CVGMT Preprint Server - http://cvgmt.sns.it/papers/butpraste/

OPTIMAL PRICING POLICIES FOR PUBLIC TRANSPORTATION NETWORKS

G. BUTTAZZO, A. PRATELLI, AND E. STEPANOV

Abstract. In this paper we study the problem of finding an optimal pricing policy for the use of the public transportation network in a given populated area. The transportation network, modeled by a Borel set Σ ⊂ R^n of finite length, the densities of the population and of the services (or workplaces), modeled by the respective finite Borel measures φ_0 and φ_1, as well as the effective cost A(t) for a citizen to cover a distance t without the use of the transportation network, are assumed to be given. The pricing policy to be found is then a cost B(t) to cover a distance t with the use of the transportation network (i.e. the “price of the ticket for a distance t”), and has to provide an equilibrium between the needs of the population (hence minimizing the total cost of transportation of the population to the services/workplaces) and that of the owner of the transportation network (hence maximizing the total income of the latter). We present a model for such a choice and discuss the existence as well as some qualitative properties of the resulting optimal pricing policies.

Contents

1. Introduction 2 2. Notation and preliminaries 2 3. Problem setting 4 3.1. Behaviour of the population 4 3.2. Income of the owner of the transportation network 8 3.3. How to choose an optimal pricing policy 9 3.4. Game theoretic interpretation 12 4. Auxiliary lemmata 13 5. Existence of solutions 13 6. Qualitative properties of optimal policies 19 6.1. Regularity 20 6.2. Natural bounds 22 7. Some examples 22 7.1. Single citizen 23 7.2. Two citizens 26 References 28

Date: June 29, 2004.

1. Introduction

Suppose that a set Σ ⊂ Ω represent a public transportation network (say, a railway) in a city modeled by a convex set Ω ⊂ R^n , n ≥ 2. If a path θ ⊂ Ω, connecting x ∈ Ω to y ∈ Ω is interpreted as the itinerary of a passenger moving from x to y, then H^1(θ \ Σ) and H^1(θ ∩ Σ), where H^1 stands for the one-dimensional Hausdorff measure, can be naturally interpreted as the “effective lengths” of the part of the itinerary which the passenger covers, respectively, outside of and along the public transportation network. Let a function A: R^+ → R̄^+ represent the effective cost (in terms of time, money and/or fatigue) for a single citizen of travelling without using the public transportation network (i.e. “by own means”), while B: R^+ → R̄^+ represent the analogous cost of travelling with the use of such a network (i.e. “by train”). The former clearly characterizes the pattern of behaviour of the population which we consider to be known, while the latter is a pricing policy on the use of the transportation network imposed by its owner. Under this assumption each single citizen moving along a path θ will choose the most convenient distance L(B, θ) ≤ H^1(θ ∩ Σ) to cover with the use of the transportation network (i.e. “by train”), and thus will cover H^1(θ) − L(B, θ) without using the transportation network (i.e. “by own means”). Then the number δ(B, θ) := A(H^1(θ) − L(B, θ)) + B(L(B, θ)), represents the total cost for a citizen of travelling along θ. Suppose the densities of the residents φ_0 and of the services (or workplaces) φ_1 are given. The residents obviously travel to reach the services or workplaces and are free to use or not to use the transportation network. The choice of the way of transportation of the residents can be naturally described by the Monge-Kantorovich optimal transportation model (see e.g. [1, 4, 5, 6] for the detailed presentation of the respective theory).

The problem we study in the present paper is as follows. A company owning the public transportation network Σ would naturally be interested in using it in the most effective way, that is, to earn the maximum profit. The only tool at its disposal, which can be used to accomplish this task, is the pricing policy for the use of the network, i.e. the function B. However, the population reacts on each particular pricing policy B by choosing its own pattern of behaviour, namely, the itineraries and maybe even the destinations of everyday movements. In particular, to maximize the profit, the owner of the public transportation network is tempted to increase B. But one can expect that the higher is the latter, the less people is interested in using the transportation network. For instance, if B is “extremely high” (of course depending on the other factors, such as for instance the cost function A and the size of Ω), nobody will use the public transportation network, and hence such a “greedy” policy would make the company fail. A more modest pricing policy is expected to be therefore optimal. The paper is concerned with the existence and the qualitative properties of such an optimal pricing policy.

2. Notation and preliminaries

In this paper the ambient space Ω ⊂ R^n , n ≥ 2, representing the given city is assumed to be a convex body (i.e. a bounded closed convex set wit nonempty interior) equipped with the Euclidean distance. The convexity assumption on Ω is mainly introduced to simplify the presentation: instead, more general domains Ω can be considered equipped with the geodesic distance relative to Ω, which in case of nonconvex Ω does not coincide with the Euclidean distance. The public transportation network in Ω is assumed to be represented by a Borel set Σ ⊂ Ω of finite length, i.e. H^1(Σ) < ∞.

We call two Lipschitz-continuous paths θ̂_1, θ̂_2: [0, 1] → Ω equivalent, if there is a continuous surjective nondecreasing function (called usually “reparameterization”) ϕ: [0, 1] → [0, 1] such that θ̂_1(t) = θ̂_2(ϕ(t)) for all t ∈ [0, 1]. Let then Θ stand for the set of equivalence classes of Lipschitz-continuous paths. In this way each θ ∈ Θ can be clearly identified with some directed rectifiable curve. In the sequel we will frequently slightly abuse the language, identifying the elements of Θ (i.e. directed rectifiable curves) with their parameterizations (i.e. Lipschitz-continuous paths parameterizing such curves), when it cannot lead to a confusion. We consider the set Θ to be equipped with the distance (2.1)

d_Θ(θ_1, θ_2) := inf { max t∈[0,1] |θ̂_1(t) − θ̂_2(t)| : θ̂_i parameterization of θ_i, i = 1, 2 } , where | · | is the Euclidean norm in R^n . It is easy to see that θ_ν → θ in Θ implies the Hausdorff convergence of the respective traces, though the converse is clearly not true.

If {θ_1, θ_2} ⊂ Θ are such that θ_1(1) = θ_2(0), then we define θ_1 ∘ θ_2 ∈ Θ the directed rectifiable curve possessing a parameterization

θ_1 ∘ θ_2(t) := { θ_1(2t), if t ∈ [0, 1/2], θ_2(2t − 1), if t ∈ (1/2, 1].

It is important to remark that every subset of curves in Θ having uniformly bounded length is compact. In fact, let a sequence {θ_ν } ⊂ Θ satisfy H^1(θ_ν ) ≤ l for some l ≥ 0 and for all ν ∈ N. Then each θ_ν admits a parameterization with Lipschitz constant not exceeding l, and hence by Ascoli-Arzelà theorem θ_ν → θ in Θ for some θ ∈ Θ and for a subsequence of ν (not relabeled).

For a locally compact metric space X we denote by M^+(X) the space of positve Radon measures over X equipped with the ∗-weak topology. If φ ∈ M^+(X), and B(X) stands for the Borel σ-algebra of X, then by B_φ(X) we denote the completion of the latter with respect ot φ (in other words, B_φ(X) is generated by B(X) ∪ φ^{−1}({0}), i.e. by Borel sets and φ-nullsets). Then a map f: X → Y is called φ-measurable, if it is measurable with respect to B_φ(X). If f: X → Y is a φ-measurable (in particular, Borel measurable) map between locally compact metric spaces X and Y , then we denote by f_#φ the push-forward of the measure φ, i.e. the measure defined by

(f_#φ)(B) := φ(f^{−1}(B))

for every Borel B ⊂ Y .

We recall the basic facts about Γ-convergence. For a sequence of functionals f_ν : X → R̄, ν ∈ N, defined over a metric space X, we set

(Γ^− lim inf_ν f_ν )(x) := inf{lim inf_ν f_ν (x_ν ) : x_ν → x}, (Γ^− lim sup_ν f_ν )(x) := inf{lim sup_ν f_ν (x_ν ) : x_ν → x},

and we say that this sequence Γ^− converge to a functional f: X → R̄ as ν → ∞, written f := Γ^− lim_ν f_ν , if f = Γ^− lim inf_ν f_ν = Γ^− lim sup_ν f_ν . If f_ν = g for all ν ∈ N, then the functional g^− := Γ^− lim_ν f_ν is called the relaxation (or l.s.c.

envelope) of the functional g: X → R̄. Clearly, inf_X g = inf_X g^−. One also observes that Γ^−-convergence is stable with respect to the passage to relaxations, namely,

Γ^− lim_ν f_ν = Γ^− lim_ν f^−_ν .

We also define

Γ^+ lim sup_ν f_ν := −Γ^− lim inf_ν (−f_ν ), Γ^+ lim inf_ν f_ν := −Γ^− lim sup_ν (−f_ν ),

and hence f := Γ^+ lim_ν f_ν , if f = Γ^+ lim inf_ν f_ν = Γ^+ lim sup_ν f_ν . It is easy to show that a Γ^−-limit (resp. Γ^+-limit) of an arbitrary sequence of functionals is a l.s.c. (resp. u.s.c.) function.

3. Problem setting

3.1. Behaviour of the population. In our model the population is characterized by two nonnegative Borel measures φ_0 and φ_1 over Ω, the former modeling the density of the population, the latter the density of the destinations of their everyday movements (say, the density of services or of workplaces), and by the function A: R^+ → R̄^+ which is interpreted as the cost per unit mass of moving without the use of public transportation network (i.e. by own means). We request that the total masses of φ_0 and φ_1 be equal, namely,

φ_0(Ω) = φ_1(Ω).

In the sequel we will always assume that the function A is nondecreasing and continuous. From the applicative point of view, it might be useful to think that A(0) = 0 (i.e. the “cost of not moving anywhere” is zero), although technically we will not need such an assumption for the validity of all the results proven in the sequel.

In this section we propose two different models for the choice of the optimal pricing policy B, and consider some of their equivalent formulations. As for the requirements on B, it seems quite natural to request that B be nondecreasing (i.e. the price of a short distance trip should not exceed that of a long distance one) and that B(0) = 0 (i.e the owner of the transportation network may only charge effective movements along the network and hence may not charge just “people staying at home”). Below we develop what we think a reasonable model of behaviour of both population and the owner of the transportation network under only the above assumptions on A and B. We will see that in this model there is no way to distinguish between the pricing policy B and its l.s.c. envelope B^− and therefore later on we will be able to assume without loss of generality that B be l.s.c.

