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ABSTRACT. We present a variational model for the quasi-static crack growth in hydraulic
fracture in the framework of the energy formulation of rate-independent processes. The
cracks are assumed to lie on a prescribed plane and to satisfy a very weak regularity
assumption.
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1. INTRODUCTION

Hydraulic fracture studies the process of crack growth in rocks driven by the injection of
high pressure fluids. The main use of hydraulic fracturing is the extraction of natural gas or
oil. In these cases, a fluid at high pressure is pumped into a pre-existing fracture through a
wellbore, causing the enlargement of the crack.

In the study of hydraulic fracture, all thermal and chemical effects are usually neglected
and the fracturing stimulation is performed only by hydraulic forces, not by explosives, thus
the inertial effects are negligible. This justifies the use of quasi-static models.

Numerical simulations for this kind of problems have been presented in various papers,
coupling the fluid equation, typically Reynolds’ equation, and the elasticity system for the
rock, see for instance [8, 10, 11]. Particular attention has been given to the tip behaviour
of a fluid driven crack, see [5, 7]. Some models, see, e.g., [3, 14, 15], are based on a varia-
tional approach introduced by Francfort and Marigo [6] for the quasi-static growth of brittle
fractures.

While the results of [3, 14, 15] are based on a phase field approximation of the crack
introduced by Ambrosio and Tortorelli [1], the model presented in this paper is instead built
on the sharp-interface version originally developed in [6].

We assume that the rock fills the whole space R? and has an initial crack, lying on a
plane ¥ passing through the origin. The rock is modelled as a linearly elastic, impermeable
material and we allow the crack to grow only within . The fluid is pumped through the
origin into the region between the crack lips. It is assumed to be an incompressible fluid.

Since our model is quasi-static, at each time ¢ the fluid and the rock are in equilibrium.
This implies that the pressure is uniform in the region occupied by the fluid and exerts a
force on the rock through the crack lips. We prove also that the fluid occupies the whole
region between the crack lips (see Remarks 3.1 and 4.2). In particular, there is no dry region
near the crack edge.

We assume that at every time we know the total volume V(¢) of the fluid that has been
pumped into the crack up to time ¢. The mathematical problem is to show that given the
function t — V(¢), we can determine at each time the shape and size of the crack, as well
as the fluid pressure p(t).
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In Section 3 we discuss a simplified version of our model, where we suppose that the rock
is homogeneous and isotropic. This justifies the assumption that the time dependent cracks
are circular (penny-shaped cracks, see, e.g., [2, 18, 19]). The main result of this section is the
existence of a unique irreversible quasi-static evolution (see Theorem 3.9) satisfying a global
stability condition at each time as well as an energy-dissipation balance, which involves the
stored elastic energy, the energy dissipated by the crack, and the power of the pressure forces
exerted by the fluid. Moreover, in this simplified setting the solution can be explicitly given
as a function of the volume V(:). The uniqueness follows from a careful analysis of the
regularity properties satisfied by the solution.

Finally, in Section 4 we discuss a more general model. In this case, the rock is not
necessarily homogeneous or isotropic, so we allow the elasticity tensor C to be a function
of the space variable & € R3. Because of the lack of homogeneity and isotropy, we do not
expect any symmetry for the crack, so we need to define a new class of admissible cracks,
which extends the previous one (see Definition 4.1), keeping some regularity properties of the
boundary. Also in this case we prove the existence of an irreversible quasi-static evolution
(see Theorem 4.4) based on a global stability condition and an energy-dissipation balance.
The proof relies on a time discretization procedure introduced in [6] and frequently used in
the study of rate-independent processes, see [13].

2. NOTATION AND PRELIMINARIES
Let us first give some notation and recall some well known results.
Throughout the paper H? denotes the 2-dimensional Hausdorff measure in R® and IC
denotes the set of all compact sets of R3.
Given K, K5 € K, the Hausdorff distance dg (K1, K2) between K7 and K5 is defined by

re K,

dy (K1, Ks) := max{ max d(x, K3), max d(x,Kl)}.
TEK2

We say that Kj; — K in the Hausdorff metric if dg (Kj, K) — 0. The following compactness
theorem is well known, see, e.g., [17, Blaschke’s Selection Theorem].

Theorem 2.1. Let Kj be a sequence in K. Assume that there exists H € K such that
Ky C H for every h € N. Then there erist a subsequence Ky, and K € K such that
Ky, — K in the Hausdorff metric.

We say that a set function K : [0,7] — K is increasing if K(s) C K(t) for every
0 < s <t<T. The following two results about increasing set functions can be found for
instance in [4].

Theorem 2.2. Let H € K and let K : [0,T] — K be an increasing set function such that
K(t) C H for every t € [0,T]. Let K~ : (0,T] — K and K+ :[0,T) — K be the functions
defined by

K=(t) == U, K(5) for 0<t<T,

K*(t) = Nyay K(5) for 0<t<T.
Then
K=(t) CK(t) C KT(t) for 0<t<T.
Let © be the set of points t € (0,T) such that K*(t) = K~ (t). Then [0,T]\ © is at most
countable and K (ty) — K(t) in the Hausdor{f metric for every t € © and every sequence t
in [0,T] converging to t.

Theorem 2.3. Let K}, be a sequence of increasing set functions from [0,T] in K. Assume
that there exists H € K such that Kp(t) C H for every t € [0,T] and every h € N. Then
there exist a subsequence, still denoted by Ky, , and an increasing set function K : [0,T] — K
such that Kp(t) — K(t) in the Hausdorff metric for every t € [0,T].



QUASI-STATIC CRACK GROWTH IN HYDRAULIC FRACTURE 3

For every open set 2 C R3 we define, as in [12], the space
Wi 6(R?) := {u € LY R?) : Vu e L?(Q;M3)}
equipped with the norm
(2.1) lullwy grs) = llullLoirs) + IVullL2 (@)
where M3 is the space of square matrices of order three with real coefficients. The choice
of the exponent 6 is due to the fact that in dimension 3 the exponent 2* in the Sobolev

embedding theorem is equal to 6.
We denote by Eu the symmetric part of the gradient of u, i.e., Eu = %(Vu + VauT).

Proposition 2.4. Let ¥ be a plane in R* and let Q@ =R? or @ = R3\X. Then W (€% R?)
is a Banach space and the norms ||Vul p2(my) and ||[EullL2qm,) are equivalent to the
norm (2.1), thus W3 (€ R?) is a Hilbert space.

Proof. When ) = R? these results are proved in [12, Chapter 1.4], except for the equivalence
of the norm (2.1) with ||Eul|z2®s;m,), which is a consequence of Korn’s inequality.

To prove the results for 2 = R3\ 3, assume for simplicity that ¥ is the plane x3 = 0.
Fix u € W} ¢(R?\ 3;R?). We have ulgs € W3 6(R%;R?), where R := {z € R®: 23 > 0}.
Extending u by reflection with respect to ¥ we obtain a function & € W3 4(R?* R?). Hence,
by the previous step,

Hu”Wié‘,(Ri;R?’) < ”a”WQG(R?’;RB) < OVl pzgspy) = QCHVU\|L2(R1;M3)
By the same argument we obtain this estimate also for u|gs .

The statement on ||Eu||z2®s\xm,) can be obtained by Korn’s inequality in a half-space.
U

From now on we denote by W3 ¢(R?\ ¥) the space Wj (R?\ 3;R?).

