Ow (05u(E, 8)7(s) + 2°(&; 8)n(s))dE

for every (z1,$) € w and for every € > 0. The conclusion follows then by Lemma
4.1.
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Remark 4.3. The class G is always nonempty as it contains all functions g € L?(w)
which are affine with respect to s. Indeed, assume there exist ag, a; € L?(0, L) such
that
g(x1,8) = ag(x1) + say(z1)
for a.e. (x1,5) € w and let a; € W2(0, L) satisfying @, = a;, i = 0, 1. Then there
exists (a$) C C°°(0, L) such that a¢ — @; strongly in W12(0,L) as e — 0,7 = 0,1
and setting
u(x1,8) :=ag(x1) + sai(z1)
for every (z1,$) € w and 2¢ = 0 for every € > 0, the claim follows by Remark 4.2.
We also remark that if g € L?(w) and there exist a; € L?(0,L), i = 1,2, 3, such
that
0sg = a1 N + aomo + 373, (4.18)
then g € G. Indeed, by (4.18) there exists ay € L?(0, L) such that

g=aq / N(&)dE + azya + azyz + aa.
0
Let @; € WH2(0, L) be such that @, = «; for i = 1,2,3. Then, setting
wim @ [N+ anra + B+

we have that u € W2(w), diu € L*(w) fori =1,---,6, and the map z € W'?(w),
with 9tz € L?(w) for i = 3,--- |5, defined as
zZ = 7a1T — &27'3 + ang,

satisfies 92u = kz. For every i = 1,--- ,4 there exists a sequence (af) € C*°(0, L)
such that af — @; strongly in W12(0, L), as € — 0. Hence, defining

S
u = o / N(€)dE + aa + asys + af,
0

2¢ = —aiT — o513 + a5,

we have d1u¢ — g strongly in L?(w), 0%u¢ = kz¢ for every € > 0, and both sequences
(uf) and (z¢) have the required regularity.

Remark 4.4. The structure of the class G depends on the behaviour of the curva-
ture k of the curve ~.

For instance, if k vanishes only at a finite number of points, then G = L?(w).
Indeed, let 0 = pg < p1 < -+ < ppm = 1 be such that k(s) # 0 for every s €
(pz,pl_H) 1 =0, — 1. For any g € L%*(w) there exists a sequence (¢¢) C
Cge((0,L) x U, (pz,pzﬂ)) such that g¢ — g strongly in L?(w). Choosing

(i, ) = /0 (e, s)de

for every s € (0,1), then (u€) C C*°((0,L) x (0,1)) and for every e > 0 there exists
A€ > 0 such that

20 < min  (piy1 —pi)
i=0,--- ,m—1

and 0%uf = 0 in

U ((pi,pi + A) U (pig1 — A% pis1)).

Setting

du € €
[P n (0,L) x U (i + X, pig1 — X°),
0 otherwise

we deduce immediately by Remark 4.2 that g € G.
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Assume instead that the sign of k has the following behaviour: there exists a finite
number of points 0 = pg < p1 < -+ < py, = 1 such that, for every i =0, -+ ;m—1,
k(s) > 0 for every s € (p;, pi+1), or k(s) <0 for every s € (pi, pi+1), or k(s) = 0 for
every s € (p;, pit+1). In other words,

{s€[0,1]:k(s) =0} = |J [pimr,pi] U | {pi}-
i€l i€l
with I; C {1,--- ,m}, I C {0,--- ,m} disjoint. Then

G:= {g € L*(w) : g is affine in the s variable in (0, L) x U (pi,piﬂ)}. (4.19)
i€ly
In particular, if £ = 0 on [0, 1], it follows that G is the set of all functions g € L?(w)
that are affine in the s variable.

To prove (4.19), assume for simplicity that m = 2 and {s € [0,1] : k(s) =
0} = [p1,p2]. Let g be affine in the s variable in (0, L) x (p1,p2). Then, there exist
a,b € L?(0, L) such that

9(x1,5) = az1) 4 sb(z1)
for a.e. (z1,s) € (0,L) x (p1,p2). Let now 0 < § < £ and let € > 0. Arguing as in
the proof of Lemma 4.1, we extend g to the set

W’ := (=6, L +0) x (—0,1+90)
and we define

€ a(.’L‘l)+Sb(.’L'1) in (OaL) X (p1_65p2+6)a
g (:Cla S) = . . 5
g(z1,8) otherwise in w°.
It is easy to see that ¢g¢ — g strongly in L?*(w’) and 9?¢° = 0 in the sense of
distributions in the set (0, L) X (p1 — €, p2 + €) for every € > 0.
Fix ¢, let 0 < A < § and let p € C5°((—A,A)?). We set g° := g° * p. Then
g¢ € C>(w) and 92g° =0 in (0, L) x (p1 — A, p2 + A). Defining

z1
wons) = [ €
0
then u¢ € C*°(w) and 9%u =0 in (0, L) X (p1 — A\, p2 + A). Hence, setting
ZE_{O in (0,2) x (1 = A,p2 + )

2 e
diu

otherwise,
the claim follows by Remark 4.2, considering a sequence of convolution kernels and
applying a diagonal argument.

An easy adaptation of the previous argument leads to the proof of (4.19) in the
general case.

From here to the end of the section we shall assume that

.0 . On
3}11_}1110 72 = and El}l}_}moﬁ = L. (4.20)

For any 0 < p < 400, we introduce the class

C, = {(g,b) € L*(w) x L*(w) : Jv € L*(w;R?) such that
v € L*(w;R?), O5v -7 =0, 5(0sv -n) = b and dfv - T 4 pdsg = 0}, (4.21)

where the last two equalities hold in the sense of distributions.
For =0 we set
Co:=G x B, (4.22)
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where
B = {b € L*(w) : Fv € L*(w;R?) such that
v € L*(w,R?), O5v -7 =0, 05(dsv - n) = b and djv - 7 = 0}, (4.23)
and again the last two equalities hold in the sense of distributions.

Remark 4.5. Let b € B and let v be as in (4.23). Then the tangential component
v - 7 belongs to W32(w). Indeed, since 05(dsv - n) = b and dsv € L?(w;R3), we
deduce that 9%(v - n) € L?*(w). Since dsv - 7 = 0, we have ds(v - 7) = k(v - n)
and then 9%(v - 7),02(v - 7) € L*(w). By the last condition in (4.23), we have
O(v-1) € W h3(w), 02(v-7) € L*(w) and 9501 (v - 7) = 010s(v - 7) € W13 (w).
Therefore, by Lemma 3.4, 01 (v-7) € L?(w). Arguing analogously, by Lemma 3.4 we
also have that 9;0,(v-7) € L?(w), therefore v -7 € W?22(w) with 92(v-71) € L?(w).
Applying again Lemma 3.4, it is straightforward to see that v - 7 € W32%(w). On
the other hand, we have no regularity conditions on the derivatives with respect to
1 of the normal component of v.

In the case where p # 0, if (g,b) € C, and v is as in (4.21), then the regularity
of v-7 and v -n with respect to s is the same as in the previous case. It is still true
that 91 (v - 7) € L?*(w) but, in general, one cannot guarantee that v - 7 € W22(w).

Remark 4.6. A function b € L%(w) belongs to B if and only if there exists a
function ¢ € L?(w;R?), with ¢-7 € W32(w), ¢-e; € WH2(w) and 95 (¢n), d2(¢n) €
L?(w), such that
e(¢) =0 (4.24)
and
05(0s¢ - n) = b. (4.25)

In other words, ¢ is an infinitesimal isometry of the cylindrical surface
Y= {xlel +7(s):z1 € (0,L),s € (0, 1)}

satisfying (4.25).
We first observe that the regularity of ¢ is sufficient to guarantee that e(¢),
defined as in (4.2), belongs to L*(w; MZ*?). Moreover, if b € L*(w) and v is as in

(4.23), then there exists v; € W12(w) such that

{ 811)1 = 0,

dsv1 = =010 - T.