3.1.1. Individual behaviour. We first consider the question of how each single citizen chooses the distance L(B, θ) to cover with the use of the transportation network once his itinerary θ ∈ Θ is chosen and supposing that the pricing policy B is a nondecreasing function. Clearly, with θ ∈ Θ fixed, once one chooses to cover the distance l with the use of the transportation network, one pays the cost

g(l) := A(H^1(θ) − l) + B(l).

Therefore, it is reasonable to choose for L(B, θ) a minimizer of the latter function over l ∈ [0, H^1(θ ∩ Σ]). Note that the such a minimizer might not exist when B is not l.s.c. However, the l.s.c. envelope g^− of the function g given by the formula

g^−(l) = A(H^1(θ) − l) + B^−(l), where B^− stands for the l.s.c. envelope of B, attains it minimum value over [0, H^1(θ ∩ Σ)], which coincides with the infimum of g over the same interval. Note that if l minimizes g^− but not g, it means that in l the function B has a jump and B(l) > lim_{ξ→l}− B(ξ). In other words, in this case for a citizen it is convenient to cover along the transportation network any distance ξ < l arbitrarily close to l, but not exactly l, while the cost of transportation along θ will be arbitrarily close to g^−(l). It is natural then to define L(B, θ) to be one of the minimizers of g^− over [0, H^1(θ ∩ Σ)]. It might happen however that a minimizer of g^− is not unique, i.e. covering different distances with the use of the public transportation network along the same path gives an identical cost to the individual. We make therefore the following assumption: every person chooses to cover the minimum possible distance by his own means (or, equivalently, the maximum possible distance with the use of the public transportation network) as long as the total cost for him is the same. Translated in mathematical terms, this leads to the following definition: each person travelling along θ is covering on the transportation network the distance

(3.1) L(B, θ) := max{l ∈ Argmin_{ξ≤H}1_{(θ∩Σ)} A(H^1(θ) − ξ) + B^−(ξ)}.

It is immediate to note that the maximum in the above definition is actually attained and hence the cost of transportation along θ is given by

(3.2) δ(B, θ) := min l∈[0,H^1(θ∩Σ)] (A(H^1(θ) − l) + B^−(l)) = A(H^1(θ) − L(B, θ)) + B^−(L(B, θ)). It is worth noting that L(B, ·) is Borel measurable, and δ(B, ·) is l.s.c. as claimed in Lemma 3.1 below.

Lemma 3.1. For each nondecreasing function B the function L(B, ·): Θ → R^+ is Borel measurable and the function δ(B, ·): Θ → R^+ is l.s.c.

Proof. Define

α(s, t) := max { l ∈ Argmin{A(s − σ) + B^−(σ) : 0 ≤ σ ≤ t} } , β(s, t) := min{A(s − σ) + B^−(σ) : 0 ≤ σ ≤ t}, so that of course L(B, θ) = α(H^1(θ), H^1(θ ∩Σ)) and δ(B, θ) = β ( H^1(θ), H^1(θ ∩Σ) ) . The function β is trivially nondecreasing in s and decreasing in t. On the other hand, the function α is u.s.c. Indeed, take two sequences s_ν → s and t_ν → t as ν → ∞ and suppose that σ_ν := α(s_ν , t_ν ) → σ̄. For σ < σ̄ one has σ < σ_ν ≤ t_ν for sufficiently large ν and then by definition A(s_ν −σ)+B^−(σ) ≥ A(s_ν −σ_ν )+B^−(σ_ν ). Passing to the limit in ν and recalling that A is continuous and B^− l.s.c., one gets A(s − σ) + B^−(σ) ≥ A(s − σ̄) + B^−(σ̄), so that α(s, t) ≥ σ̄. The thesis now follows because θ → H^1(θ) is l.s.c. by Golab theorem and θ → H^1(θ ∩ Σ) is u.s.c. by Lemma 4.1. □

3.1.2. Collective behaviour. Transport measures. Now we would like to study which itineraries are chosen by the people in their everyday movements. These itineraries will be modeled by a special measure η ∈ M^+(Θ) which will say, roughly speaking, how many people are choosing each particular path. We will call a measure η ∈ M^+(Θ) a transport measure (or simply a transport), if

p_{i#}η = φ_i, i = 0, 1, where the map p_i: Θ → Ω is defined by p_i(θ) := θ(i), i = 0, 1. Define now the functional C(B) over M^+(Θ) by the formula

C(B)(η) := ∫ Θ δ(B, θ) dη(θ). We will show in Proposition 3.2 that C(B) admits a minimizer η_{opt} over the set of all admissible transports. From purely heuristic point of view, the optimal transport η_{opt} says, roughly speaking, how many people take each particular path θ in their everyday movements. Further on we denote by E_{opt}(B) the set of all optimal transports η_{opt} for a given B, namely,

E_{opt}(B) := Argmin {C(B)(η) : η admissible transport}.

3.1.3. Equivalent formulation. Transport plans. The problem of minimizing C is in fact just a version of the classical Monge-Kantorovich transport problem. To see this, define the function d_B : Ω × Ω → R̄ by setting d_B (x, y) := inf {δ(B, θ) : θ ∈ Θ, θ(0) = x, θ(1) = y} , where δ(B, θ) is given by (3.2). The number d_B (x, y) can be naturally interpreted as the cost for a single person of travelling from x to y, once the opportunity of using the public transportation network is offered. Then the everyday movement of the population to their workplaces can be also modeled by a transport plan γ ∈ M^+(Ω × Ω), i.e. a finite Borel measure over Ω × Ω satisfying

(3.3) π_{i#}γ = φ_i, i = 0, 1,

where π_i: Ω × Ω → Ω, i = 0, 1, stand for the projections on the first and the second factor respectively, namely, π_i(x_0, x_1) := x_i. The term “transport plan” refers to the fact that in a very heuristic way one can think that γ(x, y) stands for the amount of people which moves from point x to point y, and hence represents the “plan of transportation” of the population φ_0 to the destinations φ_1. The population chooses the transport plan so as to minimize over all admissible transport plans (i.e. measures γ ∈ M^+(Ω×Ω) satisfying (3.3)) the total cost of everyday movement given by the Monge-Kantorovich functional I_B defined by the relationship

I_B (γ) := ∫ Ω×Ω d_B (x, y) dγ(x, y). We will denote by MK(B) the respective infimum of I_B . Namely, we set

MK(B) := inf {I_B (γ) : γ admissible transport plan} .

The latter infimum is attained at some optimal transport plan γ_{opt} since the set of admissible transport plans is obviously compact in ∗-weak topology of measures, while the integrand d_B is l.s.c. (in fact, even continuous), as it will be shown in Proposition 5.3(i). We remark that the optimal transport plan γ_{opt} obviously may depend on B and characterizes, though not completely, the pattern of behaviour of the population once the pricing policy B is known. Roughly speaking γ_{opt} says “who goes where” given the pricing policy B for the use of the public transportation network, though it does not say “along which path”. Further on we denote by Γ_{opt}(B) the set of all optimal transport plans γ_{opt} for a given B, namely,

Γ_{opt}(B) := Argmin {I_B (γ) : γ admissible transport plan}.

Define the set of the “optimal paths” ~Θ(B) := {θ ∈ Θ : d_B (θ(0), θ(1)) = δ(B, θ)}

and denote by Q_B (x, y) the set of optimal paths connecting x with y, namely, Q_B (x, y) = {θ ∈ ~Θ(B) : θ(0) = x, θ(1) = y}, so that ~Θ(B) = ⋃ (x,y)∈Ω×Ω Q_B (x, y). A trivial by-product of Proposition 5.3(ii) is the fact that both ~Θ(B) and Q_B (x, y) are closed sets (as for the latter, one can also conclude immediately from Lemma 3.1 that each Q_B (x, y) is closed as a set of minima of a l.s.c. function δ(B, ·) on a closed set).

The assertion below provides a relationship between the Monge-Kantorovich problem of finding an optimal transport plan and the problem of minimizing C(B) over all transports.

Proposition 3.2. If B is a nondecreasing function one has (3.4) MK(B) = min {C(B)(η) : η admissible transport} , Moreover, if η_{opt} ∈ E_{opt}(B), then γ := (p_0 × p_1)_#η_{opt} ∈ Γ_{opt}(B). Vice versa, there is a Borel map q_B : Ω × Ω → ~Θ(B) such that whenever γ_{opt} ∈ Γ_{opt}(B), then η := q_{B#}γ_{opt} ∈ E_{opt}(B). Finally, every η_{opt} ∈ E_{opt}(B) is concentrated over ~Θ(B), i.e. η_{opt}(Θ\ ~Θ(B)) = 0.

Proof. If η is an admissible transport, then γ := (p_0 × p_1)_#η_{opt} is clearly an admissible transport plan. Hence, minding the definition (3.2) of d_B , we have

(3.5) C(B)(η) = ∫ Θ δ(B, θ) dη ≥ ∫ Θ d_B ((p_0 × p_1)(θ)) dη_{opt} = ∫ Ω×Ω d_B (x, y) dγ = I_B (γ) ≥ MK(B). On the other hand, there is a Borel measurable selector q_B : Ω × Ω → ~Θ(B) of the multivalued map Q_B : Ω × Ω−∘ ~Θ(B). To verify this claim, it suffices to observe that the graph of Q_B defined by Graph Q_B := {(x, y, θ) : (x, y) ∈ Ω × Ω, θ ∈ Q_B (x, y)} = {(x, y, θ) ∈ Ω × Ω × Θ : x = θ(0), y = θ(1)} ∩ (Ω × Ω × ~Θ(B))

is closed because ~Θ(B) is closed (in view of Proposition 5.3(ii)), while Q_B (x, y) is nonempty for each (x, y) ∈ Ω × Ω, and refer to the Kuratowski-Ryll-Nardzewski measurable selection theorem (theorem III.6 from [3] or theorem 5.2.1 from [7]). Then, given an arbitrary optimal transport plan γ_{opt} ∈ Γ_{opt}(B) we observe that η_{opt} := q_{B#}γ_{opt} is an admissible transport. Moreover,

(3.6) MK(B) = ∫ Ω×Ω d_B (x, y) dγ_{opt} = ∫ Ω×Ω δ(B, q_B (x, y)) dγ_{opt} = ∫ Θ δ(B, θ) dη_{opt} = C(B)(η_{opt}). ≥ inf C(B), where the infimum of C(B) is taken over the set of all admissible transports. Together with (3.5) this proves that η_{opt} is an optimal trasnport and hence also the validity of the the first claim of the statement being proven. From (3.5) η optimal trasport, we get that (p_0 × p_1)_#η_{opt} is an optimal transport plan. Finally, since in (3.5) all the inequalities are actually equalities when η is an optimal trasport, we get the validity of the last claim. □

We now introduce another auxiliary construction to be used in the sequel. Define

(3.7) λ := diam Ω + H^1(Σ) and Θ^′ := {θ ∈ Θ : H^1(θ) ≤ λ}, so that clearly Θ^′ ⊂ Θ is compact. We prove now the following very easy estimates.

