ON A VARIATIONAL APPROACH FOR WATER WAVES

D. ARAMA AND G. LEONI

ABSTRACT. Using a variational method due to Alt and Caffarelli [AC], we
study regularity and qualitative properties of local and global minimizers of a
functional with a variable domain of integration related to water waves.

1. INTRODUCTION

In a classical paper [AC] Alt and Caffarelli studied existence and regularity of
minimizers of the functional

7@ = [ (19060 + gm0y () @2 (x)) dx (1)
in the class

Ko := {u €L (Q): Vue (L} (Q))2 , U= Up On S}-

loc

Here € is an open connected set of R™ with locally Lipschitz boundary, S C 09 is a
measurable set with H"~! (S) > 0 and the Dirichlet datum ug on S is a nonnegative

function ug € L] (Q) with Vug € (LEOC(Q))2. The identity v = ug on S is to be
understood in the sense of traces.

Under the assumptions that @ is a Holder continuous function satisfying

0< Qmin S Q (X) S Qmax < 0, (12)

Alt and Caffarelli proved, in particular, full regularity of the free boundary £ N
0 {u > 0} of local minimizers for n = 2 and partial regularity for n > 3 (see also
the recent paper [CJK] for the case n = 3).

Note that when the free boundary QN9 {u > 0} is smooth, the Euler-Lagrange
equations of (1.1) are given by

Au=0 inQN{u>0},
u=0, |[Vul=Q onQnao{u>0}, (1.3)

u=uy onsos.

One of the main purposes of this paper is to study the loss of regularity of the
free boundary in the case Quin = 0. Note that in view of Hopf ’s boundary point
lemma at any regular free boundary point one has @ = |Vu| = —% > 0, where v
is the outward normal. Thus, if the free boundary touches a point xg at which @
vanishes, then xg cannot be a regular point. More precisely, if @ decays like ¢ (in
spherical coordinates), then by (1.3)2, the function u decays like r**1.
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In dimension n = 2 this leads to the formation of angles. Indeed (see e.g.,
Chapter 4 of [Gris]), the solution of the Dirichlet boundary problem
Av=0 in A,
v=0 on JA,

where A is the infinite sector given in polar coordinates by

A:={(r,0):r>0,0<0<w},

T . w0
v =rwsin (U) . (1.4)

Hence, if u decays like 71, then a blow-up argument gives w = QLH Note that in

is the function

[AC] the condition Qmin > 0 implies linear decay of minimizers, which corresponds
to a = 0, that is, w = 7, thus one expects a smooth free boundary.
For simplicity in this paper we consider n = 2 and the function

Q(z,y) =1/ (A—y) 4, (1.5)

where x = (z,y) € R x R, although all the results can be adapted to cover more
general functions of the type

Qzy)=((A—y),)" b>0.

The function (1.5) leads to the formation of angles of 27 at points at which the
free boundary touches the line y = A.

The motivation for this choice comes from water waves. Indeed, consider periodic
steady surface waves in a horizontal channel of uniform rectangular cross-section.
We neglect surface tension and we assume that the channel has a flat, rigid bottom
and that the water motion is two-dimensional, irrotational and in a vertical plane.
We choose the frame of reference so that the velocity field and the free surface
profile are time-independent and we assume that the free surface is the graph of a
function f. Thus

D={(x,y) ER*: 2€R, 0<y< f(z)},

represents the longitudinal section of the water domain, I' = {(z, f (z)) : = € R} is
the free surface, and y = 0 represents the bottom of the channel. For simplicity,
assume that f has period ¢, has a single crest per wavelength, and is symmetrical
about that crest. If v is the velocity of the fluid and p its density, the conservation
of mass and the fact that the fluid is irrotational, which are usually given in the
form
% +div(pv) =0 in D,

curlv=0 1in D,

under the present assumptions simplify to divv = 0 and curlv = 0 in D. Hence,
we may write v = (u,, —u;), where the potential u satisfies the following problem

Au=0 1in D.

Moreover, from Bernoulli’s theorem, in the steady motion of an inviscid fluid at
every point of the same streamline one has % + K =const, where p is the pressure
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and K is the energy per unit mass of the fluid. In the present setting this becomes
1
u=0, §|Vu|2+gy=R onT,

where g is the gravitational acceleration, R is the Bernoulli’s constant and K has
been taken as the sum of the kinetic and potential energy. Thus we are led to the
following free boundary problem:

Au=0 in D,
w(w+y) =ule,y) inD, (1.6)

1
u=0, §|Vu|2—|—gy=R on T,
u=q ony=0,

where ¢ is the volume rate of flow per unit span (see [AT] and [KK] for more
details).

In 1847 Stokes (see [Sto], [Sto2]) assumed that there exists a family of solutions
for this problem, which are parametrized by the height H of the wave, H := max f—
min f, and he conjectured that there exists a wave of greatest height, which is
characterized by the fact that its shape is not regular but has sharp crests of
included angle %71’. He also conjectured that for this wave f” > 0 in (0, %)

Stokes conjectures have been proved in a series of papers. The starting point was
a paper of Nekrasov in 1922 (see [MT]), where he used a hodograph transformation
to map the region under one period onto the unit circle. More precisely, setting

¢ (s) = arctan f' (x), (1.7)
one obtains the nonlinear integral equation
1 [ sin @ (t)

B sniT (s +t)
3mJo 4 fg sin (1) dr

sniT (s —t)

@ (s)

‘dt, 0O<s<m (1.8)

where sn denotes the Jacobian elliptic function whose quarter periods T and T’
satisfy TT/ = % and h is the mean depth of the fluid (see Section 1.2 of [AT] for
more details). Solutions of (1.8) with 1 > 0 correspond to regular waves, while in
the case u = oo one has a Stokes wave.

The first existence result for solutions of Nekrasov’s integral equation (1.8) is
due to Krasovski [K] in 1961, who, using a degree theory argument, proved that
for every angle 0 < 8 < & there exist u > 3 coth (27h /) and a continuous solution
@, of (1.8) with

sup @y, (s) = f.
s€[0,m]
In 1978 Keady and Norbury [KN], again using degree theory arguments, proved
that for every p > 3 coth (27h/¢) there exists a continuous solution ¢,, of (1.8) with
0 < ¢, < %, while there are no solutions for 0 < u < 3coth (27h/f). These waves
have a smooth profile.

Toland [To] in 1978 and McLeod [ML2] in 1979 showed that as 4 — oo the
regular waves ¢, converge to a solution ¢g of the limiting problem p = oo and
proved that if the limit 1_i>r(r)1+ o (s) exists, then it must be §. The existence of the
limit was proved by Amick, Fraenkel, and Toland [AF2] in 1982, and independently
by Plotnikov [P]] in 1982.
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Finally, in 2004 Plotnikov and Toland [P1T] proved that there exist Stokes waves
with f” >0 in (0, §).

Although the hodograph transform (1.7) has proved to be quite successful in
tackling Stokes conjectures, from an intuitive point of view it is difficult to visu-
alize the qualitative properties of the solutions of the nonlinear integral equation
(1.8). In recent years, several papers have addressed water waves using variational
approaches. See, for example, the recent work of Burton and Toland [BT] for steady
surface waves on flows with vorticity, where existence is proved using a minimax
argument, or the paper of Chambolle, Séré, and Zanini [CSZ|, where periodic trav-
eling water waves without vorticity, in presence of gravity and surface tension, are
found as minimizers of an energy functional.

In this paper we address the free boundary problem (1.6) using the variational
approach of Alt and Caffarelli [AC]. Indeed, it follows from (1.1), (1.3), that solu-

tions of (1.6) can be regarded as critical points of the functional

B = [ (190 +xgs0 (=94 ) dx (1.9)
defined in the set
Ky i= {u € Lioo(®) 1 V€ (Lo(@)", u(@,0) = g for o € (~£,0),  (1.10)
u(z+£4,y) =u(z,y) in Q},

where € := (—{,£) x (0, 00) and the parameter A > 0 plays the role of the parameter
pin (1.8).

In the first part of the paper, following the work of [AC], we study qualitative
properties of local minimizers u of the functional Jy in the class Ki, including
regularity of u and 0 {u > 0}, decay estimates of u and Vu near the critical line
y = A, connectedness properties of the set {u > 0}. In particular, we show that
local minimizers are both “weak solutions” and “variational solutions” of (1.6) in
the sense of Varvaruca and Weiss [VW] (see Definition 3.1 and 3.2 in [VW], see
also the work of Shargorodsky and Toland [ST]). In particular, the monotonicity
formula established in Theorem 3.5 of [VW] applies to local minimizers.

We also prove that if xg = (29, A) € QNI {u > 0}, then |Vu (z,y)| < Cy/(A —y),

for all x = (z,y) € B,(x0), where r > 0 is sufficiently small. As in the work of Var-
varuca and Weiss (see Proposition 4.7 in [VW]), this decay estimate, together with
the monotonicity formula just mentioned, gives a complete characterization of all
blow-up solutions at the point xg (see Theorem 4.3 below).

In the second part of the paper we focus our attention to absolute minimizers of
Jy in the class 1. The main drawback here is that absolute minimizers of Jy in
the class Ky are one-dimensional functions of the type u = u (y) (see Theorem 5.1).
In particular, the regular water waves constructed by Keady and Norbury [KN] or
the Stokes wave found by Toland [To] and McLeod [ML2] are only critical points
of Jy in the class K.