3. PENNY-SHAPED CRACK

Let us start with the simpler model, the case of penny-shaped cracks. The body is
supposed to be unbounded, filling R? for simplicity. We prescribe a priori the crack path:
the admissible cracks lie on the horizontal plane ¥ passing through the origin.

In this first model we assume that the initial crack is a circle centered at the origin
and contained in X, and that the body outside the crack is isotropic, homogeneous, and
impermeable. Due to the symmetry conditions, we also assume that the crack is circular at
every time.

Moreover, the evolution is governed by linearized elasticity: the material is characterized
by its Lamé coefficients A, u € R, so that the stored elastic energy is

/]11{3\2 (g (div(u))2 + u|Eu|2> dx,

where u € Wj(R?\ X) is the displacement and the Lamé coefficients satisfy the usual
hypotheses

(3.1) w>0, 2u+3X2>0.
To present the results in a way that can be used also for our second model, where the
material will be inhomogeneous and anisotropic, it is convenient to introduce the space Mj
of symmetric matrices and the linear map C: M3 — M3 defined by
CF := A tr(F)I 4 2uF,
so that the stored elastic energy becomes
1

7/ CEu-Eudx,
2 Jra\x
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where the dot denotes the scalar product between matrices:
F-G:=tr(FGT) VF, G e Ms.

Conditions (3.1) on the Lamé coefficients make C positive definite in the sense that there
exist two constants 0 < a < < 400 such that

(3.2) alF|? <CF-F < g|F|? for every F € M.

We now describe the equilibrium condition for the elastic body when the crack is a circle
of radius R in ¥ centered at the origin, assuming that the region between the crack lips in
the deformed configuration is partially filled by a prescribed volume V' of an incompressible
fluid. In the spirit of linearized elasticity, in order to simplify the mathematical formulation
of the problem, for the volume of the cavity determined by the crack we use the approximate

formula
/ [u] - vs dH?
p)

where vy is the unit normal vector to ¥ and [u] denotes the jump of u through X, i.e.,
[u] := ut —u™, with T and »~ indicating the traces of u on the two faces T and X~
of ¥, according to the orientation of vy. Here we assume that [u] - vs > 0 so that the
non-interpenetration condition is satisfied.

We define the total energy of the body:

(3.3) E(u,R) = 1 CEu-Eudx + kmR?,
R3\ X

where k is a positive constant related to the fracture toughness. The energy &£ (u, R) is the
sum of the stored elastic energy and of a surface energy proportional to the area of the crack.
In the framework of Griffith’s theory [9], the latter is interpreted as the energy dissipated
in the process of crack production.

According to the variational principles of linear elasticity, the body is in equilibrium with
a prescribed crack of radius R if the displacement u is the solution of the minimum problem

34 i E(u, R),
(34) e iin € R)

where

A*(R,V) = {u € Whg(R¥\ %) : {[u] # 0} C Br, [u] - v >0, / [u] - vs dH? > v}.

Br
The choice of the function space W%,e(R?’ \ ¥) implies, in a suitable weak sense, that the
displacement is zero at infinity. The inclusion in the previous formula reflects the fact that
the crack is contained in Br. The former inequality, which is assumed to be satisfied H?-a.e.
on Y, takes into account the non-interpenetration condition. The latter inequality means
that we allow for the presence of a gap between the fluid front and the crack tip, the so
called fluid lag.

The existence of a solution of (3.4) can be obtained by the direct method of the calculus
of variations, taking into account Proposition 2.4. The uniqueness follows from the strict
convexity of the functional and the convexity of the constraints.

Remark 3.1. The minimum point of (3.4) satisfies the volume constraint with an equality.
Indeed, if V =0, then u = 0 is the minimizer. If V' > 0, assume by contradiction that the
minimizer satisfies [p [u] - vy dH? > V. Then there exists A € (0,1) such that

/ ] - vs dH? > V.
Br
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Since u # 0 because of the volume constraint, we have £(A\u, R) < £(u, R), which contra-
dicts the minimality of w. This implies that (3.4) is equivalent to the minimum problem

(3.5) ue%%V)S(u,R),
where
ARV) = {u € Who(R\ ) : ([ £ 0} € B wo >0, [ [l -vpart? = V).

Proposition 3.2. Let u be the solution of (3.5) with V>0 and R > 0. Then for every
v e W3 6(R*\ X) such that {[v] #0} C Bg and [v]-vg =0 on X it holds

(3.6) CEu-Evdz = 0.
R3\3
Moreover, there exists p > 0 such that for every ¢ € C1(R3) with supp(Vy) CC R3
(3.7) / CEu-E(pu)dx = p/ olu] - vs dH>.
R3\X Br

Proof. When V =0, we have u = 0 and we can take p = 0. -
Assume now V > 0. Let v € W3 4(R?\ X) be such that {[v] # 0} C Bg and [v] -vx =0
on X. For every ¢ € R it holds u + ev € A(R, V), hence

E(u, R) < E(u+ev, R),
which implies

/ CEu-Eudx < (CE(u+5v)~E(u+sv)dx:/ CEu-Eudzx +
R3\E R3\E R3\E

+2€/ CEu~Evdaj+€2/ CEv-Evdz.
R3\® R3\%

By the arbitrariness of ¢ we get (3.6).
Let us now prove (3.7). We define two linear functionals L, M on the space of functions
¢ € C1(R?) with supp(Vy) cC R3:

L(yp) := RS(\CEEU-E(cpu) dz,
M(p) = /B olu] - vs dH?.

For every ¢ € C1(R?) with supp(Vy) CC R? such that M(p) = 0, we consider (1 + ep)u
with € € R. For || small enough we have (1 + ep)u € A(R,V), hence, arguing as before,
we get
CEu-E(pu) dx = 0.
R3\ ¥

Therefore, M(p) = 0 implies L(¢) = 0, which, by linearity, implies that there exists a
constant p € R such that L = pM, ie., (3.7) holds. Taking ¢ = 1 and recalling that
V >0, we get p>0. O

Remark 3.3. Equation (3.6) has two important consequences. Indeed, it means that the
function u solution of (3.5) is a weak solution of div(CEu) = 0 in R®\ X. Moreover, given
v,w € Wy 4(R*\ ) such that [v] = [w] on ¥\ Bg and [v] - vs = [w] - vs on ¥, we have
that v — w is an admissible test-function for problem (3.6), hence

(3.8) CEu-Evdr = | CEu-Ewdz.
R3\% R3\%
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Remark 3.4. When V' > 0, equality (3.7) implies, taking ¢ =1,
1

= — CEu-Eudz.
V R3\Z

p
Remark 3.5. Let us now explain why the constant p defined in Proposition 3.2 can be
interpreted as the fluid pressure. It is clear that, if u is the solution of (3.5) without the
non-interpenetration condition, then p is simply a Lagrange multiplier, hence we have

(3.9 / CEu-Evdz = p/ [v] - vs dH?
R3\S Br

for every v € Wi 4(R?\ ¥) such that {[v] # 0} C Bg, thus u satisfies the boundary
condition (CEu)rvs = —prg on L. This means that the force exerted by the fluid on
the upper part of the cavity has intensity p and is directed along the normal vy, so we
are allowed to consider p as the fluid pressure. Strictly speaking, according to the formula
of the boundary condition, the pressure p is acting along the normal to the crack in the
reference configuration rather than in the deformed configuration. This does not affect our
interpretation, since we are dealing with a linearized model.

