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We discuss in which sense general metric measure spaces possess a first order
differential structure. Building on this, we then see that on spaces with Ricci cur-
vature bounded from below a second order calculus can be developed, permitting
to define Hessian, covariant/exterior derivatives and Ricci curvature.
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∗Institut de mathématiques de Jussieu - UPMC. email: nicola.gigli@imj-prg.fr

1



3 Second order differential structure of RCD(K,∞) spaces 96
3.1 Preliminaries: RCD(K,∞) spaces . . . . . . . . . . . . . . . . . . . . . . . . . 96
3.2 Test objects and some notation . . . . . . . . . . . . . . . . . . . . . . . . . . 100
3.3 Hessian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

3.3.1 The Sobolev space W 2,2(M) . . . . . . . . . . . . . . . . . . . . . . . . 103
3.3.2 Why there are many W 2,2 functions . . . . . . . . . . . . . . . . . . . 107
3.3.3 Calculus rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

Some auxiliary Sobolev spaces . . . . . . . . . . . . . . . . . . . . . . 113
Statement and proofs of calculus rules . . . . . . . . . . . . . . . . . . 118

3.4 Covariant derivative . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
3.4.1 The Sobolev space W 1,2

C (TM) . . . . . . . . . . . . . . . . . . . . . . . 122
3.4.2 Calculus rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
3.4.3 Second order differentiation formula . . . . . . . . . . . . . . . . . . . 129
3.4.4 Connection Laplacian and heat flow of vector fields . . . . . . . . . . . 131

3.5 Exterior derivative . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134
3.5.1 The Sobolev space W 1,2

d (ΛkT ∗M) . . . . . . . . . . . . . . . . . . . . . 134
3.5.2 de Rham cohomology and Hodge theorem . . . . . . . . . . . . . . . . 140

3.6 Ricci curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

Introduction

Aim and key ideas

The first problem one encounters when studying metric measure spaces is the lack of all
the vocabulary available in the smooth setting which allows to ‘run the necessary computa-
tions’. This issue is felt as particularly strong in considering structures carrying geometric
information like Alexandrov or RCD spaces: here to make any serious use of the curvature
assumption, which is of second order in nature, one needs sophisticate calculus tools.

In the context of Alexandrov spaces with curvature bounded from below, this problem is
addressed mainly using the concavity properties of the distance function which come with
the definition of the spaces themselves. This regularity information is sufficient to create the
basis of non-trivial second order calculus, for instance allowing to state and prove second
order differentiation formulas. We refer to the work in progress [2] for an overview on the
topic.

Things are harder and less understood in the more general setting of spaces with Ricci
curvature bounded from below, where even basic questions like ‘what is a tangent vector?’
do not have a clear answer.

The aim of this paper, which continues the analysis done in [30], is to make a proposal in
this direction by showing that every metric measure space possesses a first order differential
structure and that a second order one arises when a lower Ricci bound is imposed. Our
constructions are analytic in nature, in the sense that they provide tools to make computations
on metric measure spaces, without having an a priori relation with their geometry. For
instance, our definition of ‘tangent space’ has nothing to do with pointed-measured-Gromov-
Hausdorff limits of rescaled spaces, and the two notions can have little in common on irregular
spaces.
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The expectation/hope is then that with these tools one can obtain new information about
the shape, in a broad sense, of RCD spaces. This part of the plan is not pursued in this paper,
which therefore is by nature incomplete. Still, we believe there are reasons to be optimistic
about applications of the language we propose, because:

i) The constructions made here are compatible with all the analytic tools developed so
far for the study of RCD spaces, which in turn already produced non-trivial geometric
consequences like the Abresch-Gromoll inequality [35], the splitting theorem [31], the
maximal diameter theorem [38] and rectifiability results [42].

ii) The picture which emerges is coherent and quite complete, in the sense that most of the
basic differential operators appearing in the smooth context of Riemannian manifolds
have a counterpart in the non-smooth setting possessing the expected properties. In
particular, we shall provide the notions of Hessian, covariant and exterior differentiation,
connection and Hodge Laplacian and a first glance on the Ricci curvature tensor.

Our constructions are based on 3 pillars:

1) The concept of L∞(m)-module, introduced in this context by Weaver in [58], who in turn
was inspired by the papers [50], [51] of Sauvageot dealing with the setting of Dirichlet
forms. Such concept allows to give an answer to the question

what is a (co)tangent vector field?

the answer being
an element of the (co)tangent module.

Shortly said, an L∞(m) module is a Banach space whose elements can be multiplied by
functions in L∞(m). The analogy with the smooth case is in the fact that the space
of smooth sections of a vector bundle on a smooth manifold M can be satisfactorily
described via its structure as module over the space C∞(M) of smooth functions on M .
Replacing the smoothness assumption with an integrability condition we see that the
space of, say, Lp sections of a normed vector bundle on M can be described as module
over the space of L∞ functions on M .

We shall therefore adopt this point of view and declare that tensor fields on a metric
measure space (M, d,m) are L∞(m)-modules. Notice that this implies that tensors will
never be defined pointwise, but only given m-almost everywhere, in a sense.

As said, the idea of using L∞(m)-modules to provide an abstract definition of vector
fields in non-smooth setting has been proposed by Weaver in [58]. Here we modify and
adapt his approach to tailor it to our needs. Technicalities apart, the biggest difference
is that we base our constructions on Sobolev functions, whereas in [58] Lipschitz ones
have been used.

2) The self-improving properties of Bochner inequality as obtained by Bakry [17] in the
context of abstract Γ2-calculus and adapted by Savaré [52] in the one of RCD spaces. A
refinement of these estimates will allow to pass from

∆
|∇f |2

2
≥ 〈∇f,∇∆f〉+K|∇f |2,
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which in the weak form is already known ([34], [12]) to be valid on RCD(K,∞) spaces,
to

∆
|∇f |2

2
≥ |Hess(f)|2

HS
+ 〈∇f,∇∆f〉+K|∇f |2,

which is key to get an L2 control on the Hessian of functions and will be - in the more
general form written for vector fields - the basis of all the second-order estimates in the
non-smooth setting.

Some of the arguments that we use also appeared in the recent paper of Sturm [54]:
there the setting is technically simpler but also covers finite dimensional situations, a
framework which we will not analyze.

3) The link between ‘horizontal and vertical derivatives’, i.e. between Lagrangian and
Eulerian calculus, i.e. between W2 and L2 analysis. In the context of smooth Finsler
manifolds this amounts to the simple identity

lim
t→0

f(γt)− f(γ0)

t
= lim

ε→0

|d(g + εf)|2∗ + |dg|2∗
2ε

(γ0), provided γ′0 = ∇g(γ0),

which relates the ‘horizontal’ derivative limt→0
f(γt)−f(γ0)

t of f , so called because the
perturbation is at the level of the independent variable, to the ‘vertical’ derivative

limε→0
|d(g+εf)|2∗+|dg|2∗

2ε (γ0) of |dg|2∗, so called because here perturbation is on the depen-
dent variable (in using this terminology we are imagining the graphs of the functions
drawn in the ‘Cartesian plane’).

It has been first realized in [12] and then better understood in [30] that the same
identity can be stated and proved in the non-smooth setting, this being a crucial fact in
the development of a differential calculus on metric measure spaces suitable to obtain
geometric information on the spaces themselves.

In this paper we shall see the effects of this principle mainly via the fact that ‘distribu-
tional solutions’ of the continuity equation

d

dt
µt +∇ · (Xtµt) = 0, (0.0.1)

completely characterize W2-absolutely continuous curves of measures provided one as-
sumes that µt ≤ Cm for every t ∈ [0, 1] and some C > 0, in analogy with the result
valid in the Euclidean space [8]. This means that for a W2-absolutely continuous curve
(µt) with µt ≤ Cm there are vector fields Xt such that for every Sobolev function f the
first order differentiation formula

d

dt

∫
f dµt =

∫
df(Xt) dµt, a.e. t ∈ [0, 1],

holds, see Theorem 2.3.24 for the rigorous statement and notice that this is in fact a
reformulation of the result proved in [32] in the language developed here.

Then we further push in this direction by providing a second-order analogous of the
above. As said, the crucial inequality on the Hessian is obtained via tools related to
Dirichlet forms, which are ‘vertical’ in nature as tied to the structure of the space L2(m),
where distances between functions are measured ‘vertically’. It is then natural to ask
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if such notion controls the ‘horizontal’ displacement of a functions, which amounts to
ask whether we can compute the second derivative of t 7→

∫
f dµt for a given function

f ∈W 2,2(M) and W2-absolutely continuous curve (µt) satisfying appropriate regularity
assumptions.

The answer is positive and the expected formula

d2

dt2

∫
f dµt =

∫
Hess(f)(Xt, Xt) + 〈∇f, ∂tXt〉+ 〈∇XtXt,∇f〉dµt,

holds, see Theorem 3.4.12 for the precise formulation.

Overview of the content

Fix a metric measure space (M, d,m) which is complete, separable and equipped with a non-
negative Radon measure.

The crucial object in our analysis is the notion of L∞(m)-module and in particular of
Lp(m)-normed module, which in this introduction we consider for the case p = 2 only.

An L2(m)-normed module is the structure (M , ‖ · ‖M , ·, | · |) where: (M , ‖ · ‖M ) is a
Banach space, · is a multiplication of elements of M with L∞(m) functions satisfying

f(gv) = (fg)v and 1v = v for every f, g ∈ L∞(m), v ∈M ,

where 1 is the function identically equal to 1, and | · | : M → L2(m) is the ‘pointwise norm’,
i.e. a map assigning to every v ∈M a non-negative function in L2(m) such that

‖v‖M = ‖|v|‖L2(m),

|fv| = |f ||v|, m-a.e..
for every f ∈ L∞(m) and v ∈M ,

so that in particular we have

‖fv‖M ≤ ‖f‖L∞(m)‖v‖M , for every f ∈ L∞(m) and v ∈M .

The basic example of L2(m)-normed module is the space of L2 (co)vector fields on a Rie-
mannian/Finslerian manifold: here the norm ‖ · ‖M is the L2 norm and the multiplication
with an L∞ function and the pointwise norm are defined in the obvious way.

The job that the notion of L2(m)-normed module does is to revert this procedure and give
the possibility of speaking about L2 sections of a vector bundle without really having the
bundle.

This fact is of help when trying to build a differential structure on metric measure spaces,
because it relieves from the duty of defining a tangent space at every, or almost every, point,
allowing one to concentrate on the definition of L2 (co)vector field.

To present the construction, we briefly recall the definition of the Sobolev class S2(M).
One says that a probability measure π ∈ P(C([0, 1],M)) is a test plan provided there is
C(π) > 0 such that (et)∗π ≤ C(π)m for every t ∈ [0, 1] and

∫∫ 1
0 |γ̇t|

2 dtdπ(γ) < ∞, where
et : C([0, 1],M)→ M is the evaluation map defined by et(γ) := γt and |γ̇t| is the metric speed
of the curve. Then a Borel function f : M → R is said to belong to S2(M) provided there is
a non-negative G ∈ L2(m) such that∫

|f(γ1)− f(γ0)| dπ(γ) ≤
∫∫ 1

0
G(γt)|γ̇t| dt dπ(γ), ∀π test plan.
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It turns out that for functions in S2(M) there is a minimal G in the m-a.e. sense satisfying
the above: we shall denote such minimal function as |Df |. Notice that for the moment the
notation is purely formal as we didn’t define yet who is the differential of f , so that at this
stage |Df | is not the modulus of something. The basic calculus rules for |Df | are:

|Df | = 0, m-a.e. on {f = 0} ∀f ∈ S2(M),

|D(ϕ ◦ f)| = |ϕ′| ◦ f |Df |, ∀f ∈ S2(M), ϕ ∈ C1(R),

|D(fg)| ≤ |f ||Dg|+ |g||Df |, ∀f, g ∈ S2 ∩ L∞(M).

The idea to define the cotangent module is then to pretend that it exists and that for each
f ∈ S2(M) and Borel set E ⊂ M the abstract object χEdf is an element of such module. The
definition then comes via explicit construction. We introduce the set ‘Pre-cotangent module’
Pcm as

Pcm :=
{
{(fi, Ai)}i∈N : (Ai)i∈N is a Borel partition of M,

fi ∈ S2(M) ∀i ∈ N, and
∑
i∈N

∫
Ai

|Df |2 dm <∞
}

and an equivalence relation on it via

{(fi, Ai)}i∈N ∼ {(gj , Bj)}j∈N provided |D(fi−gj)| = 0, m-a.e. on Ai∩Bj ∀i, j ∈ N.

Denoting by [(fi, Ai)] the equivalence class of {(fi, Ai)}i∈N, the operations of addition, multi-
plication by a scalar and by a simple function (i.e. taking only a finite number of values) and
the one of taking the pointwise norm can be introduced as

[(fi, Ai)] + [(gj , Bj)] := [(fi + gj , Ai ∩Bj)]
λ[(fi, Ai)] := [(λfi, Ai)](∑

j

αjχBi

)
· [(fi, Ai)] := [(αjfi, Ai ∩Bj)],∣∣[(fi, Ai)]∣∣ :=

∑
i

χAi |Dfi|,

and it is not difficult to see that these are continuous on Pcm/ ∼ w.r.t. the norm ‖[fi, Ai]‖ :=√∫
|[(fi, Ai)]|2 dm and the L∞(m)-norm on the space of simple functions. Thus they all can

be continuously extended to the completion of (Pcm/ ∼, ‖ · ‖): we shall call such completion
together with these operation the cotangent module and denote it by L2(T ∗M). When ap-
plied to a smooth Riemannian/Finslerian manifold, this abstract construction is canonically
identifiable with the space of L2 sections of the cotangent bundle T ∗M, whence the notation
chosen.

Given a Sobolev function f ∈ S2(M), its differential df is a well defined element of
L2(T ∗M), its definition being

df := [(f,M)],

and from the properties of Sobolev functions one can verify that the differential is a closed
operator. Directly from the definition we see that |df | = |Df | m-a.e., and with little work
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one can check that the calculus rules for |Df | can be improved to:

df = 0, m-a.e. on {f = 0} ∀f ∈ S2(M),

d(ϕ ◦ f) = ϕ′ ◦ fdf, ∀f ∈ S2(M), ϕ ∈ C1(R),

d(fg) = fdg + gdf, ∀f, g ∈ S2 ∩ L∞(M),

where thanks to the L∞-module structure the chain and Leibniz rules both make sense and
the locality condition is interpreted as χ{f=0}df = 0.

Once the notion of cotangent module is given, the tangent module L2(TM) can be intro-
duced by duality: it is the space of linear continuous maps L : L2(T ∗M)→ L1(m) satisfying

L(fω) = fL(ω), ∀ω ∈ L2(T ∗M), f ∈ L∞(m),

and it is not hard to see that it carries a canonical structure of L2(m)-normed module as well,
so that in particular for any vector field X, i.e. every element of the tangent module L2(TM),
the pointwise norm |X| is a well defined function in L2(m).

Based on these grounds, a general first-order differential theory can be developed on arbi-
trary metric measure spaces. Properties worth of notice are:

- In the smooth setting, for every smooth curve γ the tangent vector γ′t is well defined
for any t and its norm coincides with the metric speed of the curve.

Similarly, in the context of metric measure spaces for any given test plan π we have
that for a.e. t ∈ [0, 1] and π-a.e. γ the tangent vector γ′t is well defined and its norm
coincides with the metric speed |γ̇t| of the curve γ at time t (Theorem 2.3.18).

The rigorous meaning of this statement is given via the notion of pullback of a module
(Section 1.6).

- (co)vector fields are transformed via ‘regular’ maps between metric measure spaces as
in the smooth setting, i.e. we can speak of pullback of forms and these regular maps
possess a differential acting on vector fields (Section 2.4).

Here the relevant notion of regularity for a map ϕ from (M2, d2,m2) to (M1, d1,m1) is
to be Lipschitz and such that ϕ∗m2 ≤ Cm1 for some C > 0. We will call maps of this
kind of bounded deformation.

- The gradient of a Sobolev function is in general not uniquely defined and even if so it
might not linearly depend on the function, as it happens on smooth Finsler manifolds.
Spaces where the gradient ∇f ∈ L2(TM) of a Sobolev function f ∈ S2(M) is unique and
linearly depends on f are those which, from the Sobolev calculus point of view, resemble
Riemannian manifolds among the more general Finsler ones and can be characterized
as those for which the energy E : L2(m)→ [0,+∞] defined as

E(f) :=


1

2

∫
|Df |2 dm, if f ∈ S2(M),

+∞, otherwise.

is a Dirichlet form. Following the terminology introduced in [30] we shall call these
spaces infinitesimally Hilbertian. On such spaces, the tangent module (and similarly
the cotangent one) is, when seen as Banach space, an Hilbert space and its pointwise

7



norm satisfies a pointwise parallelogram identity. Thus by polarization it induces a
pointwise scalar product

L2(TM) 3 X,Y 7→ 〈X,Y 〉 ∈ L1(m),

which we might think of as the ‘metric tensor’ on our space. It can then be verified that
for f, g ∈ L2 ∩ S2(M) the scalar product 〈∇f,∇g〉 coincides with the Carré du champ
Γ(f, g) induced by the Dirichlet form E.

With the basis provided by the general first order theory, we can then study the second
order differential structure of RCD(K,∞) spaces. Recall that these structures, intro-
duced in [12] (see also the axiomatization given in [7]), are given by infinitesimally Hilbertian
spaces on which a curvature condition is imposed in the sense of Lott-Sturm-Villani ([40] and
[53]).

To the best of our knowledge, attempts to define higher order Sobolev spaces on metric
measure spaces have been done only in [39] and [1]. Our approach is structurally different from
the one of these references, being intrinsically based on the RCD condition, an assumptions
which was not present in [39] and [1].

To begin with, consider the following 3 formulas valid in a smooth Riemannian manifold:

2Hess(f)(∇g1,∇g2) =
〈
∇〈∇f,∇g1〉,∇g2

〉
+
〈
∇〈∇f,∇g2〉,∇g1

〉
−
〈
∇f,∇〈∇g1,∇g2〉

〉
,

〈∇∇g2X,∇g1〉 =
〈
∇〈X,∇g1〉,∇g2

〉
−Hess(g2)(∇g1, X),

dω(X1, X2) = X1(ω(X2))−X2(ω(X1))− ω(∇XY −∇YX).

(0.0.2)

The first completely characterizes the Hessian of the function f in terms of the scalar
product of gradients only, the second the Levi-Civita connection in terms of the Hessian and
the scalar product of gradients and analogously the third the exterior differentiation of a 1-
form (a similar formula being valid for k-forms) via previously defined objects. Thus one can
use them to actually define the Hessian and the covariant/exterior derivative. For instance,
one could use the first above to define the Sobolev space W 2,2(M) on a smooth Riemannian
manifold M by declaring that a function f ∈W 1,2(M) is in W 2,2(M) if there is a (0, 2)-tensor
field Hess(f) in L2 such that for any g1, g2, h ∈ C∞c (M) it holds

2

∫
hHess(f)(∇g1,∇g2) dm

=

∫
−〈∇f,∇g1〉 div(h∇g2)− 〈∇f,∇g2〉 div(h∇g1)− h

〈
∇f,∇〈∇g1,∇g2〉

〉
dm.

(0.0.3)

The integration by parts here is useful to have a right hand side where only the first order
derivative of f appears and the multiplication by the smooth function h to ensure that the
integrated identity is still sufficient to recover the pointwise value of the Hessian. It is then
easy to see that this notion coincides with the one given via the use of charts.

On RCD(K,∞) spaces, as in every metric measure structure, the space W 1,2(M) is defined
as L2 ∩ S2(M) and is equipped with the norm ‖f‖2W 1,2(M) := ‖f‖2L2(m) + ‖|Df |‖2L2(m). Given

that RCD(K,∞) spaces are infinitesimally Hilbertian, gradients of Sobolev functions are well

8



defined and so is their pointwise scalar product. Thus we can adopt the approach just de-
scribed to define W 2,2(M). There are 2 things to do to ensure that this provides a meaningful
definition:

1) To explain what it is a ‘(0, 2)-tensor field in L2’

2) To ensure that there are sufficiently many ‘test functions’ g1, g2, h for which the right
hand side of (0.0.3) makes sense so that this formula really identifies the object Hess(f).
The term difficult to handle is ∇〈∇g1,∇g2〉 as it requires a Sobolev regularity for
〈∇g1,∇g2〉.

Getting this two points would allow to provide the definition of W 2,2(M), but such definition
would be empty unless we

3) Prove that there are many W 2,2(M) functions.

We briefly see how to handle these issues. Point (1) is addressed via the general construction
of tensor product of Hilbert modules, so that the Hessian will be an element of the
tensor product L2((T ∗)⊗2M) of the cotangent module L2(T ∗M) with itself. The concept
captured by this notion is the following: the tensor product of the module of L2 covector
fields on a Riemannian manifold with itself is the space of L2 (0, 2)-tensors on the manifold,
the pointwise norm being the Hilbert-Schmidt one. The choice of the Hilbert-Schmidt norm
in the construction is motived by the fact that this is the norm of the Hessian appearing in
Bochner inequality, so that ultimately this is the kind of norm of the Hessian for which we
will gain a control.

As for the cotangent module L2(T ∗M), the definition of the tensor product L2((T ∗)⊗2M)
comes via explicit construction. We firstly introduce the algebraic tensor product
L2(T ∗M) ⊗Alg

L∞ L2(T ∗M) of L2(T ∗M) with itself as L∞(m) module, so that this is the space
of formal finite sums of objects of the kind ω1 ⊗ ω2 with ω1, ω2 ∈ L2(T ∗M) having the
standard bilinearity property and satisfying f(ω1 ⊗ ω2) = (fω1) ⊗ ω2 = ω1 ⊗ (fω2). On

L2(T ∗M)⊗Alg
L∞ L2(T ∗M) we then define a bilinear form : with values in L0(m) (i.e. the space

of Borel real valued functions equipped with the topology of m-a.e. convergence) by putting

(ω1 ⊗ ω2) : (ω̃1 ⊗ ω̃2) := 〈ω1, ω̃1〉〈ω2, ω̃2〉, ∀ω1, ω2, ω̃1, ω̃2 ∈ L2(T ∗M),

and extending it by bilinearity. Then the space L2((T ∗)⊗2M) is defined as the completion of

the space of A’s in L2(T ∗M)⊗Alg
L∞ L

2(T ∗M) such that A : A ∈ L1(m) equipped with the norm

‖A‖L2((T ∗)⊗2M) :=
√∫

A : Adm. It is not hard to check that L2((T ∗)⊗2M) has a canonical

structure of L2(m)-normed module, see Section 1.5 for the details and notice that although the
description we gave here is slightly different from the one given there, the two constructions
are in fact canonically equivalent.

In handling point (2) we see for the first time the necessity of working on spaces with Ricci
curvature bounded from below, as on arbitrary spaces it is unclear whether there are non-
constant functions g ∈ S2(M) such that |∇g|2 ∈ S2(M). In presence of a lower Ricci curvature
bound, instead, such regularity is ensured for bounded Lipschitz functions in W 1,2(M) whose
Laplacian is also in W 1,2(M). This is due to a Caccioppoli-type inequality firstly observed in
this setting by Bakry [17] and proved in the generality we are now by Savaré [52]. Formally,
the idea is to multiply by |∇g|2 the two sides of Bochner inequality

∆
|∇g|2

2
≥ 〈∇g,∇∆g〉+K|∇g|2, (0.0.4)
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integrate and then integrate by parts the left hand side to obtain the estimate∫
|∇|∇g|2|2 dm ≤ 2 Lip2(g)

∫
|∇g||∇∆g|+K|∇g|2 dm,

which grants the required Sobolev regularity for |∇g|2 provided the right hand side is finite.
Since by regularization via the heat flow it is easy to produce functions g for which indeed
the above right hand side is finite, we have at disposal a large class of test functions.

Point (3) is the technically most delicate. Here again the deep reason which ensures the
existence of many W 2,2(M) is the Bochner inequality: in the smooth setting we have

∆
|∇f |2

2
≥ |Hess(f)|2

HS
+ 〈∇f,∇∆f〉+K|∇f |2, (0.0.5)

which in particular after integration gives∫
|Hess(f)|2

HS
dm ≤

∫
(∆f)2 −K|∇f |2 dm,

for, say, smooth and compactly supported functions. Recalling that RCD(K,∞) spaces come
with the Bochner inequality stated as (a proper reformulation that handles the lack of smooth-
ness of) inequality (0.0.4) (see [34] and [12]), the question is whether it can be improved to
inequality (0.0.5). As mentioned in the previous section the answer is positive and comes
building on top of some intuitions of Bakry [17] adapted by Savaré [52] to the non-smooth
setting. Very shortly said, the basic strategy is to write inequality (0.0.4) for f which is an
appropriate polynomial function of other test functions and then optimizing in the coefficients
of the chosen polynomial. See Section 3.3.2 for the details.

Having clarified these three points, we have at disposal the space W 2,2(M), which is a dense
subset of W 1,2(M), and for each f ∈W 2,2(M) a well defined Hessian Hess(f) ∈ L2((T ∗)⊗2M).
It is then possible to establish the expected calculus rules

Hess(fg) = gHess(f) + fHess(g) + df ⊗ dg + dg ⊗ df,

Hess(ϕ ◦ f) = ϕ′ ◦ fHess(f) + ϕ′′ ◦ fdf ⊗ df,

d〈∇f,∇g〉 = Hess(f)(∇g, ·) + Hess(g)(∇f, ·),

in a reasonable generality, see Section 3.3.3.
In a similar way, we can use the second formula in (0.0.2) to introduce Sobolev vector

fields and their covariant derivative. We remark that while for functions there are several
possible notions of regularity (continuity, Hölder/Lipschitz estimates, Sobolev regularity etc.),
for vector fields Sobolev regularity is the only we have at disposal.

Thus we say that a vector field X ∈ L2(TM) belongs to the Sobolev space W 1,2
C (TM)

provided there is an element ∇X, called covariant derivative of X, of the tensor product
L2(T⊗2M) of the tangent module L2(TM) with itself such that for every g1, g2, h test functions
as before we have∫

h∇X : (∇g1 ⊗∇g2) dm =

∫
−〈X,∇g2〉div(h∇g1)− hHess(g2)(X,∇g1) dm.

Starting from the results for W 2,2(M), it will then be not hard to see that W 1,2
C (TM) is a dense

subspace of L2(TM) and that the basic calculus rules that identify ∇X as the Levi-Civita
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connection hold, under the natural regularity assumptions, in this setting. See Sections 3.4.1
and 3.4.2.

Having clarified what are Sobolev vector fields, the second order differentiation for-
mula comes out quite easily by iterating the first order one, see Theorem 3.4.12 for the
rigorous statement and the proof.

Another construction which comes more or less for free from the language developed so far
is that of connection Laplacian: imitating the definition of diffusion operator induced by
a Dirichlet form, we can say that a vector field X ∈ W 1,2

C (TM) has a connection Laplacian
provided there is Y ∈ L2(TM) such that∫

〈Y, Z〉 dm = −
∫
∇X : ∇Z dm, ∀Z ∈W 1,2

C (TM),

and in this case we put ∆CX := Y . Then the heat flow of vector fields can be introduced and
studied as well, see Section 3.4.4 for the details and notice that in fact the definition of ∆C

that we shall adopt is, for technical reasons, slightly different than the one presented here.
The very same ideas and the last formula in (0.0.2) - and its analogous for k-forms - allow

to introduce the space of Sobolev differential forms and their exterior differential.
Then the codifferential δ can be introduced as the adjoint of the exterior differential d and
the Hodge Laplacian ∆H along the same lines used for the connection Laplacian replacing the
‘connection energy’ X 7→ 1

2

∫
|∇X|2 dm with the ‘Hodge energy’ given by

ω 7→ 1

2

∫
|dω|2 + |δω|2 dm,

see Sections 3.5.1, 3.5.2 for the precise definitions. The nature of our approach grants that the
exterior differential is a closed operator, which together with the identity d2 = 0 allows for a
reasonable definition of the de Rham cohomology groups. It should be noticed, however,
that here the space of Sobolev forms is not known to be compactly embedded in the one of L2

forms, a fact that creates some issues when trying to produce the Mayer-Vietoris sequence,
see Remark 3.5.10. A similar issue occurs in searching for a form of the Hodge decomposition
theorem: compare Theorem 3.5.15 with the classical decomposition of L2 forms available in
the smooth setting. As Kapovitch pointed out to me, examples by Anderson and Perelman -
see [44] - show that it is unreasonable to expect the compact embedding of Sobolev k-forms
to be present in the setting of RCD(K,N) spaces for arbitrary k ∈ N.

With all this machinery at disposal we will then be able to define the Ricci curvature.
The starting point here is that for vector fields of the kind X =

∑
gi∇fi where fi, gi are test

functions as discussed before, we have that:

- the function |X|2 admits a measure valued distributional Laplacian ∆|X|2,

- X belongs to W 1,2
C (TM) and thus it has a covariant derivative,

- up to identifying vector and covector fields, X is in the domain of the Hodge Laplacian.

Thus for such X all the terms appearing in Bochner identity are well defined except for
the Ricci curvature. We can therefore define the Ricci curvature as the object realizing the
identity in Bochner’s formula, i.e. as the measure Ric(X,X) given by

Ric(X,X) := ∆
|X|2

2
+
(
〈X,∆HX〉 − |∇X|2HS

)
m.
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It turns out that the so-defined Ricci curvature can be continuously extended to more general
vector fields possessing a certain amount of Sobolev regularity and that the same kind of
estimates that produced the Bochner inequality (0.0.5) give the expected bound

Ric(X,X) ≥ K|X|2m,

on our RCD(K,∞) space.

Some open problems

As we show through the text, the objects we define have many of the properties one expects
by the analogy with the smooth world. Still, in order to consider the theory to be reasonably
satisfactory, a number of open problems remain to be settled. We collect here the key ones
with some informal comments, others, more technical in nature, are highlighted in the body
of the work.

A first basic problem concerns the link between the abstract definition of tangent module and
the more geometric notion of tangent space as introduced by Gromov:

Is it true that on RCD∗(K,N) spaces there is a (canonical?) isometry between
the tangent module and the collection of pmGH limits of the rescaled space?

In fact, the positive answer to this question might be not far away: in the recent work [42]
Mondino-Naber built, for every ε > 0, a countable collection (Ei) of Borel subsets of M and
of biLipschitz maps ϕi from Ei to Rni such that the Lipschitz constants of both ϕi and its
inverse are bounded above by 1 + ε for every i. If one could also prove that the measures
(ϕi)∗m|Ei are close to Lni |ϕi(Ei) in the total variation distance, which according to the authors

should be achievable with minor modifications of their arguments, then the properties of the
pullback of 1-forms as given in Proposition 2.4.3 would immediately give the conclusion.

Another question concerning the structure of the tangent module is:

On RCD∗(K,N) spaces, is the dimension of the tangent module constant through
the space?

By analogy with the Ricci-limit case and from the paper [23] of Colding-Naber one expects
the answer to be positive, but with the current technology the replication of the arguments
in [23] in the non-smooth setting still presents some difficulties.

Alternatively, the constant dimension of the tangent space might be proven by positively
answering to:

Can we give a definition of parallel transport along a W2-geodesic made of mea-
sures with uniformly bounded density granting both existence and uniqueness?
What if geodesics are replaced by more general absolutely continuous curves?

Assuming that the isometry between the tangent module and pmGH limits of rescaled spaces
has been produced, an answer to this question would also shed new light on Petrunin’s
construction of parallel transport on Alexandrov spaces [45], for which as of today there is no
uniqueness result.

More generally:
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Can the framework proposed here be of any help in Alexandrov geometry? In
particular, is it possible to produce a ‘working definition’ of sectional curvature?

Still concerning W2-geodesics, a very important problem in terms of applicability of the second
order calculus is:

Can we establish the second order differentiation formula along geodesics?

This crucial case is not covered by Theorem 3.4.12, due to the lack of regularity of geodesics
themselves.

On a different direction, we remark that all our definitions are intrinsic in nature, in the sense
that they do not rely on calculus in charts. While this is a key feature that allows for the
calculus to be developed, because it ties such calculus to the regularity of the space and not to
that of the charts that one is able to produce, it has as collateral effect that questions which
are trivially addressable in the classical context via a partition of the unit and reduction to
the Euclidean case, become unexpectedly difficult here. One of these is:

Is H = W?

By this we mean the following. In analogy with what happens in the classical framework,
when defining a Sobolev space we can either proceed via integration by parts, producing the
‘W ’ version of the space, or by taking the closure of smooth objects w.r.t. the appropriate
Sobolev norm, this giving the ‘H’ space. By nature of the definitions we always have W ⊃ H,
but in no non-trivial case we are able to establish equality.

A topic which is not studied in this paper is the effect of the assumption of finite dimen-
sionality. In this direction, in recent paper [54] Sturm provided an abstract definition of
the ‘dimensional’ Ricci curvature tensor RicN in the abstract setting of diffusion operators
satisfying a curvature-dimension condition. The smoothness assumptions done in [54] are
apparently too strong to be satisfied on RCD∗(K,N), the question is thus:

Can we justify Sturm’s computations in the non-smooth setting of RCD∗(K,N)
spaces?

Due to the nature of the arguments in [54] and given the technical tools provided by Savaré
in [52] and further refined here, the answer is expected to be affirmative, but details have to
be checked carefully.

Finally, a vaguely formulated problem is:

Better understand the Ricci curvature tensor.

In fact, it is not really clear if the object defined by Theorem 3.6.7 is truly a tensor nor which
are the minimal regularity on the vector fields X,Y in order for Ric(X,Y ) to be well defined.
Some comments on this problem are collected at the end of Section 3.6.
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1 The machinery of Lp(m)-normed modules

1.1 Assumptions and notation

We say that (M,A,m) is a σ-finite measured space provided M is a set, A a σ-algebra on it
and m a non-negative measure defined on A for which there is a countable family (Ei) ⊂ A

such that M = ∪iEi and m(Ei) <∞ for every i ∈ N.
We declare two sets A,B ∈ A to be equivalent if m((A \ B) ∪ (B \ A)) = 0 and we shall

denote by B(M) the set of all the equivalence classes. In what follows, abusing a bit the
notation, we shall refer to elements of B(M) as sets, thus identifying a measurable set with
its equivalence class. Notice that the operations of taking the complement and of countable
intersections/unions are well defined for sets in B(M). In this sense we shall say, for instance,
that a set A ∈ B(M) is empty to mean that any representative of A has measure 0, or similarly
that A ⊂ B to intend that A \B is empty.

Similarly, by ‘function’ on M with values on some measurable space we mean the equivalence
class w.r.t. m-a.e. equality of a measurable function on M.

In those occasions where the value of a function on a m-negligible set matters, we shall use
the barred notation f̄ . Similarly, whenever we will have to deal with a precise representative
of a set, we shall use the barred notation Ā ∈ A.

Notice that the σ-finiteness ensures that

a collection C ⊂ B(M) stable by countable unions admits a unique maximal set, (1.1.1)

where maximal is intended w.r.t. inclusion. It is indeed sufficient to consider a maximizing
sequence (Cn) ⊂ C for

sup
{∑

i

m(B ∩ Ei)
m(Ei)2i

: B ∈ C
}
,

where (En) ⊂ B(M) is a countable partition of M into measurable sets of finite and positive
measure, and to define C := ∪nCn ∈ C: it is easy to see that C is the unique maximal set.

Given a set A ∈ B(M) we denote by χA ∈ L∞(M,m) the characteristic function of A, m-a.e.
defined by χA(x) = 1 for x ∈ A and χA(x) = 0 for x ∈ Ac.

For brevity, we will indicate the spaces Lp(M,m) simply by Lp(m). We shall also make use
of the space of simple functions Sf(m) ⊂ L∞(m), i.e. the space of functions attaining only a
finite number of values.

We remind that if (fi)i∈I is any collection, not necessarily countable, of functions on M
with values in R∪{±∞}, the essential supremum is defined as the minimal function f : M→
R ∪ {±∞} such that f ≥ fi m-a.e. for every i ∈ I. It exists and is unique.

1.2 Basic definitions and properties

Here we introduce the basic concept of L∞(m)-module and Lp(m)-normed module. Through-
out all this section, (M,A,m) is a given fixed σ-finite measured space.

We start with the following general definition:
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Definition 1.2.1 (L∞(m)-modules) An L∞(m)-premodule is a Banach space (M , ‖ · ‖M )
endowed with a bilinear map

L∞(m)×M → M ,

(f, v) → f · v,

satisfying

(fg) · v = f · (g · v),

1 · v = v,

‖f · v‖M ≤ ‖f‖L∞(m)‖v‖M ,

for every v ∈M and f, g ∈ L∞(m), where 1 ∈ L∞(m) is the function identically equal to 1.
An L∞(m)-module is an L∞(m)-premodule which further has the following two properties:

- Locality. For every v ∈M and An ∈ B(M), n ∈ N, we have

χAn · v = 0, ∀n ∈ N ⇒ χ∪n∈NAn · v = 0. (1.2.1)

- Gluing. For every sequence (vn) ⊂M and sequence (An) ⊂ B(M) such that

χAi∩Aj · vi = χAi∩Aj · vj , ∀i, j ∈ N, and lim
n→∞

∥∥ n∑
i=1

χAi · vi
∥∥

M
<∞, (1.2.2)

there exists v ∈M such that

χAi · v = χAi · vi, ∀i ∈ N and ‖v‖M ≤ lim
n→∞

∥∥ n∑
i=1

χAi · vi
∥∥

M
.

Given two L∞(m)-modules M1,M2, a map T : M1 →M2 is a module morphism provided it
is a bounded linear map from M1 to M2 viewed as Banach spaces and further satisfies the
locality condition

T (f · v) = f · T (v), ∀v ∈M1, f ∈ L∞(m).

The set of all module morphisms from M1 to M2 will be denoted by Hom(M1,M2).

In the following we shall often omit the dot · when indicating the multiplication with functions,
keeping it only when we believe it clarifies the expression.

Notice that we stated the gluing property the way we did to point out the analogy with the
definition of sheaf, but in fact in our situation our ‘base sets’ are not open sets of a topology
but rather elements of a σ- algebra. In particular, we can freely consider their difference
and thus up to replace the An’s with An \ ∪i<nAi, when checking the gluing property we
can restrict the attention to sequences (An) ⊂ B(M) made of disjoint sets: in this way the
compatibility condition χAi∩Aj · vi = χAi∩Aj · vj is automatically trivially satisfied.

The basic examples of L∞(m)-modules are Lp spaces and Lp vector fields on a Riemannian
manifold:

Example 1.2.2 (Lp spaces as L∞-modules) The Banach space Lp(m) has a natural
structure of L∞(m)-module, the multiplication with a function in L∞(m) being just the
pointwise one. �
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Example 1.2.3 (Lp vector fields as L∞ modules) Let M be a smooth Riemannian man-
ifold, vol its volume measure and p ∈ [1,∞]. Then the space of Lp(vol) vector fields has a
natural structure of L∞(vol) module, the multiplication with an L∞(vol) function being again
the pointwise one. �

The following two simple examples show that both the locality and the gluing property can
fail in L∞-premodules:

Example 1.2.4 (Lack of locality) Let (M,A,m) be the interval [0, 1] equipped with the
Borel σ-algebra and the Lebesgue measure. Use the Hahn-Banach theorem to find ` :
L∞(m) → R linear, such that |`(f)| ≤ ‖f‖L∞(m) for every f ∈ L∞(m) and `(f) = 1 on
functions f ∈ L∞(m) such that ∃ε > 0 for which f(x) = 1 for a.e. x ∈ [0, ε].

Now let B 6= {0} be an arbitrary Banach space and define the bilinear map L∞(m)×B → B
as

L∞(m)×B 3 (f, v) 7→ f · v := `(f)v ∈ B.

It is clear that this structure is a L∞(m)-premodule. On the other hand, locality does not
hold. Indeed, let An := [ 1

n , 1] and observe that `(χAn) = 0, so that χAn · v = 0, for every
n ∈ N. Yet, `(χ∪nAn) = `(1) = 1 and therefore χ∪nAn · v = v for every v ∈ B. �

Example 1.2.5 (Lack of gluing) Let c0 be the classical Banach space of sequences of real
numbers converging to 0 equipped with the sup norm and consider M := N with the discrete σ-
algebra and the counting measure m. Then L∞(m) consists of the space of bounded sequences
of real numbers and multiplication component by component endows c0 with the structure of
a L∞(m)-premodule. Yet, gluing fails. Indeed, let An := {n} and vn ∈ c0 be with the first n
terms equal to 1 and the rest equal to 0. It is clear that the ‘glued’ v should be the sequence
identically 1, which however is not in c0. �

One of the main effects of the locality condition in the definition of L∞-module is that it
allows to define the set {v = 0} ∈ B(M) for a generic element v of an L∞(m)-module M .
To see in which sense, for v ∈M and A ∈ B(M)

we say that v = 0 m-a.e. on A provided χAv = 0

and in this case we also say that v is concentrated on Ac. It is then easy to see that on an
arbitrary L∞(m)-premodule if v = 0 m-a.e. on Ai, i = 1, . . . , n, then it is 0 on ∪ni=1Ai: just
notice that χ∪Nn=1

An = f
∑N

n=1
χAn for some f ∈ L∞(m) to deduce that

‖χ∪Nn=1An
v‖M =

∥∥∥(f N∑
n=1

χAn
)
v
∥∥∥

M
≤ ‖f‖L∞(m)

∥∥∥ N∑
n=1

χAnv
∥∥∥

M
≤ ‖f‖L∞(m)

N∑
n=1

‖χAnv‖M = 0.

The role of the locality condition is to extend this property to countable unions (which, as
Example 1.2.4 shows, may be not true on L∞(m)-premodules), indeed we can restate (1.2.1)
as:

v = 0, m-a.e. on An, ∀n ∈ N ⇒ v = 0, m-a.e. on
⋃
n∈N

An.

Thus the simple property (1.1.1) ensures that there exists a unique maximal (w.r.t. inclusion)
set in B(M) on which v is 0: we shall denote this maximal set by {v = 0} and its complement
by {v 6= 0}.
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For v, w ∈ M we say that v = w m-a.e. on A provided v − w = 0 m-a.e. on A. Then the
sets {v = w}, {v 6= w} ∈ B(M) are well defined as {v −w = 0} and {v −w 6= 0} respectively.

A closed subspace N ⊂ M which is stable w.r.t. multiplication with L∞(m)-functions is
easily seen to be an L∞(m)-premodule having the locality property. If it is also closed w.r.t.
the gluing operation, then it is an L∞(m)-module and we shall say that it is a submodule
of M . It is readily verified that the kernel of a module morphism is always a submodule.

Given E ∈ B(M), a simple example of submodule of M is the space M |E of elements which
are 0 m-a.e. on Ec.

Given a submodule N of the module M , the quotient space M /N has a natural structure
of L∞(m)-premodule with the locality property. Indeed, the norm

‖[v]‖M /N := inf
w∈N

‖v + w‖M

is well defined and complete, and the fact that for any v ∈ M , w ∈ N and f ∈ L∞(m) we
have f(v + w)− fv ∈ N shows that the definition f [v] := [fv] is well posed. It is then clear
that M /N is an L∞(m)-premodule. To see that locality holds, notice that χA[v] = 0 if and
only if χAv ∈ N and consider v ∈M and a sequence (An) ⊂ B(M) such that χAn [v] = 0 for
every n ∈ N. Then vn := χAnv ∈ N for every n ∈ N and using the gluing property in N
for the sequences (vn) ⊂ N and (An) ⊂ B(M) we deduce the existence of v̄ ∈ N such that
χAn v̄ = vn for every n ∈ N, which is the same as to say that χAn(v̄ − v) = 0 for every n ∈ N.
By the locality property in M we conclude that χ∪nAn(v̄− v) = 0 which yields χ∪nAnv ∈ N ,
i.e. χ∪nAn [v] = 0, as desired. In this generality it is not clear to us whether M /N has the
gluing property, for a positive result under additional assumptions see Proposition 1.2.14.

Notice that the submodule M |E is canonically identifiable with the quotient module

M /M |Ec .

We claim that for two given L∞(m)-modules M ,N , the set Hom(M ,N ) has a canonical
structure of L∞(m)-module. Indeed, given that M ,N are Banach spaces, Hom(M ,N ) is a
Banach space when endowed with the operator norm ‖T‖ := supv:‖v‖M≤1 ‖T (v)‖N . Then the
fact that L∞(m) is a commutative ring ensures that for T ∈ Hom(M ,N ) and f ∈ L∞(m)
the operator fT : M → N defined by

(fT )(v) := f(T (v)), ∀v ∈M ,

is still a module morphism and is then clear that with this multiplication Hom(M ,N ) is an
L∞(m)-premodule. To see that locality holds, let T ∈ Hom(M ,N ) and (An) ⊂ B(M) such
that χAnT = 0 for every n ∈ N. Then for given v ∈M we have 0 = (χAnT )(v) = χAn(T (v))
for every n ∈ N which, by the locality property in N , yields χ∪nAnT (v) = 0 and thus,
by the arbitrariness of v, that χ∪nAnT = 0. For the gluing the argument is analogous: let
(Tn) ⊂ Hom(M ,N ) and (An) ⊂ B(M) be such that χAi∩AjTi = χAi∩AjTj for every i, j ∈ N
and ‖

∑n
i=1

χAiTi‖ ≤ C for every n ∈ N and some C > 0. Pick v ∈ M and use the gluing
property in N for the sequences (Tn(v)) and (An): since

‖
n∑
i=1

χAiTi(v)‖N ≤ ‖
n∑
i=1

χAiTi‖‖v‖M ≤ C‖v‖M

for every n ∈ N, we get the existence of w ∈ N with ‖w‖N ≤ C‖v‖M and such that
χAiw = χAiTi(v) for every i ∈ N. Then define T (v) := χ∪nAnw, notice that ‖T (v)‖N ≤
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‖w‖N ≤ C‖v‖M and that the locality property in N grants that T (v) is well defined, i.e. it
does not depend on the particular choice of w. It is then clear that the map v 7→ T (v) is a
module morphism with norm bounded above by C such that χAnT = χAnTn for every n ∈ N.

Recalling that L1(m) has a natural structure of L∞(m)-module, we propose the following
definition:

Definition 1.2.6 (Dual module) Let M be an L∞(m)-module. The dual module M ∗ is
defined as Hom(M , L1(m)).

From a purely algebraic perspective it might be bizarre to define the dual of an L∞(m)-
module as the set of morphism from the module to L1(m), rather than to L∞(m). The choice
is motivated by the following two simple facts:

Example 1.2.7 (The dual of Lp(m) is Lq(m)) For p ∈ [1,∞] the dual module of Lp(m)
can naturally be identified with Lq(m), where 1

p + 1
q = 1, in the sense that for every g ∈ Lq(m)

the map
Lp(m) 3 f 7→ T (f) := fg ∈ L1(m),

is a module morphism (this is trivial) and conversely for every T ∈ Hom(Lp(m), L1(m)) there
exists g ∈ Lq(m) such that T (f) = fg for every f ∈ Lp(m).

To see the latter, let for the moment p < ∞ and T ∈ Hom(Lp(m), L1(m)). Then the map
Lp(m) 3 f 7→

∫
M T (f) dm ∈ R is bounded and linear and thus by the classical Lp−Lq duality

we know that there exists a unique g ∈ Lq(m) such that
∫

M T (f) dm =
∫

M fg dm. We claim
that T (f) = fg m-a.e. Being both T (f) and fg two functions in L1(m), to prove that they
are the same it is sufficient to prove that for any A ∈ B(M) it holds

∫
A T (f) dm =

∫
A fg dm,

which follows from∫
A
T (f) dm =

∫
M

χAT (f) dm =

∫
M
T (χAf) dm =

∫
M

χAfg dm =

∫
A
fg dm.

In the case p =∞ just put g := T (1) ∈ L1(m) and observe that

T (f) = T (f1) = fT (1) = fg, ∀f ∈ L∞(m).

In particular, we see that the dual of L∞(m) as L∞(m)-module, is precisely L1(m), in con-
trast with the difficult characterization of the dual of L∞(m) as Banach space. This is not
surprising, because while L∞(m) viewed as Banach space is in general infinite dimensional
and non-separable, the same space viewed as L∞(m) module has dimension 1, being every
function a multiple, in the sense of modules, of the constant function 1. �

Example 1.2.8 (Hom(Lp(m), L∞(m)) = {0} for p <∞) Let p < ∞ and assume there is
T : Lp(m) → L∞(m) not zero. Then we can find E ∈ B(M) with m(E) > 0, v ∈ Lp(m) and
numbers a, b > 0 such that |v| ≤ a and |T (v)| ≥ b m-a.e. on E. Now let f ∈ Lp \ L∞(m) be
non-negative and identically 0 on M \ E. For n ∈ N put fn := min{f, n} and notice that

‖fnv‖Lp(m) =

∫
E
fpn|v|p dm ≤ ap‖f‖pLp(m), ∀n ∈ N,

and on the other side

‖T (fnv)‖L∞(m) = ‖fnT (v)‖L∞(m) ≥ ‖fn‖L∞(m)b = nb, ∀n ∈ N.

These two inequalities show that T is not a bounded operator from Lp(m) to L∞(m), contra-
diction the assumption. �
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Given an L∞(m)-module M , consider it as a Banach space and denote by M ′ its dual
Banach space. Integration provides a canonical map IntM ∗ : M ∗ →M ′

given T ∈M ∗ we define IntM ∗(T ) ∈M ′ as IntM ∗(T )(v) :=

∫
M
T (v) dm, ∀v ∈M .

It is obvious that IntM ∗(T ) is indeed an element of M ′ satisfying ‖IntM ∗(T )‖M ′ ≤ ‖T‖M ∗ .
Actually, it is easily seen that IntM ∗ is norm preserving: for given T ∈M ∗ and v ∈M with
‖v‖M ≤ 1, let f := signT (v) ∈ L∞(m), ṽ := fv and notice that from ‖f‖L∞(m) ≤ 1 we get
‖ṽ‖M ≤ ‖v‖M ≤ 1 and thus

‖T (v)‖L1(m) =

∫
|T (v)|dm =

∫
fT (v) dm =

∫
T (ṽ) dm = IntM ∗(T )(ṽ) ≤ ‖IntM ∗(T )‖M ′ .

The claim then follows recalling that ‖T‖M ∗ is defined as supv:‖v‖m≤1 ‖T (v)‖L1(m).
Hence M ∗ is isometrically embedded in M ′. As the example of L∞(m) viewed as L∞(m)-

module shows, in general, such embedding is not surjective.

Definition 1.2.9 (Modules with full-dual) We say that the L∞(m)-module M has full-
dual provided the map IntM ∗ described above is surjective.

It is worth to underline that for a generic L∞(m)-module we are not able to ensure the
existence of a non-zero element of the dual, the problem being the lack of an analogous of
the Hahn-Banach theorem for modules. It is possible that this is due to a somehow incorrect
choice of the axiomatization of such generic structures. We chose to start our discussion with
the definition of L∞(m)-module only to provide a unifying framework, but in fact we shall
mostly work with Lp(m)-normed modules, defined as follows.

Definition 1.2.10 (Lp(m)-normed modules) Let M be an L∞(m)-premodule and p ∈
[1,∞]. We say that M is an Lp(m)-normed premodule provided there exists a map | · | :
M → Lp(m) with non-negative values such that

‖|v|‖Lp(m) = ‖v‖M ,

|fv| = |f ||v|, m-a.e.,
(1.2.3)

for every v ∈ M and f ∈ L∞(m). In this case we shall call | · | the pointwise Lp(m)-norm,
or simply pointwise norm. Lp(m)-normed premodules which are also L∞(m)-modules will be
called Lp(m)-normed modules.

Notice that the simple inequality

‖|v| − |w|‖Lp(m) ≤ ‖|v − w|‖Lp(m) = ‖v − w‖M , ∀v, w ∈M ,

shows that the pointwise norm is a continuous map from M to Lp(m).

Example 1.2.11 Forgetting about measurability issues and identification m-a.e., we can
think to an Lp(m)-normed module as follows. To each x ∈ M is associated a Banach space
(Bx, ‖ · ‖x) and we consider maps v associating to each x ∈ M a vector v(x) ∈ Bx in such a
way that the Lp(m)-norm of x 7→ ‖v(x)‖x is finite. �
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In fact, the main idea behind the definition of Lp(m)-normed modules is to make an abstract
version of the construction in this example which does not rely on the a priori given spaces
(Bx, ‖ · ‖x). Still, it is interesting to note that this informal procedure can always somehow
be reversed, so that appropriate Banach spaces (Bx, ‖ · ‖x) really exist behind/can be built
from a given Lp(m)-normed module: for results in this direction see [37], we shall detail the
argument only for the important class of Hilbert modules - see Definition 1.2.20, Proposition
1.2.21 and Theorem 1.4.11.

It is worth to point out a conceptual difference between the case of abstract Lp(m)-normed
modules and Example 1.2.11: while in Example 1.2.11 elements of the module are defined
as equivalence classes w.r.t. m-a.e. equality of some objects which are truly defined at every
point x ∈ M (much like elements of Lp(m) are equivalence classes of functions), this is not
the case for a generic element of an Lp(m)-normed module, which should rather be thought
of as something intrinsically defined only up to m-a.e. equality.

Moreover, even in the case where the Banach spaces (Bx, ‖ · ‖x) exist, there is in general no
relation at all between Bx and Bx′ for x 6= x′. In particular, there is no metric/topology on
txBx which means that it makes no sense to speak about, say, Lebesgue points of an element
of an Lp(m)-normed module.

With that said, we turn to the study of Lp(m)-normed (pre)modules: their very basic
properties are collected in the following proposition.

Proposition 1.2.12 (Basic properties of Lp(m)-normed premodules) Let M be an
Lp(m)-normed premodule, p ∈ [1,∞]. Then the following holds.

i) For v ∈M and E ∈ B(M) we have v = 0 m-a.e. on E if and only if |v| = 0 m-a.e. on
E.

ii) M has the locality property and the pointwise Lp(m)-norm is unique and fulfills the
pointwise triangle inequality

|v + w| ≤ |v|+ |w|, m-a.e., ∀v, w ∈M . (1.2.4)

iii) If there exists v ∈ M and E ∈ B(M) such that 0 6= χEv 6= v then M is not an
Lp
′
(m)-normed premodule for p′ 6= p.

iv) If p <∞ then M has also the gluing property and is therefore an Lp(m)-normed module.

v) Let M1,M2 be Lp1(m) and Lp2-normed modules respectively, p1 ≥ p2 ∈ [1,∞], and T :
M1 →M2 a linear map. Then T ∈ Hom(M1,M2) if and only if there is g ∈ Lq(m)with
1
p2

= 1
p1

+ 1
q such that

|T (v)| ≤ g|v|, m-a.e., ∀v ∈M1, (1.2.5)

and in this case the operator norm ‖T‖ is the least of ‖g‖Lq(m) among all the g’s satis-
fying the above.

proof
(i) Direct consequence of the fact that, by definition, v = 0 m-a.e. on E if and only if
‖χEv‖M = 0 and the defining properties of the pointwise norm.
(ii) For the locality just notice that the Lp(m)-function |χ∪iAiv| is, by the second in (1.2.3),
the m-a.e. limit of |χ∪ni=1Ai

v| as n→∞ and thus the claim follows from the first in (1.2.3).
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For uniqueness, assume | · |′ is another pointwise Lp(m)-norm, then for every v ∈ M we
have |v|, |v|′ ∈ Lp(m) and for every A ∈ B(M) it holds

‖χA|v|‖Lp(m) = ‖|χAv|‖Lp(m) = ‖χAv‖M = ‖|χAv|′‖Lp(m) = ‖χA|v|′‖Lp(m),

which forces |v| = |v|′ m-a.e..
To prove (1.2.4) we argue by contradiction. Then we can find v, w ∈ M , A ∈ B(M) with

m(A) ∈ (0,∞) and numbers a, b, ε > 0 such that |v| ≤ a, |w| ≤ b and |v + w| ≥ a + b + ε
m-a.e. on A. But in this case we would have

‖χA(v + w)‖M = ‖χA|v + w|‖Lp(m) ≥ m(A)
1
p (a+ b+ ε)

> m(A)
1
p (a+ b) ≥ ‖χA|w|‖Lp(m) + ‖χA|w|‖Lp(m) = ‖χAv‖M + ‖χAw‖M ,

contradicting the triangle inequality in M (here m(A)
1
p is taken equal to 1 if p =∞).

(iii) Say for instance that p <∞ and notice that in the identity

‖aχAv + bχAcv‖M = p

√
|a|p‖χAv‖pM + |b|p‖χAcv‖pM ,

the left hand side does not depend on p and therefore the right hand side identifies, by the
arbitrariness of a, b ∈ R, the exponent p. Similarly for p =∞.
(iv) Let (vn) ⊂M and (An) ⊂ B(M) as in (1.2.2), put Ãn := An \ ∪i<nAi, ṽn :=

∑n
i=1

χ
Ãi
vi

and notice that the sequence of maps (|ṽn|) is non-decreasing and, by assumption, bounded
in Lp(m). Being p <∞, this is sufficient to deduce that (|ṽn|) is a Cauchy sequence in Lp(m)
and since by construction for every m,n ∈ N we have |ṽn − ṽm| =

∣∣|ṽn| − |ṽm|∣∣ m-a.e., we see
that (ṽn) is a Cauchy sequence in M . It is then easy to see that the limit of such sequence
is a gluing of the vn’s.
(v) Assume that T is linear and that (1.2.5) holds for some g ∈ Lq(m). Then the fact that
T is continuous and ‖T‖ ≤ ‖g‖Lq(m) is obvious. To check that it is a module morphism,
pick v ∈ M1, E ∈ B(M) and notice that (1.2.5) gives |T (χEv)| ≤ g|χEv| = 0 m-a.e. on Ec.
Considering also the same bound with Ec in place of E we get

T (χEv) = 0, m-a.e. on Ec and T (χEcv) = 0, m-a.e. on E.

Since by linearity we have T (χEv) + T (χEcv) = T (v), the above is sufficient to ensure
T (χEv) = χEv. Then by linearity we can check the identity T (fv) = fT (v) for simple
functions f and conclude that the same holds for general f ∈ L∞(m) by approximation
taking into account the continuity of T .

Conversely, define g : M→ [0,∞] as

g := ess-sup
v∈M : |v|≤1 m-a.e.

|T (v)|.

We claim that
|T (v)| ≤ g|v| m-a.e., ∀v ∈M .

Indeed, fix v, put fn := min{ 1
|v| , n} ∈ L

∞(m) and notice that |fnv| ≤ 1 m-a.e. for every n ∈ N.
Hence

|T (v)| = 1

fn
|fnT (v)| = 1

fn
|T (fnv)| ≤ g

fn
=

{
|v|g m-a.e. on |v| ≥ n−1,
g
n m-a.e. on |v| < n−1,
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and the claim follows letting n→∞. To conclude it is sufficient to prove that ‖g‖Lq(m) ≤ ‖T‖
and to this aim start recalling that, by the properties of the essential-supremum, there is a
sequence (vn) ⊂ M such that |vn| ≤ 1 m-a.e. for every n and such that g = supn |T (vn)|
m-a.e.. Recursively define a sequence (wn) ⊂ M by putting w1 := v1 and then for every
n ≥ 1

wn+1 := χAnwn + χAcnvn+1,

where An := {|T (wn)| ≥ |T (vn+1)|}. In this way we have that |wn| ≤ 1 m-a.e. and |T (wn)| =
maxi≤n |T (vn)| m-a.e. for every n ∈ N. In particular, we have

|T (wn)| ≤ |T (wn+1)| and lim
n→∞

|T (wn)| = g m-a.e.. (1.2.6)

Now assume p2 < p1 <∞, so that also q <∞, let f ∈ Lq ∩L∞(m) be non-negative and such

that f ≤ g m-a.e. and put w̃n := f
q
p1wn ∈M1. Letting n→∞ in the inequality

p2

√∫
|f |

qp2
p1 |T (ωn)|p2 dm = ‖T (ω̃n)‖M2 ≤ ‖T‖‖ω̃n‖M1 ≤ ‖T‖ ‖f‖

q
p1

Lq(m)

and using the monotone convergence theorem (recall (1.2.6)) we obtain

p2

√∫
|f |

qp2
p1 gp2 dm ≤ ‖T‖ ‖f‖

q
p1

Lq(m)

and therefore, since f ≤ g, that ‖f‖
q
p2

Lq(m) ≤ ‖T‖‖f‖
q
p1

Lq(m), i.e. ‖f‖Lq(m) ≤ ‖T‖. Being this

true for any f ∈ Lq ∩ L∞(m) with f ≤ g, we conclude that ‖g‖Lq(m) ≤ ‖T‖, as desired.
If q = p2 < p1 =∞ the thesis follows letting n→∞ in the inequality

‖|T (wn)|‖Lp2 (m) = ‖T (wn)‖M2 ≤ ‖T‖‖wn‖M1 ≤ ‖T‖.