Lemma 3.3. For every (x, y) ∈ Ω × Ω one has

d_B (x, y) ≤ A(diam Ω).

Further, θ ∈ ~Θ(B) \ Θ^′, then B^−(L(B, θ)) = 0.

Proof. Let [x, y] ∈ Θ stand for the line segment with endpoints x ∈ Ω and y ∈ Ω. One has therefore d_B (x, y) ≤ δ(B, [x, y]) ≤ A(H^1([x, y])) = A(|x − y|) ≤ A(diam Ω), since |x − y| ≤ diam Ω and A is nondecreasing. Hence, the first claim is proven.

For θ ∈ ~Θ(B) we just proved δ(B, θ) = A(H^1(θ) − L(B, θ)) + B^−(L(B, θ)) ≤ A(diam Ω). If, moreover, H^1(θ) ≥ λ := diam Ω + H^1(Σ), then minding L(B, θ) ≤ H^1(θ ∩ Σ) ≤ H^1(Σ), we get

A(H^1(θ) − L(B, θ)) ≥ A(λ − H^1(Σ)) = A(diam Ω), and hence B^−(L(B, θ)) = 0 concluding the proof. □

Remark. If either A is strictly increasing, or unbounded (i.e. A(l) → ∞ as l → +∞), then it easily follows from Lemma 3.3 that all the paths in ~Θ(B) must have uniformly bounded length (independent of B). In fact, for all θ ∈ ~Θ(B) one has δ(B, θ) = A(H^1(θ) − L(B, θ)) + B^−(L(B, θ)) ≤ A(diam Ω), hence

A(H^1(θ) − H^1(Σ)) ≤ A(H^1(θ) − L(B, θ)) ≤ A(diam Ω), which implies that H^1(θ) ≤ l for some l > 0 independent of both θ and B.

3.2. Income of the owner of the transportation network. We have to calculate now how much each single person pays to the owner of the public transportation network.

Consider first the case when one knows only the transport plan γ. We assume then that people moving from x to y choose an optimal path θ ∈ ~Θ(B) connecting those two points. One needs then to calculate how much of this path is actually covered with the use of the public transportation network. It can happen however, that there are many optimal paths connecting the same couple of points. We assume then in line with the assumption made when defining L that every person chooses the maxmum possible distance to cover with the use of the transportation network as long as the total cost for him is the same, and hence covers the distance (3.8) Λ(B, x, y) := sup_{θ∈QB (x,y)} L(B, θ) along the transportation network. Under this assumption the income of the owner of the transportation network becomes Ĝ(B, γ) := ∫ Ω×Ω B^−(Λ(B, x, y)) dγ(x, y). Note that we integrate B^−(Λ) rather than B(Λ) minding that, if B is not l.s.c., for people it might be more convenient to use the transportation network for the distance just slightly lower than Λ.

Since Λ(B, ·, ·) is a Borel function as we show below, then the above integral is well defined.

Lemma 3.4. For each nondecreasing function B the function Λ(B, ·, ·): Ω × Ω → R^+ is Borel measurable.

Proof. We have Λ(B, x, y) = sup_{k∈N} Λ^k(B, x, y), where Λ^k(B, x, y) := sup_{θ∈QB (x,y),H1(θ)≤k} L(B, θ). Let (x_ν , y_ν ) → (x, y) in Ω × Ω as ν → ∞, and let θ_ν ∈ Q_B (x_ν , y_ν ) be such that

L(B, θ_ν ) ≥ Λ^k(B, x_ν , y_ν ) − 1/ν and H^1(θ_ν ) ≤ k

for all ν ∈ N. Then up to a subsequence (not relabeled) θ_ν → θ as ν → ∞ and θ ∈ Q_B (x, y) according to Proposition 5.3(ii). Therefore, minding that L(B, ·) is u.s.c. on ~Θ(B) as a consequence of Lemma 5.7, we get

Λ^k(B, x, y) ≥ L(B, θ) ≥ lim sup_ν L(B, θ_ν ) ≥ lim sup_ν Λ^k(B, x_ν , y_ν ).

This means that each Λ^k(B, ·, ·) is u.s.c., which suffices to conclude the proof. □

Remark. If either A is strictly increasing, or unbounded, then by the remark following Lemma 3.3 one has that all paths in ~Θ(B) have uniformly bounded length. Hence, using the notation of the above proof, Λ = Λ^k for some k ∈ N sufficiently large, and hence Λ(B, ·, ·) is u.s.c. Since in this case each Q_B (x, y) is compact, then in fact the supremum in the definition (3.8) of Λ is attained (i.e. is a maximum).

Now consider the more particular case when the movement of the population is described by some optimal transport η ∈ E_{opt}(B). Then the income of the owner of the transportation network can be expressed as F̂ (B, η) := ∫ Θ B^−(L(B, θ)) dη(θ) (again, we integrate B^−(L) rather than B(L), because if B is not l.s.c., for people it might be more convenient to use the transportation network for a distance just slightly lower than L).

3.3. How to choose an optimal pricing policy. Below we assume the public transportation network Σ and the function A (the cost of moving “by own means”) to be given, and will be interested in the optimal choice of B. We note that all the functionals introduced actually depend on B^− rather than on B. Thus, further on we will define the class B of admissible pricing policies B: R^+ → R^+ which are the nondecreasing l.s.c. functions satisfying B(0) = 0.

The choice of the optimality criterium for B leads to two different models.

3.3.1. Short term optimality. The first and simplest model suggests to choose a B as a maximizer of Ĝ(·, γ) once the transport plan γ describing the everyday movement of the population is known. Namely, the problem reads as follows.

Problem 1. Given a transport plan γ, find a B ∈ B maximizing Ĝ(·, γ) over B.

Such a model refers to the situation when the pattern of behaviour of the population in terms of “who goes where” is independent on the choice of the pricing policy B and therefore is simply initially fixed. It reasonably suits the company which is planning a short term profit: within a short period of time the movements of the people are unlikely to change with the change of the pricing policy for the use of the transportation network. We remark that in such a case, though the sources and desinations of movement of the population (given by γ) are known and independent of the pricing policy B, the actual itineraries (described by a transport η) might depend on B.

The statement below provides an equivalent formulation of Problem 1.

Proposition 3.5. One has sup{Ĝ(B, γ) : B ∈ B} = sup { F̂ (B, η) : B ∈ B, η ∈ Argmin{C(B)(η^′) : (p_0 × p_1)_#η^′ = γ} } . Moreover, if one of the above suprema is attained in B ∈ B, then so is also the other one.

Proof. Let η ∈ Argmin{C(B)(η^′) : (p_0 × p_1)_#η^′ = γ}. Then η is concentrated on ~Θ(B). In fact, otherwise, minding that δ(B, θ) > d_B ((p_0 × p_1)(θ)) over Θ \ ~Θ(B), we get C(η) > I_B (γ) by (3.5). But by (3.6) we have I_B (γ) = C(q_{B #}γ), where q_B is defined as in Proposition 3.2. Since by construction (p_0 × p_1)_#(q_{B #}γ) = γ, this contradicts the minimality of η.

Since η is η is concentrated in Θ̃(B), and minding (p_0 × p_1)_#η = γ, one has

(3.9) F̂ (B, η) = ∫ Θ B(L(B, θ)) dη(θ) ≤ ∫ Θ B(Λ(B, θ(0), θ(1))) dη(θ) = ∫ Ω×Ω B(Λ(B, x, y)) dγ(x, y) = Ĝ(B, γ). On the other hand, define ^Θ(B) ⊂ ~Θ(B) and ^Q_B (x, y) ⊂ Q_B (x, y) as follows: ^Θ(B) := {θ ∈ ~Θ(B) : L(B, θ) = Λ(B, θ(0), θ(1))}, ^Q_B (x, y) := {θ ∈ ^Θ(B) : θ(0) = x, θ(1) = y}. We observe that ^Θ(B) is the set where the u.s.c. function θ ∈ ~Θ(B) → L(B, θ) equals the Borel function θ ∈ ~Θ(B) → Λ(B, θ(0), θ(1)). Hence, ^Θ(B) is a Borel set. Then

Graph ^Q_B := { (x, y, θ) : (x, y) ∈ Ω × Ω, θ ∈ ^Q_B (x, y) } = {(x, y, θ) : θ(0) = x, θ(1) = y} ∩ (Ω × Ω × ^Θ(B))

is also a Borel set since the set {(x, y, θ) : θ(0) = x, θ(1) = y} is closed. By the von Neumann-Aumann measurable selection theorem (theorems III.222 and III.23 of [3], or, equivalently, corollary 5.5.8 from [7]) one has Δ := {(x, y) ∈ Ω × Ω : ^Q_B(x, y) ≠ ∅} ∈ B_γ , and, moreover, there is a γ-measurable (but not necessarily Borel measurable) selection q̂_{B,γ} : Δ → ^Θ(B).

We show now that for every couple (x, y) ∉ Δ one has

(3.10) B(Λ(B, x, y)) = 0.