To justify the same interpretation of p when the non-interpenetration constraint is con-
sidered, we have to prove that (3.9) holds for a sufficiently large class of functions in
Wie(R*\ ).

Proposition 3.6. Let u be the solution of (3.5) with V' >0 and R > 0. Then (3.9) holds
Jor every v e Wi o(R*\ ) such that {[v] # 0} C Br and |[v] - vg| < Clu] - v for some
constant C' > 0.

Proof. When V =0 we have u = 0 and the statement is trivial with p = 0.

Assume now V > 0. Let v be as in the statement of the Proposition. In view of (3.8),
we can modify the functions u and v, provided we keep the same values for [u] - vy, and
[v] - vs. We fix a function @ € W%,G(]R?’ \ ) with compact support, of the form (0,0, i3),
such that @ = 0 for z3 < 0 and (d3)" = [d4] - vs = [u]-vs on . Similarly, we fix
b € W 4(R*\ ) with compact support of the form (0,0,%s) such that & = 0 for x5 <0,
(03)" =[0] - vs = [v] - v on B, and
(3.10) i3] < Ctiz  a.e. on R3\ X.

We now need to approximate ¢ and v by truncations. Let T} : R — R be the truncation
function defined by Tx(s) = —k if s < —k, Ti(s) = s if —k < s < k, and Ty(s) = k if
s > k. We shall also use the function Sy : R — R defined by Si(s) := s — Ti(s). We
use the same symbols for the maps T}, Sk : R — R? defined componentwise by Ty(s) :=
(Th(s1), Th(s2), Ti(s3)) and Sk(s) := (Sk(s1), Sk(s2), Sk(s3))-

It follows from (3.10) that for every k € N

|81k (T (03))| < CTy(3) a.e. on R3 \ 2.
In particular Sy 4 (Tk(03)) = 0 where a3 < 1/(kC).
By the properties of 4, for every £k € N we have
0 < [Ti(0)] -vs =Tk([4]) - vs <[u]-vs on X.

Repeating the argument used to prove Proposition 3.2, we deduce that there exists pr € R
such that, for every ¢ € C1(R3) with supp(Vy) CcC R?,

(3.11) / CEu - E(pTy (1)) dx :pk/ o[Tw(0)] - vs dH2.
R3\X Br

Since Ty (4) — @ in W3 4(R?*\ X), passing to the limit as k¥ — +oco in (3.11), and using (3.7)

and (3.8), we get pr, — p.
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We define the functions
S1k(Ti(03(2))) .. .
wh(z) = Tilis() @70
Then w” € W3 ¢(R?\ X) N L>®(R?\ ¥) and supp(w”) C supp(d). In particular, w* =0
for 23 < 0 and w§ € W} 4(R3) N L°(RY). Hence, for every k there exists a sequence
(p¥); in C°(R?) such that [[@}|peoms) < [|wh]|Loe@s) and @F — wf strongly in W3 5(R3)
as j — +o00.

We consider now the sequence go?T k(4) in W3 4(R?\ X). By the dominated conver-
gence theorem, we get @¥Ty (i) — Sy/(Tk(0)) strongly in W3 (R*\ ) as j — +oo.
Since Sy (Tk(0)) — © strongly in W 4(R® \ ¥) as k — 400, by a diagonal argument
we find a sequence ¢ in C°(R?) such that ¢pTx(d) — 0 in W3 o(R3\ ). Since (3.8)
and (3.11) hold, using the equalities [¢] - vy = [u] - vs and [0] - vs = [v] - vs on X, we get

and wh(x) == (0,0,wk (x)).

/ CEu-Evdz = / CEu-Etvdz =lim | CEu-E(ppTk(0))dx =
R3\X R3\X k R3\ X

=li,gnpk/ k[T (@) - vs H? =p/ [v] - vs dH?,
Br

Br
and this concludes the proof. O

Remark 3.7. Integrating by parts, thanks to Proposition 3.6 we get that the solution w
of (3.5) satisfies the boundary condition (CEu)vy = —pvs on {[u] - vs # 0}, which is the
part of the crack occupied by the fluid. Therefore we can repeat the argument of Remark 3.5
on the set {[u] - vs # 0} and we conclude that p can be interpreted as the fluid pressure.

Let us now consider the quasi-static evolution problem. Let T > 0 be fixed and for every
t €10, 7] let V(t) be the volume of the fluid present in the crack at time ¢. It is natural to
assume that this quantity can be controlled during the process, so we consider it as a datum
of the problem. For technical reasons, we assume that V € AC([0,T]; [0, +00)), the space
of absolutely continuous functions on [0,7] with values in [0, +00).

To describe the quasi-static evolution it is convenient to introduce the reduced energy
Emin(R, V) defined for every R > 0 and every V > 0 by

1
(3.12) Emin(R,V):= min E(u,R)= min - [ CEu-Eudzr+ krR?.
u€A(R,V) uweA(R,V) 2 Jpa\x

In order to make explicit the dependence of &,,;,(R,V) on R and V, let us denote by
ur the solution to the minimum problem defining &,,;n(R,1). It is then easy to see that
Vupg is the solution of (3.12) and

V2
Emin(R, V) = — | CEug Eugdz + xmR?.
R3\Z

Moreover, by the uniqueness of the solution to (3.12) it follows that

1 T 1
(3.13) up(x) = = w1 (—) and / CEug-Eugpdz = —/ CEu; -Eu; dx .

R2 R R3\Z R3 RS\E
Therefore

V2 5
1
where K := 7/ CEuq - Euq dx. Since
R3\Z
d V2

(3.15) —Emin(R, V) = —-3K—; + 2xk7R,

dR R4
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1/5
3KV? /
2KT :

we note that the unique minimum point of R +— &Ein(R,V) is R = (
Hence, if we fix R > 0, the unique solution to the minimum problem

min Epin (R, V)
R>R

is given by

2KRT

R, = max {R, <3KV2>1/5 } .

In this simplified setting, since the function R +— &, (R, V) is convex, Griffith’s stability
condition expressed by the inequality

d
(3.16) ﬁfmm(R(t), V) >0 for every t € [0,T]
is equivalent to the global minimality condition: for every ¢ € [0,T]
(3.17) Emin(R(t), V(1)) < Enin(R, V(1)) for every R > R(t),

which in this case reduces to

(3.18) R(t) > (

The use of (3.17) instead of (3.16) allows us to state the problem in a “derivative-free”
setting, in the framework of rate-independent evolution processes considered in [13]. This
will be useful in the next section where we deal with more general crack shapes.

Since the fracture process is irreversible, we require that R(-) is increasing. Finally, we
impose an energy-dissipation balance: the rate of change of the total energy (stored elastic
energy plus energy dissipated by the crack) along a solution equals the power of the pressure
forces exerted by the fluid.

This leads to the following definition.

BKV2(1)\ '/
2()> for every ¢ € [0,T7].
KT

Definition 3.8. Let 7' > 0 and V € AC([0,T];[0,4+00)). We say that a function R :
[0,T] — (0,400) is an irreversible quasi-static evolution of the penny-shaped hydraulic crack
problem if it satisfies the following conditions:

(a) irreversibility: R is increasing, i.e., R(s) < R(t) for every 0 < s <t < T}

(b) global stability: for every t € [0,T],

Emin(R(), V(1)) < Emin(R, V(1)) for every R > R(t);

(¢) energy-dissipation balance: the function ¢ — &, (R(t), V(t)) is absolutely contin-
uous on the interval [0,7] and

& Enin (R0, V(1)) = p(1)V (1)

for almost every t € [0,T], where p(t) is the pressure introduced in Proposition 3.2.