If p := p2 = p1 we have q = ∞ and for every E ∈ B(M) with m(E) ∈ (0,∞) the inequality

‖T (χEm(E)
− 1
pwn)‖M2 ≤ ‖T‖‖χEm(E)

− 1
pwn‖M1 reads as

1

m(E)
1
p

‖χE |T (wn)|‖Lp(m) ≤ ‖T‖,

which gives the conclusion letting n→∞ by the arbitrariness of E.. �

An element v of an Lp(m)-normed module is said bounded provided |v| ∈ L∞(m). It is easy
to see that

a separable Lp(m)-normed module admits a countable dense subset of bounded elements.
(1.2.7)

Indeed, in the case p = ∞ there is nothing to prove, for p < ∞ just notice that for every
element v of the module, the sequence n 7→ Trn(v) := χ{|v|<n}v converges to v, so that if D
is countable and dense, the set {Trn(v) : v ∈ D, n ∈ N} is countable and dense as well.

A somehow similar property of Lp(m)-normed modules, valid for p <∞, is that

∀v ∈M and (Ai) ⊂ B(M), i ∈ N, disjoint we have lim
n→∞

‖χ∪ni=1Ai
v − χ∪∞i=1Ai

v‖M = 0,

(1.2.8)
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which follows noticing that

‖χ∪∞i=1Ai
v − χ∪ni=1Ai

v‖pM = ‖χ∪∞i=n+1Ai
v‖pM =

∫
∪∞i=n+1Ai

|v|p dm,

and that the rightmost side goes to 0 as n→∞ by the dominated convergence theorem.
From this fact it is easy to see that Lp(m)-normed modules, p <∞, always have full-dual:

Proposition 1.2.13 Let M be an Lp(m)-normed module, p <∞. Then M has full-dual.

proof Let l ∈ M ′ and for v ∈ M consider the map A 3 Ā 7→ l(χAv), where A ∈ B(M) is
the equivalence class of Ā. It is clear that this map is real valued and additive, while (1.2.8)
grants that it is σ-additive. In other words it is a measure and since by construction it is
absolutely continuous w.r.t. m, the Radon-Nikodym theorem ensures that there is a unique
L(v) ∈ L1(m) such that l(χAv) =

∫
A L(v) dm for every A ∈ B(M). By construction, the map

M 3 v 7→ L(v) ∈ L1(m) is linear, satisfies

L(χAv) = χAL(v), ∀v ∈M , A ∈ B(M), (1.2.9)

and such that
∫

M L(v) dm = l(v) ≤ ‖l‖M ′‖v‖M for every v ∈ M . For given v ∈ M we put
f := signL(v) ∈ L∞(m), ṽ := fv, notice that ‖ṽ‖M ≤ ‖f‖L∞(m)‖v‖M ≤ ‖v‖M and that the
fact that f takes its values in {−1, 0, 1} and (1.2.9) grant that |L(v)| = L(ṽ) so that we have

‖L(v)‖L1(m) =

∫
M
|L(v)| dm =

∫
L(ṽ) dm ≤ ‖l‖M ′‖ṽ‖M ≤ ‖l‖M ′‖v‖M ,

i.e. M 3 v 7→ L(v) ∈ L1(m) is continuous.
Finally, approximating a generic function in L∞(m) with simple functions and using again

(1.2.9), linearity and continuity we see that L(fv) = fL(v) for every v ∈M and f ∈ L∞(m),
so the proof is complete. �

Some useful constructions based on Lp(m)-normed modules are the following:

Proposition 1.2.14 Let M be an Lp(m)-normed module, p ∈ [1,∞]. Then the following
hold.

i) Let q ∈ [1,∞] be such that 1
p + 1

q = 1. Then M ∗ is an Lq(m)-normed module, the
pointwise norm being defined by

|L|∗ := ess-sup
v∈M : |v|≤1 m-a.e.

|L(v)|. (1.2.10)

ii) Let N ⊂M be a submodule. Then M /N is an Lp(m)-normed module, the pointwise
norm being defined by

|[v]| := ess-inf
w∈N

|v + w|.

proof
(i) By point (v) of Proposition 1.2.12 with p2 = 1 we see that ‖L‖ = ‖|L|∗‖Lq(m) so that
to conclude it is sufficient to notice that, directly by the definition, we have |fL|∗ = |f ||L|∗
m-a.e. for every f ∈ L∞(m) and L ∈M ∗.
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(ii) We have already seen in the beginning of the section that M /N is an L∞(m)-premodule
and it is clear that the function |[v]| is in Lp(m), non-negative and depends only on [v]. Now
let v ∈M and f ∈ L∞(m) and notice that

|[fv]| = ess-inf
w∈N

|fv + w| ≤ ess-inf
w∈N

|fv + fw| = |f | ess-inf
w∈N

|v + w|, m-a.e..

On the other hand on the set {f = 0} we certainly have |[fv]| = 0 (just pick w = 0), and

defining An := {|f | ≥ n−1} we have
χAn
f ∈ L∞(m) and thus

χAn |[fv]| = χAn ess-inf
w∈N

|fv+w| = χAn ess-inf
w∈N

|f(v+
χAn
f w)| ≥ χAn |f | ess-inf

w∈N
|v+w|, m-a.e.,

which, by the arbitrariness of n ∈ N, is sufficient to conclude that |[fv]| = |f ||[v]| m-a.e..
Now we prove that ‖|[v]|‖Lp(m) = ‖[v]‖M /N . Start noticing that for every w ∈ N we have
|[v]| ≤ |v+w| m-a.e. and thus ‖|[v]|‖Lp(m) ≤ ‖|v+w|‖Lp(m) so that the arbitrariness of w ∈ N
yields ‖|[v]|‖Lp(m) ≤ ‖[v]‖M /N . For the other inequality, let (wn) ⊂ N be a sequence such
that |[v]| = infn |v + wn| and define inductively w̃n ∈ N by putting w̃1 := w1 and having
defined w̃n put

w̃n+1 := χAnwn+1 + χAcnw̃n, where An := {|v + wn+1| ≤ |v + w̃n|}.

Then we have |[v]| = infn |v + w̃n| and |v + w̃n+1| ≤ |v + w̃n| m-a.e. for every n ∈ N.
If p <∞ this is sufficient to deduce that

‖|[v]|‖Lp(m) = inf
n
‖|v + w̃n|‖Lp(m) ≥ inf

w∈N
‖|v + w|‖Lp(m) = ‖[v]‖M /N .

Thus we proved that M /N is an Lp(m)-normed premodule, which by Proposition 1.2.12
gives the thesis.

In the case p =∞, notice that from |v + w̃n| ≤ |v + w̃1| m-a.e. we deduce

‖w̃n‖M = ‖|w̃n|‖L∞(m) ≤ ‖|v + w̃1|‖L∞(m) + ‖|v|‖L∞(m) = ‖v + w̃1‖M + ‖v‖M , ∀n ∈ N.
(1.2.11)

Then fix ε > 0 let An := {|v + w̃n| ≤ ‖|[v]|‖L∞(m) + ε} and Ãn := An \ ∪i<nAi, notice that
(1.2.11) ensures that ‖

∑n
i=1

χ
Ãi
wi‖M ≤ ‖v+w̃1‖M +‖v‖M for every n ∈ N and use the gluing

property in N for the sequences (w̃n) and (Ãn) to find w̄ ∈ N such that χÃiw̄ = χ
Ãi
w̃n for

every n ∈ N. Since ∪nÃn = M we see that

‖[v]‖M /N ≤ ‖v + w̄‖M = ‖|v + w̄|‖L∞(m) = sup
n
‖|v + w̃n|‖L∞(m) ≤ ‖|[v]|‖L∞(m) + ε,

and letting ε ↓ 0 we conclude that M /N is an L∞(m)-normed premodule, as desired.
By Proposition 1.2.12 we know that M /N has the locality property and the very same

construction just made also shows that M /N has the gluing property, thus concluding the
proof. �

Given any L∞(m)-module M there is a canonical map IM : M → M ∗∗ which associates
to every v ∈M the morphism IM (v) : M ∗ → L1(m) defined by

IM (v)(L) := L(v), ∀L ∈M ∗.
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The trivial inequality
∫
|IM (v)(L)|dm =

∫
|L(v)| dm ≤ ‖L‖M ∗‖v‖M and the identity

IM (v)(fL) = fL(v) show that IM (v) ∈M ∗∗ for every v ∈M with ‖IM (v)‖M ∗∗ ≤ ‖v‖M . It
is not clear to us whether IM is an isometry for arbitrary modules, the problem being that,
as already pointed out, for a generic module M we are not able to exhibit a non-zero element
in M ∗. The situation is instead simple for modules with full-dual:

Proposition 1.2.15 Let M be a module with full-dual. Then the map IM : M → M ∗∗ is
an isometry.

proof Pick v ∈M and use the Hahn-Banach extension theorem to find a functional l ∈M ′

such that ‖l‖M ′ = 1 and l(v) = ‖v‖M . Since M has full-dual, there exists L ∈M ∗ such that
l(w) =

∫
L(w) dm for every w ∈M . Then ‖L‖M ∗ = ‖l‖M ′ = 1 and we have

‖v‖M = l(v) =

∫
L(v) dm =

∫
IM (v)(L) dm ≤ ‖IM (v)‖M ∗∗‖L‖M ∗ = ‖IM (v)‖M ∗∗ ,

which is sufficient to conclude. �

For future reference, we point out in the next corollary that in the case of Lp(m)-normed
modules, p < ∞, we can associate to any v ∈ M a functional L ∈ M ∗ in a way similar to
that of the proof of the previous proposition, but somehow more symmetric in v, L:

Corollary 1.2.16 Let M be an Lp(m)-normed module, p < ∞, and v ∈ M . Then there
exists L ∈M ∗ such that

|L|q∗ = |v|p = L(v), m-a.e., (1.2.12)

where 1
p + 1

q = 1 and the first equality should be intended as |L|∗ = χ{v 6=0} in the case p = 1.

proof In the proof of Proposition 1.2.15 above we built L ∈M ∗ with norm 1 and such that∫
L(v) = ‖v‖M . Define L̃ := ‖v‖p−1

M L and notice that

‖v‖pM =

∫
L̃(v) dm ≤

∫
|L̃|∗|v|dm ≤ ‖|v|‖Lp(m)‖|L̃|∗‖Lq(m) = ‖v‖M ‖L̃‖M ∗ = ‖v‖pM .

Then the inequalities are equalities and if p > 1 the equality case in the Holder inequality
gives the thesis. If p = 1 replace if necessary L̃ with χ{v 6=0}L̃ to conclude. �

Notice that in particular for any Lp(m)-normed module, p ∈ [1,∞], we have the following
duality property

|v| = ess-sup
L∈M ∗ :|L|∗≤1 m-a.e.

|L(v)|.

Indeed, the inequality ≤ follows from the definition of | · |∗ and for p <∞ the equality comes
from Corollary 1.2.16 above. The case p =∞ can be directly handled by approximation.

Given a L∞(m)-module M with full-dual, we shall say that it is reflexive provided IM :
M →M ∗∗ is surjective. We see from the example of L1(m) viewed as L∞(m)-module that a
module can be reflexive as module but not as Banach space. The other implication is instead
always true, as shown by the following simple proposition:

Proposition 1.2.17 Let M be a module with full dual which is reflexive as Banach space.
Then it is reflexive as module.
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proof By assumption the map IntM ∗ : M ∗ → M ′ is an isomorphism of Banach spaces
and thus its transpose Intt

M ∗ is an isomorphism from the dual M ′′ of M ′ and the Banach
dual (M ∗)′ of M ∗, and in particular it is surjective. Then denoting by JM : M →M ′′ the
canonical isometry from M to its bidual as Banach space, it is immediate to verify that the
diagram

M M ∗∗

M ′′ (M ∗)′

IM

JM IntM ∗∗

Intt
M ∗

commutes. We know that IntM ∗∗ is injective and, by assumption and what said at the
beginning, that JM and Intt

M ∗ are surjective. Thus IM is surjective as well. �

An easy consequence of this proposition is:

Corollary 1.2.18 (Reflexivity of Lp(m)-normed modules, p ∈ (1,∞)) Let M be an
Lp(m)-normed module, p ∈ (1,∞). Then it is reflexive as module if and only if it is re-
flexive as Banach space.

proof The ‘if’ follows from Proposition 1.2.17 above and the fact that M has full dual
(Proposition 1.2.13). For the ‘only if’, consider the same commutative diagram in the proof
of Proposition 1.2.17 above: by assumption and Proposition 1.2.13 we know that both M
and M ∗ have full dual, and thus IntM ∗∗ is surjective and Intt

M ∗ injective. Hence if IM is
surjective, JM must be surjective as well. �

Although in fact trivial, it is worth to underline that to be an Lp(m)-normed module for
some p ∈ (1,∞) is not sufficient to ensure reflexivity:

Example 1.2.19 Let M be consisting of just one point and let m be the Dirac delta on such
point. Then L∞(m) ∼ R and thus every Banach space B has a natural structure of L∞(m)-
module and the Banach-dual B′ and the module-dual B∗ can be canonically identified. Given
that B can also be seen as Lp(m)-normed module for every p ∈ [1,∞] in a trivial way, to
conclude the example it is sufficient to pick B not reflexive in the Banach sense, to obtain a
non-reflexive Lp(m)-normed module. �

This example shows that in order to ensure the reflexivity of a module M , some sort of
reflexivity should be imposed on the Banach spaces (Bx, ‖ · ‖x) mentioned in Example 1.2.11.
We shall not investigate in this direction, but rather focus on the important subclass of Hilbert
modules:

Definition 1.2.20 (Hilbert modules) We shall say that an L∞(m)-module M is an
Hilbert module provided M , viewed as Banach space, is in fact an Hilbert space.

It is not entirely trivial that Hilbert modules, whose Hilbert structure is only imposed globally,
in a sense, are always L2(m)-normed with a norm satisfying a pointwise parallelogram identity:
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Proposition 1.2.21 (Hilbert modules are L2(m)-normed) Let H be an L∞(m)-
premodule with the locality property which, when seen as Banach space, is an Hilbert
space.

Then it is an L2(m)-normed module. Moreover, the pointwise norm (which is unique by
Proposition 1.2.12) satisfies

|v + w|2 + |v − w|2 = 2|v|2 + 2|w|2, m-a.e., (1.2.13)

for every v, w ∈H .

proof We shall denote by 〈·, ·〉H the scalar product in the Hilbert space H . We begin by
proving that

〈χA v, χB v〉H = 0, ∀v ∈H , ∀A,B ∈ B(M) such that A ∩B = ∅. (1.2.14)

Thus fix v,A,B as above, notice that

‖χA v + εχB v‖2H = ‖χA v‖2H + 2ε〈χA v, χB v〉H + ε2‖χB v‖2H , ∀ε ∈ R,

and that from the fact that ‖χA‖L∞(m) ≤ 1 and χAχB = χA∩B = 0 we deduce that

‖χA v‖2H = ‖χA(χAv + εχBv)‖2 ≤ ‖χAv + εχBv‖2, ∀ε ∈ R.

These two formulas give that 2ε〈χA v, χB v〉H +ε2‖χB v‖2H ≥ 0 for every ε ∈ R which trivially
yields the claim (1.2.14). Next, we claim that

〈χA v, w〉H = 〈v, χAw〉H , ∀v, w ∈H , A ∈ B(M). (1.2.15)

Indeed, use (1.2.14) with χA v + χAc w in place of v and Ac in place of B to deduce that
〈χA v, χAc w〉M = 0. Similarly we obtain 〈χAc v, χAw〉H = 0 and using these two information
we get

〈χA v, w〉H = 〈χA v, χAw〉H + 〈χA v, χAc w〉H = 〈χA v, χAw〉H = . . . = 〈v, χAw〉H ,

as desired.
Now fix v ∈H and consider the map

A 3 Ā 7→ µv(Ā) := ‖χA v‖2H , where A ∈ B(M) is the equivalence class of Ā ∈ A.

We claim that µv is a non-negative measure, the non-negativity being obvious. For additivity,
let Ā, B̄ ∈ A with Ā∩B̄ = ∅, expand the square in the definition of µv(Ā∪B̄) and use (1.2.14)
to conclude.

To prove σ-additivity it is enough to show that given a decreasing sequence (Ān) ⊂ A such
that ∩nĀn = ∅ we have µv(Ān)→ 0 as n→∞. Pick such a sequence, put wn := χAn v, An ∈
B(M) being the equivalence class of Ān ∈ A, and vn := v − wn. The bound ‖wn‖H ≤ ‖v‖H
grants that up to pass to a subsequence, not relabeled, the sequence (wn) converges to some
w ∈H in the weak topology of the Hilbert space H . We claim that w = 0 and thanks to the
locality property of the Hilbert module H to this aim it is sufficient to prove that χAck w = 0
for every k ∈ N. Thus fix k ∈ N and notice that

‖χAck w‖
2
H = 〈χAck w,χAck w〉H

(1.2.15)
= 〈χAck w,w〉H

= lim
n→∞

〈χAck w,wn〉H
(1.2.15)

= lim
n→∞

〈w,χAck wn〉H = 0.
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Hence (wn) weakly converges to 0, and thus (vn) weakly converges to v. Since vn = χM\Anv,
we have ‖vn‖H ≤ ‖v‖H for every n ∈ N, which together with the weak convergence just
proved implies strong convergence. Therefore (wn) strongly converges to 0, which yields the
desired σ-additivity of µv.

Finally, observe that directly by definition we have µv � m. Hence we can define

|v| :=
√

dµv
dm
∈ L2(m), ∀v ∈H .

By construction we have
∫

M |v|
2 dm = µv(M) = ‖v‖2H , thus to conclude the proof we need

only to show that |fv| = |f ||v| for every f ∈ L∞(m). To this aim notice that for f constant
this is trivial, and that the construction ensures that

|χA v| = χA|v|, m-a.e. ∀v ∈H , A ∈ B(M) (1.2.16)

so that by localization we get that for every v ∈H it holds

|fv| = |f | |v|, m-a.e., for every f ∈ L∞(m) attaining only a countable number of values.
(1.2.17)

Now notice that for f1, f2 ∈ L∞(m) with f1 ≥ f2 ≥ 0 m-a.e., we have f := χ{f1>0}
f2

f1
∈ L∞(m)

with ‖f‖L∞(m) ≤ 1 and thus for every A ∈ B(M) we have∫
A
|f2v|2 dm =

∫
χA|f2v|2 dm

(1.2.16)
=

∫
|χAf2v|2 dm

= ‖fχAf1v‖2H ≤ ‖χAf1v‖2H = . . . =

∫
A
|f1v|2 dm,

which, by the arbitrariness of A ∈ B(M), forces |f2v| ≤ |f1v| m-a.e.. This monotonicity
property together with (1.2.17) and a simple approximation argument give that |fv| = |f ||v|
for f ∈ L∞(m) non-negative. Then the case of f ≤ 0 follows using the fact that ‖ − v‖H =
‖v‖H and the general one by writing v = χA v + χAc v for A := {f > 0} and using the local
property (1.2.16).

Finally, for identity (1.2.13) we argue by contradiction: if it fails for some v, w ∈ H we
could find a set A ∈ B(M) of positive measure where the inequality >, say, holds m-a.e.. The
contradiction follows integrating such inequality over A to obtain

‖χA v + χAw‖2H + ‖χA v − χAw‖2H > 2
(
‖χA v‖2H + ‖χAw‖2H

)
,

which is impossible because the norm of H satisfies the parallelogram rule. �

Corollary 1.2.22 Let H be an Hilbert module. Then it is reflexive.

proof Just apply Proposition 1.2.21 and Corollary 1.2.18. �

Remark 1.2.23 It is worth to point out that in the proof of Proposition 1.2.21 we used, for
the first time, the fact that the continuity of multiplication with functions in L∞(m) has been
asked as

‖fv‖M ≤ ‖f‖L∞(m)‖v‖M , ∀v ∈M , f ∈ L∞(m), (1.2.18)
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in the definition of L∞(m)-module. Notice indeed that if one only asks for continuity of such
multiplication, then in fact he is asking for the existence of a constant C ≥ 0 such that

‖fv‖M ≤ C‖f‖L∞(m)‖v‖M , ∀v ∈M , f ∈ L∞(m), (1.2.19)

and that the choice f = 1 shows that it must hold C ≥ 1. Thus (1.2.18) is the strongest form
of continuity we can ask for.

We chose to force C = 1 in the definition of L∞(m)-module because (1.2.18) holds in all
the examples we will work with, see below, and because it has highly desirable effects like
Proposition 1.2.21 above and the inequality ‖χAv‖M ≤ ‖v‖M , which corresponds to the
intuitive idea that ‘setting an element to be 0 outside a certain set should decrease its norm’.

In this direction, it might be worth to point out that there are examples of Hilbert spaces
endowed with a continuous multiplication with L∞ functions for which (1.2.19) holds for some
C > 1 but not for C = 1: consider for instance M := [0, 1] equipped with the Borel σ-algebra
and the Lebesgue measure and the space L2(0, 1) equipped with the norm

‖v‖2 :=

∫ 1

0
|v|2(x) dx+ (C − 1)

(∫ 1

0
v(x) dx

)2

.

It is immediate to see that inequality (1.2.19) is satisfied by this space, the multiplication
with L∞ functions being just the pointwise one, and that the optimal constant is precisely C.
Notice that for this example Proposition 1.2.21 does not hold and that there is v ∈ L2(0, 1)
and a Borel set A ⊂ [0, 1] such that ‖χAv‖ > ‖v‖.

On the other hand, the bound (1.2.18) is automatic on Banach spaces M equipped with
an L∞(m) module structure in the purely algebraic sense and admitting a pointwise Lp(m)
norm, i.e. a map | · | : M → Lp(m) with non-negative values satisfying (1.2.3). Indeed, in this
case we directly have

‖fv‖M = ‖|fv|‖Lp(m) = ‖|f | |v|‖Lp(m) ≤ ‖f‖L∞(m)‖|v|‖Lp(m) = ‖f‖L∞(m)‖v‖M .

�

On a given Hilbert module H we define the pointwise scalar product H × H 3
(v, w) 7→ 〈v, w〉 ∈ L1(m) as

〈v, w〉 :=
1

2

(
|v + w|2 − |v|2 − |w|2

)
,

and notice that the standard polarization argument grants that such map satisfies

〈f1v1 + f2v2, w〉 = f1〈v1, w〉+ f2〈v2, w〉,
|〈v, w〉| ≤ |v||w|,
〈v, w〉 = 〈w, v〉,
〈v, v〉 = |v|2,

(1.2.20)

m-a.e., for every v1, v2, v, w ∈ H and f1, f2 ∈ L∞(m). Indeed, the last two are a direct
consequence of the definition, which also gives

χA〈v, w〉 = 〈χA v, w〉 = 〈v, χAw〉, m-a.e. ∀v, w ∈H , A ∈ B(M), (1.2.21)
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while few applications of the parallelogram rule (1.2.13) give

〈v1 + v2, w〉 = 2〈v1, w/2〉+ 2〈v2, w/2〉, m-a.e. ∀v1, v2, w ∈H .

Considering this last identity together with its special case v2 = 0 yields additivity

〈v1 + v2, w〉 = 〈v1, w〉+ 〈v2, w〉, m-a.e. ∀v1, v2, w ∈H , (1.2.22)

which by induction gives 〈nv,w〉 = n〈v, w〉 for every n ∈ N and then that 〈rv, w〉 = r〈v, w〉
for every r ∈ Q m-a.e. for every v, w ∈H . Coupling this information with (1.2.21) we deduce
that

〈fv, w〉 = f〈v, w〉, m-a.e. ∀v, w ∈H , (1.2.23)

for every function f ∈ L∞(m) attaining only a finite number of values all of them being
rational. Then the continuity of the pointwise scalar product as map from H ×H to L1(m)
give (1.2.23) for generic f ∈ L∞(m), which together with (1.2.22) yields the first in (1.2.20).
Finally, the inequality |〈v, w〉| ≤ |v||w| m-a.e. follows for bounded v, w by expanding the

square in
∣∣|w|v ± |v|w∣∣2 ≥ 0 m-a.e. and the general case comes by approximation.

Now fix v ∈H and consider the map Lv : H → L1(m) defined by

Lv(w) := 〈v, w〉.

It is clear from properties (1.2.20) that this map is a module morphism, i.e. Lv ∈ H ∗ and
that

|Lv|∗ = |v|, m-a.e..

We then have the following result:

Theorem 1.2.24 (Riesz theorem for Hilbert modules) Let H be an Hilbert module.
Then the map H 3 v 7→ Lv ∈ H ∗ is a morphism of modules, bijective and an isometry. In
particular, for every l ∈H ′ there exists a unique v ∈H such that l = IntH ∗Lv.

proof Linearity and norm-preservation, even in the pointwise sense, of v 7→ Lv have already
been checked. The fact that v 7→ Lv is a module morphism is obvious, as we have

Lfv(w) = 〈fv, w〉 = f〈v, w〉 = (fLv)(w), m-a.e., ∀v, w ∈H , f ∈ L∞(m).

To check surjectivity, let L ∈ H ∗, consider the linear functional IntH ∗L ∈ H ′ and apply
the standard Riesz theorem for Hilbert spaces to deduce that there exists v ∈H such that∫

L(w) dm = IntH ∗L(w) = 〈v, w〉H , ∀w ∈H .

Now notice that by polarization of the first identity in (1.2.3) we get
∫
〈v, w〉dm = 〈v, w〉H

for every v, w ∈H and thus the chain of equalities∫
A
L(w) dm =

∫
χAL(w) dm =

∫
L(χAw) dm = 〈v, χAw〉H =

∫
〈v, χAw〉dm =

∫
A
〈v, w〉 dm

holds for every A ∈ B(M), which forces L(w) = 〈v, w〉 m-a.e, i.e. L = Lv.
The same argument also gives the last statement. �
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1.3 Alteration of the integrability

By definition, an Lp(m)-normed module M is a space whose elements have norm in Lp(m).
In applications, such integrability requirement can be too tight because it might be necessary
to handle objects with a different integrability, or perhaps to have at disposal elements v of
some bigger space possessing a pointwise norm |v| and the possibility to say that v ∈ M if
and only if |v| ∈ Lp(m), much like one does with ordinary Lp(m) spaces.

In this section we show how such bigger space can be built.

Recall that the space L0(m) is, as a set, the collection of all (equivalence classes w.r.t.
equality m-a.e. and measurable) real valued functions on M. L0(m) comes with a canonical
topology: consider the distance dL0 on it given by

dL0(f, g) :=
∑
i∈N

1

2im(Ei)

∫
Ei

min{|f − g|, 1}dm,

where (Ei) ⊂ B(M) is a partition of M into sets of finite and positive measure. It is clear
that dL0 is a translation invariant, complete and separable metric: the topology on L0(m) is
the one induced by dL0 (in general it is not locally convex). It can be checked directly from
the definition that (fn) ⊂ L0(m) is a dL0-Cauchy sequence if and only if

∀ε > 0, E ∈ B(M) with m(E) <∞ ∃nε,E such that :

∀n,m ∈ N with n,m > nε,E we have m
(
E ∩ {|fn − fm| > ε}

)
< ε.

This shows that although the choice of the partition (Ei) affects the distance dL0 , it does
not affect Cauchy sequences, i.e. the topology of L0(m) is intrinsic and independent on the
particular partition chosen.

Now let p ∈ [1,∞], M an Lp(m)-normed module and consider the distance dM 0 on M
defined as

dM 0(v, w) :=
∑
i∈N

1

2im(Ei)

∫
Ei

min{|v − w|, 1} dm.

We then give the following definition:

Definition 1.3.1 (The space M 0) The topological space M 0 is defined as the completion
of (M , dM 0) equipped with the induced topology.

As for the case of L0(m), the choice of the partition (Ei) affects the distance dM 0 but not
Cauchy sequences (vn) ⊂M , which are characterized by

∀ε > 0, E ∈ B(M) with m(E) <∞ ∃nε,E such that :

∀n,m ∈ N with n,m > nε,E we have m
(
E ∩ {|vn − vm| > ε}

)
< ε.

In other words, the topology of M 0 is is intrinsic and independent on the particular partition
chosen.

Directly from the definition of the distance dM 0 we see that

dM 0(v1 + w1, v2 + w2) ≤ dM 0(v1, v2) + dM 0(w1, w2),

dM 0(λv1, λw1) ≤ max{1, |λ|}dM 0(v1, w1),
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for every v1, v2, w1, w2 ∈ M and λ ∈ R. These show that the operations of addition and
multiplication with a scalar extends continuously, in a unique way, to M 0, which therefore is
a topological vector space.

Similarly, the characterization of Cauchy sequences grants that for any dL0-Cauchy sequence
(fn) ⊂ L∞(m) and any dM 0-Cauchy sequence (vn) ⊂M , the sequence (fnvn) ⊂M is dM 0-
Cauchy. Hence the operation of multiplication with functions in L∞(m) on M can, and will,
be extended in a unique way to a bilinear continuous map from L0(m) ×M 0 to M 0, which
clearly satisfies

f(gv) = (fg)v, and 1v = v,

for any v ∈M 0 and f, g ∈ L0(m).
Finally, the inequality

dL0(|v1|, |v2|) ≤ dM 0(v1, v2),

valid for every v1, v2 ∈M , shows that the pointwise norm | · | : M → Lp(m) can, and will, be
continuously extended in a unique way to a map from M 0 to L0(m), still denoted by v 7→ |v|.
It is then clear that

|v + w| ≤ |v|+ |w|,
|fv| = |f | |v|,

m-a.e. for every v, w ∈M 0 and f ∈ L0(m).
We shall refer to spaces M 0 built this way as L0(m)-modules.
The same continuity arguments show that if M was an Hilbert module, then the pointwise

scalar product extends uniquely to a bilinear continuous map from M 0 × M 0 to L0(m)
satisfying (1.2.20) for vectors in M 0 and functions in L0(m).

We remark that by construction M is a subspace of M 0, the embedding being continuous
and preserving the operation of Lp(m)-normed module. From this perspective we can think
at M 0 as the extension of M which ‘includes elements without any restriction on their norm’
and notice that for v ∈M 0 we have v ∈M if and only if |v| ∈ Lp(m).

Now consider an Lp(m)-normed module M and its dual M ∗, which by point (i) of Propo-
sition 1.2.14 is Lq(m)-normed, where 1

p + 1
q = 1. Notice that there is a natural duality pairing

M 0 × (M ∗)0 3 (v, L) 7→ L(v) ∈ L0(m), (1.3.1)

obtained as the unique continuous extension of the duality pairing of M and M ∗. By conti-
nuity, we can check that the inequality

|L(v)| ≤ |v| |L|∗, m-a.e., ∀v ∈M 0, L ∈ (M ∗)0, (1.3.2)

holds also in this setting. The following simple result will be useful in what follows:

Proposition 1.3.2 (The dual of M 0) Let M be an Lp(m)-normed module, p ∈ [1,∞] and
T : M 0 → L0(m) a linear map such that for some f ∈ L0(m) we have

|T (v)| ≤ f |v|, m-a.e., ∀v ∈M . (1.3.3)

Then there exists a unique L ∈ (M ∗)0 such that T (v) = L(v) for every v ∈ M and this L
satisfies

|L|∗ ≤ f, m-a.e..
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proof Uniqueness is obvious. For existence, let (En) ⊂ B(M) be a partition of M such that
χEnf ∈ Lq(m) for every n ∈ N, where 1

p + 1
q = 1. Then the bound (1.3.3) ensures that the

linear map M 3 v 7→ Ln(v) := χEnT (v) takes values in L1(m) and satisfies

|Ln(v)| ≤ (χEnf)|v|, m-a.e..

By point (v) of Proposition 1.2.12 we deduce that Ln ∈ M ∗ with |Ln|∗ ≤ χEnf . It is then
clear that the series

∑
n
χEnLn converges in (M ∗)0 and that its sum satisfies the thesis. �

Having the space M 0 at disposal allows us to build other Lp-normed modules, possibly
related to a different σ-finite measure m′ on M. A construction that we shall sometime use
later on is the following: given p̄ ∈ [1,∞] and a non-negative σ-finite measure m′ � m, the
space Mp̄,m′ ⊂M 0 is the space of all v’s in M 0 such that ‖|v|‖Lp̄(m′) <∞ equipped with the
norm ‖v‖p̄,m′ := ‖|v|‖Lp̄(m′). The operation of multiplication with functions in L0(m) induces
a multiplication with functions in L∞(m′) thus endowing Mp̄,m′ with a natural structure of
Lp̄(m′)-normed module.

Notice that

if M is separable and p̄ <∞, then Mp̄,m′ is separable as well. (1.3.4)

which can be checked by picking D ⊂ M countable, dense and made of bounded elements
(recall (1.2.7)), an increasing sequence (En) ⊂ B(M) of sets of finite m′-measure such that
m′(M \ ∪nEn) = 0 and observing that the set {χEn∩{ρ≤m}v : v ∈ D, n,m ∈ N} is dense in

Mp̄,m′ , where ρ := dm′

dm .
Now let q̄ ∈ [1,∞] such that 1

p̄ + 1
q̄ = 1 and consider the module M ∗

q̄,m′ ⊂ (M ∗)0. Taking
into account (1.3.2), the duality pairing (1.3.1) restricts to a bilinear continuous map

Mp̄,m′ ×M ∗
q̄,m′ 3 (v, L) 7→ L(v) ∈ L1(m′),

which shows that M ∗
q̄,m′ embeds into (Mp̄,m′)

∗ the embedding being a module morphism and,
as can be directly checked from the definition of pointwise dual norm, an isometry. In other
words, for any L ∈M ∗

q̄,m′ the map

Mp̄,m′ 3 v 7→ L(v) ∈ L1(m′),

is a module morphism whose pointwise norm m′-a.e. coincides with |L|∗. From Proposition
1.3.2 it is easy to see that in fact every element of (Mp̄,m′)

∗ is of this form, i.e.

for p̄ ∈ [1,∞] the dual (Mp̄,m′)
∗ of Mp̄,m′ can be canonically identified with M ∗

q̄,m′ . (1.3.5)

Indeed, let L ∈ (Mp̄,m′)
∗ so that

|L|∗ ∈ Lq̄(m′) and |L(v)| ≤ |L|∗|v| m-a.e. (1.3.6)

for every v ∈ Mp̄,m′ . Let E := {dm′

dm > 0} ∈ B(M) and notice that the space (Mp̄,m′)
0

can, and will, be identified with the subspace M 0|E of M 0 made of elements which are 0
m-a.e. on Ec, so that L can be uniquely extended to a continuous map, still denoted by
L, from (Mp̄,m′)

0 ∼ M 0|E to L0(m). We further extend L to the whole M 0 by putting

L(v) := L(χEv) for arbitrary v ∈M 0 and notice that such extension still satisfies inequality
(1.3.6), so by Proposition 1.3.2 we see that this functional is induced by an element of (M ∗)0.
The conclusion now comes from the fact that |L|∗ ∈ Lq̄(m′) and point (v) of Proposition
1.2.12.
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1.4 Local dimension

In this, perhaps not really exciting, section we show that for L∞(m)-modules there is a natural
notion of local dimension. The main results here are the fact that finitely generated Lp(m)-
normed modules, p < ∞, are reflexive (Theorem 1.4.7), and the structural characterization
of Hilbert modules (Theorem 1.4.11) which among other things provides a link between the
concept of Hilbert module and that of direct integral of Hilbert spaces (Remark 1.4.12).

As we learned at a late stage of development of this project, similar decomposition results,
in some case in a more general formulation, were already obtained in [37]: what we call Lp(m)-
normed module is a particular case of what in [37] is called a ‘randomly normed space’.

We start with few definitions.

Definition 1.4.1 (Local independence) Let M be an L∞(m)-module and A ∈ B(M) be
with m(A) > 0.

We say that a finite family v1, . . . , vn ∈M is independent on A provided the identity

n∑
i=1

fivi = 0, m-a.e. on A

holds only if fi = 0 m-a.e. on A for every i = 1, . . . , n.

Definition 1.4.2 (Local span and generators) Let M be an L∞(m)-module, V ⊂ M a
subset and A ∈ B(M).

The span of V on A, denoted by SpanA(V ), is the subset of M made of vectors v
concentrated on A with the following property: there are (An) ⊂ B(M), n ∈ N, dis-
joint such that A = ∪iAi and for every n elements v1,n, . . . , vmn,n ∈ M and functions
f1,n, . . . , fmn,n ∈ L∞(m) such that

χAnv =

mn∑
i=1

fi,nvi,n.

We refer to SpanA(V ) as the space spanned by V on A, or simply spanned by V if A = M.
Similarly, we refer to the closure SpanA(V ) of SpanA(V ) as the space generated by V on

A, or simply as the space generated by V if A = M.

Notice that the definition is given in such a way that the module Lp(m), p ∈ [1,∞] is spanned
by one element: any function which is non-zero m-a.e. does the job.

We say that M is finitely generated if there is a finite family v1, . . . , vn spanning M
on the whole M and locally finitely generated if there is a partition (Ei) of M such that
M |Ei is finitely generated for every i ∈ N.

It is obvious from the definitions that if v1, . . . , vn are independent onA (resp. span/generate
M on A), then they are independent on everyB ⊂ A (resp. span/generate M on everyB ⊂ A)
and that if the are independent on An for every n ∈ N (resp. span/generate M on An for
every n ∈ N), then they are independent on ∪nAn (resp. span/generate M on ∪nAn).

These definitions are also invariant by isomorphism: we say that two L∞(m)-modules
M1,M2 are isomorphic provided there exists T ∈ Hom(M1,M2) and S ∈ Hom(M2,M1) such
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that T ◦ S = IdM2 and S ◦ T = IdM1 and in this case both T and S are called isomorphisms.
We shall say that M1,M2 are isometric provided they are isomorphic and there are norm-
preserving isomorphisms.

Then it is clear that if v1, . . . , vn ∈ M1 are independent on A and T : M1 → M2 is an
isomorphism of modules, then T (v1), . . . , T (vn) ∈M2 are independent on A as well. Similarly
for local generators.

A basic fact which we do not know at this level of generality is whether the span of a finite
number of elements on a given set A is closed or not. We are only able to prove this under the
additional assumption that the space is Lp(m)-normed for some p ∈ [1,∞], see Proposition
1.4.6; in this sense the discussion prior to that point is quite incomplete. Yet, from the
definition we know at least that SpanA(V ) is always closed w.r.t. the gluing operation in M ,
a fact which we shall use later on.

Definition 1.4.3 (Local basis and dimension) We say that a finite family v1, . . . , vn is
a basis on A ∈ B(M) provided it is independent on A and SpanA{v1, . . . , vn} = M |A.

If M admits a basis of cardinality n on A, we say that it has dimension n on A, or that
the local dimension of M on A is n. If M has not dimension n for each n ∈ N we say that
it has infinite dimension.

We need to check that the dimension is well defined, which follows along the same lines used
in basic linear algebra.

Proposition 1.4.4 (Well posedness of definition of dimension) Let M be an L∞(m)-
module and A ∈ B(M). Assume that v1, . . . , vn generates M on A and w1, . . . , wm are
independent on A. Then n ≥ m. In particular, if both v1, . . . , vn and w1, . . . , wm are basis of
M on A, then n = m.

proof Since the v1, . . . , vn generate M on A, we know that there are sets Ai ∈ B(M), i ∈ N,
such that A = ∪iAi and functions f ij ∈ L∞(m) such that

χAiw1 =
n∑
j=1

f ijvj . (1.4.1)

Pick i ∈ N such that m(Ai) > 0. Since w1, . . . , wm is independent on A, we must have w1 6= 0
m-a.e. on A (or otherwise we easily get a contradiction), thus the previous identity ensures
that for some j ∈ {1, . . . , n} and some Ãi ⊂ Ai with m(Ãi) > 0 we have f ij 6= 0 m-a.e. on Ãi.

Up to permuting the vi’s we can assume that j = 1. Hence for some B1 ⊂ Ãi with m(B1) > 0
and some c > 0 we have |f i1| ≥ c m-a.e. on B1, so that g1 := χB1

1
f i1
∈ L∞(m).

From (1.4.1) we deduce that

χB1v1 = (χB1g1)w1 −
n∑
j=2

(χB1g1f
i
j)vj ,

and from this identity and the fact that v1, . . . , vn generate, we easily obtain that
w1, v2, . . . , , vn also generates M on B1.

We now proceed by induction. Let k < m and suppose we already proved that there exists
Bk ∈ B(M) with m(Bk) > 0 such that w1, . . . , wk, vk+1, . . . , vn generates M on Bk. Then

35



arguing as before we find a set B′k ⊂ Bk with m(B′k) > 0 and functions f1, . . . , fn ∈ L∞(m)
such that

χB′kwk+1 =
k∑
j=1

fjwj +
n∑

j=k+1

fjvj .

If fj = 0 m-a.e. on B′k for every j = k+ 1, . . . , n we would obtain that χB′kwk+1 =
∑k

j=1 fjwj
m-a.e. on B′k, contradicting the independence of the wi’s on A ⊃ B′k. In particular, k < n and
there must exist Bk+1 ⊂ B′k with m(Bk+1) > 0 and c > 0 such that for some j ∈ {k+1, . . . , n}
we have |fj | ≥ c m-a.e. on Bk+1. Up to relabeling the indexes we can assume that j = k + 1
and arguing as before we deduce that w1, . . . , wk+1, vk+2, . . . , vn generates M on Bk+1.

Iterating the procedure up to k = m we conclude. �

It is then easy to see that given an L∞(m)-module M , we can partition M into sets where
M has given dimension:

Proposition 1.4.5 (Dimensional decomposition) Let M be an L∞(m)-module. Then
there is a unique partition {Ei}i∈N∪{∞} of M such that the following holds:

i) for every i ∈ N such that m(Ei) > 0, M has dimension i on Ei,

ii) for every E ⊂ E∞ with m(E) > 0, M has infinite dimension on E.

proof Uniqueness is obvious by Proposition 1.4.4 so we turn to existence.
Pick n ∈ N, let Bn ⊂ B(M) be the set of E’s such that M has dimension n on E. We claim

that if Ei ∈ Bn for every i ∈ N, then ∪iEi ∈ Bn as well. We can certainly assume m(Ei) > 0
for every i ∈ N and up to replacing Ei with Ei \ (∪j<iEj), it is not restrictive to assume that
Ei ∩Ej = ∅ for i 6= j. For every i ∈ N, let vi1, . . . , v

i
n be a basis of M on Ei. Up to rescaling,

we can assume that ‖vik‖M ≤ 2−i for every i ∈ N, k ∈ {1, . . . , n} so that we can define

vk :=
∑
i∈N

χEiv
i
k, ∀k = 1, . . . , n,

because the series at the right hand side converges in M . Directly by the definition we see
that v1, . . . , vn is a basis of M on E, thus proving our claim.

Hence the class Bn is stable by countable unions and we deduce that there exists a unique
maximal on it. Call it En and put E∞ := M\∪n∈NEn: by construction these fulfill the thesis.

�

It is worth underlying that this last proposition tells little about the structure of M unless
one knows that the span of a finite number of elements is closed, which as said we don’t have
in this generality. Things become clearer if the module is Lp(m)-normed.

Start observing that having a basis at disposal allows one to locally write an element of
a module in coordinates. Indeed, let v1, . . . , vn be a local basis of M on A, v ∈ M and
Ai, Ãi ∈ B(M), i ∈ N, such that A = ∪iAi = ∪iÃi and f ij , f̃

i
j ∈ L∞(m) such that for every

i ∈ N we have

χAiv =

n∑
j=1

f ijvj , χ
Ãi
v =

n∑
j=1

f̃ ijvj .

Then we have
f ij = f i

′
j , m-a.e. on Ai ∩ Ãi′ ∀i, i′ ∈ N,
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as it can be easily seen by noticing that
∑n

j=1(f ij − f̃ i
′
j )vj = 0 m-a.e. on Ai ∩ Ãi′ and using

the definition of local independence.
This means that the functions fj : M→ R, j = 1, . . . , n, defined by

fj := f ij , m-a.e. on Ai, ∀i ∈ N,

and set 0 outside A, are well defined in the sense that they depend only on the local basis
v1, . . . , vn and the vector v. We shall refer to them as the coordinates of v on A w.r.t. the
local basis v1, . . . , vn.

Evidently, in general coordinates are not in L∞(m), but if the module is Lp(m)-normed for
some p ∈ [1,∞] it still makes sense to write

χAv =
n∑
i=1

fivi,

indeed, recalling the discussion of the previous section, we can identify M with the subspace
of M 0 made of elements with finite Lp(m)-norm and interpret the last identity in M 0. This
procedure can also be reversed, meaning that if v1, . . . , vn is a local basis of M on A and
fi ∈ L0(m), i = 1, . . . , n, are such that χA|

∑n
i=1 fivi| ∈ Lp(m), then the element of M 0 given

by
∑n

i=1 fivi belongs in fact to M and its coordinates w.r.t. the gives basis are precisely the
fi’s.

We then have the following closure result:

Proposition 1.4.6 Let M be an Lp(m)-normed module, v1, . . . , vn ∈ M and A ∈ B(M).
Then SpanA{v1, . . . , vn} is closed. In particular it is a submodule and coincides with the
intersection of all the submodules of M containing χAv1, . . . , χAvn.

proof We identify M with the subset of M 0 made of vectors of finite Lp(m)-norm and we
shall proceed by induction. Taking into account that SpanA{v1, . . . , vn} is, by definition,
closed under the gluing operation, it is easy to see that we can assume that m(A) <∞.

We proceed by induction. Let n = 1, notice that {v1} is a local basis of M on A∩{v1 6= 0},
let (wn) ⊂ SpanA{v1} be a Cauchy sequence and write wn in coordinates, i.e. write wn = fnv1

for some fn ∈ L0(m) which is 0 outside A ∩ {v1 6= 0}. Up to pass to a subsequence we can
assume that

∑
n ‖wn − wn+1‖M < ∞, which is the same as to require that

∑
n ‖|v||fn −

fn+1|‖Lp(m) < ∞. It is then clear that the sequence (χA∩{v1 6=0}fn) ⊂ L0(m) converges in
L0(m) to some limit function f such that ‖|v|f‖Lp(m) <∞. Therefore w := fv is an element
of M . The definition of w ensures that it belongs to SpanA{v1} and the construction that it
is the limit in M of the sequence (wn) thus giving the thesis in this case.

Now we assume the claim to be valid for n and want to prove it for n+ 1.
Let v1, . . . , vn+1 ∈M and, up to replace vi by min{1, |vi|−1}vi, assume that |vi| = 1 m-a.e.

on {vi 6= 0} ∩ A for every i = 1, . . . , n + 1 (the assumption that m(A) < ∞ ensures that
this normalization does not destroy the fact that vi ∈ M ). Let B ∈ B(M) the maximal set
such that χBvn+1 ∈ SpanA{v1, . . . , vn} (it exists because spans are closed under the gluing
operation) and put C := A \B. We can assume that C 6= ∅, or otherwise there is nothing to
prove.

Let V1 ⊂ SpanA{v1, . . . , vn} be the set of w’s such that |w| ≤ 1 m-a.e., and, for given ε > 0,
define Cε ∈ B(M) as

Cε :=
{

ess-inf
w∈V1

|vn+1 − w| ≥ ε
}
.
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We claim that C = ∪ε>0Cε. Indeed, obviously Cε ⊂ C for every ε and the inclusion Cε ⊂
Cε′ valid for ε ≤ ε′ shows that the union ∪ε>0Cε is well defined in B(M). Now assume
by contradiction that D := C \ ∪ε>0Cε 6= ∅. By definition of Cε and using the gluing
property, for every ε we can find wε ∈ V1 such that |vn+1 − wε| ≤ ε m-a.e. on D, which
implies ‖χD(vn+1 − wε)‖M = ‖χD|vn+1 − wε|‖Lp(m) → 0 as ε ↓ 0. By inductive assumption,
SpanA{v1, . . . , vn} is closed, hence also V1 is closed and the last limit implies that χDvn+1 ∈ V1,
contradicting the definition of C, thus indeed C = ∪ε>0Cε, as claimed.

Notice that for arbitrary f, g ∈ L0(m), w ∈ V1 and m-a.e. on Cε we have

|fvn+1 + gw| ≥ max
{
|f ||vn+1 ± w| − |g ∓ f ||w|

}
≥ ε|f | −min{|g + f |, |g − f |},

|fvn+1 + gw| ≥
∣∣|f | − |g|∣∣,

thus noticing that for any a, b ∈ R we have min{|a− b|, |a+ b|} = ||a| − |b|| we can conclude
that

ε|f ||vn+1| ≤ 2|fvn+1 + gwm|, m-a.e. on Cε ∀w ∈ V1, f, g ∈ L0(m). (1.4.2)

Now fix a Cauchy sequence (wm) ⊂ SpanA{v1, . . . , vn+1} converging to some w̄ ∈ M
and write the wm’s in coordinates, i.e. wm = χA

∑n+1
i=1 fi,mvi. Our aim is to prove that

w̄ ∈ SpanA{v1, . . . , vn+1} and it is easy to see by definition of Span and that of C that to this
aim it is sufficient to prove that χCw̄ ∈ SpanA{v1, . . . , vn+1}.

Fix ε > 0 and define gm := χCε |
∑n

i=1 fi,mvi| ∈ L0(m) and w̃m ∈M 0 and by requiring that
w̃m is concentrated on Aε and that χAε

∑n
i=1 fi,mvi = gmw̃m. In particular |w̃m| = 1 m-a.e.

on Aε so that w̃m ∈M .
The assumption that (wm) is a Cauchy sequence in M implies that (χAε(fn+1,mvn+1 +

gmw̃m)) is Cauchy in M as well, thus picking f := fn+1,m1 − fn+1,m2 and g := gm1 − gm2

in (1.4.2) and letting m1,m2 → ∞ we deduce that m 7→ χAεfn+1,mvn+1 is also a Cauchy
sequence in M and we call vε its limit. It follows that the sequence m 7→ χAεgmw̃m is also
Cauchy and denoting its limit by w̃ε we certainly have that vε + w̃ε = χAεw̄.

By inductive assumption and the case n = 1, we know that vε ∈ SpanA{vn+1} and wε ∈
SpanA{v1, . . . , vn}; hence χCεw̄ ∈ SpanA{v1, . . . , vn+1}. Now let ε ↓ 0 and use the gluing
property in SpanA{v1, . . . , vn+1} (use that ‖χAεw̄‖M ≤ ‖w̄‖M for every ε) to get the existence
of v̄ ∈ SpanA{v1, . . . , vn+1} such that χCε v̄ = χCεw̄ for every ε > 0. Since ∪ε>0Cε = C, by
the locality property we conclude that χCw̄ = v̄ ∈ SpanA{v1, . . . , vn+1}, which is the thesis.

�

As a direct consequence we deduce the following reflexivity result:

Theorem 1.4.7 Let M be an Lp(m)-normed module, p < ∞, A ∈ B(M) and assume that
the local dimension of M on A is n ∈ N. Then the local dimension of the dual module M ∗

on A is also n.
In particular, a locally finitely generated Lp(m)-normed module with p <∞ is reflexive.

proof Let v1, . . . , vn be a local basis of M on A, put Mi := SpanA{v1, . . . , vi−1, vi+1, . . . , vn},
i = 1, . . . , n, and notice that by Proposition 1.4.6 above we know that the Mi’s are submodules
of M . Then by point (ii) of Proposition 1.2.14 we know that M /Mi is an Lp(m)-normed
module as well and denoting by πi : M → M /Mi the natural projection, the fact that the
vi’s form a base on A ensures that πi(vi) 6= 0 m-a.e. on A. Apply Corollary 1.2.16 to the
Lp(m)-normed module M /Mi and its element πi(vi) to obtain the existence of L̃i ∈ (M /Mi)

∗
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such that L̃i(πi(vi)) 6= 0 m-a.e. on A. Define Li ∈ M ∗ as Li := L̃i ◦ πi so that Li(vj) = 0
m-a.e. on A for i 6= j and Li(vi) 6= 0 m-a.e. on A.

We claim that L1, . . . , Ln is a base of M ∗ on A. We start proving that they span M ∗ on
A: pick L ∈M∗ and define fi := L(vi) ∈ L1(m). Then writing a generic v ∈M concentrated
on A using its coordinates w.r.t. the vi’s, we see that the identity χAL = χA

∑
i fiLi, to

be understood in (M ∗)0, is valid. This proves that indeed SpanA{Li} = M ∗|A. For linear

independence, assume that
∑

i fiLi = 0 m-a.e. on A for some fi ∈ L∞(m) and evaluate this
identity in vj to obtain fjLj(vj) = 0 m-a.e. on A. Recalling that Lj(vj) 6= 0 m-a.e. on A, we
deduce that fj = 0 m-a.e. on A, as desired.

The second part is then a simple consequence of the first and of the fact that IM : M →
M ∗∗ is an isomorphism of M with its image. �

On Lp(m)-normed modules we also have the following simple and useful criterion for rec-
ognizing elements in the dual module via their action on a generating space:

Proposition 1.4.8 Let M be an Lp(m)-normed module, p < ∞, V ⊂ M a linear subspace
which generates M and L : V → L1(m) linear and such that

|L(v)| ≤ `|v|, m-a.e. ∀v ∈ V, (1.4.3)

for some function ` ∈ Lq(m), where 1
p + 1

q = 1.

Then L can be uniquely extended to a module morphism L̃ from M to L1(m), i.e. to an
element of M ∗, and such L̃ satisfies

|L̃| ≤ `, m-a.e..

proof Let Ṽ ⊂M be the set of elements of the form
∑n

i=1
χAivi for some n ∈ N, Ai ∈ B(M)

and vi ∈ V , i = 1, . . . , n. Notice that Ṽ is a vector space and define L̃ : Ṽ → L1(m) as

L̃
( n∑
i=1

χAivi

)
:=

n∑
i=1

χAiL(vi).

The bound (1.4.3) grants that this is a good definition, i.e. the right hand side depends only
on v :=

∑n
i=1

χAivi and not on the particular way of writing v. Then clearly L̃ is linear.
Moreover, any v ∈ Ṽ can be written as v =

∑n
i=1

χAivi with the Ai’s disjoint and therefore
we have

‖L̃(v)‖L1(m) =

n∑
i=1

∫
Ai

|L(vi)|dm
(1.4.3)

≤
n∑
i=1

∫
Ai

`|vi| dm =

∫
`|v|dm ≤ ‖`‖Lq(m)‖v‖M ,

which shows the continuity of L̃. Hence L̃ can be uniquely extended to a continuous linear
map, still denoted by L̃, from the closure of Ṽ to L1(m). From the definition of SpanM(V )
and property (1.2.8) it is immediate to see that the closure of Ṽ contains SpanM(V ), and
hence its closure, which by assumption is the whole M .

The construction ensures that |L̃(v)| ≤ `|v| m-a.e. for every v ∈ M , thus point (v) of
Proposition 1.2.12 ensures that L̃ is a module morphism.

It is now clear that L̃ is unique, so the proof is complete. �
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Another property of generating subspaces is the following:

Proposition 1.4.9 Let M be an Lp(m)-normed module, p ∈ (1,∞) and V ⊂ M a linear
subspace which generates M . Then for every L ∈M ∗ we have

1

q
|L|q∗ = ess-sup

v∈V
L(v)− 1

p
|v|p, m-a.e..

proof Inequality ≥ is trivial. To prove ≤ notice that if the ess-sup was taken among all
v ∈ M then the claim would be trivial, then conclude noticing that the assumption that V
generates M grants that the space of elements of the form

n∑
i=1

χEivi,

with n ∈ N, Ei ∈ B(M) and vi ∈ V for every i = 1, . . . , n is dense in M . �

We shall also make use of the following simple result:

Proposition 1.4.10 Let M be an Lp(m)-normed module, p <∞, and V ⊂M a generating
set. Assume that V , when endowed with the induced topology, is separable.

Then M is separable as well.

proof Notice that the set Ṽ := {χ|v|≤nv : n ∈ N, v ∈ V } is still separable and generating
and, by definition, made of bounded elements.

Then letting DṼ ⊂ Ṽ and DLp ⊂ Lp(m) countable dense sets, it is easy to check directly
from the definitions that the space of elements of the form

n∑
i=1

fivi, vi ∈ DṼ , fi ∈ DLp , i = 1, . . . , n,

is dense in M , thus giving the result. �

In the case of Hilbert modules, the discussions made provide a quite complete structural
characterization. Notice that to a given Hilbert space H we can associate the Hilbert module
L2(M, H) of L2 maps from M to H, i.e. of maps v : M → H such that ‖v‖2L2(M,H) :=∫
|v|2(x) dm(x) <∞. It is clear that this is indeed an L∞(m)-module, the multiplication with

a function in L∞(m) being simply the pointwise one, and given that (L2(M, H), ‖ · ‖L2(M,H))
is an Hilbert space, we have indeed an Hilbert module.

Now fix an infinite dimensional separable Hilbert space H together with a sequence of
subspaces Vi ⊂ H, i ∈ N, such that dimVi = i for every i ∈ N. Then to each partition
{Ei}i∈N∪{∞} of M we associate the Hilbert module H({Ei};H, {Vi}) made of elements v of
L2(M, H) such that

v(x) ∈ Vi, m-a.e. on Ei, ∀i ∈ N.

It is readily verified that H({Ei};H, {Vi}) is a submodule of L2(M, H) and thus an Hilbert
module.

We then have the following structural result:

Theorem 1.4.11 (Structural characterization of separable Hilbert modules) Let
H be a separable Hilbert module. Then there exists a unique partition {Ei}i∈N∪{∞} of M
such that H is isomorphic to H({Ei};H, {Vi}).
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proof
Uniqueness It is evident from the construction that the local dimension of H({Ei};H, {Vi})
on Ei is precisely i for any i ∈ N. In particular, due to Proposition 1.4.4, given another
partition {Ẽi}i∈N∪{∞}, the modules H({Ei};H, {Vi}) and H({Ẽi};H, {Vi}) are isomorphic if

and only if Ei = Ẽi for every i ∈ N ∪ {∞}. The claim follows.
Existence For any i ∈ N pick an orthonormal basis ei1, . . . , e

i
i of Vi, let Ei, i ∈ N ∪ {∞}, be

given by Proposition 1.4.5, I ⊂ N ∪ {∞} be the set of indexes i such that m(Ei) > 0 and
for each i ∈ I \ {0,∞}, let vi1, . . . , v

i
i be a basis of H on Ei. We apply the Gram-Schmidt

orthogonalization process: for each i ∈ I \ {0,∞} define a new base ṽi1, . . . , ṽ
i
i of H on Ei by

putting ṽi1 := vi1 and for j = 2, . . . , i defining

ṽij := χEi

(
vij −

j−1∑
k=1

〈vij , ṽik〉
|ṽik|2

ṽik

)
,

where the right hand side is a priori understood in H 0. Then by direct computation of the
norm we see that in fact ṽij ∈H and it is readily verified that ṽi1, . . . , ṽ

i
i is still a basis of H

on Ei. Now define Ti : H |Ei → H({Ei};H, {Vi}) by declaring that

Ti(ṽ
i
j) := χEi |ṽij |eij ,

and extending it to the whole H |Ei by L∞(m)-linearity: the fact that |Ti(ṽij)| = |ṽij | and

〈Ti(ṽij), Ti(ṽij′)〉 = 0 = 〈vij , vij′〉 m-a.e. for j 6= j′ and that ṽi1, . . . , ṽ
i
i is a basis grant that this

extension exists, is unique and defines a norm-preserving modulo morphism.
Now define TN : H |∪i∈NEi → H({Ei};H, {Vi}) by

TN(v) :=
∑

i∈I\{0,∞}

Ti(χEiv), ∀v ∈H |∪i∈NEi .