In fact, if {θ_ν } ⊂ Q_B(x, y) is a maximizing sequence for L(B, ·) (i.e. L(B, θ_ν ) ↑ Λ(B, x, y) as ν → ∞), then necessarily H^1(θ_ν ) ≥ λ for all sufficiently large ν: otherwise, up to a subsequence, one would have θ_ν → θ as ν → ∞, and due to the fact that L(B, ·) is u.s.c. on ~Θ(B) one would have L(B, θ) = Λ(B, x, y) contrary to the assumtpion (x, y) ∉ Δ. By Lemma 3.3 for all sufficiently large ν, we have B(L(B, θ_ν )) = 0. Minding that B is l.s.c. and nondecreasing, we get therefore (3.10).

Consider now a θ̂ ∈ Θ such that H^1(θ̂) > λ. For every (x, y) ∈ Ω × Ω \ Δ we set q̂_{B,γ} (x, y) := q_B (x, y), where q_B : Ω × Ω → ~Θ(B) is defined in Proposition 3.2. Clearly, for such (x, y) according to (3.10) one has B(L(B, q̂_{B,γ} (x, y))) ≥ 0 = B(Λ(B, x, y)). Hence, due to the definition of q̂_{B,γ} , the above relationship is satisfied for all (x, y) ∈ Ω × Ω.

Minding that q̂_{B,γ} is clearly γ-measurable, we define η_γ := (q̂_{B,γ} )_#γ, getting then

F̂ (B, η_γ ) = ∫ Θ B(L(B, θ)) dη_γ (θ) = ∫ Ω×Ω B(L(B, q̂_{B,γ} (x, y))) dγ(x, y) ≥ ∫ Ω×Ω B(Λ(B, x, y)) dγ(x, y) = Ĝ(B, γ). Together with (3.9) this concludes the proof. □

3.3.2. Long term optimality. Another and more complex problem refers to a quite different situation when the pattern of behaviour of the population (i.e. the transport plan γ) is a priori unknown and is chosen by the population so as to minimize its own travel costs. In other words, γ is chosen among optimal transport plans for the given pricing policy B, i.e. γ ∈ Γ_{opt}(B), or, equivalently, the transport η is chosen among optimal transports for B, i.e. η ∈ E_{opt}(B). To state formally the respective problem, we define F (B, η) := { F̂ (B, η), if η ∈ E_{opt}(B), −∞, otherwise.

The problem reads now as follows.

Problem 2. Find a B ∈ B such that for some transport η the pair (B, η) maximizes F among all functions B ∈ B and admissible transports.

This problem suits well a company looking for a long term profit. In fact, in a long term prospective, the directions of the population movements are adjusted to the pricing policy on the use of the transportation network.

The latter problem admits clearly an equivalent formulation. Namely, set G(B, γ) := { Ĝ(B, γ), if γ ∈ Γ_{opt}(B), −∞, otherwise.

Problem 2 is then equivalent to that of finding a B: R^+ → R̄^+ maximizing G(B, γ) among all functions B ∈ B, where γ varies among all admissible transport plans, as stated in the following assertion.

Proposition 3.6. One has sup F = sup G.

Moreover, if (B^′, η^′) ∈ Argmax F , then setting γ^′ := (p_0 ×p_1)_#η^′, one has (B^′, γ^′) ∈ Argmax G. Vice versa, if (B^′, γ^′) ∈ Argmax G, then there is an admissible transport η^′, such that (B^′, η^′) ∈ Argmax F .

Proof. With the use of Proposition 3.5, we get from (3.9) that whenever η ∈ E_{opt}(B), we have F̂ (B, η) ≤ Ĝ(B, (p_0 × p_1)_#η) and hence, minding that (p_0 × p_1)_#η) ∈ Γ_{opt}(B) by Proposition 3.2, we get (3.11) F̂ (B, η) ≤ sup{Ĝ(B, γ) : γ ∈ Γ_{opt}(B)}. On the other hand, for a transport plan γ, the proof of Proposition 3.5 provides the existence of an admissible transport η_γ such that (3.12) F̂ (B, η_γ ) ≥ Ĝ(B, γ). It is immediate to verify by construction of η_γ that η_γ ∈ E_{opt}(B) whenever γ ∈ Γ_{opt}(B), because the map q̂_{B,γ} is a selector of the multivalued map Q_B. Now, (3.11) and (3.12) together show the statement. □

3.4. Game theoretic interpretation. Problem 2 admits also an obvious game theoretic interpretation. Namely, consider a game between two players: the “population” P (users of the transportation network) and the “service provider” S (the owner of the network). The set of strategies of the former is the set of admissible transport plans γ (equivalently, the set of all admissible transports η), while the set of strategies of the latter is B. The payoff function of the population K_P is given by the formula K_P (B, γ) := −I_B (γ) or, equivalently, K_P (B, η) := −C(B)(η) while the payoff function of the service provider K_S is given by the formula

K_S (B, γ) := ∫ Ω×Ω B(Λ(B, x, y)) dγ(x, y), or, equivalently, K_S(B, η) := ∫ Θ B(L(B, θ)) dη(θ). It is immediate to observe that when (B, γ) is a maximizing pair of the functional G (equivalently, (B, η) is a maximizing pair of the functional F ), so that B solves Problem 2, then (B, γ) (equivalently, (B, η)) is a Nash equilibrium point of the above game, moreover, it is such an equilibrium point which is “most convenient” for the owner of the transportation network.

4. Auxiliary lemmata

In this section we collect a couple of auxiliary statements to be used in the sequel. We start with the following simple assertion.

Lemma 4.1. Let μ ∈ M^+(Ω) be a finite Borel measure, and for the sequence of compact sets {K_ν }, K_ν ⊂ Ω one has K_ν → K in the sense of Hausdorff for some K ⊂ Ω. Then μ(K) ≥ lim sup_ν μ(K_ν ). In particular, if Σ ⊂ Ω is a Borel set satisfying H^1(Σ) < ∞, then putting μ := H^1 Σ, one obtains

H^1(K ∩ Σ) ≥ lim sup_ν H^1(K_ν ∩ Σ)

Proof. For a ε > 0 let Ū_ε stand for the closed ε-neighborhood of K. One has then K_ν ⊂ U_ε for all sufficiently large ν, and hence lim sup μ(K_ν ) ≤ μ(Ū_ε).

Passing to a limit in the above relationship as ε → 0^+ and minding that in this case μ(Ū_ε) → μ(K), one gets the desired result. □

We will also need the following general property of Γ-convergence, which is provided in a slightly weaker form by theorem 7.2 from [2].

Proposition 4.2. Let f_ν , f: X → R̄ be functionals defined over a metric space X, and suppose that inf_X f_ν = inf_X ′ f_ν for all ν ∈ N and for some compact X^′ ⊂ X. Then the following assertions hold.

(i) If f(x) ≤ lim inf_ν f_ν (x_ν ) whenever {x_ν } ⊂ X^′, x_ν → x in X^′ as ν → ∞, then inf_X f ≤ lim inf_ν inf_X f_ν .

(ii) If, moreover, for every x ∈ X^′ there is a sequence {x̃_ν } ⊂ X such that lim sup_ν f_ν (x̃_ν ) ≤ f(x) (in particular, this holds when Γ^− lim sup_ν f_ν ≤ f), then inf_X f_ν → inf_X f as ν → ∞ and whenever x_ν ∈ X^′ are such that (4.1) f_ν (x_ν ) ≤ inf_X f_ν + ε_ν ,

where ε_ν → 0 as ν → ∞ (in particular, if x_ν ∈ Argmin f_ν ), and x_ν → x for an x ∈ X, then x ∈ Argmin f, i.e. f(x) = inf_X f.

Remark. If instead of the assumption in claim (i) one has the stronger property f ≤ Γ^− lim inf_ν f_ν , then the proof shows that in fact (ii) is valid for every convergent sequence {x_ν } ⊂ X (i.e. not just for sequences in X^′) satisfying (4.1).

5. Existence of solutions

The aim of this section is to show that the statements of the problems 2 and 1 make sense and that both problems admit solutions. Namely, we prove the following result.

Theorem 5.1. There is a function B ∈ B which solves Problem 2 (resp. Problem 1 with given transport plan γ).

To prove the above theorem, we need several auxiliary statements. Our main tool will be the following Γ-convergence result.

Proposition 5.2. Assume that for a sequence of nondecreasing functions {B_ν } one has Γ^− lim_ν B_ν = B. Then the following assertions hold.

(i) δ(B, θ) ≤ lim inf_ν δ(B_ν , θ_ν ) whenever θ_ν → θ in Θ;

(ii) Let Θ^′ ⊂ Θ be an arbitrary subset of Θ of paths having uniformly bounded length. Then, for every θ ∈ Θ^′ and for a subsequence of ν (not relabeled) one has δ(B_ν , θ) ≤ δ(B, θ) + ε_ν for some sequence ε_ν → 0 independent of θ.

In particular,

(5.1) Γ^− lim_ν δ(B_ν , ·) = δ(B, ·).

Furthermore, one has that

(iii) for every θ ∈ Θ, when x_ν → θ(0) and y_ν → θ(1) in Ω, there is a sequence {θ̂_ν } ⊂ Θ, such that θ̂_ν (0) = x_ν , θ̂_ν (1) = y_ν , θ̂_ν → θ and δ(B, θ) ≥ lim sup_ν δ(B_ν , θ̂_ν ).

Proof. The relationship (5.1) follows immediately from (i) and (ii), since (ii) implies δ(B, θ) ≥ lim sup_ν δ(B_ν , θ̃_ν ).

To prove (i), assume θ_ν → θ in Θ. Consider any subsequence of θ_ν (not relabeled) such that the sequence l_ν := L(B_ν , θ_ν ) is convergent, and let l := lim_ν l_ν . Since l_ν ≤ H^1(θ_ν ∩ Σ), we get 0 ≤ l ≤ H^1(θ ∩ Σ)

in view of Lemma 4.1. On the other hand, minding that A is continuous and nondecreasing, B(l) ≤ lim inf_ν B_ν (l_ν ) (by Γ^−-convergence assumption) and H^1(θ) ≤ lim inf_ν H^1(θ_ν ) (by Golab theorem), we obtain δ(B, θ) ≤ A(H^1(θ) − l) + B(l) ≤ A(lim inf_ν (H^1(θ_ν ) − l_ν )) + lim inf_ν B_ν (l_ν ) ≤ lim inf_ν (A(H^1(θ_ν ) − l_ν ) + B_ν (l_ν )) = lim inf_ν δ(B_ν , θ_ν ).