To retain some useful information from absolute minimizers, we restrict our
attention near the crest of a water wave. More precisely, we consider a level y = hq,
where 0 < hy, such that u (-, h1) =: wp (x) vanishes at +¢ (this is certainly true
near the crest if u is a regular water wave or a Stokes wave) and then study the
functional Jy (with € replaced by the smaller domain Qy := (—¢,¢) x (hy,00)) in
the class of functions (see Figure 1.1)
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/ Wo :u(~,h1)\

) 1 = const. ,

FIGURE 1.1. Wave of Finite Depth

loc

Ko 1= {u € Lige(©1) : Vu € (Lhe())?, ulw,hn) = wo(a) for @ € (~4,0),

(1.11)
u(—é, y) = u(@, y) =0 for Yy e (hl,OO)}

Inspired by the work of Alt, Caffarelli, and Friedman (see [ACF], [ACF1], [ACF2],
[Fr]), we prove the existence of a critical value A, € (h1,00) with the property that:

(1)

If u) € K3 is an absolute minimizer of the functional Jy for A > A., then
the support of u) remains below the line y = A, and thus wy and its
free-boundary 9 {uy > 0} are smooth by the regularity results of Alt and
Caffarelli [AC].

If u) € K3 is an absolute minimizer of the functional Jy for A < A, then
the support of uy crosses the line y = A\. We refer to this kind of solutions
as non-physical solutions.

We also prove that if A\, \, A\¢ and p, ' Ac, then the corresponding
sequences of absolute minimizers {uy,} and {u,,} converge strongly in
H _ (©4) to two absolute minimizers u™ and u~ € K of Jy_, respectively.
Moreover suppu® C {y < A.}, while suppu~ intersects the line y = ..
We conjecture that u™ = u~. Note that if the conjecture were true, then
the support of 4+ would touch the line y = A, and be contained in the set
{y < A.}. We have been unable to prove the conjecture.

Note that part (i) shows the existence of a family of local regular solutions, and
S0, in spirit, could be considered a local version of the result of Keady and Norbury
[KN]. However, the main drawback here is that solutions heavily depend on the
choice of the initial datum wg. To recover the result of [KN] one should solve the
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boundary value problem
Avy =0 in (—4,¢) x (0, hs),
oy (@ +Ly) =vx(z,y) in (—£,£)x(0,hs),
vy = u) ony = hay,
vy =const ony=20
for some hy < ho, and then find hy and wyp in such a way that the function

_ Jun in (=£,€) x (hg,\),
PAZ on in (=4,0) x (0, o

remains harmonic in (—¢,¢) x (0, \). This seems far from trivial.

The same difficulty arises when relating part (iii) to the theorems of Toland [To]
and McLeod [ML2] on the existence of a Stokes wave.

We believe, however, that the techniques developed in the proof of (i)-(iii) are
of independent interest.

We conclude by mentioning that in ongoing work [FLM] in collaboration with
I. Fonseca and M.G. Mora, the second author has shown that, under suitable hy-
potheses, if u is a smooth critical point of (2.1) with support below y = X\ and
d{u > 0} is given by the graph of a smooth function f, then w is actually a local
minimizer of the functional Jy in the region (—¢,¢) x (max f — ¢, max f) provided
€ > 0 is sufficiently small. The approach consists in deriving new necessary and
sufficient minimality conditions by means of second order variations. It was first
used to study critical points of the Mumford-Shah functional (see [CMM], [MM]).

Note that this result implies, in particular, that the regular waves constructed
by Keady and Norbury [KN] are, near the top of the crest, local minimizers of (2.1).

2. PRELIMINARY RESULTS

In this section we present some preliminary results due to Alt and Caffarelli
[AC]. We consider the functional

B = [ (190 +xgs0 (=94 ) dx (21)
defined in the set
K= {u €LL.(Q): Vue (LIQOC(Q))Q, u=1ugp on S, (2.2)
u(x+4,y)=u(zr,y) in Q},

where A > 0, Q := (=£,£) x (0,00), S C 99 is a measurable set with H! (S) > 0,
and the Dirichlet datum ug on S is a nonnegative function up € L*(Q) with
Vug € (LIQOC(Q))2 and ug (x +£,y) = uo (z,y) in Q.

Definition 2.1. Given u € K with Jy (u) < oo, we say that

e u is an absolute minimizer of the functional Jy if
Ix (u) < Jx(v)

for allv € K,
e u is a local minimizer of the functional Jy if there exists g > 0 such that

Ix (u) < Jx (v)
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for all v € K with
”V ('LL - U)||(L2(Q))2 + ||X{u>0} - X{1)>O}HL1(Q) < &o. (23)

Theorem 2.2 (Theorem 1.3 in [AC]). Assume that Jy (ug) < co. Then there exists
an absolute minimizer u € IC of the functional Jy.

Proof. Let a := in’fC Jx(v) and let {u,} C K be a minimizing sequence for Jy, that
veE

is, Jx(un) = a as n — oco. Since
Ia((un)y) < JIx(un)
and (u,), € K, without loss of generality we may assume that u, > 0 and that

In(un) <a+1 forall n € N.

Then {Vu,} is bounded in (LQ(Q))2.
Let Q,. := (—£,£) x (0,7), where r > 0 is taken so large that H"~! (S N 9%Q,.) > 0.
Since u,, — up = 0 on S NI, it follows by Poincaré’s inequality that

/ |t — uo|® dx < C (8, Qr)/ Vi, — Vug|® dx
Q.

for all n € N. Therefore {u,} is bounded in H*(Q,). Since H(Q,) is compactly
embedded in LP(Q,.), 1 < p < oo, {u,} admits a subsequence (not relabeled) that
converges weakly in H'(Q,) and strongly in LP(Q,) to a function u” € H*({,.).

If we now let s > r and extract a further subsequence we may assume that
up, — u” in H(Q,) and u, — u® in H'(Q). By the uniqueness of the weak limit
we have that

u” (x) = u’ (x) for £ ae. x € Q.
Taking a sequence 7 (:= k) oo and using a diagonalization argument we may

find a subsequence of {u,} (again not relabeled) weakly convergent in H{ () to
the nonnegative function

u(z,y) :=u™(z,y) f rp—1 <y <rg, keN.

Moreover, since {X{un>0}} is bounded in L*®°(), we may find a function v €
L>(Q), 0 <~ < 1 and yet another subsequence such that {X{un>0}} converges
weakly star to v in L>=(Q).

Next we will prove that v > xfus0y. Since u, — u in L () and X {un>0} Sy
in L>=(£2), letting n — oo in the identity

/ Un(1 = Xgu,>03) dx =0

r

yields
/ u(l—v)dx=0 forallr>0.
Q.

Since v > 0 and v < 1, we conclude that u(1 —~) = 0 £? a.e. in Q. Therefore
v=1L? a.e. in the set {u > 0}, and so

Y 2 X{u>0}-
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This is sufficient to show that u is an absolute minimizer. Indeed, for every r > 0,

/ (Va2 +7 (A ), ) dx

r

gnminf/ [Vun|® dx + lim / X{un>0} (A = )4 dx
Q. n—oo Q.

n—00

< lim Jy(up) = a.

n—oo

Letting r — oo and using the fact that v > x (>0} yields
0 < D) = [ (Vul + xpus0) (A = 1)) dx

< [Vl 45~y dx < o
Q
Thus Jy(u) = « and u € K. O

Lemma 2.3 (Lemma 2.2 in [AC]). Let u € K be a local minimizer of Jx. Then u
is subharmonic and for every xo € Q and 0 < s < r < dist(xq, 02),
1 1
B, 6ol S Y 1B 0] Sy
Remark 2.4. In view of the previous lemma we can work with the precise represen-
tative

u(x):= 1 !

m u(y)dy, xe€q.
r—=0t | By (x)| /B, (x)

Lemma 2.5 (Lemma 2.3 in [AC]). Let u € K be a local minimizer of Jx. Then

0<u(x) < sgpuo
for L2 a.e. x in Q.

3. REGULARITY OF LOCAL MINIMIZERS

In this section we study qualitative properties of local minimizers of Jy in the
class K. To prove regularity of local minimizers, the idea in [AC] is to exploit the
competition between the two terms of the functional J). Consider a small ball B,
in Q and suppose that u is large (in some sense) on the boundary of this ball. Then
the minimizer cannot vanish in the ball because in this case | B. |Vul? dx would
be too big. Therefore u > 0 on B,. Hence, roughly speaking, to minimize the
functional in this ball reduces to minimize [ |Vul® dx, therefore u is harmonic.
On the other side, if « is small on dB,., then u has to be zero at least on a ball By,
for some 0 < k < 1.

In the following theorems we make this competition precise. We adapt the proofs
of Lemmas 3.2 and 3.4 in [AC] to our setting. All the results of this section continue
to hold, with some straightforward modifications, when R? is replaced by R™.

The next theorem follows closely Lemma 3.2 of [AC|. In particular, in Steps
1 and 2 there are essentially no changes from the original proof. We present the
proof for the convenience of the reader and to follow the precise dependence on the
behavior of the function Q.
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Theorem 3.1. There is a constant Cpax > 0 such that for every (small) ball
B, (x0) C Q, x0 = (z0,Y0), and for every local minimizer u € K of Jy, if

1
. — wdH' > Crax v/ (A — o + 1),
0B (%0)| JoB, (xo)
then u > 0 in B, (xq).
Proof. Step 1: For simplicity we denote B, (xg) simply by B,. Consider the
harmonic function v in B, with boundary values u. Since v > 0, from the maximum

principle we have that v > 0 in B,.. Outside B, define v := u. Since Jy(u) < Jx(v),
we have

| (9P s xesa=ns) ax< [ (ol -u) i @)

™ r

Since Av =0 in B, and u — v = 0 on 9B, by the first Green’s formula we have
/ Vv - (Vu —Vo)dx =0,
B

or, equivalently,

/ IVo)? dx = Vu - Vo dx.
. B,
In turn,

/(|Vu|2—|Vv|2)dx=/ (IVul> + [Vo|? — 2 |Vo[?) dx
B,

r

= / (IVul* + |Vv|? — 2Vu - Vo) dx

r

:/ |Vu — Vo|® dx.

r

If we use this in (3.1), we find

/ |Vu — Vol|* dx < / X{u=0} (A — ¥)4 dx. (3.2)
B, (x0) B, (x0)

We want to control the right-hand side of the previous inequality by the left-hand
side.