Given that the Ti’s are norm-preserving, the series at the right hand side of this last expression
converges in H({Ei};H, {Vi}), so the definition is well-posed. It is then clear that TN is a norm
preserving modulo morphism whose image is precisely H({Ei};H, {Vi})|∪i∈NEi . If m(E∞) = 0,

then H |∪i∈NEi = H and TN is surjective, so that the proof is complete.

Otherwise assume that m(E∞) > 0 and let {vi}i∈N be a countable dense subset of H |E∞ ,

which exists because H is separable. Put H0 := {0} ⊂ H and for i ∈ N, i > 0, we shall
inductively define:

i) an increasing sequence (Hi) of submodules such that the dimension of Hi on E∞ is
exactly i, and vj ∈Hi for every j ≤ i,

ii) a sequence (wi) ⊂H such that w1, . . . , wi is a local basis of Hi on E∞ and 〈wi, wj〉 = 0
m-a.e. on E∞ for any i 6= j.

The construction goes as follows. Pick i ∈ N and assume that both the submodule Hi and
the local basis w1, . . . , wi have been defined (the latter being the empty condition if i = 0).
Let n1 be the minimum n ∈ N such that vn /∈Hi. Such integer exists because (vn) is dense in
H |E∞ , Hi has finite dimension on E∞, while H |E∞ has not. Then notice that the family of
subsets B of E∞ such that χBvn1 ∈ Hi is stable by countable union and thus there exists a
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maximal set B1 with this property. Put A1 := E∞ \B1 and let Hi,1 be the module generated
by Hi ∪ {χA1vn1}. Notice that by induction we have n1 > i and vn ∈Hi,1 for every n ≤ n1.

Continue by iteration: if Ak−1 has already been defined and m(E∞ \ ∪j<kAj) > 0, find the
minimal integer nk so that vnk /∈ Hi,k−1, the maximal subset Bk of E∞ \ ∪j<kAj such that
χBkvnk ∈ Hi,k−1, put Ak := (E∞ \ ∪j<kAj) \ Bk and let Hi,k be the module generated by
Hi,k−1 ∪ {χE∞\∪j<kAjvnk}.

If for some k ∈ N we have m(E∞ \ ∪j<kAj) = 0, put

Hi+1 := Hi,k−1 and ṽi+1 :=

k−1∑
l=1

χAlvnl ,

otherwise put

Hi+1 := the module generated by
⋃
k∈N

Mi,k, and ṽi+1 :=
∑
l∈N

χAl
2l‖vnl‖H

vnl .

We claim that in either case it holds:

∀B ∈ B(M) with m(B) > 0, we have χB ṽi+1 /∈Hi. (1.4.4)

In the first case this is obvious by the fact that the procedure stopped, in the second we
argue by contradiction: if there is B ∈ B(M) with positive measure such that χB ṽi+1 ∈ Hi

by the way we built the vnk ’s this means that for every n ∈ N we have χBvn ∈Hi. But since
{vn}n∈N is dense in H |E∞ , this would imply that (H |E∞)|B = Hi|B, so that H |E∞ would
have finite dimension on B, contradicting the definition of E∞.

Now put

wi+1 := ṽi+1 −
i∑

j=1

〈ṽi+1, wj〉
|wj |2

wj ,

and notice that by construction (i) and (ii) above are fulfilled, the role of (1.4.4) being to
ensure that the wj ’s are independent on E∞.

We remark that by (i) we have that ∪iHi is dense in H |E∞ . Then let (ei)i∈N be an Hilbert

basis of H and define T∞ : H |E∞ → H({Ei};H, {Vi}) by declaring that

T∞(wi) := χE∞ |wi|ei, ∀i ∈ N,

and extending it by L∞(m)-linearity and continuity: the fact that m-a.e. on E∞ we have
|T∞(wi)| = |wi| for every i ∈ N and 〈T∞(wi), T∞(wj)〉 for i 6= j, and properties (i), (ii) grant
that such extension exists, is unique and that T∞ is a norm-preserving module morphism
whose image is precisely H({Ei};H, {Vi})|E∞ .

To conclude, define T : H → H({Ei};H, {Vi}) as

T (v) := TN(χ∪i∈NEiv) + T∞(χE∞v), ∀v ∈H .

The construction grants that T is the desired isomorphism. �

It is worth to underline that the construction of the isomorphism in this last theorem is
somehow similar to the choice of a basis in a given vector space, in the sense that it is
possible but not intrinsic. Thus although in practical situations it is useful to have this
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structural result at disposal, it is reductive and dangerous, and in fact wrong, to think that
every separable Hilbert module is of the form H({Ei};H, {Vi}). Consider for instance a
Riemannian manifold M and the Hilbert module of L2 vector fields on it. Such module is
certainly isometric to L2(M,RdimM ), but the choice of the isomorphism is equivalent to a
Borel choice of an orthonormal basis in a.e. point of M , which is definitively possible but
highly not intrinsic in general.

Remark 1.4.12 (Direct integral of Hilbert spaces) A byproduct of Theorem 1.4.11 is
that it shows that a posteriori the theory of separable Hilbert modules and that of direct
integral of Hilbert spaces (a concept generalizing that of direct sum to a ‘continuous family of
indexes’ - we refer to [55] for an overview of this topic and detailed bibliography) are tightly
linked. Indeed, it is clear that a direct integral of Hilbert spaces is a separable Hilbert module,
while Theorem 1.4.11 shows that the viceversa is also true.

Both approaches describe in some sense the notion of measurable bundle of Hilbert spaces,
the difference being in the way the relevant object is built: with the direct integral one starts
the construction from the notion of ‘fiber’, while with Hilbert modules one rather picks the
‘section’ point of view.

In this analogy, the space H 0 would correspond, in the direct integral language, to a
measurable field of Hilbert spaces, while a module morphism of Hilbert modules corresponds
to a decomposable operator. �

1.5 Tensor and exterior products of Hilbert modules

In this section we discuss the definition of tensor products of Hilbert modules and related
constructions like the exterior product. Shortly said, we want a construction that does the
following job: if we consider the Hilbert module H of L2 vector fields on Rn, then the tensor
product module H ⊗H should be the module of L2 matrix fields x 7→ Ax ∈ Rn×n, the
pointwise norm being the Hilbert-Schmidt norm. Notice that considering the tensor product
of H with itself in the sense of Hilbert spaces would produce a different Hilbert structure,
see Remark 1.5.2.

Theoretical discussions apart, we have a very practical reason for looking for such a con-
struction: on a smooth Riemannian manifold we have the Bochner identity

∆
|∇f |2

2
= |Hess(f)|2

HS
+ 〈∇f,∇∆f〉+ Ric(∇f,∇f),

the norm of the Hessian appearing here being the Hilbert-Schmidt one. Given that one of
the aims of this paper is to build a second order calculus and to provide an analogous of the
above identity on non-smooth spaces with Ricci curvature bounded from below, we must have
at disposal the notion of pointwise Hilbert-Schmidt norm.

A similar comment concerns exterior product, which is necessary in order to define L2

differential forms.

It is worth to recall that for two given Hilbert spaces H1, H2, their tensor product H1⊗H2

is defined as follows. One starts considering the algebraic tensor product H1⊗Alg H2, i.e. the
tensor product of the two spaces seen as vector spaces, and defines a bilinear form 〈·, ·〉 on it
by declaring that

〈v1 ⊗ v2, w1 ⊗ w2〉 := 〈v1, w1〉H1
〈v2, w2〉H2

∀v1, w1 ∈ H1, v2, w2 ∈ H2,

43



and extending it by linearity, 〈·, ·〉Hi being the scalar product on Hi, i = 1, 2. Such bilinear
form is evidently symmetric and one can verify, for instance using Hilbert bases, that it is
positive definite, i.e.

〈A,A〉 ≥ 0

〈A,A〉 = 0 ⇔ A = 0,
(1.5.1)

for every A ∈ H1 ⊗Alg H2. The tensor product H1 ⊗H2 is then defined as the completion of
H1 ⊗Alg H2 w.r.t. the norm induced by 〈·, ·〉.

We turn to the construction in the case of modules. Let H1,H2 be Hilbert modules on a
given fixed σ-finite measured space (M,A,m). Consider the topological vector spaces H 0

1 ,H
0

2

defined in Section 1.3, recall that they are endowed with a natural structure of L0(m)-module
(here we refer just to the algebraic point of view) and consider their algebraic tensor product

H 0
1 ⊗

Alg
L0 H 0

2 . This means that we take the vector space of the formal finite sums of objects
of the kind v⊗̃w, with v ∈ H 0

1 and w ∈ H 0
2 , and quotient it w.r.t. the subspace generated

by the elements of the form

(α1v1 + α2v2)⊗̃w − α1(v1⊗̃w)− α2(v2⊗̃w),

v⊗̃(β1w1 + β2w2)− β1(v⊗̃w1)− β2(v⊗̃w2),

(fv)⊗̃w − v⊗̃(fw),

for generic v, v1, v2 ∈H 0
1 , w,w1, w2 ∈H 0

2 , α1, α2, β1, β2 ∈ R and f ∈ L0(m).

The resulting quotient vector space is, by definition, H 0
1 ⊗

Alg
L0 H 0

2 and as customary we shall
denote by v ⊗ w the equivalence class of v⊗̃w. Given that L0(m) is an abelian ring (w.r.t.

pointwise m-a.e. multiplication), H 0
1 ⊗

Alg
L0 H 0

2 is naturally equipped with a multiplication
with L0(m)-functions by declaring that:

f(v ⊗ w) := (fv)⊗ w = v ⊗ (fw), ∀f ∈ L0(m), v ∈H 0
1 , w ∈H 0

2 ,

and extending it by linearity, the role of the commutativity of the product in L0(m) being to
ensure that this is a good definition.

Denoting by 〈·, ·〉 the pointwise scalar product on both H 0
1 and H 0

2 (recall the discussion

after Definition 1.3.1), we define the bilinear map : from [H 0
1 ⊗

Alg
L0 H 0

2 ]2 to L0(m) by declaring
that

H 0
1 ⊗

Alg
L0 H 0

2 3 v1 ⊗ w1, v2 ⊗ w2 7→ (v1 ⊗ w1) : (v2 ⊗ w2) := 〈v1, v2〉〈w1, w2〉,

and extending it by bilinearity. It is clear that this map is symmetric, i.e. A : B = B : A
m-a.e. for every A,B ∈H 0

1 ⊗
Alg
L0 H 0

2 , and local, i.e.

f(A : B) = (fA) : B = A : (fB) m-a.e. ∀f ∈ L0(m), A,B ∈H 0
1 ⊗

Alg
L0 H 0

2 .

We further claim that it is positive definite in the sense that

A : A ≥ 0 m-a.e.

A : A = 0 m-a.e. on E ⇔ χEA = 0,
(1.5.2)
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for every A ∈ H 0
1 ⊗

Alg
L0 H 0

2 and E ∈ B(M). To verify this property, assume for the moment
that H1,H2 are separable, use the structural characterization provided by Theorem 1.4.11
and then conclude using the analogous property (1.5.1) valid for Hilbert spaces. To remove

the assumption of separability, pick A ∈ H 0
1 ⊗

Alg
L0 H 0

2 and write it as A =
∑n

i=1 vi ⊗ wi

for some vi ∈ H1, wi ∈ H2, i = 1, . . . , n. Then notice that H̃1 := SpanM{v1, . . . , vn} ⊂
H1 and H̃2 := SpanM{w1, . . . , wn} ⊂ H2 are separable because they are finitely generated

(Proposition 1.4.10), observe that by construction A ∈ H̃ 0
1 ⊗

Alg
L0 H̃ 0

2 and conclude applying
the previous argument.

Then define | · |HS : H 0
1 ⊗

Alg
L0 H 0

2 → L0(m) as

|A|HS :=
√
A : A. (1.5.3)

By (1.5.2) the definition is well posed and taking into account bilinearity and locality it is
not difficult to see that

|A|HS = 0 m-a.e. on E ⇔ A = 0 on E,
|A+B|HS ≤ |A|HS + |B|HS m-a.e.,
|fA|HS = |f ||A|HS m-a.e.,

(1.5.4)

for every A,B ∈H 0
1 ⊗

Alg
L0 H 0

2 , f ∈ L0(m) and E ∈ B(M).

The topological vector space H 0
1 ⊗H 0

2 is defined as the completion of H 0
1 ⊗

Alg
L0 H 0

2 w.r.t.
the distance

d⊗(A,B) :=
∑
i

1

2im(Ei)

∫
min{1, |A−B|HS} dm,

where (Ei) ⊂ B(M) is a partition of M in sets of positive and finite measure. It is readily
verified that the topology of H 0

1 ⊗H 0
2 does not depend on the particular partition chosen

and that the operations of addition, multiplication with a function in L0(m) and of pointwise
norm all can, and will, be uniquely extended by continuity to the whole H 0

1 ⊗ H 0
2 still

satisfying (1.5.3) and (1.5.4).

Definition 1.5.1 (The tensor product H1 ⊗H2) The tensor product H1⊗H2 is defined
as the subset of H 0

1 ⊗H 0
2 made of tensors A such that

‖A‖2 :=

∫
|A|2

HS
dm <∞. (1.5.5)

We endow H1 ⊗H2 with the norm defined in (1.5.5). It is clear from the definition (1.5.3)
that such norm is induced by a scalar product and the very definition of H1 ⊗ H2 and
H 0

1 ⊗H 0
2 grant that (H1 ⊗H2, ‖ · ‖) is complete, and thus an Hilbert space. Moreover, the

last in (1.5.4) shows that the multiplication with functions in L0(m) defined on H 0
1 ⊗H 0

2

induces by restriction a multiplication with L∞(m) functions on H1⊗H2 which takes values
in H1 ⊗H2, giving H1 ⊗H2 the structure of an L∞(m)-premodule. Given that it is also, by
(1.5.5) and the last in (1.5.4), L2(m)-normed, we see from Proposition 1.2.12 that H1 ⊗H2

is in fact an Hilbert module.

Remark 1.5.2 (Hilbert modules and Hilbert spaces) Denote by H1⊗Hilb H2 the ten-
sor product of H1 and H2 in the sense of Hilbert spaces. Then it is important to underline
that the Hilbert spaces H1 ⊗Hilb H2 and H1 ⊗H2 are in general different.
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Indeed, for v1 ∈ H1 and v2 ∈ H2, the norm of v1 ⊗ v2 as element of H1 ⊗Hilb H2 is

‖v1‖H1‖v2‖H2 while its norm in H1 ⊗H2 is given by
√∫
|v1|2|v2|2 dm. In fact, this shows

that in general v1 ⊗ v2 might be not an element of H1 ⊗H2 at all. �

Remark 1.5.3 (Lack of universal property) It is debatable whether we are entitled to
call H1⊗H2 ‘tensor product’ or not, the problem being that the lack of the expected universal
property in the category of Hilbert modules.

In this direction, it is worth recalling that the same issue occurs with Hilbert spaces.
Consider for instance an infinite dimensional and separable Hilbert space H, the bilinear
continuous map ⊗ : H×H → H⊗H defined by ⊗(v, w) := v⊗w and the bilinear continuous
map B : H ×H → R given by B(v, w) := 〈v, w〉H . Then there is no linear continuous map
L : H ⊗H → R such that L ◦ ⊗ = B. This can be seen considering an Hilbert base (ei) ⊂ H
and noticing that

sup
n

∥∥∥ n∑
i=1

1

i
ei ⊗ ei

∥∥∥2

H⊗H
= sup

n

n∑
i=1

1

i2
<∞ while B

( n∑
i=1

1

i
ei ⊗ ei

)
=

n∑
i=1

1

i
∼ log n.

Given that if the reference measure m is a Dirac delta the category of Hilbert L∞(m)-
modules is trivially isomorphic to that of Hilbert spaces (see also Example 1.2.19), the same
issue occurs for modules.

Actually, for Hilbert modules over arbitrary measured spaces the situation is much worse:
as we have seen in the previous remark, in general we don’t even have the bilinear continuous
map ⊗ : H ×H →H ⊗H .

Still, the object H ⊗H arises naturally in this framework, will be crucial in our discussions,
and given we won’t propose any other ‘tensor-like product’, we reserve for this one the name
of tensor product. �

Notice that

if D1 ⊂H1, D2 ⊂H2 are dense subsets made of bounded elements, then

the linear span of {v1 ⊗ v2 : v1 ∈ D1, v2 ∈ D2} is dense in H1 ⊗H2,
(1.5.6)

as can be directly checked with a truncation argument. It also follows that

if H1 and H2 are separable then so is H1 ⊗H2. (1.5.7)

Indeed, if D1, D2 are countable dense subsets of H1,H2 made of bounded elements (recall
property (1.2.7)), then the Q-vector space generated by {v1 ⊗ v2 : v1 ∈ D1, v2 ∈ D2} is
dense in the R-vector space generated by the same set, and thus, by (1.5.6) above, dense in
H1 ⊗H2.

In the special case H1 = H2 we denote the tensor product H ⊗H as H ⊗2. In this case
following standard ideas one can define what are symmetric and antisymmetric tensors. In
detail, for A ∈H 0 ⊗Alg

L0 H 0 we define the transpose At ∈H 0 ⊗Alg
L0 H 0 by declaring that

(v ⊗ w)t := w ⊗ v, m-a.e. ∀v, w ∈H 0,

and extending such map by linearity. It is readily verified that this is a good definition, and
that A 7→ At is a linear involution preserving the pointwise norm of H 0 ⊗Alg

L0 H 0 which is
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local in the sense that (fA)t = fAt m-a.e. for every f ∈ L0(m) and A ∈ H 0 ⊗Alg
L0 H 0. In

particular it can be extended by continuity to a linear local involution of H 0⊗H 0 preserving
the pointwise norm which therefore restricts to a morphism, still denoted as A 7→ At, of H ⊗2

into itself which is also an involution and an isometry. In particular, we have

A : B = At : Bt, m-a.e. ∀A,B ∈H ⊗2. (1.5.8)

Then we define H ⊗2
Sym ⊂H ⊗2 as the space of A’s such that At = A and H ⊗2

Asym ⊂H ⊗2 as the

space of A’s such that At = −A. The fact that transposition is a module morphism grants
that H ⊗2

Sym,H
⊗2
Asym are submodules, while identity (1.5.8) gives that

A : B = 0, m-a.e., ∀A ∈H ⊗2
Sym, B ∈H ⊗2

Asym. (1.5.9)

By integration, we see that in particular H ⊗2
Sym,H

⊗2
Asym are orthogonal subspaces, in the sense

of Hilbert spaces, of H ⊗2. For a generic A ∈H ⊗2 define

ASym :=
A+At

2
, AAsym :=

A−At

2
, (1.5.10)

and notice that A = ASym +AAsym with ASym ∈H ⊗2
Sym and AAsym ∈H ⊗2

Asym. It follows that the

direct sum of H ⊗2
Sym and H ⊗2

Asym is the whole H ⊗2 and the maps A 7→ ASym and A 7→ AAsym,

which are module morphisms, are the orthogonal projections onto H ⊗2
Sym, H ⊗2

Asym. Identity
(1.5.9) also gives the identity

|A|2
HS

= |ASym|2HS + |AAsym|2HS m-a.e. ∀A ∈H ⊗2. (1.5.11)

Now we claim that if D ⊂ H is a set of bounded elements generating H in the sense of
modules, then the set {v⊗ v : v ∈ D} generates H ⊗2

Sym in the sense of modules. Indeed, being

the elements of D bounded, we have v⊗v ∈H ⊗2 for every v ∈ D and since v⊗v is certainly
symmetric, we get that {v ⊗ v : v ∈ D} ⊂ H ⊗2

Sym. On the other hand, using the projection

A 7→ ASym we see that H ⊗2
Sym is generated by elements of the kind v⊗w+w⊗ v and thus we

conclude noticing that

v ⊗ w + w ⊗ v = (v + w)⊗ (w + v)− v ⊗ v − w ⊗ w, m-a.e. ∀v, w ∈H 0.

In particular, recalling Proposition 1.4.9 and observing that A : (v ⊗ v) = ASym : (v ⊗ v)
m-a.e. for any A ∈M⊗2, we deduce the formula

|ASym|2HS
= ess-sup

(
2A :

n∑
i=1

vi ⊗ vi −
∣∣∣ n∑
i=1

vi ⊗ vi
∣∣∣2
HS

)
m-a.e. ∀A ∈H ⊗2, (1.5.12)

where the ess-sup is taken among all n ∈ N and v1, . . . , vn ∈ D.

We pass to the exterior product. Recall that for k ∈ N the k-th exterior power ΛkH of
an Hilbert space is defined as the quotient of H⊗n w.r.t. the closed subspace generated by
elements of the form

v1 ⊗ . . .⊗ vk with vi = vj for at least two different indexes i, j.

47



The equivalence class of v1 ⊗ . . .⊗ vk is denoted by v1 ∧ . . . ∧ vk and one can verify that, up
to a factor k!, the scalar product on ΛkH induced by the quotient is characterized by

〈v1 ∧ · · · ∧ vk, w1 ∧ · · · ∧ wk〉 := det
(
vi · wj

)
.

For Hilbert modules the construction is similar. Let us fix an Hilbert module H and k ∈ N.
If k = 0 we put Λ0H := L2(m). For k > 0 we start taking the quotient of the tensor product
(H 0)⊗k w.r.t. the closure of the subspace generated by elements of the form

v1 ⊗ . . .⊗ vk with vi = vj for at least two different indexes i, j,

denote such quotient as ΛkH 0 and the equivalence class of v1⊗ . . .⊗ vk by v1 ∧ . . .∧ vk. The
multiplication with functions in L0(m) passes to the quotient and defines a multiplication
with L0(m) functions satisfying

f(v1 ∧ . . . ∧ vk) = (fv1) ∧ . . . ∧ vk = · · · = v1 ∧ . . . ∧ (fvk).

Starting from the result on Hilbert spaces and using the structural characterization of Hilbert
modules (Theorem 1.4.11) as done before we see that, up to a multiplication by k!, the scalar
product on ΛkH 0 is characterized by

〈v1 ∧ · · · ∧ vk, w1 ∧ · · · ∧ wk〉 = det
(
〈vi, wj〉

)
.

It is then clear that such scalar product is positively definite, i.e.

〈ω, ω〉 ≥ 0 m-a.e.

〈ω, ω〉 = 0 m-a.e. on E ⇔ χEω = 0,

for every ω ∈ ΛkH 0. Then we define the pointwise norm |ω| :=
√
〈ω, ω〉 ∈ L0(m) and finally

the k-th exterior power of an Hilbert module as:

Definition 1.5.4 (Exterior power) The k-th exterior power ΛkH of H is the subspace
of ΛkH 0 made of elements ω such that

‖ω‖2 :=

∫
|ω|2 dm <∞.

The same simple arguments used for the tensor product ensure that ΛkH is an Hilbert
module and that

if H is separable then so is ΛkH for any k ∈ N. (1.5.13)

We conclude noticing that the map

(v1 ∧ . . . ∧ vk, w1 ∧ . . . ∧ wk′) 7→ v1 ∧ . . . ∧ vk ∧ w1 ∧ . . . ∧ wk′ ,

can be extended by bilinearity and continuity to a map, called wedge product, from
ΛkH 0 × Λk

′
H 0 to Λk+k′H 0.
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1.6 Pullback

A basic construction in differential geometry is that of pullback bundle and in this section we
show that this has an analogous in the context of Lp(m)-normed modules. The concept that
such definition grasps is the following. Let (Mi,Ai,mi), i = 1, 2, be measured spaces, pretend
that M is an Lp(m1)-normed module given by a family of Banach spaces (Bx, ‖ · ‖x)x∈M1 as
informally described in Example 1.2.11 and let ϕ : M2 → M1 measurable with ϕ∗m2 ≤ Cm1

for some C > 0. Then the pullback module ϕ∗M would be the Lp(m2)-normed module made
of maps which assign to m2-a.e. point x2 ∈ M2 an element v(x2) ∈ BT (x2) in such a way that
‖|v|T (x2)‖Lp(m2) <∞.

We shall concentrate on the case p <∞.

The rigorous definition comes via explicit construction. We start with the following defini-
tion:

Definition 1.6.1 (Map of bounded compression) Let (M1,A1,m1) and (M2,A2,m2) be
two σ-finite measured spaces as discussed in Section 1.1. A map of bounded compression ϕ :
M2 → M1 is (the equivalence class w.r.t. equality m2-a.e. of) a measurable map ϕ : M2 → M1

such that
ϕ∗m2 ≤ Cm1,

for some C ≥ 0.

Now fix σ-finite measured spaces (M1,A1,m1) and (M2,A2,m2), a map ϕ : M2 → M1 of
bounded compression and an Lp(m1)-normed module M , p ∈ [1,∞).

Define the ‘pre-pullback’ set Ppb as

Ppb :=
{
{(vi, Ai)}i∈N : (Ai)i∈N is a partition of M2,

vi ∈M ∀i ∈ N, and
∥∥∥∑
i∈N

χAi |vi| ◦ ϕ
∥∥∥
Lp(m2)

<∞
}
,

and an equivalence relation on Ppb by declaring {(vi, Ai)}i∈N ∼ {(wj , Bj)}j∈N provided

|vi − wj | ◦ ϕ = 0, m2-a.e. on {Ai ∩Bj}, ∀i, j ∈ N.

It is readily verified that this is indeed an equivalence relation and we shall denote by [(vi, Ai)i]
the equivalence class of {(vi, Ai)}i∈N (with respect to the informal and non-rigorous presen-
tation given before, we shall think of [(vi, Ai)i] as the element of the pullback module which
takes the value vi(ϕ(x)) on x ∈ Ai).

Define the sum of elements of Ppb/ ∼ as

[(vi, Ai)i] + [(wj , Bj)j ] := [(vi + wj , Ai ∩Bj)i,j ],

and the multiplication with a scalar λ ∈ R as

λ[(vi, Ai)}i] := [(λvi, Ai)i].

It is clear that these operations are well defined and endow Ppb/ ∼ with a vector space
structure.
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Recalling that Sf(m2) ⊂ L∞(m2) is the space of simple functions, i.e. those attaining only a
finite number of values, for [(vi, Ai)i] ∈ Ppb/ ∼ and g =

∑
j ajχBj ∈ Sf(m2) with (Bj) finite

partition of M2, we define the product g[(vi, Ai)i] ∈ Ppb/ ∼ as

g[(vi, Ai)i] := [(ajvi, Ai ∩Bj)i,j ].

It is readily verified that this definition is well posed, that the resulting multiplication is a
bilinear map from Sf(m2) × Ppb/ ∼ into Ppb/ ∼ and that 1[(fi, Ai)i] = [(fi, Ai)i]. Finally,
we consider the map | · | : Ppb/ ∼→ Lp(m2) given by∣∣[(vi, Ai)i]∣∣ :=

∑
i∈N

χAi |vi| ◦ ϕ.

As direct consequences of the definitions we get the (in)equalities∣∣[(vi + wj , Ai ∩Bj)i,j ]
∣∣ ≤ ∣∣[((vi, Ai)i]∣∣+

∣∣[(wj , Bj)j ]∣∣,∣∣λ[(vi, Ai)i]
∣∣ = |λ|

∣∣[(vi, Ai)i]∣∣,∣∣g[(vi, Ai)i]
∣∣ = |g|

∣∣[(vi, Ai)i]∣∣, (1.6.1)

valid m2-a.e. for every [((vi, Ai)i], [(wj , Bj)j ] ∈ Ppb/ ∼, λ ∈ R and g ∈ Sf(m2), so that in
particular the map ‖ · ‖ : Ppb/ ∼→ [0,∞) defined by∥∥[(vi, Ai)i]

∥∥ :=
∥∥∣∣[(vi, Ai)i]∣∣∥∥Lp(m2)

=
∥∥∥∑
i∈N

χAi |vi| ◦ ϕ
∥∥∥
Lp(m2)

(1.6.2)

is a norm on Ppb/ ∼.

Definition 1.6.2 (The pullback module ϕ∗M ) With the above notation and assump-
tions, the space ϕ∗M is defined as the completion of (Ppb/ ∼, ‖ · ‖).

With this definition, a priori ϕ∗M is only a Banach space, but in fact it comes with a canonical
structure of Lp(m2)-normed module. Indeed, from the last in (1.6.1) and the definition (1.6.2)
we see that for any g ∈ Sf(m2) and [(vi, Ai)i] ∈ Ppb/ ∼ we have

‖g[(vi, Ai)i]‖ ≤ ‖g‖L∞‖[(vi, Ai)i]‖,

and thus, by the density of Sf(m2) in L∞(m2), such multiplication can be uniquely extended
to a bilinear continuous map from L∞(m2) × ϕ∗M to ϕ∗M which gives the structure of
L∞(m2) premodule. Moreover, from the first in (1.6.1) we also see that for a Cauchy sequence
n 7→ [(vn,i, An,i)] ∈ Ppb/ ∼ the sequence n 7→ |[(vn,i, An,i)]| is Lp(m2)-Cauchy. The limit of
such sequence defines a map | · | : ϕ∗M → Lp(m2) which, passing to the limit in (1.6.1) and
(1.6.2), is shown to be a pointwise norm.

With this structure and recalling Proposition 1.2.12 we see that ϕ∗M is an Lp(m2)-normed
module for p <∞, as claimed.

The pullback map ϕ∗ : M → ϕ∗M is defined as

ϕ∗v := [(v,M2)], ∀v ∈M , (1.6.3)
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where (v,M2) ∈ Ppb is a shorthand for (vi, Ai)i∈N with v0 = v, A0 = M2 and vi = 0, Ai = ∅
for i > 0. Notice that

ϕ∗(fv) = f ◦ ϕϕ∗v,
|ϕ∗v| = |v| ◦ ϕ,

(1.6.4)

m2-a.e. for every v ∈M and f ∈ L∞(m1). Indeed, the second is a direct consequence of the
definition of pointwise norm on ϕ∗M , while the first can be verified directly from the definition
(1.6.3) and the one of equivalence relation on Ppb for f = χA, A ∈ B(M1), then by linearity
it follows for simple functions f and finally the general case is achieved by approximation.

We remark that directly from property (1.2.13) and the definition of pointwise norm on the
pullback, we have that

the pullback of an Hilbert module is an Hilbert module.

The simplest case of the pullback construction is when the Lp(m1)-normed module M is
precisely the space of functions Lp(m1): in this case we can identify ϕ∗M with Lp(m2) via
the injection [(fi, Ai)i] 7→

∑
i
χAifi ◦ ϕ and formulas (1.6.3), (1.6.4) read as

ϕ∗f = f ◦ ϕ, ∀f ∈ Lp(m1).

Notice that directly from the definition of ϕ∗M (recall also the property (1.2.8)) we get that

ϕ∗M is generated, in the sense of modules, by the vector space {ϕ∗v : v ∈M }. (1.6.5)

It is worth underlying that the measure m1 on M1 does not really play a key role in the
definition of pullback module besides the compatibility requirement ϕ∗m2 ≤ Cm1. To see
why, consider another measure m′1 on M1 such that ϕ∗m2 ≤ C ′m′1 � m1 for some C ′ ∈ R and
recall the construction of the Lp(m′1)-normed module Mp,m′1

given at the end of Section 1.3.
Then directly by the definitions it is easy to establish that

ϕ∗M = ϕ∗Mp,m′1
. (1.6.6)

In particular, the choice m′1 := ϕ∗m2 is always possible.
Another direct consequence of the definitions is that if (M3,A3,m3) is another measured

space and ψ : M3 → M2 is of bounded compression, then

ψ∗(ϕ∗M ) ∼ (ψ ◦ ϕ)∗M , (1.6.7)

the identification being given by [([(vi,j , Ai,j)i], Bj)j ]→ [(vi,j , ψ
−1(Ai,j)∩Bj)i,j ] for vi,j ∈M ,

(Ai,j)i partition of M2 for every j and (Bj) partition of M3. Having done this identification
we also have

ψ∗ϕ∗v = (ψ ◦ ϕ)∗v ∀v ∈M .

The pullback module has the following universal property:

Proposition 1.6.3 (Universal property of the pullback) Let (Mi,Ai,mi), i = 1, 2, 3 be
three measured spaces, p ∈ [1,∞), M an Lp(m1)-normed module and ϕ : M2 → M1 and
ψ : M3 → M2 of bounded compression.
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Also, let N be an Lp(m3)-normed module and T : M → N be a linear map such that

T (fv) = f ◦ ϕ ◦ ψ T (v) ∀f ∈ L∞(m1), v ∈M ,
|T (v)| ≤ C|v| ◦ ϕ ◦ ψ, m3-a.e. ∀v ∈M ,

(1.6.8)

for some constant C ≥ 0, so that in particular T is continuous.
Then there exists a unique linear map S : ϕ∗M → N such that

S(gw) = g ◦ ψ S(w) ∀g ∈ L∞(m2), w ∈ ϕ∗M ,
S(ϕ∗v) = T (v) ∀v ∈M ,
|S(w)| ≤ C ′|w| ◦ ψ, m3-a.e. ∀w ∈ ϕ∗M ,

(1.6.9)

for some C ′ ≥ 0. In this case, the best constant C ′ coincides with the best constant C in
(1.6.8).

proof Uniqueness comes by the requirements (1.6.9) recalling property (1.6.5).
For existence, we denote by V ⊂ ϕ∗M the vector space generated by elements of the

form χBϕ
∗v for v ∈ M and B ∈ B(M2). Notice that each w ∈ V can be written as

w =
∑n

i=1
χBiϕ

∗vi with the Bi’s disjoint and for such way of expressing w declare

S(w) :=
∑
i

χψ−1(Bi) T (vi).

Notice that

|S(w)| =
∑
i

χψ−1(Bi) |T (vi)| ≤ C
(∑

i

χBi |v| ◦ ϕ
)
◦ ψ = C|w| ◦ ψ, m3-a.e.,

which shows in particular that the definition of S is well posed, i.e. S(w) depends only on
w and not on the particular way of writing it. It is now clear that S is linear and continuos
and thus can be extended to a continuous map form the closure of V , which by (1.6.5) and
(1.2.8) is easily seen to be the whole ϕ∗M , to N . The second and third properties in (1.6.9)
then follow by construction. In turn, the first is obtained for simple functions g by the very
definition of S and then the general case by approximation. The last claim is now obvious.

�

Notice that if one replaces the last requirements in (1.6.8) and (1.6.9) by asking only for the
continuity of the maps involved, the resulting statement is false.

Remark 1.6.4 (The construction from the point of view of category theory) Not
surprisingly, the above universal property fits in the framework of category theory, but
given that two different structures appear in the statement, that of measured space and
that of Lp-normed module, it is possibly worth to spend two words on how to make such
interpretation.

Thus we introduce the category Meas, say, whose objects are σ-finite measured spaces
(M,A,m) as in Section 1.1 and whose morphisms are maps of bounded deformation. Then
for p ∈ [1,∞) we consider also the category Modp−L∞ whose objects are couples (M,M )
where M = (M,A,m) is an object of Meas and M is an Lp(m)-normed module, and where
a morphism from (M2,M2) to (M1,M1) is a couple (ϕ,Φ) with ϕ : M2 → M1 of bounded
compression and Φ : M1 →M2 a linear map satisfying

Φ(fv) = f ◦ ϕΦ(v) ∀v ∈M1, f ∈ L∞(m1),
|Φ(v)| ≤ C |v| ◦ ϕ m2-a.e. ∀v ∈M1,
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for some C ≥ 0.
The map associating to the measured space (M,A,m) the couple (M, 0) and to the map of

bounded compression ϕ the couple (ϕ, 0) is then a fully faithful functor injective on objects (see
e.g. [41]). In other words, we can realize Meas as full subcategory of Modp−L∞ . Moreover,
given an object (M,M ) in Modp−L∞ we have a canonical morphism from (M,M ) to (M, 0),
namely (Id, 0).

After this identification, Proposition 1.6.3 tells exactly that the pullback module is the
pullback in the category Modp−L∞ . Notice indeed that property (1.6.4) tells that (ϕ,ϕ∗) is
a morphism from (M2, ϕ

∗M ) to (M1,M ) and it is clear that the diagram

(M2, ϕ
∗M ) (M2, 0)

(M1,M ) (M1, 0)

(Id, 0)

(ϕ,ϕ∗) (ϕ, 0)

(Id, 0)

commutes. Then notice that if (M3,N ) is an object in Modp−L∞ and (ψ1,Ψ1) : (M3,N )→
(M2, 0) and (ψ2,Ψ2) : (M3,N ) → (M1,M ) are morphisms such that (ψ1,Ψ1) ◦ (ϕ, 0) =
(ψ2,Ψ2) ◦ (Id, 0), we must have ψ2 = ψ1 ◦ ϕ. In this case, Proposition 1.6.3 tells that there is
a unique morphism (ψ3,Ψ3) : (M3,N )→ (M1, ϕ

∗M ) such that the diagram

(M2, ϕ
∗M ) (M2, 0)

(M1,M ) (M1, 0)

(M3,N )

(Id, 0)

(ϕ,ϕ∗)

(Id, 0)

(ϕ, 0)
(ψ1 ◦ ϕ,Ψ2)

(ψ1.Ψ1)

(ψ3,Ψ3)

commutes. �

Consider now the question of understanding who is the dual of the pullback module ϕ∗M ,
which we shall discuss only for p ∈ (1,∞).

We claim that such dual always contains a copy of the pullback ϕ∗M ∗ of the dual module
M ∗ and to this aim we define an isometric morphism Iϕ : ϕ∗(M ∗) → (ϕ∗M )∗ by declaring
that for v ∈M and L ∈M ∗ we have

Iϕ(ϕ∗L)(ϕ∗v) := L(v) ◦ ϕ, (1.6.10)

and extending the map by L∞(m2)-linearity and continuity. More in detail, for given L ∈M ∗

we can use the trivial inequality

|L(v) ◦ ϕ| ≤ |L|∗ ◦ ϕ |v| ◦ ϕ = |ϕ∗L|ϕ∗M ∗ |ϕ∗v|ϕ∗M , m2-a.e. ∀v ∈M ,
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property (1.6.5) and Proposition 1.4.8 applied to the Lp(m2)-normed module ϕ∗M to deduce
that there exists a unique element of (ϕ∗M )∗, which we shall call Iϕ(ϕ∗L), for which (1.6.10)
holds for every v ∈M and such Iϕ(ϕ∗L) also fulfills

|Iϕ(ϕ∗L)|(ϕ∗M )∗ ≤ |ϕ∗L|ϕ∗M ∗ , m2-a.e.. (1.6.11)

We thus built a map Iϕ : {ϕ∗L : L ∈ M ∗} → (ϕ∗M )∗ and using property (1.6.5) for the
Lq(m2)-normed module ϕ∗M ∗, where q ∈ (1,∞) is such that 1

p + 1
q = 1, and arguments

similar to that used for Proposition 1.4.8, it is easy to see that the bound (1.6.11) grants
that Iϕ can be uniquely extended to a module morphism, still denoted by Iϕ, from ϕ∗M ∗ to
(ϕ∗M )∗ which satisfies

|Iϕ(L̃)|(ϕ∗M )∗ ≤ |L̃|ϕ∗M ∗ , m2-a.e., ∀L̃ ∈ ϕ∗M ∗.

Moreover, it is easy to see that equality holds in this last inequality. Indeed, by considering L̃
of the form [(Li, Bi)], choosing for every i a maximizing sequence (vi,n) ⊂M in the definition
(1.2.10) of the dual norm |Li|M ∗ and then testing Iϕ(L̃) on the elements [(vi,n, Bi)i], we obtain
the equality

|Iϕ(L̃)|(ϕ∗M )∗ = |L̃|ϕ∗M ∗ , m2-a.e..

Then the same identity for general elements of ϕ∗M ∗ follows by density.
Therefore, as claimed, (1.6.10) defines an isometric morphism Iϕ : ϕ∗(M ∗)→ (ϕ∗M )∗ .

The question is whether Iϕ is surjective or not. Shortly said, the general answer is negative
and a sufficient condition for it to be positive is that M ∗ is separable and the measurable
structures (Mi,Ai) involved are Borel structures of complete separable metric spaces.

In order to understand the situation we remark that there is a particular case where the
construction of the pullback module reduces, from the perspective of Banach spaces, to a well
known one: if M2 = M1 × [0, 1] is endowed with the product of the measures m1 and L1|[0,1]

,

and the map π : M2 → M1 is the canonical projection, then the pullback π∗M of an Lp(m1)-
normed module M can be canonically identified, when seen as Banach space, with the space
Lp([0, 1],M ). To see why, recall that for any given Banach space B, the space Lp([0, 1], B)
consists of all (equivalence classes w.r.t. L1-a.e. equality of Borel) functions f : [0, 1]→ B such
that ‖f‖pLp([0,1],B) :=

∫ 1
0 ‖f(t)‖pB dt <∞ and that when endowed with the norm ‖ · ‖Lp([0,1],B)

this is a Banach space itself.
Now observe that an argument based on subsequent subdivisions shows that the set D ⊂

π∗M made of elements of the form
∑

i
χM1×Aiπ

∗vi for some vi ∈ M , i ∈ N, and partition
(Ai) of [0, 1] is dense in π∗M and that the map ιM : D → Lp([0, 1],M ) defined as

ιM

(∑
i∈N

χM2×Aiπ
∗vi

)
:=
∑
i∈N

χAivi,

is a well-defined linear isometry whose image is dense in Lp([0, 1],M ). Thus it can, and will,
be extended to a bijective isometry from π∗M to Lp([0, 1],M ), still denoted by ιM .

Therefore, recalling that from Proposition 1.2.13 we know that Lp-normed modules have
full dual, we see that in this case asking for the image of Iπ to be the whole (π∗M )∗ is
equivalent to ask the dual of Lp([0, 1],M ) to be (identifiable with) the space Lq([0, 1],M ∗),
which in turn is well known to be equivalent to the Radon-Nikodym property of M ∗. We
refer to [27] for the definition of the Radon-Nikodym property of a Banach space and all the
relevant related results which we will use.

Having clarified this, we are going to proceed as follows:
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i) In Proposition 1.6.5 we shall precisely state in which sense the Banach dual of π∗M can
be identified with π∗M ∗ under the assumption that M ∗ is separable, which is sufficient
to grant the Radon-Nikodym property and general enough for our purposes. The proof
is based just on keeping track of the various identifications we built so far.

ii) In the technical Lemma 1.6.6 we shall present a measure-theoretic construction that
will allow to reduce the study of general pullbacks to the base case π∗M . Notice
that in order to be able to construct the relevant object, we will need some ‘universal’
constructions in measure theory like the isomorphism theorem for measure rings, the
disintegration theorem and the Kuratowski-Ryll Nardzewski Borel selection theorem.
In turn, all of these require some additional structure, of topological nature, to that of
general measured spaces. We will work with complete separable metric spaces, as these
are the structures we shall deal with from the next chapter on.

iii) Finally, in Theorem 1.6.7 we will show how such technical lemma allows to prove, under
the stated topological assumptions, that the pullback module ϕ∗M can be seen as a
sort of quotient of π∗M . This fact coupled with the analysis of π∗M will allow us to
conclude that if M ∗ is separable, then indeed ϕ∗M ∗ ∼ (ϕ∗M )∗ the identification being
given by the map Iϕ.

We thus start with the following statement:

Proposition 1.6.5 (The Banach dual of π∗M ) Let (M,A,m) be a σ-finite measured
space as in Section 1.1 and M an Lp(m)-normed module, p ∈ (1,∞). Consider the pull-
back module π∗M , where π : M × [0, 1] → M is the canonical projection and M × [0, 1] is
endowed with the product measure m̄ := m× L1|[0,1]

.

Assume that M ∗ is separable. Then for every linear continuous functional l : π∗M → R
there exists a unique L ∈ π∗M ∗ such that

l(v) =

∫
Iπ(L)(v) dm̄, ∀v ∈ π∗M .

proof Uniqueness is obvious, so we focus on existence. We start observing that for arbitrary
 ∈ Lq([0, 1],M ∗) and v ∈ π∗M the identity

Iπ(ι−1
M ∗)(v)(x, t) = t(ιM (v)t)(x) (1.6.12)

holds for m̄-a.e. (x, t). This can be checked directly from the definitions for  step function
(i.e. attaining only a finite number of values) and v = [(vi,M × Ai)i], (Ai) being a partition
of [0, 1], then the general case follows by density.

Now notice that the map l◦ι−1
M : Lp([0, 1],M )→ R is linear and continuous, i.e. an element

of the dual (Lp([0, 1],M ))′ of Lp([0, 1],M ). By Proposition 1.2.13 we know that the Banach
dual M ′ of M can be canonically identified with the module dual M ∗ in the sense that
IntM ∗ : M ∗ →M ′ is a surjective isometry. In particular, being M ∗ separable, so is M ′ and
therefore by the Dunford-Pettis theorem (see Theorem 1 in Section 3 of Chapter 3 in [27])
M ′ has the Radon-Nikodym property. It follows that (Lp([0, 1],M ))′ ∼ Lq([0, 1],M ′), where
1
p + 1

q = 1, (see Theorem 1 in Section 1 of Chapter 4 in [27] and notice that the hypothesis
that the space has finite measure can be easily replaced with ‘the space is σ-finite’) and thus
there exists  ∈ Lq([0, 1],M ′) such that∫ 1

0
t(wt) dt = l ◦ ι−1

M (w), ∀w ∈ Lp([0, 1],M ).
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Using again the fact that IntM ∗ : M ∗ → M ′ is surjective we see that there is ̃ ∈
Lq([0, 1],M ∗) such that∫ 1

0

∫
̃t(wt) dmdt = l ◦ ι−1

M (w), ∀w ∈ Lp([0, 1],M ).

It is then clear from (1.6.12) that L := ι−1
M ∗ (̃) ∈ π∗M ∗ fulfills the requirements. �

We turn to the technical lemma:

Lemma 1.6.6 Let (M1, d1), (M2, d2) be complete separable metric spaces, m2 a Borel measure
on M2 and ϕ : M2 → M1 a Borel map such that ϕ∗m2 is σ-finite.

Then there exists a Borel map ψ : M1× [0, 1]→ M2 such that ψ∗(ϕ∗m2×L1|[0,1]
) = m2 and

the identity ϕ ◦ ψ = π holds ϕ∗m2 × L1|[0,1]
-a.e., where π : M1 × [0, 1]→ M1 is the canonical

projection.

proof Without loss of generality and up to replace d2 with d2 ∧ 1 we can, and will, assume
that d2 is a bounded distance so that the distance W2 metrizes the narrow convergence on
the space P(M2) = P2(M2) (see for instance Chapter 2 of [6] or Chapter 6 of [56] for the
relevant definitions and properties).

Let Y be the space of (equivalence classes w.r.t. L1-a.e. equality of Borel) maps from [0, 1]

to M2 endowed with the distance dY (f, g) :=
√∫

[0,1] d
2
2(f(t), g(t)) dL1(t). Notice that (Y, dY )

is complete and separable and consider the push-forward map Pf : Y → P(M2) given by
f 7→ Pf(f) := f∗L

1|[0,1]
. We claim that

i) For every µ ∈P(M1) we have Pf−1(µ) 6= ∅,

ii) For every µ, ν ∈ P(M1), f ∈ Pf−1(µ) and ε > 0 there exists g ∈ Pf−1(ν) such that
dY (f, g) ≤W2(µ, ν) + ε.

Indeed, (i) follows by the classical isomorphism theorem for measure rings, see for instance
Theorem 9 in Chapter 15 of the book [49]. For (ii) assume for a moment that µ has no atoms
and recall that by a result of Pratelli ([47]) in this case for every ε > 0 there is a Borel map

T : M2 → M2 such that T∗µ = ν and
√∫

d1(x, T (x))2 dµ(x) ≤ W2(µ, ν) + ε. Then define

g := T ◦ f to conclude. If µ has atoms, replace M2, and [0, 1] by M2 × [0, 1] and [0, 1]2, the
measures µ, ν by µ × L1|[0,1]

, ν × L1|[0,1]
and f by f̃(t, s) := (f(t), s): apply the previous

argument and then project everything neglecting the additional factor [0, 1] to conclude.
Thus for any open set Ω ⊂ Y the set {µ : Pf−1(µ) ∈ Ω} is non-empty by (i) and open

- and a fortiori Borel - in (P(M2),W2) by (ii). By the Kuratowski-Ryll Nardzewski Borel
selection theorem (see for instance Theorem 6.9.3 in [21]) we deduce the existence of a Borel
map S : P(M2)→ Y such that

Pf(S(µ)) = µ, for every µ ∈P(M1). (1.6.13)

Now we apply the disintegration theorem (see for instance Section III-70 of [24] and notice
that the assumption that m2 is a probability measure can be easily removed using a patching
argument based on the fact that ϕ∗m2 is σ-finite) to deduce the existence of a map M1 3
x1 7→ m2,x1 ∈P(M2) (which is unique up to ϕ∗m2-a.e. equality) such that
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a) m2,x1(M2 \ ϕ−1({x1})) = 0 for ϕ∗m2-a.e. x1 ∈ M1,

b) the map x1 7→ m2,x1(E) is Borel for every E ⊂ M2 Borel,

c) for every f̄ ∈ Cb(M2) we have
∫
f̄ dm2 =

∫ ( ∫
f̄ dm2,x1

)
dϕ∗m2(x1).

From (b) it follows that the map x1 7→ m2,x1 is Borel when we endow the target space with
the distance W2 and therefore the map ψ : M1 × [0, 1]→ M2 given by

ψ(x1, t) := S(m2,x1)(t), ∀x1 ∈ M1, t ∈ [0, 1],

is Borel. Properties (c) and (1.6.13) ensure that ψ∗(ϕ∗m2 × L1|[0,1]
) = m2, while (a) grants

that ϕ∗m2 × L1|[0,1]
-a.e. it holds ϕ ◦ ψ = π, thus the proof is achieved. �

We now have all the tools we need to prove our main result concerning the dual of ϕ∗M :

Theorem 1.6.7 (The module dual of ϕ∗M ) Let (M1, d1), (M2, d2) be two complete and
separable metric spaces, m1, m2 σ-finite Borel measures an M1 and M2 respectively and ϕ :
M2 → M1 a Borel map such that ϕ∗m2 ≤ Cm1 for some C ≥ 0.

Furthermore, let M be an Lp(m1)-normed module, p ∈ (1,∞), and assume that M ∗ is
separable.

Then the isometric morphism Iϕ : ϕ∗M ∗ → (ϕ∗M )∗ defined by (1.6.10) is surjective.

proof By the discussion made at the end of Section 1.3, we can consider the module Mp,ϕ∗m2 :
by (1.3.5) we know that its dual can be canonically identified with M ∗

q,ϕ∗m2
, where q ∈ (1,∞)

is such that 1
p + 1

q = 1. Then the assumption that M ∗ is separable yields (recall (1.3.4)) that
M ∗

q,ϕ∗m2
is separable as well and thus up to replace m1 with ϕ∗m2 and M with Mp,ϕ∗m2 and

recalling property (1.6.6) we can, and will, assume that m1 = ϕ∗m2. We also put for brevity
m̄ := m1 × L1|[0,1]

.

Let ψ : M1 × [0, 1] → M2 be the Borel map given by Lemma 1.6.6 above and notice that
by the identification (1.6.7) we have ψ∗(ϕ∗M ) ∼ π∗M and ψ∗(ϕ∗M ∗) ∼ π∗M ∗. We define
a left inverse Prψ : π∗M → ϕ∗M of the map ψ∗ : ϕ∗M → π∗M as follows. On elements
ṽ ∈ π∗M of the kind ṽ =

∑
i
χAiψ

∗vi with vi ∈ ϕ∗M and (Ai) partition of M1 × [0, 1], which
form a dense subset of π∗M , it is defined as

Prψ(ṽ) :=
∑
i∈N

d(ψ∗(χAim̄))

dψ∗m̄
vi. (1.6.14)

We want to check that the right hand side depends only on ṽ, and not on the particular
representation as

∑
i
χAiψ

∗vi, and that the series converges in ϕ∗M . To this aim let M2 3
x2 7→ m̄x2 ∈ P(M1 × [0, 1]) be the disintegration of m̄ w.r.t. ψ (see Section III-70 of [24] or

the argument used in the previous lemma), notice that dψ∗(fm̄)
dψ∗m̄

(x2) =
∫
f dm̄x2 for m2-a.e. x2

and every f ∈ L∞(m̄) and thus for m2-a.e. x2 we have∣∣∣∣∑
i∈N

d(ψ∗(χAim̄))

dψ∗m̄
vi

∣∣∣∣(x2) ≤
∑
i∈N

d(ψ∗(χAim̄))

dψ∗m̄
(x2)|vi|(x2) =

∑
i∈N

(∫
χAi dm̄x2 |vi|(x2)

)
=

∫ ∑
i∈N

χAi(x̄)|vi|(x2) dm̄x2(x̄) =

∫
|ṽ|(x̄) dm̄x2 .
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Raising to the exponent p and integrating w.r.t. m2 we deduce that∫
|Prψ(ṽ)|p dm2 ≤

∫ ∣∣∣∣∫ |ṽ|(x̄) dm̄x2

∣∣∣∣p dm2(x2) ≤
∫
|ṽ|p dm̄,

which addresses both our claims by also showing that Prψ can be extended in a unique way
to a linear and continuous map from π∗M to ϕ∗M . It is clear from the definition (1.6.14)
that

Prψ(ψ∗v) = v, ∀v ∈ ϕ∗M . (1.6.15)

The same construction produces a linear and continuous map, still denoted by Prψ from
π∗M ∗ to ϕ∗M ∗. The fact that Prψ acts as a sort of left inverse of ψ∗ is also implicit in the
identity∫ (

Iϕ(PrψL)(w)
)
◦ ψ dm̄ =

∫
Iπ(L)(ψ∗w) dm̄, ∀L ∈ π∗M ∗, w ∈ ϕ∗M , (1.6.16)

which can be proved as follows. First of all, by a density argument we can reduce to the case
w =

∑
i
χAiϕ

∗wi and L =
∑

j
χBjψ

∗ϕ∗Lj , with wi ∈M and Lj ∈M ∗, where (Ai) and (Bj)
are partitions of M2 and M1× [0, 1] respectively. Then notice that ψ∗w =

∑
i
χψ−1(Ai)ψ

∗ϕ∗wi
so that by definition of Iπ : ψ∗ϕ∗M ∗ → (ψ∗ϕ∗M )∗ we have

Iπ(L)(ψ∗w) =
∑
i,j

χψ−1(Ai)∩BjLj(wi) ◦ ϕ ◦ ψ.

On the other hand, by the definitions (1.6.14) and (1.6.10) of Prψ and Iϕ respectively and
recalling that the latter is a module morphism we have(

Iϕ(PrψL)(w)
)
◦ ψ =

∑
i,j

(dψ∗(χBj m̄)

dψ∗m̄
χAiLj(wi) ◦ ϕ

)
◦ ψ.

Integrating and noticing that
∫
χBj dm̄x2 =

dψ∗(χBj m̄)

dψ∗m̄
(x2) for every i, j ∈ N and m2-a.e. x2,

we get the claim (1.6.16).
We are now ready to conclude: pick an arbitrary L1 ∈ (ϕ∗M )∗ and notice that the map

ψ∗(ϕ∗M ) ∼ π∗M 3 v 7→ l(v) :=

∫
L1(Prψ(v)) dm2 ∈ R,

being linear and continuous, belongs to the Banach dual of π∗M . By Proposition 1.6.5 we
deduce that there exists L2 ∈ π∗M ∗ such that

l(v) =

∫
Iπ(L2)(v) dm̄, ∀v ∈ π∗M .

Define L3 ∈ ϕ∗M ∗ as L3 := PrψL2 and notice that for any w ∈ ϕ∗M we have∫
Iϕ(L3)(w) dm2

(1.6.16)
=

∫
Iπ(L2)(ψ∗w) dm̄ = l(ψ∗w) =

∫
L1(Prψ(ψ∗w)) dm2

(1.6.15)
=

∫
L1(w) dm2.

This is sufficient to deduce that Iϕ(L3) = L1, which is the thesis. �

Remark 1.6.8 The need of the assumption that the measured spaces come from a Polish
topology is only due to the structure of the proof we proposed. Nothing excludes that the same
conclusion holds under the only assumption that M ∗ has the Radon-Nikodym property. For
instance, if M is an Hilbert module, using the Riesz theorem for Hilbert modules (Theorem
1.2.24) it is easy to see that the dual of ϕ∗M can be identified with ϕ∗M ∗ without further
assumptions. �
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2 First order differential structure of general metric measure
spaces

2.1 Preliminaries: Sobolev functions on metric measure spaces

Without exceptions, all the metric measure spaces (M, d,m) we shall consider are such that:

- (M, d) is complete and separable,

- the measure m is Radon and non-negative.

We endow M with the Borel σ-algebra A and denote by B(M) the set of equivalence classes of
Borel sets w.r.t. the equivalence relation given by A ∼ B provided m((A \B) ∪ (B \A)) = 0.

By C([0, 1],M) we shall denote the space of continuous curves with value in M endowed
with the sup norm. Notice that due to the fact that (M, d) is complete and separable,
C([0, 1],M) is complete and separable as well. For t ∈ [0, 1] we consider the evaluation map
et : C([0, 1],M)→ M defined by

et(γ) := γt, ∀γ ∈ C([0, 1],M).

Definition 2.1.1 (Absolutely continuous curves and metric speed) A curve γ :
[0, 1] → M is said absolutely continuous provided there exists a function f ∈ L1(0, 1) such
that

d(γt, γs) ≤
∫ s

t
f(r) dr, ∀t, s ∈ [0, 1], t < s. (2.1.1)

The metric speed t 7→ |γ̇t| ∈ L1(0, 1) of an absolutely continuous curve γ is defined as the
essential-infimum of all the functions f ∈ L1(0, 1) for which (2.1.1) holds.

It is worth to recall that the metric speed can be equivalently defined as limit of incremental
ratios:

Theorem 2.1.2 (Metric speed as incremental ratio) Let γ : [0, 1] → M be an abso-

lutely continuous curve. Then for a.e. t ∈ [0, 1] the limit of
d(γt+h,γt)
|h| as h → 0 exists and is

equal to |γ̇t|.

See for instance Theorem 1.1.2 of [8] for a proof.
In what follows we shall often write

∫
|γ̇t|2 dt for a generic curve γ ∈ C([0, 1],M): in case γ

is not absolutely continuous the value of the integral is taken +∞ by definition.

There are several equivalent definitions of Sobolev functions on a metric measure space, we
shall follow an approach proposed in [11]. We start with the following definition:

Definition 2.1.3 (Test Plans) Let π ∈ P(C([0, 1],M)). We say that π is a test plan
provided there is a constant C(π) such that

(et)]π ≤ C(π)m, ∀t ∈ [0, 1],

and moreover ∫∫ 1

0
|γ̇t|2 dtπ(γ) <∞.
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Notice that according to the convention
∫ 1

0 |γ̇t|
2 dt = +∞ if γ is not absolutely continuous,

any test plan must be concentrated on absolutely continuous curves.

Definition 2.1.4 (The Sobolev class S2(M, d,m)) The Sobolev class S2(M, d,m), or sim-
ply S2(M) is the space of all functions f ∈ L0(m) such that there exists a non-negative
G ∈ L2(m) for which it holds∫

|f(γ1)− f(γ0)| dπ(γ) ≤
∫∫ 1

0
G(γt)|γ̇t|dt dπ(γ), ∀π test plan. (2.1.2)

Notice that due to the fact that (e0)]π, (e1)]π � m, the integral in the left hand side of
(2.1.2) is well defined, i.e. depends only on the equivalence class of the function f ∈ L0(m)
and not on its chosen representative. Similarly for the right hand side.

It turns out, see [11], that for f ∈ S2(M) there exists a minimal G in the m-a.e. sense for
which (2.1.2) holds: we will denote it by |Df | and, in line with the literature on the topic, call
it minimal weak upper gradient. Notice that the terminology is misleading, because being
this object defined in duality with speed of curves, it is closer to the norm of a cotangent
vector rather to a tangent one, whence the choice of denoting it by |Df |.

We recall below the basic properties of Sobolev functions and minimal weak upper gradients.
Lower semicontinuity of minimal weak upper gradients. Let (fn) ⊂ S2(M) and f ∈ L0(m) be
such that fn → f as n → ∞ in L0(m) (i.e. m-a.e.). Assume that (|Dfn|) converges to some
G ∈ L2(m) weakly in L2(m).