While in the tecnological applications to hydraulic fracture it is natural to suppose that
V' is increasing, the problem makes sense even without this assumption. For instance, if in
a time interval V' is decreasing, which means that some liquid is removed from the cavity,
by the irreversibility assumption we expect that R remains constant in that interval and
that the crack opening decreases to accommodate to the volume constraint. This is a direct
consequence of the formula (3.20) proved in the next theorem.

We are now ready to state the main result of this section.

Theorem 3.9. Let V € AC([0,T];[0,+00)) and Ro > 0. Assume that (stability at time
t=0)
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for every R > Ry. Then the unique irreversible quasi-static evolution R, : [0,T] — (0, +00)
of the penny-shaped hydraulic crack problem, with R(0) = Ry, is given by

(3.20) R.(t) = max{Ro, (25)1/° vf/"’(t)} :

2R

where V. (t) is the smallest monotone increasing function which is greater than or equal to
V(t), i.e., Vi(t) = max V(s).

0<s<t
When V is increasing we recover the explicit solution considered, e.g., in [3], see also [?].

Remark 3.10. In view of (3.18) condition (3.19) amounts to

K12 1/5
Ry > (3‘/(0>) ,
2k

To prove Theorem 3.9 we need the following lemmas. In the first one we prove the
absolute continuity of the function V.

Lemma 3.11. Let V € AC([0,T7;[0,+00)) and for every t € [0,T] set Vi(t) = Orgai(tV(s).
Then V, € AC([0,T1];[0,4+0c0)) and o

(3.21) Vi(t) = V() y=v,(t) for a.e. t €1[0,T].

Proof. As V € AC([0,T7;]0,+00)), there exist two increasing absolutely continuous func-
tions V1, V5 : [0,T] — [0, +00) such that V = V; — V2. Note that

(322) V*(tz) - V*(tl) S Vl(tz) - V1 (tl) for every 0 S tl S t2 S T.
Indeed, for every t; < s < to

V(s) = Vi(t1) S V(s) = V(t1) = Vi(s) = Va(s) = Vi(t1) + Va(t1)
< Vi(te) — Vi(t1) — (Va(s) — Va(t1)) < Va(t2) = Vi(t),

and by the definition of V, this implies (3.22). As V] is absolutely continuous, from (3.22)
we deduce the absolute continuity of V.

Since the function Vi, is locally constant on the open set {¢t € [0,T] : Vi(t) > V(¢)},
we have V, = 0 on this set, while V,(¢) = V() for a.e. £ € {t € [0,T]: Vi(t) = V(t)}.
Therefore (3.21) holds. U

Lemma 3.12. Let V € AC([0,T];[0,4+00)) and Ry > 0. Assume that Ry satisfies (3.19).
Then R, : [0,T] — (0,400) given by (3.20) is the smallest increasing function which satisfies
the global stability condition (b), with R(0) = Ry.

Proof. Let R(t) be an increasing function with R(0) = Ry that satisfies the global stability
1/5
condition (b). In view of (3.18) we have R(t) > (M) for every t € [0,7]. Since

2K

R(t) > R(s) for every s,t € [0,T] with s <t, we get

R(t) >
( ) s 2k 2k

T 0<s<t

which implies R(t) > R.(t).
As R.(t) satisfies (3.18) for every ¢ € [0,T], the function ¢ +— R,(t) satisfies the global
stability condition (b). O

We now prove that R, : [0,7] — (0,400) defined by (3.20) is an irreversible quasi-static
evolution of the penny-shaped hydraulic crack problem.
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Proof of Theorem 3.9 (existence). It remains to prove the energy-dissipation balance (c).

Let us set
an — 2RT i R/
07 3K 0 -

By (3.20), if Vi(t) < ap then R.(t) = Rp. Assume there exists ¢ € [0,7] such that

V(t) > ap and let ¢ := inf{t € [0,T] : V(¢t) > ao}. Then R.(t) = Ry for ¢t € [0,t], while
3V /P _

R.(t) = (W) and V. (t) € [ag, +o0) for t € [£,T].

By Lemma 3.11 and the Lipschitz continuity of the function a — a
deduce that R.(-) is absolutely continuous on [0,7]. Then, as

2/5 on [, +00) we

V3(t
Emin(Ri(2),V(t)) = KR3 Eti + kTR (t) for every t € [0,7T],

it follows that & (Rs(:), V() is absolutely continuous on [0,7] and
d VeV V2(t)
e Emin (Rel0). V() = 2K =g % 4 Rt (2mR* (1) = 3K 35 (t)) for a.e. t € [0,T].
Since, by Remark 3.4 and (3.14), p(t) = 2K I‘-'i/?’((tt)) for every t € [0,T], while by (3.20) and
Lemma 3.11 the product R,(t) (QKJWR*(t) —3K XEEED is equal to 0, we get

d .

2 Emin(Bu(6), V(1)) = p(t)V (1),
and this concludes the proof of the existence of an irreversible quasi-static evolution for the
penny-shaped hydraulic crack problem. O

The next result establishes some regularity properties of a solution that will be used to
prove the uniqueness.

Lemma 3.13. Let V € AC(]0,T);[0,400)) and let R:[0,T] — (0,400) be an irreversible
quasi-static evolution of the penny-shaped hydraulic crack problem with R(0) = Ry. Then
R(-) is continuous on [0,T] and is absolutely continuous on every compact set contained in

I:={te[0,T]: R(t) > R.(t) and V(t) > 0}.

Proof. Let R:[0,T] — (0,+00) be an irreversible quasi-static evolution of the penny-shaped
hydraulic crack problem with R(0) = Ry. By condition (c) of Definition 3.8 the function
t — Emin(R(t),V(t)) is absolutely continuous and by Lemma 3.12 R(t) > R.(t). Let us
show by contradiction that R is continuous. Assume € [0,7] is a discontinuity point.
Since t — R(t) is increasing and, by (3.14), the function R — &, (R, V(1)) is strictly
increasing for R > R, (t), we have

W Epin (R(5), V(5)) = Emin(R(E), V(1)) < Emin(R(EF), V(T)) = lim Ennin (R(s), V (s))
s/t s\t

which contradicts the continuity of ¢ — i (R(t), V(1)).
Let us define the function eg : [0,7] — R as

*) +er§+/ pr(s)V(s)ds,

(3.23) en(t) = K—pg i

where pgr(t) is the pressure function introduced in Proposition 3.2 in the case R = R(t)
and V =V (¢t). By Remark 3.4 and (3.13) we get

V2(0)

€R(t) =K R3
0

+ kT R} +2K/0 V(];zgs)ds.
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Since R(t) > Ry on [0,7T] and V € AC([0,T1];[0,+00)), it follows that er € AC([0,T];R).
By the energy-dissipation balance condition (c¢) of Definition 3.8 and by (3.14)

_ VR

(3.24) Emin (B0, V(8)) = K 355

+ kT R%(t) = er(t) for every t € [0,T].

Let F(B) := 45 + knB? for every B € (0,400). It is easy to see that F belongs

1/5
to C°°((0,+00)), it is strictly increasing and strictly convex on J := ((ﬁ) ,+oo).