The map ¢ := vie; + v satisfies (4.24) and (4.25). The converse statement is trivial.
Similarly, a pair (g,b) € L?(w) x L?(w) belongs to C,, if and only if there exists

a function ¢ € L?(w;R3) with ¢ -7 € WH2(w), 02(¢ - 7),03(¢p - 7) € L*(w), ¢p-e1 €

Wh2(w) and 95(¢ - n),02(¢ - n) € L?*(w), such that

«@=("5 o)
and
05(0s¢ - n) = b.

Remark 4.7. As in the case of the class G introduced in (4.1), the structure of B
and C,, depends on the behaviour of the curvature k of .

For instance, if k =0 on [0, 1], then B = L?(w). Indeed, condition (4.24) implies
in this case that there exist some «, 3,6 € R such that

P(x1,8) = (as+ B)er + (—axy + 0)T + ¢¢(x1, 5)n
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for a.e. (z1,s) € w, while condition (4.25) reads as 9?¢; = b. Hence B = L?(w).
Similarly, it can be deduced that C,, = {g € L*(w) : g is affine in s} x L*(w).
If, instead, k(s) # 0 for every s € [0,1], then B = {b € L?*(w) : b is affine in x1}.

We conclude the section by proving some approximation results. The first result
concerns the class C, in the case u # 0.

Lemma 4.8. Let (g9,b) € C,, with u # 0. Then, there exists a sequence (¢°) C
C5(w; R3) such that

oy (o1 0 pg 0
) =("9" o)~ ("0 o) (4.26)
strongly in L*(w; MZ2552) as € — 0 and
05(0s¢° -m) = b (4.27)

strongly in L*(w) as € — 0.

Remark 4.9. By Lemma 4.8 it follows, in particular, that if (g, b) € C,, with p # 0,
then g € G.

Proof of Lemma 4.8. Without loss of generality we may assume that 4 = 1. By the
definition of C, and by Remark 4.6 there exists ¢ € L?(w;R?) with ¢-7 € Wh?(w),
O2(p-7), 03(p-7) € L*(w), ¢-e1 € WH2(w) and ds(¢ - n),02(¢ - n) € L*(w), such
that

e@=(9 1) (4.28)
and 0s(0s¢ - n) = b. By (4.28) it follows that
-7+ ds1 =0. (4.29)
Hence, there exists u € Wh?(w), with 9yu € WH?(w) such that d1u = ¢; and
¢ T+0u=0 (4.30)

holds in the sense of L?(w). Indeed, by (4.29), if u € W2(w) satisfies 1u = ¢y,
there exists p € W12(0,1) such that

¢ T+ 0su = .

Defining u := u — ¢, then u has the required properties.

We set v = (¢ 7)7 + (¢ - n)n. For the sake of simplicity, we divide the proof into
two steps.
Step 1.
We claim that we can always reduce to the case where u € W4?(w), vs ;== v -7 €
W32(w), and v, == v-n € W22(w), with diu,divy, Oivs,dig € L?(w) for every
1€ N.

Let 0 < d < % Arguing as in the proof of Lemma 4.1 we may extend v and v to
the set

ws 1= (=0, L +6) x (0,1)

in such a way that, denoting by ¥ and u the extended map and setting § = d?u

and b = 0, (05U - n) in ws, then g and b are respectively extensions of g and b to
ws. Moreover, u € W12 (ws) with 011 € W2(ws), 15 € W2 (ws) with 0205, 030, €
L?(ws) and vy, Os0t, 020 € L*(ws). Finally, by (4.28) and (4.30), (u,v) solves

0sv-7=0 and v-7+0su=0 in ws.
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We now mollify the functions u, v, g, and b with respect to the x; variable. Let
0<e<d,let (p°) C C5°(—¢,¢) be a sequence of convolution kernels and let

e

ut(zr, 8) = (u(; 8) * p°)(21),
(21, 8) := (0(:, )*p)( 1)
b (21, 8) = (B, 8) % p°) (1),
g (z1,8) = (g(-s 8) * p)(21)

for a.e. (z1,s) € w and for any e. Then (u, v¢) solves
=g 0,0°-7=0, 0 -7+0u =0 and (00" - n) — b

in w for every e. Moreover b¢ — b in L%(w) and §¢ — § in L2(w). Now, (3¢) C
W32 (w) and (v5) C W*?(w) with (975), (9{05) C L*(w) for every i € N. Therefore,
(0suc) € W32(w). Since (9iu¢) C L*(w) for every i € N, then (u¢) C W*?(w) and
the proof of the claim is completed.
Step 2.
Assume now that u € W4?(w), vs == v-7 € W3%(w) and v; := v -n € W?3(w),
with 9%u, vy, Divs, dig € L?(w) for every i € N. Since vy € W22(w) there exists a
sequence (v§) C C°(w) such that

v — v (4.31)

strongly in W22(w).
Let v¢ € C°(w) be the solution of

0svs = kvy (4.32)
in w, with fo (71,s)ds € C>([0, L]) for any € > 0 and

1 1
/ vi(z1,s)ds — / vs(x1, 8) ds (4.33)
0 0

strongly in W32(0, L). By Poincaré inequality, we deduce

1
lvs = vsllL2(w) < C(H/O (vs — vs) ds‘

11k (wf = )2 )

L2 (w)
and hence, by (4.31) and (4.33)
vi — vy and  OsvE — Osvs (4.34)
strongly in L?(w). Let u¢ € C%(w) be the solution of
Osu’ +v5 =0 (4.35)

in w, with fo (z1,s)ds € C*>([0, L]),

/01 u(x1,s)ds — /01 u(x1,8)ds (4.36)

strongly in W*42(0, L). By Poincaré inequality,
10705 (u® — u) L2w) = 1197 (v5 = vs)l|L2(w)
<cf| / O (w; —vi)ds|,  + IKOR0 — )z

which converge to zero due to (4.31) and (4.33). Hemce7 by (4.36) and by Poincaré
inequality

w

Ofut — dju =g (4.37)
strongly in L?(w). Defining
¢° = Ohuer +0°,
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then (4.26) follows by (4.32), (4.35) and (4.37). Moreover
Ds(850° - n) = 0205 + kvs + kO,

Therefore, (4.27) follows from (4.31) and (4.34), and the proof of the lemma is
completed. 0

The next lemma provides an approximation result for the elements of the class B
introduced in (4.23). We require an additional condition on the sign of the curvature.

Lemma 4.10. Assume there exists a finite number of points 0 = pg < p1 < -+ <
Pm = 1 such that, for every i =0,--- ,m—1, k(s) > 0 for every s € (pi,pi+1), or
k(s) < 0 for every s € (pi,pi+1) or k(s) = 0 for every s € (pi,piy1). Let b € B.
Then, there exists a sequence (¢€) C C°(w; R?) such that

e(¢f) =0  for everye >0 (4.38)
and

0s(0s0° -m) = b (4.39)

strongly in L*(w) as € — 0.

Proof. By definition of B there exists v € L?(w;R3), with dsv € L?(w;R?), such
that

Osv -1 =0, (4.40)
0s(0sv-n) =0, (4.41)
ofv-1=0. (4.42)

Arguing as in Step 1 of the proof of Lemma 4.8, we may extend both v and b to
the set ws := (=8, L +6) x (0,1) for 0 < § < £ and, up to a regularization in the
x1 variable, we may assume that v, :=v-n € W»%(w), vs :=v -7 € W3?(w) and
Divg, O, 0ib € L*(w) for every i € N. Moreover, by (4.42) there exist ag, a1 €
W32(0,1) such that

vs(x1,8) = ap(s) + x1aq(s), (4.43)
for a.e. (z1,s) € w.

Let Z := {s € [0,1] : k(s) = 0}. By assumption, Z is the union of a finite number
of intervals with a finite number of isolated points. For simplicity, we divide the
proof into three steps. We first consider the case where Z is a finite union of points.
In the second step, we assume Z to be a finite union of closed intervals and in the
third step we study the general case.