Then
f ∈ S2(M) and |Df | ≤ G, m-a.e.. (2.1.3)

Weak gradients and local Lipschitz constant - 1. For any f̄ : M → R locally Lipschitz with
lip(f̄) ∈ L2(m) we have f ∈ S2(M) with

|Df | ≤ lip(f̄), m-a.e., (2.1.4)

where the function lip(f̄) : M→ R+ is the local Lipschitz constant defined by

lip(f̄)(x) := lim
y→x

|f̄(y)− f̄(x)|
d(y, x)

,

at points x ∈ M which are not isolated, 0 otherwise.
Weak gradients and local Lipschitz constant - 2. Suppose that m gives finite mass to bounded
sets. Then for any f ∈ L2 ∩ S2(M) there exists a sequence (fn) ⊂ L2 ∩ S2(M) of functions
having Lipschitz representatives f̄n converging to f in L2(M) such that∫

|Df |2 dm = lim
n→∞

∫
lip2(f̄n) dm. (2.1.5)

Vector space structure. S2(M) is a vector space and

|D(αf + βg)| ≤ |α||Df |+ |β||Dg|, for any f, g ∈ S2(M), α, β ∈ R. (2.1.6)

Algebra structure. S2 ∩ L∞(M) is an algebra and

|D(fg)| ≤ |f ||Dg|+ |g||Df |, for any f, g ∈ S2 ∩ L∞(M). (2.1.7)
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Locality. The minimal weak upper gradient is local in the following sense:

|Df | = |Dg|, m-a.e. on {f = g}, ∀f, g ∈ S2(M). (2.1.8)

Chain rule. For every f ∈ S2(M) we have

|Df | = 0, on f−1(N), ∀N ⊂ R, Borel with L1(N) = 0, (2.1.9)

moreover, for f ∈ S2(M), I ⊂ R open such that m(f−1(R \ I)) = 0 and ϕ : I → R Lipschitz,
we have ϕ ◦ f ∈ S2(M) and

|D(ϕ ◦ f)| = |ϕ′| ◦ f |Df |, (2.1.10)

where |ϕ′| ◦ f is defined arbitrarily at points where ϕ is not differentiable. (observe that the
identity (2.1.9) ensures that on f−1(N) both |D(ϕ ◦ f)| and |Df | are 0 m-a.e., N being the
negligible set of points of non-differentiability of ϕ).
Compatibility with the smooth case. If (M, d,m) is a smooth Finsler manifold, then

f ∈ L1
loc(m) belongs to S2(M) if and only if its distributional differential Df is

an L2-covector field and in this case the norm of Df coincides with |Df | m-a.e..
(2.1.11)

The Sobolev space W 1,2(M, d,m), or simply W 1,2(M), is defined as W 1,2(M) := L2∩S2(M)
and endowed with the norm

‖f‖2W 1,2(M) := ‖f‖2L2(m) + ‖|Df |‖2L2(m).

W 1,2(M) is always a Banach space, but in general not an Hilbert space. We recall the following
result, proved in [4], about reflexivity and separability of W 1,2(M):

Theorem 2.1.5 Let (M, d,m) be a complete separable metric space endowed with a non-
negative Radon measure m. Then the following hold.

i) Assume that W 1,2(M) is reflexive. Then it is separable.

ii) A sufficient condition for W 1,2(M) to be reflexive is that (M, d) is metrically doubling,
i.e. there a constant c ∈ N such that for every r > 0, every ball of radius r can be covered
with c balls of radius r/2.

Moreover:

iii) There exists a compact space (M, d,m) such that W 1,2(M) is non-separable, and thus
also non-reflexive.

We now turn to the definition of Laplacian. The 2-energy E : L2(m)→ [0,∞], called Cheeger
energy in [11], is defined as

E(f) :=


1

2

∫
|Df |2 dm if f ∈W 1,2(M),

+∞ otherwise.

From the properties of the minimal weak upper gradient we see that E is convex, lower
semicontinuous and with dense domain (i.e. {f : E(f) <∞} is dense in L2(m)). Recall that
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the subdifferential ∂−E(f) ⊂ L2(m) at a function f ∈ L2(m) is defined to be the empty set if
E(f) = +∞ and otherwise as the set, possibly empty, of functions v ∈ L2(m) such that

E(f) +

∫
vg dm ≤ E(f + g), ∀g ∈ L2(m).

The set ∂−E(f) is always closed and convex, possibly empty, and the class of f ’s such that
∂−E(f) 6= ∅ is dense in L2(m). We then define the domain D(∆) of the Laplacian as {f :
∂−E(f) 6= ∅} ⊂ L2(M) and for f ∈ D(∆) the Laplacian ∆f ∈ L2(m) as ∆f := −v, where v is
the element of minimal norm in ∂−E(f). Notice that in general D(∆) is not a vector space
and that the Laplacian is not linear, these being true if and only if W 1,2(M) is Hilbert.

The classical theory of gradient flows of convex functions on Hilbert spaces (see e.g. [8]
and the references therein) ensures existence and uniqueness of a 1-parameter semigroup
(ht)t≥0 of continuous operators from L2(m) to itself such that for every f ∈ L2(m) the curve
t 7→ ht(f) ∈ L2(m) is continuous on [0,∞), absolutely continuous on (0,∞) and fulfills

d

dt
ht(f) = ∆f a.e.t > 0,

where it is part of the statement the fact that ht(f) ∈ D(∆) for every f ∈ L2(m) and t > 0.
Notice that since in general the Laplacian is not linear, without the assumption that W 1,2(M)
is Hilbert we cannot expect the operators ht to be linear.

2.2 Cotangent module

We fix once and for all a metric measure space (M, d,m) which is complete, separable and
equipped with a non-negative Radon measure.

2.2.1 The construction

Here we construct a key object of our analysis: the cotangent module L2(T ∗M) of the given
metric measure space (M, d,m), which by definition will be an L2(m)-normed module. Notice
that although we start with the definition of cotangent module and then introduce the tangent
one by duality in the next section, to keep consistency with the notation used in the smooth
setting, we shall denote by | · |∗ the pointwise norm on the cotangent module

Technically speaking, the construction is strongly reminiscent of that of pullback module
given in Section 1.6, but from the conceptual point of view there is a non-entirely negligible
difference: now we don’t have any module to start with.

We introduce the set ‘Pre-cotangent module’ Pcm as

Pcm :=
{
{(fi, Ai)}i∈N : (Ai)i∈N ⊂ B(M) is a partition of M,

fi ∈ S2(M) ∀i ∈ N, and
∑
i∈N

∫
Ai

|Df |2 dm <∞
}

and define an equivalence relation on Pcm by declaring {(fi, Ai)}i∈N ∼ {(gj , Bj)}j∈N provided

|D(fi − gj)| = 0, m-a.e. on Ai ∩Bj , ∀i, j ∈ N.
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It is readily verified that this is indeed an equivalence relation and we shall denote by [(fi, Ai)i]
the equivalence class of {(fi, Ai)}i∈N. In a sense that will be made rigorous by Definition 2.2.2,
the object [(fi, Ai)i] should be though of as the 1-form which is equal to the differential dfi
of fi on Ai.

We endow Pcm/ ∼ with a vector space structure by defining the sum and multiplication
with a scalar as

[(fi, Ai)i] + [(gj , Bj)j ] := [(fi + gj , Ai ∩Bj)i,j ],
λ[(fi, Ai)}i] := [(λfi, Ai)i].

It is clear that these operations are well defined and endow Pcm/ ∼ with a vector space
structure.

Now recall that by Sf(m) ⊂ L∞(m) we intend the space of simple functions (i.e. attaining
only a finite number of values) and for [(fi, Ai)i] ∈ Pcm/ ∼ and h =

∑
j ajχBj ∈ Sf(m) with

(Bj) partition of M define the product h[(fi, Ai)i] ∈ Pcm/ ∼ as

h[(fi, Ai)i] := [(ajfi, Ai ∩Bj)i,j ].

It is readily verified that this definition is well posed and that the resulting multiplication is
a bilinear map from Sf(m)× Pcm/ ∼ into Pcm/ ∼ such that 1[(fi, Ai)i] = [(fi, Ai)i].

Finally, we consider the map | · |∗ : Pcm/ ∼→ L2(m) given by∣∣[(fi, Ai)i]∣∣∗ := |Dfi|, m-a.e. on Ai, ∀i ∈ N,

which is well defined by the very definition of the equivalence relation ∼.
Then recalling the vector space structure of S2(M) encoded in inequality (2.1.6) we see that

that the (in)equalities∣∣[(fi + gj , Ai ∩Bj)i,j ]
∣∣
∗ ≤

∣∣[((fi, Ai)i]∣∣∗ +
∣∣[(gj , Bj)j ]∣∣∗,∣∣λ[(fi, Ai)i]

∣∣
∗ = |λ|

∣∣[(fi, Ai)i]∣∣∗,∣∣h[(fi, Ai)i]
∣∣
∗ = |h|

∣∣[(fi, Ai)i]∣∣∗,
(2.2.1)

are valid m-a.e. for every [((fi, Ai)i], [((gj , Bj)j ] ∈ Pcm/ ∼, h ∈ Sf(M) and λ ∈ R.
In particular the map ‖ · ‖L2(T ∗M) : Pcm/ ∼→ [0,∞) defined by

‖[(fi, Ai)i]‖2L2(T ∗M) :=

∫ ∣∣[(fi, Ai)i]∣∣2 dm =
∑
i∈N

∫
Ai

|Dfi|2 dm,

is a norm on Pcm/ ∼.

Definition 2.2.1 (Cotangent module) The cotangent module (L2(T ∗M), ‖ · ‖L2(T ∗M)) is
defined as the completion of (Pcm/ ∼, ‖ · ‖). Elements of L2(T ∗M) will be called cotangent
vector fields or 1-forms.

By construction and due to the first two inequalities in (2.2.1) the space (L2(T ∗M), ‖·‖L2(T ∗M))
is a Banach space, in general being not an Hilbert in line with the case of Finsler manifolds
(see also Remark 2.2.4).

Moreover, L2(T ∗M) comes with the structure of L2(m)-normed module. Indeed, the third
in (2.2.1) ensures that the bilinear map (h, [(fi, Ai)i]) 7→ h[(fi, Ai)i] from Sf(m)× Pcm/ ∼ to
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Pcm/ ∼ can, and will, be uniquely extended to a bilinear map (g, ω) 7→ gω from L∞(m) ×
L2(T ∗M) to L2(T ∗M) satisfying |hω|∗ = |h||ω|∗ m-a.e. for every h ∈ L∞(m) and ω ∈ L2(T ∗M).
It is then clear that L2(T ∗M) is an L2(m)-normed premodule and thus by Proposition 1.2.12
an L2(m)-normed module.

Notice also that the notation L2(T ∗M) is purely formal, in the sense that we didn’t, nor we
will, define a cotangent bundle T ∗M. Such notation has been chosen because in the smooth
setting the cotangent module can be canonically identified with the space of L2 sections of
the cotangent bundle, see Remark 2.2.4.

2.2.2 Differential of a Sobolev function

With the definition of cotangent module it comes naturally that of differential of a Sobolev
function. In this section we investigate the basic properties of such object, both from differ-
ential calculus and the functional analytic perspectives.

Definition 2.2.2 (Differential of a Sobolev function) Let f ∈ S2(M). Its differential
df ∈ L2(T ∗M) is defined as

df := [(f,M)] ∈ Pcm/∼ ⊂ L2(T ∗M),

where (f,M) is a shorthand for (fi, Ai)i∈N with f0 = f , A0 = M and fi = 0, Ai = ∅ for i > 0.

It is clear that df linearly depends on f . From the very definition of the pointwise norm on
L2(T ∗M) we also get that

|df |∗ = |Df |, m-a.e. ∀f ∈ S2(M). (2.2.2)

Other expected properties are the locality and the chain and Leibniz rules. We start from
the locality and see later how to deduce the other calculus rules out of it.

Theorem 2.2.3 (Locality of the differential) Let f, g ∈ S2(M). Then

df = dg, m-a.e. on {f = g}.

proof Taking into account the linearity of the differential, the thesis is equivalent to d(f−g) =
0 m-a.e. on {f−g = 0} which by point (i) of Proposition 1.2.12 is equivalent to |d(f−g)|∗ = 0
m-a.e. on {f−g = 0}. Then the thesis follows recalling (2.2.2) and using the locality property
of the minimal weak upper gradient (2.1.8) with f − g in place of f and 0 in place of g.

�

Remark 2.2.4 (Compatibility with the smooth case) If (M, d,m) is a smooth Finsler
manifold endowed with the distance induced by the Finsler norm and a smooth reference
measure (i.e. a measure which, when read in charts, is absolutely continuous w.r.t. Lebesgue
with smooth density), then the cotangent module can be canonically identified with the space
of L2 sections of the cotangent bundle. Indeed, the map taking the differential of a Sobolev
function f in the sense of Definition 2.2.2 to its usual m-a.e. defined differential preserves, by
the compatibility property (2.1.11), the pointwise norm and thus can be uniquely extended to
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linear isometry preserving the module structure. The fact that the image of such morphism
is the whole space of L2 sections can then be easily obtained by approximation recalling that
for every x ∈ M the cotangent space T ∗xM coincides with the space of differentials at x of
smooth functions.

A curious byproduct of this fact is that with the terminology of L2-normed modules and
the constructions presented here we produced a notion of differential of a Sobolev function
fully compatible with the classical one, whose definition never requires, not even implicitly,
the notion of limit of incremental ratios. �

Another direct consequence of the definitions is:

Proposition 2.2.5 (L2(T ∗M) is generated by differentials) The cotangent mod-
ule L2(T ∗M) is generated, in the sense of modules (Definition 1.4.2), by the space
{df : f ∈W 1,2(M)}.

In particular, if W 1,2(M) is separable then so is L2(T ∗M).

proof We first claim that L2(T ∗M) is generated by {df : f ∈ S2(M)}. This follows by
just keeping track of the various definitions, indeed, we have df = [(f,M)] by definition
of differential, and thus by the definition of operations on Pcb/ ∼ also that

∑n
i=1

χAidfi =
[(fi, Ai)i] for any finite partition (Ai) of M and fi ∈ S2(M). Taking into account the definition
of norm in Pcb/ ∼ we can pass to the limit and extend this property to generic elements
[(fi, Ai)i] of Pcb/ ∼ and given that Pcb/ ∼ is by construction dense in L2(T ∗M), the claim
follows.

Then pick f ∈ S2(M) and observe that for fn := min{max{f,−n}, n}, the chain rule
(2.1.10) yields |D(f −fn)| = 0 m-a.e. on {|f | ≤ n}, which in particular implies that dfn → df
in L2(T ∗M) as n → ∞. Thus by approximation we see that L2(T ∗M) is generated by {df :
f ∈ L∞ ∩ S2(M)}.

Now let f ∈ L∞ ∩ S2(M), pick x ∈ M, find rx > 0 so that m(B2rx(x)) < ∞ and put
ηx(y) := max{1 − r−1

x d(y,Brx(x)), 0}. Then ηx is Lipschitz, bounded and in W 1,2(M) and
thus taking into account (2.1.7) we get that ηxf ∈ W 1,2(M) while the construction ensures
that f = ηxf m-a.e. on Brx(x). Thus Theorem 2.2.3 above grants that

χBrx (x)df = χBrx (x)d(ηxf). (2.2.3)

By the Lindelöf property of M we know that there exists a countable set {xn}n∈N ⊂ M
such that ∪nBrxn (xn) = M, thus using (2.2.3) we deduce that for every n ∈ N the 1-form
ωn :=

∑n
i=1

χBrxn (xn)df is in the submodule generated by {df : f ∈ W 1,2(M)}. Since

|df − ωn|∗ ≤ |df |∗ ∈ L2(M) and |df − ωn|∗ → 0 m-a.e., the dominated convergence theorem
gives that ωn → df in L2(T ∗M) as n→∞, thus showing that df belongs to the submodule
generated by {df : f ∈ W 1,2(M)}. By what we already proved, this submodule is thus the
whole L2(T ∗M).

For the last claim just notice that the inequality ‖df‖L2(T ∗M) ≤ ‖f‖W 1.2(M) grants that
{df : f ∈W 1,2(M)} is a separable subset of L2(T ∗M) and apply Proposition 1.4.10. �

In order to continue our investigation we now prove that there is a deep link between the
Leibniz and chain rules and the locality of a module-valued map which is continuous w.r.t. the
Sobolev norm. Notice that the result does not (explicitly) mention the notion of cotangent
module.

65



Theorem 2.2.6 Let M be an L∞(m)-module and L : S2(M)→M a linear map continuous
w.r.t. the Sobolev norm, i.e. satisfying

‖L(f)‖M ≤ C

√∫
|Df |2 dm, ∀f ∈ S2(M), (2.2.4)

for some constant C > 0. Then the following are equivalent.

i) Leibniz rule. For any f, g ∈ L∞ ∩ S2(M) it holds

L(fg) = f L(g) + g L(f), m-a.e.. (2.2.5)

ii) Chain rule. For any f ∈ S2(M) and any N ⊂ R Borel and L1-negligible it holds

L(f) = 0, m-a.e. on f−1(N), (2.2.6)

and for I ⊂ R open such that m(f−1(R \ I)) = 0 and ϕ : I → R Lipschitz it holds

L(ϕ ◦ f) = ϕ′ ◦ f L(f), m-a.e., (2.2.7)

where ϕ′ ◦ f is defined arbitrarily on f−1({non differentiability points of ϕ}).

iii) Locality. For any f, g ∈ S2(M) it holds

L(f) = L(g), m-a.e. on {f = g}. (2.2.8)

proof
(ii)⇒ (i). Assume at first that f, g ≥ c m-a.e. for some c > 0. Then apply the chain rule
(2.2.7) with ϕ(z) := log z to get

L(fg) = fg L
(

log(fg)
)

= fg
(
L(log(f)) + L(log(g))

)
= fg

(L(f)

f
+
L(g)

g

)
= g L(f) + f L(g),

m-a.e.. For the general case, observe that applying (2.2.7) with ϕ(z) := z + α, α ∈ R, we
deduce that L(f + α) = L(f) m-a.e.. From this identity, the validity of the Leibniz rule for
positive functions and the linearity of L we easily conclude.
(i)⇒ (iii). By linearity it is sufficient to show that for any f ∈ S2(M) we have L(f) = 0
m-a.e. on {f = 0}. For ε > 0 define ϕε, ψε : R→ R as

ϕε(z) :=


ε−1 − ε, if z ∈ [ε−1,+∞)
z − ε, if z ∈ (ε, ε−1),
0, if z ∈ [−ε, ε],
z + ε, if z ∈ (−ε−1,−ε),
−ε−1 + ε, if z ∈ (−∞,−ε−1],

ψε(z) :=

{
|z| − ε, if z ∈ [−ε, ε],
0, if z ∈ R \ [−ε, ε].

Notice that ϕε, ψε are 1-Lipschitz functions and that ϕε(z)ψε(z) = 0 for every z ∈ R. It
follows that ϕε ◦f, ψε ◦f ∈ S2∩L∞(M) with ϕε ◦f ψε ◦f = 0 m-a.e. so the Leibniz rule (2.2.5)
gives

0 = L(ϕε ◦ f ψε ◦ f) = ϕε ◦ f L(ψε ◦ f) + ψε ◦ f L(ϕε ◦ f) m-a.e.. (2.2.9)
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By construction, on the set {f = 0} we have ϕε ◦f = 0 and ψε ◦f 6= 0 m-a.e., therefore (2.2.9)
ensures that L(ϕε ◦ f) = 0 m-a.e. on {f = 0}, which gives

‖χ{f=0}L(f)‖M ≤ ‖χ{f=0}L(f − ϕε ◦ f)‖M + ‖χ{f=0}L(ϕε ◦ f)‖M

≤ ‖L(f − ϕε ◦ f)‖M ≤ C

√∫
|D(f − ϕε ◦ f)|2 dm.

(2.2.10)

Now notice that by definition we have ϕ′ε = 1 on (−ε−1,−ε)∪ (ε, ε−1) and thus the chain rule
(2.1.10) yields

|D(f − ϕε ◦ f)| = |1− ϕ′ε| ◦ f |Df | = 0, m-a.e. on f−1
(
(−ε−1,−ε) ∪ (ε, ε−1)

)
,

and therefore limε↓0
∫
|D(f − ϕε ◦ f)|2 dm = 0. Hence letting ε ↓ 0 in (2.2.10) we conclude

that ‖χ{f=0}L(f)‖M = 0, which is the thesis.
(iii)⇒ (ii). Fix f ∈ S2(M) and recall that by the chain rule (2.1.10) we know that ϕ ◦ f ∈
S2(M).

The claim is obvious if ϕ is linear, because L is linear itself. Hence, noticing that the
continuity assumption (2.2.4) ensures that L(f) ≡ 0 for any constant function f , using the
linearity of L once again we get the chain rule (2.2.7) for affine ϕ.

We claim that

L(f) = 0, m-a.e. on f−1(D), for D ⊂ R at most countable, (2.2.11)

and notice that by the locality property (1.2.1) of the module M this is equivalent to the fact
that L(f) = 0 m-a.e. on {f = z0} for any z0 ∈ R. Since |D(f − (f − z0))| = 0, the continuity
assumption (2.2.4) grants that L(f) = L(f − z0), so it is sufficient to prove that L(f) = 0
m-a.e. on {f = 0}, which follows noticing that by linearity we have L(f) = −L(−f) and that
by the locality (2.2.8) we have L(f) = L(−f) m-a.e. on {f = −f} = {f = 0}.

Now let ϕ : R → R be Lipschitz and countably piecewise affine, i.e. such that there are
closed intervals In ⊂ R, n ∈ N, covering R such that ϕ|In is affine for every n ∈ N. By the

locality property (2.2.8) and the fact that we proved the chain rule for affine functions, we
deduce that formula (2.2.7) holds m-a.e. on f−1(In) for every n ∈ N, and hence m-a.e. on M.

We now claim that the chain rule (2.2.7) holds for ϕ ∈ C1(R) with bounded derivative.
Thus fix such ϕ and find a sequence (ϕn) of uniformly Lipschitz and piecewise affine functions
such that ϕ′n → ϕ′ as n → ∞ uniformly on R \D, where D is the countable set of z’s such
that ϕn is non-differentiable at z for some n ∈ N. By construction and from (2.1.10) we get
that

∫
|D(ϕ ◦ f − ϕn ◦ f)|2 dm → 0, so that the continuity assumption (2.2.4) grants that

L(ϕn ◦ f)→ L(ϕ ◦ f) in M as n→∞. Given that we know that the chain rule (2.2.7) holds
for ϕn, to get it for ϕ it is sufficient to prove that

‖ϕ′n ◦ fL(f)− ϕ′ ◦ fL(f)‖M → 0, as n→∞.

To check this recall that by (2.2.11) we have that χf−1(D)L(f) = 0, and thus it is sufficient to
prove that χM\f−1(D)(ϕ

′
n ◦ f −ϕ′ ◦ f)L(f)→ 0 in M as n→∞. But this is obvious, because

‖χM\f−1(D)(ϕ
′
n ◦ f − ϕ′ ◦ f)L(f)‖M ≤ ‖χM\f−1(D)(ϕ

′
n ◦ f − ϕ′ ◦ f)‖L∞(M)‖L(f)‖M ,

and by construction we have that ‖χM\f−1(D)(ϕ
′
n ◦ f − ϕ′ ◦ f)‖L∞(M) → 0 as n → ∞. This

proves the chain rule for ϕ ∈ C1(R) with bounded derivative.
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We are now ready to prove (2.2.6). Assume at first that N is compact and find a decreasing
sequence of open sets Ωn ⊂ R containing N such that L1(Ωn \ N) ↓ 0. For each n ∈ N let
ψn : R→ [0, 1] be a continuous function identically 0 on N and identically 1 on Ωn and define
ϕn : R→ R so that

ϕn(0) = 0, and ϕ′n(z) = ψn(z), ∀z ∈ R.

Since |ϕ′n|(z) ≤ 1 for every z ∈ R and n ∈ N and ϕ′n(z) → 1 for every z ∈ R \ N, by (2.1.9)
and (2.1.10) we see that

∫
|D(f −ϕn ◦ f)|2 dm→ 0 as n→∞ and therefore by the continuity

(2.2.4) we get L(ϕn ◦ f)→ L(f) in M . Hence using the chain rule for the C1 functions with
bounded derivative ϕn and noticing that ϕ′n = 0 on N for every n ∈ N we obtain

χf−1(N)L(f) = lim
n→∞

χf−1(N)L(ϕn ◦ f) = lim
n→∞

χf−1(N)ϕ
′
n ◦ fL(f) = 0,

which establishes the claim (2.2.6) for the case of N compact. For the general case, use the
fact that m is σ-finite to find a Borel probability measure m′ on M such that m � m′ � m
and consider the Borel probability measure µ := f∗m

′ on R. Then µ is Radon and by internal
regularity we can find a sequence of compact sets Nn ⊂ N such that µ(N \ ∪nNn) = 0. Since
N is L1-negligible, so are the Nn’s and thus applying what we just proved to each of the Nn’s
and using the locality property (1.2.1) of the module M we get (2.2.6).

It remains to prove the chain rule (2.2.7) for arbitrary ϕ : I → R Lipschitz. Up to extending
ϕ to the whole R without altering the Lipschitz constant, we can assume it to be defined on R.
Find a Borel L1-negligible set N ⊂ R such that ϕ is differentiable outside N and a sequence
(ϕn) of C1 and uniformly Lipschitz functions on R such that ϕ′n(z) → ϕ′(z) as n → ∞ for
every z ∈ R \N. Notice that the chain rule (2.1.10) yields that

∫
|D(ϕ ◦ f −ϕn ◦ f)|2 dm→ 0

as n→∞ and therefore the continuity assumption (2.2.4) gives

L(ϕn ◦ f)→ L(ϕ ◦ f), in M as n→∞. (2.2.12)

Now fix C ∈ B(M) with m(C) < ∞ and ε > 0 and consider the functions gn, g ∈ L∞(m)
defined as

gn := χC\f−1(N)ϕ
′
n ◦ f, g := χC\f−1(N)ϕ

′ ◦ f.
By construction we have gn → g m-a.e. and g = gn = 0 m-a.e. outside C. Hence by the
Severini-Egoroff theorem we obtain the existence of Aε ∈ B(M) with m(Aε) < ε such that

‖χAcε(gn − g)‖L∞(m) → 0 as n→∞. (2.2.13)

Therefore using the chain rule for the C1 functions with bounded derivative ϕn we get

χAcεχCL(ϕ ◦ f)
(2.2.12)

= lim
n→∞

χAcεχCL(ϕn ◦ f)
(2.2.7)

= lim
n→∞

χAcεχC ϕ
′
n ◦ fL(f)

(2.2.6)
= lim

n→∞
χAcεχC\f−1(N) ϕ

′
n ◦ fL(f)

(2.2.13)
= χAcεχC\f−1(N) ϕ

′ ◦ fL(f)

(2.2.6)
= χAcεχC ϕ

′ ◦ fL(f),

which is the same as to say that

L(ϕ ◦ f) = ϕ′ ◦ fL(f), m-a.e. on C \Aε.

Letting ε ↓ 0 and using the locality property (1.2.1) of the module M we deduce that
L(ϕ ◦ f) = ϕ′ ◦ fL(f) m-a.e. on C. Then the σ-finiteness of m, the arbitrariness of C with
m(C) <∞ and again the locality property of M give the thesis. �
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Remark 2.2.7 The existence of a relation between the three properties in Theorem 2.2.6 is
certainly not a new insight. For instance, it is a very well known fact in basic differential
geometry that the Leibniz rule implies locality and in the metric setting it has been shown
in [13] how to get the Leibniz and chain rules out of a local condition. In both cases the
axiomatization has technical differences with ours, but the idea behind the proof is the same.

�

It is interesting to read Theorem 2.2.6 with the choice M = L1(m): in this case there is no
a priori explicit reference to any module structure in the statement. Still, the theorem tells
that an L∞-module structure naturally arises when considering differentiation properties of
Sobolev functions, because the natural calculus rules are linked - in fact equivalent - to the
locality property (2.2.8) which is, in a sense, the defining property of an L∞-module. See also
Theorem 2.3.3.

Specializing Theorem 2.2.6 to the case of the cotangent module yields:

Corollary 2.2.8 (Chain and Leibniz rules for the differential) We have

d(fg) = g df + f dg, m-a.e.,
df = 0, m-a.e. on f−1(N),

d(ϕ ◦ f) = ϕ′ ◦ f df, m-a.e.,

for every f, g ∈ S2(M), N ⊂ R Borel and L1-negligible, and ϕ : R→ R Lipschitz, where ϕ′ ◦ f
is defined arbitrarily on f−1({non differentiability points of ϕ}).

proof Choose M := L2(T ∗M) and L := d in Theorem 2.2.6 and recall the identity (2.2.2) to
check the continuity of d : S2(M)→M and the locality property of the differential expressed
in Theorem 2.2.3 to conclude. �

We conclude the section discussing the closure properties of the differential.

Theorem 2.2.9 (Closure of d) Let (fn) ⊂ S2(M) be converging m-a.e. to some f ∈ L0(m)
and such that (dfn) converges to some ω ∈ L2(T ∗M) in the L2(T ∗M)-norm.

Then f ∈ S2(M) and df = ω.
In particular, if (fn) ⊂W 1,2(M) is such that fn ⇀ f and dfn ⇀ ω for some f ∈ L2(m) and

ω ∈ L2(T ∗M) in the weak topologies of L2(m) and L2(T ∗M) respectively, then f ∈ W 1,2(M)
and df = ω.

proof The assumptions grant that |dfn| → |ω| in L2(m) and thus by (2.2.2) and the stability
property (2.1.3) we deduce that f ∈ S2(M). Taking into account that ‖dfn − dfm‖2L2(T ∗M) =∫
|D(fn−fm)|2 dm, the same stability property applied to the sequence n 7→ fn−fm for given

m ∈ N gives
‖df − dfm‖L2(T ∗M) ≤ lim

n→∞
‖dfm − dfn‖L2(T ∗M).

Taking the lim as m→∞ and using the fact that (dfn) is L2(T ∗M)-Cauchy we deduce that
dfn → df in L2(T ∗M), thus forcing df = ω.

The second part of the statement now follows by a standard application of Mazur’s lemma.
�
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The next statement is of genuine functional analytic nature:

Proposition 2.2.10 (Weak compactness of d and reflexivity of W 1,2(M)) The fol-
lowing are equivalent:

i) W 1,2(M) is reflexive

ii) For every W 1,2(M)-bounded sequence (fn) there exists a subsequence (fnk) and f∞ ∈
W 1,2(M) such that fnk ⇀ f and dfnk ⇀ df∞ in the weak topologies of L2(m) and
L2(T ∗M) respectively.

proof By the theorems of Eberlein-Šmulian and Kakutani (see e.g. [26]), we know that (i)
is equivalent to relative weak sequential compactness of W 1,2-bounded sets. Then the thesis
easily follows observing that the map

W 1,2(M) 3 f 7→ (f, df) ∈ L2(m)× L2(T ∗M)

is an isometry of W 1,2(M) with its image, the target space being endowed with the norm

‖(f, ω)‖ :=
√
‖f‖2

L2(m)
+ ‖ω‖2

L2(T ∗M)
. �

Remark 2.2.11 We don’t know if the reflexivity of W 1,2(M) implies that of L2(T ∗M). �

Remark 2.2.12 As we recalled in Theorem 2.1.5, in [4] the authors built examples of a
compact metric measure space (M, d,m) such that W 1,2(M) is not reflexive. �

2.3 Tangent module

As in the previous section, we fix once and for all a metric measure space (M, d,m) which is
complete, separable and equipped with a non-negative Radon measure.

2.3.1 Tangent vector fields and derivations

Having both a notion of Sobolev function and of cotangent module we have at disposal two
ways to introduce the tangent module: either in terms of derivations of the former or by
duality with the latter.

Here we prove that the two approaches, when properly interpreted, are equivalent. Then
we introduce the concept of gradient of a Sobolev function and discuss its basic properties.

Definition 2.3.1 (Tangent module) The tangent module L2(TM) is defined as the dual of
L2(T ∗M). Elements of the tangent module will be called vector fields.

By point (i) of Proposition 1.2.14 we know that L2(TM) is an L2(m)-normed module. Despite
the fact that we introduced it by duality, to keep consistency with the notation used in the
smooth world we shall denote the pointwise norm in L2(TM) by | · |. Similarly, the duality
between ω ∈ L2(T ∗M) and X ∈ L2(TM) will be denoted by ω(X) ∈ L1(m).

We turn to the definition of derivation. Informally, a derivation should be a linear operator
satisfying the Leibniz rule taking functions in S2(M) and returning m-a.e. defined functions.
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Given that for f ∈ S2(M) we have |Df | ∈ L2(m), it is quite natural by duality to think about
L2-derivations, i.e. satisfying the inequality

|L(f)| ≤ `|Df |, m-a.e., ∀f ∈ S2(M). (2.3.1)

for some ` ∈ L2(m).
Interestingly, from this inequality alone the other expected properties of derivations follow,

so we give the following definition:

Definition 2.3.2 (Derivations) A derivation is a linear map L : S2(M)→ L1(m) such that
for some ` ∈ L2(m) the bound (2.3.1) holds.

To see that for such a defined object the Leibniz and chain rules hold, notice that given a
derivation L we have

|L(f − g)| ≤ `|D(f − g)| = 0, m-a.e. on {f = g},

and thus
L(f) = L(g), m-a.e. on {f = g}. (2.3.2)

Since clearly we also have

‖L(f)‖L1(m) ≤ ‖`‖L2(m)‖|Df |‖L2(m), ∀f ∈ S2(M),

the locality property (2.3.2) and Theorem 2.2.6 applied to the module M = L1(m) ensure
that indeed the Leibniz and chain rules (2.2.5), (2.2.7) hold.

It is now easy to see that ‘vector fields’ and ‘derivations’ are in fact two different points of
view of the same concept:

Theorem 2.3.3 (Derivations and vector fields) For any vector field X ∈ L2(TM) the
map X ◦ d : S2(M)→ M is a derivation.

Conversely, given a derivation L there exists a unique vector field X ∈ L2(TM) such that
the diagram

S2(M) L2(T ∗M)

L1(m)

d

X
L

commutes.

proof The map X ◦ d is linear and satisfies

|(X ◦ d)(f)| = |df(X)| ≤ |X| |df |∗ = |X| |Df |, m-a.e. ∀f ∈ S2(M).

Since |X| ∈ L2(m), the first claim is addressed.
For the second, let L be a derivation satisfying (2.3.1) and consider the linear map from
{df : f ∈ S2(M)} to L1(M) defined by

df 7→ L̃(df) := L(f).
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Notice that inequality (2.3.1) (and the identity |df |∗ = |Df |) ensures that this map is well
defined, i.e. its value depends only on the differential and not the function itself, and satisfies

|L̃(df)| ≤ `|df |∗.

The conclusion then follows from Propositions 1.4.8 and 2.2.5. �

The definition of gradient of a Sobolev function can be given via duality with that of differ-
ential:

Definition 2.3.4 (Gradient) Let f ∈ S2(M). We say that X ∈ L2(TM) is a gradient of f
provided

df(X) = |X|2 = |df |2∗, m-a.e..

The set of all gradients of f will be denoted by Grad(f).

This notion of gradient is in line with the one used in Finsler geometry, see for instance [19].
Noticing that for arbitrary X ∈ L2(TM) and f ∈ S2(M) we have

df(X) ≤ |df |∗|X| ≤
1

2
|df |2∗ +

1

2
|X|2, m-a.e., (2.3.3)

we see that

X ∈ Grad(f) ⇔
∫

df(X) dm ≥ 1

2

∫
|df |2∗ + |X|2 dm. (2.3.4)

Corollary 1.2.16 ensures that Grad(f) is not empty for every f ∈ S2(M). Uniqueness in
general fails, the basic example being R2 equipped with the Lebesgue measure and the L∞-
distance: in this case the linear function (x1, x2) 7→ x1 has as gradients, at every point, all
the vectors of the form (1, α) with |α| ≤ 1.

Proposition 2.3.5 (Gradients as generators of the tangent module) The subset of
L2(TM) of vector fields of the form

n∑
i=1

χAiXi for some n ∈ N, (Ai) ⊂ B(M) and Xi ∈ Grad(fi) with fi ∈W 1,2(M)

is weakly∗-dense in L2(TM).
In particular, if L2(TM) is reflexive, it is generated, in the sense of modules, by
∪f∈W 1,2(M)Grad(f).

proof Call V the subset of L2(TM) given by the statement and notice that since the sets Ai
are not required to be disjoint, V is a vector space. Also, let W ⊂ L2(T ∗M) the subset of
L2(T ∗M) made of elements of the form

n∑
i=1

χAidfi for some n ∈ N, (Ai) ⊂ B(M) disjoint and fi ∈W 1,2(M).

From Proposition 2.2.5 and recalling the simple property (1.2.8) we see that the W is strongly
dense in L2(T ∗M).

For given ω =
∑n

i=1
χAidfi ∈ W consider X =

∑n
i=1

χAiXi ∈ V where Xi ∈ Grad(fi) for
every i and observe that by definition of gradients we have

∫
ω(X) dm = ‖ω‖2L2(T ∗M). This

fact and the strong density of W is sufficient to grant that if ω ∈ L2(T ∗M) is such that∫
ω(X) dm = 0 for every X ∈ V , then ω = 0, which is precisely the weak∗-density of V .
For the second claim, observe that if L2(TM) is reflexive then its weak∗ topology coincides

with the weak one and conclude applying Mazur’s lemma. �
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We now show how to deduce the locality and chain rules for gradients out of the same
properties of differentials: the argument is based on the fact that the duality (multivalued)
map from the cotangent to the tangent module given by Corollary 1.2.16 is 1-homogeneous.
Notice that in general such map is non-linear, which means that we cannot expect the Leibniz
rule for gradients to hold in general (see also Proposition 2.3.17)

Proposition 2.3.6 (Basic calculus properties for gradients) For f, g ∈ S2(M) and
X ∈ Grad(f) we have

χ{f=g}X = χ{f=g}Y, m-a.e., for some Y ∈ Grad(g). (2.3.5)

Moreover, for N ⊂ R Borel and negligible and ϕ : R→ R Lipschitz we have

X = 0, m-a.e. on f−1(N),

ϕ′ ◦ fX ∈ Grad(ϕ ◦ f),
(2.3.6)

where ϕ′ ◦ f is defined arbitrarily on f−1({non differentiability points of ϕ}).
proof For (2.3.5) let Y ∈ Grad(g) be arbitrary, recall the locality of the differential and the
definition of gradient to obtain that χ{f=g}X + χ{f 6=g}Y ∈ Grad(g), which gives the claim.

The first in (2.3.6) follows directly from the analogous property of the differential, for the
second put X̃ := ϕ′ ◦ f and recall the chain rule for differentials to get

|X̃| = |ϕ′ ◦ f | |X| = |ϕ′ ◦ f | |df |∗ = |d(ϕ ◦ f)|∗

and
d(ϕ ◦ f)(X̃) = ϕ′ ◦ fdf(X̃) = |ϕ′ ◦ f |2df(X) = |ϕ′ ◦ f |2|df |2∗ = |d(ϕ ◦ f)|2∗.

�

2.3.2 On the duality between differentials and gradients

In this section we briefly review the duality relation between differentials and gradients com-
paring the machinery built here with the approach used in [30]. As a result we will see that
they are fully consistent.

Notice that for given f, g ∈ S2(M), inequality (2.1.6) yields that the map ε 7→ 1
2 |D(g+εf)|2

is m-a.e. convex, in the sense that for every ε0, ε1 ∈ R the inequality

1

2
|D(g + ((1− λ)ε0 + λε1)f)|2 ≤ (1− λ)

1

2
|D(g + ε0f)|2 + λ

1

2
|D(g + ε1f)|2, m-a.e.,

holds. It follows that for ε0 ≤ ε1, ε0, ε1 6= 0 we have

|D(g + ε0f)|2 − |Dg|2

2ε0
≤ |D(g + ε1f)|2 − |Dg|2

2ε1
, m-a.e., (2.3.7)

and in particular

ess-sup
ε<0

|D(g + εf)|2 − |Dg|2

2ε
≤ ess-inf

ε>0

|D(g + εf)|2 − |Dg|2

2ε
, m-a.e., (2.3.8)

where the ess-sup and the ess-inf could be replaced by limε↑0 and limε↓0 respectively.
We then have the following result:
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Proposition 2.3.7 Let f, g ∈ S2(M). Then for every X ∈ Grad(g) we have

df(X) ≤ ess-inf
ε>0

|D(g + εf)|2 − |Dg|2

2ε
, m-a.e., (2.3.9)

and there exists Xf,+ ∈ Grad(g) for which equality holds. Similarly, for every X ∈ Grad(g)
we have

df(X) ≥ ess-sup
ε<0

|D(g + εf)|2 − |Dg|2

2ε
, m-a.e., (2.3.10)

and there exists Xf,− ∈ Grad(g) for which equality holds.

proof Fix ε ∈ R and recall the simple inequality (2.3.3) to get

d(g + εf)(X) ≤ 1

2
|d(g + εf)|2∗ +

1

2
|X|2, m-a.e..

On the other hand, from the definition of Grad(g) we see that for X ∈ Grad(g) we have

dg(X) =
1

2
|dg|2∗ +

1

2
|X|2, m-a.e..

Subtracting this identity from the inequality above we deduce that

εdf(X) ≤ 1

2

(
|d(g + εf)|2∗ − |dg|2∗

)
, m-a.e.,

so that dividing by ε > 0 (resp. ε < 0) we obtain (2.3.9) (resp. (2.3.10)).
For the equality case in (2.3.9) we pick, for ε > 0, a vector field Xε ∈ Grad(g + εf)

and notice that supε∈(0,1) ‖Xε‖L2(TM) < ∞. Thus by the Banach-Alaoglu theorem the set
{Xε}ε∈(0,1) is weakly∗ relatively compact and hence there exists

Xf,+ ∈
⋂

ε∈(0,1)

cl∗
(
{Xε′ : ε′ ∈ (0, ε)}

)
,

where cl∗(A) denotes the weak∗-closure of A ⊂ L2(TM).
By definition of Xε and inequalities (2.3.3) and (2.3.4), for any ε > 0 we have∫

d(g + εf)(Xε) dm ≥ 1

2
‖d(g + εf)‖2L2(T ∗M) +

1

2
‖Xε‖2L2(TM),∫

g(Xε) dm ≤ 1

2
‖dg‖2L2(T ∗M) +

1

2
‖Xε‖2L2(TM).

(2.3.11)

In particular from the first we obtain, after minor manipulation based on the trivial bound∣∣|d(g + εf)|∗ − |dg|∗
∣∣ ≤ ε|df |∗, that

1

2
‖dg‖2L2(T ∗M) +

1

2
‖Xε′‖2L2(TM) −

∫
dg(Xε′) dm ≤ O(ε), ∀ε′ ∈ (0, ε),

thus noticing that the left hand side of this expression is weakly∗ lower semicontinuous as a
function of Xε′ , by definition of Xf,+ we deduce that

1

2
‖dg‖2L2(T ∗M) +

1

2
‖Xf,+‖2L2(TM) −

∫
dg(Xf,+) dm ≤ 0,
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which by (2.3.4) is sufficient to deduce that Xf,+ ∈ Grad(g).
Now subtracting the second from the first in (2.3.11) we obtain∫

df(Xε) dm ≥
∫

ess-inf
ε̃>0

|D(g + ε̃f)|2 − |Dg|2

2ε̃
dm, ∀ε > 0,

and again since the left hand side is weakly∗ continuous as a function of Xε, we deduce that∫
df(Xf,+) dm ≥

∫
ess-inf
ε̃>0

|D(g + ε̃f)|2 − |Dg|2

2ε̃
dm.

Given that Xf,+ ∈ Grad(g), by (2.3.9) this inequality is sufficient to deduce that m-a.e.
equality of the integrands.

The equality case in (2.3.10) is handled analogously. �

This proposition can be interpreted by saying that to know the duality relation between differ-
entials and gradients of Sobolev functions it is not really necessary to know who differentials
and gradients are, but is instead sufficient to have at disposal the notion of modulus of the
differentials. This was precisely the approach taken in [30] where the right hand sides of
(2.3.9) and (2.3.10) have been taken by definition as basis of an abstract differential calculus
on metric measure spaces. With this proposition we thus showed that the approach of [30]
and the current one are fully compatible.

This kind of computation is also useful to recognize spaces where gradients are unique:

Proposition 2.3.8 The following are equivalent:

i) for every g ∈ S2(M) the set Grad(g) contains exactly one element,

ii) for every f, g ∈ S2(M) equality holds m-a.e. in (2.3.8).

proof
(i)⇒ (ii) Direct consequence of Proposition 2.3.7: the two gradient vector fields Xf,+ and
Xf,− for which equality hold in (2.3.9) and (2.3.10) must coincide.
(ii)⇒ (i) Fix g ∈ S2(M), let X1, X2 ∈ Grad(g) and notice that by assumption and Proposition
2.3.7 we deduce that for every f ∈ S2(M) the equality df(X1) = df(X2) holds m-a.e.. Thus
for ω ∈ L2(T ∗M) of the form ω =

∑
i
χAidfi for some fi ∈ S2(M) and Ai ∈ B(M), i ∈ N,

we also have ω(X1) = ω(X2) m-a.e.. Since the set of such ω’s is dense in L2(T ∗M), this is
sufficient to conclude that X1 = X2. �

In line with [30] we thus give the following definition:

Definition 2.3.9 (Infinitesimally strictly convex spaces) A complete separable metric
space equipped with a non-negative Radon measure (M, d,m) is said infinitesimally strictly
convex provided the two equivalent properties in Proposition 2.3.8 above hold.

On infinitesimally strictly convex spaces, for g ∈ S2(M) the only element of Grad(g) will
be denoted by ∇g.

Remark 2.3.10 The terminology comes from the fact that Rd equipped with a norm and the
Lebesgue measure is infinitesimally strictly convex if and only if the norm is strictly convex,
so that in a sense infinitesimal strict convexity speaks about the m-a.e. strict convexity of the
norm in the tangent spaces.

Still, we point out that in a general Finsler manifold we do not really know if being in-
finitesimally strictly convex in the sense of the above definition is the same as requiring the
norm in the tangent module to be a.e. strictly convex: the point is that Definition 2.3.9 only
speaks about the strict convexity of the norm when looked on gradient vector fields. �
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2.3.3 Divergence

In the smooth setting the (opposite of) the adjoint of the differential is the divergence. We
have thus the possibility of introducing and studying the divergence in metric measure spaces,
which is the aim of this section.

We start with the definition:

Definition 2.3.11 (Divergence) The space D(div) ⊂ L2(TM) is the set of all vector fields
X for which there exists f ∈ L2(m) such that∫

fg dm = −
∫

dg(X) dm, ∀g ∈W 1,2(M). (2.3.12)

In this case we call f (which is unique by the density of W 1,2(M) in L2(m)) the divergence of
X and denote it by div(X).

We also introduce the functional Ediv : L2(TM)→ [0,∞] as

Ediv(X) :=


1

2

∫
|div(X)|2 dm, if X ∈ D(div),

+∞, otherwise.

Notice that the linearity of the differential grants that D(div) is a vector space and that the
divergence is a linear operator. In particular, Ediv is a quadratic form.

The Leibniz rule for differentials immediately gives the Leibniz rule for the divergence:

for X ∈ D(div) and f ∈ L∞ ∩ S2(M) with |df |∗ ∈ L∞(M)

we have fX ∈ D(div) and: div(fX) = df(X) + fdivX.
(2.3.13)

Indeed with these assumptions we have df(X) + fdivX ∈ L2(m) and for every g ∈W 1,2(M)
we have fg ∈W 1,2(M) and thus

−
∫
gfdiv(X) dm =

∫
d(fg)(X) dm =

∫
gdf(X) + dg(fX) dm,

which is the claim.
Another direct consequence of the definition is the following duality formula:

Proposition 2.3.12 (Dual representation of Ediv) Ediv is L2(TM)-lower semicontinuous
and the duality formula

Ediv(X) = sup
g∈W 1,2(M)

∫
−dg(X) dm− 1

2

∫
|g|2 dm. (2.3.14)

holds for every X ∈ L2(TM).

proof For L2(TM) lower semicontinuity notice that if (Xn) ⊂ D(div) is L2(TM)-converging
to some X with (div(Xn)) uniformly bounded in L2(m), then up to pass to a subsequence,
not relabeled, the sequence (div(Xn)) has a weak limit f ∈ L2(m). Conclude noticing that
‖f‖L2(M) ≤ limn ‖div(Xn)‖L2(M) and that the condition (2.3.12) passes to the limit, so that
f = div(X).
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For what concerns (2.3.14), inequality ≥ in (2.3.14) is obvious. To prove the other we can
assume that the sup in the right hand side of (2.3.14) is finite. Call it S. Then we have∫

−dg(X) dm ≤ S +
1

2

∫
|g|2 dm, ∀g ∈W 1,2(M),

and writing this inequality for λg in place of g and optimizing in λ ∈ R we deduce that∫
−dg(X) dm ≤ ‖g‖L2(m)

√
2S, ∀g ∈W 1,2(M).

In other words the map W 1,2(M) 3 g 7→
∫
−dg(X) dm ∈ R is continuous w.r.t. the L2-norm,

and by the density of W 1,2(M) in L2(m) this map can be uniquely extended to a continuous
linear functional on L2(m). By the Riesz theorem we deduce that there exists f ∈ L2(m) such
that

∫
−dg(X) dm =

∫
fg dm, i.e., by definition, X ∈ D(div) and div(X) = f . �

It is worth to underline that without further assumptions on the space we are not able to
produce any non-zero vector field in D(div). In fact, the next proposition in conjunction with
Remark 2.2.12 shows that to find a large class of vector fields with a divergence might be
impossible:

Proposition 2.3.13 (Domain of the divergence and reflexivity of W 1,2(M)) Assume
that D(div) is dense in L2(TM) w.r.t. the strong topology. Then W 1,2(M) is reflexive.

proof We shall use Proposition 2.2.10. Thus let (fn) ⊂ W 1,2(M) be a W 1,2(M)-bounded
sequence and find a subsequence, not relabeled, such that fn ⇀ f as n → ∞ in the weak
topology of L2(m) for some f ∈ L2(m).

The L2(m)-weak lower semicontinuity of E grants that

E(f) ≤ lim
n→∞

E(fn) = lim
n→∞

1

2

∫
|dfn|2∗ dm ≤ sup

n
‖fn‖2W 1,2(M) <∞,

and thus f ∈ W 1,2(M). We now want to prove the convergence of (dfn) to df in the
weak topology of L2(T ∗M). To this aim let X ∈ L2(TM), X ′ ∈ D(div), put S :=
supn ‖dfn‖L2(T ∗M) ≥ ‖df‖L2(T ∗M) and notice that∣∣∣∣∫ dfn(X)− df(X) dm

∣∣∣∣ ≤ ∣∣∣∣∫ dfn(X ′)− df(X ′) dm

∣∣∣∣+

∫
|dfn(X −X ′)|+ |df(X −X ′)| dm

≤
∣∣∣∣∫ (fn − f)div(X ′) dm

∣∣∣∣+ 2S‖X −X ′‖L2(TM).

Letting first n → ∞ and then, using the assumption on the density of D(div) in L2(TM),
X ′ → X in L2(TM) we deduce that

∫
dfn(X) dm →

∫
df(X) dm. Since by Proposition

1.2.13 every element of the Banach dual of L2(T ∗M) is of the form ω 7→
∫
ω(X) dm for some

X ∈ L2(TM), we just proved that (dfn) weakly converges to df . The conclusion comes from
Proposition 2.2.10. �

Recalling the definition of Laplacian and that of its domain given at the end of Section 2.1,
we might ask whether in this setting the divergence of the gradient is the Laplacian. The
answer is given by the next proposition:
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Proposition 2.3.14 Let f ∈W 1,2(M) and assume that there is X ∈ Grad(f)∩D(div). Then
div(X) ∈ ∂−E(f) and in particular f ∈ D(∆).

Conversely, if the space is infinitesimally strictly convex and f ∈ D(∆), then ∇f ∈ D(div)
and div(∇f) = ∆f .

proof For given f,X as in the statement, let g ∈W 1,2(M) be arbitrary and use the convexity
of E to get

E(f + g)− E(f) ≥ lim
ε↓0

∫
|D(f + εg)|2 − |Df |2

2ε
dm

(2.3.9)

≥
∫

dg(X) dm = −
∫
g div(X) dm,

which is the first claim.
For the second, notice that by definition of ∆f for every g ∈W 1,2(M) we have

E(f + εg)− E(f) ≥ −
∫
εg∆f dm, ∀ε ∈ R.

Then dividing by ε and letting ε ↓ 0 and ε ↑ 0 and recalling Proposition 2.3.8, we see that

lim
ε→0

E(f + εg)− E(f)

ε
= −

∫
g∆f dm.

On the other hand, by Proposition 2.3.7 we know that the limit at the left hand side is equal
to
∫

dg(∇f) dm and the thesis follows. �

Still in the realm of infinitesimally strictly convex spaces, we can prove the following natural
duality formula for the energy E. Notice that if we knew that the Banach space L2(T ∗M) was
reflexive, then such duality would follow along the same lines used to prove (2.3.14), so that
the interest of the statement is in the fact that no reflexivity assumption is made.

Proposition 2.3.15 (Duality formula for E) Assume that (M, d,m) is infinitesimally
strictly convex. Then for every f ∈ L2(m) we have

E(f) = sup
X∈D(div)

−
∫
fdiv(X) dm− 1

2

∫
|X|2 dm.

proof Inequality ≥ is obvious. For the converse we fix f ∈ L2(m) and let ft := ht(f),
where (ht) is the gradient flow of E in L2(m) introduced at the end of Section 2.1. Then
[0,∞) 3 t 7→ ft ∈ L2(m) is continuous and locally absolutely continuous on (0,∞), with
ft ∈ D(∆) ⊂ {E <∞} = W 1,2(M) for every t > 0 and such that

d

dt
ft = ∆ft, a.e. t > 0, (2.3.15)

where the derivative in the left hand side is the strong L2-limit of the incremental ratios.
Put Xt := ∇ft and g(t) :=

∫
−f0div(Xt) − 1

2 |Xt|2 dm. The thesis will be achieved if we
prove that limt↓0 g(t) ≥ E(f0). Consider the function [0, 1] 3 t 7→ d(t) := 1

2‖ft − f0‖2L2(m).

Being (ft) an L2-absolutely continuous curve on [0, 1], d is absolutely continuous. Taking into
account (2.3.15), for a.e. t > 0 we have

d

dt
d(t) =

∫
(ft − f0)∆ft dm =

∫
−f0∆ft dm +

∫
ft∆ft dm =

∫
−f0∆ft dm−

∫
|dft|2 dm.
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Since E(ft) = 1
2

∫
|dft|2 dm = 1

2

∫
|Xt|2 dm, we deduce that

g(t) = E(ft) +
d

dt
d(t), a.e. t > 0. (2.3.16)

Now notice that d(t) ≥ 0 for every t ∈ [0, 1] and that d(0) = 0, thus for the set A := {t :
d
dtd(t) exists and is non-negative} we have L1(A ∩ [0, ε]) > 0 for every ε > 0. Hence there
exists a decreasing sequence (tn) converging to 0 such that tn ∈ A and (2.3.16) holds for
t = tn for every n ∈ N. Therefore

lim
t↓0

g(t) ≥ lim
n→∞

g(tn) ≥ lim
n→∞

E(ftn) ≥ E(f0),

having used the L2-lower semicontinuity of E in the last step. �

2.3.4 Infinitesimally Hilbertian spaces

In this section we discuss how first order calculus works on spaces which, from the Sobolev
calculus point of view, resemble Riemannian manifolds rather than the more general Finsler
ones. The concept of infinitesimally Hilbertian space was introduced in [30] to capture some
key aspects of the analysis done in [11] and the content of Proposition 2.3.17 below is, more
or less, a review of analogous results contained in [30] in terms of the language we developed
here.

We recall the following definition:

Definition 2.3.16 (Infinitesimally Hilbertian spaces) A complete separable metric
space equipped with a non-negative Radon measure (M, d,m) is said infinitesimally Hilber-
tian provided W 1,2(M) is an Hilbert space.

This definition captures a ‘global’ Hilbert property of the space, but the following result, and
in particular point (iii), shows that in fact it forces a ‘pointwise’ Hilbertianity of the space,
thus justifying the word ‘infinitesimal’ in the terminology.

Proposition 2.3.17 (Equivalent characterizations of infinitesimal Hilbertianity)
The following are equivalent:

i) (M, d,m) is infinitesimally Hilbertian.

ii) (M, d,m) is infinitesimally strictly convex and

df(∇g) = dg(∇f), m-a.e., ∀f, g ∈ S2(M). (2.3.17)

iii) L2(T ∗M) and L2(TM) are Hilbert modules.

iv) (M, d,m) is infinitesimally strictly convex and

∇(f + g) = ∇f +∇g, m-a.e., ∀f, g ∈ S2(M). (2.3.18)
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v) (M, d,m) is infinitesimally strictly convex and

∇(fg) = f∇g + g∇f, m-a.e., ∀f, g ∈ S2 ∩ L∞(M). (2.3.19)

proof
(i)⇒ (ii) The assumption and the definition of W 1,2-norm yield that the map W 1,2(M) 3
f 7→ E(f) := 1

2‖df‖
2
L2(T ∗M) is a quadratic form, i.e.

‖d(f + g)‖2L2(T ∗M) + ‖d(f − g)‖2L2(T ∗M) = 2
(
‖df‖2L2(T ∗M) + ‖dg‖2L2(T ∗M)

)
, (2.3.20)

for every f, g ∈W 1,2(M). Writing εg in place of g and noticing that E(εg) = ε2E(g), from the
last identity we deduce that

lim
ε↓0

E(f + εg)− E(f)

2ε
= lim

ε↑0

E(f + εg)− E(f)

2ε
,

which, together with the monotonicity conditions (2.3.7) and (2.3.8), forces the equality to
hold m-a.e. in (2.3.8) for any f, g ∈W 1,2(M), i.e. the space is infinitesimally strictly convex.

Moreover, (2.3.20) yields that for fixed f, g ∈ W 1,2(M) the map R2 3 (t, s) 7→
Q(t, s) := ‖d(tf + sg)‖2L2(T ∗M) is a quadratic polynomial, in particular it is smooth and

thus d
dt |t=0

d
ds |s=0

Q(t, s) = d
ds |s=0

d
dt |t=0

Q(t, s). Expanding this equality recalling Proposition
2.3.7 we deduce that∫

df(∇g) dm =

∫
dg(∇f) dm, ∀f, g ∈W 1,2(M) (2.3.21)

We need to pass from this integrated identity to the pointwise formulation (2.3.17). To this
aim, pick f, h ∈ W 1,2 ∩ L∞(M) and recall the Leibniz rule for the differential and the chain
rule for the gradient to get that∫

h|df |2 dm =

∫
hdf(∇f) dm =

∫
d(hf)(∇f)− fdh(∇f) dm

=

∫
d(hf)(∇f)− dh(∇(f

2

2 )) dm
(2.3.21)

=

∫
d(hf)(∇f)− d(f

2

2 )(∇h) dm.

(2.3.22)

Now notice that since the map W 1,2 ∩ L∞(M) 3 f 7→
∫

df(∇h) dm is linear, the map

W 1,2 ∩ L∞(M) 3 f 7→
∫

d(f
2

2 )(∇h) dm is a quadratic form. Similarly, since both the
maps W 1,2 ∩ L∞(M) 3 f 7→

∫
d(hf)(∇h′) dm and W 1,2 ∩ L∞(M) 3 f 7→

∫
dh′(∇f) dm =∫

df(∇h′) dm are linear for any h, h′ ∈ W 1,2 ∩ L∞(M), we deduce that the map W 1,2 ∩
L∞(M) 3 f 7→

∫
d(hf)(∇f) dm is a quadratic form. Thus (2.3.22) yields that W 1,2∩L∞(M) 3

f 7→
∫
h|df |2 dm is a quadratic form and with the same arguments used to pass from (2.3.20)

to (2.3.21) we deduce that∫
hdf(∇g) dm =

∫
hdg(∇f) dm, ∀f, g, h ∈W 1,2 ∩ L∞(M).