2K
Therefore, F|; is invertible and F~!, the inverse of F|;,is C!.
For every t € I let B(t) := RO Thus, by (3.24)

V2/5(1) -
K €R(t>
F(B®t)) = B2(t) = )
( ( )) Bg(t) + KT ( ) V4/5(t)
Since t € I we have B(t) > V@;gt()t) > (%)1/5, hence
(3.25) B(t) = F*l( 240) ) for every t € I.
VA5 (¢)
Since ‘;‘4%'().) is bounded and absolutely continuous on every compact set contained in I,
we deduce that B(-) is absolutely continuous on the same sets and so is R(-). O

To prove the uniqueness of the quasi-static evolution, we need the following lemma on
absolutely continuous functions.

Lemma 3.14. Let f,g: [a,b] — R be two functions satisfying the following properties: f
is absolutely continuous on [a,b], g is continuous on [a,b], and there exists an open set
A C (a,b) such that f =g on (a,b) \ A, and g is constant on each connected component
of A. Then g is absolutely continuous on [a,b].

Proof. Let us fix € > 0 and choose § > 0 such that for every finite family of pairwise disjoint
intervals {(s;,t;) }ier, with s;,t; € (a,b) and X;er(¢;—s;) < 0, we have Z;er|f(t:)— f(si)] <
€.

If the interval (s;,t;) is contained in a connected component of A then, by our hypotheses
on g, we have g(t;) = g(s;). Let I' :={i € I : (s;,t;) ¢ A} and let ¢ € I'. Then there exist
shyth € (a,b) \ A such that s; < s; <t/ <t; and (s;,8}), (t;,¢;) C A. Indeed, if s; ¢ A we
take s, = s;. In the opposite case s; belongs to a connected component (o, 3;) of A and
we take s} = ;.

It follows that ¢ is constant on (s;,s}) and, by continuity, g(s;) = g(s}) = f(s}), where
the last equality holds since s, € (a,b)\ A. Analogously we get g(¢;) = g(t;) = f(¢;). Hence
Sierlg(ti) —g(si)| = Sierlg(ts) — g(si)| = Tier |f(t)) — f(s})] < e, which shows the absolute
continuity of the function g on (a,b), and, by continuity, on [a, b]. O

We are now ready to prove that R, defined by (3.20) is the unique irreversible quasi-static
evolution of the penny-shaped hydraulic crack problem with R.(0) = Ry .

Proof of Theorem 8.9 (uniqueness). Let R :[0,T] — (0,+00) be an irreversible quasi-static
evolution of the penny-shaped hydraulic crack problem with R(0) = Ry. By Lemma 3.12
R(t) > R.(t) for every t € [0,T] and by Lemma 3.13, R is continuous on [0,7].

Let us assume by contradiction that R # R, . Then there exists an interval (a,b) C [0, 7]
such that R(a) = R.(a) and R(t) > R.(t) for every t € (a,b). Let

(3.26) A:={te€(a,b):V(t)>0}.
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By Lemma 3.13, the function R is absolutely continuous on every compact set contained
in A, hence it is almost everywhere differentiable on A. Recalling (3.14) and the energy-
dissipation balance condition (c) of Definition 3.8, we get

i (R(0). V() = pa)V () + () (257 R(0) ~ 3K 1o D) = pr(0)V 1)
for a.e. t € A, hence
(3.27) r(t) (25 R(1) 3K;z8) —0  forae tcA
Since R(t) > R.(t) for every ¢ € (a,b), by the definition of R, we have
omrR(L) — 3K gjgg _ %Smm(R(t), V() >0 onA.

The previous inequality and (3.27) imply that R(t) = 0 for a.e. t € A, thus R is constant
on each connected component of A.

Moreover, by (3.24), we have kmR?(t) = eg(t) for every t € (a,b) \ A. Hence applying
Lemma 3.14 with

f= e—R, g = R? and the set A defined in (3.26),
KT
we obtain that R? is absolutely continuous on [a,b].

By (3.23), for every ¢ € (a,b) \ A we have

2/ er(t) B i V2(0) ) /t )
R*(t) = o (K I + kTR + ; pR(S)V(S)dS).
Since V € AC([0,T7],[0,400)) and V(t) =0 for every ¢ € (a,b) \ A, we obtain
d 1

(3.28) R%*(t) = apR(t)V(t) =0 forae. tc(a,b)\ A

dt
As R(t) = 0 for a.e. t € A, we deduce that R(t) = 0 for a.e. t € (a,b), and therefore,
being continuous, the function R(-) has to be constant on [a,b]. As a consequence, for every
t € (a,b) we have

R(a) = R(t) > R.(t) > R.(a) = R(a),

which is a contradiction. Therefore, R = R, and the proof of uniqueness is concluded. O

4. A MORE GENERAL MODEL

In this Section we present a more general model, where the admissible cracks are not
supposed to be circular. As in the previous case, the body is linearly elastic, impermeable,
unbounded, for simplicity filling all of R3, and the crack path is prescribed a priori: the
admissible cracks lie on the horizontal plane ¥ passing through the origin. We now drop
the assumption that the body is isotropic and homogeneous outside the crack, thus we do
not expect any symmetry of the fracture. This requires a new class of admissible cracks. For
technical reasons, we still need some regularity of the relative boundary of the crack in 3.
This is provided by the interior ball property (see condition (c) below).

Definition 4.1. Fix r > 0. We say that I' € Adm,.(X) if it satisfies:

(a) T is a compact and connected subset of X;
(b) 0Ty
(c) for every x € OI" there exists y € I' such that « € 9B,(y) and B,(y) CT.
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Here and henceforth, all topological notions (boundary, interior part, balls, etc.) are
considered with respect to the relative topology of 3.

In [16] it is shown that condition (c¢) implies the existence of a radius 0 < r’ < r such that
every I' € Adm,.(X) can be written as the closure of a union of balls of radius r'. In partic-
ular, ' can be taken equal to r/2. By the Lindeloff’s theorem, this union can be assumed
to be countable. This fact will be useful in the proof of the continuity of the Hausdorff
measure H? with respect to the Hausdorff metric in Adm,.(X) (see Proposition 4.6).

The body outside the crack is supposed to be linearly elastic, with elasticity tensor C.
Because of the lack of homogeneity, the elasticity tensor is a function of the space variable,
which will be assumed to be measurable. As usual, for almost every z € R? the function
C(x) : M — M3 is linear, symmetric, and positive definite. We assume that there exist two
constants 0 < o < 3 < 400 such that for almost every = € R?

(4.1) a|F|? < C(x)F-F < 8|F|? for every F € M.
In this new setting the total energy of the body is given by

E(u,T) := 1 CEu-Eudx + vH*(T),
2 Jra\x
where k is a positive constant (see the comments following (3.3) for the physical meaning
of these terms).

As in Section 3, we assume that the region between the crack lips in the deformed con-
figuration is partially filled by a prescribed volume V' of an incompressible fluid. The
equilibrium of the elastic body with a crack I" € Adm,.(X) is achieved if the displacement u
is the solution of the minimum problem

(4.2) ueir}i(%v)g(u,l"),
where
A*(T,V) = {u € VV%,G(]R3 \Y): {[u] #0} CT, [u]-vs >0, /F[u] cvs dH? > V}.