Step 2: In this step, for simplicity in the notation, we take xg to be the origin.
For |z| < %r consider the transformation T : B, — B, defined by

T(x): = (1—§)z+x, x € B,. (3.3)
Note that T'(0) = z. For x € B, define
Ua(%) = u(T(), (%) = o(T(x)). (3.4)
Consider the set
E = {q € 0B : uz(pq) = 0 for some p € Er, r} }

and for q € E set

Pq = inf {pe Em} D uz(pq) = }
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By a slicing argument for H! a.e. q € F the function
9(p) == uz(pa) —va(pq), 0<p<r,

is absolutely continuous in (0,7), and so, using also the facts that g (r) = 0 (since
u=wv on 0B;) and that u;(pqq) = 0, we have

T

walpa) = 9(r) ~ g(pa) = [ " dp= [ V- va)pa) - adp.

Pq Pq
Using Holder’s inequality we have

Vz(PaQ) < /T — Pqg ( Vg — vUZ|2 (pa) dp) )

Pa

while, by Poisson’s formula for the harmonic function v,

. _ 2= |T(pqq)|’ u(y) .
Uz(pq@) = v(T'(pqq)) = 5 /8 5. T(oa) — 37 dH! (y)

r2 — |T(pgq)|*
= 2nr (r + | T(pqq)])”
_r—[T(pqq)| 1
7+ [T(pqq)| 10B,] Jog,

1r—pgq 1 1
- d
=2 ¢ |0B,]| 8BTU(Y) H (y),

/ uly) dH* (y)
OB,

u(y) di' (y)

where we have used the facts that [T'(pqq)| = |(r — pq) Z + pqa| < pq + 3 (7 — pq);
since |z| < %r and |q| = 1. Squaring and combining the two inequalities we obtain

=0 (sam [, ) ) <€ [ Tl a6

C T
< ?/T Vv, — Vug|* (pq)p dp.
8

Integrating the previous inequality in q over E yields

1 2
r— _ u(y) dH? ) dH' (q 3.6
L= (s [ w0 i) i ta) (35)
C T
<= / / Vv, = Vus|* (pa)p dpdH' (q)
r JoB: Jz
= ¢ |V, — Vug| (x)? dx,
T JB.\B,/s

where we have used the fact that pq is bounded from below by gr. Since the
Jacobian of T' can be bounded independently of r (see (3.3) and (3.4)), changing
variable on the right-hand side gives

[ = pa) 1 (@ (ﬁ [ e <y>)2

1
gc-/ Vv — Vaul? (x) dx.
T B,
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Now
/ X{u,—0} (X) dx = / / X{uz=0}(p@)p dpdH' (q)
B-(0)\Bz (2) 9B, Jr/8
= / / X{u,—0} (p@)p dpdH' (q)
EJr/8
Sr/ (r—pq) dH' (q).
E
Therefore,

1 2
X{u,—0} dX <— udHl)
(/}37.(0)\35@) {ua=0} ) r|0Br| Jop,

1 2
< Cr/ r— dH?! < ud”H1>
P P CTRB o,

< C/ Vv — Vul® dx.
B,

We now need to replace u, by w on the left-hand side of the previous inequality.
We begin by showing that

B, (0)\ By, () C T (B, (0)\ By, (2))

or, equivalently,

Indeed,

|T(x)—z|:‘<1—|rﬂ>z+x—z

< x| (¥+1)<%

Hence, by the change of variables x = T~ !(y), we get

/ X0y () dx = / N0y (T~ () (T (y)) dy
Br\Bg T(BT\Bg)

=/ X{u=0}(¥)J (T~ (y)) dy (3.7)
r(on15)

zc/ X{u=0}(¥) Ay,
" (5.\5)

where we used the fact that J (Tﬁl(y)) is bounded from below by %, since the
Jacobian of T is bounded by 2 (see (3.3)). Therefore,

1 2 )
X{u=0} Ay (— udHl) < C/ Vv — Vul|” dx.
/BT\B%F@) b=\ 9B, [ Jop, B, | |

If we write this inequality for two values of z such that B%T(Zl) N B%T(ZQ) =0,
say z1 = (%,0), z2 = (—5,0) and add the two relations, we have

1 2 )
X {u=01 Ay (— ud?—[l) <C Vv — Vul|® dx.
/Br b=\ r10B,] Jos, 5, |



12 D. ARAMA AND G. LEONI

Using this inequality together with (3.2), we get

1 2
X{u=0y Ay <— udH1> 3.8
f, xemrtr (o (38)
<C [ |Vo-Vuf dx g/ X{u=0y (X — y)+ dx.
Br,« Id
Step 3: If B, (x9) C {y > A}, then by (3.2),

/ Vv — Vul? dx =0,
Br(xo)

and so u =v > 0 L2 a.e. in B, (x0). If B, (x0) N {y < A} # 0, then by (3.8),

2
1
X{u=t dy | ——— wdH! dy
/Bm){ " (rwBr(xOn 25, (x0)

<C Vv — Vul|® dx
B, (x0)
<CA—yo+r)s / X {u=0} dX.
B,,«(xo)

Hence, if

1
wdH' > /O —yo +7)4,

7108y (x0)| JoB, (x)

then, necessarily,
/ X{u=0} dx =0,
B,,«(xo)

/ Vv — Vul® dx =0
B (x0)

and we proceed as before to conclude u =v > 0 in B, (xo).
We denote Cppax := VC. O

and so, again

Remark 3.2. (i) The previous theorem implies that if B, (xg) intersects the
free boundary 0{u > 0}, then

1
FIB, G a7 S O VA0
In particular, if A — yg < 7, then
1
|0B;-(x0)| 9B, (x0)

(ii) It follows from the previous theorem that if w(xg) > 0 for some x¢ =
(z0,y0) with yo > A, then w is positive and harmonic in the whole set

(=£,0) x (A, 00).

3
wdH' < Cpaxr?.

Theorem 3.3. Let u € K be a local (respectively, an absolute) minimizer of Jy.
Then the set {u > 0} is open and u is harmonic in {u > 0}. Moreover, if ug €
C' (Q) and the set {x € S: ug(x) >0} is connected, then the set {u >0} has
finitely many connected components (respectively, is connected).
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Proof. Fix x¢ € Q such that u(x¢) > 0. If xg = (x0,y0), where yp > A, then we can

find a small ball B, (x9) C {y > A}, and in view of the last remark, u is positive

and harmonic in this ball. Thus in what follows it suffices to assume that yy < A.
By Remark 2.4, for all r sufficiently small

1 1
—_ udy > -u(xg) > 0. (3.9)
[Br(%0)| /B, (xo) 2

Fix r > 0 so small that (3.9) holds and such that

@ > ChaxV/A— Yo + 7, (3.10)

and define
g(p):z/ wdH', 0<p<r.
8Bp(x0)

Using a slicing argument we have that

1 /"1 1 1
—/ —g(p)dp=—3 udy > Su(xo) >0,
T Jo TT T J B, (x0) 2
and thus we may find some 0 < p < r such that g (p) > 2u(x¢). In turn, since
11
s 1 1

— wdH' > ~u(xp) > 0.

70 JoB, (xo) 2

Hence, also by (3.10) and the fact that p < r, we have

SN wdt! > 2 o A
p10B,(x0)| Jon, (xe) p

It follows by the previous theorem that u > 0 in B,(x¢) and u is harmonic in
By (x0)-

To prove the last part of the theorem, assume that v € K is a local minimizer of
Jx and let {A,}, be the connected components of the open set {u > 0}. Assume
by contradiction that there exist countably many connected components {Aq,, },, oy
whose boundaries do not intersect {x € S : ug (x) > 0}. In view of part (ii) of the
previous remark, without loss of generality, we may absume that A,, C (—4,¢) x
(0,A) for all n > 2. Let [ < A be such that 2¢ (XA — 1) < i&q, where 50 > 0 is the
number given in Definition 2.1.

Since

;/A% (|Vu|2 + X{us0y (A — y)+) dx < /Q (|Vu|2 + Xfus0} (A — y)+) dx < o0,

we may find m € N such that

Z / |Vu| dx <(ZO s Z / X{u>0} )\ y) dX< (; l)

n=m+1 n=m+1
Then
> 1
Z / X{u>0} dx< 1 / X{u>0} (A — y)+ dx
n=m-+1 n=m+1 o A, {y<l}

wN-1) <2420
+20(A =) 3+3
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Hence, if we define

(x) = 0 ifxe Ay, ,n>m+1,
v = u(x) otherwise in Q,

we have that v € IC satisfies (2.3). Since Jx(v) < Jx(u), we have reached a contra-
diction.

The proof in the case of absolute minimizers is similar but simpler, so we omit
it. U

The next result is based on Corollary 3.3 in [AC].
Theorem 3.4. Let u € K be a local minimizer of Jx. Then u is locally Lipschitz.

Proof. Fixe > 0and let Q. := (—f+¢e,£—¢)x ( ) We claim that w is Lipschitz
in Q.. To see this, fix xg € Qe such that u(xg) > 0. Since the set {u>0}NQ, is
open, we may find B,(x¢) C {u > 0} N Q..
Let
pe(x0) :==sup{r > 0: B,(x¢) C {u >0} NN} (3.11)

By the previous theorem for any r < p., u is harmonic in B, (xp). In turn %

and g—z are also harmonic in B,(X¢), and so, by the mean value and divergence
theorems,

Oou 1 Oou 1
“(xp) = — ~—(y)dy =— dH* 3.12
Ox (XO) 2 /Br(xo) Ox (Y) Y 72 /BBT(XO) wor , ( )
where
N - X — X
v(x) = (v1,v2) = 7|x -
Similarly,
ou 1
— = — dH'. 3.13
dy (o) mr? /63 ( )UU2 " (3.13)
There are now two cases. If B,_(x¢) touches 0§}, then by Lemma 2.5 we get
ou ou sup ug
e = < = 3.14
‘ Ox (xo) ‘ oy (xo0) 7wde(X0) (3:14)

where d.(xg) := dist(x0, 0%).