Fix f, g and use the weak∗-density of the set of h’s in W 1,2 ∩ L∞(M) in L∞(M) to deduce
that (2.3.17) holds for f, g ∈ W 1,2 ∩ L∞(M). Conclude that the same identity holds for
f, g ∈ S2(M) using the locality properties of differential and gradients and a truncation and
cut-off argument.
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(ii)⇒ (iii) Let f, g ∈ S2(M), h ∈ L∞(m) and notice that the map t 7→ 1
2

∫
h|d(f + tg)|2 dm is

Lipschitz. Computing its derivative using Proposition 2.3.7 we get∫
h(|d(f + g)|2 − |df |2) dm =

∫∫ 1

0
h

d

dt
|d(f + tg)|2 dt dm = 2

∫∫ 1

0
hdg(∇(f + tg)) dt dm

by (2.3.17) = 2

∫∫ 1

0
hd(f + tg)(∇g) dtdm =

∫
h (2 df(∇g) + |dg|2) dm.

Replacing g with −g and adding up, we see that S2(M) 3 f 7→
∫
h|df |2 dm satisfies the

parallelogram rule for any h ∈ L∞(m) and from this arbitrariness and the linearity of the
differential we further obtain that

|df + dg|2 + |df − dg|2 = 2
(
|df |2 + |dg|2

)
, m-a.e., ∀f, g ∈ S2(M).

By the very definition of L2(T ∗M)-norm, we then see that the parallelogram rule is satisfied for
forms of the kind

∑
i
χAidfi and since these are dense in L2(T ∗M) we deduce that L2(T ∗M),

and thus its dual L2(TM), is an Hilbert module.
(iii)⇒ (iv) By the Riesz theorem for Hilbert modules (Theorem 1.2.24) we know that every
vector field in L2(TM) is of the form Lω for some ω ∈ L2(T ∗M), where Lω(ω′) := 〈ω, ω′〉 for
every ω′ ∈ L2(T ∗M). Pick f ∈ S2(M), X ∈ Grad(f) and let ω ∈ L2(T ∗M) such that X = Lω.
Then by definition of Grad(f) we have 〈ω,df〉L2(T ∗M) = 1

2‖df‖
2
L2(T ∗M) + 1

2‖ω‖
2
L2(T ∗M), which

forces ω = df . Thus the gradient is unique and linearly depends, by the linearity of the
differential and of ω 7→ Lω, on the function, which is the thesis.
(iv)⇒ (iii) We know that |df |2 = df(∇f) m-a.e. for any f ∈ S2(M). Hence from the linearity
of the differential and using (2.3.18), for any f, g ∈ S2(M) we get

|d(f + g)|2 = (df + dg)(∇f +∇g) = |df |2 + |dg|2 + df(∇g) + dg(∇f), m-a.e..

Adding the analogous computation for |d(f − g)|2 we deduce the parallelogram identity in
L2(T ∗M) for forms of the kind

∑
i
χAidfi, Ai ∈ B(M), fi ∈ S2 and since these are dense in

L2(T ∗M) the claim is proved.
(iii)⇒ (i) Just recall that E(f) = 1

2‖df‖
2
L2(T ∗M) and use the fact that (L2(T ∗M), ‖ · ‖L2(T ∗M))

is an Hilbert space to conclude that E satisfies the parallelogram identity.
(iv)⇔ (v) With a truncation argument and recalling the locality property (2.3.5) we see that
(2.3.18) holds if and only if it holds for any f, g ∈ S2 ∩ L∞(M). Pick such f, g, let f ′ := ef

and g′ := eg, notice that f ′, g′ ∈ S2 ∩ L∞(M) and that on arbitrary infinitesimally strictly
convex spaces, the chain rule (2.3.6) yields

f ′g′∇(f + g) = f ′g′∇ log(f ′g′) = ∇(f ′g′),

f ′g′(∇f +∇g) = f ′∇g′ + g′∇f ′.

Thus if (2.3.18) holds the left hand sides of the above identities coincide, thus also the right
hand sides coincide and (2.3.19) is proved. Reversing the argument we obtain the converse
implication. �

On infinitesimally Hilbertian spaces, the energy E : L2(m) → [0,∞] is a Dirichlet form and
the above proposition ensures that this forms admits a carré du champ given precisely by
〈∇f,∇g〉, where 〈·, ·〉 is the pointwise scalar product on the Hilbert module L2(TM).
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It is then easy to see (see also the arguments in Section 3.4.4) that the Laplacian ∆ and
its domain D(∆) ⊂ W 1,2(M) as we defined at the end of Section 2.1 can be equivalently
characterized in the following more familiar way:

f ∈ D(∆) and h = ∆f ⇔
∫
ghdm = −

∫
〈∇g,∇f〉 dm ∀g ∈W 1,2(M), (2.3.23)

which in particular shows that D(∆) is a vector space and ∆ : D(∆) → L2(m) a linear
operator.

A further consequence of infinitesimal Hilbertianity, and in particular of the Leibniz rule
for gradients, is that we have the Leibniz rule for the Laplacian. A version of this formula
that we shall use later on is:

f, g ∈ D(∆) ∩ L∞(m)

|df |∗, |dg|∗ ∈ L∞(m)

 ⇒


fg ∈ D(∆) with

∆(fg) = f∆g + g∆f + 2〈∇f,∇g〉
(2.3.24)

To check this, notice that the assumptions on f, g grant that for any h ∈ W 1,2(M) we have
fh, gh ∈ W 1,2(M) and that the expression for ∆(fg) is in L2(m), thus using the characteri-
zation (2.3.23) for the Laplacians of f, g we get

−
∫
〈∇h,∇(fg)〉 dm = −

∫
g〈∇h,∇f〉+ f〈∇h,∇g〉 dm

=

∫
−〈∇(hg),∇f〉 − 〈∇(hf),∇g〉+ 2h〈∇f,∇g〉 dm

=

∫
hg∆f + hf∆g + 2h〈∇f,∇g〉dm,

which is the claim.

2.3.5 In which sense the norm on the tangent space induces the distance

In a smooth Riemannian/Finslerian manifold there is a direct link between the norm on the
tangent space and the distance on the manifold, as we have, by definition in fact, that

d2(x, y) = inf

∫ 1

0
|γ′t|2 dt, (2.3.25)

the inf being taken among all smooth curves γ on [0, 1] connecting x to y, γ′t being the usual
derivative of γ at time t. As a consequence of this fact/definition we also have that the metric
speed of a curve equals the norm of its derivative:

|γ̇t| = |γ′t|, a.e. t. (2.3.26)

The question then is: can these identities be interpreted in the non-smooth setting so that
a link between the metric and the differential side of the story can be established in this
generality?

As we try to show in this section, the answer is affirmative. We shall propose two, different
but related, interpretations of the latter identity (2.3.26): in the first (Theorem 2.3.18) we
see in which sense (2.3.26) holds for π-a.e. curve γ for any given test plan π, while in the
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second (Theorem 2.3.24) rather than studying curves of points we study curves of probability
measures with bounded densities.

We then discuss the relations between these two approaches and see under which conditions
and in which sense we can reobtain (2.3.25) in metric measure spaces.

Given a test plan π we would like to define for a.e. t ∈ [0, 1] and π-a.e. γ the tangent vector
γ′t, i.e. for a.e. t we would like to be able to assign to π-a.e. γ an element γ′t of the ‘tangent
space of M at γt’. To a give a rigorous meaning to such object, we need to call into play the
notion of pullback of the tangent module. Thus recall that C([0, 1],M) equipped with sup
distance is a complete and separable metric space and that a test plan π is a Borel measure
on it such that for every t ∈ [0, 1] the map et : (C([0, 1],M),π) → (M,m) has bounded
compression (Definition 1.6.1). Thus it makes sense to consider the pullback of the cotangent
and tangent modules via this map: we shall denote them as L2(T ∗M,π, et) and L2(TM,π, et)
respectively.

Recall that by Theorem 1.6.7 we know that if L2(TM) is separable, then L2(TM,π, et) is
(=can be canonically identified with) the dual of L2(T ∗M,π, et). We then have the following
result:

Theorem 2.3.18 (The vector fields π′t) Let (M, d,m) be such that L2(TM) is separable
with m giving finite mass to bounded sets and π ∈P(C([0, 1],M)) a test plan.

Then there exists a unique, up to L1-a.e. negligible sets, family of vector fields π′t ∈
L2(TM,π, et) such that for every f ∈W 1,2(M) we have

lim
h→0

f ◦ et+h − f ◦ et
h

= (e∗tdf)(π′t) for a.e. t ∈ [0, 1],

the limit being intended in the strong topology of L1(π).
Moreover, the map (γ, t) 7→ |π′t|(γ) is (the equivalence class w.r.t. π × L1|0,1-a.e. equality

of) a Borel map which satisfies

|π′t|(γ) = |γ̇t|, π × L1
|0,1-a.e. (γ, t). (2.3.27)

proof It will be technically convenient for the proof to consider a precise representative for
the metric speed, thus for γ absolutely continuous put

| ˙̄γt| := lim
h→0

d(γt+h, γt)

|h|
, if the limit exists, 0 otherwise,

and recall that Theorem 2.1.2 ensures that | ˙̄γt| = |γ̇t| for a.e. t.

Let m̄(t) be the centered maximal function of the L1(0, 1) map t 7→
√∫
|γ̇t|2 dπ(γ) and

notice that√∫ t+h

t

∫
|γ̇s|2 dπ(γ) ds ≤

√∫ t+h

t−h

∫
|γ̇s|2 dπ(γ) ds ≤

√
2hm̄(t), ∀t ∈ [0, 1]. (2.3.28)

For f ∈ W 1,2(M) and t, h ∈ [0, 1] such that t + h ∈ [0, 1] consider the incremental ratio

IR(f ; t, h) :=
f◦et+h−f◦et

h ∈ L1(π) and notice that from the very definition of test plan and
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Sobolev function we have

‖IR(f ; t, h)‖L1(π) ≤
1

h

∫∫ t+h

t
|Df |(γs)|γ̇s|dπ(γ) ds

≤ 1

h

√∫∫ t+h

t
|Df |2(γs) dπ(γ) ds

√∫∫ t+h

t
|γ̇s|2 dπ(γ) ds

using (2.3.28) ≤
√

2C(π)m̄(t)‖f‖W 1,2(M).

(2.3.29)

Now observe that if f ∈ W 1,2(M) has a Lipschitz continuous representative f̄ , then since π
is concentrated on absolutely continuous curves, for π-a.e. γ the map t 7→ f̄(γt) is absolutely
continuous and satisfies

| d
dt
f̄(γt)| ≤ lip(f̄)(γt)| ˙̄γt|, a.e. t.

Thus by Fubini and using the dominate convergence theorem we get that for a.e. t ∈ [0, 1]

IR(f ; t, h) has a strong limit Der(f, t) in L1(π) as h ↓ 0

and the limit is bounded in modulus by lip(f̄)(γt)| ˙̄γt| for π-a.e. γ
(2.3.30)

Now let f ∈ W 1,2(M) and (fn) ⊂ W 1,2(M) be a sequence W 1,2-converging to f made of
functions with Lipschitz representatives (recall (2.1.5)). Then for every t ∈ [0, 1] such that
m̄(t) <∞ and IR(fn; t, h) has a strong limit in L1(π) as h ↓ 0 for every n ∈ N, from (2.3.29)
we have

lim
h,h′↓0

‖IR(f ; t, h)− IR(f ; t, h′)‖L1(π) ≤ lim
h,h′↓0

‖IR(fn; t, h)− IR(fn; t, h′)‖L1(π)

+ 2
√

2C(π)m̄(t)‖f − fn‖W 1,2(M)

= 2
√

2C(π)m̄(t)‖f − fn‖W 1,2(M),

so that letting n→∞ we deduce that IR(f ; t, h) strongly converges to some Der(f, t) in L1(π)
as h ↓ 0. The same kind of computation also shows that Der(f, t) = limn→∞Der(fn, t), the
limit being intended in L1(π).

Using again (2.1.5) we see that the approximating sequence (fn) can be chosen so that
lip(f̄n)→ |Df | in L2(m) as n→∞, which implies that lip(f̄n)(γt)| ˙̄γt| → |Df |(γt)| ˙̄γt| in L1(π)
as n→∞ for a.e. t. Thus passing to the limit in the bound given in (2.3.30) we deduce that

|Der(f, t)|(γ) ≤ |Df |(γt)| ˙̄γt|, π-a.e. γ. (2.3.31)

Repeating the argument for h ↑ 0 we thus proved that for every f ∈ W 1,2(M) the following
holds: for a.e. t ∈ [0, 1] we have IR(f ; t, h) → Der(f, t) in L1(π) as h ↓ 0 for some Der(f, t)
for which the bound (2.3.31) holds.

Now use the separability assumption on L2(TM) and the fact that such space is isometric
to the Banach dual of L2(T ∗M) to deduce that the latter is separable and therefore that
W 1,2(M) is separable as well (recall the isometric embedding f 7→ (f, df) of W 1,2(M) into
L2(m) × L2(T ∗M)). Then consider a countable dense Q-vector space D ⊂ W 1,2(M) and let
A ⊂ [0, 1] be a Borel set of full measure such that for every t ∈ A we have m̄(t) <∞ and for
every f ∈ D the incremental ratios IR(f ; t, h) converge to some Der(f, t) in L1(π) as h → 0
for which (2.3.31) holds.
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The linearity of f 7→ IR(f ; t, h) ensures that for every t ∈ A the map D 3 f 7→ Der(f, t) ∈
L1(π) is Q-linear, while (2.3.31) grants that it is continuous. Hence it can be uniquely
extended to a linear continuous map, still denoted by Der(·, t) from W 1,2(M) to L1(π). Using
again the equicontinuity of IR(·; t, h) it is then clear that IR(f ; t, h) → Der(f, t) in L1(π) as
h→ 0 for every t ∈ A and that the bound (2.3.31) holds.

Now for t ∈ A consider the vector space V := {e∗tdf : f ∈ W 1,2(M)}, notice that
by Proposition 2.2.5 and property (1.6.5) it generates, in the sense of modules, the whole
L2(T ∗M,π, et) and consider the linear map L : V → L1(π) sending e∗tdf to Der(f, t): the
bound (2.3.31) grants that this map is well defined and we can restate such bound as

|L(e∗tdf)|(γ) ≤ |e∗tdf |(γ) | ˙̄γt|. (2.3.32)

By Proposition 1.4.8 we then deduce that L can be uniquely extended to a an element of the
dual module of L2(T ∗M,π, et) and the assumption of separability of L2(TM) and Theorem
1.6.7 grants that such element is in fact an element π′t of the pullback of the dual module
L2(TM,π, et). The Borel regularity of (γ, t) 7→ |π′t|(γ) follows from the duality formula

1

2
|π′t|2(γ) = ess-sup

f∈W 1,2(M)

e∗tdf(π′t)−
1

2
|Df |2(γt) = ess-sup

f∈W 1,2(M)

Der(f, t)(γ)− 1

2
|Df |2(γt),

the essential supremum being intended w.r.t. π × L1|[0,1]
. Using again Proposition 1.4.8 and

the bound (2.3.32) we get the inequality ≤ in (2.3.27).
To prove the opposite inequality notice that by definition we have

|Der(f, t)|(γ) = |e∗tdf(π′t)(γ)| ≤ |Df |(γt)|π′t|(γ), π × L1
|[0,1]

-a.e. (γ, t),

so that for every f ∈W 1,2(M) with a 1-Lipschitz continuous representative f̄ we have

d

dt
f̄(γt) ≤ |π′t|(γ), π × L1

|[0,1]
-a.e. (γ, t).

To conclude it is therefore sufficient to show that there exists a countable familyD′ ⊂W 1,2(M)
of functions having 1-Lipschitz representatives such that for every absolutely continuous curve
γ it holds

sup
f̄∈D′

d

dt
f̄(γt) ≥ |γ̇t|, a.e. t. (2.3.33)

This follows by standard means, indeed assume for a moment that bounded subsets of
M have finite m-measure, let (xn) ⊂ M be countable and dense and define f̄n := max{1 −
d(·, xn), 0}. Then clearly the f̄n’s are 1-Lipschitz representatives of functions inW 1,2(M). Now
fix an absolutely continuous curve γ, and notice that for every t ∈ [0, 1] the very definition
of f̄n ensures that for s ∈ [t, 1] sufficiently close to t it holds d(γt, γs) = supn f̄n(γt)− f̄n(γs)
and therefore

d(γt, γs) = sup
n
f̄n(γt)− f̄n(γs) ≤ sup

n

∫ s

t

d

dr
f̄n(γr) dr ≤

∫ s

t
sup
n

d

dr
f̄n(γr) dr.

A simple application of the triangle inequality shows that the above inequality holds for
every t < s and thus, by the very definition 2.1.1 of metric speed, the claim (2.3.33) and the
conclusion.

To drop the assumption that bounded sets have finite mass, use the Lindelöf property of
(M, d) to cover M with countably many balls of finite mass and replicate the above argument
in each of the balls. �
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Remark 2.3.19 In the special case in which the evaluation maps et are π-a.e. invertible,
from the functorial property of the operation of pullback of a module we see that in this case
it is not necessary to consider any pullback at all. Indeed, let L0(TM) be the L0(m)-module
M 0 obtained as indicated in Section 1.3 from the module M := L2(TM), put µt := (et)∗π,
let L2(TM, µt) ⊂ L0(TM) be the L2(µt)-normed module of elements with finite L2(µt) norm
and assume that for some Borel map einv

t : M → C([0, 1],M) we have et(e
inv
t ) = IdM µt-a.e.

and einv
t (et) = IdC([0,1],M) π-a.e. for every t ∈ [0, 1].

Then the modules L2(TM,π, et) and L2(TM, µt) can be identified via the invertible map
X 7→ (einv

t )∗X and the vector fields π′t ∈ L2(TM, µt) can be defined via their actions on
Sobolev functions f ∈W 1,2(M) via the formula

df(π′t) = lim
h→0

f ◦ et+h ◦ einv
t − f

h
.

�

Open Problem 2.3.20 (Vector fields as derivations along curves) One can ‘reverse’
the content of this last theorem and ask whether given a vector field X ∈ L2(TM) and a
measure µ ∈ P(M) such that µ ≤ Cm for some C > 0 there exists a test plan π such that
(e0)∗π = µ and π′0 = e∗0X. Notice that part of the problem here is to show that it makes
sense to speak about the vector field π′t at the time t = 0. In other words: can we see every
vector field as derivation at time 0 along a certain family of curves?

For gradient vector fields and infinitesimally strictly convex spaces, a result in [30] ensures
a positive answer to this question, but the general case is open. See also Remark 3.4.14.

�

We turn to the interpretation of (2.3.26) in terms of curves of probability measures. We
refer to [56] and [6] for the definition of the quadratic transportation distance W2 on the space
P2(M) of Borel probability measures with finite second moment.

Definition 2.3.21 (Curves of bounded compression) We say that a curve (µt) ⊂
P2(M) is of bounded compression provided it is W2-continuous and for some C ≥ 0 we
have µt ≤ Cm for every t ∈ [0, 1].

From Otto’s interpretation [43] of the space (P2(M),W2) as a sort of Riemannian manifold,
when the base space M is a smooth Riemannian manifold, we know that we might consider as
‘velocity’ of a curve of measures the ‘optimal’ vector fields for which the continuity equation
is satisfied, where optimality is intended in the sense of having minimal kinetic energy.

We want to push this interpretation up to our framework, and to do so we have to start
defining what are solutions of the continuity equation. To this aim, and as in Remark 2.3.19,
we introduce the space L0(TM) as the L0(m)-module M 0 obtained as indicated in Section
1.3 from the module M := L2(TM).

Definition 2.3.22 (Distributional solutions of the continuity equation) Let (µt) ⊂
P2(M) be a curve of bounded compression and (Xt) ⊂ L0(TM) a family of vector fields.
We say that (µt, Xt) solves the continuity equation

d

dt
µt +∇ · (Xtµt) = 0,

provided:
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i) the map t 7→
∫
|Xt|2 dµt is Borel and∫ 1

0

∫
|Xt|2 dµt dt <∞,

ii) for every f ∈W 1,2(M) the map t 7→
∫
f dµt is absolutely continuous and satisfies

d

dt

∫
f dµt =

∫
df(Xt) dµt, a.e. t ∈ [0, 1].

We want to show that this genuinely differential notion of solution of the continuity equation
completely characterizes W2-absolutely continuous curves of bounded compression. In fact,
the ‘hard work’ to obtain this characterization has been already carried out in [32], where the
following statement has been proved:

Theorem 2.3.23 Let (M, d,m) be such that W 1,2(M) is separable and (µt) ⊂P2(M) a curve
of bounded compression. Then the following are equivalent:

i) (µt) is W2-absolutely continuous with |µ̇t| ∈ L2(0, 1),

ii) for every f ∈ W 1,2(M) the map t 7→
∫
f dµt is absolutely continuous and there exists a

Borel negligible set N ⊂ [0, 1] and for each t ∈ [0, 1]\N a linear functional Lt : S2(M)→
R (N and the Lt’s being independent on f) such that for t ∈ [0, 1] \N we have

d

dt

∫
f dµt = Lt(f), ∀f ∈W 1,2(M),

and moreover putting

‖Lt‖µt := sup |Lt(f)|, the sup being taken among all f ∈ S2(M) with

∫
|df |2∗ dµt ≤ 1,

we have that [0, 1] \N 3 t 7→ ‖Lt‖µt is Borel with
∫ 1

0 ‖Lt‖
2
µt dt <∞.

If these hold, we also have

|µ̇t| = ‖Lt‖µt a.e. t ∈ [0, 1]. (2.3.34)

It is then not hard to interpret this result in terms of the above notion of solution of the con-
tinuity equation. Notice that the next theorem is fully equivalent to the analogous statement
proved for the Euclidean space in [8], the only difference being in the requirement that the
curve has bounded compression, which has the effect of ‘averaging out the unsmoothness of
the space’.

Theorem 2.3.24 (Continuity equation and W2-absolutely continuous curves)
Let (M, d,m) be such that W 1,2(M) is separable and (µt) ⊂ P2(M) a curve of bounded
compression. Then the following holds.

A) Suppose that (µt) is W2-absolutely continuous with
∫ 1

0 |µ̇t|
2 dt < ∞. Then there is a

family (Xt) ⊂ L0(TM) such that (µt, Xt) solves the continuity equation in the sense of
Definition 2.3.22 and such that∫

|Xt|2 dµt ≤ |µ̇t|2, a.e. t ∈ [0, 1].
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B) Conversely, suppose that (µt, Xt) solves the continuity equation in the sense of Definition
2.3.22. Then (µt) is W2-absolutely continuous and

|µ̇t|2 ≤
∫
|Xt|2 dµt, a.e. t ∈ [0, 1].

proof
(A) Use the implication (i)⇒ (ii) in Theorem 2.3.23 to find N and operators (Lt) as in the
statement. Fix t ∈ [0, 1] \N such that ‖Lt‖µt <∞ and notice that this forces Lt(f) = Lt(g)
for any f, g ∈ S2(M) with df = dg. Therefore the map L̃t : {df : f ∈ S2(M)} → R given by
L̃t(df) := Lt(f) is well defined and the definition ensures that it is linear and satisfies

|L̃t(df)| = |Lt(f)| ≤ ‖Lt‖µt

√∫
|df |2 dµt, ∀f ∈ S2(M).

Call L2(µt, T
∗M) (resp. L2(µt, TM)) the module M2,µt built from M := L2(T ∗M) (resp.

L2(TM)) as in Section 1.3, so that the above inequality can be restated as |L̃t(df)| ≤
‖Lt‖µt‖df‖L2(µt,T ∗M) and use the Hahn-Banach theorem to extend L̃t to a linear continu-

ous map, still denoted by L̃t, from L2(µt, T
∗M) to R satisfying

|L̃t(ω)| ≤ ‖Lt‖µt‖ω‖L2(µt,T ∗M), ∀ω ∈ L2(µt, T
∗M). (2.3.35)

Thus L̃t is an element of the Banach dual of L2(µt, T
∗M) and being this module L2(µt)-

normed, by Proposition 1.2.13 we can identify its Banach dual with its module dual and the
latter can be identified, recalling (1.3.5), with the module L2(µt, TM), so that in summary
we have Xt ∈ L2(µt, TM) such that

L̃t(ω) =

∫
ω(Xt) dµt, ∀ω ∈ L2(µt, T

∗M).

By construction, for every f ∈W 1,2(M) we have

d

dt

∫
f dµt = Lt(f) =

∫
df(Xt) dm,

for every t ∈ [0, 1] \ N such that ‖Lt‖µt < ∞ and the bound (2.3.35) and the identity 2.3.34
grant that ‖Xt‖L2(µt,TM) ≤ ‖Lt‖µt = |µ̇t| for a.e. t ∈ [0, 1], so the proof is complete.
(B) Let D ⊂W 1,2(M) be a countable dense Q-vector space and A ⊂ [0, 1] the set of Lebesgue
points of t 7→

∫
|Xt|2 dµt such that s 7→

∫
fn dµs is differentiable at s = t for any n ∈ N. Then

A is Borel and L1(A) = 1. For t ∈ A the map Lt : D → R given by d
ds

∫
f dµs|s=t is well

defined, Q-linear and dividing by |h| and letting h→ 0 in the bound

∣∣∣ ∫ f d(µt+h − µt)
∣∣∣ ≤ ∣∣∣ t+h∫

t

∫
df(Xs) dµs ds

∣∣∣ ≤
√√√√√ t+h∫

t

∫
|df |2∗ dµs ds

t+h∫
t

∫
|Xs|2 dµs ds

≤

√√√√√hC

∫
|df |2∗ dm

t+h∫
t

∫
|Xs|2 dµs ds,

(2.3.36)
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valid for any f ∈ W 1,2(M), where C is such that µt ≤ Cm for every t ∈ [0, 1], we see that
Lt : D → R is continuous w.r.t. the W 1,2(M) norm. Hence it can be extended in a unique
way to a linear continuous functional from W 1,2(M) to R, still denoted by Lt.

For generic f ∈ W 1,2(M) and t ∈ D, writing the bound (2.3.36) with f − fn in place of f ,
where (fn) ⊂ D converges to f , diving by h and letting first h→ 0 and then n→∞, we see
that the identity d

ds

∫
f dµs|s=t = Lt(f) is valid for any t ∈ A and f ∈W 1,2(M).

Now notice that being (µt) weakly continuous in duality with Cb(M) and with densities uni-
formly bounded, it is continuous in duality with L1(m) and thus t 7→

∫
|df |2∗ dµt is continuous

for every f ∈W 1,2(M). Hence for t ∈ A we have

∣∣∣ lim
h→0

1

h

∫
f d(µt+h − µt)

∣∣∣ ≤ lim
h→0

√√√√√1

h

t+h∫
t

∫
|df |2∗ dµs ds

1

h

t+h∫
t

∫
|Xs|2 dµs ds

=

√∫
|df |2∗ dµt

∫
|Xt|2 dµt,

which shows that ‖Lt‖µt ≤ ‖Xt‖L2(µt,TM) for every t ∈ A. The conclusion then follows by the
implication (ii)⇒ (i) in Theorem 2.3.23 and the identity (2.3.34). �

A trivial consequence of the above characterization of W2-absolutely continuous curves is
the following version of the Benamou-Brenier formula, which in particular allows to recover
(2.3.25), under appropriate assumptions, in the non-smooth setting:

Corollary 2.3.25 (Benamou-Brenier formula) Let (M, d,m) be such that W 1,2(M) is
separable and (µt) a W2-absolutely continuous curve with bounded compression with |µ̇t| ∈
L2(m). Then ∫ 1

0
|µ̇t|2 dt = inf

∫ 1

0

∫
|Xt|2 dµt dt,

where the inf is taken among all Borel maps t 7→ Xt ∈ L0(TM) such that (µt, Xt) solves the
continuity equation in the sense of Definition 2.3.22 above.

In particular, if µ, ν ∈ P2(M) are such that there exists a W2-geodesic connecting them
with bounded compression, then we have

W 2
2 (µ, ν) = min

∫ 1

0

∫
|Xt|2 dµt dt,

where the min is taken among all solutions (µt, Xt) of the continuity equation such that µ0 = µ
and µ1 = ν.

proof For the first statement just notice that part (B) of Theorem 2.3.24 grants that for any
solution (µt, Xt) of the continuity equation we have

∫ 1
0 |µ̇t|

2 dt ≤
∫ 1

0

∫
|Xt|2 dµt dt, while part

(A) ensures that there is a choice of the Xt’s for which equality holds.
Then for second statement inequality ≤ is obvious, while for ≥ it is sufficient to pick

the geodesic given by the statement, parametrize it by constant speed and use part (A) of
Theorem 2.3.24 again. �

It is worth to underline that even assuming the underlying metric space to be geodesic, we
cannot expect the existence of many W2-geodesics of bounded compression, the reason being
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that such notion requires a link between the metric, via the use of W2, and the measure,
via the requirement of bounded compression. Being these two unrelated on general metric
measure structures, without further assumptions on the space we cannot expect many of such
geodesics.

It is a remarkable result of Rajala [48] the fact that on CD(K,∞) spaces, K ∈ R, for any
couple of probability measures with bounded support and bounded density, a W2-geodesic of
bounded compression connecting them always exists.

Remark 2.3.26 (The link between Theorems 2.3.18 and 2.3.24) Arguing as in the
proof of Theorem 1.6.7, see in particular the definition (1.6.14), we see that for any test plan π
and every t ∈ [0, 1], we can build a linear continuous ‘projection’ map Pret : L2(TM,π, et)→
L2(TM, µt), where µt := (et)∗π, satisfying

|Pret(Y )|◦et ≤ |Y | π-a.e. and

∫
e∗tω(Y ) dπ =

∫
ω(Pret(Y )) dµt, ∀ω ∈ L2(T ∗M).

Then noticing also that t 7→ µt := (et)∗π is a W2-absolutely continuous curve of bounded
compression with speed in L2([0, 1]), we have

d

dt

∫
f dµt =

d

dt

∫
f ◦ et dπ =

∫
e∗tdf(π′t) dπ =

∫
df(Pretπ

′
t) dµt,

which shows that Xt := Pretπ
′
t is an admissible choice of vector fields in the continuity

equation which also satisfies ‖Xt‖L2(TM,µt) ≤ ‖π′t‖L2(TM,π,et) for a.e. t. �

2.4 Maps of bounded deformation

In this section we introduce those mappings between metric measure spaces which, shortly
said, play the role that Lipschitz mappings have in the theory of metric spaces. We then
see how for these maps the notions of pullback of 1-forms and differential come out quite
tautologically from the language we developed so far.

All metric measure spaces we will consider will be complete, separable and endowed with
a non-negative Radon measure. We start with the following definition:

Definition 2.4.1 (Maps of bounded deformation) Let (M1, d1,m1) and (M2, d2,m2) be
two metric measure spaces. A map of bounded deformation ϕ : M2 → M1 is (the equivalence
class w.r.t. equality m2-a.e. of) a Borel map for which there are constants L(ϕ),C(ϕ) ≥ 0
such that

d1(ϕ(x), ϕ(y)) ≤ L(ϕ) d2(x, y), m2 ×m2-a.e. (x, y),

ϕ∗m2 ≤ C(ϕ)m1

In other words, a map of bounded deformation is a map of bounded compression (Definition
1.6.1) having a Lipschitz representative.

Remark 2.4.2 The, pedantic, choice of considering equivalence classes of maps rather than
declaring maps of bounded compression simply Lipschitz maps ϕ satisfying ϕ∗m2 ≤ Cm1 for
some C, is only motivated by the desire of providing a notion invariant under modification
m2-a.e.. In particular, we want all of what happens outside the support of the reference
measures to be irrelevant. �

90



A map of bounded compression ϕ : M2 → M1 induces a continuous map, still denoted by
ϕ, from C([0, 1], supp(m2)) to C([0, 1], supp(m1)) sending a curve γ to ϕ̄ ◦ γ, where ϕ̄ is the
Lipschitz representative of ϕ, which is uniquely determined on supp(m2). By definition, the
image of an absolutely continuous curve γ is still absolutely continuous and its metric speed
is bounded by L(ϕ) |γ̇| for a.e. t.

Therefore noticing that a test plan π ∈ P(C([0, 1],M2)) on M2 is concentrated on curves
with values in supp(m2), we see that for such plan the measure ϕ∗π ∈ P(C([0, 1],M1)) is
well defined. In fact, ϕ∗π is a test plan on M1 since

(et)∗(ϕ∗π) = ϕ∗((et)∗π) ≤ ϕ∗(C(π)m2) ≤ C(π)C(ϕ)m2, ∀t ∈ [0, 1],∫∫ 1

0
|γ̇t|2 dtdϕ∗π(γ) ≤ L(ϕ)2

∫∫ 1

0
|γ̇t|2 dt dπ(γ).

The fact that test plans are sent to test plans allows to deduce by duality that

f ∈ S2(M1) ⇒ f ◦ ϕ ∈ S2(M2) with |d(f ◦ ϕ)|∗ ≤ L(ϕ)|df |∗ ◦ ϕ m2-a.e.,

(2.4.1)

indeed, for arbitrary π ∈P(C([0, 1],M2)) test plan and f ∈ S2(M1) we have∫
|f ◦ ϕ(γ1)− f ◦ ϕ(γ0)| dπ(γ) =

∫
|f(γ1)− f(γ0)| dϕ∗π(γ)

≤
∫∫ 1

0
|df |∗(γt)|γ̇t| dt dϕ∗π(γ)

≤ L(ϕ)

∫∫ 1

0
(|df |∗ ◦ ϕ)(γt)|γ̇t|dt dπ(γ),

and since the fact that ϕ has bounded compression grants that |df |∗ ◦ϕ ∈ L2(M2), the claim
(2.4.1) follows.

A map of bounded deformation canonically induces a map ϕ∗ : L2(T ∗M1) → L2(T ∗M2)
which we shall call pullback of 1-forms, notice that the argument leading to the construction
of ϕ∗ are similar to those used in Propositions 1.4.8 and 1.6.3:

Proposition 2.4.3 (Pullback of 1-forms) Let ϕ : M2 → M1 be of bounded deformation.
Then there exists a unique linear and continuous map ϕ∗ : L2(T ∗M1)→ L2(T ∗M2) such that

ϕ∗(df) = d(f ◦ ϕ), ∀f ∈ S2(M1)
ϕ∗(gω) = g ◦ ϕ ϕ∗(ω), ∀g ∈ L∞(m1), ω ∈ L2(T ∗M1),

(2.4.2)

and such map satisfies

|ϕ∗ω|∗ ≤ L(ϕ) |ω|∗ ◦ ϕ, m2-a.e., ∀ω ∈ L2(T ∗M1). (2.4.3)

proof Uniqueness follows from linearity, continuity and the requirements (2.4.2) by recalling
that L2(T ∗M1) is generated by the differentials of functions in S2(M1).

For existence, we declare that

ϕ∗(ω) :=
∑
i

χϕ−1(Ei) d(fi ◦ ϕ),
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for ω =
∑

i
χEidfi for some finite partition (Ei) of M1 and (fi) ⊂ S2(M1). The bound

|ϕ∗(ω)|∗ ≤
∑
i

χϕ−1(Ei) |d(fi ◦ ϕ)|∗ ≤ L(ϕ)
∑
i

χEi ◦ ϕ |dfi|∗ ◦ ϕ = L(ϕ) |ω|∗ ◦ ϕ,

shows that such mapping is continuous and since the closure of the set of ω’s considered is
the whole L2(T ∗M1), we see that there is a unique continuous extension of ϕ∗, still denoted
ϕ∗, from L2(T ∗M1) to L2(T ∗M2). It is then clear that ϕ∗ is linear, satisfies the bound (2.4.3)
and the first in (2.4.2). The second in (2.4.2) is then obtained for simple functions g directly
by definition and linearity, and then extended to the whole L∞(M1) by approximation. �

Remark 2.4.4 (The category Mms) We define the category Mms of (complete, separa-
ble and equipped with a non-negative Radon measure) metric measure spaces where mor-
phisms are maps of bounded deformation.

Then the map sending a metric measure space (M, d,m) to its cotangent module L2(T ∗M)
and a map of bounded deformation ϕ into the couple (ϕ,ϕ∗) is easily seen to be a functor from
Mms to the category Mod2−L∞ introduced in Remark 1.6.4 (such functor being covariant,
due to the choice of arrows). �

Remark 2.4.5 We point out that all the discussions in the section would work equally well
if maps of bounded deformations where defined as maps of bounded compression for which
(2.4.1) holds, thus focussing on transormations of Sobolev functions rather than of the dis-
tance, an approach which would be more in line with the language proposed here.

Still, for what concerns RCD spaces, this distinction does not really matter, as a map of
bounded compression between two RCD(K,∞) spaces and for which (2.4.1) holds, in fact
admits a Lipschitz continuous representative with Lipschitz constant ≤ L(ϕ), so that in this
case the two approaches coincide (see [31]). �

It is worth underlying that we have 2 different definitions of ‘pullback’ of 1-forms. One is given
by Proposition 2.4.3 above, which takes forms in L2(T ∗M1) and returns forms on L2(T ∗M2),
the other is the one involving the notion of pullback module as discussed in Section 1.6, which
takes forms on L2(T ∗M1) and returns an element in ϕ∗(L2(T ∗M1)). These two are different
operations: to distinguish them, in the foregoing discussion we shall denote the second one
as ω 7→ [ϕ∗ω] and keep the notation ω 7→ ϕ∗ω for the first one.

We come to the differential of a map of bounded deformation. Recall that in classical smooth
differential geometry, given a smooth map ϕ : M2 → M1 between smooth manifolds, its
differential dϕx at a point x ∈M2 is the well defined linear map from TxM2 to Tϕ(x)M1 given
by ω(dϕx(v)) := v(ϕ∗ω) for any v ∈ TxM2 and ω ∈ T ∗ϕ(x)M1. Thus we can see the differential
as taking tangent vectors and returning tangent vectors. The situation changes when looking
at tangent vector fields X on M2, because the map M2 3 x2 7→ dϕx(X(x2)) ∈ Tϕ(x2)M1 is not
a tangent vector field on M1: it is rather the section of the pullback ϕ∗TM1 of the tangent
bundle TM1 identified by the requirement

[ϕ∗ω](dϕ(X)) := (ϕ∗ω)(X). (2.4.4)

Coming back to metric measure spaces, we therefore see that we must expect the differential
of a map of bounded deformation ϕ : M2 → M1 to take an element of L2(TM2) and return
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an element of the pullback module ϕ∗(L2(TM1)). Yet, there is a technical complication: the
(analogous of) the requirement (2.4.4) only defines the object dϕ(X) as element of the dual
of ϕ∗(L2(T ∗M1)) and we don’t know whether in general such space can be identified with
the pullback ϕ∗(L2(TM1)) of the dual module L2(TM1). Still, thanks to Theorem 1.6.7 we
know that such identification is possible at least when L2(TM1) is separable (which frequently
happens). We thus have the following statement:

Proposition 2.4.6 (Differential of a map of bounded deformation) Let ϕ : M2 →
M1 be of bounded deformation and assume that L2(TM1) is separable.

Then there is a unique module morphism dϕ : L2(TM2)→ ϕ∗(L2(TM1)) such that

[ϕ∗ω]
(
dϕ(X)

)
= (ϕ∗ω)(X), ∀ω ∈ L2(T ∗M1), X ∈ L2(TM2), (2.4.5)

and such morphism also satisfies

|dϕ(X)| ≤ L(ϕ)|X|, m2-a.e., ∀X ∈ L2(TM2). (2.4.6)

proof Fix X ∈ L2(TM2) and notice that the map from the space {[ϕ∗ω] : ω ∈ L2(T ∗M1)} to
L1(m2) assigning to [ϕ∗ω] the function (ϕ∗ω)(X) is linear and satisfies

|(ϕ∗ω)(X)| ≤ |ϕ∗ω|∗|X| ≤ L(ϕ) |ω|∗ ◦ ϕ |X| = L(ϕ) |[ϕ∗ω]|∗ |X|.

Thus by Proposition 1.4.8, and recalling that (ϕ∗(L2(T ∗M1)))∗ ∼ ϕ∗(L2(TM1)) by Theorem
1.6.7 and our separability assumption, we see that there is a unique element of ϕ∗(L2(TM1)),
which we shall call dϕ(X), such that (2.4.5) holds and for such dϕ(X) the bound (2.4.6) holds
as well.

To conclude the proof is thus sufficient to show that X 7→ dϕ(X) is a module morphism:
linearity is obvious and thus the bound (2.4.6) and point (v) in Proposition 1.2.12 give the
conclusion. �

In the special case in which ϕ is invertible, i.e. that there exists a map of bounded deformation
ψ : M1 → M2 such that

ϕ ◦ ψ = IdM1 m1-a.e. and ψ ◦ ϕ = IdM2 m2-a.e.,

one can canonically think the differential of ϕ as a map from L2(TM2) to L2(TM1). In
other words, in this case one can avoiding mentioning the pullback module, in analogy with
the smooth situation. This is due to the functorial property of the pullback of modules,
which, for ϕ,ψ as above, allows to identify L2(T ∗M1) with ϕ∗L2(T ∗M1) via the invertible
map ω 7→ [ϕ∗ω]. In practice, one can define the differential dϕ(X) of ϕ calculated on the
vector field X as the operator

L2(T ∗M1) 3 ω 7→
(
[ϕ∗ω](X)

)
◦ ψ ∈ L1(m1).

In this case the definition is well posed regardless of the separability of L2(TM1).

2.5 Some comments

We collect here few informal comments about our construction and the relations it has with
previously defined differential structures on non-smooth setting.
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(1) We have already remarked that in the smooth setting our construction of the cotangent
module is canonically identifiable with the space of L2 sections of the cotangent bundle. The
same identification also occurs in slightly less smooth situations, like Lipschitz manifolds or
Sub-Riemannian ones, in the latter case the correspondence being with horizontal sections.
Still, given that our definitions are based on the notion of Sobolev functions, everything
trivializes in spaces with non-interesting Sobolev analysis. This is the case, for instance, of
discrete or fractal spaces and more generally of spaces admitting no non-constant Lipschitz
curves: as can be checked directly from the definitions, in this case every real valued Borel
function f is in S2(M) with |Df | = 0, so that the cotangent module reduces to the 0 module.
Of course, in these spaces a non-trivial calculus can be developed, but it must be tailored
to the special structure/scale of the space considered and cannot fit the general framework
developed here. The same phenomenon was observed by Weaver in [58].

On the opposite side, it is important to underline that if the metric measure space is
regular enough, then its structure is completely determined by Sobolev functions (much like
a metric is determined by Lipschitz functions). For instance, it has been proved in [31] that
if (Mi, di,mi), i = 1, 2, are RCD(K,∞) spaces and ϕ : M2 → M1 is an m2-a.e. injective map,
then

ϕ is an isomorphism ⇔ ‖f ◦ ϕ‖W 1,2(M2) = ‖f‖W 1,2(M1) ∀f : M1 → R Borel,

where by isomorphism we intend that ϕ∗m2 = m1 and d1(ϕ(x), ϕ(y)) = d2(x, y) for m2 ×m2-
a.e. x, y. In particular, in studying these spaces via the study of Sobolev functions defined on
them, we are not losing any bit of information.

(2) We built the cotangent module using Sobolev functions in S2(M) and their ‘modulus of
distributional differential’ |Df | as building block. Given that for every p ∈ [1,∞] one can
define the analogous space Sp(M) of functions of functions which, in the smooth case, would
be those having distributional differential in Lp, one can wonder if anything changes with a
different choice of Sobolev exponent. Without further assumptions, it does. This means that
a priori the choice p = 2 really matters, the point being the following. The definition of the
space Sp(M) (see e.g. [10] and references therein) comes with an association to each function
f ∈ Sp(M) of a function, call it |Df |p, in Lp(m) playing the role of the modulus of distributional
differential of f and obeying calculus rules analogous to those valid for |Df | = |Df |2. The
unfortunate fact here is that, unlike the smooth case where the distributional differential is
a priori given and one can then wonder if it is in Lp, in general metric measure spaces the
function |Df |p depends on p. There are indeed explicit examples of spaces M and functions
f ∈ Sp ∩ Sp

′
(M) for some p 6= p′ with |Df |p 6= |Df |p′ on a set of positive measure: see [25]

and references therein.
Due to this fact, in general we cannot expect any relation between the cotangent module

as we defined it and the analogous one built starting from functions in Sp(M) with p 6= 2. In
this sense, the choice p = 2 is totally arbitrary and an approach based on a different value of
p would have equal dignity.

Still, in the case of RCD(K,∞) spaces, the results in [33] show that no ambiguity occurs
because the identity |Df |p = |Df |p′ holds m-a.e. for every f ∈ Sp ∩ Sp

′
(M). This means that,

up to taking care of the different integrability via the tools described in Section 1.3, on such
spaces there is truly only one cotangent module. Given that all our constructions have as
scope the study of RCD spaces, the fact that on arbitrary spaces the cotangent module might
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depend on the chosen Sobolev exponent is not really relevant and the presentation given via
the case p = 2 has been made only for convenience.

Another important situation where |Df |p = |Df |p′ is when the space is doubling and
supports a 1-1 Poincaré inequality (more generally, if a 1-p̄ Poincaré inequality holds, then
|Df |p = |Df |p′ for every p, p′ ≥ p̄). This is a consequence of the analysis done by Cheeger in
[22].

(3) Another consequence of the analysis done by Cheeger in [22] is that on doubling spaces
supporting a 1-2 Poincaré inequality the cotangent module is finite dimensional. Recall indeed
the version of Rademacher’s theorem proved in [22]:

Theorem 2.5.1 Let (M, d,m) be with doubling measure and supporting a 1-2 weak local
Poincaré inequality. Then there exists N ∈ N depending only on the doubling and Poincaré
constants such that the following holds.

There is a countable family of disjoint Borel sets (An) covering m-almost all M and for each
n ∈ N Lipschitz functions f̄n,1, . . . , f̄n,Nn, Nn ≤ N , from M to R such that for any Lipschitz
function f̄ : M→ R there are an,i ∈ L∞(m), n ∈ N, i = 1, . . . , Nn, such that

lip
(
f̄(·)−

Nn∑
i=1

an,i(x)f̄n,i(·)
)

(x) = 0, for m-a.e. x ∈ An.

It is then easy to see that the functions ai given in the statement can be interpreted as the
coordinates of df w.r.t. the basis {dfn,1, . . . ,dfn,Nn} on An in the sense of Section 1.4:

Corollary 2.5.2 With the same assumptions and notation of Theorem 2.5.1 above, the cotan-
gent module L2(T ∗M) is finitely generated, its dimension being bounded by N .

proof It is sufficient to show that for every n ∈ N the cotangent module is generated by
dfn,1, . . . ,dfn,Nn on An. Fix such n, let L := maxi Lip(f̄n,i) and consider a Lipschitz function
f̄ : M → R and the functions ai ∈ L∞(m), i = 1, . . . , Nn, given by Theorem 2.5.1. We claim
that df =

∑Nn
i=1 aidfn,i. To prove this, let ε > 0 find a Borel partition (Bj) of An such that

bi,j := ess-supBj ai ≤ ess-infBj ai + ε m-a.e. on Bj for every i = 1, . . . , Nn, j ∈ N and notice
that∣∣∣df − Nn∑

i=1

an,idfn,i

∣∣∣
∗
(x) ≤

∣∣∣df − Nn∑
i=1

bjdfn,i

∣∣∣
∗
(x) + εNL ≤ lip

(
f̄ −

Nn∑
i=1

bif̄n,i
)
(x) + εNL

≤ lip
(
f̄(·)−

Nn∑
i=1

ai(x)f̄n,i(·)
)

(x) + 2εNL = 2εNL, m-a.e. x ∈ Bj .

Being this true for any j, we deduce

∣∣∣df − Nn∑
i=1

an,idfn,i

∣∣∣
∗
≤ 2εNL, m-a.e. on An,

and the arbitrariness of ε yields the claim.
Then using the Lusin approximation of Sobolev functions (see for instance Theorem 5.1 in

[20]) and the locality of the differential we deduce that the module span of dfn,1, . . . ,dfn,Nn
on An contains the differential of every function in W 1,2(M). The thesis follows. �
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(4) We already mentioned in the introduction that the idea of using L∞-modules as the
technical tool to give an abstract definition of the space of sections of the (co)tangent bundle
on a metric measure spaces is due to Weaver [58]. Being our approach strongly inspired by
his, we briefly discuss what are the main differences.

At the technical level, in [58] the kind of modules considered resemble those that we called
L∞(m)-normed modules (although it is not clear to us if the notions fully agree). In particular,
no other integrability condition has been considered, which also affects the definition of dual
module (morphisms with values in L∞(m) in [58] and with values in L1(m) here).

At a more conceptual level, here we chose to tailor the definitions on the concept of Sobolev
functions, while in [58] Lipschitz ones have been used. On doubling spaces supporting a weak
local Poincaré inequality, the result of Cheeger [22] granting that lip(f̄) = |Df | m-a.e. for
Lipschitz functions f̄ ensures that the difference between the two approaches is minimal and
confined essentially to the different integrability requirements. In more general situations it
is always true that derivations as we defined them are also derivations in the sense of Weaver,
but the converse is not clear. This is partially due to the fact that the structures considered
are slightly different: our definitions only make sense on metric measure spaces, while the
ones in [58] work on metric spaces carrying a notion of negligible set, so that a measure is not
truly needed.

We conclude remarking that a general property one typically wants from an abstract def-
inition of differential in a non-smooth setting is that it is a closed operator, i.e. its graph
should be closed w.r.t. convergence of differentials and some relevant 0-th order convergence
of functions.

In the framework proposed by Weaver this is obtained by construction starting from the
fact that the space of Lipschitz function is a dual Banach space (see Chapter 2 in [57] and
references therein) and then requiring derivations to be weakly∗ continuous.

In our setting, instead, this is ensured by Theorem 2.2.9 whose proof ultimately boils down
to the lower semicontinuity property 2.1.3 which in turn is - up to minor technicalities -
equivalent to the L2(m)-lower semicontinuity of E.

In this direction, notice that the L2(m)-lower semicontinuity of E is ‘the’ crucial property
behind the definition of Sobolev functions which completely characterizes them together with
the information, valid at least if m gives finite mass to bounded sets, that E is the maximal
L2(m)-lower semicontinuous functional satisfying E(f) ≤ 1

2

∫
lip2(f̄) dm for Lipschitz functions

f̄ (this follows from properties (2.1.4), (2.1.5) - see [11] for the relevant proofs).

3 Second order differential structure of RCD(K,∞) spaces

Without exceptions, in this chapter we will always assume that (M, d,m) is an RCD(K,∞)
space.

3.1 Preliminaries: RCD(K,∞) spaces

Let (M, d,m) be a complete and separable metric space endowed with a non-negative Radon
measure. The relative entropy functional Entm : P(M)→ R ∪ {+∞} is defined as

Entm(µ) :=


∫
ρ log(ρ) dm, if µ = ρm and

(
ρ log(ρ)

)− ∈ L1(m),

+∞, otherwise.
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We start with the following basic definition:

Definition 3.1.1 (RCD(K,∞) spaces) Let (M, d,m) be a complete and separable metric
space endowed with a non-negative Radon measure and K ∈ R.

We say that (M, d,m) is a RCD(K,∞) space provided it is infinitesimally Hilbertian and for
every µ, ν ∈P2(M) with Entm(µ),Entm(ν) <∞ there exists a W2-geodesic (µt) with µ0 = µ,
µ1 = ν and such that

Entm(µt) ≤ (1− t)Entm(µ) + tEntm(ν)− K

2
t(1− t)W 2

2 (µ, ν), ∀t ∈ [0, 1].

Notice that on RCD(K,∞) spaces, for any x ∈ M we have

m(Br(x)) ≤ CeCr2
, ∀r > 0,

for some constant C, see [53] (this is true also in CD(K,∞) spaces). As a consequence of this
bound, for µ ∈ P2(M) with µ = ρm we always have (ρ log(ρ))− ∈ L1(m) and from this fact
it is easy to conclude that Entm is lower semicontinuous on (P2(M),W2).
RCD spaces are introduced by means of optimal transport, but their properties are better

understood by Sobolev calculus, the link between the two points of view being provided by
the understanding of the heat flow ([29], [34], [11]). For what concerns this paper, we shall
be only interested in the L2 approach to the heat flow, thus notice that being RCD(K,∞)
spaces infinitesimally Hilbertian, the energy functional E is a quadratic form: we shall call
heat flow its gradient flow (ht) in L2(m) already introduced in Section 2.1 and notice that in
this case it is linear and self-adjoint. We will occasionally use the following standard a priori
estimates

E(htf) ≤ 1

4t
‖f‖2L2(m),

‖∆htf‖2L2(m) ≤
1

2t2
‖f‖2L2(m),

(3.1.1)

valid for every f ∈ L2(m) and t > 0. These can obtained by differentiating the L2(m) norm
and the energy along the flow, see for instance the arguments in Section 3.4.4. Also, it is not
hard to check that for every p ∈ [1,∞] it holds

‖htf‖Lp(m) ≤ ‖f‖Lp(m), ∀t ≥ 0, (3.1.2)

for every f ∈ L2 ∩ Lp(m). Thus by density the heat flow can, and will, be uniquely extended
to a family of linear and continuous functionals ht : Lp(m) → Lp(m) of norm bounded by 1
for any p <∞ (in fact, on RCD spaces it can be also naturally defined on L∞(m) but we shall
not need this fact - see [12] and [7]).

A first non-trivial consequence of the Ricci curvature lower bound is the following regularity
result:

f ∈W 1,2(M), |df |∗ ∈ L∞(m) ⇒ f has a Lipschitz representative f̄
with Lip(f̄) ≤ ‖|df |∗‖L∞(m)

(3.1.3)

which allows to pass from a Sobolev information to a metric one (see [12]).
A crucial property of the heat flow which is tightly linked to the lower curvature bound is

the Bakry-Émery contraction estimate (see [34] and [12]):

|∇htf |2 ≤ e−2Ktht(|∇f |2), m-a.e., ∀t ≥ 0, ∀f ∈W 1,2(M). (3.1.4)
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Following [52] we now introduce the set TestF(M) ⊂ W 1,2(M) of ‘test’ functions which we
shall use in several instances:

TestF(M) :=
{
f ∈ D(∆) ∩ L∞(m) : |∇f | ∈ L∞(m) and ∆f ∈W 1,2(M)

}
.

Notice that from (3.1.3) we get in particular that

any f ∈ TestF(M) has a Lipschitz representative f̄ : M→ R with Lip(f̄) ≤ ‖|∇f |‖L∞(m)

and that from the L∞ → Lip regularization of the heat flow established in [12] as a direct
consequence of (3.1.4) we also have

f ∈ L2 ∩ L∞(m) ⇒ htf ∈ TestF(M) ∀t > 0, (3.1.5)

which in particular gives
TestF(M) is dense in W 1,2(M). (3.1.6)

In order to further discuss the regularity properties of functions in TestF(M), we introduce
the notion of measure valued Laplacian, which comes out naturally from integration by parts
(see [30]). Thus let Meas(M) be the Banach space of finite Radon measures on M equipped
with the total variation norm ‖ · ‖TV.

Definition 3.1.2 (Measure valued Laplacian) The space D(∆) ⊂ W 1,2(M) is the space
of f ∈W 1,2(M) such that there is µ ∈ Meas(M) satisfying∫

ḡ dµ = −
∫
〈∇ḡ,∇f〉 dm, ∀ḡ : M→ R Lipschitz with bounded support.

In this case the measure µ is unique and we shall denote it by ∆f .

The bilinearity of (f, g) 7→ 〈∇f,∇g〉 ∈ L1(m) ensures that D(∆) is a vector space and
∆ : D(∆)→ Meas(M) is linear.

In the rest of this introduction we will recall some regularity results due to Savaré [52] which
have been obtained by proper generalization and adaptation of the arguments proposed by
Bakry [17] (see also the recent survey [18]).

Proposition 3.1.3 below is crucial in all what comes next: it provides the first concrete step
towards the definition of Hessian by ensuring Sobolev regularity for the function |∇f |2 for a
given f ∈ TestF(M):

Proposition 3.1.3 Let f ∈ TestF(M). Then |∇f |2 ∈ D(∆) ⊂W 1,2(M) and

E(|∇f |2) ≤ −
∫
K|∇f |4 + |∇f |2〈∇f,∇∆f〉dm,

1

2
∆|∇f |2 ≥

(
K|∇f |2 + 〈∇f,∇∆f〉

)
m.

(3.1.7)

Formally, the second in (3.1.7) is obtained by differentiating (3.1.4) at t = 0 and then the
first from the second by multiplying both sides by |∇f |2 and integrating. In practice, we
remark that to establish that the distributional Laplacian of |∇f |2 is a measure, is particularly
difficult in the general setting of complete and separable metric spaces (in contrast with the
case of locally compact spaces, where Riesz theorem ensures that ‘positive distributions are
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measures’) and requires delicate technical properties of the Dirichlet form E, see [52] for the
throughout discussion.

Notice that for f, g ∈ TestF(M) it is immediate to verify that fg ∈ L∞ ∩W 1,2(M) with
|∇(fg)| ∈ L∞(m). Recalling the Leibniz rule for the Laplacian (2.3.24), we see that fg ∈
D(∆) with

∆(fg) = f∆g + g∆f + 2〈∇f,∇g〉

and the fact that ∆f,∆g are in W 1,2(M) and f, g bounded with bounded differential grants
that both f∆g and g∆f are in W 1,2(M). Here it comes a first crucial information from
Proposition 3.1.3: by polarization we have that 〈∇f,∇g〉 ∈W 1,2(M), so that in summary we
proved that

TestF(M) is an algebra. (3.1.8)

Still, we remark that in general for f ∈ TestF(M) we don’t have ∆f ∈ TestF(M).

The fact that 〈∇f,∇g〉 ∈ W 1,2(M) for every f, g ∈ TestF(M) allows to define a sort of
“Hessian” H[f ] : [TestF(M)]2 → L2(m) of a function f ∈ TestF(M) as

H[f ](g, h) :=
1

2

(〈
∇〈∇f,∇g〉,∇h

〉
+
〈
∇〈∇f,∇h〉,∇g

〉
−
〈
∇f,∇〈∇g,∇h〉

〉)
, (3.1.9)

the terminology being justified by the fact that in the smooth case H[f ](g, h) is precisely the
Hessian of f computed along the directions ∇g,∇h.

Still by Proposition 3.1.3 we know that 〈∇f,∇g〉 ∈ D(∆) for every f, g ∈ TestF(M) and
therefore we can define the measure valued Γ2 operator as the map Γ2 : [TestF(M)]2 →
Meas(M) given by

Γ2(f, g) :=
1

2
∆〈∇f,∇g〉 − 1

2

(
〈∇f,∇∆g〉+ 〈∇g,∇∆f〉

)
m, ∀f, g ∈ TestF(M).

In the smooth setting, Γ2(f, g) is always absolutely continuous w.r.t. the volume measure
and its density is given by Hess(f) : Hess(g) + Ric(∇f,∇g). Notice that Γ2 is bilinear and
symmetric and that the second in (3.1.7) can be restated as

Γ2(f, f) ≥ K|∇f |2m. (3.1.10)

It is then easy to verify that

Γ2(f, f)(M) =

∫
(∆f)2 dm, ‖Γ2(f, f)‖TV ≤

∫
(∆f)2 + 2K−|∇f |2 dm. (3.1.11)

A technically useful fact is contained in the following lemma, which establishes a chain rule
for Γ2:

Lemma 3.1.4 (Multivariate calculus for Γ2) Let n ∈ N, f1, . . . , fn ∈ TestF(M) and Φ ∈
C∞(Rn) be with Φ(0) = 0. Put f := (f1, . . . , fn).