The existence of a solution of (4.2) can be obtained by the direct method of the calculus of
variations, while the uniqueness follows from the strict convexity of the functional and the
convexity of the constraints.

Remark 4.2. As in Remark 3.1, the minimum problem (4.2) is equivalent to

(4.3) uer/r\l(irr{‘/) E(u,T),
where
A V) i= {u e W@\ ) ([ 20} €T [u] v 2 0, [ [ vw i =V},

As in Proposition 3.2, if u is the solution of (4.3) with T' € Adm,.(¥) and V > 0, then, for
every v € Wi (R?*\ ¥) such that {[v] # 0} €T and [v] - vz =0 on X, we have

/ CEu-Evdx = 0.
R3\Z
Moreover, there exists a constant p > 0 such that
CEu-E(pu) dx = p/ olu] - vs dH?
R3\S r
for every p € C1(R3) with supp(Vp) CC R3. In particular, for ¢ = 1 we get

1
(4.4) p=— | CEu-Eudx.
R3\E
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We also have
/ CEu-Evdz :p/[v] vy dH?
R3\ S r
for every v € W} (R3\ X) such that {[v] # 0} C T and |[v]-vs| < C[u]-vs for some C > 0.
We set p:= 0 when V = 0. As in Remark 3.7, this constant p > 0 is interpreted as the
fluid pressure.

Let us now describe the quasi-static evolution of hydraulic cracks in this setting. Fixed
T > 0, for every t € [0,T] we denote by V(t) the volume of the fluid present in the crack
at time ¢. We assume V € AC([0,T1; [0, +00)).

It is convenient to introduce the reduced energy &,in(I’,V) which is defined for every
I'e Adm,(¥) and V >0 by

in (L = i I).
Emin(D, V) uer}(ll{l’v)é’(u, )

The global stability condition is now expressed by
Emin(L(), V() < Emin(T, V(1)) for every I' € Adm,.(X), T D I'(¢).

Since the process is irreversible, we require that I'(-) is increasing. Finally, we impose an
energy-dissipation balance: the rate of change of the total energy along a solution equals
the power of the pressure forces exerted by the fluid.

This leads to the following definition.

Definition 4.3. Let T > 0 and V € AC([0,T],[0,+00)). We say that a set function
I':[0,T] = Adm,(X) is an irreversible quasi-static evolution of the hydraulic crack problem
if it satisfies the following conditions:
(a) irreversibility: T is increasing, i.e., T'(s) C T'(¢) for every 0 < s <t < T';
(b) global stability: for every t € [0,T],
Emin(L(),V(t)) < Emin(T, V(1)) for every I € Adm,.(X) with T D T'(¢);
(¢c) energy-dissipation balance: the function t — &, (T'(t), V(¢)) is absolutely continu-
ous on the interval [0,7] and
d .
73 Emin((2), V(1) = p()V (1)
for almost every ¢ € [0,T], where p(t) is the pressure introduced in Remark 4.2.

We are now in a position to state the main theorem of this paper.

Theorem 4.4. Let V € AC(]0,T],[0,40)) and Ty € Adm.,.(X). Assume that (stability at
time t=10)

(4.5) Emin(Lo, V(0)) < Enin (T, V(0))

for every T' € Adm,.(X) such that T' 2 T'g. Then there exists an irreversible quasi-static
evolution T' of the hydraulic crack problem, with T'(0) =Ty .

Let us first establish some properties of the admissible cracks.

Proposition 4.5. The following facts hold:

(a) T=T for every T € Adm,();
(b) I'1,Ty € Adm,.(X) = T1UT'y € Adm,.(2).

Proof. Property (a) follows immediately from the definition.

Let us prove property (b). Given I'y,I'y € Adm,.(X), the set T'; UTy contains 0 and
is closed and connected. Since for every x € 9(I'; UT), there exists ¢ = 1,2 such that
x € JI';, by Definition 4.1, there exists y, € I'; such that B.(yz) CT; C Ty UTy and
x € 0B, (y,). Hence T'y UTy € Adm,.(X). O
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Proposition 4.6. Let T',, be a sequence in Adm.(X) and let K,T' be compact subsets
of ¥ such that T',T',, C K for every n € N and I';, — T in the Hausdorff metric. Then
I € Adm,.(X) and H?*(T,,) — H*(T).

Proof. Let us first prove that, if I, — I' in the Hausdorff metric, then

(4.6) lim sup d(y,dT,) =

n yedr
By contradiction, suppose that (4.6) is false, then there exist ¢ > 0 and a subsequence, still
denoted by I',, such that sup,csr d(y,dTy,) > 2¢ for every n € N. We can choose y,, € T
such that d(y.,,0I',) > 2. Up to another subsequence, we can suppose y, — 7 € 0I'. By
the triangle inequality, we can easily prove that d(g,dT,) > ¢ for n large enough, hence

(4.7) B.(7) N ar, = 0.

To show that this is a contradiction, let us fix z € B.(y) \I'. Since I';, — T' in the
Hausdorff metric, we have z ¢ T',, for n large enough. On the other hand, since 5 € T,
there exists a sequence g, — y with g, € I',,. For n large enough, 7, € B.(y). Since
z ¢ T, in the segment between g, and z there exists a point of dT',, for n large enough.
This contradicts (4.7) and proves (4.6).

It is easy to see that I' contains 0 and is closed and connected. By (4.6), for every
y € JI', there exists a sequence y, € OI',, such that y, — y. For every n € N, by
Definition 4.1 we can find z, € I, such that B,(z,) €T, and y, € 0B, (z,). Up to a
subsequence, z,, — x € I' and B,(x,) — B,(z) in the Hausdorff metric. Hence y € 9B,.(z)
and B,.(z) C T, which gives I' € Adm,.(X2).

It remains to prove that H?(I',,) — H?(T'). The measure is upper semicontinuous with
respect to the Hausdorff metric, so we have only to prove

H2(') < liminf H3(I,).

Thanks to [16], we have
(4.8) U g

for some z;} € Ty,

Consider {zx} C I' a countable dense set in T'. By the Hausdorff convergence, for every
k € N there exists a sequence z} € T',, such that 2} — z;. Using (4.8) we deduce that
there exists a sequence yp such that y; € I'n, Bz (yy) C Ty, and 27 € Bz(y;). Up to a
subsequence, we can assume that y;! — yx € ' for every k € N, so that Bz (y) — Bz (yx)
in the Hausdorff metric and x) € Bz (yx) C I'. Therefore

I'=JBsw) = JBsww)

kEN keN
Let us consider the sets 'V := Uszo B:(y), T Uk _o Bz (y;) and the functions
N N
_ _ N . _ _
=D T, 90 = 21
k=0 k=0

By the dominated convergence theorem

N

2 Ny = lm 2.'1/':
H<F)_Z/B;<yk) N(z) )= Z/ ymﬁn )

k=0
= lim H*(T'Y') < lim inf H*(T n)
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If we pass to the limit as N — +o0, we get H*(I'N) — H?(Uyen Bz (yk)) , so we are led to
prove that

(4.9) H? (r\ | B: (yk.)) —0.
keN

Assume, by contradiction, that (4.9) is false. Then there exists # € I'\J; ¢y Bz (yx) such
that

=1.