A similar estimate holds if p.(x0) >
(3.14)). If pe(xo) < %de (XO
which u(x;) = 0. Let T
in B,(y), where 2p.(x¢) <

> sd (x0) (replacing sup ug with 8supug in

then B,_(x¢) touches O{u > 0} at some point x; in
pe(x0). If y € 0B,(x¢), then, since u is subharmonic
< 2p.(x0), by Poisson’s formula we have

1
“O) < BB Jos.)

I e

wdH?!.

Since |x1 —y| < |x1 — xo| + |x0 — ¥|, then x; € B,(y) and so, by Remark 3.2,

1
STOBLN o, M O R

9B (y)

where y = (z,y). Hence,
u(y) < CraxsvV (A —y + s).
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Thus, from formulas (3.12) and (3.13), we get

au l’IlaXS
= (A — d
6x(xo S — /83 (xo)\/ y+s)4 dH! (z,y)
CmaXQpe XO
< VO =y +s)y dH (x,y) (3.15)
4p€ XO 9B, (x0)
< 12Cmax\/ A— Yo +r+ 5)+
< 12Cmax\/(>‘ — Yo + 2p=(X0))+-
Similarly,

‘g—;(xo) < 120max\/(/\ — Yo + 2p:(%x0)) +- (3.16)

Since p<(xq) < §d-(x0), also by (3.14) we obtain

|Vu(xo)| < max { ;f(zg) LC\/A de(xo)} .

Since Vu(x) = 0 for £% a.e. x € €2 such that u (x) = 0, we have proved that u is
Lipschitz in Q..

If now ' CC Q we can choose € so small that ' C .. Then |Vu| < C(£.),
and so u is locally Lipschitz continuous. O

Remark 3.5. (i) It follows from the previous proof that if xg = (xg,y0) €
0{u > 0} and r > 0 is sufficiently small, then for every x = (z,y) € B,(x0),

A=yYo+r<A—y+2r < A—yo+ 3,
and so from (3.15) and (3.16),

[Vu (z,y)| < Cy/(A—yo+3r),

for all (z,y) € Br(x0).

(ii) Note that if {x € Q: u(x) >0} C (—¢,¢) x (0,)), then again by the
previous proof, for every xo = (zo,%0) € € such that u(x¢) > 0 and
pe(x0) < %de(xo), we have that p.(x9) < A — yo, and so by (3.15) and

(3.16),
[Vu (xo,y0)] < CV3(A—yo)-
Next we adapt the proof of Lemma 3.4 of [AC] to our setting.

Theorem 3.6. For every k € (0,1) there exists a positive constant C(k) such that
for every local minimizer u € K of Jx and for every (small) ball B, (x¢) C 2, if
1
7 |0B(x0)| OB, (x0)

then u =0 in By, (X0).

wdH' < C(k)\/ (A —yo — kr)y, (3.17)

Proof. The idea of the proof is that if the average of u on 9B, (xg) is small, then
replacing u by a function w vanishing in By, (x¢) will decrease Jy. All the balls used
in this proof are centered at xg, therefore, for simplicity, we write B, for B, (xq).
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Step 1: In this step we find a lower bound for faBk udH'. Define

v(x) == % max {1og [ ;TX()',O} , XE€B,,
tog ()

where )
by := —= sup u. (3.18)
Vk B,
Note that
buVk__x=xo if Ix _x > kr
Vo (x) = { log(Zp) ol | ol > hr. (3.19)
0 it |x —xo| < kr.
We claim that .
by < Cy (k) = wdH! (3.20)
10B;| Jan

for some constant Cy (k) > 0 depending only on k. To see this, let V be the
harmonic function equal to w on 0B, (xg). By Harnack ’s inequality,

sup V< € (k) inf V< Cy (B)V (x0) = O (K) a% V!
B, % E | T’| OB,
1

Since u is subharmonic, we have that « < V, and so, possibly changing C; (k), we
obtain :

supV C
Y BB )] Lo e

— supu< udH*,

f

which proves (3.20).
Define now

f

w o { min {u,v} in Bﬁr’
] outside B, ..

Since w € K, we have Jy(u) < Jy (w), which implies that
[ (vl +xqen 0 -0):) de< [ (V0 + xguso - )4 ) dx
B /%, B /5.
Notice that w = 0 in By, and outside this ball w = 0 whenever u = 0. Hence,

/B <|VU|2 + X{us0} (A — y)+) dx < /

. (|Vw|2—|Vu|2) dx  (3.21)
Vkr kr

< 2/ (Vw — Vu) - Vw dx,
B /% \Bkr

where the last inequality follows from the fact that if we move all terms to the
right-hand side we obtain a perfect square. On the other hand, since v is harmonic,

0= / (w —u)Avdx (3.22)
B 5, \Bkr

z—/ (Vw—Vu)-Vvdx—!—/ (w—u) Vo -vdH.
B 7z, \ B, 8(B 7, \Br)
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Therefore,
/ (Vw—Vu)-VvdX:/ (w—u) Vv -vdH' =
B /5, \Brr 8(B 5, \Bkr)
= —/ u(Vo - v) dH* (3.23)
8Bkr
S CZ(k)Eu / ud?-[l,
r 8Bk7

where we have used the fact that w = u on 9By, and (3.19) and where Cy(k) >0
depends only on k. We also have

/ (Vw — Vu) - Vw dx z/ (Vw — Vu) - Vo dx. (3.24)
B /5 \Bkr B /5, \Bkr
To see this, we split B/ \ By, in the two sets {u > v} and {u < v}. When u > v,
we have that w = v, therefore Vw = Vv £? a.e. in {u > v}. When u < v, we have
that w = u, and so both integrals over the set {u < v} are 0.

We conclude from (3.21), (3.22), (3.23), and (3.24) that

Ca(k)l,,
/ (IWI2 + X{u>0y(A — y)+) dx < L/ udH®. (3.25)
By r 8Bk7
Step 2: Define
Qmin = ()\ — Yo — kr)+- (326)

If Qmin = 0, then the result follows immediately from (3.17) and (3.20). Thus,
assume that Quin > 0.
By the trace theorem, (3.18), Young’s inequality, and the fact that Quin <

(A —y), in By, we have

/ wdM?! < C3 <1
8Bkr

udx —|—/ [Vul dx)
By Bir

UX{u>O} dx + L |VU| X{u>0} dX)

r
1
r kr

|:TQIQnm N X{u>0} (>‘ - y)+ dx

(/ |VU| dx +/ X{u>0} (A —¥)+ dx)]
Qmin B, B

OB ) [y
1 v w0y (A= 1)y ) dx.
B len Tlen + B <| u| +X{ >0}( y)+) X
Combined with (3.25), the previous inequality yields

/ (IWI2 + X{us0y (A — y)+) dx (3.27)
Bir
< 1 A— dx.
= TQmin erin + B (|vu| + X{u>0}( y)Jr) X
It follows from (3.20) that if
! ! wdH! < a,

7Qmin [0B;| OB,
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then
Ly, C1 (k)

<
erin o 7/.Cx?min |8Br| 0B,

wdH' < Cy(k)a

and so

Co(k)C5(k)ly Ly
7/.C\?min (erin

for all a > 0 sufficiently small (depending only on k). Hence, by taking the constant
C(k) in (3.17) sufficiently small, we can ensure that

+ 1) < Cy(k)Cs(k)a(Ci(k)a+1) < 1

Cy (k)CS(k)Eu 4y
1) <1 3.28
erin TQmin N ( )
This, together with inequality (3.27), implies that u = 0 in By,.. O

Theorem 3.7. Let u € K be a local minimizer of the functional Jy. Then for every
0<l< X 0{u>0}isaC>® curve locally in (—¢,£) x (0,1).

Proof. Since in (—¢,¢) x (0,1),
Q(xvy): \/)‘_yz V>‘_l>07
we have that condition (1.2) is satisfied, and thus we are in a position to apply
Theorem 8.4. in [AC]. O
4. BLOW-UP LIMITS

Let u € K be a local minimizer of Jy and assume that the point xo = (29, \) € 2
belongs to the free boundary 0 {u > 0}. By Remark 3.5(i) we have that

Vu(x)| < CVr

for all x € B, (x¢), where r > 0 is sufficiently small. Hence, if we define the rescaled
functions

1
un (2) = 32U (x0 + pnz), (4.1)
Pn
where p, — 07, for all n sufficiently large we have that for all z € Bg (0), R > 0,
1
[Vun (2)| := —75 [Vu (x0 + pn2)| -
pn

Since uy, (0) = 0, it follows by a diagonal argument that there exist a subsequence
(not relabeled) of {u,} and a function w € Wﬁ)’coo (R?) such that for all R > 0,
up = w in C*(Br(0)) forall0< o<1, (4.2)
Vu, = Vw in (L™ (Bg(0)))>. (4.3)
We call w a blow-up limit.
Theorem 4.1. Let u € K be a local minimizer of Jy and assume that the point
x0 = (20, ) € Q belongs to d{u > 0}. Let {u,} be defined as in (4.1). Then
i) 0{un, >0} = 0{w > 0} locally in Hausdorff distance in R x (—o00,0);
) X{un>0p = X{w>0y 1 Lige (R x (=00,0)).
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Proof. 1) Let B,(z¢) C R x (—oo,O) be such that B,(zg) N d{w > 0} = (. Then
either w > 0 in B,.(zp) or w = 0 in B,(zo). In the first case, since u, — w in
ce (B% (zo)) and min w > 0, we have that u,, > 0 in Bz = (zo) for all n sufficiently

By (20)

large, and so B1,.(zo) N 0 {un, > 0} = 0 for all n sufficiently large. If instead w =0

in By(zo), then using the fact that u, — w in C* (B%T(zo)) we have that for all
6 > 0 there exists Ns € N such that

|un(2)] <6
for all z € B%T(zo) and for all n > N;. Hence, if § = § (r) is sufficiently small,