Then Φ(f) ∈ TestF(M).
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Moreover, denoting by Φi the partial derivative of Φ w.r.t. the i-th coordinate and defining
the measure A(Φ(f)) ∈ Meas(M) and the functions B(Φ(f)), C(Φ(f)), D(Φ(f)) ∈ L1(m) as

A(Φ(f)) :=
∑
i,j

Φi(f)Φj(f)Γ2(fi, fj)

B(Φ(f)) := 2
∑
i,j,k

Φi(f)Φj,k(f)H[fi](fj , fk)

C(Φ(f)) :=
∑
i,j,k,h

Φi,k(f)Φj,h(f)〈∇fi,∇fj〉〈∇fk,∇fh〉

D(Φ(f)) :=
∑
i,j

Φi(f)Φj(f)〈∇fi,∇fj〉

we have

|∇Φ(f)|2 = D(Φ(f))

Γ2(Φ(f)) = A(Φ(f)) +
(
B(Φ(f)) + C(Φ(f))

)
m.

We conclude recalling the following improved version of the Bakry-Émery contraction rate
estimate:

|∇htf | ≤ e−Ktht(|∇f |), m-a.e. ∀f ∈W 1,2(M), t ≥ 0, (3.1.12)

which has also been obtained in [52] by generalizing the approach in [17].

3.2 Test objects and some notation

Here we introduce the class of test vector fields/differential forms, discuss some basic density
properties and fix some notation that will be used throughout the rest of the text.

As in the previous chapter, L2(T ∗M) and L2(TM) will be the cotangent and tangent module
respectively. For M = L2(T ∗M) (resp. M = L2(TM)) the corresponding L0-module M 0 as
defined in Section 1.3 will be denoted L0(T ∗M) (resp. L0(TM)), then for p ∈ [1,∞] we shall
denote by Lp(T ∗M) (resp. Lp(TM)) the corresponding subclass of elements with pointwise
norm in Lp(m). Notice that Theorem 2.1.5 and Proposition 2.2.5 give that L2(TM), L2(T ∗M)
are separable, so that property (1.3.4) gives that

Lp(TM) and Lp(T ∗M) are separable for every p <∞. (3.2.1)

The Hilbert modules L2(T ∗M) and L2(TM) are canonically isomorphic via the Riesz the-
orem for Hilbert modules (Theorem 1.2.24) and it is convenient to give a name to their
isomorphisms. Thus we introduce the musical isomorphisms [ : L2(TM)→ L2(T ∗M) and
] : L2(T ∗M)→ L2(TM) as

X[(Y ) := 〈X,Y 〉, 〈ω], X〉 := ω(X),

m-a.e. for every X,Y ∈ L2(TM) and ω ∈ L2(T ∗M). The maps [ and ] uniquely extend
to continuous maps from L0(TM) to L0(T ∗M) and viceversa and then restrict to isometric
isomorphisms of the modules Lp(TM) and Lp(T ∗M). At the level of notation
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we shall drop the ∗ in denoting the pointwise norm in L0(T ∗M) and thus will write
|ω| for ω ∈ L0(T ∗M).

Since L2(T ∗M) and L2(TM) are one the dual of the other, from (1.3.5) we see that

∀p ∈ [1,∞] the module Lp(T ∗M) is reflexive and its dual is Lq(TM), where
1

p
+

1

q
= 1.

(3.2.2)
A useful approximation result that we shall use in the following is:

for any f : M→ R Lipschitz with bounded support there is a sequence

(fn) ⊂ TestF(M) W 1,2(M)-converging to f , with |fn|, |dfn| uniformly bounded

and such that ∆fn ∈ L∞(m) for every n ∈ N.

Moreover, the fn’s can be taken non-negative if f is non-negative.

(3.2.3)

Indeed, a smoothing via the heat flow easy grants (recall (3.1.5)) a sequence in TestF(M)
W 1,2(M)-converging to f and properties (3.1.2) and (3.1.4) yield the uniform bound on the
functions and their differentials. To achieve also bounded Laplacian, it is better to use the
(time) mollified heat flow

h̃εf :=
1

ε

∫ ∞
0

hsfϕ(sε−1) ds, for some given ϕ ∈ C∞c (0, 1) with

∫ 1

0
ϕ(s) ds = 1.

(3.2.4)
It is then easy to check directly from the definitions and using the a priori estimates (3.1.1)
that h̃εf ∈ TestF(M) for every ε > 0, that it still converges to f in W 1,2(M) as ε ↓ 0 with a
uniform bound on the functions and differentials, and that its Laplacian can be computed as

∆h̃εf =
1

ε

∫ ∞
0

∆hsfϕ(sε−1) ds =
1

ε

∫ ∞
0

( d

ds
hsf
)
ϕ(sε−1) ds = − 1

ε2

∫ ∞
0

hsf ϕ
′(sε−1) ds.

Since hsf is uniformly bounded in L∞(m), this expression shows that ∆h̃εf ∈ L∞(m) for
every ε > 0, thus concluding the proof of our claim.

From this approximation result it then follows that

the linear span of {h∇g : h, g ∈ TestF(M) and ∆g ∈ L∞(m)} is weakly∗ dense in L∞(TM).
(3.2.5)

Indeed, from (3.1.5) and (3.2.3) we see that the weak∗ closure of the above space contains the
space, call it V , all vector fields of the form

∑
hi∇gi for hi ∈ L2 ∩L∞(m) and gi ∈W 1,2(M).

Taking into account Proposition 2.2.5 it is not hard to see that for X ∈ L2∩L∞(TM) there is
a sequence (Xn) ⊂ V converging to X in L2(TM) and uniformly bounded in L∞(TM), which
is sufficient to get our claim.

We now introduce the class TestV(M) ⊂ L2(TM) of test vector fields as

TestV(M) :=
{ n∑
i=1

gi∇fi : n ∈ N, fi, gi ∈ TestF(M) i = 1, . . . , n
}

and notice that arguing as above we get that TestV(M) is dense in L2(TM). The properties
of test functions also ensure that TestV(M) ⊂ L1 ∩ L∞(TM) and that TestV(M) ⊂ D(div).
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The tensor product of L2(T ∗M) with itself will be denoted as L2((T ∗)⊗2M), and for M =
L2((T ∗)⊗2M) the corresponding L0(m)-module M 0 as defined in Section 1.3 will be denoted by
L0((T ∗)⊗2M). Then Lp((T ∗)⊗2M) ⊂ L0((T ∗)⊗2M) is the space of elements whose pointwise
norm is in Lp(m). Similarly from L2(TM) to L2(T⊗2M) and Lp(T⊗2M). We shall denote
by : the pointwise scalar product on L0(T⊗2M). By (1.5.7) we see that L2((T ∗)⊗2M) and
L2(T⊗2M) are separable, so that from (1.3.4) we deduce that

Lp(T⊗2M) and Lp((T ∗)⊗2M) are separable for every p <∞. (3.2.6)

Being L2((T ∗)⊗2M) and L2((T⊗2M) Hilbert modules, they are reflexive and canonically
isomorphic to their dual. It is then clear that we can identify one with the dual of the other,
the duality mapping being

(ω1 ⊗ ω2)(X1 ⊗X2) = ω1(X1)ω2(X2), m-a.e.,

for every ω1 ⊗ ω2 ∈ L2((T ∗)⊗2M) and X1 ⊗ X2 ∈ L2(T⊗2M) and extended by linearity
and continuity. As for the base case of L2(T ∗M) and L2(TM) we can use such duality map
together with the pointwise scalar product on L2(T⊗2M) to build the musical isomorphisms
[ : L2(T⊗2M)→ L2((T ∗)⊗2M) and ] : L2((T ∗)⊗2M)→ L2(T⊗2M) as

T [(S) := T : S, A] : T := A(T ),

for every T, S ∈ L2(T⊗2M) and A ∈ L2((T ∗)⊗2M).
We shall most often think of an element A ∈ L2((T ∗)⊗2M) as the bilinear continuous map

from [L0(TM)]2 to L0(m) defined by

A(X,Y ) := A(X ⊗ Y ), m-a.e.,

for every X ⊗ Y ∈ L2(T⊗2M) and then extended by continuity. Notice that the identity
|X ⊗ Y |HS = |X| |Y | gives

|A(X,Y )| ≤ |A|HS |X| |Y |, m-a.e.,

which is an instance of the fact that the operator norm is bounded from above by the Hilbert-
Schmidt norm. In this sense, for given A ∈ L2((T ∗)⊗2M) and X ∈ L2(TM), the objects
A(X, ·) and A(·, X) are the well defined elements of L1(T ∗M) given by

L∞(TM) 3 Y 7→ A(X,Y ) ∈ L1(m) and L∞(TM) 3 Y 7→ A(Y,X) ∈ L1(m)

respectively (recall (3.2.2)).
We also remark that from property (1.5.6) and the density of TestV(M) in L2(TM) it

follows that

the linear span of
{
h1h2∇g1 ⊗∇g2 : g1, g2, h1,2 ∈ TestF(M)

}
is dense in L2(T⊗2M),

(3.2.7)

and arguments similar to those yielding (3.2.5) grant that

the linear span of {h∇g1 ⊗∇g2 : h, g1, g2 ∈ TestF(M) and ∆g1,∆g2 ∈ L∞(m)}
is weakly∗ dense in L∞(T⊗2M).

(3.2.8)
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Finally, the k-th exterior power of L2(T ∗M) will be denoted by L2(ΛkT ∗M). In the case
k = 0 and k = 1 we shall stick to the simpler notations L2(m) and L2(T ∗M) respectively.
Then for M = L2(ΛkT ∗M) the corresponding space M 0 as built in Section 1.3 will be denoted
by L0(ΛkT ∗M) and Lp(ΛkT ∗M) ⊂ L0(ΛkT ∗M) is the space of elements with pointwise norm
in Lp(m). Elements of L0(ΛkT ∗M) will be called k-differential forms, or simply k-forms.

Notice that from (1.5.13) and (1.3.4) we get that

Lp(ΛkT ∗M) is separable for every p <∞. (3.2.9)

The space TestFormk(M) ⊂ L2(ΛkT ∗M) of test k-forms is defined as

TestFormk(M) :=
{

linear combinations of forms of the kind f0df1 ∧ . . . ∧ dfk

with fi ∈ TestF(M) ∀i = 0, . . . , k
}
.

Arguing as for (3.2.7) and recalling that TestF(M) is an algebra and that the exterior product
is obtained as a quotient of the tensor product, it is easy to see that

TestFormk(M) is dense in L2(ΛkT ∗M) for every k ∈ N. (3.2.10)

Similarly, the k-th exterior power of L2(TM) will be denoted by L2(ΛkTM). Evidently, since
TestV(M) ⊂ L2 ∩ L∞(TM), for X1, . . . , Xk ∈ TestV(M) we have X1 ∧ . . . ∧Xk ∈ L2(ΛkTM)
and as for (3.2.10) we have

the linear span of {X1 ∧ . . . ∧Xk : X1, . . . , Xk ∈ TestV(M)} is dense in L2(ΛkTM).
(3.2.11)

We shall most often denote the application of a k-form ω to X1 ∧ . . .∧Xk by ω(X1, . . . , Xk),
i.e. we shall think to a k-form as a k-multilinear and alternating map acting on vector fields.

3.3 Hessian

3.3.1 The Sobolev space W 2,2(M)

Here we define the Sobolev space W 2,2(M), the approach being based on integration by parts.
Read in a smooth setting, the norm we put on W 2,2(M) is

‖f‖2W 2,2(M) =

∫
|f |2 + |df |2∗ + |Hess(f)|2

HS
dm,

where |Hess(f)|HS denotes the Hilbert-Schmidt norm, so that the discussion about the tensor
product of Hilbert modules we did in Section 1.5 is crucial for the current purposes.

The idea behind the definition is to recall that in a smooth setting given a smooth function
f the validity of the identity

2Hess(f)(∇g1,∇g2) =
〈
∇g1,∇〈∇f,∇g2〉

〉
+
〈
∇g2,∇〈∇f,∇g1〉

〉
−
〈
∇f,∇〈∇g1,∇g2〉

〉
for a sufficiently large class of test functions g1, g2 characterizes the Hessian Hess(f) of f .
Multiplying both sides of this identity by a smooth function h and then integrating we then
see that

2

∫
hHess(f)(∇g1,∇g2) dm

=

∫
−〈∇f,∇g2〉div(h∇g1)− 〈∇f,∇g1〉div(h∇g2)− h

〈
∇f,∇〈∇g1,∇g2〉

〉
dm,
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and again the validity of this identity for a sufficiently large class of test functions g1, g2, h
characterizes the Hessian of f . The advantage of this formulation is that at the right hand
side only one derivative of f appears, so that we can use this identity to define which are the
functions having an Hessian.

Notice that for g1, g2, h ∈ TestF(M) we have div(h∇g1) = 〈∇h,∇g〉+h∆g ∈ L2(m) and thus
∇g2 div(h∇g1) ∈ L2(TM), and that from Proposition 3.1.3 we get h∇〈∇g1,∇g2〉 ∈ L2(TM)
as well.

Definition 3.3.1 (The space W 2,2(M)) The space W 2,2(M) ⊂ W 1,2(M) is the space of all
functions f ∈ W 1,2(M) for which there exists A ∈ L2((T ∗)⊗2M) such that for any g1, g2, h ∈
TestF(M) the equality

2

∫
hA(∇g1,∇g2) dm

=

∫
−〈∇f,∇g1〉div(h∇g2)− 〈∇f,∇g2〉div(h∇g1)− h

〈
∇f,∇〈∇g1,∇g2〉

〉
dm,

(3.3.1)

holds. In this case the operator A will be called Hessian of f and denoted as Hess(f).
We endow W 2,2(M) with the norm ‖ · ‖W 2,2(M) defined by

‖f‖2W 2,2(M) := ‖f‖2L2(M) + ‖df‖2L2(T ∗M) + ‖Hess(f)‖2L2((T ∗)⊗2M)

and define the functional E2 : W 1,2(M)→ [0,∞] as:

E2(f) :=


1

2

∫
|Hess(f)|2

HS
dm, if f ∈W 2,2(M),

+∞, otherwise.

Notice that the density property (3.2.7) and the fact (3.1.8) that TestF(M) is an algebra
ensure that there is at most one A ∈ L2((T ∗)⊗2M) for which (3.3.1) holds, so that Hessian is
uniquely defined. It is then clear that it linearly depends on f , so that W 2,2(M) is a vector
space and ‖ · ‖W 2,2(M) a norm.

The basic properties of this space are collected in the following theorem.

Theorem 3.3.2 (Basic properties of W 2,2(M)) The following holds.

i) W 2,2(M) is a separable Hilbert space.

ii) The Hessian is a closed operator, i.e. the set {(f,Hess(f)) : f ∈ W 2,2(M)} is a closed
subset of W 1,2(M)× L2(T⊗2M).

iii) For every f ∈ W 2,2(M) the Hessian Hess(f) is symmetric (recall the discussion in
Section 1.5)
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iv) The energy E2 is lower semicontinuous on W 1,2(M) and for any f ∈ W 1,2(M) the
following duality formula holds:

2E2(f) = sup

{∑
i,j

∫
−〈∇f,∇gi,j〉div(hi,ih̃i,j∇g̃i,j)− 〈∇f,∇g̃i,j〉div(hi,j h̃i,j∇gi,j)

− hi,j h̃i,j
〈
∇f,∇〈∇gi,j ,∇g̃i,j〉

〉
dm−

∥∥∥∑
i,j

hi,j h̃i,j∇gi,j ⊗∇g̃i,j
∥∥∥2

L2(T⊗2M)

}
,

(3.3.2)

where the sup runs among all finite collections of functions gi,j , hi,j , g̃i,j , h̃i,j ∈ TestF(M).

proof For given g1, g2, h ∈ TestF(M) the left and right hand sides of expression (3.3.1) are
continuous w.r.t. weak convergence of f and A in W 1,2(M) and L2(T⊗2M) respectively. This
addresses point (ii), which in turn also gives the completeness of W 2,2(M). The lower semicon-
tinuity of E2 follows from the same argument taking into account also that, being L2(T⊗2M)
an Hilbert space, bounded sets are weakly relatively compact. EndowingW 1,2(M)×L2(T⊗2M)
with the norm ‖(f,A)‖2 := ‖f‖2W 1,2(M) + ‖A‖2L2(T⊗2M) we see that such space is Hilbert and

separable (recall (3.2.1) and (3.2.6)) and that the map

W 2,2(M) 3 f 7→ (f,Hess(f)) ∈W 1,2(M)× L2(T⊗2M),

is an isometry of W 2,2(M) with its image, which grants the separability of W 2,2(M) and thus
completes the proof of point (i).

The symmetry of the Hessian is a direct consequence of the symmetry in g1, g2 of the
defining property (3.3.1).

It only remains to prove the duality formula (3.3.2). To check inequality ≥ we can assume
that f ∈ W 2,2(M), or otherwise there is nothing to prove. In this case for Xi =

∑
j hi,j∇gi,j

and X̃i =
∑

j h̃i,j∇g̃i,j in TestV(M) by the very definition of Hess(f) we have

2
∑
i

∫
Hess(f)(Xi, X̃i) dm = 2

∑
i,j

∫
hi,j h̃i,jHess(f)(∇gi,j ,∇g̃i,j) dm

=
∑
i,j

∫
−〈∇f,∇gi,j〉div(hi,ih̃i,j∇g̃i,j)− 〈∇f,∇g̃i,j〉div(hi,j h̃i,j∇gi,j)

− hi,j h̃i,j
〈
∇f,∇〈∇gi,j ,∇g̃i,j〉

〉
dm,

and the claim follows from the simple duality formula ‖v‖2 = supL∈H′ 2L(v) − ‖L‖2 valid
for any Hilbert space H and any v ∈ H. We pass to the inequality ≤ and assume that
f ∈ W 1,2(M) is such that the sup at the right hand side of (3.3.2) is finite, or otherwise
there is nothing to prove. We claim that in this case for given finite number of functions
gi,j , hi,j , g̃i,j , h̃i,j ∈ TestF(M), say i = 1, . . . , n and, for given i, j = 1, . . . , ni, the value of∑

i,j

∫
−〈∇f,∇gi,j〉div(hi,ih̃i,j∇g̃i,j)− 〈∇f,∇g̃i,j〉div(hi,j h̃i,j∇gi,j)

− hi,j h̃i,j
〈
∇f,∇〈∇gi,j ,∇g̃i,j〉

〉
dm,

(3.3.3)
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depends only on the value of

B :=
∑
i,j

hi,j h̃i,j∇gi,j ⊗∇g̃i,j ∈ L2(T⊗2M) (3.3.4)

and not on the particular representation of B in terms of the functions gi,j , hi,j , g̃i,j , h̃i,j as
above. Indeed, if not we could find functions g′i,j g̃

′
i,j , h

′
i,j , h

′
i,j such that

∑
i,j h

′
i,j h̃
′
i,j∇g′i,j ⊗

∇g̃′i,j = 0 for which the corresponding value in (3.3.3) is not zero. But then choosing appro-
priate multiples of these functions in (3.3.2) we would obtain that the sup at the right hand
side is +∞, contradicting our assumption.

Therefore indeed if f ∈ W 1,2(M) is such that the sup in the right hand side of formula
(3.3.2), which we shall denote by S, is finite, then the value of (3.3.3) depends only on the
tensor B in (3.3.4). In other words, letting V ⊂ L2(T⊗2M) be the linear span of elements of
the form h1h2∇g1 ⊗∇g2 for g1, g2, h1, h2 ∈ TestF(M), the map l : V → R given by

B 7→ the value of (3.3.3) for gi,j , hi,j , g̃i,j , h̃i,j such that (3.3.4) holds,

is well defined. It is then obvious that it is linear and that it holds

l(B) ≤ S +
1

2
‖B‖2L2(T⊗2M), ∀B ∈ V.

Choosing λB in place of B in this inequality and then optimizing over λ ∈ R we deduce that

|l(B)| ≤ ‖B‖L2(T⊗2M)

√
2S, ∀B ∈ V.

Recalling the density of V in L2(T⊗2M) (see (3.2.7)), we deduce that l admits a unique
extension to a linear and continuous map, still denoted by l, from L2(T⊗2M) to R. In other
words, such l is an element of the dual L2(T⊗2M)′ of L2(T⊗2M) as Banach space and being
L2(T⊗2M) an Hilbert module, it has full dual and is reflexive (Propositions 1.2.21, 1.2.13 and
Corollary 1.2.22), and hence there exists A ∈ L2((T ∗)⊗2M) such that

l(B) =

∫
A(B) dm, ∀B ∈ L2(T⊗2M).

By definition of l, we see that for such A the identity (3.3.1) holds for any g1, g2, h ∈
TestF(M), i.e. f ∈ W 2,2(M) and Hess(f) = A. Given that by construction we have
‖Hess(f)‖L2((T ∗)⊗2M) = ‖l‖L2(T⊗2M)′ ≤

√
2S, the proof is completed. �

Open Problem 3.3.3 Extend E2 to L2(m) by defining it to be +∞ on L2 \W 1,2(M). Is the
resulting functional is L2-lower semicontinuous? �

Remark 3.3.4 (Hessian and Laplacian) It is well known that by no means we can expect
the Laplacian to be the trace of the Hessian. This is due to the fact that the former is defined
via integration by parts, and thus takes into account the reference measure, while the latter
is a purely differential object.

This can be better realized on a Riemannian manifold M equipped with a weighted measure
m := e−V vol: here the Hessian of a smooth function is independent on the choice of V , while
for the Laplacian we have the classical formula

∆mf = ∆f − 〈∇f,∇V 〉,

106



linking the Laplacian ∆ on the unweighted manifold, defined by
∫
g∆f dvol =

−
∫
〈∇g,∇f〉 dvol, to that ∆m of the weighted one, defined by

∫
g∆mf dm = −

∫
〈∇g,∇f〉dm.

At the level of speculation, we point out that given that the Laplacian is the trace of the
Hessian on non-weighted Riemannian manifolds, and that for non-collapsing sequences of
Riemannian manifolds with a uniform bound from below on the Ricci curvature the volume
measures converge, one might expect this information to be linked to the notion of ‘non-
collapsed RCD space’, which is missing as of today. �

Remark 3.3.5 The duality formula (3.3.2) for E2 and the arguments used to prove it allow
for an alternative equivalent definition of W 2,2(M): define it as {f : E2(f) < ∞}, E2 being
defined by (3.3.2), and the corresponding Hessian via the duality arguments presented in the
proof. �

3.3.2 Why there are many W 2,2 functions

In the last section we defined the space W 2,2(M) but as of now we don’t know if it contains
any non-constant function. In particular, to notice that it is a priori not obvious that test
functions are in W 2,2(M).

In the crucial lemma 3.3.7 below we prove the most important inequality of this paper,
which among other things will imply that TestF(M) ⊂ W 2,2(M). Read in the case of a
smooth Riemannian manifold with Ricci curvature bounded from below by K the lemma
tells that for a vector field X and symmetric 2-tensor field A we have

|∇X : A|2 ≤
(

∆
|X|2

2
+ 〈X, (∆HX

[)]〉 −K|X|2 − |(∇X)Asym|2HS
)
|A|2

HS
, (3.3.5)

where ∇X is the covariant derivative of X, (∇X)Asym its antisymmetric part, and ∆H the
Hodge Laplacian. Notice that optimizing in A and writing (∇X)Sym := ∇X − (∇X)Asym for
the symmetric part of the covariant derivative, we see that such inequality is equivalent to

|(∇X)Sym|2HS ≤ ∆
|X|2

2
+ 〈X, (∆HX

[)]〉 −K|X|2 − |(∇X)Asym|2HS,

which is a way of writing Bochner inequality.
In practice, we cannot yet state inequality (3.3.5) as it is written because we still have

to introduce the various differential objects appearing there. We shall instead write (3.3.5)
somehow implicitly for a test vector field X and A of the form

∑
i∇hi⊗∇hi for test functions

hi: compare (3.3.5) with (3.3.14).

We turn to the technical part and start with the following simple lemma concerning positive
second order polynomials with coefficient measures. We remind that if µ, ν ∈ Meas(M) are
two non-negative measures, the non-negative measure

√
µν ∈ Meas(M) is defined as

√
µν :=

√
fg σ,

where σ ∈ Meas(M) is any non-negative measure such that µ, ν � σ and f, g are densities
of µ, ν w.r.t. σ respectively. The definition is well posed because the right hand side of the
above expression is independent on the particular choice of σ.
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Recall also that for µ ∈ Meas(M) the measure |µ| ∈ Meas(M) is defined as |µ| := µ+ + µ−,
where µ+, µ− are the positive and negative parts, respectively, of µ in its Jordan decomposi-
tion.

Lemma 3.3.6 Let µ1, µ2, µ3 ∈ Meas(M) and assume that

λ2µ1 + 2λµ2 + µ3 ≥ 0, ∀λ ∈ R. (3.3.6)

Then µ1 and µ3 are non-negative and the inequality

|µ2| ≤
√
µ1µ3, (3.3.7)

holds. In particular, µ2 � µ1, µ2 � µ3

‖µ2‖TV ≤
√
‖µ1‖TV‖µ3‖TV (3.3.8)

and writing µi = ρim + µsi with µsi ⊥ m, i = 1, 2, 3 we have

µs1 ≥ 0, µs3 ≥ 0 (3.3.9)

and
|ρ2|2 ≤ ρ1ρ3, m-a.e.. (3.3.10)

proof Taking λ = 0 in (3.3.6) yields µ3 ≥ 0 and dividing by λ2 and letting λ → ∞ gives
µ1 ≥ 0.

Now let ν := |µ1|+|µ2|+|µ3| ∈ Meas(M) so that µi � ν for 1, 2, 3 and put η̄i := dµi
dν ∈ L

1(ν),
i = 1, 2, 3. Inequality (3.3.6) reads as: for every λ ∈ R it holds

λ2η̄1 + 2λη̄2 + η̄3 ≥ 0, ν-a.e.. (3.3.11)

Let Ē := {η̄1 = 0} be defined up to ν-negligible sets and notice that the arbitrariness of λ
in (3.3.11) yields that η̄2 = 0 ν-a.e. on Ē. Then observe that for any partition (Ēn) ⊂ A of
M\ Ē and sequence (λn) ⊂ R, inequality (3.3.11) gives

∑
n
χ
Ēn

(
λ2
nη̄1 +2λnη̄2 + η̄3

)
≥ 0 ν-a.e.,

so that choosing a sequences (Ēmn ) and (λln) such that
∑

n
χ
Ēln
λln → −

η̄2

η̄1
ν-a.e. on M \ Ē as

l → ∞ and passing to the limit, we see that − |η̄2|2
η̄1

+ η̄3 ≥ 0 ν-a.e. on M \ Ē. Taking into

account what we already proved on Ē we deduce that

|η̄2|2 ≤ η̄1η̄3 ν-a.e., (3.3.12)

which is (3.3.7). Then (3.3.8) follows from (3.3.12) noticing that ‖µi‖TV = ‖η̄i‖L1(ν) for
i = 1, 2, 3, (3.3.9) comes from the non-negativity of µ1, µ3 and (3.3.10) follows from (3.3.12)
writing ν = ηm + νs with νs ⊥ m and observing that ρi = η̄iη m-a.e. for i = 1, 2, 3. �

We now turn to the main inequality. Recall that functions f ∈ TestF(M) have a Lipschitz
continuous representative, uniquely defined on supp(m), which we denote by f̄ .

Lemma 3.3.7 (Key inequality) Let n,m ∈ N and fi, gi, hj ∈ TestF(M), i = 1, . . . , n,
j = 1, . . . ,m. Define the measure µ = µ

(
(fi), (gi)

)
∈ Meas(M) as

µ
(
(fi), (gi)

)
:=
∑
i,i′

ḡiḡi′
(
Γ2(fi, fi′)−K〈∇fi,∇fi′〉m

)
+
(

2giH[fi](fi′ , gi′) +
〈∇fi,∇fi′〉〈∇gi,∇gi′〉+ 〈∇fi,∇gi′〉〈∇gi,∇fi′〉

2

)
m
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and write it as µ = ρm + µs with µs ⊥ m.
Then

µs ≥ 0 (3.3.13)

and ∣∣∣∣∑
i,j

〈∇fi,∇hj〉〈∇gi,∇hj〉+ giH[fi](hj , hj)

∣∣∣∣2 ≤ ρ∑
j,j′

|〈∇hj ,∇hj′〉|2. (3.3.14)

proof Pick λ ∈ R, a = (a1, . . . , an),b = (b1, . . . , bn) ∈ Rn and c = (c1, . . . cm) ∈ Rm and
define Φ : R2n+m → R as

Φ(x1, . . . , xn, y1, . . . , yn, z1, . . . , zm) :=
∑
i

λyixi + aixi − biyi +
∑
j

(zj − cj)2,

so that

∂xiΦ = λyi + ai, ∂yiΦ = λxi − bi, ∂xiyiΦ = λ, ∂zjΦ = 2(zj − cj), ∂zjzjΦ = 2,

for every i = 1, . . . , n, j = 1, . . . ,m and all the other partial derivatives are 0.
Put f := (f1, . . . , fn, g1, . . . , gn, h1, . . . , hm) and notice that by Theorem 3.1.4 we have

Φ(f) ∈ TestF(M) and thus by (3.1.10) that

Γ2(Φ(f),Φ(f))−K|∇Φ(f)|2m ≥ 0. (3.3.15)

Denote by A(λ,a,b, c) the measure A(Φ(f)) defined in Theorem 3.1.4 and similarly by
B(λ,a,b, c), C(λ,a,b, c), D(λ,a,b, c) the functions B(Φ(f)), C(Φ(f)), D(Φ(f)).

Then we have

A(λ,a,b, c) =
∑
i,i′

(λḡi + ai)(λḡi′ + ai′)Γ2(fi, fi′) + other terms,

B(λ,a,b, c) = 2
∑
i,i′

2(λgi + ai)λH[fi](fi′ , gi′) + 2
∑
i,j

(λgi + ai)2H[fi](hj , hj) + other terms,

C(λ,a,b, c) =
∑
i,i′

2λ2
(
〈∇fi,∇fi′〉〈∇gi,∇gi′〉+ 〈∇fi,∇gi′〉〈∇gi,∇fi′〉

)
+
∑
i,j

8λ〈∇fi,∇hj〉〈∇gi,∇hj〉+
∑
j,j′

4|〈∇hj ,∇hj′〉|2 + other terms,

D(λ,a,b, c) =
∑
i,i′

(λgi + ai)(λgi′ + ai′)〈∇fi,∇fi′〉+ other terms,

where each ‘other term’ contains either the factor (λf̄i − bi) or the factor (h̄j − cj) for some
i, j.

Theorem 3.1.4 and inequality (3.3.15) then gives that

A(λ,a,b, c) +
(
B(λ,a,b, c) + C(λ,a,b, c)−KD(λ,a,b, c)

)
m ≥ 0,

and being this inequality true for every choice of the constants a,b ∈ Rn and c ∈ Rm, we
deduce that for every partition (Ēk) ⊂ A of M and choice of constants ak,bk ∈ Rn and
ck ∈ Rm we have∑

k

χ
Ēk

(
A(λ,ak,bk, ck) +

(
B(λ,ak,bk, ck) + C(λ,ak,bk, ck)−KD(λ,ak,bk, ck)

)
m
)
≥ 0.

(3.3.16)
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Recalling that for arbitrary f, g, h ∈ TestF(M) the measure Γ2(f, g) has finite mass and
H[f ](g, h) is in L1(m), we see that given that the functions fi, gi, hj ∈ TestF(M) are fixed,
the total variation norm of the measure in the left hand side of this last inequality can be
bounded in terms of the sup of |ak|, |bk|, |ck|. Then consider a sequence of partitions (Ēlk) ⊂ A

and of uniformly bounded constants alk,b
l
k ∈ Rn and clk ∈ Rm, k, l ∈ N so that∑

k

χ
Ēlk

alk → λ(ḡ1, . . . , ḡn),
∑
k

χ
Elk

blk → λ(f̄1, . . . , f̄n),
∑
k

χ
Elk

clk → (h̄1, . . . , h̄m),

everywhere in M as l → ∞. With these choices and passing to the limit as l → ∞, we see
that the left hand side of (3.3.16) converges in the total variation norm, that all the ‘other
terms’ vanish and that the factors λḡi+ai converge to 2λḡi. Thus, after a rearrangement and
a division by 4, we obtain

λ2E + 2λF + G ≥ 0, (3.3.17)

for E,F,G ∈ Meas(M) given by

E :=
∑
i,i′

ḡiḡi′
(
Γ2(fi, fi′)−K〈∇fi,∇fi′〉m

)
+ 2giH[fi](fi′ , gi′)m

+
〈∇fi,∇fi′〉〈∇gi,∇gi′〉+ 〈∇fi,∇gi′〉〈∇gi,∇fi′〉

2
m,

F :=
(∑

i,j

〈∇fi,∇hj〉〈∇gi,∇hj〉+ giH[fi](hj , hj)
)
m,

G :=
∑
j,j′

|〈∇hj ,∇hj′〉|2m.

Inequality (3.3.17) holds for any value of λ ∈ R, hence the conclusions (3.3.13), (3.3.14) follow
from (3.3.9), (3.3.10) respectively in Lemma 3.3.6. �

The first important consequence of this lemma is the following result:

Theorem 3.3.8 Let f ∈ TestF(M). Then f ∈W 2,2(M), and writing

Γ2(f, f) = γ2(f, f)m + Γs2(f, f) with Γs2(f, f) ⊥ m

we have
|Hess(f)|2

HS
≤ γ2(f, f)−K|∇f |2, m-a.e., (3.3.18)

and moreover for every g1, g2 ∈ TestF(M) it holds

H[f ](g1, g2) = Hess(f)(∇g1,∇g2), m-a.e.. (3.3.19)

proof We apply Lemma (3.3.7) with n = 1 for given functions f, g, hj ∈ TestF(M), j =
1, . . . ,m. In this case inequality (3.3.14) reads as:∣∣∣∣∑

j

〈∇f,∇hj〉〈∇g,∇hj〉+ gH[f ](hj , hj)

∣∣∣∣2
≤
(
g2(γ2(f, f)−K|∇f |2) +

|∇f |2|∇g|2 + |〈∇f,∇g〉|2

2
+ 2gH[f ](f, g)

)∑
j,j′

|〈∇hj ,∇hj′〉|2
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m-a.e.. Notice that directly by the definition (3.1.9) of H[f ] we have 2H[f ](f, g) =
〈∇|∇f |2,∇g〉 and using this observation we see that both sides of this inequality vary contin-
uously in L1(m) as g varies in W 1,2(M). Hence by approximation we can pick g ∈ W 1,2(M)
identically 1 on some bounded set B ⊂ M, so that we have ∇g = 0 and H[f ](f, g) = 0 m-a.e.
on B, and by the arbitrariness of such B and recalling the definition of pointwise norm on
L2(T⊗2M) we deduce∣∣∣∣∑

j

H[f ](hj , hj)

∣∣∣∣ ≤√γ2(f, f)−K|∇f |2
∣∣∣∑

j

∇hj ⊗∇hj
∣∣∣
HS
, m-a.e., (3.3.20)

Now notice that the symmetry and bilinearity of H[f ] as map from [TestF(M)]2 to L2(m)
gives that for arbitrary gj , hj , h

′
j ∈ TestF(M) we have∑

j

gjH[f ](hj , h
′
j) =

1

2

∑
j

gj

(
H[f ](hj + h′j , hj + h′j)−H[f ](hj , hj)−H[f ](h′j , h

′
j)
)
.

Therefore observing that

∑
j

gj
∇(hj + h′j)⊗∇(hj + h′j)−∇hj ⊗∇hj −∇h′j ⊗∇h′j

2
=
∑
j

gj
∇hj ⊗∇h′j +∇h′j ⊗∇hj

2
,

from inequality (3.3.20) we see that∣∣∣∑
j

gjH[f ](hj , h
′
j)
∣∣∣ ≤√γ2(f, f)−K|∇f |2

∣∣∣∣∑
j

gj
∇hj ⊗∇h′j +∇h′j ⊗∇hj

2

∣∣∣∣
HS

≤
√
γ2(f, f)−K|∇f |2

∣∣∣∑
j

gj∇hj ⊗∇h′j
∣∣∣
HS
,

(3.3.21)

having used the simple inequality |ASym|HS ≤ |A|HS m-a.e. for A :=
∑

j gj∇hj ⊗∇h′j (recall
(1.5.11)) in the second step.

Consider now the space V ⊂ L2(T⊗2M) made of linear combinations of elements of the
form g∇h⊗∇h′ for g, h, h′ ∈ TestF(M) and define the operator A : V → L0(m) by

A
(∑

j

gj∇hj ⊗∇h′j
)

:=
∑
j

gjH[f ](hj , h
′
j).

Inequality (3.3.21) shows that this is a good definition, i.e. that the right hand side depends
only on

∑
j gj∇hj ⊗ ∇h′j and not on the particular way of writing such sum. Moreover,

recalling that by (3.1.10) we have Γs2(f, f) ≥ 0, we obtain∫
γ2(f, f)−K|∇f |2 dm ≤ Γ2(f, f)(M)−K

∫
|∇f |2 dm

(3.1.11)
=

∫
(∆f)2 −K|∇f |2 dm

and thus integrating (3.3.21) and using the Cauchy-Schwarz inequality we see that A takes
values in L1(m) with

‖A(T )‖L1(m) ≤

√∫
(∆f)2 −K|∇f |2 dm ‖T‖L2(T⊗2M), ∀T ∈ V.
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Since by (3.2.7) (and the fact that TestF(M) is an algebra) V is dense in L2(T⊗2M), we
deduce that A can be uniquely extended to a continuous linear operator from L2(T⊗2M) to
L1(m) and by its very definition we see that A(gT ) = gA(T ) for every T ∈ L2(T⊗2M) and
g ∈ L∞(m), i.e. A is a module morphism. In other words, A ∈ L2((T ∗)⊗2M).

To conclude observe that for g, h1, h2 ∈ TestF(M) and recalling the definition (3.1.9) of
H[f ] we have

2

∫
A(g∇h1 ⊗∇h2) dm

= 2

∫
gH[f ](h1, h2) dm

=

∫
g
(〈
∇〈∇f,∇h1〉,∇h2

〉
+
〈
∇〈∇f,∇h2〉,∇h1

〉
−
〈
∇f,∇〈∇h1,∇h2〉

〉)
dm

=

∫
−〈∇f,∇h1〉div(g∇h2)− 〈∇f,∇h2〉div(g∇h1)− g

〈
∇f,∇〈∇h1,∇h2〉

〉
dm,

i.e. f ∈ W 2,2(M) and Hess(f) = A. This very same computation shows that (3.3.19) holds.
For (3.3.18) notice that (3.3.21) can be restated as

|Hess(f)(T )| ≤
√
γ2(f, f)−K|∇f |2 |T |HS, ∀T ∈ V,

and use once again the density of V in L2(T⊗2M) together with the definition (1.2.10) of dual
pointwise norm to conclude. �

In particular, the following useful corollary holds:

Corollary 3.3.9 We have D(∆) ⊂W 2,2(M) and

E2(f) ≤
∫

(∆f)2 −K|∇f |2 dm, ∀f ∈ D(∆). (3.3.22)

proof For f ∈ TestF(M) the inequality follows integrating (3.3.18) and noticing that (3.1.10)
yields Γs2(f, f) ≥ 0 and thus∫

γ2(f, f) dm ≤ Γ2(f, f)(M)
(3.1.11)

=

∫
(∆f)2 dm.

For the general case, let f ∈ D(∆) and for n ∈ N and t > 0 apply inequality (3.3.22) to
ht(fn) ∈ TestF(M), where fn := min{max{f,−n}, n}. Recalling that ∆ht(fn) → ∆ht(f) in
L2(m) as n→∞ and that ∆ht(f)→ ∆f in L2(m) as t ↓ 0 and similarly that ht(fn)→ ht(f)
in W 1,2(M) as n→∞ and ht(f)→ f and ∆htf → ∆f in W 1,2(M) and L2(m) respectively as
t ↓ 0, the conclusion follows by letting first n → ∞, then t ↓ 0 and recalling the W 1,2-lower
semicontinuity of E2. �

Remark 3.3.10 The whole structure of both the statement and the proof of the key Lemma
3.3.7 is heavily inspired by the paper [17] of Bakry. He worked in the setting ‘abstract and
smooth’ of Dirichlet forms admitting an algebra of bounded functions dense in Lp(m) for all
p < ∞ and stable by the heat semigroup and the Laplacian (this latter condition is the one
that appears out of reach in the non-smooth context) and obtained the bound

H[f ](g, h) ≤
√
γ2(f, f)−K|∇f |2 |∇g| |∇h|. (3.3.23)
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This corresponds to inequality (3.3.14) with n = m = 1 and g = 1 and can be read as a
bound on the operator norm of the Hessian.

Then, Savaré [52] was able to adapt Bakry’s arguments in the non-smooth setting obtaining
inequality (3.3.23) under the same assumptions we are making now.

In the very recent paper [54], Sturm, working in a setting somehow analogous to that of
Bakry, realized that (in the notation of Lemma 3.3.7) picking arbitrary m ∈ N leads to the
improved inequality (3.3.18) which gives a bound on the Hilbert-Schmidt norm of the Hessian.

If one is only interested in the definition of W 2,2(M) and to the definition of the Ricci
curvature calculated along gradient vector fields, then Sturm’s arguments in conjunction
with Savaré’s techniques are sufficient. Our formulation seems instead necessary to get the
control of the whole Ricci curvature tensor and to write Bochner identity for general vector
fields, see Lemma 3.6.2 and Theorem 3.6.7. �

3.3.3 Calculus rules

Some auxiliary Sobolev spaces In this section we introduce those auxiliary Sobolev
spaces which are needed to develop calculus rules for functions in W 2,2(M) in a reasonable
generality. Two things are worth of notice.

The first is that although the various formulas are easily established for functions in
TestF(M), we don’t know whether these are dense in W 2,2(M) or not, thus in some instance
we will have to deal with the space H2,2(M) ⊂ W 2,2(M) defined as the W 2,2(M)-closure of
TestF(M) (see Definition 3.3.17, Proposition 3.3.22 and Remark 3.3.23).

The second is that we don’t have a meaningful definition for the space W 2,1(M), and
this will force us to work with bounded functions when considering the Hessian of fg for
f, g ∈ W 2,2(M). The problem in defining W 2,1(M) is that we do not have an L∞ control on
the term ∇〈∇g1,∇g2〉, for whatever rich choice of g1, g2, appearing in the rightmost addend
of the defining equation (3.3.1) of the Hessian. The only information that we have comes from
Proposition 3.1.3, which grants L2-integrability for such object, thus forcing the gradient of f
to be also in L2. For this reason, in defining what it is an Hessian in L1((T ∗)⊗2M) we cannot
drop the assumption ∇f ∈ L2(TM) and thus we are obliged to introduce a space somehow
intermediate between W 2,1(M) and W 2,2(M) (see Definition 3.3.19 and Propositions 3.3.20,
3.3.21).

We start with first order spaces.

Definition 3.3.11 (The spaces W 1,1(M, d,m) and H1,1(M, d,m)) The space W 1,1(M) ⊂
L1(m) is the space of those functions f ∈ L1(m) such that there exists d1f ∈ L1(T ∗M), called
the differential of f , such that∫

d1f(∇g)hdm = −
∫
fdiv(h∇g) dm, ∀g, h ∈ TestF(M) with ∆g ∈ L∞(m). (3.3.24)

On W 1,1(M) we put the norm

‖f‖W 1,1(M) := ‖f‖L1(m) + ‖d1f‖L1(T ∗M),

and we define H1,1(M) as the closure of TestF(M) ∩W 1,1(M) in W 1,1(M).

113



Recalling the property (3.2.5) we see that (3.3.24) determines d1f , so that if it exists it is
unique. It is then clear that it linearly depends on f ∈ W 1,1(M), that W 1,1(M) is a vector
space and that ‖ · ‖W 1,1(M) is a norm. Moreover, the terms in (3.3.24) are continuous in f and
d1f w.r.t. convergence in L1(m), L1(T ∗M) respectively, from which it follows that W 1,1(M),
and thus also H1,1(M), is a Banach space. These spaces are also separable, because the map
from W 1,1(M) to L1(m) × L1(T ∗M) sending f to (f, d1f) is an isometry, the target space
being endowed with the (separable, due to (3.2.1)) norm ‖(f, ω)‖ := ‖f‖L1(m) + ‖ω‖L1(T ∗M).

We chose the notation d1f to highlight that a priori this definition could provide a notion
different from the one given by Definition 2.2.2. With an approximation argument we now
check that the two notions, whenever comparable, are equivalent.

Proposition 3.3.12 (Compatibility of d1f and df) Let f ∈W 1,1 ∩ S2(M). Then d1f =
df .

proof Let fn := min{max{f,−n}, n} and notice that by the chain rule for d we have fn ∈
S2(M) and dfn = χ{|f |<n}df . Moreover, fn ∈ L1 ∩ L∞(m) ⊂ L2(m) and thus fn ∈ W 1,2(M)
so that by definition of divergence we have∫

fndiv(h∇g) dm = −
∫

dfn(∇g)hdm = −
∫
{|f |≤n}

df(∇g)hdm, ∀n ∈ N,

for arbitrary g, h ∈ TestF(M) with ∆g ∈ L∞(m). Letting n → ∞ and using the L1(m)-
convergence of fn to f and the L2(T ∗M)-convergence of χ{|f |<n}df to df we deduce∫

fdiv(h∇g) dm = −
∫

df(∇g)hdm.

On the other hand, by definition of W 1,1(M) and d1f we know that the left hand side of
this last identity is equal to −

∫
d1f(∇g)hdm, so that the conclusion follows from the density

property (3.2.5). �

Thanks to this identification we shall denote the differential of functions in W 1,1(M) simply
as df , thus dropping the subscript 1. It might be worth to remark at this point that the
product of two test functions is in L1(m) and, by the Leibniz rule for d, in W 1,2(M) with
differential in L1(T ∗M). Hence H1,1(M) is a dense subspace of L1(M).

It will be useful to keep in mind the following:

Proposition 3.3.13 Let f ∈ L2 ∩W 1,1(M) is such that df ∈ L2(T ∗M). Then f ∈W 1,2(M).

proof Start observing that thanks to the approximation property (3.2.3) we can freely pick
h Lipschitz with bounded support in the definition of W 1,1(M). Therefore picking as h a
1-Lipschitz function with bounded support and identically 1 on a ball of radius R and then
letting R→∞, we see that for any f ∈W 1,1(M) it must hold∫

df(∇g) dm = −
∫
f∆g dm, (3.3.25)

for every g ∈ TestF(M) with ∆g ∈ L∞(m). Then observe that for a generic g ∈ TestF(M)
if we consider its evolution h̃tg along the mollified heat flow defined in (3.2.4), we have that
dh̃tg → dg in L2(T ∗M) and ∆h̃tg → ∆g in L2(m) as t ↓ 0 (these are easy to establish
from the fact that t 7→ E(htg) and t 7→ ‖∆htg‖L2(m) are non-increasing). Thus since we
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assumed |f |, |df | ∈ L2(m), we see that (3.3.25) holds for any g ∈ TestF(M). With a similar
approximation argument based on first truncating g and then regularizing the truncation via
the heat flow, we see that (3.3.25) holds for general g ∈ D(∆).

Thus pick g := h2tf and notice that

2E(htf) =

∫
〈∇htf,∇htf〉 dm = −

∫
f∆h2tf dm

(3.3.25)
=

∫
df(∇h2tf) dm

≤ ‖df‖L2(T ∗M)‖∇h2tf‖L2(TM) ≤ ‖df‖L2(T ∗M)

√
2E(htf),

where in the last inequality we used the fact that (0,∞) 3 t 7→ ‖∇h2tf‖L2(TM) =
√

2E(htf)
is non-increasing. Letting t ↓ 0 and using the L2(m)-lower semicontinuity of E we conclude
that E(f) ≤ ‖df‖L2(T ∗M) < ∞ which, by definition of W 1,2(M), gives that f ∈ W 1,2(M).

�

Notice that in this last proposition we are not able to drop the assumption f ∈ L2(m),
compare with point (ii) in Proposition 3.3.14.

Despite the identification of differentials, it is not clear to us if the same calculus rules which
are valid for the differential of functions in S2(M) are also valid for functions in W 1,1(M), the
problem being the little flexibility offered by the defining property (3.3.24). For instance, we
don’t know if (3.1.12) holds for functions in W 1,1(M) nor whether htf ∈ W 1,1(M) for given
f ∈W 1,1(M). Also, the only form of locality that we are able to prove is

df1 = df2, m-a.e. on the interior of {f1 = f2} for every f1, f2 ∈W 1,1(M), (3.3.26)

where by ‘interior of {f1 = f2}’ we mean the union of all the open sets Ω ⊂ M such that f1 = f2

m-a.e. on Ω. Evidently, property (3.3.26) is weaker than the analogous valid for functions in
S2(M) provided by Theorem 2.2.3. To establish (3.3.26) just notice that, as already remarked,
thanks to the approximation property (3.2.3) we can freely pick h Lipschitz with bounded
support in the definition of W 1,1(M), so that the claim follows picking generic such h’s with
support contained in open sets where f1, f2 coincide m-a.e..

Such locality property seems not sufficient to deduce any form of Leibniz or chain rule as
we did in Corollary 2.2.8.

On the other hand, it is easy to see that m-a.e. we have

d(f1f2) = f2df1 + f1df2, ∀f1, f2 ∈ H1,1 ∩ L∞(M)
d(ϕ ◦ f) = ϕ′ ◦ f df, ∀f ∈ H1,1(M), ϕ ∈ LIP(R),

df = 0, on f−1(N) ∀f ∈ H1,1(M), N ⊂ R Borel and negligible
df1 = df2, on {f1 = f2} ∀f1, f2 ∈ H1,1(M),

(3.3.27)
where in the chain rule we also require ϕ(0) = 0 if m(M) = ∞ in order not to destroy the
L1(m) integrability and as usual the term ϕ′ ◦ f is defined arbitrarily on the preimage of the
points of non-differentiability of ϕ. Here it is part of the statement that ϕ ◦ f - and similarly
f1f2 in the Leibniz rule - belongs to H1,1(M).

The Leibniz and the chain rule for ϕ ∈ C1(R) can be directly established by first recalling
their validity for functions in TestF(M) and passing to the limit in the W 1,1-topology, then
the locality property follows from the Leibniz with the very same arguments used in the
proof of Theorem 2.2.6 and the full chain rule also comes from the very same approximation
procedure used in the proof of Theorem 2.2.6. We omit the details.
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A simple consequence of the chain rule is that

for f ∈ H1,1(M), putting fn := min{n, {max{f,−n}}} we have fn ∈ H1,1(M)

with dfn = χ{f<|n|}df and in particular fn → f in H1,1(M) as n→∞.
(3.3.28)

We then have the following basic results about the space H1,1(M): notice that point (ii)
below is the one which justifies the introduction of the space H1,1(M) itself, as we don’t know
if the same conclusion holds for functions in W 1,1(M).

Proposition 3.3.14 (Basic facts about H1,1(M)) The following hold.

i) Let f ∈ L1 ∩ S2(M) be such that df ∈ L1(T ∗M). Then f ∈ H1,1(M).

ii) Let f ∈ H1,1(M) be such that df ∈ L2(T ∗M). Then f ∈ S2(M).

proof
(i) For f ∈ L1 ∩ S2(M) define fn := min{max{f,−n}, n} so that fn ∈ L1 ∩ L∞(m) ⊂ L2(m)
and, from the chain rule in Corollary 2.2.8, fn ∈ S2(M) with dfn = χ{|f |<n}df . From the
assumption df ∈ L1(T ∗M), we deduce that dfn ∈ L1(T ∗M) as well with dfn → df in
L1(T ∗M) as n→∞.

For t > 0 the function htfn is in TestF(M) (recall (3.1.5)) and by (3.1.12) we have

|d htfn| ≤ e−Ktht(|dfn|), m-a.e.,

so that the family of functions {|d htfn|}t>0 is dominated in L1(m). From the fact that fn ∈
W 1,2(M) it easily follows that htfn → fn in W 1,2(M) as t ↓ 0 and thus that d(htfn − fn)→ 0
in L2(T ∗M). This latter fact together with the domination of {|d htfn|}t>0 in L1(m) implies
that dhtfn → dfn in L1(T ∗M), i.e. fn ∈ H1,1(M), which is sufficient to conclude.
(ii) Assume at first that f also belongs to L∞(m), so that f ∈ L2(m) as well. In this case the
thesis comes from Proposition (3.3.13).

For the general case, let f ∈ H1,1(M) and for n ∈ N define the functions fn :=
min{max{f,−n}, n}. By (3.3.28) we have (fn) ⊂ H1,1(M) with fn → f in H1,1(M) and
the above argument yields fn ∈ S2(M). Moreover, the identity d(f − fn) = χ{|f |≥n}df grants
that ‖dfn‖L2(T ∗M) is uniformly bounded, so that the stability property (2.1.3) grants that
f ∈ S2(M). �

The usefulness of H1,1(M) is due to the following result:

Proposition 3.3.15 (Leibniz rule for functions in W 1,2(M)) Let f1, f2 ∈ W 1,2(M).
Then f1f2 ∈ H1,1(M) and the formula

d(f1f2) = f1 df2 + f2 df1,

holds.

proof For n ∈ N let fi,n := min{max{fi,−n}, n}. Then recalling the Leibniz rule for the
differential in Corollary 2.2.8 we have that f1,nf2,n ∈ L1 ∩ S2(M) with

d(f1,nf2,n) = f1,n df2,n + f2,n df1,n

and in particular by point (i) of Proposition 3.3.14 above that f1,nf2,n ∈ H1,1(M). By
construction it is clear that f1,nf2,n → f1f2 and f1,n df2,n + f2,n df1,n → f1 df2 + f2 df1 in
L1(m) and L1(T ∗M) respectively as n→∞, thus passing to the limit in the Leibniz rule for
the truncated functions we conclude. �
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We can read the above result as follows: the natural form of Leibniz rule for the product
of two W 1,2(M) is always in place and the differential of the product obeys calculus rules
(3.3.27) perfectly in line with those available for functions W 1,2(M) (as opposed to lack of
calculus capabilities for functions in W 1,1(M)).

Remark 3.3.16 The problem of whether W 1,2(M) = H1,1(M) or not is ‘one order simpler’
than the other analogous problems we will encounter later on, yet it still seems quite delicate.
Notice that to get a positive answer to this question, following the same arguments used in
point (ii) of Proposition 3.3.14 it would be sufficient to prove that W 1,1 ∩L∞(M) is dense in
W 1,1(M).

We also remark that the space H1,1(M) coincides with what in the literature on metric
measure spaces has often been called W 1,1(M): see in particular [5] and [33]. Here we chose the
different terminology to distinguish those functions which can be approximated by ‘smooth’
ones from those for which integration by parts holds. �

We now pass to second order spaces.

Definition 3.3.17 (The space H2,2(M)) We define H2,2(M) ⊂ W 2,2(M) as the W 2,2-
closure of TestF(M).

The following is easily established:

Proposition 3.3.18 H2,2(M) coincides with the W 2,2-closure of D(∆).

proof Since TestF(M) ⊂ D(∆), clearly H2,2(M) is contained in the W 2,2-closure of D(∆).
For the other inclusion, pick f ∈ D(∆) and for n ∈ N put fn := min{max{f,−n}, n} and for
t > 0 put fn,t := ht(fn). By (3.1.5) we know that fn,t ∈ TestF(M) for every n ∈ N and t > 0.

Inequalities (3.1.1), (3.3.22) grant that for every t > 0 the family {fn,t}n∈N is bounded in
W 2,2. Since evidently ht(fn)→ ht(f) in L2(m) as n→∞ we deduce that (ht(fn)) converges
to ht(f) weakly in W 2,2(M) as n→∞.

Now let t ↓ 0 and observe that from ‖∆htf‖L2(m) = ‖ht∆f‖L2(m) ≤ ‖∆f‖L2(m) and again
the bound (3.3.22) we get that (ht(f)) is bounded in W 2,2(M). Since moreover htf → f in
W 1,2(M) as t ↓ 0, we get that (htf) weakly converges to f in W 2,2(M) as t ↓ 0.

The conclusion follows observing that being TestF(M) a vector space, its closure w.r.t. the
weak topology of W 2,2 coincides with its closure w.r.t the strong topology of W 2,2. �

We conclude introducing a space of functions with Hessian in L1((T ∗)⊗2M). As said at the
beginning of the section we cannot really define the space W 2,1(M) due to integrability issues
in the definition of distributional Hessian. We therefore restrict the attention to the space
W (2,2,1)(M) of functions in W 1,2(M) with Hessian in L1(M) (the three indexes in parenthesis
indicate the integrability of the function, the differential and the Hessian respectively, so that
in this notation we would have W (2,2,2)(M) = W 2,2(M)).

Definition 3.3.19 (The space W (2,2,1)(M, d,m)) The space W (2,2,1)(M) ⊂ W 1,2(M) is the
space of those functions f ∈W 1,2(M) such that there exists A ∈ L1((T ∗)⊗2M) such that

2

∫
hA(∇g1,∇g2) dm

=

∫
−〈∇f,∇g1〉div(h∇g2)− 〈∇f,∇g2〉div(h∇g1)− h

〈
∇f,∇〈∇g1,∇g2〉

〉
dm,

(3.3.29)
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for every g1, g2, h ∈ TestF(M). Such A will be called Hessian of f and denoted by Hess(f).
On W (2,2,1)(M) we put the norm

‖f‖W (2,2,1)(M) := ‖f‖L2(m) + ‖df‖L2(T ∗M) + ‖Hess(f)‖L1((T ∗)⊗2M).

Property (3.2.8) ensures that there is at most one A for which (3.3.29) holds, so that the
Hessian is uniquely defined and it is clear that for f ∈W 2,2 ∩W (2,2,1)(M) the two notions of
Hessian given here and in Definition 3.3.1 coincide.

The definition also ensures that the Hessian linearly depends on f ∈ W (2,2,1)(M) and that
W (2,2,1)(M) is a normed space. Noticing that the left hand side of (3.3.29) is continuous w.r.t.
L1((T ∗)⊗2M)-convergence of A and the right hand side continuous w.r.t.W 1,2(M)-convergence
of f we see that in fact W (2,2,1)(M) is a Banach space.

We conclude pointing out that W (2,2,1)(M) is separable, which can be checked observing
that the map

W (2,2,1)(M) → L2(m)× L2(T ∗M)× L1((T ∗)⊗2M)
f 7→ (f,df,Hess(f))

is an isometry of W (2,2,1)(M) with its image, the target space being endowed with the (sepa-
rable, due to (3.2.1) and (3.2.6)) norm ‖(f, ω,A)‖ := ‖f‖L2(m) +‖ω‖L2(T ∗M) +‖A‖L1((T ∗)⊗2M).

Statement and proofs of calculus rules Here we collect the basic calculus rules involving
the Hessian.

We start underlying the following property, which grants a bit more flexibility in the choice
of the function h when testing the definition of Hessian:

for f ∈W 2,2(M), g1, g2 ∈ TestF(M) and h ∈W 1,2 ∩ L∞(M) we have

2

∫
hHess(f)(∇g1,∇g2) dm

=

∫
−〈∇f,∇g1〉div(h∇g2)− 〈∇f,∇g2〉div(h∇g1)− h

〈
∇f,∇〈∇g1,∇g2〉

〉
dm.

(3.3.30)

To see why this holds, notice that the choice of hth ∈ TestF(M), t > 0, in place of
h ∈ W 1,2 ∩ L∞(M) is admissible by the very definition of Hessian. Then observing that
|Hess(f)(∇g1,∇g2)| ≤ |Hess(f)|HS |∇g1||∇g2| ∈ L2(m) we can pass to the limit as t ↓ 0 in the
left hand side using the L2(m)-convergence of hth to h. To pass to the limit in the right hand
side use the convergence of (dhth) to dh in L2(T ∗M) (consequence of the fact that hth → h
in W 1,2(M)) and the weak∗-convergence in L∞(m) of (hth) to h (consequence of the uniform
bound ‖hth‖L∞(m) ≤ ‖h‖L∞(m) and of L2(m)-convergence).