Step 1.

Assume that Z = |J,c;{pi} for some I C {0,---,m}. By (4.40) and (4.42), we have
k;@fvt =0

a.e. in w, which in turn gives
vy =0 (4.44)

a.e. in w. Hence, by (4.40), (4.43), and (4.44), there exist (9, 31 € W22(0,1) such
that

ve(x1,8) = Bo(s) +x151(s)  and  &;(s) = k(s)Bi(s), i=0,1, (4.45)
a.e. in w. Therefore there exist two sequences (3§), (85) C C*°([0, 1]) such that
Bi — B (4.46)

strongly in W22(0,1), as € — 0, for i = 0, 1. Let af € C5([0, 1]) be the solution of
&f = kB in (0,1) (4.47)
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such that fol ol ds = fol «; ds for every e, for i = 0,1. By Poincaré inequality, we
deduce

laf — aill20,1) < CIE(B; = Bi)llL2(0,1)
hence (4.46) and (4.47) imply

o = (4.48)
strongly in W12(0,1), i = 0, 1. Taking ¢ € C°([0,1]) to be a solution of
¢ = —af (4.49)

for every € and setting
¢° = ¢ier + (ap + z107)T + (55 + 2161,

we have that ¢¢ € C°(w, R3), (4.38) holds owing to (4.47) and (4.49), while conver-
gence (4.39) is a straightforward consequence of (4.41), (4.43), (4.45), (4.46) and
(4.48).
Step 2.
Assume that Z = [p1,1], with 0 < p; < 1. By (4.40) and (4.42), 8?v; = 0 in
(0, L) x (0, p1). Arguing as in the proof of Lemma 4.1, we define w’ := (—d, L +6) x
(8,14 6) and we extend v; to the set w’ for a suitable § > 0 in such a way that
vy € W22(w) and 03v; = 0 in (=6, L+ 6) x (—0,p1).

We slightly modify the map v; close to the point p; so that it remains affine with
respect to x1 in a neighbourhood of this point. More precisely, for e < %, we set,

vi(x1,8) ;== ve(x1,8 —€) in w?.
It is casy to see that (v§) C W22(w?), moreover
vE = v, Ogvf — Ogvy and 02vf — 0%y
strongly in L2(w?) as € — 0 and
OfvE =0 in (=0,L +0) x (—€,p1 + e).
To conclude, we regularize the sequence (v§) by mollification. Let 0 < A < € and
let p € C5°((—A, A)?). Defining 0§ := v§ * p, we have that 0§ € C*°(w) and
03¢ =0 in (0,L) x (0,p1). (4.50)
Considering a sequence of convolution kernels and applying a diagonal argument
we may also assume that
V= vy, 0s0f — Ogvy  and  02TF — 9%y (4.51)

strongly in L?(w) as € — 0.
By (4.50), for every e we may choose a map v¢ € C®(w) such that

1 1
Osvs = kvg, 0fvS =0 and / vids = / vsds in w.
0 0

The conclusion of the lemma follows now arguing as in Step 1.

The same argument applies to the case where Z = [0,p;], with 0 < p; < 1,
choosing

vi(z1,8) :=ve(x1,5+€) in w?

and arguing as in the previous case.

Finally, assume that Z = [p1,p2] U [ps, 1] with 0 < p; < pa < p3 < 1. Let
v € CP(R) with 0 < ¢(s) <1 for every s € R, ¢(s) =1 for all s € [ps — 1, p2 + 7]
and ¢(s) =0 for s < p;+n or s > ps—n for some n > 0 such that n < min{py, p2 —
p1,p3 — P2, 1 — p3}. The argument shown at the beginning of this step applies now
choosing

)
2

vi(x1,8) := (L —@(s))ve(x1,8 —€) + p(s)ve(z1,s +€) nw
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for € small enough.

The case where Z is a finite union of disjoint intervals is a simple adaptation of
the previous cases.
Step 3.
Consider now the general case and assume there exist I; C {1,---,m}, I C
{0,---,m} disjoint such that

Z = U [pi—1,pi] U U {pi}.

i€l i€ls

Then 07v; = 0 a.e. in (0, L) \ (Uieh [pi,l,pi]) and the thesis follows arguing as in
Step 2. O

5. COMPACTNESS RESULTS

In this section we deduce some compactness properties for sequences of deformations
(y") satisfying the uniform energy estimate (2.5).

Assumption (H4) on W provides us with a control on the L? distance of the
rescaled gradients from SO(3). Applying Theorem 3.1 on a scale of order 4y, we
can construct a sequence of approximating rotations (R"), whose L? distance from
the rescaled gradients is still of order €. Because of the different scaling of the
cross-section diameter and the cross-section thickness the approximating rotations
turn out to depend both on the mid-fiber coordinate x; and on the arc-length
coordinate s. Moreover, the derivatives of (R") in the two variables have a different
order of decay, as h — 0.

More precisely, we have the following result.

Theorem 5.1. Assume that g—z — 0. Let (y") be a sequence of deformations in
WL2(Q; R3) satisfying (2.5). Then, there exists a sequence of constant rotations
(P") and a sequence (R") C C™(w;M>*3) with the following properties: setting
Y= (PM)Tyh — ch, where (c") is any sequence of constants in R?, for every h > 0
we have

IVhe,Y" Ry — R"||12(0) < Cen, (5.1)
/Q (vh,,;thRgf — (Vs Y"RT )T) dzydsdt = 0, (5.2)
RM"(z1,5) € SO(3) for every (x1,s) € @, (5.3)
IR" = Id|| 12w < C;—Z, (5.4)
101R" 220 < O3 (5.5)
0. R 1) < O (5:6)

Proof. By (2.5) and (H4), the sequence (y" o (")~!) satisfies
/ dist*(V(y" o (¥") 1), SO(3))dz < Chéper. (5.7)
Qp

Let us consider the sets

Mh

se (i, B e (-4 1)}

A = {$1€1 + hy(s) + ontn(s) : 21 € (Z;—hL, (i1+1)L),
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where ny, = [§], ki = [{-] and i = (i1, i2), with iy = 0,- -+ ,gp — 1,2 = 0,- -+ ky — 1.
By Theorem 3.1 and Remark 3.2 there exist a sequence of constant rotations
(@),) € SO(3) and a constant C' independent of h and i satisfying

[ 19te ) - Gitdr <€ [ ais(V0to (61 ), SO (53

Ah
To see that C does not depend on h, we first notice that each set A} has the same
rigidity constant of the set A% that is obtained by a uniform dilation of Aj of factor
%. Defining ¢¢ : (0,1)3 — Af as

B rssot) = (SRIL Lo (52 1 (1= Da(5)),

we conclude that the sets EZ are the image of the unitary cube through a family of
uniformly bi-Lipschitz transformations. Therefore by Remark 3.2 the constant C' is
the same for every ¢ and for every h.