To prove (ii), choose an ε > 0 and cover [0, H^1(Σ)] with a finite number of disjoint intervals of the form I_i := (l̄_i −δ_i, l̄_i], with δ_i ≤ ε (possibly zero) sufficiently small such that B(l) ≥ B(l̄_i) − ε/2 for all l ∈ I_i. Such a cover exists since B is nondecreasing and l.s.c., while the interval [0, H^1(Σ)] is compact. By definition of Γ^−-convergence, for each l̄_i there is a sequence l_{i,ν} → l̄_i such that B_ν (l_{i,ν} ) → B(l̄_i), so that B_ν (l_{i,ν} ) ≤ B(l̄_i) + ε/2 for all sufficiently large ν, and hence B_ν (l_{i,ν} ) ≤ B(l) + ε for all l ∈ I_i. By the finiteness of the intervals I_i, there is a unique ν = ν(ε) such that the above relationship is true for all i. Define the function l^′_ν : [0, H^1(Σ)] → [0, H^1(Σ)] associating to any l ∈ I_i the number l_{i,ν} ∧ l. One has then B_ν (l^′_ν ) ≤ B(l) + ε and 0 ≤ l − l^′_ν ≤ l̄_i − l_{i,ν} . Thus, possibly up to passing to a (not relabeled) subsequence of ν, we get a sequence of functions l^′_ν : [0, H^1(Σ)] → [0, H^1(Σ)] such that (5.2) B_ν (l^′_ν ) ≤ B(l) + 1/ν, l^′_ν ≤ l, l − l^′_ν ≤ 1/ν.

Now, for any θ ∈ Θ^′ we write l_ν (θ) := l^′_ν (L(B, θ)), and since l^′_ν ≤ L(B, θ) ≤ H^1(θ ∩ Σ) for every ν, from (5.2) we get (5.3) A(H^1(θ) − l_ν ) + B_ν (l_ν ) ≤ A(H^1(θ) − l_ν ) + B(L(B, θ)) + 1/ν, where l_ν := l_ν (θ).

By the uniform continuity of A on the bounded interval [0, max_{θ∈Θ}′ H^1(θ)], we know that A(H^1(θ) − l_ν ) ≤ A(H^1(θ) − L(B, θ)) + ε̃_ν with ε̃_ν → 0 as ν → ∞ and ε̃_ν not depending on θ ∈ Θ^′. Therefore, (5.3) implies for each θ ∈ Θ^′ the estimate

(5.4) δ(B, θ) = A(H^1(θ) − L(B, θ)) + B(L(B, θ)) ≥ A(H^1(θ) − l_ν (θ)) + B_ν (l_ν ) − 1/ν − ε̃_ν ≥ δ(B_ν , θ) − ε_ν , where ε_ν := ε̃_ν + 1/ν. Therefore, (ii) follows.

At last, to prove (iii), we let α_ν ∈ Θ stand for the segment connecting x_ν with θ(0) and β_ν ∈ Θ for the segment connecting θ(1) with y_ν respectively. Set now θ̂_ν := α_ν ∘ θ ∘ β_ν ,

so that clearly θ̂_ν connects x_ν with y_ν and θ̂_ν → θ as ν → ∞. One has H^1(θ̂_ν ∩Σ) ≥ H^1(θ ∩ Σ), and hence δ(B_ν , θ̂_ν ) ≤ A(H^1(θ̂_ν ) − L(B_ν , θ)) + B_ν (L(B_ν , θ)) by (3.2). Mind that

|H^1(θ) − H^1(θ̂_ν )| ≤ H^1(α_ν ) + H^1(β_ν ) = |x_ν − θ(0)| + |θ(1) − y_ν | → 0 as ν → ∞. This together with the uniform continuity of A on bounded intervals, and (5.4) provides δ(B_ν , θ̂_ν ) ≤ δ(B, θ) + ε^′_ν for some sequence ε^′_ν → 0 as ν → ∞, which concludes the proof. □ We prove yet another convergence statement concerning the distance d_B .

Proposition 5.3. Assume x_ν → x, y_ν → y in Ω and Γ^− lim_ν B_ν = B. Then (i) d_{Bν} (x_ν , y_ν ) → d_B (x, y). In particular, setting B_ν := B, we get that the function d_B is continuous;

(ii) if θ_ν ∈ ~Θ(B_ν ) and θ_ν → θ in Θ, then θ ∈ ~Θ(B). In particular, setting B_ν := B, we get that Q_B (x, y) is closed for all (x, y) ∈ Ω × Ω and also ~Θ(B) is closed.

Proof. Define δ̂(x, y, B, ·): Θ → R̄ δ̂(x, y, B, θ) := { δ(B, θ), if θ(0) = x, θ(1) = y, +∞, otherwise.

Proposition 5.2, (i) and (iii) imply that δ̂(x, y, B, ·) = Γ^− lim_ν δ̂(x_ν , y_ν , B_ν , ·)

whenever x_ν → x, y_ν → y in Ω and Γ^− lim_ν B_ν = B. According to (5.6) one has d_B (x, y) = min_{Θ′} δ̂(x, y, B, ·), where the minimum is attained since Θ^′ ⊂ Θ is compact, and hence Q_B(x, y) = Argmin_Θ′ δ̂(x, y, B, ·) for every (x, y) ∈ Ω × Ω and for every nondecreasing B. Thus we get both (i) and (ii) as an immediate consequence of Proposition 4.2(ii) (minding the remark following this proposition). □

Let E^′ ⊂ M^+(Θ^′) stand for the set of all transports concentrated on Θ^′ and observe that it is compact since all the transports have the same total mass φ_0(Ω). Defining f^′: Θ → Θ^′ by the relationship

(5.5) f^′(θ) := { θ, θ ∈ Θ^′, [θ(0), θ(1)], θ ∉ Θ^′, one clearly has for θ^′ := f^′(θ) that (5.6) δ(B, θ) ≥ δ(B, θ^′) for all θ ∈ Θ. In fact, if θ ∉ Θ^′, then

(5.7) H^1(θ) − L(B, θ) > λ − H^1(Σ) ≥ diam Ω,

and hence δ(B, θ) ≥ A(diam Ω), while δ(B, θ^′) ≤ A(H^1([θ(0), θ(1)]) ≤ A(diam Ω). We prove now the folowing general statement.

Lemma 5.4. For every transport η and for each B ∈ B there is a transport η^′ ∈ E^′ such that

(i) (p_0 × p_1)_#η^′ = (p_0 × p_1)_#η; (ii) C(B)(η^′) ≤ C(B)(η). In particular,

η^′ ∈ E_{opt}(B) whenever η ∈ E_{opt}(B);

(iii) If η is concentrated on Θ̃(B) (in particular, when η ∈ E_{opt}(B)), then so is η^′, and F̂ (B, η^′) ≥ F̂ (B, η). Remarks.

(A) The first claim of (ii) shows in fact that the infimum of C(B)(η) over all admissible transports η coincides with that over E^′. Moreover, since δ(B, ·) is l.s.c. and E^′ is compact, then as a by-product we have E_{opt}(B) ∩ E^′ ≠ ∅.

(B) The claim (iii) is applicable both to η ∈ E_{opt}(B) (such transports are concentrated on ~Θ(B) due to the last claim of Proposition 3.2) and to η ∈ Argmin{C(B)(η^′) : (p_0 × p_1)_#η^′ = γ} with γ a given transport plan (such transports are also concentrated on ~Θ(B) as shown in the proof of Proposition 3.5).

(C) If either A is strictly increasing, or unbounded, then by the remark following Lemma 3.3 one has H^1(θ) ≤ l with l > 0 independent of B for all θ ∈ ~Θ(B). Hence, letting Ẽ stand for the set of admissible transports concentrated on the set of paths with length not exceeding l, we get that E_{opt}(B) ⊂ Ẽ for all B ∈ B. Clearly, Ẽ is compact in ∗-weak topology of measures.

Proof. Set η^′ := f^′_#η, where f^′ is defined by (5.5). Then (i) is immediate, while (ii) follows from

C(B)(η^′) = ∫ Θ δ(B, θ) dη^′ = ∫ Θ δ(B, f^′(θ)) dη ≤ ∫ Θ δ(B, θ) dη = C(B)(η), 16

which in its turn is a consequence of (5.6). Finally, observe that if θ ∈ ~Θ(B) \ Θ^′, then B(L(B, θ)) = 0 by Lemma 3.3. This, minding that in view of (5.6) one has f^′(~Θ(B)) ⊂ ~Θ(B) (which shows the first part of (iii)), implies the estimate F̂ (B, η′) = ∫ ~Θ(B) B(L(B, θ)) dη^′ = ∫ ~Θ(B) B(L(B, f^′(θ))) dη ≥ ∫ Θ^′∩ ~Θ(B) B(L(B, f^′(θ))) dη = ∫ Θ^′ ∩ ~Θ(B) B(L(B, θ)) dη = ∫ ~Θ(B) B(L(B, θ)) dη = F̂ (B, η), which concludes the proof of (iii). □

We will need the following auxiliary statement which will be used both in the proof of the main existence result and of Proposition 5.6 in the sequel. Lemma 5.5. Assume that for a sequence of nonnegative Borel functions {u_ν }: X → R defined over a compact metric space X one has u^− = Γ^− lim inf_ν u_ν . Then for any sequence of measures {η_ν } ⊂ M^+(X) such that η_ν ⇀ η ∗-weakly one has ∫ X u^− dη ≤ lim inf_ν ∫ X u_ν dη_ν . Remark. Analogously, if Γ^+ lim sup_ν u_ν = u^+ and u_ν are uniformly bounded from above, then ∫ X u^+ dη ≥ lim sup_ν ∫ X u_ν dη_ν . Proof. It is easy to verify that (5.8) Γ^− lim inf u_ν (x) = sup_{ν∈N} τ_ν , where τ_ν := ( inf_{m≥ν} u_m )_− . Fix a j ∈ N and evaluate

lim inf ν→∞ ∫ X u_ν dη_ν ≥ lim inf_{ν→∞} ∫ X ( inf_{m≥j} u_m ) dη_ν ≥ lim inf ν→∞ ∫ X ( inf_{m≥j} u_m )_− dη_ν = lim inf ν→∞ ∫ X τ_j dη_ν ≥ ∫ X τ_j dη. Since this is true for any j ∈ N, by the Beppo-Levi monotone convergence theorem and (5.8) the thesis follows. □

At this moment we may claim another Γ-convergence result.