Proposition 3.3.20 (Product rule for functions) Let f1, f2 ∈ W 2,2 ∩ L∞(M). Then
f1f2 ∈W (2,2,1)(M) and the formula

Hess(f1f2) = f2Hess(f1) + f1Hess(f2) + df1 ⊗ df2 + df2 ⊗ df1, m-a.e. (3.3.31)

holds.
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proof It is obvious that f1f2 ∈ W 1,2(M) and that the right hand side of (3.3.31) defines an
object in L1((T ∗)⊗2M). Now let g1, g2, h ∈ TestF(M) be arbitrary and notice that

−〈∇(f1f2),∇g1〉 div(h∇g2) = −f1〈∇f2,∇g1〉div(h∇g2)− f2〈∇f1,∇g1〉 div(h∇g2)

= −〈∇f2,∇g1〉 div(f1h∇g2) + h〈∇f2,∇g1〉〈∇f1,∇g2〉
− 〈∇f1,∇g1〉div(f2h∇g2) + h〈∇f1,∇g1〉〈∇f2,∇g2〉.

Exchanging the roles of g1, g2, noticing that

−h
〈
∇(f1f2),∇〈∇g1,∇g2〉

〉
= −hf1

〈
∇f2,∇〈∇g1,∇g2〉

〉
− hf2

〈
∇f1,∇〈∇g1,∇g2〉

〉
,

adding everything up and integrating, we conclude using property (3.3.30) for the Hessian of
the function f1 (resp. f2) and the choice of f2h (resp. f1h) in place of h. �

Proposition 3.3.21 (Chain rule) Let f ∈ W 2,2(M) and ϕ : R → R a C1,1 function with
uniformly bounded first and second derivative (and ϕ(0) = 0 if m(M) = +∞).

Then ϕ ◦ f ∈W (2,2,1)(M) and the formula

Hess(ϕ ◦ f) = ϕ′′ ◦ f df ⊗ df + ϕ′ ◦ f Hess(f), m-a.e. (3.3.32)

holds.

proof It is obvious that ϕ ◦ f ∈ L2(m), that the chain rule for the differential ensures that
ϕ ◦ f ∈ W 1,2(M) and that the right hand side of (3.3.32) defines an object in L1((T ∗)⊗2M).
Now let g1, g2, h ∈ TestF(M) be arbitrary and notice that

−〈∇(ϕ ◦ f),∇g1〉 div(h∇g2) = −ϕ′ ◦ f〈∇f,∇g1〉 div(h∇g2)

= −〈∇f,∇g1〉 div(ϕ′ ◦ fh∇g2) + hϕ′′ ◦ f〈∇f,∇g1〉〈∇f,∇g2〉.

Similarly,

−〈∇(ϕ ◦ f),∇g2〉 div(h∇g1) = −〈∇f,∇g2〉 div(ϕ′ ◦ fh∇g1) + hϕ′′ ◦ f〈∇f,∇g2〉〈∇f,∇g1〉.

and
−h
〈
∇(ϕ ◦ f),∇〈∇g1,∇g2〉

〉
= −hϕ′ ◦ f

〈
∇f,∇〈∇g1,∇g2〉

〉
.

Adding up these three identities, integrating and applying (3.3.30) with hϕ′ ◦ f in place of h
we conclude. �

Proposition 3.3.22 (Product rule for gradients) Let f1 ∈ W 2,2(M) and f2 ∈ H2,2(M).
Then 〈∇f1,∇f2〉 ∈W 1,1(M) and

d〈∇f1,∇f2〉 = Hess(f1)(∇f2, ·) + Hess(f2)(∇f1, ·), m-a.e.. (3.3.33)

In particular, for f ∈W 2,2(M) and g1, g2 ∈ H2,2(M) the identity

2Hess(f)(∇g1,∇g2) =
〈
∇g1,∇〈∇f,∇g2〉

〉
+
〈
∇g2,∇〈∇f,∇g1〉

〉
−
〈
∇f,∇〈∇g1,∇g2〉

〉
(3.3.34)

holds m-a.e. (notice that the two sides of this expression are well defined elements of L0(m)).
Moreover:
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i) if f1 ∈ W 2,2(M) and f2 ∈ H2,2(M) have both bounded gradients, then 〈∇f1,∇f2〉 ∈
W 1,2(M),

ii) if f1, f2 ∈ H2,2(M), then 〈∇f1,∇f2〉 ∈ H1,1(M).

proof Let f1 ∈ W 2,2(M) and f2, g, h ∈ TestF(M) with ∆g ∈ L∞(m). Then by definition of
Hess(f1) we have

2

∫
hHess(f1)(∇f2,∇g) dm

=

∫
−〈∇f1,∇f2〉div(h∇g)− 〈∇f1,∇g〉div (h∇f2)− h

〈
∇f1,∇〈∇f2,∇g〉

〉
dm.

(3.3.35)

Now observe that for g1, g2, g3, g4 ∈ TestF(M), the integration by parts∫
〈∇g1,∇g2〉 div(g3∇g4) dm = −

∫
g3

〈
∇g4,∇〈∇g1,∇g2〉

〉
dm

is justified by the fact that 〈∇g1,∇g2〉 ∈ W 1,2(M), therefore for arbitrary f ∈ TestF(M) we
have

2

∫
hHess(f2)(∇f,∇g) dm

=

∫
−〈∇f2,∇f〉div(h∇g) + h

〈
∇〈∇f2,∇g〉,∇f

〉
+ div(h∇f2)〈∇f,∇g〉 dm.

The expressions at both sides of the above identity are continuous in f w.r.t. the W 1,2(M)-
topology, hence approximating our given f1 ∈ W 2,2(M) in the W 1,2(M)-topology with func-
tions in TestF(M) (recall (3.1.6)) we deduce that

2

∫
hHess(f2)(∇f1,∇g) dm

=

∫
−〈∇f2,∇f1〉 div(h∇g) + h

〈
∇〈∇f2,∇g〉,∇f1

〉
+ div(h∇f2)〈∇f1,∇g〉 dm.

(3.3.36)

Adding up (3.3.35) and (3.3.36) we obtain∫
h
(
Hess(f1)(∇f2,∇g) + Hess(f2)(∇f1,∇g)

)
dm =

∫
−〈∇f2,∇f1〉 div(h∇g) dm. (3.3.37)

Noticing that 〈∇f2,∇f1〉 ∈ L1(m) and Hess(f1)(∇f2, ·)+Hess(f2)(∇f1, ·) ∈ L1(T ∗M), (3.3.37)
and the arbitrariness of g, h ∈ TestF(M) with ∆g ∈ L∞(m) give that 〈∇f2,∇f1〉 ∈ W 1,1(M)
and the formula (3.3.33).

To drop the requirement f2 ∈ TestF(M), notice that for given f1 ∈ W 2,2(M) and g, h ∈
TestF(M) with ∆g ∈ L∞(m), the expressions at both sides of (3.3.37) are continuous in f2

w.r.t. the W 2,2-topology. Hence from the validity of (3.3.37) for f2 ∈ TestF(M) we deduce
its validity for f2 ∈ H2,2(M).

To get (3.3.34), just write (3.3.33) for the couple f, g1 and multiply both sides by ∇g2, then
swap the roles of g1, g2 and finally subtract (3.3.33) written for g1, g2 and multiplied by ∇f .

For point (i) observe that if ∇f1 and ∇f2 are both bounded, then 〈∇f!,∇f2〉 ∈ L2(m) and
the right hand side of (3.3.33) defines an element in L2(T ∗M). Thus the conclusion follows
from Proposition 3.3.13.
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For point (ii), notice that if f1, f2 ∈ TestF(M) then point (i) grants that 〈∇f1,∇f2〉 ∈
W 1,2(M) and formula (3.3.33) yields that d〈∇f1,∇f2〉 ∈ L1(T ∗M), so that point (i) of Propo-
sition 3.3.14 gives the thesis. The general case follows by approximation: for f1, f2 ∈ H2,2(M)
and sequences (fi,n) ⊂ TestF(M) converging to fi in H2,2(M), i = 1, 2, we have that
〈∇f1,n,∇f2,n〉 → 〈∇f1,∇f2〉 in L1(m) and Hess(f1,n)(∇f2,n, ·) + Hess(f2,n)(∇f1,n, ·) →
Hess(f1)(∇f2, ·) + Hess(f2)(∇f1, ·) in L1((T ∗)⊗2M) as n→∞, thus giving the thesis. �

Remark 3.3.23 The difficulty in getting Sobolev regularity for 〈∇f1,∇f2〉 for generic
f1, f2 ∈ W 2,2(M) is due to the fact that the definition of Hessian is given testing it against
gradients of test functions, so that in the approximation argument we cannot really go further
than H2,2(M).

One encounters a similar problem in trying to obtain the classical Leibniz rule for Sobolev
functions on the Euclidean space without using the fact that smooth functions are dense in
the Sobolev spaces. �

We pass to the locality properties of the Hessian. In the statement below we shall refer to
the ‘interior of {f1 = f2}’ for f1, f2 ∈W 2,2(M). This set is, by definition, the union of all the
open sets Ω ⊂ M such that {f1 = f2} m-a.e. on Ω.

Proposition 3.3.24 (Locality of the Hessian) For given f1, f2 ∈W 2,2(M) we have

Hess(f1) = Hess(f2), m-a.e. on the interior of {f1 = f2}, (3.3.38)

and for f1, f2 ∈ H2,2(M) the finer property

Hess(f1) = Hess(f2), m-a.e. on {f1 = f2}, (3.3.39)

holds.

proof For (3.3.38), by linearity it is sufficient to prove that for every f ∈W 2,2(M) we have

Hess(f) = 0, m-a.e. on the interior of {f = 0},

which in turn is equivalent to

Hess(f)(∇g1,∇g2) = 0, m-a.e. on the interior of {f = 0},

for every g1, g2 ∈ TestF(M). This follows from formula (3.3.34), noticing that Proposition
3.3.22 grants that 〈∇f,∇gi〉 ∈W 1,1(M) and using the locality property (3.3.26).

Property (3.3.39) follows along the same lines noticing that this time Proposition 3.3.22
grants that 〈∇f,∇gi〉 ∈ H1,1(M) and using the locality property in (3.3.27). �

Remark 3.3.25 (H2,2(M) cut-off functions) In applications it might be useful to know
whether there are H2,2(M) cut-off functions, i.e. whether

for every B ⊂ M and Ω ⊂ M open with d(B,Ωc) > 0 there is ηB,Ω ∈ H2,2(M)

with ηB,Ω = 1 m-a.e. on B and ηB,Ω = 0 m-a.e. on Ωc.

The answer is affirmative. In [14] the authors built, for B,Ω as above, a function in TestF(M)
identically 1 on B, 0 on Ωc and with bounded Laplacian. Their argument is based on the fact
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that for a bounded and continuous function f the heat flow htf converges to f uniformly as
t ↓ 0, so that picking t small enough and composing the resulting function with an appropriate
map from R to R gives the claim.

A different construction comes from [36]. In this case a finite dimensionality requirement
is also necessary, but the construction gives a bit more flexibility in the choice of the cut-
off allowing to produce for given c-concave functions ϕ,ψ ∈ W 1,2(M) such that −ψ ≤ ϕ, a
function f ∈ D(∆) with bounded Laplacian and such that −ψ ≤ f ≤ ϕ. The argument is
based on the Laplacian comparison estimates for the distance function [30] and the abstract
Lewy-Stampacchia inequality [36]. �

3.4 Covariant derivative

3.4.1 The Sobolev space W 1,2
C (TM)

The definition of Hessian that we gave in the previous chapter was based on the identity

2Hess(f)(∇g1,∇g2) =
〈
∇〈∇f,∇g1〉,∇g2

〉
+
〈
∇〈∇f,∇g2〉,∇g1〉 −

〈
∇f,∇〈∇g1,∇g2〉

〉
,

valid on a smooth Riemannian manifold and for f, g1, g2 smooth. We are now proceeding in
a similar way to define the covariant derivative using instead the identity

〈∇∇g1X,∇g2〉 =
〈
∇〈X,∇g2〉,∇g1

〉
−Hess(g2)(∇g1, X).

It is worth to notice that these two equalities can be used on a smooth context as an alternative
to Koszul’s formula to introduce the covariant derivative in terms of the metric tensor only,
without the use of Lie brackets. This is technically convenient because we cannot hope to
define the Lie bracket for general vector fields without imposing any sort of regularity to them,
but to impose such regularity we need to know in advance what the covariant derivative is.

We also remark that Sobolev regularity is the only kind of regularity that we have for vector
fields, as we don’t know what it is a Lipschitz or a continuous vector field.

We recall the the pointwise scalar product of two tensors A,B ∈ L2(T⊗2M) is denoted by
A : B.

Definition 3.4.1 (The Sobolev space W 1,2
C (TM)) The Sobolev space W 1,2

C (TM) ⊂
L2(TM) is the space of all X ∈ L2(TM) for which there exists T ∈ L2(T⊗2M) such that
for every g1, g2, h ∈ TestF(M) it holds∫

hT : (∇g1 ⊗∇g2) dm =

∫
−〈X,∇g2〉 div(h∇g1)− hHess(g2)(X,∇g1) dm. (3.4.1)

In this case we shall call the tensor T the covariant derivative of X and denote it by ∇X.
We endow W 1,2

C (TM) with the norm ‖ · ‖
W 1,2
C (TM)

defined by

‖X‖2
W 1,2
C (TM)

:= ‖X‖2L2(TM) + ‖∇X‖2L2(T⊗2M).

Also, we define the connection energy functional EC : L2(TM)→ [0,∞] as

EC(X) :=


1

2

∫
|∇X|2

HS
dm, if X ∈W 1,2

C (TM),

+∞, otherwise.
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The basic properties of W 1,2
C (TM) are collected in the following theorem, whose proof closely

follows the one of Theorem 3.3.2 and, in the last points, makes use of the calculus rules for
the Hessian that we developed in Section 3.3.3.

Theorem 3.4.2 (Basic properties of W 1,2
C (TM)) The following holds.

i) W 1,2
C (TM) is a separable Hilbert space.

ii) The covariant derivative is a closed operator, i.e. the set {(X,∇X) : X ∈ W 1,2
C (TM)}

is a closed subset of L2(TM)× L2(T⊗2M).

iii) The connection energy functional EC : L2(TM) → [0,∞] is lower semicontinuous and
for every X ∈ L2(TM) the energy EC(X) is equal to

sup

{∑
i

∫
−〈X,Zi〉 div(Yi)−

(∑
j

〈∇gi,j , Yi〉〈∇fi,j , X〉+ gjHess(fi,j)(Yi, X)
)

dm

− 1

2

∥∥∥∑
i

Yi ⊗ Zi
∥∥∥2

L2(T⊗2M)

}
,

where the sup is taken among all n ∈ N, Yi, Zi ∈ TestV(M), i = 1, . . . , n, and over all
the finite collections of functions fi,j , gi,j ∈ TestF(M) such that Zi =

∑
j gi,j∇fi,j for

any i.

iv) For f ∈W 2,2(M) we have ∇f ∈W 1,2
C (TM) with ∇(∇f) = (Hess(f))].

v) We have TestV(M) ⊂W 1,2
C (TM) with

∇X =
∑
i

∇gi ⊗∇fi + gi(Hess(fi))
], for X =

∑
i

gi∇fi. (3.4.2)

In particular, W 1,2
C (TM) is dense in L2(TM).

proof For given g1, g2, h ∈ TestF(M) the left and right hand sides of expression (3.4.1) are
continuous w.r.t. weak convergence of X and T in L2(TM) and L2(T⊗2M) respectively, which
gives point (ii). The lower semicontinuity of EC then follows taking also into account that,
being L2(T⊗2M) an Hilbert space, bounded sets are weakly relatively compact. Endowing
L2(TM)×L2(T⊗2M) with the norm ‖(X,T )‖2 := ‖X‖2L2(TM) +‖T‖2L2(T⊗2M) we see that such

space is Hilbert and separable (recall (3.2.1) and (3.2.6)) and that the map

W 1,2
C (M) 3 X 7→ (X,∇X) ∈ L2(TM)× L2(T⊗2M),

is an isometry of W 1,2
C (TM) with its image. Hence from point (ii) point (i) follows as well.

To prove (iv) recall that by Proposition 3.3.22, for every g1, g2, h ∈ TestF(M) we have∫
hHess(f)(∇g1,∇g2) dm =

∫
h
〈
∇〈∇f,∇g2〉,∇g1

〉
dm︸ ︷︷ ︸

=
∫
−〈∇f,∇g2〉 div(h∇g1) dm

−
∫
hHess(g2)(∇f,∇g1) dm,
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which is the claim. Point (v) follows along the same lines. Indeed, notice that by linearity it
is sufficient to consider X = g∇f and in this case the claim is equivalent to the validity of∫

h〈∇g,∇g1〉〈∇f,∇g2〉+ hgHess(f)(∇g1,∇g2) dm

=

∫
−g〈∇f,∇g2〉 div(h∇g1)− hgHess(g2)(∇f,∇g1) dm,

for any g1, g2, h ∈ TestF(M). But this is a direct consequence of the identity∫
−g〈∇f,∇g2〉div(h∇g1) dm =

∫
h
〈
∇(g〈∇f,∇g2〉),∇g1

〉
dm,

whose validity is easily established from the fact that all the functions involved are in
TestF(M), and of Proposition 3.3.22 which, taking into account that ∇f,∇g ∈ L∞(TM),
ensures that 〈∇f,∇g〉 ∈W 1,2(M) so that formula (3.3.33) and the Leibniz rule for the differ-
ential give

d
(
g〈∇f,∇g2〉

)
= dg 〈∇f,∇g2〉+ gHess(f)(∇g2, ·) + gHess(g2)(∇f, ·).

It remains to prove the duality formula for EC , which, thanks to (3.4.2), can be rewritten as

EC(X) = sup

{∑
i

∫
−〈X,Zi〉div(Yi)−∇Zi : (Yi ⊗X) dm− 1

2

∥∥∥∑
i

Yi ⊗ Zi
∥∥∥2

L2(T⊗2M)

}
.

(3.4.3)
Notice that for X ∈ W 1,2

C (TM) from the very definition of ∇X and the identity (3.4.2) it
follows that∫

∇X : (Y ⊗ Z) dm =

∫
−〈X,Z〉div(Y )−∇Z : (Y ⊗X) dm, ∀Y,Z ∈ TestV(M),

so that from the trivial identity

1

2
‖T‖2L2(T⊗2M) = sup

∫
T :
∑
i

Yi ⊗ Zi dm− 1

2

∥∥∥∑
i

Yi ⊗ Zi
∥∥∥2

L2(T⊗2M)
,

where the sup is taken among all finite choices of Yi, Zi in TestV(M) (recall (3.2.7)), we get
inequality ≥ in (3.4.3).

The opposite inequality then follows along the very same arguments used to proved the
analogous inequality in the duality formula (3.3.2) in Theorem 3.3.2, starting from the obser-
vation that if X ∈ L2(TM) is such that the sup in (3.4.3) is finite, then the value of∑

i

∫
−〈X,Zi〉div(Yi)−∇Zi : (Yi ⊗X) dm

depends only on B =
∑

i Yi⊗Zi and not on the particular way of writing B as sum. We omit
the details. �
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3.4.2 Calculus rules

In this section we collect the basic calculus rules for the covariant derivative and show that,
in the appropriate sense, it satisfies the axioms of the Levi-Civita connection. As for the
Hessian, we shall start introducing a couple of auxiliary Sobolev spaces.

We know that TestV(M) is contained in W 1,2
C (TM), but not if it is dense. Thus the following

definition is meaningful:

Definition 3.4.3 (The space H1,2
C (TM)) We define H1,2

C (TM) ⊂ W 1,2
C (TM) as the

W 1,2
C (TM)-closure of TestV(M).

Much like we couldn’t define the space W 2,1(M), we cannot define the space W 1,1
C (TM)

because we don’t have at disposal a large class of functions with bounded Hessian. Thus,

in analogy with the definition W (2,2,1)(M), we introduce the space W
(2,1)
C (TM) of L2 vector

fields have covariant derivative in L1:

Definition 3.4.4 (The space W
(2,1)
C (TM)) The space W

(2,1)
C (TM) ⊂ L2(TM) is the space

of X ∈ L2(TM) such that there exists T ∈ L1(T⊗2M) for which the identity∫
hT : (∇g1 ⊗∇g2) dm =

∫
−〈X,∇g2〉div(h∇g1)− hHess(g2)(X,∇g1) dm. (3.4.4)

holds for any g1, g2, h ∈ TestF(M). We shall call such tensor T , which is unique thanks to

(3.2.8), the covariant derivative of X and denote it by ∇X. We endow W
(2,1)
C (TM) with the

norm
‖X‖

W
(2,1)
C (TM)

:= ‖X‖L2(TM) + ‖∇X‖L1(T⊗2M).

Given that the two sides of (3.4.4) are continuous w.r.t. convergence (weak, in fact) of X,T

in L2(TM) and L1(T⊗2X) respectively, we see that W
(2,1)
C (TM) is complete. Moreover, the

embedding X 7→ (X,∇X) of W
(2,1)
C (TM) into L2(TM)× L1(T⊗2M) endowed with the norm

‖(X,T )‖ := ‖X‖L2(TM) + ‖T‖L1(T⊗2M) is an isometry, showing that W
(2,1)
C (TM) is separable.

We also remark that, by the very definitions, for X ∈W (2,1)
C ∩W 1,2

C (TM) the two definitions
of covariant derivative given in (3.4.1) and (3.4.4) coincide, so no ambiguity occurs.

Proposition 3.4.5 (Leibniz rule) Let X ∈W 1,2
C (TM) and f ∈ L∞ ∩W 1,2(M).

Then fX ∈W (2,1)
C (TM) and

∇(fX) = ∇f ⊗X + f∇X, m-a.e.. (3.4.5)

proof Assume at first f ∈ TestF(M), let g1, g2, h ∈ TestF(M) be arbitrary, notice that
fh ∈ TestF(M) and use the definition of ∇X to obtain that∫

fh∇X : (∇g1 ⊗∇g2) dm =

∫
−〈X,∇g2〉 div(fh∇g1)− fhHess(g2)(X,∇g1) dm.

Recalling that by (2.3.13) we have div(fh∇g1) = h〈∇f,∇g1〉+ fdiv(h∇g1), the above yields
that ∫

h〈∇f,∇g1〉 〈X,∇g2〉+hf∇X : (∇g1 ⊗∇g2) dm

=

∫
−〈fX,∇g2〉 div(h∇g1)− hHess(g2)(fX,∇g1) dm,
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which is the thesis.
The case of general f ∈ L∞ ∩ W 1,2(M) follows by approximation noticing that htf ∈

TestF(M), that ‖htf‖L∞(m) ≤ ‖f‖L∞(m) and that htf → f in W 1,2(M): these are sufficient
to deduce that (htfX) and (∇htf ⊗ X + htf∇X) converge to fX and ∇f ⊗ X + f∇X in
L2(TM) and L1(T⊗2M) respectively as t ↓ 0. The thesis follows. �

In the statements below, for X ∈W 1,2
C (TM) and Z ∈ L0(TM) we shall indicate by ∇ZX the

vector field in L0(TM) defined by

〈∇ZX,Y 〉 := ∇X : (Z ⊗ Y ), m-a.e., ∀Y ∈ L0(TM), (3.4.6)

where the right hand side is firstly defined for Z, Y ∈ L0(TM) such that Z ⊗ Y ∈ L2(T⊗2M)
and then extended by continuity to a bilinear map from [L0(TM)]2 to L0(m) (recall Proposi-
tion 1.3.2 to see that this really defines a vector field in L0(TM)).

Proposition 3.4.6 (Compatibility with the metric) Let X ∈ W 1,2
C (TM) and Y ∈

H1,2
C (TM). Then 〈X,Y 〉 ∈W 1,1(M) and

d〈X,Y 〉(Z) = 〈∇ZX,Y 〉+ 〈∇ZY,X〉, m-a.e., (3.4.7)

for every Z ∈ L0(TM). Moreover:

i) if X ∈W 1,2
C (TM) and Y ∈ H1,2

C (TM) are both bounded, then 〈X,Y 〉 ∈W 1,2(M),

ii) if X,Y ∈ H1,2
C (TM), then 〈X,Y 〉 ∈ H1,1(M).

proof Assume at first that Y = ∇f for some f ∈ TestF(M). Then for arbitraryX ∈W 1,2
C (TM)

and g, h ∈ TestF(M), by the very definition of ∇X we have∫
h∇X : (∇g ⊗∇f) dm =

∫
−〈X,∇f〉 div(h∇g)− hHess(f)(X,∇g) dm,

which, recalling the Definition 3.3.11 of W 1,1(M) and that (Hess(f))] = ∇(∇f) by point (iv)
of Theorem 3.4.2, yields that 〈X,∇f〉 ∈W 1,1(M) with

d〈X,∇f〉(h∇g) = 〈∇h∇gX,∇f〉+ 〈∇h∇g∇f,X〉, m-a.e..

The the density of TestV(M) in L2(TM) and the definition of L0(TM) gives the claim.
The case of Y ∈ TestV(M) then follows by the linearity of the covariant derivative, what

just proved and Proposition 3.4.5 above.
For general Y ∈ H1,2

C (TX) the result follows by approximation: if Yn → Y in W 1,2
C (TM)

and Z ∈ L∞(TM) is arbitrary, then (〈X,Yn〉) and (〈∇ZX,Yn〉 + 〈∇ZYn, X〉) converge to
〈X,Y 〉 and 〈∇ZX,Y 〉 + 〈∇ZY,X〉 respectively in L1(m) as n → ∞. From the arbitrariness
of Z ∈ L∞(TM) we see that we can pass to the limit in the definition of functions W 1,1(M)
and of their differential and obtain the result.

Now point (i) follows noticing that if X,Y are bounded, then 〈X,Y 〉 ∈ L2(m) and formula
(3.4.7) defines an object in L2(T ∗M), so that the conclusion follows from Proposition 3.3.13.

For point (ii), notice that for X,Y ∈ TestV(M) point (i) grants that 〈X,Y 〉 ∈ W 1,2(M)
while formula (3.4.7) yields that d〈X,Y 〉 ∈ L1(T ∗M), so that point (i) of Proposition
3.3.14 gives the thesis. The general case then follows by approximation. Indeed, for
X,Y ∈ H1,2

C (TM) we can find (Xn), (Yn) ⊂ TestV(M) converging to X,Y respectively

in H1,2
C (TM) as n → ∞. It is the clear that 〈Xn, Yn〉 → 〈X,Y 〉 in L1(m) and that

d〈Xn, Yn〉 → d〈X,Y 〉 in L1(T ∗M) as n→∞, thus giving the thesis. �
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We now pass to the torsion-free identity, which, as in the smooth case, follows directly from
the symmetry of the Hessian and the compatibility with the metric. For a function f in
W 1,2(M) or W 1,1(M) and a vector field X ∈ L2(TM) we will write for brevity X(f) in place
of df(X).

Proposition 3.4.7 (Torsion free identity) Let f ∈ H2,2(M) and X,Y ∈ W 1,2
C (TM).

Then X(f), Y (f) ∈W 1,1(M) and the identity

X(Y (f))− Y (X(f)) = df(∇XY −∇YX), m-a.e., (3.4.8)

holds.

proof Notice that for f ∈ TestF(M) we have ∇f ∈ H1,2
C (TM) by the very definition of

H1,2
C (TM), hence by approximation we get that ∇f ∈ H1,2

C (TM) for every f ∈ H2,2(M).
Therefore under the current assumptions Proposition 3.4.6 grants that Y (f) ∈W 1,1(M) and
the identity (3.4.7) yields

X(Y (f)) = ∇Y : (X ⊗∇f) + Hess(f)(X,Y ) = df(∇XY ) + Hess(f)(X,Y ).

Subtracting the analogous expression for Y (X(f)) and using the symmetry of the Hessian we
conclude. �

Since TestF(M) is dense in W 1,2(M), the same holds for H2,2(M) and therefore taking into
account the fact that the cotangent module L2(T ∗M) is generated, in the sense of modules, by
the space {df : f ∈ W 1,2(M)} (Proposition 2.2.5), we see that L2(T ∗M) is also generated by
{df : f ∈ H2,2(M)} ⊂ L∞(T ∗M). It is then easy to realize that the vector field ∇XY −∇YX
is the only one for which the identity (3.4.8) holds for any f ∈ H2,2(M). We can therefore
give the following definition:

Definition 3.4.8 (Lie bracket of Sobolev vector fields) Let X,Y ∈ W 1,2
C (TM). Then

their Lie bracket [X,Y ] ∈ L1(TM) is defined as

[X,Y ] := ∇XY −∇YX.

We now discuss the locality properties of the covariant derivative. As we did when discussing
the locality of the Hessian, by ‘the interior of {X1 = X2}’ for vector fields X1, X2, we will
mean the union of all the open sets Ω ⊂ M such that X1 = X2 m-a.e. on Ω.

Proposition 3.4.9 (Locality of the covariant derivative) For any X1, X2 ∈W 1,2
C (TM)

we have
∇X1 = ∇X2, m-a.e. on the interior of {X1 = X2}, (3.4.9)

and if X1, X2 ∈ H1,2
C (TM) the finer property

∇X1 = ∇X2, m-a.e. on {X1 = X2}, (3.4.10)

holds.

proof The argument is the same of Proposition 3.3.24. For (3.4.9) it is sufficient to prove
that for X ∈W 1,2

C (TM) we have

∇X : (∇g1 ⊗∇g2) = 0, m-a.e. on the interior of {X = 0},
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for any g1, g2 ∈ TestF(M). To this aim, recall that by Proposition 3.4.6 we have 〈X,∇g2〉 ∈
W 1,1(M) and

∇X : (∇g1 ⊗∇g2) =
〈
∇〈X,∇g2〉,∇g1

〉
−Hess(g2)(X,∇g1).

Conclude recalling the locality property (3.3.26). The second part of the statement follows
analogously recalling that for X ∈ H1,2

C (TM) we have 〈X,∇g2〉 ∈ H1,1(M) (Proposition 3.4.6)
and using the locality property in (3.3.27). �

Remark 3.4.10 (Being local vs being a tensor) In smooth Riemannian geometry one
can recognize the fact that the covariant derivative ∇YX of a smooth vector field X along a
smooth vector field Y is a tensor in Y , by observing that for given X the value of ∇YX at a
given point p depends only on the value Y (p) of Y at p. This fact and linearity then grant
that ∇fYX = f∇YX for any smooth function f .

The same pointwise property is certainly not true for X, and indeed the covariant deriva-
tive certainly does not satisfy ∇Y (fX) = f∇YX but fulfills instead the differentiation rule
∇Y (fX) = f∇YX + Y (f)X.

In the current non-smooth setting we don’t really know what is a vector field at one given
point but only what is it’s value m-a.e., in the sense made precise by the definition of L∞-
module. Yet, passing from ‘everywhere’ to ‘almost everywhere’ destroys the difference outlined
above as we certainly have

∇YX = ∇ỸX, m-a.e. on {Y = Ỹ },

and also
∇YX = ∇Y X̃, m-a.e. on {X = X̃},

at least for X, X̃ ∈ H1,2
C (TM), as shown by Proposition 3.4.9 above. Thus in our setting the

quantity ∇YX is ‘as local in Y as it is in X’, at least for X ∈ H1,2
C (TM).

Perhaps not surprisingly, the property of being a tensor is recognized here by an inequality
and precisely by bounding the pointwise norm of the object investigated in terms of the
pointwise norm of the vector. Thus the trivial inequality

|∇YX| ≤ |∇X|HS|Y |, m-a.e.,

and linearity in Y shows that ∇fYX = f∇YX. On the other hand, for given Y 6= 0 no bound
of the form

|∇YX| ≤ g|X|, m-a.e.

holds, whatever function g : M→ R we choose. �

Remark 3.4.11 (The space W 1,2
C (TΩ)) The locality property (3.4.9) and the Leibniz rule

in Proposition 3.4.5 allow to introduce the space W 1,2
C (TΩ) of Sobolev vector fields on an

open set Ω ⊂ X. We can indeed say that X ∈ L2(TM) belongs to W 1,2
C (TΩ) provided there

exists T ∈ L2(T⊗2M) such that the following holds. For any Lipschitz function χ : M→ [0, 1]
with supp(χ) ⊂ Ω, the vector field χX belongs to W 1,2

C (TM) and the formula

∇(χX) = T, m-a.e. on the interior of {χ = 1},
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holds. In this case the tensor T ∈ L2(T⊗2M) is uniquely defined on Ω and can be called
covariant derivative of X on Ω.

The role of the locality property (3.4.9) is to grant that the definition is meaningful, as it
ensures that for χ1, χ2 as above we have

∇(χ1X) = ∇(χ2X), m-a.e. on the interior of {χ1 = χ2}.

�

3.4.3 Second order differentiation formula

We introduced the concepts of Hessian and covariant differentiation using the identities

2Hess(f)(∇g1,∇g2) =
〈
∇〈∇f,∇g1〉,∇g2

〉
+
〈
∇〈∇f,∇g2〉,∇g1〉 −

〈
∇f,∇〈∇g1,∇g2〉

〉
,

〈∇∇g1X,∇g2〉 =
〈
∇〈X,∇g2〉,∇g1

〉
−Hess(g2)(∇g1, X),

but in the smooth setting there is at least another, quite different, basic instance in which
these objects appear: for a smooth function f and a smooth curve γ, the map t 7→ f(γt) is
smooth and its second derivative is given by

d2

dt2
f(γt) = Hess(f)(γ′t, γ

′
t) + 〈∇γ′tγ

′
t,∇f〉. (3.4.11)

The question is then whether a similar formula holds also in our setting. Given that we
don’t have at disposal everywhere defined Hessian and covariant differentiation, we must
formulate (3.4.11) in an appropriate m-a.e. sense. We shall follow the same ideas used in
Section 2.3.5 and pass from the ‘pointwise’ formulation (3.4.11) to the ‘integrated’ one which
consists in looking at t 7→

∫
f dµt for a given curve (µt) ⊂P2(M) satisfying suitable regularity

requirements.

Our result is the following:

Theorem 3.4.12 (Second order differentiation formula) Let (µt) ⊂P2(X) be a curve
of bounded compression (Definition 2.3.21) solving the continuity equation

∂tµt +∇ · (Xtµt) = 0,

(Definition 2.3.22) for a family (Xt) ⊂ L2(TM) of vector fields such that

i) supt ‖Xt‖W 1,2
C (TM)

+ ‖Xt‖L∞(TM) <∞,

ii) t 7→ Xt ∈ L2(TM) is absolutely continuous.

Then for every f ∈ H2,2(M) the map [0, 1] 3 t 7→
∫
f dµt is C1,1 and the formula

d2

dt2

∫
f dµt =

∫
Hess(f)(Xt, Xt) + 〈∇f, ∂tXt〉+ 〈∇XtXt,∇f〉dµt, (3.4.12)

holds for a.e. t ∈ [0, 1].
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proof Let C > 0 be such that µt ≤ Cm for every t ∈ [0, 1]. By the definition of solution of
the continuity equation we know that the map t 7→

∫
f dµt is absolutely continuous and that

the formula
d

dt

∫
f dµt =

∫
〈∇f,Xt〉 dµt, (3.4.13)

holds for a.e. t ∈ [0, 1]. The continuity of t 7→ Xt ∈ L2(TM) grants that t 7→ 〈∇f,Xt〉 ∈ L1(m)
is continuous; on the other hand, the curve t 7→ µt ∈P(M) is continuous w.r.t. convergence
in duality with Cb(M) and thus, due to the uniform bound µt ≤ Cm, also in duality with
L1(m). It follows that the right hand side of (3.4.13) is continuous, so that t 7→

∫
f dµt is C1

and formula (3.4.13) holds for every t ∈ [0, 1].
Now assume for a moment that f ∈ TestF(M) and notice that the assumption

supt ‖Xt‖W 1,2
C (TM)

+ ‖Xt‖L∞(TM) < ∞ grants, together with Proposition 3.4.6, that S :=

supt∈[0,1] ‖〈∇f,Xt〉‖W 1,2(M) < ∞. In particular, for given t0 < t1 ∈ [0, 1] we can apply the
definition of solution of continuity equation to the function 〈∇f,Xt0〉 to deduce that∣∣∣∣∫ 〈∇f,Xt0〉d(µt1 − µt0)

∣∣∣∣ =

∣∣∣∣∫ t1

t0

∫ 〈
∇〈∇f,Xt0)〉, Xt

〉
dµt dt

∣∣∣∣ ≤ (t1 − t0)CS sup
t∈[0,1]

‖Xt‖L2(TM).

Taking into account the absolute continuity of t 7→ Xt ∈ L2(TM) we also have∣∣∣∣∫ 〈∇f,Xt1 −Xt0〉 dµt1
∣∣∣∣ =

∣∣∣∣∫ ∫ t1

t0

〈∇f, ∂tXt〉dtdµt1

∣∣∣∣ ≤ C‖∇f‖L2(TM)

∫ t1

t0

‖∂tXt‖L2(TM) dt.

These last two inequalities grant that t 7→
∫
〈∇f,Xt〉 dµt is absolutely continuous and that

lim
h→0

1

h

(∫
〈∇f,Xt+h〉 dµt+h −

∫
〈∇f,Xt〉dµt

)
= lim
h→0

1

h

∫
〈∇f,Xt〉 d(µt+h − µt)

+ lim
h→0

1

h

∫
〈∇f,Xt+h −Xt〉 dµt,

for a.e. t ∈ [0, 1]. Hence using formula (3.4.13) with 〈∇f,Xt〉 in place of f we deduce that for
every point t of differentiability of s 7→ Xs ∈ L2(TM) we have

lim
h→0

1

h

(∫
〈∇f,Xt+h〉 dµt+h −

∫
〈∇f,Xt〉dµt

)
=

∫ 〈
∇〈∇f,Xt〉, Xt〉+ 〈∇f, ∂tXt〉 dµt,

and the conclusion follows by expanding
〈
∇〈∇f,Xt〉, Xt〉 via formula (3.4.7).

The case of general f ∈ H2,2(M) now follows by approximation. Indeed, for (fn) ⊂
TestF(M) converging to f in W 2,2(M) we have that

∫
fn dµt →

∫
f dµt for every t ∈ [0, 1] and

the right hand sides of (3.4.12) written for the functions fn are dominated in L1(0, 1) and
converge to the corresponding one for f for a.e. t. This is sufficient to show that the second
derivative of t 7→

∫
f dµt in the sense of distribution is the L1(0, 1)-function in the right hand

side of (3.4.12), which is equivalent to the thesis. �

Open Problem 3.4.13 (The case of geodesics) Theorem 3.4.12 does not cover the im-
portant case of geodesics, the problem being the lack of regularity of the vector fields and the
difficulty in finding an appropriate approximation procedure.
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As a partial attempt in this direction, we remark that the results in [32] together with the
abstract Lewy-Stampacchia inequality [36] show that if (µt) ⊂P2(M) is a W2-geodesic made
of measures with uniformly bounded support and densities, then there are Lipschitz functions
ϕt ∈ D(∆) such that

∂tµt +∇ · (∇ϕtµt) = 0,

and these functions can be chosen so that supt∈[ε,1−ε] ‖∇ϕt‖L∞(TM) + ‖∆ϕt‖L∞(m) < ∞ for

every ε > 0. Yet, it is not clear if it is possible to choose the ϕt’s so that t 7→ ∇ϕt ∈ L2(TM)
is absolutely continuous. If true, this latter regularity together with the fact that Kantorovich
potentials along a geodesic evolve via the Hamilton-Jacobi equation, would grant that

∂t∇ϕt +∇∇ϕt∇ϕt = 0, µt-a.e.,

for a.e. t ∈ [0, 1], which by (3.4.12) would imply the very expected formula

d2

dt2

∫
f dµt =

∫
Hess(f)(∇ϕt,∇ϕt) dµt.

�

Remark 3.4.14 (Regular Lagrangian flows) In the same ‘Lagrangian’ spirit of this sec-
tion and in connection with the Open Problem 2.3.20, one might consider the following
question. Find appropriate conditions on a Borel map [0, 1] 3 t 7→ Xt ∈ L0(TM) ensuring
existence and uniqueness of a family of maps Ft : M → M, t ∈ [0, 1], such that F0 is the
identity and

d

dt
Ft = Xt ◦ Ft, a.e. t ∈ [0, 1].

Without paying too much attention to the technical details, this equation might be interpreted
as: for a sufficiently large class of test functions f the map t 7→ f ◦ Ft ∈ L1(m) is absolutely
continuous and its derivative is given by d

dt(f ◦ Ft) = df(Xt) ◦ Ft.
In the smooth setting, we know by the Cauchy-Lipschitz theorem that if the vector fields

are Lipschitz then existence and everywhere uniqueness are ensured. Still in Rn, if one relaxes
Lipschitz regularity to Sobolev one, then the correct notion of ‘a.e. solution’ ensuring existence
and uniqueness is that of regular Lagrangian flow introduced by Ambrosio in [3] in the study
of the DiPerna-Lions theory [28].

Given that we now have the notions of Sobolev vector field, one might wonder whether
such theory can be developed in this more abstract context. The answer is affirmative, as
proved in the very recent paper [15], where the concept of vector field is interpreted in terms
of derivations of Sobolev functions. Starting from Theorem 2.3.3, one can then verify that
the theory developed in [15] can be fully read in terms of the language proposed here. �

3.4.4 Connection Laplacian and heat flow of vector fields

The connection energy functional EC : L2(TM) → [0,∞] resembles a local Dirichlet form,
being a quadratic form obtained by integrating the squared norm of a first-order differential
object possessing the locality property expressed in Proposition 3.4.9.

The analogy is purely formal, given that the base space L2(TM) is not really the L2 space
induced by some measure and, even in the smooth setting, there is no clear way of stating
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the Markov property for vector fields. Still, one can study the associated ‘diffusion operator’
and the flow induced by this ‘form’, which is what we briefly discuss here.

Actually, due to the fact that we don’t know whether W 1,2
C (TM) = H1,2

C (TM), there is a

choice to make: either to study the functional on the whole W 1,2
C (TM) or to concentrate the

attention to the subspace H1,2
C (TM). Here we adopt this second viewpoint, because the more

general calculus rules available for vector fields in H1,2
C (TM) will allow us to prove a sort of

Bakry-Émery estimate for the induced flow, see Proposition 3.4.16

We start with the following definition:

Definition 3.4.15 (Connection Laplacian) The set D(∆C) ⊂ H1,2
C (TM) is the set of all

X ∈ H1,2
C (TM) such that there exists a vector field Z ∈ L2(TM) satisfying∫

〈Y,Z〉 dm = −
∫
∇Y : ∇X dm, ∀Y ∈ H1,2

C (TM).

The density of H1,2
C (TM) in L2(TM) grants that Z is uniquely identified by the above formula:

it will be called connection Laplacian of X and denoted by ∆CX.

The linearity of the covariant derivative ensures that D(∆C) is a vector space and that
∆C : D(∆C)→ L2(TM) is linear as well.

Introducing the augmented energy functional ẼC : L2(TM)→ [0,∞] as

ẼC(X) :=


1

2

∫
|∇X|2

HS
dm, if X ∈ H1,2

C (TM),

+∞, otherwise,

we can give an alternative description of the connection Laplacian. Notice that ẼC is convex,
lower semicontinuous and with dense domain D(ẼC) := {X : ẼC(X) < ∞} = H1,2

C (TM)

in L2(TM). Denoting by ∂ẼC(X) ⊂ L2(TM) the subdifferential of ẼC at X ∈ D(ẼC) and
by D(∂ẼC) its domain, i.e. the set of vector fields X for which ∂ẼC(X) 6= ∅, we see that
D(∂ẼC) = D(∆C) and that for X in these sets we have ∂ẼC(X) = {−∆CX}. Indeed, for
X ∈ D(∆C) and Y ∈ D(ẼC), the convexity of t 7→ ẼC((1− t)X + tY ) yields

ẼC(Y )− ẼC(X) ≥ ẼC(X + t(Y −X))− ẼC(X)

t
=

∫ |∇(X + t(Y −X))|2
HS
− |∇X|2

HS

2t
dm

=

∫
∇X : ∇(Y −X) +

t

2
|∇(Y −X)|2

HS
dm

=

∫
−〈(Y −X),∆CX〉+

t

2
|∇(Y −X)|2

HS
dm, ∀t ∈ (0, 1],

and thus letting t ↓ 0 from the arbitrariness of Y ∈ D(ẼC) we deduce that −∆CX ∈ ∂ẼC(X).
Conversely, for Z ∈ ∂ẼC(X) and arbitrary Y ∈ D(ẼC) and t ∈ R we have∫

〈Z, tY 〉 dm ≤ ẼC(X + tY )− ẼC(X) =

∫
t∇X : ∇Y +

t2

2
|∇Y |2

HS
dm,
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and dividing by t > 0 (resp. t < 0) and letting t ↓ 0 (resp. t ↑ 0) we deduce that X ∈ D(∆C)
and −Z = ∆CX, as claimed.

A direct consequence of this representation is that ∆C is a closed operator, i.e. {(X,∆CX) :
X ∈ D(∆C)} is a closed subspace of L2(TM)× L2(TM).

Moreover, the standard theory of gradient flows of convex and lower semicontinuous func-
tionals on Hilbert spaces, the linearity of ∆C and the density of H1,2

C (TM) in L2(TM), grant
that D(∆C) is a dense subset of L2(TM) and the existence and uniqueness of a 1-parameter
semigroup (hC,t)t≥0 of continuous linear operators from L2(TM) into itself such that for any
X ∈ L2(TM) the curve t 7→ hC,t(X) ∈ L2(TM) is continuous on [0,∞), locally absolutely
continuous on (0,∞) and fulfills

d

dt
hC,t(X) = ∆ChC,t(X), ∀t > 0,

where it is part of the statement the fact that hC,t(X) ∈ D(∆C) for every X ∈ L2(TM), t > 0.
Then for given X ∈ L2(TM) and putting Xt := hC,t(X), it is not hard to see that t 7→

1
2

∫
|Xt|2 dm and t 7→ ẼC(Xt) are locally absolutely continuous on (0,∞) with

d

dt

1

2

∫
|Xt|2 dm =

∫
〈Xt,∆CXt〉 dm = −

∫
|∇Xt|2HS dm ≤ 0,

d

dt
ẼC(Xt) =

∫
∇Xt : ∇∆CXt dm = −

∫
|∆CXt|2 dm ≤ 0,

which shows that these two quantities are non-increasing and also lead to the standard a
priori estimates:

tẼC(Xt) ≤
∫ t

0
ẼC(Xs) ds = −

∫ t

0

d

ds

1

4
‖Xs‖2L2(TM) ds ≤ 1

4
‖X‖2L2(TM),

and, taking into account that t 7→ ‖∆CXt‖ = ‖hC,t−ε∆CXε‖L2(TM) is also non-increasing,
that

t2

2
‖∆CXt‖2L2(TM) ≤

∫ t

0
s‖∆CXs‖2L2(TM) ds =

∫ t

0
s

d

ds
ẼC(Xs) ds

=

∫ t

0
ẼC(Xs)− ẼC(Xt) ds ≤

∫ t

0
ẼC(Xs) ds

= −
∫ t

0

d

ds

1

4
‖Xs‖2L2(TM) ds ≤ 1

4
‖X‖2L2(TM).

We conclude this short discussion proving the following sort of Bakry-Émery contraction rate
estimate. Notice that the bound from below on the Ricci curvature does not appear in the
inequality, but it is still necessary to work on an RCD(K,∞) space for some K ∈ R in order
to have the flow hC,t to be well defined.

Proposition 3.4.16 For any X ∈ L2(TM) and t ≥ 0 we have

|hC,t(X)|2 ≤ ht(|X|2), m-a.e..
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proof Taking into account the approximation result (3.2.3), it is sufficient to prove that for
any t > 0 and non-negative f ∈ TestF(M) with ∆f ∈ L∞(m) it holds

∫
f |hC,t(X)|2 dm ≤∫

fht(|X|2) dm. Thus fix such t, f , and consider the map F : [0, s]→ R given by

F (s) :=

∫
fht−s(|hC,s(X)|2) dm =

∫
ht−s(f)|hC,s(X)|2 dm.

Notice that F is well defined because |hC,s(X)| ∈ L2(m) and f ∈ L∞(m) and that since
d
dshsf = ∆hsf = hs∆f the map s 7→ hsf ∈ L∞(m) is Lipschitz. Also, since the map
s 7→ hC,s(X) ∈ L2(TM) is continuous on [0,∞) and locally absolutely continuous on (0,∞),
the map s 7→ |hC,s(X)|2 ∈ L1(m) is continuous on [0,∞) and locally absolutely continuous on
(0,∞).

Therefore F : [0, t] → R is continuous and locally absolutely continuous on (0, t] and in
computing its derivative we can pass the derivative inside the integral. Thus writing fs for
hs(f) and Xs for hC,s(X), it is easy to see that we have

F ′(s) =

∫
−(∆ft−s)|Xs|2 + 2ft−s〈Xs,∆CXs〉 dm, a.e. s ∈ [0, t],

and therefore integrating by parts and recalling the Leibniz rule (3.4.5) we get

F ′(s) =

∫
〈∇ft−s,∇(|Xs|2)〉 − 2∇(ft−sXs) : ∇Xs dm

=

∫
〈∇ft−s,∇(|Xs|2)〉 − 2∇Xs : (∇ft−s ⊗Xs)− ft−s|∇Xs|2HS dm, a.e. s ∈ [0, t].

Now our choice of working with vector fields in H1,2
C (TM) plays a role: we can apply formula

(3.4.7) (and recall the definition (3.4.6)) to get

〈∇(|Xs|2),∇ft−s〉 = 2∇Xs : (∇ft−s ⊗Xs), m-a.e.,

and therefore F ′(s) = −
∫
ft−s|∇Xs|2HS

dm ≤ 0 for a.e. s ∈ [0, t], which concludes the proof.
�

3.5 Exterior derivative

3.5.1 The Sobolev space W 1,2
d (ΛkT ∗M)

In a smooth manifold, the chart-free definition of differential of exterior differential of a k-form
reads as

dω(X0, . . . , Xk) =
∑
i

(−1)id
(
ω(X0, . . . , X̂i, . . . , Xk)

)
(Xi)

+
∑
i<j

(−1)i+jω([Xi, Xj ], X0, . . . , X̂i, . . . , X̂j , . . . , Xk),

for any smooth vector fields X1, . . . , Xk.
Given that in the previous section we defined the Lie bracket for a large class of vector

fields, and in particular for our test vector fields, we can use the above formula to define the
exterior differential of forms. This is the aim of the current section.
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Recall the notation introduced in Section 3.2, and in particular that the k-th exterior
product of L2(T ∗M) with itself is denoted by L2(ΛkT ∗M), and for the special cases k = 1 and
k = 0 we retain the notation L2(T ∗M) and L2(m) respectively. Similarly for L2(ΛkTM).

For a k-form ω ∈ L0(ΛkT ∗M) and X0, . . . , Xk ∈ L0(TM) we shall use the standard no-
tation ω(X0, . . . , X̂i, . . . , Xk) ∈ L0(m), or just ω(. . . , X̂i, . . .) or ω(X̂i) for brevity, to indi-
cate the application of ω to the sequence of vectors X0, . . . , Xk except Xi. Similarly for
ω(X0, . . . , X̂i, . . . , X̂j , . . . , Xk).

Notice that forXi ∈ TestV(M) the fact thatXi ∈ L2∩L∞(TM) ensures that |X1∧. . .∧Xn| ∈
L2(m) and similarly from the very definition of Lie bracket we have that [Xi, Xj ] ∈ L2(TM)
and thus |[Xi, Xj ] ∧X1 ∧ . . . ∧Xn| ∈ L2(m) as well.

Then we give the following definition:

Definition 3.5.1 (The space W 1,2
d (ΛkT ∗M)) The space W 1,2

d (ΛkT ∗M) ⊂ L2(ΛkT ∗M) is
the space of k-forms ω such that there exists a k + 1 form η ∈ L2(Λk+1T ∗M) for which
the identity∫

η(X0, · · · , Xk) dm =

∫ ∑
i

(−1)i+1ω(X0, · · · , X̂i, · · · , Xk) div(Xi) dm

+

∫ ∑
i<j

(−1)i+jω([Xi, Xj ], X0, · · · , X̂i, · · · , X̂j , · · · , Xk) dm,
(3.5.1)

holds for any X0, . . . , Xk ∈ TestV(M). In this case η will be called exterior differential of ω
and denoted as dω.

We endow W 1,2
d (ΛkT ∗M) with the norm ‖ · ‖

W 1,2
d (ΛkT ∗M)

given by

‖ω‖2
W 1,2

d (ΛkT ∗M)
:= ‖ω‖2L2(ΛkT ∗M) + ‖dω‖2L2(Λk+1T ∗M)

and define the differential energy functional Ekd : L2(ΛkT ∗M)→ [0,∞] as

Ekd(ω) :=


1

2

∫
|dω|2 dm, if ω ∈W 1,2

d (ΛkT ∗M),

+∞, otherwise.

We shall often denote Ekd simply by Ed.

The remarks made above ensure that the integrands in formula (3.5.1) are in L1(m), so
that the expression makes sense. Then the density property (3.2.11) grants that the exterior
differential dω is unique. It is then clear that it linearly depends on ω and that ‖·‖

W 1,2
d (ΛkT ∗M)

is a norm.
It is also worth to underline that W 1,2

d (Λ0T ∗M) = W 1,2(M) and for a function in these
spaces the definitions of differential as given above and in Definition 2.2.2 coincide. Such
statement is indeed equivalent to the claim: for f ∈ L2(m) we have f ∈W 1,2(M) if and only
if there is ω ∈ L2(T ∗M) such that

∫
fdiv(X) dm = −

∫
ω(X) dm for any X ∈ TestV(M) and

in this case ω is the differential of f as given by Definition 2.2.2. Here the ‘only if’ and the
conclusion are obvious, for the ‘if’ one can argue as in the proof of Proposition 3.3.13.

The following theorem collects the basic properties of W 1,2
d (ΛkT ∗M). Its proof follows the

same arguments already appeared in proving Theorems 3.3.2 and 3.4.2.
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Theorem 3.5.2 (Basic properties of W 1,2
d (ΛkT ∗M)) For every k ∈ N the following holds.

i) W 1,2
d (ΛkT ∗M) is a separable Hilbert space.

ii) The exterior differential is a closed operator, i.e. {(ω,dω) : ω ∈ W 1,2
d (ΛkT ∗M)} is a

closed subspace of L2(ΛkT ∗M)× L2(Λk+1T ∗M).

iii) The differential energy Ekd : L2(ΛkT ∗M)→ [0,∞] is lower semicontinuous and for every
ω ∈ L2(ΛkT ∗M) the duality formula

Ekd(ω) = sup

{∑
l

∫ ∑
i

(−1)i+1ω(X l
0, · · · , X̂ l

i , · · · , X l
k) div(X l

i) dm

+
∑
l

∫ ∑
i<j

(−1)i+jω([X l
i , X

l
j ], X

l
0, · · · , X̂ l

i , · · · , X̂ l
j , · · · , X l

k) dm

− 1

2

∥∥∥∥∑
l

X l
0 ∧ · · · ∧X l

k

∥∥∥∥2

L2(Λk+1TM)

}
,

holds, where the sup is taken among all n ∈ N, X l
i ∈ TestV(M), i = 1, . . . , k + 1,

l = 1, . . . , n.

iv) For f0, . . . , fk ∈ TestF(M) we have f0df1 ∧ · · · dfk ∈W 1,2
d (ΛkT ∗X) and

d(f0df1 ∧ · · · ∧ dfk) = df0 ∧ df1 ∧ · · · ∧ dfk, (3.5.2)

and similarly df1 ∧ · · ·dfk ∈W 1,2
d (ΛkT ∗X) with

d(df1 ∧ · · · ∧ dfk) = 0. (3.5.3)

v) We have TestFormk(M) ⊂ W 1,2
d (ΛkT ∗M) and in particular W 1,2

d (ΛkT ∗M) is dense in
L2(ΛkT ∗M).

vi) For given ω ∈ L2(ΛkT ∗M) we have ω ∈ W 1,2
d (ΛkT ∗M) with η = dω if and only if for

every X0, . . . , Xk ∈ TestV(M) and f ∈ L∞ ∩W 1,2(M) it holds∫
fη(X0, · · · , Xk) dm =

∫ ∑
i

(−1)i+1ω(X̂i) div(fXi) dm

+

∫ ∑
i<j

(−1)i+jfω([Xi, Xj ], X̂i, X̂j) dm.
(3.5.4)

proof Given that the two sides of (3.5.1) are continuous w.r.t. weak convergence of ω and η
in L2(ΛkT ∗M) and L2(Λk+1T ∗M) respectively, point (ii) follows. The lower semicontinuity
of Ekd comes from this continuity property and the relative weak compactness of bounded
subsets of the Hilbert space L2(Λk+1T ∗M). From (ii) it also follows that W 1,2(ΛkT ∗M) is
complete, hence Hilbert given that the norm clearly satisfies the parallelogram rule. For
separability, just notice that the map ω → (ω,dω) is an isometry of W 1,2(ΛkT ∗M) with its
image in L2(ΛkT ∗M) × L2(Λk+1T ∗M), this latter space being endowed with the separable
norm ‖(ω, η)‖2 := ‖ω‖2

L2(ΛkT ∗M)
+ ‖η‖2

L2(Λk+1T ∗M)
(recall (3.2.9)). Thus (i) is addressed.
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For (iv) notice that f0df1 ∧ · · · dfk ∈ L2(ΛkT ∗M) and that the right hand side of (3.5.2) is
in L2(Λk+1T ∗M), so the statement makes sense.

From Proposition 3.4.6 we get that for f ∈ TestF(M) and X ∈ TestV(M) it holds df(X) ∈
L∞ ∩W 1,2(M). Hence for X1, . . . , Xk ∈ TestV(M) we have (df1 ∧ . . . ∧ dfk)(X1, . . . , Xk) =
det
(
dfi(Xj)

)
∈ W 1,2(M). Now let for brevity ω := df1 ∧ · · · ∧ dfk and notice that for

X0, . . . , Xk ∈ TestV(M) we have∑
i

(−1)id
(
ω(. . . , X̂i, . . .)

)
(Xi) = −

∑
i<j

(−1)i+jω([Xi, Xj ], . . . , X̂i, . . . , X̂j , . . .), (3.5.5)

m-a.e., as can be seen by direct computations recalling the definition of Lie bracket and the
symmetry of the Hessian.

Then we have∫ ∑
i

(−1)i+1f0ω(X̂i) div(Xi) +
∑
i<j

(−1)i+jf0ω([Xi, Xj ], X̂i, X̂j) dm

=

∫ ∑
i

(−1)idf0(Xi)ω(X̂i) + f0 d
(
ω(X̂i)

)
(Xi) +

∑
i<j

(−1)i+jf0ω([Xi, Xj ], X̂i, X̂j) dm

(3.5.5)
=

∫ ∑
i

(−1)idf0(Xi)ω(X̂i) dm =

∫
(df0 ∧ ω)(X0, . . . , Xk) dm,

which is (3.5.2). Then (3.5.3) follows along the same lines picking f0 identically 1 which,
although not in TestF(M), is still admissible in the computations done above.

Point (v) is then a direct consequence of (iv) and the very definition of TestFormk(M), the
density in L2(ΛkT ∗M) being already remarked in (3.2.10).

The ‘if’ part in point (vi) follows by considering a sequence (fn) ⊂ W 1,2(M) of uniformly
Lipschitz and uniformly bounded functions converging to 1 and applying the dominated con-
vergence theorem. For the ‘only if’ notice that up to approximation with the heat flow we
can assume that f ∈ TestF(M). In this case, the vector field fX0 belongs to TestV(M) and
taking into account the identity

[fX0, Xj ] = f [X0, Xj ]−X0 df(Xj),

which follows from the definition of Lie bracket and the Leibniz rule (3.4.5), we have∫
fdω(X0, . . . , Xk) dm =

∫
dω(fX0, X1 . . . , Xk) dm

=

∫ ∑
i

(−1)i+1fω(X̂i)div(Xi)− ω(X̂0)df(X0) dm

+

∫ ∑
i<j

(−1)i+jfω([Xi, Xj ], X̂i, X̂j) +
∑
j>0

(−1)j+1ω(X̂j)df(Xj) dm,

and the conclusion follows recalling that div(fXi) = df(Xi) + fdiv(Xi).
It remains to prove the duality formula for Ekd: this follows the very same arguments used

in Theorem 3.3.2 and hinted in Theorem 3.4.2, we omit the details. �
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Remark 3.5.3 (The role of the lower Ricci bound) On an arbitrary infinitesimally
Hilbertian space one can certainly consider the space L2(ΛkT ∗M) as we defined it and declare
that for Sobolev functions f0, . . . , fk with appropriate integrability the exterior differential of
the form f0df1 ∧ . . . ∧ dfk is df0 ∧ df1 ∧ . . . ∧ dfk.