;/ up dH' < 19 < C(2/3)1/§r
%T’@B%T(ZQ)’ 53%7.(20) 3r 4

for all n > Nj. From the hypothesis and the definition of u, we have

1
/ u (X + pn2) PndHl (z) < C(2/3) §rpn
0Bs,,, (zo)’ 9B, (z0) \ 1

and by the change of variables x = x¢ + p, 2z, we get

/ u(x) dH' (x) < C(2/3)\/§rpn.
8B3T,p Xo—I—pnzo ‘ 9B3, (x0+pnzo) 4

3
17Pn

—Tﬂn qrPn

It follows from Theorem 3.6 that v = 0 in Bs,,, (%0 + pn2o). Therefore, u, =0 in
Bs, (z0). Hence, also in this case,

B%T(ZO) ﬂ@{un > 0} =0

for all n sufficiently large.
On the other hand, if B, (zg) C R x (—00,0) is such that

B, (20) N0 {u, >0} =0

for a subsequence, then, up to a further subsequence, we may assume that either
un > 01in B,(2zg) for alln € Nor u, = 0in B,(z¢). In the first case, by Theorem 3.3,
we have that u,, is harmonic in B,(z¢), and so w is also harmonic and nonnegative.
If w is zero in some point z; € B,(zp), then by the maximum principle, w = 0 in
By (z0). Hence, either w =0 or w > 0 in B,(z¢), which implies that

By (20) N8 {w > 0} = 0. (4.4)

Finally, if u, = 0 in B,(zo) for all n € N, then w = 0 in B,(z¢) and so (4.4)
continues to hold.

A straightforward compactness argument shows that 9 {u, >0} — 9{w > 0}
locally in Hausdorff distance in R x (—o0, 0).
ii) We begin by proving that

L2 (R x (=00,0)) NI {w > 0}) =0. (4.5)

Fix zg € (R x (—00,0)) N9 {w > 0}, zo = (ao, yo). Since by part (i), 9 {u, > 0} —
0 {w > 0} locally in Hausdorff distance in R x (—o0, 0), there exists z,, € (R x (—o00,0))N
d{un >0}, z, = (Tn,Yn), such that z, — zg. By (4.1), xg + pnz, belongs to
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d{u > 0} and since yo < 0, we have that A\ + p,y, < A for all n sufficiently large.
Hence, by Theorem 3.6,

1
s|0Bs(x0 + pnzn)| 9B (X0+pn2zn)

u (%) dH* (x) > CO/21 | (~puy — 39+

for all s > 0 sufficiently small (depending on yo but not on n). Taking s = p,r and
changing variables as in part (i), we get

1
r |8Bf’ (Zn)| 0B, (zn)
and since u, — w in C* (Bg (0)) for all R > 0, letting n — oo, we obtain
1
710Br(20)| JoB, (20)
for r > 0. Similarly by Theorem 3.1,
1 ———
7108 (20)| JoB, (20) wdH < Cmax V(<o + 1)+

Note that —yo > 0. Hence, for all € > 0 we are in position to apply Theorems 4.3
and 4.5 in [AC] to conclude that for every compact set K C R x (—o0,0),

H' (K NO{w > 0}) < oo,

Up dH' > C(1/2)4/ (—yn — %T)Jr

waH' > C(1/2/ (-0 — 57):

which implies (4.5).

Fix zp € (R x (—00,0)) \ 9{w > 0}, zg = (a0, yo). Since yo < 0 and 9 {w > 0}
is closed, there exists B;(z¢) C (R X (—00,0)) \ 9 {w > 0}. Hence, either w > 0 in
B, (z0) or w = 0 in B,(z¢). By the first part of the proof of i), it follows that in
the first case w, > 0 in B,(zo) for all n large, while in the second case, u, = 0 in
B,.(zg) for n large. Hence,

X{un>0}(20) = X{w>0}(Z0)-
This shows that x{u, >0} = X{w>0} i L, (R x (—00,0)). O

Theorem 4.2. Let u € K be a local minimizer of Jy and assume that the point
x0 = (20, ) € Q belongs to I {u > 0} and that

{xe€eQ:u(x)>0}C (=44 x(0,)N).

Let {u,} be defined as in (4.1). Then the blow-up limit w of {u,} is a local mini-
mizer for the functional

1@ = [ [[90 4 xpeso) (0] da, 2= (50 € B,
B, (0)

defined over all v € H'(B1(0)) such that v =w on B1(0).

Proof. Consider a function n € C} (B1(0);][0, 1]) and for every v € H*(B1(0)), with
v =w on 0B1(0), define

vn(2) :=v(2) + (1 = 1(2)) (un(z) —w(z)), ze Bi(0).
Since for z € 9B1(0),

1
v (z) = up(z) = —7zU (x0 + pnz),
Pn
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the function
{ pfz/Qvn (ﬂ) if x € B,, (x0)
wp(x) == P Pn ’
u(x) if x € Q\ B,, (x0),
belongs to K, and thus
Iy (u) < Jy (wy) .
This implies that

[ melrxwn 0= de< [ [VuaP 4 xusn O -0),] dx
Bﬂn (xo) Bpn (XO)

After the change of variables x = xg + p,z, we obtain

[ [Vl xwsor (-0 ] de< [ (900 4 Xm0 (1), ] da
B1(0) B1(0)

Using the facts that
(2= 1(2)) |[Vun(z) — Vw(z)|* > 0
and that

X{vn>0} < X{v>0} + X{n<1}>
the previous inequality becomes

/ [2Vun -Vw — |Vw|2 + X{u,>0} (_t)_J dz

B1(0)

< [ V0P (tosor + xipen) (), ] da
B1(0)

+/ [(Vin — V) - (2(1— ) Vo — 2 (1 — ) (1 — ) V)
B;1(0)

+ (up, —u) V- (2V0 + (un — w) Vn)] dz.

Since u, — w in L? (B1(0)), also by the previous theorem, letting n — oo we
obtain that

[ (vl xusoy (0] da < [ (1908 + (xpusoy + xinen) (<), ] da
B1(0) B1(0)

Choosing a sequence of functions n such that n; 1, by the Lebesgue dominated
convergence theorem, we obtain

[ [Vl xus (0] da< [ (196 4 gy (1), da
B1(0) B1(0)

which proves the theorem. U

Using some recent results of Varvaruca and Weiss [VW], which rely on a mono-
tonicity formula, we are able to show that there are only two types of blow-up
limits. More precisely, we have the following result.

Theorem 4.3. Let u € K be a local minimizer of Jy and assume that the point
X = (z0, \) € Q belongs to O{u > 0} and that

(x€Q:u(x)>0}C(—£,0) % (0,). (4.6)

Then either )

lim — / X{u>0}(A —y)4+ dx =0,
B, (x0)

r—0+ 13
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in which case the blow-up limit is w = 0, or

. 1
r1—1>r(r)l+ r3 /Br(xo) X{DO}()\ TYsdx= /Bl(o)()\ - y)+x{cos(%(97%))>0} e

in which case the blow-up limit is

w00~ L e (3 (02 ) o).

Here (p, 8) are polar coordinates centered at Xo.

Proof. Let a := 4 min {¢ — o, zo + ¢} > 0. In view of (4.6) and Theorems 3.3 and
3.7, the function

v(z,¢) i=u(z, A=)
is a weak solution (see Definition 3.2 in [VW]) of the problem

A@orv=0 in An{v >0}, (4.7)
Vo> =¢ on And{v>0},

where A := {(z,{) : z € (0 — a,20+a), ( € (=1, \)}. Moreover, in view of (4.6),
Theorem 3.4, and Remark 3.5 (ii), we have that

Vo (z,¢))* < O

locally in A. Hence, we are in a position to apply Lemma 3.4 in [VW], and, in turn,
Proposition 4.7 in [VW] to conclude that the only possible blow-up limits for the
problem (4.7) are vy = 0, with

tm 5 [ Goxgso dadg
#((0,0))

either 0 or fBl(O) ¢t dxd¢, or

v (p, ) = gpgﬂ max {cos (; (0 - g)) ,0},

with density

1
lim — - N .
r0s 7 /Br((mo,())) CH ooy dodd /Bl(O) X feon(3(0-5)) 0} 40

However, in view of Theorem 4.1(ii), we have that in the case vg = 0 the function
Xo in the proof of Proposition 4.7 in [VW] is identically zero, and so in this case

. 1
lim —/ C+X{v>0} da:d( =0.
B ((20,0))
U

Remark 4.4. (i) For critical points that are not local minimizers, one cannot
exclude a priori the case in which the blow-up limit is w = 0 but with

1
lim — A— dx = A— dx.
s [ xwauedx= [y

A significant part of the work of Varvaruca and Weiss ([VW], Sections 6-11)
is devoted to treat this additional case.
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(ii) We believe that the case w = 0 should be excluded. Note that if one
could prove that in Remark 3.5 (ii), the constant C' is one, that is, that the
sharper inequality

IV (2,y)]> < (A —y)+ (4.8)

holds, then one could prove that in the previous theorem the case w = 0
cannot occur (see Lemma 4.4 in [VW], see also Theorem 5.11 below).

Corollary 4.5. Let u € K be a local minimizer of Jy and assume that the point
x0 = (20, ) € Q belongs to I {u > 0} and that (4.6) holds. If

. 1
lim — / X{u>0} A—y)rdx=0, (4.9)
BT(XO)

r—0+ 13
then there is v > 0 (small) such that uw =0 in B, /s((xo, A —1)).