Proposition 5.6. Assume that for a sequence of nondecrasing functions {B_ν } one has Γ^− lim_ν B_ν = B. Then min C(B_ν ) → min C(B), where both minima are taken over the set of all admssible transports. Moreover, if η_ν ∈ E_{opt}(B_ν )∩E^′ and η_ν ⇀ η ∗-weakly in the sense of measures, then η ∈ E_{opt}(B).

Proof. Applying the first part of Lemma 5.5 with X := Θ^′, u_ν := δ(B_ν , ·) and u^− := δ(B, ·), minding that Γ^− lim_ν u_ν = u^− in view of Proposition 5.2, yields C(B)(η^′) ≤ lim inf_ν C(B_ν )(η^′_ν ) whenever {η^′_ν } ⊂ E^′ and η^′_ν ⇀ η^′ ∗-weakly in the sense of measures. On the other hand, up to a subsequence of ν (not relabeled) one has by Proposition 5.2(ii) δ(B_ν , θ) ≤ δ(B, θ) + ε_ν for each θ ∈ Θ^′ and for some sequence {ε_ν } (independent of θ), ε_ν → 0 as ν → ∞. Hence, integrating the above relationship in arbitrary η ∈ E^′, we get lim sup_ν C(B_ν )(η) ≤ C(B)(η).

The validity of the statement being proven follows now directly from Proposition 4.2(ii) minding that according to the remark following Lemma 5.4 the infimum of C(B) over all admissible transports coincides with that over compact set E^′ of the latter. □

We will also need another convergence result below for the functions L(B, ·) and for their compositions with B.

Lemma 5.7. Assume that for a sequence of nondecreasing functions {B_ν } one has Γ^− lim_ν B_ν = B while θ_ν ∈ ~Θ(B_ν ) and θ_ν → θ in Θ as ν → ∞. Then lim sup_ν L(B_ν , θ_ν )) ≤ L(B, θ), lim sup_ν B^−_ν (L(B_ν , θ_ν )) ≤ B(L(B, θ)).

Remark. Applied with B_ν := B the above lemma proves in particular that both L(B, ·) and its composition with B are u.s.c. over ~Θ(B). Proof. Withouth loss of generality we assume that l_ν := L(B_ν , θ_ν ) → l. By Proposition 5.3(i) one has

d_B (θ(0), θ(1)) = lim_ν d_{Bν} (θ_ν (0), θ_ν (1)) = lim_ν A(H^1(θ_ν ) − l_ν ) + B_ν (l_ν ). Minding that H^1(θ) ≤ lim inf_ν H^1(θ_ν ) by Golab theorem, the function A is continuous and nondecreasing, while B(l) ≤ lim inf_ν B_ν (l_ν ), due to the Γ^−-convergence assumption, we get from the above relationship the estimate lim_ν A(H^1(θ_ν ) − l_ν ) + B_ν (l_ν ) ≥ A(H^1(θ) − l) + B(l).

Since H^1(θ ∩ Σ) ≥ lim sup H^1(θ_ν ∩ Σ) ≥ l by Lemma 4.1, we get then by definition of δ(B, ·) that A(H^1(θ) − l) + B(l) ≥ δ(B, θ) ≥ d_B (θ(0), θ(1)). Combining the above estimates, we have that all the inequalities above are in fact equalities, and in particular A(H^1(θ) − l) + B(l) = δ(B, θ), which implies L(B, θ) ≥ l by (3.1) hence proving the first part of the statement. As for the second one, the above proven chain of equalities gives B(l) = lim_ν B_ν (l_ν ), so that the thesis follows since L(B, θ) ≥ l and B is nondecreasing. □ Finally, we prove the following truncation result.

Lemma 5.8. For every B ∈ B, c > A(λ) and η ∈ E^′ one has F̂ (B ∧ c, η) = F̂ (B, η). Further, E_{opt}(B) ∩ E^′ = E_{opt}(B ∧ c) ∩ E^′.

Proof. For every θ ∈ Θ^′ and for every B ∈ B one has δ(B, θ) ≤ A(H^1(θ)) ≤ A(λ), since H^1(θ) ≤ λ. Hence, B(L(B, θ)) ≤ δ(B, θ) ≤ A(λ) < c. Setting B̄ := B ∧ c, we have also B̄(L(B̄, θ)) < c, which implies L(B, θ) = L(B̄, θ), and (5.9) B(L(B, θ)) = B̄(L(B̄, θ)), δ(B, θ) = δ(B̄, θ). The first equality of (5.9) implies then the first claim of the statement being proven, while the second of the equalities in (5.9) proves the second claim because according to Lemma 5.4(ii) the minima of C(B) and of C(B̄) are attained at E^′. □

Finally, we may prove Theorem 5.1.

Proof of Theorem 5.1. We provide here the proof only for Problem 2, since the proof for Problem 1 is completely analogous. Let {B_ν , η_ν } be a maximizing sequence for F , and in particular, η_ν ∈ E_{opt}(B_ν ). By Lemma 5.4 we may suppose without loss of generality that each η_ν ∈ E^′. Since E^′ is compact in ∗-weak topology of measures by remark following Lemma 5.4, then one may assume up to passing to subsequence (not relabeled) that η_ν ⇀ η ∗-weakly in the sense of measures.

Let c > A(λ). In view of Lemma 5.8 we may assume without loss of generality that 0 ≤ B_ν (x) ≤ c for all x ∈ R^+ . We may choose therefore a subsequence of B_ν (not relabeled) such that for some B: R^+ → R one has Γ^− lim_ν B_ν = B. By Proposition 5.6 then η ∈ E_{opt}(B).

Define now for each B ∈ B the map B̃: Θ → R̄ by B̃(θ) := B(L(B, θ)). Note that Lemma 5.7 implies Γ^+ lim sup_ν B̃_ν ≤ B̃. It remains to observe that in view of the remark following the Lemma 5.5 one has

lim sup_ν ∫ Θ B_ν (L(B_ν , θ)) dη_ν (θ) = lim sup_ν ∫ Θ B̃_ν (θ) dη_ν (θ) ≤ ∫ Θ (Γ^+ lim sup_ν B̃_ν )(θ) dη(θ), ≤ ∫ Θ B̃(θ) dη(θ) = ∫ Θ B(L(B, θ)) dη(θ) and hence B solves Problem 2. □

6. Qualitative properties of optimal policies

The aim of this section is to prove the existence of optimal pricing policies possessing some natural regularity properties. For this purpose we introduce now the following natural notion of a minimum optimal pricing policy for Problem 2 (resp. Problem 1).

Definition 6.1. Let the couple of functions {B_1, B_2} ∈ B be optimal pricing policies for Problem 2 (resp. Problem 1 with given transport plan γ). We will say that B_1 dominates B_2, if B_1(u) ≥ B_2(u) for all u ∈ R^+ .

A function B̂ ∈ B is called minimum optimal pricing policy for Problem 2 (resp. Problem 1 with given transport plan γ), if it is an optimal pricing policy for the respective problem which does not dominate any other one.

We will prove now existence of minimum optimal pricing policies.

Theorem 6.2. There exists a minimum optimal pricing policy for Problem 2 (resp. Problem 1 with given transport plan γ).

Proof. As in Theorem 5.1, we provide the proof for Problem 2, because the proof for Problem 1 is completely analogous. Let B_{opt} stand for an arbitrary set of optimal pricing policies for Problem 2 such that for every couple of different policies {B_1, B_2} ∈ B_{opt} one pricing policy dominates the other. Define B̂: R^+ → R^+ by the relationship B̂(u) := inf {B(u) : B ∈ B_{opt}} for all u ∈ R^+ . Let c > A(λ). According to Lemma 5.8,

B(u) = inf { B(u) : B ∈ B̄_{opt} } , where B̄_{opt} := {B ∧ c : B ∈ B_{opt}} for all u ∈ R^+ , while the elements of B̄_{opt} are still optimal pricing policies. We may therefore obtain a sequence {B_ν } ⊂ B̄_{opt} converging to B pointwise, i.e. B_ν (u) → B̂(u) for all u ∈ R+ as ν → ∞. Up to a subsequence (not relabeled), we have that Γ^− lim_ν B_ν = B̂^−. Consider a sequence of transports {η_ν } such that (B_ν , η_ν ) ∈ Argmax F , and hence, in particular, η_ν ∈ E_{opt}(B_ν ) for all ν ∈ N. In view of Lemma 5.4, we may suppose without loss of generality that all η_ν ∈ E^′ and since E^′ is compact in ∗-weak topolgy of measures, then again up to a subsequence (not relabeled), one has η_ν ⇀ η in M^+(Θ). By Proposition 5.6 one has η ∈ E_{opt}(B̂^−). Now, in a complete analogy with the proof of Theorem 5.1, we observe referring to Lemmata 5.5 and 5.7 that

max F = lim sup_ν ∫ Θ B_ν (L(B_ν , θ)) dη_ν (θ) ≤ ∫ Θ B̂^−(L(B, θ)) dη(θ) and thus, minding that B̂^− ∈ B, one has that B̂^− is an optimal pricing policy for Problem 2. Clearly, B̂^−(u) ≤ B̂(u) for all u ∈ R^+ and hence does not dominate any pricing policy from B_{opt}. Due to the arbitrarity of choice of B_{opt} we conclude referring to the Zorn’s lemma the existence of a minimum element with respect to the domination relation in the set of all optimal pricing policies for Problem 2. This minimum element is in fact an optimal pricing policy. □

Remark. We do not know whether in fact the minimum optimal pricing policy is unique even for the Problem 1 with fixed transport plan γ. If that were the case, then the minimum optimal pricing policy would be necessarily the pointwise minimum of optimal pricing policies for this problem as one can easily deduce form the above proof. It is worth noting that to prove the uniqueness of minimum optimal pricing policy it would be enough to show that B_1 ∧ B_2 is an optimal pricing policy whenever so are both B_1 and B_2.