Yet, without further assumptions it is not so clear if such differential is closable. In the
current approach, this is granted by the assumption of lower bound on the Ricci which in turn
ensures the existence of a large class of vector fields for which the Lie bracket is well defined.
These permit to give the definition of exterior differentiation via integration by parts the way
we did, thus directly leading to the closure of the differential. �

With the same computations one would do in the smooth setting, under suitable regularity
assumptions it is possible to see that the exterior differential satisfies the expected Leibniz
rule:

Proposition 3.5.4 (Leibniz rule) Let ω ∈ W 1,2
d (ΛkT ∗M) and ω′ ∈ TestFormk′(M). Then

ω ∧ ω′ ∈W 1,2
d (Λk+k′T ∗M) with

d(ω ∧ ω′) = dω ∧ ω′ + (−1)kω ∧ dω′. (3.5.6)

proof In the case k′ = 0 we pick ω′ = f ∈ TestF(M) = TestForm0(M) and notice that the
thesis reads as

fω ∈W 1,2
d (ΛkT ∗M) and d(fω) = df ∧ ω + fdω.

The definition of wedge product yields the identity

(df ∧ ω)(X0. . . . , Xk) =
∑
i

(−1)idf(Xi)ω(X̂i),

for any X0, . . . , Xk ∈ TestV(M), and thus the conclusion follows by direct comparison of the
formulas (3.5.1) and (3.5.4).

We pass to the case k′ = 1 and ω′ = df for f ∈ TestF(M) where, taking into account that
(3.5.3) gives d(df) = 0, the thesis reduces to

ω ∧ df ∈W 1,2
d (Λk+1T ∗M) and d(ω ∧ df) = dω ∧ df

For X0, . . . , Xk+1 ∈ TestV(M) arbitrary we have (dω ∧ df)(X0, . . . , Xk+1) =∑
i(−1)i+k+1dω(X̂i)df(Xi), thus noticing that df(Xi) ∈ L∞ ∩ W 1,2(M), from (3.5.4) we

obtain∫
(dω ∧ df)(X0, . . . , Xk+1) dm =

∫ ∑
i 6=j

a(i, j)ω(X̂i, X̂j)div
(
df(Xi)Xj

)
+

∫ ∑
j 6=i6=j′
j<j′

b(i, j, j′)ω([Xj , Xj′ ], X̂i, X̂j , X̂j′)df(Xi) dm,

where

a(i, j) :=

{
(−1)i+j+k+1 if j < i
(−1)i+j+k if j > i

b(i, j, j′) :=

{
(−1)i+j+j

′+k+1 if i /∈ (j, j′)

(−1)i+j+j
′+k if i ∈ (j, j′)
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The claim then follows directly by the definition (3.5.1) taking into account the identity

div
(
df(Xi)Xj

)
− div

(
df(Xj)Xi

)
= df(Xi)div(Xj)− df(Xj)div(Xi)− df([Xi, Xj ]).

Now proceed by induction on k′, assume ω′ = f0df1∧ . . .∧dfk′ and put ω′′ := df2∧ . . .∧dfk′ .
We have

d(ω ∧ ω′) = d
(
(ω ∧ f0df1) ∧ ω′′

)
(by induction and (3.5.3)) = d

(
(f0ω) ∧ df1)

)
∧ ω′′

(by the cases analyzed) = (f0dω + df0 ∧ ω) ∧ df1 ∧ ω′′

(recalling (3.5.2)) = dω ∧ ω′ + (−1)kω ∧ dω′,

as desired. The case of general ω′ ∈ TestFormk′(M) follows by linearity. �

Definition 3.5.5 (The space H1,2
d (ΛkT ∗M)) We define H1,2

d (ΛkT ∗M) ⊂ W 1,2
d (ΛkT ∗M) as

the W 1,2
d -closure of TestFormk(M).

Notice that by point (v) of Theorem 3.5.2 we know that H1,2
d (ΛkT ∗M) is dense in L2(ΛkT ∗M).

A key property of forms in H1,2
d (ΛkT ∗M) is:

Proposition 3.5.6 (d2 = 0 for forms in H1,2
d (ΛkT ∗M)) Let ω ∈ H1,2

d (ΛkT ∗M). Then

dω ∈ H1,2
d (Λk+1T ∗M) and d(dω) = 0.

proof For forms in TestFormk(M) the claim has been proved by point (iv) in Theorem 3.5.2.
The conclusion then comes from the closure of the exterior differential proved in point (ii) of
the same theorem. �

We conclude pointing out that the exterior differential is local in the following sense:

∀ω ∈W 1,2
d (ΛkT ∗M) we have dω = 0 m-a.e. on the interior of {ω = 0}, (3.5.7)

where the ‘interior of {ω = 0}’ is by definition the union of all the open sets Ω ⊂ M such
that ω = 0 m-a.e. on Ω. The proof of (3.5.7) follows easily using point (iv) of Theorem 3.5.2
and picking in formula (3.5.4) arbitrary f ’s with support contained in open sets where ω is 0
m-a.e..

It is worth underlying that we are not able to improve (3.5.7) for ω ∈ H1,2
d (ΛkT ∗M) into

‘dω is 0 where ω is zero’ as we did for the Hessian and the covariant derivative in Propositions
3.3.24, 3.4.9. The technical problem here is that for ω ∈ H1,2

d (ΛkT ∗M) and Xi ∈ TestV(M)
it is unclear whether the function ω(X1, . . . , Xk) has any kind of Sobolev regularity.

Remark 3.5.7 The same integrability issues that prevented us from defining the spaces
W 2,1(M) and W 1,1(TM), do not allow for a definition of W 1,1

d (ΛkT ∗M). Here the problem
appears on the Lie bracket in the defining formula (3.5.1), for which we have no better
integrability other that L2.

It is for this reason that we are obliged to take one of the two forms in TestFormk(M) in the
Leibniz rule (3.5.6): even the choice of both forms in the a priori smaller space H1,2

d (ΛkT ∗M)
creates integrability problems.

A similar issue occurs in attempting to prove that d(dω) = 0 for generic ω ∈W 1,2
d (ΛkT ∗M):

although the formal calculation lead to the desired result (evidently, because they are the
same computations one would do in the smooth world), it is unclear whether they are really
justifiable in this context. �
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3.5.2 de Rham cohomology and Hodge theorem

We defined the exterior differential and noticed that, at least for forms in H1,2
d (Λk−1T ∗M),

it squares to 0. Thus we can build a de Rham complex. In this section we study its basic
properties.

We introduce the spaces Ck(M) and Ek(M) of closed and exacts k-forms as:

Ck(M) := ker
(

d : H1,2
d (ΛkT ∗M)→ H1,2

d (Λk+1T ∗M)
)

=
{
ω ∈ H1,2

d (ΛkT ∗M) : dω = 0
}
,

Ek(M) := Im
(

d : H1,2
d (Λk−1T ∗M)→ H1,2

d (ΛkT ∗M)
)

=
{

dω : ω ∈ H1,2
d (Λk−1T ∗M)

}
.

Notice that the closure of the differential ensures that Ck(M) is a closed subspace of
L2(ΛkT ∗M). On the other hand, we don’t know if Ek(M) is closed, so we also introduce
the space

Ek(M) := L2(ΛkT ∗M)-closure of Ek(M).

Since Proposition 3.5.6 ensures that Ek(M) ⊂ Ck(M), we also have Ek(M) ⊂ Ck(M). Thus
we can give the definition:

Definition 3.5.8 (de Rham cohomology) For k ∈ N the vector space Hk
dR(M) is defined

as the quotient

Hk
dR(M) :=

Ck(M)

Ek(M)

Endowing Ck(M) and Ek(M) of the L2(ΛkT ∗M)-norm, they become Hilbert spaces and there-
fore Hk

dR(M) comes with a canonical structure of Hilbert space as well. It is worth to underline
that in our setup this Hilbert structure is, unlike the smooth case, entirely intrinsic because
the existence of the pointwise scalar product in the tangent module of our base space (M, d,m)
is part of our assumptions and is essential for defining both the concept of k-forms and of
their differentials.

The compatibility of this definition with the standard one for compact smooth manifolds
can be established calling into play Hodge theory, which also is based on the study of L2

forms and produces the same cohomology groups as those obtained via smooth forms. In this
direction it is worth to keep in mind that in the smooth case the equality W 1,2

d (ΛkT ∗M) =

H1,2
d (ΛkT ∗M) holds, as can be seen using a partition of unit subordinate to a cover via charts,

to reduce the problem of approximations of a Sobolev form with smooth ones to a problem
in Rd, where smoothing is easy and can be done componentwise.

We turn to functoriality. Recall the notions introduced in Section 2.4 and in particular
that in Proposition 2.4.3 we built, for a given map of bounded deformation ϕ : M2 → M1,
the pullback of 1-forms ϕ∗ : L2(T ∗M1)→ L2(T ∗M2), this map being characterized by

ϕ∗(df) = d(f ◦ ϕ) (3.5.8a)

ϕ∗(gω) = g ◦ ϕϕ∗ω (3.5.8b)

|ϕ∗ω| ≤ L(ϕ) |ω| ◦ ϕ (3.5.8c)

m2-a.e. for every f ∈ S2(M1), ω ∈ L2(T ∗M1) and g ∈ L∞(m1). We shall now extend the
pullback operation to general forms in L2(ΛkT ∗M1) for k ∈ N. To this aim start observing
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that from (3.5.8c) we see that ϕ∗ can be uniquely extended to a linear continuous map
from L0(T ∗M1) to L0(T ∗M2) satisfying (3.5.8b) and (3.5.8c) for arbitrary g ∈ L0(m1) and
ω ∈ L0(T ∗M1).

To extend the pullback operation to k-forms, we start noticing that for every ω1, . . . , ωk ∈
L2(T ∗M) we have

|(ϕ∗ω1) ∧ . . . ∧ (ϕ∗ωk)| ≤ L(ϕ)k|ω1 ∧ . . . ∧ ωk| ◦ ϕ, m2-a.e. (3.5.9)

A way to establish this inequality is to use the structural characterization of Hilbert modules
given in Theorem 1.4.11 and a density argument to reduce to the study of Hilbert spaces.
Then noticing that the inequality only involves a finite number of vectors we can also reduce to
finite dimensional Hilbert spaces. The question then is: given an n-dimensional Hilbert space
H, an endomorphism A of H and the induced endomorphism A∧

k
: ΛkH → ΛkH defined by

A∧
k
(v1 ∧ . . .∧ vk) := Av1 ∧ . . .∧Avk and extended by linearity, prove that the operator norm

of A∧
k

is bounded by the k-th power of the operator norm of A. To check this, introduce the
symmetric and positively defined operator B := AtA, let λ1 ≥ . . . ≥ λn ≥ 0 be its eigenvalues
and recall that the operator norm of A is equal to

√
λ1. Let v1, . . . , vn ∈ H be orthogonal

eigenvectors of B and notice that vi1 ∧ . . .∧ vik ∈ ΛkH is an eigenvector of (A∧
k
)tA∧

k
= B∧

k

for any choice of distinct i1, . . . , ik, the corresponding eigenvalue being
∏
j λij . Since these

are
(
n
k

)
independent elements of ΛkH, we just found all the eigenvectors of B∧

k
and seen that

all of them are ≤ λk1, which gives the claim.
Then from (3.5.9) we deduce that there exists a unique linear map ϕ∗ : L0(ΛkT ∗M1) →

L0(ΛkT ∗M2) satisfying

ϕ∗(ω1 ∧ · · · ∧ ωk) = (ϕ∗ω1) ∧ · · · ∧ (ϕ∗ωk),

|ϕ∗ω| ≤ L(ϕ)k|ω| ◦ ϕ,
(3.5.10)

m2-a.e. for every ω1, . . . , ωk ∈ L0(T ∗M1) and ω ∈ L0(ΛkT ∗M1).
In particular, ϕ∗ restricts to a map, still denoted by ϕ∗, from L2(ΛkT ∗M1) to L2(ΛkT ∗M2)

satisfying

ϕ∗(fω) = f ◦ ϕϕ∗ω,
|ϕ∗ω| ≤ L(ϕ)k|ω| ◦ ϕ,

for every ω ∈ L2(ΛkT ∗M1) and f ∈ L∞(m1) (i.e., (ϕ,ϕ∗) is a morphism in Mod2−L∞ - see
Remark 1.6.4).

Proposition 3.5.9 (Functoriality) Let (M1, d1,m1), (M2, d2,m2) be two RCD(K,∞)
spaces, K ∈ R, and ϕ : M2 → M1 of bounded deformation. Then for every k ∈ N and
ω ∈ H1,2

d (ΛkT ∗M1) we have ϕ∗ω ∈ H1,2
d (ΛkT ∗M2) and

d(ϕ∗ω) = ϕ∗dω. (3.5.11)

In particular, ϕ∗ passes to the quotient and induces a linear continuous map from Hk
dR(M1)

to Hk
dR(M2) with norm bounded by L(ϕ)k.

proof Let f0, . . . , fk ∈ TestF(M1) and ω = f0df1 ∧ . . . ∧ dfk. Then the definition of ϕ∗ and
property (3.5.8a) ensures that

ϕ∗ω = f0 ◦ ϕd(f1 ◦ ϕ) ∧ . . . ∧ d(fk ◦ ϕ).
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Notice that fi◦ϕ ∈W 1,2(M2) with |d(fi◦ϕ)| ≤ L(ϕ)|dfi|◦ϕ (recall (2.4.1)), so that taking into
account the approximation property (3.2.3) and (3.5.2) it follows that ϕ∗ω ∈ H1,2

d (ΛkT ∗M2)
with

dϕ∗ω = d(f0 ◦ ϕ) ∧ d(f1 ◦ ϕ) ∧ . . . ∧ d(fk ◦ ϕ) = ϕ∗dω.

Then the linearity, the continuity of d : H1,2
d (ΛkT ∗M2) → L2(Λk+1T ∗M2) and the one of ϕ∗

yield the first claim.
For the second, notice that (3.5.11) ensures that ϕ∗ sends closed (resp. exact) forms in

closed (resp. exact) forms and that its continuity ensures that forms in Ek(M1) are sent in
forms in Ek(M2). Thus indeed ϕ∗ passes to the quotient. The bound on the norm is then a
direct consequence of the inequality in (3.5.10). �

Remark 3.5.10 It is unclear to us whether a Mayer-Vietoris sequence can be built for the
so-defined cohomology groups. It is not hard to adapt the above definitions to produce the
cohomology groups of open subsets of an RCD space, but taking the closure of the space of
exact forms creates some problems with the classical diagram chasing arguments used to build
the connecting morphism. �

We now turn to Hodge theory, which quite directly fits in our framework, being it based
on the notion of L2 and Sobolev forms. We start with:

Definition 3.5.11 (Codifferential) The space D(δk) ⊂ L2(ΛkT ∗M) is the space of those
forms ω for which there exists a form δω ∈ L2(Λk−1T ∗M), called codifferential of ω, such that∫

〈δω, η〉 dm =

∫
〈ω,dη〉 dm, ∀η ∈ TestFormk−1(M). (3.5.12)

In the case k = 0 we put D(δ0) := L2(m) and define the δ operator to be identically 0 on it.

The density of TestFormk−1(M) in L2(Λk−1T ∗M) ensures that the codifferential is uniquely
defined and the definition also grants that δ is a closed operator in the sense that {(ω, δω) :
ω ∈ D(δk)} is a closed subspace of L2(ΛkT ∗M)× L2(Λk−1T ∗M).

For 1-forms, the operator δ is nothing but the opposite of the divergence, in the sense that
ω ∈ D(δ1) if and only if ω] ∈ D(div) and in this case

δω = −div(ω]), (3.5.13)

as can be checked by direct definition. Moreover, noticing that by approximation we can test
the codifferential against forms in H1,2

d (Λk−1T ∗M), and considering such forms concentrated
on prescribed open sets, it is immediate to verify that for any ω ∈ D(δk) we have

δω = 0 m-a.e. on the interior of {ω = 0}, (3.5.14)

where as usual this statement should be intended as ‘δω = 0 m-a.e. on every open set Ω on
which ω is m-a.e. 0’.

We shall make use of the following computation:

Proposition 3.5.12 For f1, . . . , fk ∈ TestF(M) we have df1 ∧ . . . dfk ∈ D(δk) with

δ(df1 ∧ . . . dfk) =
∑
i

(−1)i∆fi df1 ∧ . . . ∧ d̂fi ∧ . . . ∧ dfk

+
∑
i<j

(−1)i+j [∇fi,∇fj ][ ∧ . . . ∧ d̂fi ∧ . . . ∧ d̂fj ∧ . . . ∧ dfk
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proof Put for brevity ω := df1 ∧ . . . dfk and notice that by linearity, it is sufficient to test
condition (3.5.12) for η = g1dg2 ∧ . . . ∧ dgk with g1, . . . , gk ∈ TestF(M). Thus pick such η,
recall (3.5.2) and the definition of scalar product in L2(ΛkT ∗M) to get∫

〈ω,dη〉dm =

∫ ∑
σ∈Sk

s(σ)
∏
i

〈∇gi,∇fσ(i)〉dm

=

∫ ∑
σ∈Sk

s(σ)〈∇g1,∇fσ(1)〉
∏
i>1

〈∇gi,∇fσ(i)〉dm,

where Sk is the set of permutations of {1, . . . , k} and s(σ) the sign of the permutation σ ∈ Sk.
Integrating by parts to get rid of the gradient of g1 we get∫
〈ω,dη〉 dm = −

∫ ∑
σ∈Sk

s(σ) g1 div
(
∇fσ(1)

∏
i>1

〈∇gi,∇fσ(i)〉
)

dm

= −
∫ ∑

σ∈Sk

s(σ)g1

(
∆fσ(1)

∏
i>1

〈∇gi,∇fσ(i)〉

+
∑
j>1

Hess(gj)(∇fσ(1),∇fσ(j))
∏
i>1
i 6=j

〈∇gi,∇fσ(i)〉

+
∑
j>1

Hess(fσ(j))(∇fσ(1),∇gj)
∏
i>1
i 6=j

〈∇gi,∇fσ(i)〉
)

dm.

The terms containing Hess(gj) disappear in the sum when adding the value given by a per-
mutation with the one obtained swapping σ(1) and σ(j). The thesis then follows taking into
account the identities∑

σ∈Sk
σ(1)=I

s(σ)
∏
i>1

〈∇gi,∇fσ(i)〉 = (−1)1+I
〈
dg2 ∧ . . . ∧ dgk,df1 ∧ . . . ∧ d̂fI ∧ . . . ∧ dfk

〉
,

∑
σ∈Sk
σ(1)=I
σ(J)=K

s(σ)
∏
i>1
i 6=J

〈∇gi,∇fσ(i)〉 = a(I, J,K)
〈
dg2 . . . d̂gJ . . . dgk, df1 . . . d̂fI . . . d̂fK . . . dfk

〉
,

valid for any I,K ∈ {1, . . . , k}, I 6= K, J ∈ {2, . . . , k}, where

a(I, J,K) :=

{
(−1)1+I+J+K if I < K,
(−1)I+J+K if I > K,

the fact that
Hess(fK)(∇fI , ·)−Hess(fI)(∇fK , ·) = [∇fI ,∇fK ][,

and the identity∑
J>1

(−1)J〈[∇fI ,∇fK ],∇gJ〉
〈
dg2 . . . d̂gJ . . . dgk, df1 . . . d̂fI . . . d̂fK . . . dfk

〉
=
〈
dg2 ∧ . . . ∧ dgk, [∇fI ,∇fK ] ∧ . . . ∧ d̂fI ∧ . . . ∧ d̂fK ∧ . . . dfk

〉
.

�
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We now introduce the ‘Hodge’ Sobolev spaces:

Definition 3.5.13 (The spaces W 1,2
H (ΛkT ∗M) and H1,2

H (ΛkT ∗M)) The space

W 1,2
H (ΛkT ∗M) is defined as W 1,2

d (ΛkT ∗M) ∩D(δk) endowed with the norm

‖ω‖2
W 1,2

H (ΛkT ∗M)
:= ‖ω‖2L2(ΛkT ∗M) + ‖dω‖2L2(Λk+1T ∗M) + ‖δω‖2L2(Λk−1T ∗M),

and the space H1,2
H (ΛkT ∗M) as the W 1,2

H -closure of TestFormk(M) (which by point (v) of The-

orem 3.5.2 and Proposition 3.5.12 is a subset of W 1,2
H (ΛkT ∗M)). The Hodge energy functional

EH : L2(ΛkT ∗M)→ [0,∞] is defined as

EH(ω) :=


1

2

∫
|dω|2 + |δω|2 dm, if ω ∈W 1,2

H (ΛkT ∗M),

+∞, otherwise.

Arguing as for Theorems 3.3.2, 3.4.2 and 3.5.2, we see that W 1,2
H (ΛkT ∗M) and H1,2

H (ΛkT ∗M)
are separable Hilbert spaces and EH is lower semicontinuous.

We can now give the definition of Hodge Laplacian and in analogy with what we did for the
connection Laplacian in Section 3.4.4, we shall restrict our attention to forms in H1,2

H (ΛkT ∗M):

Definition 3.5.14 (Hodge Laplacian and harmonic forms) Given k ∈ N, the domain
D(∆H,k) ⊂ H1,2

H (ΛkT ∗M) of the Hodge Laplacian is the set of ω ∈ H1,2
H (ΛkT ∗M) for which

there exists α ∈ L2(ΛkT ∗M) such that∫
〈α, η〉 dm =

∫
〈dω,dη〉+ 〈δω, δη〉dm, ∀η ∈ H1,2

H (ΛkT ∗M).

In this case, the form α (which is unique by the density of H1,2
H (ΛkT ∗M) in L2(ΛkT ∗M)) will

be called Hodge Laplacian of ω and denoted by ∆Hω.
The space Harmk(M) ⊂ D(∆H,k) is the space of forms ω ∈ D(∆H,k) such that ∆Hω = 0.

Recalling that for every function f ∈ L2(m) we have δf = 0, we see that D(∆H,0) = D(∆)
with the usual unfortunate sign relation:

∆Hf = −∆f.

The very definition also gives that

EH(ω) =
1

2

∫
〈ω,∆Hω〉dm, ∀ω ∈ D(∆H,k). (3.5.15)

Arguing as for the connection Laplacian, it is easy to check that the Hodge Laplacian can
also be seen as the only element of the subdifferential of the augmented Hodge energy ẼH :
L2(ΛkT ∗M)→ [0,∞] defined as

ẼH(ω) :=


1

2

∫
|dω|2 + |δω|2 dm, if ω ∈ H1,2

H (ΛkT ∗M),

+∞, otherwise.
(3.5.16)
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This also shows that ∆H is a closed operator, i.e. {(ω,∆Hω) : ω ∈ D(∆H,k)} is a closed subset
of L2(ΛkT ∗M)×L2(ΛkT ∗M) for every k ∈ N. Notice that in analogy with the smooth setting
we have

ω ∈ Harmk(M) ⇐⇒ ω ∈ H1,2
H (ΛkT ∗M) with dω = 0 and δω = 0, (3.5.17)

indeed the implication ⇐ is obvious, for the ⇒ just notice that if ω ∈ Harmk(M) we have
〈ω,∆Hω〉 = 0 m-a.e. and thus

0 =

∫
〈ω,∆Hω〉 dm

(3.5.15)
=

∫
|dω|2 + |δω|2 dm.

The closure of the Hodge Laplacian grants that Harmk(M) is a closed subspace of L2(ΛkT ∗M)
and thus an Hilbert space itself when endowed with the L2(ΛkT ∗M)-norm. We then have the
following result:

Theorem 3.5.15 (A version of the Hodge theorem) The map

Harmk(M) 3 ω 7→ [ω] ∈ Hk
dR(M)

is an isomorphism of Hilbert spaces.

proof The basic theory of Hilbert spaces grants that if H is an Hilbert space, V ⊂ H a
subspace and V ⊥ its orthogonal complement in H, then the map

V ⊥ 3 w 7→ w + V ∈ H/V

is an isomorphism of Hilbert spaces.
To get the proof of the theorem, just apply such statement to the Hilbert space Ck(M) en-

dowed with the L2(ΛkT ∗M)-norm, the subspace Ek(M) and notice that by the very definition
of codifferential we have that ω ∈ D(δk) with δω = 0 if and only if ω is orthogonal to Ek(M).
Since we already know that dω = 0 for every ω ∈ Ck(M), by the characterization (3.5.17) we
conclude. �

Remark 3.5.16 It should be noticed that our definition of the domain of the Hodge Lapla-
cian, and thus that of harmonic forms, is tailored to get this version of Hodge theorem.
Indeed, for what we know there might be forms in W 1,2

H (ΛkT ∗M) \ H1,2
H (ΛkT ∗M) with zero

differential and codifferential. �

3.6 Ricci curvature

We now use all the language developed so far to reformulate the content of the crucial Lemma
3.3.7 and define the ‘Ricci curvature tensor’ on RCD(K,∞) spaces. We then discuss its basic
properties and some open problems concerning its structure.

We start with the following computation:
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Proposition 3.6.1 For every f, g ∈ TestF(M) we have fdg ∈ D(∆H,1) with

∆H(f dg) = −f d∆g −∆f dg − 2Hess(g)(∇f, ·) (3.6.1)

and for every f ∈ TestF(M) and X ∈ TestV(M) we have X[, fX[ ∈ D(∆H,1) with

(∆H(fX[))] = f(∆HX
[)] −∆fX − 2∇∇fX (3.6.2)

proof The right hand sides of (3.6.1) and (3.6.2) define forms in L2(T ∗M), so the statements
make sense. From the definition of ∆H and a density argument, to prove (3.6.1) it is sufficient
to show that for any f̃ , g̃ ∈ TestF(M) we have∫
〈 − f d∆g −∆f dg − 2Hess(g)(∇f, ·), f̃dg̃〉dm =

∫
〈d(fdg),d(f̃dg̃)〉+ δ(fdg)δ(f̃dg̃) dm.

To this aim, notice that from formula (3.5.13) and the fact that (fdg)] = f∇g we get δ(f dg) =
−〈∇f,∇g〉 − f∆g ∈W 1,2(M) and thus∫

δ(fdg)δ(f̃dg̃) dm =

∫
〈d(−〈∇f,∇g〉 − f∆g), f̃dg̃〉dm

= −
∫
〈Hess(f)(∇g, ·) + Hess(g)(∇f, ·) + ∆g df + fd∆g, f̃∇g̃〉dm.

Similarly, we have d(fdg) = df ∧ dg and using Proposition 3.5.12 in the case k = 1 we see
that df ∧ dg ∈ D(δ2) with∫

〈d(fdg),d(f̃dg̃)〉 dm =

∫
〈δ(df ∧ dg), f̃dg̃〉 dm

=

∫
〈∆gdf −∆fdg − [∇f,∇g][, f̃dg̃〉 dm.

Then (3.6.1) follows noticing that [∇f,∇g][ = Hess(g)(∇f, ·)−Hess(f)(∇g, ·).
For (3.6.2) notice that the fact that X[, fX[ are in D(∆H,1) follows by what we just proved

and the fact that TestF(M) is an algebra. Then by linearity it is sufficient to consider the
case X = g1∇g2, g1, g2 ∈ TestF(M), and in this case from (3.6.1) we get

∆H(fg1 dg2) = −fg1 d∆g2 −∆(fg1)dg2 − 2Hess(g2)(∇(fg1), ·)
= −fg1 d∆g2 − f∆g1dg2 − g1∆f dg2 − 2〈∇f,∇g1〉dg2

− 2fHess(g2)(∇g1, ·)− 2g1Hess(g2)(∇f, ·)
= f∆H(g1dg2)−∆f(g1dg2)− 2(∇∇f (g1∇g2))],

having recalled that ∇(g1∇g2) = ∇g1 ⊗∇g2 + g1Hess(g2)] in the last step. �

We shall need the Leibniz rule for the measure valued Laplacian:

f ∈ TestF(M)
g ∈ D(∆)

}
⇒ fg ∈ D(∆) and ∆(fg) = f̄∆g +

(
∆fg + 2〈∇f,∇g〉

)
m,

(3.6.3)
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where f̄ is the continuous representative of f . This can be proved as (2.3.24): just notice
that for any ϕ̄ : M → R Lipschitz with bounded support the function f̄ ϕ̄ is also Lipschitz
with bounded support and

−
∫
〈∇ϕ,∇(fg)〉 dm = −

∫
g〈∇ϕ,∇f〉+ f〈∇ϕ,∇g〉 dm

=

∫
−〈∇(ϕg),∇f〉 − 〈∇(ϕf),∇g〉+ 2ϕ〈∇f,∇g〉 dm

=

∫
ϕg∆f + 2ϕ〈∇f,∇g〉 dm +

∫
ϕ̄f̄ d∆g,

which is the claim.
We shall also make use of the duality formula

|ASym|2HS = ess-sup

2A :

m∑
i=1

∇hi ⊗∇hi −

∣∣∣∣∣
n∑
i=1

∇hi ⊗∇hi

∣∣∣∣∣
2

HS

 (3.6.4)

valid for every A ∈ L2(T⊗2M), where the ess-sup is taken among all m ∈ N and h1, . . . , hm ∈
TestF(M). This is an instance of formula (1.5.12) (recall that {dh : h ∈ TestF(M)} is a space
of bounded elements generating L2(T ∗M) in the sense of modules).

We now have all the ingredients needed to reinterpret the key Lemma 3.3.7 in terms of the
differential calculus developed so far:

Lemma 3.6.2 Let X ∈ TestV(M). Then X[ ∈ D(∆H,1), |X|2 ∈ D(∆) and the inequality

∆
|X|2

2
≥
(
|∇X|2

HS
− 〈X, (∆HX

[)]〉+K|X|2
)
m (3.6.5)

holds

proof The fact that X[ ∈ D(∆H,1) comes from Proposition 3.6.1, while from the fact that
for f ∈ TestF(M) we have |∇f |2 ∈ D(∆) (Proposition 3.1.3), so that the simple property
(3.6.3) gives that |X|2 ∈ D(∆). Still (3.6.3) gives, with little algebraic manipulation, that for
X =

∑
i gi∇fi we have

∆
|X|2

2
=
∑
i,j

(
gj∆gi〈∇fi,∇fj〉+ 〈∇gi,∇gj〉〈∇fi,∇fj〉

)
m

+
(

2giHess(fi)(∇fj ,∇gj) + 2giHess(fj)(∇fi,∇gj)
)
m +

1

2
gigj∆〈∇fi,∇fj〉,

where gi is the continuous representative of gi. Writing ∆ |X|2
2 = ∆ac

|X|2
2 m + ∆sing

|X|2
2 with

∆sing
|X|2

2 ⊥ m, the thesis will be achieved if we show that

∆sing
|X|2

2
≥ 0 (3.6.6)

and

∆ac
|X|2

2
≥ |∇X|2

HS
− 〈X, (∆HX

[)]〉+K|X|2, m-a.e.. (3.6.7)
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By Proposition 3.6.1 we get the formula

∆HX
[ =

∑
i

−gid∆fi −∆gidfi − 2Hess(fi)(∇gi, ·)

and therefore

−〈X, (∆HX
[)]〉 =

∑
i,j

gigj〈∇∆fi,∇fj〉+ gj∆gi〈∇fi,∇fj〉+ 2gjHess(fi)(∇gi,∇fj).

Moreover, from formula (3.4.2) and recalling the definition of AAsym in (1.5.10) we see that

(∇X)Asym =
∑
i

∇gi ⊗∇fi −∇fi ⊗∇gi
2

and therefore

|(∇X)Asym|2HS =
∑
i,j

〈∇fi,∇fj〉〈∇gi,∇gj〉 − 〈∇fi,∇gj〉〈∇gi,∇fj〉
2

.

Hence recalling the definition of the measure µ((fi), (gi)) given in Lemma 3.3.7 we see that

µ
(
(fi), (gi)

)
= ∆

|X|2

2
+
(
〈X, (∆HX

[)]〉 −K|X|2 − |(∇X)Asym|2HS
)
m.

In particular, we see that the singular part of ∆ |X|2
2 w.r.t. m coincides with the singular part

of µ
(
(fi), (gi)

)
w.r.t. m and thus inequality (3.3.13) in Lemma 3.3.7 gives (3.6.6).

On the other hand, inequality (3.3.14) in Lemma 3.3.7 grants that for every m ∈ N and
choice of h1, . . . , hm ∈ TestF(M) we have∣∣∣∣∣∇X :

m∑
i=1

∇hi ⊗∇hi

∣∣∣∣∣ ≤
√

∆ac
|X|2

2
+ 〈X, (∆HX[)]〉 −K|X|2 − |(∇X)Asym|2HS

∣∣∣∣∣
m∑
i=1

∇hi ⊗∇hi

∣∣∣∣∣
HS

m-a.e., which after an application of Young’s inequality at the right hand side gives

2∇X :
m∑
i=1

∇hi⊗∇hi−

∣∣∣∣∣
m∑
i=1

∇hi ⊗∇hi

∣∣∣∣∣
2

HS

≤ ∆ac
|X|2

2
+〈X, (∆HX

[)]〉−K|X|2−|(∇X)Asym|2HS

m-a.e.. Taking the essential supremum over all m ∈ N and choices of h1, . . . , hm ∈ TestF(M)
and recalling the identity (3.6.4) we obtain

|(∇X)Sym|2HS ≤ ∆ac
|X|2

2
+X · (∆HX

[)−K|X|2 − |(∇X)Asym|2HS, m-a.e.,

which by (1.5.11) is (3.6.7). �

It might be worth to remark that for X ∈ TestV(M) we have

∆
|X|2

2
(M) = 0. (3.6.8)
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This can be easily checked picking a sequence (ϕ̄n) of uniformly Lipschitz and uniformly
bounded functions with bounded support and everywhere converging to 1, noticing that

∆ |X|2
2 (M) is the limit of

∫
ϕ̄n d∆ |X|2

2 = −
∫
∇X : (∇ϕn⊗X)〉dm, that |∇X : (∇ϕn⊗X)| ≤

|∇X|HS|X| |∇ϕn| and concluding by the dominate convergence theorem thanks to the fact
that |∇X|HS|X| ∈ L1(m).

In the foregoing discussion it will be useful to read the space H1,2
H (T ∗M) in terms of vector

fields rather than covector ones. Thus we give the following simple definition:

Definition 3.6.3 The space H1,2
H (TM) ⊂ L2(TM) is the space of vector fields X such that

X[ ∈ H1,2
H (T ∗M) equipped with the norm ‖X‖

H1,2
H (TM)

:= ‖X[‖
H1,2

H (T ∗M)
.

Lemma 3.6.2 directly gives the following inequality, which generalizes Corollary 3.3.9 to
vector fields:

Corollary 3.6.4 We have H1,2
H (TM) ⊂ H1,2

C (TM) and

EC(X) ≤ EH(X[)− K

2
‖X‖2L2(TM), ∀X ∈ H1,2

H (TM). (3.6.9)

proof Let X ∈ TestV(M) and compute the measure of the whole space M in inequality (3.6.5).
Taking into account the simple identity (3.6.8) we obtain∫

|∇X|2
HS

dm ≤
∫
〈X, (∆HX

[)]〉 −K|X|2 dm.

Recalling (3.5.15), (3.6.9) is proved for X ∈ TestV(M), The general case then follows approx-
imating an arbitrary X ∈ H1,2

H (TM) in the H1,2
H -norm with vectors in TestV(M) and recalling

the L2(TM)-lower semicontinuity of EC . �

A simple consequence of this corollary is the following bound, which adapts to the current
context a classical idea of Bochner, on the dimension of H1

dR(M) on spaces with non-negative
Ricci curvature:

Proposition 3.6.5 (Bounding dim(H1
dR(M)) on RCD(0,∞) spaces) Let (X, d,m) be an

RCD(0,∞) space and (Ei)i∈N∪{∞} the dimensional decomposition of M associated to the cotan-
gent module L2(T ∗M) as given by Proposition 1.4.5. Denote by nmin the minimal index i in
N ∪ {∞} such that m(Ei) > 0.

Then dim(H1
dR(M)) ≤ nmin.

proof By Theorem 3.5.15 we know that dim(H1
dR(M)) = dim(Harm1(M)), hence if

Harm1(M) = {0} there is nothing to prove. Thus assume that dim(Harm1(M)) ≥ 1 and
notice that for every ω ∈ Harm1(M) inequality (3.6.9) gives that

EC(ω]) ≤ EH(ω) =

∫
〈ω,∆Hω〉 dm = 0.

Therefore, by definition of EC , the covariant derivative of ω] is identically 0.
It follows from point (ii) in Proposition 3.4.6 that for any two ω1, ω2 ∈ Harm1(M) the

function f := 〈ω1, ω2〉 = 〈ω]1, ω
]
2〉 is in H1,1(M) with |df | = 0 m-a.e.. It is then clear that such

f must be m-a.e. constant: just recall that by the property (3.3.28) of the truncated functions
fn := max{min{f, n},−n} ∈ L2(m) and Proposition 3.3.13 we have that fn ∈ W 1,2(M) so
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that from the Sobolev-to-Lipschitz property (3.1.3) we infer that fn is m-a.e. constant. Being
this true for every n ∈ N, f is m-a.e. constant as claimed.

Now let ω1, . . . , ωn ∈ (Harm1(M), ‖ · ‖L2(T ∗M)) orthonormal: since
∫
〈ωi, ωj〉 dm is equal to

1 if i = j and to 0 otherwise, what we just proved implies that m(M) <∞ and

|ωi|2 =
1

m(X)
, m-a.e. ∀i, and 〈ωi, ωj〉 = 0, m-a.e. ∀i 6= j.

It is then clear that ω1, . . . , ωn are locally independent on M (Definition 1.4.1) and in particular
locally independent on Enmin . By Proposition 1.4.4 we deduce that n ≤ nmin and being this
true for any choice of n orthonormal elements of Harm1(M), we deduce that dim(Harm1(M)) ≤
nmin, as desired. �

Remark 3.6.6 There is no finite dimensionality assumption in this last statement and thus
we might certainly have nmin = ∞ so that taken as it is this proposition does not tell that
much. The related question is thus if one can say that on RCD(K,N) spaces one has nmin ≤ N .

To answer this question is outside the scope of this work, but we remark that in the recent
paper [42] Mondino-Naber proved that RCD(K,N) spaces admit biLipschitz charts - defined
on Borel sets - where the corresponding target Euclidean spaces has dimension bounded
from above by N . Stated as it is, such result does not really allow to conclude due to the
lack of information about the behavior of the measure on the chart, but apparently (private
communication of the authors) with minor modification of the arguments one can also show
that the image measure is absolutely continuous w.r.t. the Lebesgue one with bounded density.
With this additional information and using the results of Section 2.4 one could easily conclude
that nmin ≤ N .

A different approach to the same result, more in line with the analysis carried out here, is to
provide in the non-smooth setting a rigorous justification to the computations done by Sturm
in [54]: there the author showed how to deduce via purely algebraic means out of the Bochner
inequality with the dimension term the fact that the abstract tangent space has dimension
bounded by N . Although the ‘smoothness’ assumptions in [54] are not really justified in the
general setting, the style of the arguments used seems suitable of adaptation in the language
of L∞(m)-modules developed here. �

Another direct consequence of Lemma 3.6.2 is that it allows to define the Ricci curvature:

Theorem 3.6.7 (Ricci curvature) There exists a unique continuous map Ric :
[H1,2

H (TM)]2 → Meas(M) such that for every X,Y ∈ TestV(M) it holds

Ric(X,Y ) = ∆
〈X,Y 〉

2
+
(1

2
〈X, (∆HY

[)]〉+
1

2
〈Y, (∆HX

[)]〉 − ∇X : ∇Y
)
m. (3.6.10)

Such map is bilinear, symmetric and satisfies

Ric(X,X) ≥ K|X|2m, (3.6.11)

Ric(X,Y )(M) =

∫
〈dX[, dY [〉+ δX[δY [ −∇X : ∇Y dm, (3.6.12)

‖Ric(X,Y )‖TV ≤ 2
√
EH(X[) +K−‖X‖2

L2(TM)

√
EH(Y [) +K−‖Y ‖2

L2(TM)
, (3.6.13)

for every X,Y ∈ H1,2
H (TM), where K− := max{0,−K}.
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proof By Lemma 3.6.2 it directly follows by polarization that 〈X,Y 〉 ∈ D(∆) for X,Y ∈
TestV(M) so that (3.6.10) makes sense. It is then clear that (3.6.10) defines a map Ric :
[TestV(M)]2 → Meas(M) which is bilinear and symmetric. The validity of (3.6.11) for X ∈
TestV(M) is just a restatement of inequality (3.6.5) and (3.6.12) for X,Y ∈ TestV(M) follows
from (3.6.8) and the very definition of Hodge Laplacian.

Putting R̃ic(X,Y ) := Ric(X,Y ) − K〈X,Y 〉m for every X,Y ∈ TestV(M), we have that

R̃ic(X,X) ≥ 0 and thus also that

‖R̃ic(X,X)‖TV = R̃ic(X,X)(M) = 2EH(X[)− 2EC(X)−K‖X‖2L2(TM)

≤ 2EH(X[)−K‖X‖2L2(TM).
(3.6.14)

Then for arbitrary X,Y ∈ TestV(M) and λ ∈ R we have R̃ic(X + λY,X + λY ) ≥ 0 and
therefore by bilinearity and symmetry we get

λ2R̃ic(X,X) + 2λR̃ic(X,Y ) + R̃ic(Y, Y ) ≥ 0,

so that the bound (3.3.8) in Lemma 3.3.6 and inequality (3.6.14) grant that

‖R̃ic(X,Y )‖TV ≤
√

2EH(X[)−K‖X‖2
L2(TM)

√
2EH(Y [)−K‖Y ‖2

L2(TM)
.

Therefore since ‖Ric(X,Y )‖TV ≤ ‖R̃ic(X,Y )‖TV + |K|
∫
|〈X,Y 〉|dm we get

‖Ric(X,Y )‖TV ≤
√

2EH(X[)−K‖X‖2
L2(TM)

√
2EH(Y [)−K‖Y ‖2

L2(TM)
+ |K|

∫
|〈X,Y 〉|dm

≤
√

2EH(X[) + (|K| −K)‖X‖2
L2(TM)

√
2EH(Y [) + (|K| −K)‖Y ‖2

L2(TM)
,

which is (3.6.13) for X,Y ∈ TestV(M). This also proves that Ric : [TestV(M)]2 → Meas(M)
is continuous w.r.t. the H1,2

H (TM)-norm, thus granting existence and uniqueness of the con-

tinuous extension of such map to [H1,2
H (TM)]2 and the conclusion. �

We shall refer to the map Ric : [H1,2
H (TM)]2 → Meas(M) given by the previous theorem as

to the Ricci curvature. Notice that formula (3.6.10) for X = Y gives the familiar Bochner
identity

∆
|X|2

2
=
(
|∇X|2

HS
− 〈X, (∆HX

[)]〉
)
m + Ric(X,X), ∀X ∈ TestV(M),

and in particular

∆
|∇f |2

2
=
(
|Hess(f)|2

HS
+ 〈∇f,∇∆f〉

)
m + Ric(∇f,∇f), ∀f ∈ TestF(M).

The expression (3.6.10) cannot be written for generic X,Y ∈ H1,2
H (TM) because we don’t

know whether 〈X,Y 〉 is in D(∆) nor if X[, Y [ are in D(∆H,1), but still explicit expressions
for the Ricci curvature can be obtained by ‘throwing some derivatives on the function one is
integrating’:
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Proposition 3.6.8 (Some representations of Ric) For every X,Y ∈ H1,2
H (TM) and f ∈

TestF(M) we have∫
f̄ dRic(X,Y ) =

∫
〈dX[,d(fY [)〉+ δX[δ(fY [)−∇X : ∇(fY ) dm (3.6.15)

and the more symmetric expression∫
f̄ dRic(X,Y ) =

∫
Hess(f)(X,Y ) + df

(
Xdiv(Y ) + Y div(X)

)
+ f

(
〈dX[, dY [〉+ δX[δY [ −∇X : ∇Y

)
dm,

(3.6.16)

where f̄ is the continuous representative of f .

proof The two sides of both (3.6.15) and (3.6.16) are continuous in X,Y w.r.t. the H1,2
H (TM)-

topology, thus by approximation we can assume that X,Y ∈ TestV(M). The proof then
comes by direct computation.

Fix f ∈ TestF(M), X,Y ∈ TestV(M) and call A(X,Y ) and B(X,Y ) the right hand sides of
(3.6.15) and (3.6.16) respectively. We start claiming that A(X,Y ) = B(X,Y ), which follows
noticing that∫

〈dX[, d(fY [)〉 dm =

∫
〈dX[, df ∧ Y [〉+ f〈dX[,dY [〉 dm

=

∫
dX[(∇f, Y ) + f〈dX[,dY [〉dm

=

∫
−〈X,Y 〉∆f + 〈X,∇f〉div(Y )− 〈X, [∇f, Y ]〉+ f〈dX[,dY [〉dm

=

∫
−〈X,Y 〉∆f + 〈X,∇f〉div(Y )

−∇Y : (∇f ⊗X) + Hess(f)(X,Y ) + f〈dX[,dY [〉dm∫
δX[δ(fY [) dm =

∫
div(X)div(fY ) dm =

∫
div(X)〈∇f, Y 〉+ f div(X) div(Y ) dm∫

−∇X : ∇(fY ) dm =

∫
−∇X : (∇f ⊗ Y )− f∇X : ∇Y dm

adding everything up and using the identity∫
−〈X,Y 〉∆f −∇Y : (∇f ⊗X)−∇X : (∇f ⊗ Y ) dm = 0.

Thus A(X,Y ) = B(X,Y ) as claimed, which also ensures A(X,Y ) = A(Y,X).
Now notice that directly from (3.6.10) we get∫

f̄ dRic(X,Y ) =
1

2

∫
−
〈
∇f,∇〈X,Y 〉

〉
+ 〈d(fX[),dY [〉+ δ(fX[)δY [

+ 〈dX[, d(fY [)〉+ δX[δ(fY [)− 2f∇X : ∇Y dm,

and therefore observing that

−
〈
∇f,∇〈X,Y 〉

〉
− 2f∇X : ∇Y = −∇X : (∇f ⊗ Y )−∇Y : (∇f ⊗X)− 2f∇X : ∇Y

= −∇(fX) : ∇Y −∇X : ∇(fY ),
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we see that ∫
f̄ dRic(X,Y ) =

1

2

(
A(X,Y ) +A(Y,X)

)
,

which gives the thesis. �

Notice that in formula (3.6.15) if we knew that X was both in D(∆C) and such that X[ ∈
D(∆H,1), then after an integration by parts we would get∫

f̄ dRic(X,Y ) =

∫
f〈Y, (∆HX

[)] + ∆CX〉 dm,

which is an instance of the classical Weitzenböck identity. Yet, we don’t really know if any
non-zero X as above exists, so we are obliged to formulate such identity as done in (3.6.15).

The Ricci curvature has the following tensor-like property:

Proposition 3.6.9 For every X,Y ∈ H1,2
H (TM) and f ∈ TestF(M) we have

Ric(fX, Y ) = f̄ Ric(X,Y ), (3.6.17)

where f̄ is the continuous representative of f .

proof By the continuous dependence of Ric on X,Y ∈ H1,2
H (TM) we can, and will, assume

that X,Y ∈ TestV(M) and with a density argument based on the approximation property
(3.2.3) it is sufficient to show that for any g ∈ TestF(M) we have∫

ḡ dRic(fX, Y ) =

∫
ḡf̄ dRic(X,Y ).

By the defining property (3.6.10) we have∫
ḡ dRic(fX, Y ) =

∫
1

2

(
f∆g〈X,Y 〉+ fg〈X, (∆HY

[)]〉+ g〈Y, (∆H(fX)[)]〉
)

− g∇(fX) : ∇Y dm,∫
ḡf̄ dRic(X,Y ) =

∫
1

2

(
∆(fg)〈X,Y 〉+ fg〈X, (∆HY

[)]〉+ 〈Y, (∆HX
[)]〉
)

− fg∇X : ∇Y dm,

and the conclusion follows with a term-by-term comparison taking into account the identities

∆(fg) = g∆f + f∆g + 2〈∇f,∇g〉
∇(fX) : ∇Y = f∇X : ∇Y +∇Y : (∇f ⊗X)

(∆H(fX)[)] = f(∆HX
[)] −∆fX − 2∇∇fX

(see (2.3.24), (3.4.5), (3.6.2)) and the fact that∫
〈∇f,∇g〉〈X,Y 〉 dm = −

∫
g
(

∆f〈X,Y 〉+∇X : (∇f ⊗ Y ) +∇Y : (∇f ⊗X)
)

dm,

which follows after an integration by parts taking into account formula (3.4.7). �
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As a direct consequence of these formulas and of the locality properties (3.4.10), (3.5.7) and
(3.5.14), we see that the Ricci curvature is local in the following sense:

X = 0, m-a.e. on Ω
Y = 0, m-a.e. on Ω′

}
for Ω,Ω′ ⊂ M open with M = Ω ∪ Ω′ ⇒ Ric(X,Y ) = 0,

and similarly

X = Y m-a.e. on an open set Ω ⊂ M ⇒ Ric(X,X)|Ω = Ric(Y, Y )|Ω.

To have at disposal the bound on the Ricci curvature tensor allows to generalize the Bakry-
Émery contraction estimate to 1-forms. To state the inequality we first introduce the heat
flow (hH,t) on 1-forms as the gradient flow of the augmented Hodge energy functional ẼH :
L2(T ∗M) → [0,∞] defined in (3.5.16). This means that for every ω ∈ L2(T ∗M) the curve
t 7→ hH,t(ω) ∈ L2(T ∗M) is the unique continuous curve on [0,∞) which is locally absolutely
continuous on (0,∞) and fulfills hH,t(ω) ∈ D(∆H,1) and

d

dt
hH,t(ω) = −∆HhH,t(ω), ∀t > 0. (3.6.18)

Notice that for f ∈W 1,2(M) we have

hH,t(df) = dht(f), ∀t ≥ 0,

as can be checked for instance noticing that t 7→ dht(f) satisfies (3.6.18) and using the
aforementioned uniqueness.

Then we have the following estimate:

Proposition 3.6.10 For every ω ∈ L2(T ∗M) we have

|hH,t(ω)|2 ≤ e−2Ktht(|ω|2), m-a.e. ∀t ≥ 0.

proof The argument is similar to that for Proposition 3.4.16. By the approximation property
(3.2.3) it is sufficient to prove that for any t > 0 and non-negative f ∈ TestF(M) with
∆f ∈ L∞(m) it holds

∫
f |hH,t(ω)|2 dm ≤ e−2Kt

∫
fht(|ω|2) dm.

Thus fix such t and f and consider the map F : [0, s]→ R given by

F (s) :=

∫
fht−s(|hH,s(ω)|2) dm =

∫
ht−s(f)|hH,s(ω)|2 dm.

Then the very same arguments used in Proposition 3.4.16 grant that F : [0, t]→ R is contin-
uous and locally absolutely continuous on (0, t] and in computing its derivative we can pass
the derivative inside the integral. Thus putting fs := hs(f) and Xs := (hH,s(ω))] we have

F ′(s) =

∫
−∆ft−s|Xs|2 − 2ft−s〈Xs, (∆HX

[
s)
]〉 dm.

By Corollary 3.6.4 we see that Xs ∈ H1,2
C (TM) and thus by point (ii) in Proposition 3.4.6

that |Xs|2 ∈ H1,1(M) and

F ′(s) =

∫
〈∇ft−s,∇|Xs|2〉 − 2〈ft−sXs, (∆HX

[
s)
]〉 dm

= 2

∫
∇Xs : (∇ft−s ⊗Xs)− 〈d(ft−sXs)

[,dX[
s)〉 − δ(ft−sX[

s) δX
[
s dm.
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Recalling the Leibniz rule (3.4.5) we get

∇Xs : (∇ft−s ⊗Xs) = ∇Xs : ∇(ft−sXs)− ft−s|∇Xs|2HS ≤ ∇Xs : ∇(ft−sXs),

and thus from formula 3.6.15 we obtain

F ′(s) ≤ −2

∫
ft−s dRic(Xs, Xs) ≤ −2K

∫
ft−s|Xs|2 dm = −2K F (s),

so that the conclusion follows by Gronwall’s lemma. �

We built the Ricci curvature tensor on an RCD(K,∞) space and used the weak curvature
assumption to deduce that the Ricci curvature is indeed bounded from below by K, but one
might also ask whether the viceversa holds, i.e. if having a lower bound on the Ricci curvature
tensor gives any information in terms of synthetic treatment of lower Ricci curvature bounds.

A result in this direction is provided by the following theorem, proved in [9]:

Theorem 3.6.11 (From Bochner inequality to RCD) Let (M, d,m) be an RCD(K,∞)
space, K ′ > K and assume that the inequality∫

∆ϕ
|∇f |2

2
dm ≥

∫
ϕ〈∇f,∆∇f〉+K ′ϕ|∇f |2 dm (3.6.19)

holds for every f, ϕ ∈ D(∆) ∩ L∞(m) with ∆f,∆ϕ ∈ W 1,2 ∩ L∞(M) and ϕ ≥ 0. Then
(M, d,m) is an RCD(K ′,∞) space.

proof See Theorem 1.1 in [9] and notice that all the topological assumptions are automatically
satisfied because the space is assumed to be RCD(K,∞) (making the proof much simpler in
this case). �

With this theorem at disposal it is obvious that

(M, d,m) is an RCD(K,∞) space with

Ric(X,X) ≥ K ′|X|2m ∀X ∈ H1,2
H (TM)

}
⇒ (M, d,m) is an RCD(K ′,∞) space.

It is indeed sufficient to consider the inequality
∫
ϕ̄dRic(∇f,∇f) ≥ K ′

∫
ϕ|∇f |2 dm for

f, ϕ ∈ TestF(M) and ϕ ≥ 0 to recover (3.6.19) and thus the claim. This sort of statement
is quite weak, because it gives a lower Ricci curvature bound for a space which already had
one. It is much more interesting to obtain a curvature bound out of a purely differential
information plus possibly some (minimal) global regularity assumption on the space. Results
in this direction have been obtained in [9], where the lower bound on the Ricci is imposed via
a weak formulation of the Bochner inequality.

We conclude the section discussing the limitations of the Ricci curvature so defined and
the difficulties one encounters in trying to better understand it.

The first fact which is important to realize is that we might have Ric ≡ 0 on spaces which
do not really look Ricci-flat. The simplest example is the metric cone built over an S1 of
total length < 2π equipped with the 2-dimensional Hausdorff measure. This is an RCD(0,∞)
(in fact RCD(0, 2)) space, a fact which can be seen either proving that it is an Alexandrov
space with non-negative curvature and then using Petrunin’s result [46] or directly checking
the curvature-dimension condition as done in [16] (the fact that this space is infinitesimally
Hilbertian is quite obvious). It is clear that this space without the vertex O is a smooth
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and flat Riemannian manifold so that directly by the definition we get that Ric(X,X) must
vanish outside the vertex. Moreover, the set C := {O} has 0 capacity in the sense that

m(C) = 0 and there exists a sequence (fn) ⊂W 1,2(M) of functions having

Lipschitz representatives f̄n such that

∫
|Dfn|2 dm→ 0 and f̄n(x)→ χC(x)

for every x ∈ M as n→∞.

(3.6.20)

Indeed, clearly m({O}) = 0 and the functions f̄n(x) := max{1 − nd(x,O), 0} are 1 on O,
uniformly bounded in W 1,2(M) and pointwise converging to 0 on M \ {O}. Thus (fn) weakly
converges to 0 in W 1,2(M) so that by Mazur’s lemma there is a sequence of convex combina-
tions W 1,2(M)-strongly converging to 0, which yields the property (3.6.20).

On the other hand, it is easy to see that the Ricci curvature Ric never sees sets C as
in (3.6.20). To prove this claim, it is sufficient to check that Ric(X,X)(C) = 0 for X ∈
TestV(M), because TestV(M) is dense in H1,2

H (TM) and Ric : [H1,2
H (TM)]2 → Meas(M) is

continuous, the target space being endowed with the total variation norm. Then observe that,
by the very definition of measure valued Laplacian, for C as in (3.6.20) and g ∈ D(∆) we
have ∆g(C) = 0 and therefore by formula (3.6.10) we see that for X ∈ TestV(M) and C as
in (3.6.20) we must have Ric(X,X)(C) = 0, as claimed.

It follows that for such cone the Ricci curvature must vanish identically, although intuitively
one would expect to have as curvature some Dirac delta on the vertex.

This example shows that the measure valued Ricci curvature as we defined it is not suitable
to recover any sort of Gauss-Bonnet formula.

A different kind of problem that we have with the Ricci curvature as given by Theorem
3.6.7 is that it is not clear if it is really a tensor (see also Remark 3.4.10). Here part of the
issue is that it is defined only for Sobolev vector fields and not for generic L2 ones and in
particular we don’t know if for some function r : M→ [0,∞) we have

Ric(X,X) ≤ r|X|2m, m-a.e.,

for every X ∈ H1,2
H (TM). A basic question is then:

can we extend Ric to a bilinear continuous map from [L2(TM)]2 to Meas(M)?

And more generally and somehow more vaguely:

what is the maximal subspace of L2(TM) on which we can continuously extend Ric?

In this direction, notice that in inequality (3.6.14) of the proof of Theorem 3.6.7 we thrown
away the term EC(X), thus certainly losing some information. The result is that we obtain
the inequality (3.6.13) which is evidently sub-optimal in the smooth case because it misses
some crucial cancellations occurring in the smooth case. Yet, we can’t do anything better
without information on the L2-semicontinuity of the functional EH − EC . Here the problem
can be isolated as follows: consider the functional Ediff : L2(TM)→ [0,∞] defined as

Ediff(X) := inf lim
n→∞

EH(X[
n)− EC(Xn),

where the inf is taken among all sequences (Xn) ⊂ H1,2
H (TM) converging to X in L2(TM),

is it true that Ediff(X) = EH(X)− EC(X) for X ∈ H1,2
H (TM) ? (3.6.21)
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A positive answer would allow to extend the definition of Ric(X,Y ) to vector fields X,Y
belonging to the space D := {Ediff <∞} ⊂ L2(TM) equipped with the complete norm

‖X‖2D := (1 + K
2 )‖X‖2L2(TM) + Ediff(X),

as the very same arguments used in the proof of Theorem 3.6.7 would allow to improve
inequality (3.6.13) in

‖Ric(X,Y )‖TV ≤ 2
√
Ediff(X) +K−‖X‖2

L2(TM)

√
Ediff(Y ) +K−‖Y ‖2

L2(TM)
.

Indeed, one would first introduce the abstract completion V of the space H1,2
H (TM) w.r.t. the

norm X 7→
√

(1 + K
2 )‖X‖2

L2(TM)
+ EH(X[)− EC(X) ≥ ‖X‖L2(TM), extends by continuity the

Ricci curvature to V and then use the positive answer to question (3.6.21) to show that the
natural map from V to L2(TM) which assigns to a V -Cauchy sequence its L2(TM)-limit is
injective, so that V can be identified with the space D.

Notice that in the smooth world the Weitzenböck identity ensures that D coincides with
L2(TM).

On a different direction, one might try to enlarge the domain of definition of Ric using
Proposition 3.6.9. Indeed, formula (3.6.17) suggests that for X,Y ∈ H1,2

H (TM) and f, g ∈
L∞(m) with continuous representatives f̄ , ḡ one might define Ric(fX, gY ) := f̄ ḡRic(X,Y ).

The problem in this attempt is that it is not really clear if it is consistent, the question
being the following:

Let X,Y,X1, . . . , Xn ∈ H1,2
H (TM) and f1, . . . , fn ∈ L∞(m) with continuous representatives

f̄1, . . . , f̄n such that X =
∑
i

fiXi. Is it true that
∑
i

f̄iRic(Xi, Y ) = Ric(X,Y ) ?

This seems not a consequence of basic algebraic manipulations based on the formulas involving
the Ricci curvature that we provided so far.
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