Let Q" : w — SO(3) be the piecewise constant map given by Q"(x1,s) := @2

for (z1,s) € (g—f,(“:—;)L)x(;Z , Z2"’1) wherei; = 0,--- ,gp,—landio =0,--- , ky—

1. Summing (5.8) over 4, changing variables and using (2.4), we deduce that
/Q|vh,5hthOT —Q"Pdz < C ( dist*(Vh5,y"RE, SO(3))dx. < Cei.  (5.9)
Consider the set 2
B} = {xlel + hy(s) + Ontn(s) : @1 € ((i1 — 1)77%, (11 + 2)77%),

s€((ia— 1)k, (2 +2) %), te (- %,%)},

for iy = 1,--- ,np — 2, i3 = 1,--+ ,kp — 2, and for every h > 0. Applying the
rigidity estimate to the sets Bj we obtain that for every (i1, i2) there exists a map
Q' C SO(3) satisfying

[ IV e @™~ @it <0 [ as(ete () ), 50()ds

7

Let now jj be an integer in the set {iy —1,ix, i + 1}, k = 1,2 and let j = (j1, j2).
Since AJ C Bj, there holds

Al (L ) - Gif <2 [

1M ) =T o ) P
b2 [ Vo)) - Qifde <€ [ dis(V(" o (v)1), 50(3))ds
h B
(5.10)
Then, by (5.7) we have

EB AZ ‘Q 11:t1)L m:l:l) Qh( k_Z)’2§0h5he}2” (511)

Nn 7 kn

forany iy =1,---np — lie =1, - kp — 1.
We first extend the map Q" to the strip R x (0, 1) by setting

h ] QM0,s) i (w1,5) € (—00,0) x (0,1),
QH(m,s) = {Qh(L,s) if (21,5) € (L, +00) x (0,1),
and then to the whole R? by

Q"(x1,8) = {Qh(xl’o) if (21,s) € R x (—00,0),
; Q"(x1,1) if (x1,5) € R x (1, 400).
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Since Q" is constant in each set A%, inequality (5.11) yields
he,%

Q"1+ €540 = Q" ) < O (512)

for every (x1,s) € w and for [¢] < ”ILh’ A < ﬁ Moreover, since Q" is piecewise
constant, (5.10) and (5.11) imply

h Ak 2
/(ilL,<i1+1>L)X(;2jz+1) Q" (1 4+ &5+ A) — Q% (w1, 5)["dards
Mh Mh h

< h%h/B; dist*(V(y" o (¢")71),50(3)), (5.13)

forevery iy =1,--- ,mp — 2,00 =1,--- [ kp — 2.
L L 1 1
Let now w’ CC w. For h small enough, there holds w’ C (n_h’ L_n_h) X (n_h’ 1_777)'
Hence, by (5.7) and (5.13), since = € Qj, belongs to at most 9 sets of the form B},

summing over the ¢} s, we deduce

Q" (x1 + &, 5+ ) — Q"(x1, 8)Pdards < Cér, (5.14)

for all |¢] < &y, [ < %=
To obtain a O sequence of rotations, we regularize (Q") by means of convo-
lution kernels. Let n € C§°(0,1), n > 0, fol n(s)ds = 1. We define (£, )) =

%n(%)n(g—:) for every & € (0,6,), A € (0, %) and we notice that, for h small

enough, supp ¢" is contained into a ball whose radius is smaller than the distance
between w’ ~and the boundary of w.
Setting Q" := Q" x ¢", by Holder inequality and (5.14) we have

/ @h(xlas) - Qh(ah, s)|2dx1ds < Ce3,

which implies that

Q" - QhHLZ(w) < Cep (5.15)
since the constant C' does not depend on the choice of w’. Analogously we obtain
~ €
101Q" | £2(w) < 05—h (5.16)
h
and )
~ €n
HathHLZ(w) < Cﬁ- (5.17)

Finally, let U be a neighbourhood of SO(3) where the projectionIT : U — SO(3)
is well defined and regular. By (5.12), we deduce

2
hey,

N 52 he?
@ (@1,8) — Qa1 9)[ < "2 5 SCw

- Nl
L2 ((08)x(0.21) B 82 = (5.18)

for every (x1,s) € w. Since g—’; — 0, @h € U for h small enough and, thus, we can
define R := II(Q"). It is immediate to see that, for every h > 0, R satisfies (5.3).
Furthermore, by (5.16) and (5.17) and by regularity of II, (5.5) and (5.6) hold. By
definition of R",
IR = Q" L2(w) < 1Q" — @ | 2w (5.19)
therefore (5.1) follows from (5.9) and (5.15).
By Poincaré inequality, given

Rh = ][ thxlds,
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(5.5) and (5.6) yield
=~ —=h ~ €p
IR" = R'||12(w) < CIIVR"|| 12 < Ca-

This implies that dist (Rh, SO(3)) < C§~. Hence, there exists a sequence of constant
rotations (S") € SO(3) such that |§h - Sh < C'5-, which in turn implies

IR = $Mlpa) < O (5:20)
h

We define R" := (Sh)Téh and 9" = (S")Ty". By the properties of the sequence
(R") and by (5.20), R" satisfies (5.1) and (5.3)—(5.6).

To provide a sequence of rotations satisfying also (5.2), we argue as in [4, Lemma
3.1] and we introduce the matrices

Fh .= ][ Vs, 0" RY daydsdt.
Q

We notice that
€h

5 (5.21)

|F" —I1d| < ][ |Vh.s,§"RE — Id|dzidsdt < C
Q

as R satisfies (5.1) and (5.4). It turns out that det F > 0 for h small enough,
therefore by polar decomposition Theorem, for every h there exist P" € SO(3) and
Uh e M2x3 such that
Fh — phyrh

and

|U" — Id| = dist(F", SO(3)) < |F" — Id|. (5.22)
The symmetry of U", together with (5.21) and (5.22), yields for any h > 0
h
on’
Defining R" := (P")TR" and Y" := (P")T4", then (5.1), (5.3), (5.5) and (5.6)
follow immediately. Moreover, since

| R —Tdl| 2y < [ RE =R | o)+ R —1d] 2) < C(IPP—Idl| o)+ R —Id] 2,

|P" —Id| < |P" —U" + |U" — 1d| < C|F" — Id| < C (5.23)

then (5.4) holds due to (5.23) and from the fact that R satisfies (5.4). Finally, by
symmetry of U”, for every h > 0

/ (Vis, Y'RY — (Vi Y'RE)T) daydsdt
Q
— LQ)((PM)TF" - (TP = £YQ)(U" — (UMT) =0,
which concludes the proof of (5.2) and of the proposition. 0

From now on we shall refer to the sequence of deformations (Y") introduced in
Theorem 5.1, where the constants ¢ are chosen in such a way to satisfy

/ (Yh — ") daydsdt = 0. (5.24)
Q

We introduce the tangential derivative of the tangential displacement, associated
with Y", given by

1
9" (x1,5,t) = aal(Yf — ), (5.25)
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for a.e. (z1,s,t) € Q, and the (averaged) twist function, associated with Y, given
by

)
wh(zy,s) = h_th

/2 By(Y" — gt - nt, (5.26)
for a.e. (z1,s) € w.

We are now in a position to prove the first compactness result.

Theorem 5.2. Under the same assumptions of Theorem 5.1, let (R") and (Y")
be the sequences introduced in Theorem 5.1, with (c") such that (5.24) holds. Then

Yh = x1ey strongly in WH2(Q;R3). (5.27)

Let (g") and (w") be the sequences defined in (5.25) and (5.26). Then there exist
g € L*(Q) and w € W12(0, L) such that, up to subsequences,

g" =g weakly in L*() if (2.6) holds, (5.28)
w" = w  strongly in L?(w), (5.29)
Ab = R RY Ty A weakly in W (u; MRS 5.30
y ) )
€n
)
—h(VhygthRg —Id) = A strongly in L*(Q;M>*3), (5.31)
€h
Sh h A? 12 3x3
— sym(R" — Id) — 5 strongly in L*(w; M>*?), (5.32)
€n
where
A(:L'l) = w(zl)(eg Rex —ex® 63) (533)
for a.e. x1 € (0,L). Moreover, Y" satisfies
hpT €,
sym(Vi.s, Y'RT — Id)|= < C(eh + é) (5.34)

Finally, there exists b € L?(w) such that, setting

0 w'(x1)73(8)  —w'(21)72(8)
B(x1,8) = | —w'(x1)713(8) 0 —b(x1,s) (5.35)
w' (x1)72(s) b(x1,s) 0
for a.e. (x1,s) € w, we have, up to subsequences,
0
h—hasRh —~ B weakly in L*(w;M>*3). (5.36)
€n

Proof. By properties (5.4), (5.5) and (5.6), the sequence (A") is uniformly bounded
in WhH2(w; M?*3). Therefore, there exists A € W12(w;M3*3) such that, up to
subsequences, (5.30) holds. Since |0, A"|| ;> < Ch by (5.6), we have that A = A(z).