6.1. Regularity. We are able to prove now that every minimum optimal pricing policy for Problem 2 (resp. Problem 1) is always continuous (moreover, its modulus of continuity is determined by that of A).

Denote by ω_A the modulus of continuity of A over [0, λ], where λ := diam Ω + H^1(Σ) as defined by (3.7). Namely, let ω_A(l) := sup{|A(u) − A(v)| : |u − v| ≤ l, 0 ≤ u ≤ λ, 0 ≤ v ≤ λ} for every l ≤ λ, and set for convenience ω_A(l) := ω_A(λ) whenever l > λ. It is easy to observe that ω_A: R^+ → R^+ defined in this way is a continuous nondecreasing function.

We are able now to prove the following regularity theorem, which shows that the modulus of continuity of every minimum optimal pricing policy B is dominated by that of A.

Theorem 6.3. Let B be a minimum optimal pricing policy for Problem 2 (resp. Problem 1 with given transport plan γ). Then B(u) − B(v) ≤ ω_A(|u − v|) for all u, v ∈ R^+ .

Remark. In particular, the above theorem shows that every minimum optimal pricing policy B is Lipschitz continuous whenever so is A (and the Lipschitz constant of B does not exceed that of A).

Proof. As usual, we provide the proof for Problem 2, since the proof for Problem 1 is completely analogous. If the claim is false, then there is a u ∈ R^+ and an l > 0 such that B(u + l) > B(u) + ω_A(l). Let then α(v) := B(u) + ω_A(v − u) and note that α: [u, +∞) → R^+ is clearly continuous since so is ω_A. Because B is l.s.c. and α is continuous, then the set {v ≥ u : B(v) > α(v)} is open, and since it contains u + l then there is a maximum open interval (a, b) ∋ u + l such that B(v) > α(v) for all l ∈ (a, b). Note that (6.1) B(a) ≤ α(a) due to the maximality of (a, b). We define a l.s.c. nondecreasing function z: (a, b) → R^+ by the formula z(v) := (α(v) + B(v))/2, v ∈ (a, b). Set now B̄(v) := { B(v), v ∉ (a, b), z(v), v ∈ (a, b). Clearly, B̄ ∈ B. In fact, the only nontrivial assertion to verify is that B̄ is nondecreasing, i.e. that B̄(v_1) ≤ B̄(v_2) whenever v_1 ≤ v_2. The latter claim is obvious if both v_1 ∈ (a, b) and v_2 ∈ (a, b) (or both v_1 ∉ (a, b) and v_2 ∉ (a, b)), since z (resp. B) is nondecreasing. If v_1 ≤ a, v_2 ∈ (a, b), then B̄(v_1) = B(v_1) ≤ B(a) ≤ α(a) ≤ α(v_2) ≤ z(v_2) = B̄(v_2), the second inequality in the latter chain of estimates being true due to (6.1). Finally, if v_1 ∈ (a, b), v_2 ≥ b, then B̄(v_1) = z(v_1) ≤ B(v_1) ≤ B(b) ≤ B(v_2) = B̄(v_2).

Observe now that B̄(v) < B(v) for all v ∈ (a, b) by construction. Hence, by minimality of B, one has that B̄ cannot solve Problem 2. This means that whenever η is such that (B, η) ∈ Argmax F , and η̄ ∈ E_{opt}(B̄), then (6.2) F̂ (B̄, η̄) < F̂ (B, η). On the other hand, one has for every θ ∈ Θ^′ that (6.3) L(B, θ) ∉ (a, b). In fact, if H^1(θ ∩ Σ) ≥ v for some v ∈ (a, b), then

(6.4)

A(H^1(θ) − v) + B(v) > A(H^1(θ) − v) + B(u) + ω_A(v − u) ≥ A(H^1(θ) − u) + B(u), 21

where in the latter relationship we used the fact that for θ ∈ Θ^′ one has H^1(θ) ≤ λ. Clearly, (6.4) implies L(B, θ) ≠ v and hence (6.3). Analogously, (6.5) L(B̄, θ) ∉ (a, b), for θ ∈ Θ^′ since still B̄(v) = z(v) > B(u) + ω_A(v − u) = B̄(u) + ω_A(v − u) whenever v ∈ (a, b).

By Lemma 5.4 we may suppose without loss of generality that η is concentrated over Θ^′. But for every θ ∈ Θ^′ one has in view of (6.5) and of the definition of B̄ that min l∈[0,H^1(θ∩Σ)] A(H^1(θ) − l) + B̄(l) = A(H^1(θ) − L(B̄, θ)) + B̄(L(B̄, θ)) = A(H^1(θ) − L(B̄, θ)) + B(L(B̄, θ)), which implies (6.6) L(B̄, θ) = L(B, θ) and also δ(B̄, θ) = δ(B, θ). The latter relationship implies η ∈ E_{opt}(B̄), while from (6.6) together with (6.5) and the definition of B̄ one gets B̄(L(B̄, θ)) = B(L(B, θ)) for η-a.e. θ ∈ Θ, and therefore F̂ (B̄, η̄) = F̂ (B, η) contradicting (6.2). The latter contradiction concludes the proof. □ 6.2. Natural bounds. We now prove that the function A (the cost of transportation without the use of the transport network) gives a natural bound to solutions of the problems being studied, i.e. to the optimal pricing policies. Corollary 6.4. Suppose that the function A is subadditive, i.e. A(u + v) ≤ A(u) + A(v) for every u, v ∈ R^+ .

Then every minimum optimal pricing policy B for Problem 2 (resp. for Problem 1 with given transport plan γ) satisfies B(u) ≤ A(u) for all u ∈ [0, H^1(Σ)]. Proof. Minding that B(0) = 0, we get B(u) = B(u) − B(0) ≤ ω_A(u) by Theorem 6.3. Let v ∈ [0, λ] be such that ω_A(u) = A(v + u) − A(v). Minding the subadditivity of A, we get ω_A(u) ≤ A(u), hence proving B(u) ≤ A(u). □ We will show in the example 7.2 that in fact the condition of subadditivity of A is inevitable for the statement of Corollary 6.4 to hold.

7. Some examples Here we present some simplest examples of the optimal pricing policies solving Problems 2 and 1.

7.1. Single citizen. Consider the following sample two-dimensional situation (i.e. n = 2). Let φ_1 := δ_0 be a Dirac measure concentrated in the origin of the coordinate system, and φ_0 := δ_S be a Dirac measure concentrated in a point S = (l, h). In this case the population is clearly represented by a single citizen living in S, while the service (or working place) is unique and is located in the origin of the coordinate system. We assume the transportation network Σ := [0, l] to be the line segment of length l along the x axis (see figure 1). Recall also that we are interested only in l.s.c. pricing policies B.

Figure 1. Sample transportation network Σ and the choice of the optimal path.

Note that in this sample situation there is only one admissible transport plan γ = φ_0 ⊗ φ_1, hence every solution to Problem 2 is also a solution to Problem 1, and vice versa.

Clearly, whatever are the cost functions A and B, for the passenger which moves between S and O it is convenient to choose the path θ_t which is a union of two line segments: a line segment connecting S with a point on Σ which has coordinates (t, 0), t ≤ l, and another one connecting the latter to O. In this case the total cost for the passenger is

(7.1) δ(B, θ_t) = A ( (h^2 + (l − t)^2)^{1/2} ) + B(t), and hence d_B (S, 0) = min_{0≤t≤l} δ(B, θ_t) and MK(B) = d_B (S, 0).

Therefore the scope of the “population” (the users of the transportation network) can be understood as that of simply finding, given a pricing policy B, an optimal t ∈ [0, l] which minimizes the cost δ(B, θ_t) among all t ∈ [0, l]. The optimal transports η_{opt} ∈ E_{opt}(B) will be thus concentrated only on the paths θ_t with t optimal in the above sense. Let t_B be the maximum among all optimal t ∈ [0, 1]. Note that all the paths θ_t with t optimal provide the same cost of movement δ(B, θ_t) for the passenger. It is also worth observing that the Dirac measure η_B concentrated on the optimal path θ_{tB} is the unique transport maximizing F̂ (B, ·) among all optimal transports.

It is easy to observe therefore that under our assumption the owner of the transportation network earns B(t_B ) and hence is interested in maximizing the latter over all nonnegative nondecreasing B satisfying B(0) = 0. In other words, Problem 2 reduces to that of maximizing the functional F̃ defined by F̃ (B) := B(t_B ) over all B ∈ B. To solve this problem, we note that

d_B (S, 0) ≤ A(H^1([OS])) = A ( (h^2 + l^2)^{1/2} ) . Hence, δ(B, θ_{tB} ) = A ( (h^2 + (l − t_B )^2)^{1/2} ) + B(t_B ) ≤ A ( (h^2 + l^2)^{1/2} ) , which gives a bound to the maximum of B(t_B ): in fact, B(t_B ) ≤ A ( (h^2 + l^2)^{1/2} ) − A(h). We claim that there is a pricing policy B such that the latter estimate is an equality. This policy would of course provide the maximum of F̃ (and hence of F̂ ). For this situation, one necessarily has t_B = l and then

(7.2) B(t_B ) = B(l) = A ( (h^2 + l^2)^{1/2} ) − A (h) . In this case (7.3) MK(B) = d_B (S, 0) = δ(B, θ_{tB} ) = A(h) + B(l)

On the other hand, for every t < t_B = l one should have δ(B, θ_t) ≥ δ(B, θ_{tB} ), which implies, in view of (7.1) and (7.3) that B(t) ≥ A(h) + B(l) − A ( (h^2 + (l − t)^2)^{1/2} ) . Plugging (7.2) in the latter estimate, we get

(7.4) B(t) ≥ A ( (h^2 + l^2)^{1/2} ) − A ( (h^2 + (l − t)^2)^{1/2} ) , t < l. Summing up, we conclude that a nondecreasing l.s.c. function B satisfying B(0) = 0 and verifying simultaneously (7.2) and (7.4) solves Problem 2 in our situation. Since of course (7.2) and (7.4) can be simultaneously satisfied, we infer that the optimal pricing policies are exactly those B ∈ B for which both (7.2) and (7.4) hold. The minimum optimal pricing policy is therefore the function B_{min} given by the formula

B_{min}(t) := A ( (h^2 + l^2)^{1/2} ) − A ( (h^2 + (l − t)^2)^{1/2} ) , t ∈ [0, l]. We consider now some particular cases.