Proof. Using (4.6), and the Holder and Poincaré inequalities, we obtain

1/2 1/2
/ wdx < 7/?r / u? dx < COr? / |Vu|2 dx
By (x0) Bi(x0) By (x0)

1/2
< Cr? </ X{u>0y (A —¥)+ dX) ,
B,,«(xo)

where the last inequality follows from Remark 3.5. Hence, also by (4.9),

1/2
1 1
lim —m dx < C lim | = oA — 1) d —0.
r~1>r(r)l+ 7'7/2 Lr(xo) wax = T‘lf(r)l‘*' <7”3 Lr(xo) X{ >0}( y)Jr X)

Since u > 0 and B, /4((xo, A — r/2)) C B, ((z0,\)) = B;(x0) it follows, in particular,
that
1

lim —/ wdx = 0. (410)
r—0+ r7/2 Brja((zo,A=7/2))

Using a slicing argument we have that
’I‘/4 1 ’I‘/4 1
T Jrg 2mp 9B, ((zo,\—1/2)) T Jrg T 9B, ((zo,\—1/2))
C
< 7—/2/ u dx.
r By/2((0,A=7/2))

Fix k := jand let C(1/2) > 0 be the constant given in Theorem 3.6. In view of
(4.10), we may find ro > 0 so small that

S/T/4 ! / dH'd <\/§C(1/2)
° _ w 0 d
T Jrss 270%2 JoB, (wer—r/2)) 2

for all 0 < r < rg. Fix any such r > 0 and find r/8 < p < r/4 such that

1 / 1 \/§
- wdH! </ 2C(1/2).
27052 Jon, (wo,r—r/2)) 2 /
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Using the fact that /2p < /7 — 2, it follows that

1 3 T p
— dH! < C(1/2)4/ = <012\/)\— A——) =LY}
2ﬁp2-/£Bp«wmAr/m)u (1/2) 2P = (1/2) ( ( 2) 2)+

and so we are in a position to apply Theorem 3.6 to conclude that v = 0 in
B, a((zo, A —1/2)). U

5. ABSOLUTE MINIMIZERS

In this section we study properties of absolute minimizers. The following theorem
shows that absolute minimizers of Jy in the class Ky (see (1.10)) are one-dimensional
functions of the type u = u (y).

Theorem 5.1. Let u € K1 be an absolute minimizer of the functional Jy. Then
u=1u/(y).

Proof. Step 1: Consider the one-dimensional functional

> 2
B = [ (10 00 + Xm0 6) (=0 ) dy
defined in the class
Ki={ve HL, ((0,00)): v(0) =c}.
We claim that the minimization problem

o = v16n1£4 Iy (v)

has only one solution. To see this, let v be an absolute minimizer of I, which exists
by Theorem 2.2. By Theorem 3.3, the set {v > 0} is either (0, 00) or (0, a) for some
a > 0. Moreover v is harmonic in {v > 0}, therefore linear. If {v > 0} = (0, c0),
then, necessarily, v = ¢, since otherwise I\ (v) would be infinite. Assume next that
{v >0} = (0, a) for some for some a > 0. Then

_f £(-y+a) fO<y<a,
v(y)_{ 0 ify > a. (5.1)

Therefore,

nw=[ () +0-n.)

é N )\_2 (A — min {a, A\})?
a 2 2 '
To find the value of a, note that a must be a solution of the infimum infimum

problem

inf £ (1),
where )
2 A2 (A—min{t,\})
JW=7+5- 2 '
Note that

2
S —t+ X HO<t< A
/t: 12 bl
7 {—C— ift > A\
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Since f (t) — oo ast — 0% and f’ () < 0 for ¢t > A, it follows that 0 < a < A, with
f’ (a) = 0. Hence,
a® —Xa* +c2=0.
Consider the cubic function
g(s):=s>—As* + % seR

Since g (s) — —oco as s — —oo and g (0) = ¢ > 0, the cubic equation g (s) = 0
has one negative zero, but a > 0, and so it must also have two positive zeros
0 < s1 < s9, and a = s1. Note that g has a local minimum at

2

S = ?

Necessarily, g (s9) < 0, which implies that

2
c\3
(g

In conclusion, we have shown that v = ¢ for all A < 3 (0/2)2/3, while v is given by
(5.1), where a > 0 is the first positive zero of g when A >3 (0/2)2/3.
Step 2: Let u € K1 be an absolute minimizer of the functional Jy. By a standard
slicing argument we have that u(z, ) € K4 for £! a.e. 2 € (£, /) and so, also by
Tonelli’s theorem,

nw= [ 2 | (90l + Xy () (= 9). ) dy

¢
> / I (u(z,)) dy > 20a.
-t

On the other hand, the minimizer v of I given in the previous step belongs to Ky
and so Jy (u) < Jy (v) = 20a;. Thus, Jy (u) = 2ay. Since Iy (u(z,-)) > ay for L1
a.e. x € (£, 1), it follows that I (u(z,-)) = ay for £! a.e. x € (—¢, (), which, by
the previous step, implies that u(z,-) = v for £! a.e. z € (—¢,¢). This concludes
the proof. O

In view of the previous theorem, in the remaining of this section we assume that
the set S is given by the segment [—¢, £] x {0} and by the two half-lines {+¢} x [0, c0),
and that the datum wu satisfies the following properties

UO(_& y) = U’O(an) =0 for Yy e [Oa OO),
UO(" 0) € C(} ([—&[]) )
{z € (—4,0): up(-,0) > 0} is connected,
or equivalently, that
K = {u € LL(Q): Vue (L2.(Q)?, u(z,0) = vo(x) for z € (—£,0),  (5.2)
u(—L,y) = u(l,y) =0 for y € (0,00)},
where vy € CJ ([—¢,¢]) and the set {z € (—=¢,€) : vo(0) > 0} is connected. As ex-
plained in the introduction, by replacing h with a smaller height, this corresponds
to localizing our attention near the crest. The drawback is that all the results ob-

tained in this section are only local and depend strongly on the particular choice
of the initial datum vg.
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In the next theorem we show that if A is large, then the support of an absolute
minimizer stays below the line y = A.

Remark 5.2. If u € K is a local minimizer, by extending u to zero in R x [0, 00) \ ©,

it follows that Theorem 3.6 remains valid if B,.(xo) intersects the lateral boundary
of Q.

Theorem 5.3 (Existence of regular solutions). There exists Ao >> 1, depending
on the initial datum vy, such that for all A > Ao and for every absolute minimizer
u € K of Jx, the support of u is contained in the set [—¢,€] x [0, A).

Proof. Fix yo > 0, and let k := 1 and r := %, Then for zo € [, ],

BT (anyO) CRx |:y_20aoo) )

and thus we are in a position to apply Remark 5.2. By Lemma 2.5 for every absolute
minimizer u € K of Jy we have (see (3.18)),

by =2 sup u< \/§max] V0,

B /3. (0,y0) 4
while (see (3.26))

3
Qmin = (A - _y0> .
274
It now follows from (3.28) that

C(%M( by +1) _ CGE)V2Iwoll V2 volly,

TQmin TQmin 212_0 ()\ _ %y0)+ 2170 ()\ _ %y0)+

+1] <1

for all A > Ao = Ao (||voll o s %0)-
Thus by Theorem 3.6 (see (3.27)), we have that u = 0 in [, (] x [2%2 ],
which implies that « =0 in [—£, £] x [3%, 00), (recall Theorem 3.3). O

Remark 5.4. Since the support of u remains below the line y = A\, A > \g, we are
in a position to apply the regularity results of Alt and Caffarelli (see Theorem 3.7)
to conclude that d{uy > 0} is locally a C°° curve. This gives a family of regular
solutions. This result can be considered somehow in the same spirit of the theorem
of Keady and Norbury [KN] in the sense that it gives local existence of regular
waves (depending however on the initial datum vg).

In the previous theorem, we have shown that for all A sufficiently large the
support of every absolute minimizer u € K of Jy remains well-below the line y = A.
Next we prove that for A\ very small the support of u crosses the line y = A. To
highlight the dependence on the parameter A in what follows we denote by uy € K
an absolute minimizer of the functional J,. Note that minimizers of Jy are not
necessarily unique.

In what follows, we adapt to our setting ideas from [ACF], [ACF1], [ACF2].
Following Theorem 10.2 in [Fr] we have the following result.

Theorem 5.5 (Monotonicity). Consider 0 < p < X and let ux, u, € K be absolute
minimizers of Jx and J,, respectively. Then

{ux>0}N{y <A} C{u, >0}n{y <A} (5.3)
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and
ux < uy. (5.4)

Moreover, if u, is reqular, then ux < u, in {u, > 0}.

Proof. Define vy := min {ux,u,} and vs := max {uy,u,}. Since v; and vy belong
to IC,
Ia(un) + Ju(up) < Ia(vr) + Jpu(v2).

Let Ay := {u, < ux} and A := {u, > ur}. Then the previous inequality becomes

[ (190l s 0= w)2) dx
A1UA
+/ (IVWI2 +X{u#>0}(u—y)+) dx
AjUA
<[ (1P xsa (- ) dx
AjUA

+ / (Iszl2 + X{wvo>0y (1 — y)+) dx.
AjUAS

Since v = uy, v2 = uy in A1 and vi = uy, v2 = u, in Ay, the integrals containing
gradients cancel out. Therefore,

/ X{ur>0} (A — y) 4+ dx + / X{u, >0} (1t — Y)+ dx
A1UAs

AjUAS

< /A Xtun 0y (A — )4 dx + /A Xiuns0y (A — 1) dx

+ / X{ur>0} (1 — )+ dx + / X{u, >0} (1t — Y)+ dx.
Al AQ

The integrals over A, cancel out, therefore

/ X{ur>0} (A = y) 4 dx + / X{u, >0} (1t — Y)+ dx
A1 Al

< / X{u, >0} (A = y)4 dx + / X{ux>0} (1 — )+ dx,
A1 Al

which implies

/A (X{upo} - X{qL,L>0}) A—y)rdx < / (X{upo} - X{qL,L>0}) (1 —y)+ dx,

1 1

or, equivalently,
/A (Xur 0} — Xgu,501) (3 — 94 — (1 — y)4) dx < 0. (5.5)
1

Since Ay = {u, < uy} and g < A, we have that the integrand is nonnegative, which
implies that it is actually zero £2 a.e. in A;. By the continuity of u, and u, we
have that

{ur >0} N{y < A} n{u, <ur} C{u, > 0N {y < Ayn{u, <ur}
On the other hand, since Ay = {u,, > u)}, we have that
{ur >0} N{u, > ur} C{u, > 0N {u, > urt,
and so (5.3) holds.
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Since equality holds in (5.5), we have actually proved that
Ia(ua) + Ju(up) = Jx(v1) + Ju(v2),

which implies that Jx(ux) = Jx(v1) and J,(u,) = Ju(v2).