By Sobolev embedding theorems, convergence of A" is actually strong in L9 (w; M3*3)
for every ¢ € [1,4+00) and since

_G_h(Ah)TAh

5 (5.37)

sym A" =

(5.32) follows immediately.

By (5.1) and by strong convergence of (A") in L?, we obtain (5.31). In particular,
0Y" — ey and 9,Y", 9, YY" — 0 strongly in L2(Q;R?). (5.27) follows now owing to
(5.24) and Poincaré inequality. Moreover,

Isym(Vi,5, Y "Ry — Id)| 2 < llsym(Vis,Y" R — R")|z2 + [sym(R" — Id)]| 2.

Hence, (5.34) holds due to (5.1) and (5.32).
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By (5.6), there exists a map B € L?(w;M?3*3) satisfying (5.36). Differentiating

the identity
(RMTRM = 14,
we obtain
(0sRMT(RM — Id) + (R" — Id)T9,R" = —2sym O, R".

Then, by (5.30) and (5.36), we deduce that B is skew-symmetric.

We claim that

Bey = A'T. (5.38)

Indeed, let ¢ € Wy*(€;R?). Then

0
<h—;asal(yh =), Pz =

0 0
—/ —h(Vh 5, Y" — R"Ry)ey - 05 d1dsdt +/ —hasRhel ~pdzidsdt.  (5.39)
Q h€h ’ O hEh
The first term in (5.39) is infinitesimal due to (5.1), while (5.36) yields

)
/ —hasRhel - pdridsdt — / Bey - ¢ dxydsdt.
Q hen Q

On the other hand, we have

On

<h—€has@1 (Yh — o), 90>W,172Xw0172 -

on(h — ontk
— / %(V}Lghyh — R0)62 . (9150 d.fCldet,
Q €h
which in turn gives
0
(h—hasc’)l(Yh — ’L/Jh), (p)W,LQXWl,z — / AT <pd$1dsdt. (540)
€n 0 Q

owing to (5.31) and (2.4). Combining (5.39) and (5.40), we obtain (5.38).
Since B is skew-symmetric, the following equality holds
0= Bii(x1,s) = Alp(21)72(s) + Ajz(a1)73(s),
for a.e. x1 € (0,L) and s € (0,1). This last condition, together with the assumption
that £ is not identically zero, implies
Al = Al =0. (5.41)
On the other hand, by (5.2) and (5.31) we deduce that

L
/ A(zl)d:cl =0.
0

Hence, A12 = A13 =0.
To conclude the proof of the Theorem, we consider the sequences (g") and (w").
To prove (5.28), we notice that

9" = — (@Y} ~ Bl + (Bl - 1)), (5.42)

Since we are assuming that (2.6) holds, then by (5.1) and (5.32), (¢") is uniformly
bounded in L?(2). Therefore, there exists g € L?(£2) such that (5.28) holds up to
subsequences.

As for the twist function, by (2.4) and (5.31),

On_

. Ds(Y — ") = A7 strongly in L?(Q;R?)
€
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therefore (5.29) follows. In particular, w = Ass, hence w € W12(0, L) and (5.33)
holds. Finally, by (5.38) we deduce the representation (5.35). O

In the next proposition we show further compactness properties of the twist
functions w”, under stronger assumptions on the order of decay of ¢, with respect
to the cross-sectional thickness dy,.

Proposition 5.3. Under the same assumptions of Theorem 5.2, let w" and b be
the functions introduced in (5.26) and (5.35). If 7= — 0, we have

1
Easwh — b weakly in W™2(w). (5.43)
Proof. Assume that ;- — 0. By definition of the functions w", we have
1 h _ h h On h
—0sw" = ——0;s Vh 6, YY" — R"Rg)es - n(h — dptk) dt+—0s((R" —Id)T-n).
h thh hep,
(5.44)

By (2.4) and (5.1), the first term on the right-hand side of (5.44) converges to zero
strongly in W~12(w). The second term can be further decomposed as

6h h 6h h 6}1 h h

= O. _ . . . _ .n — . .

hehas((R Id)T - n) heha‘sR T-n+ her (R"n-n—R"7-71)k
Hence, (5.43) follows from (5.32), (5.35) and (5.36). O

6. CHARACTERIZATION OF THE LIMIT STRAIN AND LIMINF INEQUALITY

In this section we shall prove a liminf inequality for the rescaled energies 6%] h
h

defined in (2.3). To this purpose we introduce the strains:

G = —((Rh)th,(;thRg — Id), (6.1)

€n

where (R") and (Y") are the sequences introduced in Theorem 5.1, and we prove
their convergence to a limit strain G. In Theorem 6.2 we deduce a characterization
of G, together with some further properties of the limit functions g, w, and b

introduced in (5.28), (5.29), and (5.35).
We begin with a characterization of g.

Proposition 6.1. Under the same assumptions of Theorem 5.2, let (2.6) be sat-
isfied. Let g be the function introduced in (5.28) and let G be the class defined in
(4.1). Then g € G.

Proof. Let (Y") be as in Theorem 5.2. For every h > 0 let

1
1 [2
Uh;:; 1( — T eldt—i-—/ 1/12 €2+( ¢3)€3)

-1 1

By definition, v® € W12(w; R3) for every h > 0; moreover by (5.34), we have
h h(h — éntk
| Lo, — ) M= 0nt)
€h

e
which implies

(Vi Y'RT = Id)r - THLZ(Q) <R,

oM -1 — 0 strongly in L?(w).
Similarly, by (5.34) we deduce
Dl 4 010" -7 =0 strongly in L%(w).
By (5.25) and (5.28) we also have
Ol — g weakly in L?(w).
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The thesis follows now by Lemma 4.1. O

We are now in a position to state the first theorem of this section. For any
M € M3*3 we use the notation M, to denote the matrix

Mign = (61 |T)T(M€1|MT)'

Theorem 6.2. Let the assumptions of Theorem 5.1 be satisfied. Assume in addition
(2.6). Let (Y") and (R") be as in Theorem 5.2 and let G" be defined as in (6.1).
Then there exists G € L*(Q; M3*3) such that, up to subsequences,

G" — G weakly in L*(Q;M>*3). (6.2)
Let g, w,b be the maps introduced in (5.28), (5.29), and (5.35). Then

- 0 w'(x1)
Gtan(zlasat) - t< 'LUI(.’L'l) b(ZCl,S) +Gtan($17570) (63)
for a.e. (x1,s,t) € Q and
(Gtan)11 =G =g (6.4)

a.e. in .
If in addition (4.20) holds, then:

a) if p = +oo, there exist aq,aa, a3 € L?(0,L) such that

0sg = a1 N + aaTo + a37s; (6.5)
b) if A =400, then (6.5) holds with c; = 0;
¢) if 0 <X < +oo, then w € W2%(0, L) and (6.5) holds with oy = $w";
d) if \=0, then w' =0;
e) if 0 < pu < 400, then (g,b) € C,, where C,, is the class defined in (4.21)-(4.22).
Proof. By (5.1), the sequence (G") is uniformly bounded in L?(2; M®*3); therefore
there exists G € L?(Q; M3*3) such that (6.2) holds. By (6.2),

O(R"G"Rye1) — 0,Ge;

weakly in W—12(Q;R3). On the other hand, by (5.31) we have

1 1 5 Y
B (R"G"Roer) = — 8,(Vi5, Y" — R'Ro)er = — 9,(0,Y") = 22 (at ) = A'n
€h €h €h (Sh
strongly in W~12(Q). Hence,
G(x1,s,t)er = tA' (z1)n(s) + G(z1,5,0)e; (6.6)

for a.e. (z1,s,t) € Q.
To characterize Gt we observe that

1
0 (R"G"Ryey) = . 0(Vins,Y" — R'Ry)ey

s (Yh —oph) 1 Op, 0y (Y — o) onk s (Yh — ol

1
i v B e e N (S 7
1 5h h h h h 1 5h h
L (9,(Vhs Y (Vs Y~ S (9, RMn.
Pl (0s(Vh,s0 R"Ro)es+k(Vs, R R0)62)+6h ok (0sR"n