. H? (Bp(x) nr \ UkeN E% (yk))
(410) I8, H2(B,(x))

We can find a ball Bz (y) € Uey Eg (yx) such that = € E% (y), hence
B,y(@) NT\ | By (wk) € B,(x) \ Bs (v),

keN
so we get
B, AT\ U By ) HB,0)\By(y) 1
im < lim = -,
i H2(B,(x)) 0 H2B,@) 2
which contradicts (4.10). O

Remark 4.7. In this way we get also 1p, — 1 in L1(X). Indeed, since

H2 (T | By () =0,
keN

we have that 1r, (z) — 1p(z) for a.e. € ¥ and, by the dominated convergence theorem,
we obtain the convergence in L!(X).

Proposition 4.8. Let I' € Adm,(X). Then diam(I') < 2H*(T) +r

Proof. First we prove that ' € Adm,(X) is path-connected. Indeed we can follow the
standard proof for open sets and show by contradiction that for every two points =,y € ',
there exists a chain of balls joining them, i.e., there exist Bz (£1),...,Bz (&) € T' such that
z € Bz (&), y € Bz(&) and Bz (&) N By (&i41) # @ for every i = 0,...,k — 1. Assume
that this is not true, then there are two points z,y € I' for which there is no chain. We
define

Ty :={z € T': there exists a chain joining z,y},

Iy := {z € T : there is no chain joining z, y}.
Of course I' =Ty UT'y and I'y NI’y = @. The set I'; is nonempty, since y € I'1, and closed.
Indeed, given zp in I'y; such that z, — z, then z € T' and there exists a sequence &, in T’

such that z;, € E% (€n) € T'. We can assume &, — &, € € T', hence Br(£n) — E% (¢) in
the Hausdorff metric. This implies z € Eg (&), so z € T';. Also the set I'y is nonempty,
since x € I's, and closed. Let z; be a sequence in I's such that z;, — z. We have z € T".
By contradiction, assume that z ¢ T's, then z € T';, which implies the existence of a chain
joining z and y. For every h € N we can find &, € T' such that z, € E% (&) €T and
&n — €. Then Bz (&) — Bz (€) in the Hausdorff metric and z € Bz (¢) € T'. We deduce
that z, € I'y NI’y for h large enough. Hence I's is closed and I' is the union of two
closed, disjoint and nonempty subset of I', which is in contradiction with the fact that I is
connected. Therefore I' is path-connected.

Given z,y € T', we have to estimate the distance [ := d(z,y) in term of H2(T). Let
v :[0,1] — T be a continuous curve such that v(0) = z and (1) = y. We take the lines
perpendicular to the segment [z,y] at distance from x a multiple of r and intersecting
[z,y]. They intersect the segment [z,y] in x = zg, x1,..., T,. Let us define the segments
I = [xp_1,2%) for k=1,...,n. For h € [0,(n+1)/2]NN, let &p41 be the middle point of
the segment Iopy1 and let Ssap41 be the line perpendicular to [x,y] passing through &opy1.
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These lines intersect the curve 7 in (op41. For every h, there exists a ball Bz (yan41) CT
such that (opy1 € §% (y2n+1). These balls are mutually disjoint, hence we have

i1
2r 2

%2 < HA(D),

™
87'("/‘ 87" =

which implies

1< §H2(F)+r,
wr

and the proof is thus concluded. O

Let us now comment on the initial condition of Theorem 4.4.

Remark 4.9. If the set Ty € Adm,.(X) does not satisfy the stability condition (4.5), we
define T'§ to be a solution of (4.5). In particular, I'{ minimizes Epin(I',V(0)) among all
I' e Adm,(2) with I' D T'§.

Therefore we can solve the problem considered in Theorem 4.4 with initial condition
I'(0) = T'§. A solution of (4.5) can be obtained by the direct method of the calculus
of variations. Indeed, a minimizing sequence I'y is bounded by Proposition 4.6, so, by
Theorem 2.1, we can assume 'y, — T' in the Hausdorff metric. For every k € N there
exists a unique u, € A(Iy, V(0)) solution of (4.3). Since uy is bounded in W3 ¢(R? \ X)
by Proposition 2.4, we have uj, — v weakly in W} (R3\ ), hence v € A(T,V(0)) and

gmin(l—‘7 V(O)) S E(U, F) S 1imkinf gmin(rlw ‘/Y(OD7
which shows that I' is a minimizer.

To prove Theorem 4.4 we need the following lemma.

Lemma 4.10. Let T'g, T}, T € Adm,(X) be such that Tg C Ty and Ty — T in the
Hausdorff metric. Let Vi,V >0 with Vi — Vi . Assume that

EminTr, Vi) < Emin(T, Vi) for every I' € Adm,.(¥) with T D T'y.
Then
(4.11) Emin(Toos Vo) < Emin(T, Vao) for every ' € Adm,.(2) with T' 2 Ty

Let ug,us be the solutions of (4.3) corresponding to Tk, Vi and T, Voo and let pi,poo
be the corresponding pressures according to Remark 4.2. Then ui — us in \7\7%’6(R3 \ X)),
Pk — P s and gmin(rlm Vk) - gmin(rom Voo) .

Proof. Let us fix wy € A(Tp,1).
For every T' € Adm,(3) such that I' D ', let vr € A(T, Vi) be the solution of (4.3).

For every k we define fk =T Ul and

ur

{ or + (Vi = Vo) ——  if Voo > 0,
Vg i — Voo

Then fk € Adm,.(X) by Proposition 4.5, 'y, C fk, fk — I' in the Hausdorff metric, and,
by Proposition 4.6, H*(I'y) — H*(T), vx € ALk, Vi) and vp — vp in W3 o(R3\ ¥). By
hypothesis we have

(4.12) Emin(Th Vi) < Emin(Tr, Vi) < E(vg, Ti).

By Proposition 2.4, this implies that u; is bounded in W%}G(Rs \ ¥), hence, up to a sub-
sequence, up — u weakly in W3 ¢(R*\ X) and u € A(Ts, Vo). By lower semicontinuity,
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taking also into account (4.12), we have
(4.13) Emin(Too, Vo) < E(u,I') < limkinf Emin(Ti, Vi) <

< limsup Ennin (T, Vi) < limsup (v, T) = E@r,T) = Emin(T, Vi),
k k

which proves (4.11). In particular, taking I' =T'y, (4.13) shows that u satisfies
E(U,Foo) = é’min(l‘w, VOO) = h}gn gmin(l_‘ka Vk) = 11]21’1 5(uk, Fk).

By the uniqueness of the solution of (4.3), the whole sequence uj converges to u., strongly
in W3 4(R?\ ). From this convergence and Remark 4.2, it follows that py — pso, when
Ve > 0.

It remains to prove that p, — 0 if Vo, = 0. It is not restrictive to assume that Vj; > 0.
Since 'y C Ty, we have Viwy € A(T'y, Vi). By the definition of u; we have

CEuy, - Eugp de < V2 | CEuw - Bwy dx,

R3\% R3\S
hence (4.4) gives
(4.14) Pk < Vk (CE’U)O 'E’wo dx.
R3\%
Since Vi — Vo, = 0, this implies that pi — 0. O

Remark 4.11. By the same argument we can show that the function V — &,,;,(T,V) is
continuous for every I' € Adm,.(X).