Hence, v; and vy are absolute minimizers for Jy and J,, respectively. In partic-
ular, by Theorem 3.3, they are harmonic in the set where they are positive.

If 0 < uy (x0) = uy (x0) for some xg = (x0,y0) € (—¢,¢) x (0,00), then in a
neighborhood of x¢ the functions uy —v2 < 0 and u, —v2 < 0 are harmonic and
attain a maximum in an interior point. It follows by the maximum principle that
ux — V2 = Uy — v2 = 0 in the connected component of {va > 0} that contains xq.
By Theorem 3.3 we have that u, = uy in Q.

If u, is a regular solution, this is a contradiction. Indeed, at a positive distance
below the line y = p, we can apply Theorem 3.7 to obtain that d{uy > 0} is
locally a C'*° curve. By classical regularity results we can write the Euler-Lagrange
equations of the functional Jy to deduce, in particular, that %Llj (z,y) = A—y and

%—V“ (x,y) = p—y on O{uy > 0}, which contradicts the fact that u, = uy in Q.

If uy (x) # u, (x) for all x € {uy > 0} U {u, > 0}, then, since {u, > 0} is open
and connected by Theorem 3.3, we must have that either u, > uy in {u, > 0} or
u, < uy in {u, > 0}. Assume by contradiction that u, < ux in {u, > 0}. Since
equality holds in (5.5), it follows from (5.3) that

{ux >0} N{y <A} ={u, >0} n{y < A}

In turn, since pu < A,
A X{ux>0} (>\ - y)+ dx = ,/QX{H“>O} ()‘ - y)+ dXv

/ X{ux>0} (n—y)rdx= / X{u, >0} (n—y)+ dx.

Using the facts that Jy(ux) < Ja(u,) and J,(u,) < J,(v2), it follows that

/|Vu>\| dX—/|Vu,L dx.

Consider the function v := §u At §uﬂ € K. By the strict convexity of the Dirichlet

energy
/|W|2 dx</ [Vuyl® dx=/ [V |* dx,
Q Q Q

while {v > 0} N {y < A} = {ux > 0} N {y < A}, so that

/Q X{v>0}()‘ —y)ydx = /Q X{u“,>0}()‘ — )+ dx.

It follows that Jx(v) < Jx(uy), which is a contradiction. Hence, u, > wuy in
{u, > 0}. This concludes the proof. ]

We now prove the existence of a critical level A, which should correspond to
solutions whose free boundary forms an angle %71’ as in Stokes waves.

Theorem 5.6. Let

e :=inf{\ > 0 : there is an absolute minimizer uy € K
of Jx with suppuy C {y < A}}.
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Then 0 < A. < 00, every absolute minimizer of Jy is a regular solution for X > A.,
while every absolute minimizer of Jy is a non-physical solution for A < A, in the
sense that its support crosses the line y = .

Proof. By Theorem 5.3 we have that A\, < Ag < co. If A > A, by the definition
of . there exists A\c < p < X such that suppu, C {y < p} for some absolute
minimizer u, € K of J,. Let uy € K be an absolute minimizer of Jy. By (5.3),

{ur >0} N {y <A} S {u, >0} N {y <A} S{y < p},

which implies that supp uy C {y < u}. Thus uy is a regular solution. Hence, every
absolute minimizer of Jy is a regular solution.

On the other hand, if Ac > 0 and 0 < p < A, let u, € K be an absolute
minimizer of J,. If by contradiction suppu, C {y < p}, then reasoning as in the
first part of the proof, we would have that every absolute minimizer of Jy is a
regular solution for u < A < A, which would contradict the definition of A.. Thus,
every absolute minimizer of J, is a non-physical solution.

To prove that A\, > 0, fix A > A, let uy € K be an absolute minimizer of Jy and
let 0 < A1 < A be such that the line y = A; intersects the set {uy > 0}. By (5.3)
once more, for every 0 < p < A; < A and for every absolute minimizer u, € K of
J/u

fun > 0} " {y < A} € {u, > 0} A {y < A},

and, since the line y = A; intersects the set {uy > 0}, it also intersects the set
{u, > 0}.  Since the set {u, > 0} is connected and p < Aq, the line y = p
intersects the set {u, > 0}. This shows that A, > A; > 0. g

Next we prove that as A \( Ac and A " A., corresponding minimizers uy ap-
proach two minimizers at level y = A..

Theorem 5.7. Let {\,} C (0,00) be a sequence such that A, — Ac and let {uy,} C
KC be absolute minimizers of the functionals Jy,. Then (up to a subsequence) {uy, }
converges strongly in HL _(Q) to an absolute minimizer u € K of Jy, .

Proof. Extend vy to a function vy € C! (ﬁ) such that suppwvg is contained in
[—¢, 0] x [O, %} Let n; € N be so large that A\, > % for all n > n;. As in
the proof of Theorem 2.2 we may extract a subsequence (not relabeled) {uy, } such
that {uy, } converges weakly to some function uy, € K, while {X{UA7L>O}} converges

weakly star to a function 7 in L* (Q) with
Y (%) > X{uy, >0y (%) for L£? ae x € Q.

It remains to show that wy_ is an absolute minimizer for Jy_ . As in the last part of
the proof of the Theorem 2.2, for every r > 0 and u € K, we have

/ (Ver, + Xgu, 50 (he — 1), ) dx < / (Vur [+ (e —v).,) dx

T Q.

<liminf [ (|Vuy, > +7 (s —y),) dx (5.6)

n—oo Q
r

< liminf Jy, (uy,) < limsup Jy, (ux,)
n—o0 n—00
<limsup Jy, (u) = Jx, (u).

n—oo
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Letting r * oo, we conclude that
J)\c (uc) S J)\L (u)

for all uw € K. Since uy, € K, we have that uy, is an absolute minimizer for Jy_.
Note that taking u = uy, in (5.6) and letting r * oo, gives

I, (u) = lim / <|VUAW|2 + X{ua, >0} (An — y)+) dx.
n— o0 Q

On the other hand, since

liminf/ |VuAn|2 dXZ/ |VUAC|2 dx
[¢) Q

n—oo

and

n—oo

lim inf o X{ux, >0} (An — y)+ dx > ‘/Q X{ux,>0} (Ae — y)+ dx,
it follows that

lim / Vuy, [? dx=/ |Vua, > dx
n—oo Ie) O

and

n—oo

lim o X{ux, >0} (An — y)+ dx = /Q X{ux,>0} (Ae — y)+ dx.

It follows that {Vu,, } converges strongly to Vuy, in (L? (Q))z, and hence {uy, }
converges strongly to uy, in H{_ (). O

Corollary 5.8. Let {\.}, {un} C (0,00) be such that A, \y Ae and pn, 7 Ac.
Then {uy,} and {u,, } converge strongly in HL _(Q) and uniformly to two absolute
minimizers ut and u~ € K of Jx,, respectively. Moreover supput C {y < A:},
while supp u™ intersects the line y = ..

Proof. By Theorem 5.5 the sequence {uy, } is increasing, while the sequence {u,,, }
is decreasing. Thus for all x € ) there exist

. _ + . _ —
n11_>rrolo U, (X) =u (X) ’ nll_{Iolo uun (X) =u (X) .

It follows by the previous theorem, that u* and u~ are absolute minimizers of J_.
Since u™ and u™ are continuous (see Theorem 3.4), by Dini’s monotone convergence
theorem, the convergence is uniform.

To prove the second part of the statement, assume by contradiction that there
exists xo = (20, o) € (—F, €)X (A, 00) such that u* (x¢) > 0. Since {u,, } converges
uniformly to u™, we have that
u™ (x0)

2
for all n sufficiently large. Since A\, \, A, taking so large that A\, < yg, we have
contradicted the fact that suppuy, C {y < A, }. Thus suppu® C {y < A.}.

Next, assume by contradiction that

suppu” C {y < A:}.

Fix € > 0 such that suppu™ C {y < A. —€}. Let C'(1/2) be the constant given in
Theorem 3.6 with k = % Since p,,  Ae and {u,, } converges uniformly to zero in
[—4, 0] X [Ac — &, Ac], we may find n; so large that

uy, (x0) >

9
n>)\c__
K 4
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and

3
Uy, < C (%) Z’/gf in [—0,0 x e — 2, \d] (5.7)
for all n > ny.
We now apply Theorem 3.6 and Remark 5.2 to u,, taking zo € (—¢,¢), yo =
Ae — %5, r = %. By (5.7), for all n > n;, we have
A —yo— 37

1 1
[
)+ OB, (x0)
1

r|0B;(x0)|
1 / 1
= - Uy, dH
1 ‘aB% (X0)| \/ (Nn — A+ %5)4- 8Bi(x0)

1 gf 1
<C(3) <C(3),

(Hn — Ac + %5)+

where in the last inequality we have used (5.7) and the fact that p, > A — 5.

It follows from Theorem 3.6 and Remark 5.2 that u,, =0 in Bs (20, Ac — £) for
all zo € (—¢,¢) and for all n > n;. Since {u,, > 0} is connected by Theorem 3.3,
we have contradicted the fact that suppu,, meets the line y = p,,.

Hence, suppu~ is not contained in {y < A.}. O

Conjecture 5.9. We conjecture that Jy, has a unique absolute minimizer.

Note that if the conjecture were true, then u™ = u~, and so the support of u*
would touch the line y = A, and be contained in the set {y < A\.}. This would
prove the local existence of a solution behaving like a Stokes wave near the crest.
We have been unable to prove the conjecture.