The first term on the right hand side of the previous equality is converging to zero
strongly in W~12(Q;R3) due to (5.1), therefore by (2.4) and (5.36) we deduce

d:(R"G"Ryey) — Bn
weakly in W—12(Q;R3). On the other hand, by (6.2) we have
at(RhGhRoeg) — atGT
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weakly in W—12(Q;R3). Hence
G(x1,s,t)1(s) = tB(x1, s)n(s) + G(x1,s,0)7(s) (6.7)
for a.e. (21, s,t) € Q. Combining (5.33), (5.35), (6.6) and (6.7), we obtain (6.3).
By (5.32) and (6.1),
1
;al(ylh - ’l/){l) -G = (Gtan)ll (68)

weakly in L?(Q). Therefore (6.4) follows from (5.25) and (5.28).
To prove the properties a)—e), we first claim that

(h — dntk)
€n
Indeed, by (5.34)

IFY" — ) -7 = —0,9 weakly in W—12(Q). (6.9)

H h — Sntk (as(Yf‘ — 1)

h— ontk oY =) T)‘

h — 6htk h T €h
. nm \V4 _ < _n
H n sym( h76hY RO Id)H R Ch(l + 5}21),

which converges to zero by (2.6). Therefore, (6.9) follows by (6.8) and (6.4).
We introduce the maps 7" € W2(Q;R?), given by

€n L2

<2

h o/ Y — b
—h ._ [ U2 _n 2 py
voi= ( ,Ug ) = 6h( }/Sh _wg ) (610)
for every h > 0. By (2.4) and (6.9), we have
O T — —0,g weakly in W12(Q). (6.11)

Let ﬁ% be the operator introduced in (3.1), with e replaced by ‘%". By straight-

forward computations and by (5.34), we obtain

< Chw’
LQ(Q;M3X3)

(6.12)
for every h > 0. Applying Korn’s inequality (3.6) and using the notation of Theorem
3.5, we deduce

= _nsT h?
Hsym(v%vhRO )HLZ(Q;MQXZ) < ;HSym(VhﬁgthRg — Id)‘

_ _ h _

th — H&Th('l}h)HWI,Z(S;RZ) < Ca"sym(v%vhRO )HLZ(S;M2X2)’ (6.13)

for a.e. 1 € (0, L). Integrating (6.13) with respect to x1, by (6.12) it follows that
h3

[o" — H%(Eh)HLZ(Q;]Rz) < CE’ (6.14)
h h h?

[0s(@" — H%h(? Nlr2oire) < CE, (6.15)
h h h?

10:(@" =T, (07))l| L2 (uk2) < Ca. (6.16)

By Lemma 3.3, for every h > 0 there exist o', o, o € L?(0, L) such that I1s, (7")
h

has the following structure:

_ ah — On, n_
H%(vh) = ( aé ) Jroz}f( 723 ) - Fto/fT. (6.17)
Moreover,
1
O T T dt = wh (6.18)
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for every h > 0 and for a.e. (z1,$) € w. On the other hand, by (6.17)

o [* R
ﬁ/ ) 851_1%(1)}1) mdt = ﬁo/f (6.19)
-2
for every h > 0 and for a.e. (21, $) € w. Therefore, by estimate (6.15), there holds
h? h3
ot — 5—hwh||L2(w) < Ca, (6.20)
which in turn gives
0
Whto/{? =0 (6.21)

strongly in L?(Q).
We first consider the case where y = +o00. Then, by (6.11) and (6.14), we have

(s, (T")) -7 — —0,g weakly in W~22(Q). (6.22)

Hence, by (6.17), (6.21) and by Lemma 3.7 there exist oy, a2, a3 € L?(0, L) such
that (6.5) holds and the proof of a) is completed.
The proof of b) follows immediately by (6.20) as if A = 400, then a; = 0.
Consider now the case where A < 4+o00. By (6.11) and (6.14), we deduce

on

ﬁa%(na

Sh
h

@")) - T = —\0.g weakly in W~22(Q) (6.23)

for every A < 4o00. By (6.17), (6.21) and by Lemma 3.7, there exist (51, 52,83 €
L?(0, L) such that

5h h

aled)’ = B i=1,2,3 (6.24)

weakly in W~22(0, L) and
ADsg = 1N + PaTa + PB3Ts. (6.25)
By (6.20) and (6.24), if 0 < A < 400 we obtain 8; = w” and w € W??2(0, L). This

proves c).

Finally, to prove d) we observe that if A = 0, by (6.25) and by Lemma 3.7 we
have 81 = 82 = 83 = 0, hence w” = 0.

Assume now that 0 < p < 400. Defining 9" := 7" — H%(Eh), by (6.14)—(6.16)

there exists © € L2(Q2;R?) with 9,7, ;0 € L?(2;R?) such that, up to subsequences

ot~ 7, (6.26)
D" — 9,7, (6.27)
" — 04, (6.28)
weakly in L?(Q;R?). Since
sym(vghﬁhﬁg) =sym(Vs, vhROT), (6.29)
h h

for every h > 0, combining (6.12) with equations (6.26)—(6.28), we deduce
0sv-7T=0, and 0 0=0. (6.30)
By (5.43) and (6.18), we have

1
On o 2
2505 [ 00" Wt — b (6.31)

1
2
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weakly in W~12(w). On the other hand, by (6.19),

5 s, 4 A I N
h—ZaS[l O -mdt = h_};’aS/,; (8Svh - 851_1%(1)}1)) -ndt = h_];’as(/,; i ~ndt),
(6.32)
therefore (6.30) yields
1104(855 - TT) = b, (6.33)

whenever 0 < pu < 4o00. By (6.11), (6.14) and (6.26),
Oy, (7)) 7 ~0ng — 0% -7
weakly in W~22(Q)). By Lemma 3.7, by (6.17) and (6.21) there exist a1, as, a3 €
W=22(0, L) such that
0sg = —aiomo — 373 + a1 N — 8fﬁ~?. (6.34)
For i = 1,2, 3, let now &; € L?(0, L) be such that (&;)"” = a; and let

0
e (@)ea( 7))
as Y2
By (6.30), (6.33), and (6.34) we deduce that
Osv-7=0, 04(0v-n)=0b, and O?v-7+ pdsg =0,

where the last two equalities hold in the sense of distributions. Therefore (g,b) € C,.
Finally, we study the case where p = 0. For every h > 0, we define

~ O
o= ﬁvh. (6.35)
By (6.12),
L 5
Jsym(V s, 5" Ry )|z < O (6.36)
h

By (6.14)—(6.16) there exists v € L?();R?), with 050, 9,0 € L?(Q;R?), such that,
up to subsequences,

o, (6.37)
D0 — 9,7, (6.38)
" — 0,7, (6.39)
weakly in L?(;R?). By (6.31), (6.32) and (6.36), v satisfies
0s0-T=0, 0v=0 and ds(dsv-7) =Dd. (6.40)
Moreover, by (6.11) and by (6.37) we deduce that
af(n% @) -7 — -0 -7 (6.41)

weakly in W~22(Q). Hence, by (6.21), Lemma 3.3 and Lemma 3.7, there exist
a1, az, a3 € W=22(0, L) such that

8%5_: — Q2T — (X373 +OélN. (642)

Let now a1, A2, a3 € L?(0, L) be such that a; = (41)", as = (a2)"” and az = (a3)".