Example 7.1. If A(t) = t, then a function B ∈ B solves Problem 2, if and only if

B(l) = (h^2 + l^2)^{1/2} − h, B(t) ≥ (h^2 + l^2)^{1/2} − (h^2 + (l − t)^2)^{1/2}, t < l.

The minimum optimal solution to Problem 2 is given then by the continuous concave function (see figure 2)

B_{min}(t) := (h^2 + l^2)^{1/2} − (h^2 + (l − t)^2)^{1/2}, t ≤ l.

Figure 2. Graph of A (dotted line) and of the minimum optimal pricing policy B_{min} (solid line) for A(t) := t and h = l = 1.

Example 7.2. If A(t) = t^2, then a function B ∈ B solves Problem 2, if and only if B(l) = l^2, B(t) ≥ 2lt − t^2, t < l. The minimum optimal solution to Problem 2 is given in this case by the continuous concave function (see figure 3) B_{min}(t) := 2lt − t^2 t ≤ l.

Figure 3. Graph of A (dotted line) and of the minimum optimal pricing policy B_{min} (solid line) for A(t) := t^2 and h = l = 1.

Note that in this case B_{min}(t) > A(t) for all t ∈ (0, l), showing that Corollary 6.4 is sharp.

7.2. Two citizens. Let Ω and Σ be as in the above paragraph, while φ_1 := 2δ_0 and φ_0 := δ_{S1} + δ_{S2} , where S_i = (l, h_i), i = 1, 2. This model corresponds to the case of a population represented by two citizens living in S_1 and S_2 but only a single workplace (or service) O. Here, as in the single citizen case, there is only one admissible transport plan γ = φ_0 ⊗ φ_1, hence every solution to Problem 2 is also a solution to Problem 1, and vice versa.

Clearly, for a passenger moving between S_i and O it is convenient to choose the polygonal path θ_{ti} consisting of a line segment connecting S_i with a point on Σ which has coordinates (t_i, 0), t_i ≤ l (which is the part of the itinerary the passenger moves by own means), and a line segment connecting the latter point to O (which is the part of the itinerary the passenger moves with the help of the transportation network), so that the total cost for the passenger is

(7.5) δ(B, θ_{ti} ) = A ( (h^2_i + (l − t_i)^2)^{1/2} ) + B(t_i). Therefore, each t_i is chosen as the greatest number in [0, l] minimizing δ(B, θ_{ti} ). On the other hand, let

(7.6) B_i(t) := A ( (h^2_i + l^2)^{1/2} ) − A ( (h^2_i + (l − t)^2)^{1/2} ) , t ∈ [0, l], and mind that according to (7.4) each B_i is the minimum optimal solution for Problem 2 (and also for Problem 1) with φ_1 = δ_0 and φ_0 = δ_{Si} , i.e. for the single citizen case. With this notation one has

δ(B, θ_{ti} ) = B(t_i) − B_i(t_i) + A ( (h^2_i + l^2)^{1/2} ) , and since the last term in the righthand side of the above expression is independent of t_i, we get that each t_i is actually chosen as the greatest real number t ∈ [0, l] minimizing B(t) − B_i(t). This gives t_i = t_i(B). The income F of the owner of the transportation network is then calculated by

(7.7) F (B, t_1(B), t_2(B)) := B(t_1(B)) + B(t_2(B)).

To simplify the calculations, assume from now on that A(t) = t. Let h_1 ≤ h_2, so that a direct calculation shows B_1(t) ≥ B_2(t) and B^′_1(t) ≥ B^′_2(t) for all t ∈ [0, l]. The first important observation is that t_1 ≥ t_2. In fact, otherwise one would have

B(t_1) − B_1(t_1) < B(t_2) − B_1(t_2), while B(t_2) − B_2(t_2) ≤ B(t_1) − B_2(t_1),

and hence ∫_{t2} t_1

B^′_1(τ) dτ = B_1(t_2) − B_1(t_1) < B(t_2) − B(t_1)

≤ B_2(t_2) − B_2(t_1) = ∫_{t2} t_1 B^′_2(τ) dτ, which is impossible due to the fact that B^′_1(t) ≥ B^′_2(t) for all t ∈ [0, l].

Note now that if B is an optimal pricing policy, then B(t) ≥ B_2(t) for all t ∈ [0, l], since otherwise B ∨ B_2 would give a strictly better pricing policy. On the other hand, one has B(t) ≤ B_2(t) for all t ∈ [0, t_2], since otherwise the citizen living in S_2 would not cover the distance t_2 with the use of the transportation network. Therefore B(t) = B_2(t) for all t ∈ [0, t_2].

Our next observation is that t_1 = l. In fact, if t_1 < l then B(t) − B_1(t) > B(t_1) − B_1(t_1) for each t_1 < t ≤ l. But then, taking instead of B the new pricing policy B̃ defined by

B̃(t) := { B(t), if 0 ≤ t ≤ t_1, B(t_1) + B_1(t) − B_1(t_1), if t_1 < t ≤ l,

then the effect will be that t_1(B̃) = l > t_1(B) (i.e. that the citizen living in S_1 move the maximum possible distance l with the help of the transportation network, rather than t_1(B)), while in the meantime t_2(B̃) = t_2(B) (i.e. the citizen living in S_2 will still move the distance t_2(B) with the help of the network). Therefore, the gain of the owner of the transportation network becomes

F (B̃, t_1(B̃), t_2(B̃)) = B̃(t_2(B)) + B̃(l) = B(t_2(B)) + B(t_1) + B_1(l) − B_1(t_1(B)) = F (B, t_1(B), t_2(B)) + (B_1(l) − B_1(t_1(B))) > F (B, t_1(B), t_2(B)). The latter contradiction with the optimality of B shows then that t_1 = l.

We note now that if B is the minimum optimal pricing policy, then

B(t) = B(t_2) + B_1(t) − B_1(t_2)

for all t ∈ [t_2, l]. In fact, with this choice every path θ_t with t ∈ [t_2, l] gives the same value of the cost δ(B, θ_t) to the citizen living in S_1 (so that t_1(B) = l only because of our assumption that each single person chooses the maximum possible distance to cover with the use of the transportation network as long as the total cost for him is the same).

Summing up, we arrive at a conclusion that the minimum optimal pricing policy in the situation we are studying, is given by

(7.8) B(t) = { B_2(t), if 0 ≤ t ≤ t_2, B_2(t_2) + B_1(t) − B_1(t_2), if t_2 < t ≤ l.

According to (7.7), minding that t_1(B) = l, the income of the owner of the transportation network becomes then

F (B, t_1(B), t_2(B)) = 2B_2(t_2) + B_1(l) − B_1(t_2).

Therefore, t_2 has to maximize 2B_2(t)−B_1(t) among all t ∈ [0, l], and hence, by (7.6), it maximizes the function

f(t) := ( h^2_1 + (l − t)^2 )_{1/2} − 2 ( h^2 + (l − t)^2 )_{1/2} among all t ∈ [0, l]. A straightforward computation ensures then f^′(t) > 0 whenever 3(l − t)^2 > h^2 − 4h^2_1, and f^′(t) < 0 in the case of the opposite inequality. One can consider therefore three possible cases.

Case 1. 4h^2_1 ≥ h^2. Then t_2 = l and hence the minimum optimal pricing policy is B(t) = B_2(t) for all t ∈ [0, l]. Both citizens therefore use the transportation network to the full length l.

Case 2. h^2 − 3l^2 < 4h^2_1 < h^2. Then

t_2 = l − ( h^2 − 4h^2_1 3 )_{1/2}

and the minimum optimal pricing policy B is given by (7.8) (see figure 4).

Figure 4. Graphs of B_1 (upper dotted line), B_2 (lower dotted line) and B (solid line) for l = 2, h_1 = 1/2, h_2 = 2, in which case t_2 = 1.

Case 3. 4h^2_1 ≤ h^2 −3l^2. Then t_2 = 0 (so that the citizen living in S_2 does not use the network) and hence the minimum optimal pricing policy is B(t) = B_1(t) for all t ∈ [0, l].

References

[1] L. Ambrosio. Lecture notes on optimal transport problems. In Mathematical aspects of evolving interfaces, volume 1812 of Lecture Notes in Mathematics, pages 1–52. Springer-Verlag, 2003.

[2] A. Braides and A. Defranceschi. Homogenization of Multiple Integrals, volume 12 of Oxford lecture series in mathematics and its applications. Clarendon Press, Oxford, 1998.

[3] C. Castaing and M. Valadier. Convex analysis and measurable multifunctions, volume 580 of Lecture notes in mathematics. Springer-Verlag, Berlin, 1977.

[4] L. C. Evans and W. Gangbo. Differential equations methods for the Monge-Kantorovich mass transfer problem. Memoirs of the A.M.S., 137(653), 1999.

[5] L.C. Evans. Partial differential equations and Monge-Kantorovich mass transfer. In Current Developments in Mathematics, pages 65–126. Cambridge MA, 1997.

[6] S.T. Rachev and L. Rüschendorf. Mass transportation problems. Vol. I Theory, Vol. II Applications. Probability and its Applications. Springer-Verlag, Berlin, 1998.

[7] S.M. Srivastava. A course on Borel sets, volume 180 of Graduate texts in mathematics.

Springer-Verlag, New York, 1998.

(G. Buttazzo) Dipartimento di Matematica, Univeristà di Pisa, via Buonarroti 2, 56127 Pisa, Italy

E-mail address: buttazzo@dm.unipi.it

(A. Pratelli) Scuola Normale Superiore, Piazza dei Cavalieri 7, 56126 Pisa, Italy E-mail address: a.pratelli@sns.it

(E. Stepanov) Dipartimento di Matematica, Univeristà di Pisa, via Buonarroti 2, 56127 Pisa, Italy

E-mail address: e.stepanov@sns.it