Next we show that if the initial datum vy is even and decreasing in (0, ¢), then
there exists an absolute minimizer whose boundary is given by the graph of a
function x = g (y) for > 0.

Theorem 5.10. Suppose that the function vy in (5.2) is even in (—€,f) and de-
creasing in (0,€). Then there exists an absolute minimizer u € K of the functional
Jx such that u (z,y) = u (—x,y) and the function x € [0,£] — u (z,y) is decreasing
for all y > 0.

Proof. Step 1: In this step we show the existence of two absolute minimizers that
are even in the xz-variable. Let u be a minimizer for J. Define

S u(z,y) ifx>0,
wi(@,y) = { u(—z,y) ifzx <0,

w2, y) = { u(z,y) ifz <O0.

Since vg is even, it follows that wy, we belong to . A simple computation yields
Ix (w1) + Iy (wa) = 2Jy (u) .

Since both Jy (w1) and Jy (w2) are bigger than Jy (u), we must have
Iy (w1) = Iy (we2) = Iy (u).

Therefore w;, and ws are two minimizers of Jy that are even in the z-variable.
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Step 2: In this step we prove that if an absolute minimizer v € I of Jy is
symmetric in z, then the symmetric decreasing rearrangement of u in the variable
x (see Corollary 2.14 and Remark 2.32 in [Kaw]), denoted by u*, is also an absolute
minimizer of Jy. Notice that by Step 1, Q@ N {u > 0} coincides with its Steiner
symmetrization. By Corollary 2.14 in [Kaw], we have

/ Vu* (2, y)[? dedy < / Vule,y)|? dedy, (5.8)
Q Q

while by Fubini’s theorem

A L
/QX{u>0}()‘ —y)ydx =/ A=y)+ (/KX{u>0} (z,y) dﬂ?) dy,
0 —

and similarly

A V4
/QX{u*>0}(>\ —y)ydx =/ A=y)+ (/KX{u*>O} (z,y) dﬂ?) dy.
0 _

By the definition of u* we have for any fixed y € R,

4 V4
/ZX{u>0} (z,y) dov = /ZX{u*>0} (z,y) dz,

therefore
/QX{u>0} A—y)+dx = /Q X{u">0}(>‘ —y)+ dx,

which together with (5.8), implies that Jy (u*) < Jy (u). Using the fact that vy =
vy, we have that v* (x,0) = u (z,0) = vg (z). O

In view of the previous theorem, if vy is even in (—¢,¢) and decreasing in (0, £),
there exists an absolute minimizer u € K of J) whose free boundary can be described
by the graph of a function z = g (y) in (0,¢) x R. Indeed, it suffices to define

g(y) :==sup{z € [-4,0]: u(x,y) > 0}. (5.9)

Next we prove that for the absolute minimizer constructed in the previous the-
orem there is only one blow-up limit (see Theorem 4.3).

Theorem 5.11. Assume that vy is even in (—¢,£), and decreasing in (0,£), and
let u € K be the absolute minimizer of Jy given by Theorem 5.10. Assume that the
point (0, \) € Q belongs to O {u > 0} and that

(x€Q: u(x)>0}C (—£,0) % (0,)). (5.10)

Then the only blow-up limit is

wt00)= e (2 (0-2)) 0)

and

lim

1
r—0t+ 7"_3 »/BT((O,)\)) (A B y)+x{cos(%(9—%))>0} dx.

X{u>0y(A —y) 4+ dx = /
B;(0)
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First proof. In view of Theorem 4.3, it remains to exclude the case in which a
blow-up limit is w = 0 with

. 1
lim — / X{u>0} (A —y)4 dx = 0. (5.11)
Br((0,2))

If (5.11) holds, then by Corollary 4.5, there exists r > 0 such that u = 0 in
B, /5((0, A —7)). However, since the function x € [0, /] — u (x,y) is decreasing for
all y > 0, it follows that u (x,\ —r) = 0 for all z € (—¢,¢), which contradicts the
fact that {x € Q: u(x) > 0} is connected (see Theorem 3.3). O

We present a second proof of Theorem 4.3, which does not make use of Corollary
4.5.

Second proof. Step 1. We claim that the function y € [0, \] — u (0,y) is decreas-
ing. Indeed, assume by contradiction that there exist 0 < y; < y2 < A such that
u(0,y1) < w(0,y2). Since u is continuous (see Theorem 3.4) and u (0,\) = 0 by
(5.10), there exists yo < y3 < A such that u (0,y1) = u (0,ys). Hence, the function
Yy € [y1,y3) — ©(0,y) has an absolute maximum at some yo € (y1,y3). In turn,
since u (z,y) = u(—z,y) and the function z € [0,¢] — wu(x,y) is decreasing for
all y > 0, the point (0,y0) is a point of absolute maximum for the function u in
[—¢, €] X [y1,y3]. By replacing [y, y3] with a subinterval containing yo, without loss
of generality, we may assume that u > 0 in [y1,y3] and that

u(0,y1) =u(0,y3) <u(0,90).
Again by continuity, we may assume that « > 0 in [—£1, €2] X [y1, y3] for some 0 <
01 < ¢. Since w is harmonic in the set {u > 0} (see Theorem 3.3), this contradicts

the maximum principle.
Step 2. We claim that

u(0,9) > C(A—y)*? (5.12)
for all y € [0, A] and for some C' > 0. To see this, fix 0 < yo < A\. Without loss of
generality, we may assume that

A—yo <min{\+h,{}.
Fix k := fand let C(1/2) > 0 be the constant given in Theorem 3.6. Let r :=
% (A —1yo) and xq := (O,yo + é N — yo)). If
1 ) 1
P08, o)l o iy " <€ 2>\/ (- (wrg-m))

then by Theorem 3.6, u = 0 in 0B, /5 (xo), which contradicts the fact that u (0,y) >
0 in [0,\) by Step 1 and the fact that (0,\) € 9 {u > 0}. Hence,

1
0B, (x0)| JaB, (x)
Since u (z,y) = u(—x,y) and the functions y € [0,A] = u (0,y) and x € [0,¢] —

u (z,y) are decreasing, it follows that

u (07 yO)

wdH' > C(1/2) g (A —yo) -

D udH?
|08, (x0)] B, (x0)

> %0(1/2) g (A =50)4 (A —wo),
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which proves the claim.
Using (4.2) and (5.12), we obtain that for every blow-up limit w,

w(0,t) > C (—t)*?, (5.13)
which implies that w cannot be zero. O

In the next theorem we prove, without using the results of [VW], that if the free

boundary forms an angle w, then, necessarily, w = %’T

Theorem 5.12. Assume that vg is even in (—£,¢), and decreasing in (0,£), and let

u € IC be the absolute minimizer of Jx, given by Theorem 5.10 and with suppu C
{y < Ac}. Let g be defined as in (5.9) and assume that there exist the limits

lim g(y) =:9(\) €10,¢), (5.14)
y—+(Xe)_
e () — 9 ()
. g(y) —g(Ae
1 2L T = fceR. 5.15
TIH%I;\I:)_ )\c -y f ( )

Then g (M) =0 and & = tan 3.

Proof. Step 1. In this step we prove that g(A.) = 0. Indeed, assume by con-
tradiction that g (A:) > 0. By (5.14) and (5.15), the free boundary is contained
in a thin sector centered at (g (Ac),Ac). Since the function = € [0,4] — u(z,y)
is decreasing for all y > 0, we deduce that for some 0 < a < g(A.) and for some
small e > 0, u > 0in (—a,a) X (Ac — €, Ac). Using the fact that u (z, A.) = 0 for all
x € (—¢,¢), we have that % (z,Ac) = 0. Writing the Euler-Lagrange equations in
(—a,a) x (A — £, ), it follows by the Bernoulli’s boundary condition |Vu|> = A—y
that g—z (z,Ac) =0 for x € (—a,a), which contradicts Hopf’s lemma.

Step 2. Let w be the blow-up limit of the sequence {u,} defined in (4.1), with
xo = (0, Ac). By (5.9), after the change of variables x = x¢ + pn2, z = (s,t), we
have that the free boundary of u,, can be described by the function

1

Note that by (5.15),

nh_}ngo hn, (t) = &t.
On the other hand, since d{u, > 0} locally converges in Hausdorff distance to
0{w >0} in R x (—00,0), it follows that the function h (t) = &, t < 0 describes

the free boundary of w in [0, 00) X (—o0, 0]. Since by Theorem 4.2, w is a minimizer
of the functional and (0,0) € 9 {w > 0}, it follows by Theorem 3.1 that
1 3
— wdH' < Crpaxr? (5.16)
|0B,-(0)| JoB, (0)

for all r > 0 sufficiently small, while by (5.13),
w(0,t) > C (—t)*/? (5.17)

for ¢t € [-1,0].
Consider the triangle

T:={(s,t) eR: &t <s< =&, te[-1,0]}



ON A VARIATIONAL APPROACH FOR WATER WAVES 35
and let ¢ € C° (R?;[0,1]) be such that ¢ =1 on B:(0) and ¢ = 0 outside B.(0).
Then wy = 0 on 0T, while
A (wp) = (Aw) ¢ +2Vw - Vo + wAep
=2Vw - -Vo+wAyp inT.
It follows by Theorem 4.4.3.7 in Chapter 4 of [Gris] that in a neighborhood U of 0,

w=wp = Z CrSm + v
—1<An <0

for some v € H? (U), where for every m € Z, C,, € R,

Am = m,

w

7«7)\'m T 0
Sy, 1= m cos ()\mﬁ + 5) n (rel ) ,

where w € (0, 7] is the angle at 0, (r,0) are polar coordinates centered at 0 and 7
is a smooth function, which is 1 in a small neighborhood of 0 and whose support
does not intersect the side of T opposite to 0. By (5.16) and (5.17), the singularity
of w is of the type r3/2 in a neighborhood of the origin. Since w € [0, 7],

A, =TT 3

w 2
can hold only for m = —1. From this we conclude that

which is the expected Stokes angle. O
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