Defining
0
(e (@yea( )
as Y2
by (6.40) and (6.42), we deduce that
Ov-7=0, 0,(0,v-n)=b and Ofv-7=0,



THIN-WALLED BEAMS WITH AN ARBITRARY CROSS-SECTION 33

where the last two equalities hold in the sense of distributions. This concludes the
proof of the theorem. O

We can now deduce a lower bound for the rescaled energies 6,:2j h. To this
purpose, from here to the end of the paper we shall assume that (4.20) holds and
we introduce the classes A, ,, defined as follows. We define

Ao oo = {(w,g,b) € WH3(0,L) x L*(w) x L*(w) :
Dsg = oty + azTz, with o € L*(0,L), i = 2, 3}. (6.43)
For A € (0,400) we set
A oo 1= {(w,g,b) € W2’2(0 L) x L*(w) x L*(w) :
dsg = +w"N + asms + azTs, with oy € L*(0,L), i =2,3}, (6.44)
and for A =0
Ao,oe = {(w,g,b € W*%(0,L) x L*(w) x L*(w) : w” = 0 and
(9Sg = a1 N + ag7y + o373, with a; € L*(0,L), i =1,2,3}. (6.45)
Finally, for p € [0,400) let
Ao = {(w,g,b) € W**(0,L) x C, : w" = 0}. (6.46)

We consider the functionals Jy ,, : W?(0, L) x L?(w) x L*(w) — [0, +00], defined
as

Tnpu(w, g,b) : 24/ / Qa(s,w',b) dsdxy + = / / Eg¢? dsdx, (6.47)

for (w, g,b) € Ax ., and Ty, (w, g,b) = 400 otherwise.

Theorem 6.3. Assume (2.6) and (4.20). Let A, ,, be the classes defined in (6.43)-
(6.46). Given any sequence of deformations (y") C W1H2(Q;R3) satisfying (2.5)
there exist rotations P" € SO(3) and constants c" € R® such that, setting Y" :=
(PMTyh —ch and defining g" and w" as in (5.25) and (5.26), there exist (g, w,b) €
A, such that, up to subsequences,

g" — g weakly in L*(%2),

w" — w in L*(w),
1

Easwh — b weakly in W™12(w). (6.48)
Moreover,

R

hin_igf %j (Y ) > j)\,u(waga b)a (649)

where J,,, is the functional defined in (6.47).

Proof. Convergence properties (6.48) follow from Theorem 5.2 and Proposition 5.3.
Moreover, Proposition 6.1 and Theorem 6.2 guarantee that (g, w,b) € Ay ,. The
proof of the lower bound (6.49) is an adaptation of [7, Proof of Corollary 2].

Let G" be defined as in (6.1). We introduce the functions

1 if |Gt < -
xh<x>:={ 1< 7=

0 otherwise.
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It is easy to see that x" — 1 in measure and x"G" — G weakly in L2(Q; M>*3).

By frame indifference of W,
hyh 1

1iminfj (2 ) = 1iminf—2/ W (Vs Y"RY) daydsdt
h—0 € h—=0 €, Jo

1
= 1iminf—2/W(Id—i—ehGh)dxldsdt
h—0 €, Jo

1
> 1iminf—2/ XhW(Id—i—ehGh)dacldsdt. (6.50)
Q

h—0 €

Owing to assumptions (H2), (H3), and (H5), by a Taylor expansion of W around
the identity we have:

W(Id + F) = 5Qs(F) + n(F),

for any F' € M3*3, where 71(:1[‘72) — 0 as || — 0. Setting £(t) := supp|<, %, then
&(t) - 0ast— 0and

2
€
xnW(Id + e,G") > thhQ3(Gh) — Xnené(en|GM)|G" .

Thus, we can continue the chain of inequalities in (6.50) as

o jh(yh) o 1 " 1 Btk hi2

min > liminf{= [ Q3(x»G — = G"N|G .

hh 10f 2 > hh 1Of{2/ 3(xnG") dxydsdt 5 / xn&(e"|G")|G"| dwldsdt}
(6.51)

By the assumptions on W, Q03 is a positive semi-definite quadratic form, hence the
first term in (6.51) is lower semicontinuous with respect to weak convergence in L?.
By definition of the sequence (x4) and by uniform boundedness of [|G"||p2(o;mzx3),
the second term in (6.51) can be bounded as

%/ Xn€ (|GG daydsdt < CE(\/en)
Q

and therefore it is converging to zero as h — 0. Collecting the previous remarks, it
follows that
h Yh
lim inf J (2 )
h—0 €n

2 Jo

We can decompose G as

G:(G—/é Gdt)+ %Gdt,

1 1
2 2

where by the characterizations (6.3) and (6.4)

(G/det)mn(s, 12') and /_%Glldtg.

Therefore, by developing the quadratic form and using (2.7) and (2.8), we obtain
3 Ll 3
/Q3 (G—/ Gat) d:cldsdt—i—/ / Qg(/ G dt) dsda,
Q -1 o Jo -1
1 Lo L 1
—/ / Q2(s,w',b) dsday Jr/ / Eg¢? dsdz .
12 /o Jo o Jo

This concludes the proof. O

W=

/ Q3 (G) dl‘l dsdt
Q
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7. CONSTRUCTION OF THE RECOVERY SEQUENCE

In this section we show that the lower bound obtained in Theorem 6.3 is optimal
by exhibiting a recovery sequence. The structure of such an optimal sequence varies
according to the values of \ and pu.

Theorem 7.1. Assume (2.6) and (4.20). Let A, be the classes defined in (6.43)-
(6.46). Then, if u > 0, for any (w,g,b) € Ay, there exists a sequence of deforma-
tions (y") C WH2(Q; R3) such that, defining g" and w" as in (5.25) and (5.26), we
have

y" = xz1e1 strongly in WH2(Q;R?), (7.1)
g" = g strongly in L*(w), (7.2)
wh = w in L*(w), (7.3)
Agwh s
— b strongly in L*(w). (7.4)
Moreover,
1
lim sup _th(yh) < ‘7)\1#(107 u, b)7 (75)
h—0 €p
where Jx,,, is the functional defined in (6.47).
The same conclusion holds if p = 0, assuming in addition the hypotheses of
Lemma 4.10.

Proof. For the sake of simplicity, we divide the proof into five steps. In the first
step we consider the case where A = +00. Then we show how the recovery sequence
must be modified for different values of A and p.
Step 1: A = p = 4o0.
Let (w,g,b) € Ax 0o We can assume that w € C*°([0, L]), b € C°°(@), and there
exist a; € C*°([0, L]), i = 2, 3,4, such that
g = ayy2 +agys +aj.

The general case follows from approximation and standard arguments in I'-convergence.

Let 0; € C%(w), i = 1,2, 3, be such that

0 w o
Q2(s,w,b) = Q3 <R0< w b o >R§> (7.6)
01 g9 03

for every (z1,s) € w, and let H € C°(w; M2%3), H = (hy;), be defined as

sym

0 0 g1

H:R0< 0 0 02>R§.

o1 092 O3

For every h > 0 we introduce the functions ¢ € C°(€2;R3) defined as
L 21 201
= ehéh(— - —) 209T0 — 0373 |.
2 24
20973 + 037y

It is easy to see that

sym(Vy. s, 0" RE) = ent H + o(ep,). (7.7)
Let also F' € M?*3 be the matrix defined by
E:Q3(61®61+F), (78)

where E is the quantity introduced in (2.7).
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Finally, let v € C%(@w;R?), v = (v2,v3) be a solution of
Osv-T=0in w, (7.9)
Oy (851) . ﬁ) =binw (7.10)

—35
and let z/ﬁfl be the map introduced in (3.2), with e = %.
We consider the sequence

0
o= 7/1h+€h( Zé) 1/15’161+6hOé4€1 7;(3;)
+ €hF(( v+ ) a /% §)d¢ +6ht(a4+za%))
1=2,3 1=2,3

€ 0 hep,
v Dl =y | —ontr | - X (5htT h/N dg)

On 72 On
— theh(ﬁswﬁ)Tth;;h( 2)
- the—%ng(h’eréhtn)

O

We briefly comment on the structure of §”: the terms in the first line are related
to conditions (7.1) and (7.2), the second line is a corrective term to obtain the
optimal constant [E, the terms in the third and the fourth line are introduced to
satisfy respectively conditions (7.3) and (7.4), and the last line contains a further
corrective term.