Proof of Theorem 4.4. The proof is based on a time discretization process, see [6]. We
choose a subdivision of the interval [0,T] of the form t¥ := % for i =0,...,k. For every
k we define I'¥ recursively with respect to i: we set Tk := I'g and, for i > 0, I'¥ to be a
solution of

(4.15) min{&,in (L, V(t5)) : T € Adm,(¥), with T D T¥ ,},

whose existence can be proved as in Remark 4.9. We denote by u” the solution of (4.3) for
P=TFand V=V(t}).
As in the proof of Lemma 4.10, we get that uf are uniformly bounded in W3 ¢(R?\ %).
Moreover, the pressure pf associated to uf according to Remark 4.2 is bounded.
We define the step functions
up(t) :=ul, Typ(t):=TF, pp(t):=pF, forth<t< tf—&-l .
We now prove a discrete energy inequality. By (4.15) we have

(416) Smin(rf’ V(tf)) < gmin(rl?—lﬁ V(tf))

To estimate the right-hand side of the previous inequality, we fix wg € A(T'g,1) and intro-
duce the functions

uk ¢ &
—t— V(7)) >0,
wf = 1% (tf) i V(t)

Notice that w¥ € A(T'¥,1), and, by (4.14),

|Ewy || L2@s\s015) < M,

where M > Ile0||L2(R3\Z;M3).
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Since uf | + (V(tF) — V(téc Dwk | € .A(I‘i€ 1,\/(15?))7 by (4.16) we get

5min(rk ) ( f - V(tvl,‘c—l))wf—lvrf—l) =
k 2
:&nm(l“f_l,V(tf D))+ (V{ ) (tl 1) /(Cwa_l.wa_lder
2 R3\X

+(V(t) = V(1)) [ CEuj_, -Bw} ,dx <
R3\2
< (T VD) + AV [ Wlds oty [ V(s)ds
i—l ti—l

where 8 > 0 is the constant defined in (4.1) and

1
(4.17) Vi := 5 max \V(tf) - V(t?_1)|.
Iterating the previous inequality we get
tk

(418)  Epin (Te(8), V(E5)) < Emnin (Do, V/(0)) + BM2V; WMH/mwmw

In particular, (4.18) implies that H2(I'*(¢)) is uniformly bounded in time, hence, by Propo-
sition 4.8, T'x(¢) is uniformly bounded.

By Theorem 2.3 and Proposition 4.6, up to a subsequence we have I'y(¢t) — I'(¢) in the
Hausdorft metric for every ¢ € [0,7T] and the set function I': [0,T] — Adm,(X) is bounded
and increasing. Let wu(t) be the solution of (4.3) and p(t) be the corresponding pressure.
By Lemma 4.10, T satisfies the global stability condition (b) and, in addition, ug(t) — wu(t)
strongly in W3 5(R?\ ¥) and pi(t) — p(t) for every t € [0,T].

To prove the energy-dissipation balance, we first pass to the limit in (4.18) as k — +o0.
The second term in the right-hand side of (4.18) tends to zero as k — 400 because V is
absolutely continuous. Since py, is bounded in L*°([0,7]) and converges pointwise to p, we
have piV — pV in L'([0,T]) and we obtain

Emin(L(),V(t)) < Emin(To, V(0)) +/O p(s)V(s)ds.

For the opposite inequality, for every t € [0,T] we consider a subdivision of the interval
[0,#] of the form 7} := % defined for every k,h € N, k # 0, such that h < k. For every
h=0,...,k we set

fv
vi =4 V(rF) Vi) >

Therefore ||EU£||L2(R3\E;M3) < M and U(TFIL€+1)+(V(T}]§ V(Th+1))vh+1 € A (Th+1) V(ﬁf))
Since

Emin (F(Tllf)a V(T}lf)) < 5min(F(Tf’f+1)7 V(Tllf))v

we have
Emin (L), V(7)) < E(ulrhy)) + V() = V(mpp))vh 1, D)) =
k

= Emin(D(m741), VI(T41)) + (V) = V(73i0))? /
R

CEU,’:+1 ~Evl,fb+1 dz +
3\2

V) Vi) [ CButrk) Bk de <

k k 2 T T E AT
< 5mm(r(7'h+1)»v(7'h+1)) + BM*Vy, . [V(s)|ds — . p(h41)V (s) ds,

Th h
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where Vj, has been defined in (4.17). Iterating the previous inequality and defining p*(s) :=
p(T}]f+1) for 7} < s < T,’erl, we get

T . t .
(419)  Epin(To, V(0)) < Emin(D(), V(1)) + BM2Vi /0 IV (s)| ds — /O o ()V (5) ds.

Since T'(+) is an increasing function, by Theorem 2.2 there exists © C [0,7] such that
[0,77]\ © is at most countable and I'(-) is continuous at every point of ©. By Lemma 4.10
we have that s — u(s) is strongly continuous on Wj (R \ X) at every point of © and
s+ p(s) is continuous at the same points. This implies that p*(s) — p(s) for every s € ©.
By the dominated convergence theorem we get ka — pV in L'([0,t]) and, passing to the
limit in (4.19), we obtain

t
Emin(Lo, V(0)) < Enin(T(2), V(¢)) —/ p(s)V(s)ds.
0
This concludes the proof of the energy-dissipation balance (c). U

Let T': [0,T] — Adm,(X) satisfy Theorem 4.4. For every t € (0,7] we consider I'™ (¢)
defined, as in Theorem 2.2, by

(4.20) () := | | I(s).

We have T'(t) = T (t) and Enin (T~ (), V(t)) = Emin(L'(t), V (t)) for every t € (0,T] out of
a countable set.

Proposition 4.12. Let T': [0,T] — Adm,(X) satisfy Theorem 4.4 and let T~ (t) be given
by (4.20) for every t € (0,T]. Then

(4.21) Emin(T7 (1), V(1) = Emin(T(t), V(1)) for every t € (0,T].
Moreover,

Emin(L(t), V(1)) < Emin(T,V(t))  for every ' € Adm,.(X) with T DT (¢).
Proof. Since I'(s) — I'"(¢) in the Hausdorff metric as s " t, by Lemma 4.10 we get

Emin (7 (0), V(1)) = 11 Ein (0(5),V (5)).
By the continuity of s — &, (T(s),V(s)) we obtain (4.21).
Fixed T € Adm,.(X) with T~ (¢) C T, we have I'(s) C T for every 0 < s < ¢, hence

(4.22) Emin(L(8),V(8)) < Emin(T,V(s)).
and passing to the limit as s 't we get the thesis. O

Remark 4.13. Thanks to Proposition 4.12 we have that if T' : [0,7] — Adm,(X) satisfies
Theorem 4.4, the same is true for the function

¢ o) fort=0,
I'—(t) for0<t<T,

where I'"(¢) is defined in (4.20). We notice that in the energy-dissipation balance we
have to replace p(t) with p~(¢) which satisfies Proposition 3.2, extending it at ¢ = 0 by
p~(0) := p(0). Then the quasi-static hydraulic crack problem has a left-continuous solution.

Remark 4.14. Repeating the same steps, for every ¢ € [0,7) we define I'*(¢) as in Theo-
rem 2.2. As in Proposition 4.12 we obtain Ein(L(t), V(1)) = Emin(LT(t), V() for every
t € [0,T) and finally, as in Remark 4.13, we define the function

‘s () for0<t<T,
I(T) fort=T,
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which satisfies properties (a), (b), and (c¢) of Definition 4.3. Therefore, we get a right-
continuous solution of the problem. Note however that the right-continuous solution does
not necessarily satisfy the initial condition.
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