We first prove that 3" satisfies (7.1)-(7.4). By (2.6) we have

17" — z1e1]|wr2(ams) < Ch,
from which (7.1) follows. Condition (7.2) holds since

N h2e s
!~ 01) = cng + 50 [ N©dE + ofen) (711)
0
and A = +o00. By the equality

on

_n 2 as(gh*th)ndt:w+hasvﬁ+o(h),
heh _%

and by (7.10), we deduce (7.3) and (7.4).
To prove convergence of the energies, we first compute the rescaled gradient of
the deformations. By (7.9) and (7.10), we obtain

Vh,éhgh = Rp+epger @ep + eth(OMn)
0 b+ ahTs ahTo — abTs
+ ( ¢ 0 0 )
h 2
A 0 0

— ent(w't|w'er + b7 |0) (5—h —|—f?h(av n)n )(O\n|—r)

+
hep, 0 N =T 2
—+ —w’ —73 0 0 -V 5T — 252 (0| | ) “+o0 eh)
> 0 0
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We point out that the two terms

0
h2 h?
eh / N(¢ d§ e1 ®e; and 6€h< 0109 >®61
h 611)3

are infinitesimal of order larger than €, since we are assuming A = +oo. Therefore
they can be included in the error term o(ep,).
The previous equality in turn gives:

€n 0 Qo (O3
Vh,ghghRoT = Id+ehg(el®61+F)+E< —az 0 0 )
—Q3 0 0

— ent(w't|w'er +br|0)RE + (e—hw +— hen (0sv - n)n) (

On On
0 7 -
h
v Dhy —v3 0 0 — Vs, 0" RT — €h2 2
0 0 205

oo @ oo
oo = OO

+  olen).
The identity (Id + F)T(Id + F) = Id + 2symF + FTF yields
(Vs 7" R (Vis, 7" RY) = Id + 2, M + o(ep),
where M is given by

0 w 0
M::g(el®el+symF)—t<Ro<w’ b O>ROT+H>,
0 0 0

owing to (7.7). Hence, by frame-indifference,

W (V5,5 FE) = W (\ (V0,7 BT (V0,5 BE) ) = W(Id+enM + ofer)).

Since M is bounded in L, there exists h such that if h < h, Id + e, M + o(ep)
belongs to the neighbourhood of SO(3) where W is C?, therefore a Taylor expansion
around the identity gives:

1 N 1 o
%W(Vh,ghthOT) — §Q3(M) pointwise |

and
W(Vhs, 0" Ry) < C(IM|* + 1),

for some constant C. By dominated convergence theorem and by (7.6) and (7.8) we
deduce

NS 00) 1
}1L1_>mo 2 = - Q3(M)dx1dsdt

= / / Q2(s,w’,b) dsdxy + / / Eg? dsdx,,

which concludes the proof of (7.5) in the case where A = +oo0.

Step 2: 0 < A < +o0 and p = +o0.

Let (w,g,b) € Ax 0. We can assume that w € C*[0,L], b € C*°(w), and there
exist o; € C°(0, L), i = 2,3, 4, such that

1 S
g= Xw”/ N(&)dE + aym + a3 + o
0
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Let v be defined as in (7.9)—(7.10) and let u € C%(@) be such that Osu + d1v -7 =0
in w.
We consider the sequence

S - §h+h;§" hw ”/ /N dn )d£+6htw"(/osN(§)d£)n)

h;jh (u — %t@lv n)el,

which is obtained adding to the sequence (7") introduced in Step 1 two corrective

terms. The first corrective term is due to the different structure of g, while the
second one is needed to cancel the contribution to the energy of the quantity

0
h%e
3 h( 01v2 ) ® eq,
h 61’1}3
which is now of order €,. We observe that the term (%w” fos N(&)df)el ® e is
now included in the expression of g.

The proof of (7.1)—(7.4) is analogous to the one in Step 1. To prove convergence
of the energies, we argue as in Step 1 and we deduce

A0 N Y e , Lttt
| = — - E .
Lim 2 24/0 /0 Qa(s,w',b) dsdxy + 2/0 /0 g~ dsdxy

A standard approximation argument leads then to the conclusion.

Step 3: A=0 and p = +o0.

Let (w,g,b) € Ap,. Then w is affine. Moreover, we can assume that b € C° (@),
and there exist a; € C*°[0,L], i =1, -+ ,4, such that

S
g=af [ Nds-+afra +agna -+ af.
0

Let v and u be defined as in the previous step. We consider the sequence:

h ~h 7 €nopt 0 enont
Yy o=y + 6hOﬁ/ N(§)dEer — h —— o\ Te; + h —73 - 70417'
0

+ehF //Ndn)+6hta/Nd§

+ héih (uf %talv n)el,

where (7") is the sequence introduced in Step 1.

We observe that the previous sequence is obtained by a slight modification of
the recovery sequence introduced in Step 2, due to the fact that, since A = 0, the
contribution of w” to the energy is zero and the role of w” in the structure of g is
now played by of .

Arguing as in Step 1, it is straightforward to prove (7.1)—(7.4). The same com-
putations of Step 1 yield also convergence of the energies and the conclusion follows
by approximation.

Step 4: A =0 and 0 < pu < +o0.
Let (w,g,b) € Ag,,. Then w is affine. Moreover, by Lemma 4.8 we can reduce to
the case where g € C*4(w), b € C3(w), and there exists ¢ € C°(w; R?) such that

011 =g, 0s¢p-7=0, 0501 +01¢p-7=0, and 0s(0s¢-n)=
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We define
h h h3€h s
y' o= Pt + ¢re1 + €hF(h grdé + 6htgn)
5h 0
0 2 S
+ €| —twr + ﬁw -3 — €y (thw’T — h—w’/ Ndf) el
on o Jo
72
hQEh 0
—  thep(0s¢ - n)T + do | — hleptdio - ney
o \ gy
e
— oh o Sy 2(hy + 6ptn),

52

where the terms in the first line are related to conditions (7.1) and (7.2) and to the
optimal constant E, whereas the second and the third lines are related to conditions
(7.3) and (7.4) and to the quadratic form Q.

Arguing as in the previous steps it is straightforward to prove that conditions
(7.1)—(7.4) are satisfied and that

' jh(yh) 1 L 1 1 L 1
%g% 2 = ﬂ/o /0 Q2 (s,w',b) dsdxy + 5/0 /0 Eg¢? dsdz .

Step 5: A= pu=0.

Assume that there exists a finite number of points 0 = py < p1 < -+ < ppy, =1
such that for every i = 0,--- ,m — 1 we have that k(s) > 0 for every s € (pi, pi+1),
or k(s) < 0 for every s € (p;,pit1) or k(s) =0 for every s € (pi, pit+1)-

Let (w, g,b) € Ago. Then w is affine. Moreover, by Remark 4.2, we can reduce to
the case where g € C4( ) and there exist two maps u € C%(@) and z € C°(w) such
that 0?u = g and 9%u = kz. By Lemma 4.10 we can also assume that b € C3(@)
and there exists ¢ € C°(w; R?) such that

81¢1 =0, asd)'T:Oa as¢1+al¢'7_:0 and as(as¢n) =

We define:
) € €nd
y* o= "+ (aw + " t@lz)el " (Osut + zn) + Tz t(Osuk + 0s2)T

+ ehF(h /0S grdé + (5htgn)

h 0 W2, [
+ ep| —twr+ —w| —73 — €y (thw/T — —w// Nd&)el
(Sh 5}1 0

V2
2

—  thep(0s¢ -n)T
on

h 0 hiep,
P2 — h2€ht81¢ -nei + 6—¢1€1
®s3 h

e
- o - ?w 2(hy + dptn),
where the first line contains now some corrective terms to compensate the contri-
bution given by Jsu, and the terms in the other lines play the same role as in the
previous steps.
Arguing as in Step 1, it is immediate to prove (7.1)—(7.4). The same computations
of Step 1 yield also (7.5). Hence, the proof of the Theorem is completed. O
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