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ABSTRACT. Within the context of heteroepitaxial growth of a film onto a substrate,
terraces and steps self-organize according to misfit elasticity forces. Discrete models
of this behavior were developed by Duport, Politi, and Villain [3] and Tersoff, Phang,
Zhang, and Lagally [6]. A continuum limit of these was in turn derived by Xiang [7] (see
also the work of Xiang and E [8] and Xu and Xiang [9]). In this paper we formulate a
notion of weak solution to Xiang’s continuum model in terms of a variational inequality
that is satisfied by strong solutions. Then we prove the existence of a weak solution.
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1. INTRODUCTION

Within the context of heteroepitaxial growth of a film onto a substrate, terraces and
steps self-organize according to misfit elasticity forces. Discrete models of this behavior
were developed by Duport, Politi, and Villain [3] and Tersoff, Phang, Zhang, and Lagally
[6]. A continuum limit of these was in turn derived by Xiang [7] (see also the work of Xiang
and E [8] and Xu and Xiang [9]). In this paper we formulate a notion of weak solution
to Xiang’s continuum model in terms of a variational inequality that is satisfied by strong
solutions. Then we prove the existence of a weak solution.

The evolution equation derived by Xiang in [7, formula (3.62)] is

- [—H(hx) - (hl n hm) h} R (L1)

X

where h denotes the derivative of h with respect to t. Here, the function h describes
the height of the surface of the film, and it is assumed to be monotone. Without loss of
generality, we take h to be increasing. Note that in [7] and [8] h is taken to be decreasing
with respect to x, therefore in those papers h(t,z) corresponds to our h(t,—x). Moreover,
H denotes the periodic Hilbert transform (see (2.25) below).
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2 G. DAL MASO, 1. FONSECA, AND G. LEONI
To exploit the variational structure of equation (1.1), we consider the function ®: R —
R U {+o0} introduced in [7, formula (3.64)] and defined by

Elog&+ £&% if€>0,
d(&):=1{0 ife=0, (1.2)

400 otherwise.

Note that ® is convex, and that (1.1) can be written as

where the derivative ®’ is given by
O'(6) =log&+1+ 5 if£>0. (1.4)

In Theorem 3.1 we show that the existence of solutions of (1.3) with h, bounded away
from zero is equivalent to the existence of solutions of the parabolic evolution equation

U= —[H (uzz)]z — [P5 (sa)]oa » (1.5)

where u is an appropriate anti-derivative of h, a is a positive constant, and
D,(8):=P(+a). (1.6)
We study equation (1.5) on a time interval [0,T], for some T > 0, and on the space
interval I := (—m, ), with inital boundary condition at ¢ = 0 and periodic boundary
conditions on 9I. In this work we use the spaces Ly, (I) and W23 (I) of 27-periodic
functions of L (R) and Wif’ (R), respectively, with average 0 on I. The main difficulty

in the analysis of (1.5) is due to the singularity of log ¢ in (1.4) at the origin. To circumvent
this problem, we will consider a family of approximating problems (see (5.1) below), and we
will prove that their solutions converge to a solution of the variational inequality (1.7). The
central result of his paper is the following theorem.

Theorem 1.1. Let a >0 and let u® € L2, (I). Then there exists u € L3([0,T]; W22 (I))

per, pérg
such that
T
/0 <<w(t)’w<t) —u®) wag, . wag,m t fa(w(t)))dt
T
> /0 (.Fa(u(t))+<H(u(t))vw(t)_U(t»(wgégo(1))/7W§é§0(1))dt (1.7)
for every w € L3([0,T); W23 (I)), with i € L¥*([0,T]; (W2 (1)) and w(0) = u°.

Moreover, log(ug, + a) € L*([0,T); L*(I)).
Here, the functional F,: W22 (I) = RU {+o0} is defined by

perg

Fa(u) = /I%(um-) dz (1.8)

and H: W23 (I) — (W23 (I)) is the operator given by

perg perg

(W) ) wes, iy wa, @) = /IH(“M) Vg 42 - (1.9)

Note that in Proposition 3.4 we prove that strong solutions of (1.5) with wu,, +a bounded
away from zero satisfy (1.7), so that this variational inequality can be considered as a weak
formulation of (1.5).

Let Ay: D, — (W23 (I))" be the operator defined by

perg

(Aa(w), v) wag, (ny was, @) = /1 O (ua) veg der (1.10)
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where
Da, = {u S W273 (I) : log(u;pz + a) € LS/Q(I)} )

perg
We prove also the following result, where the variational inequality is more similar to equa-
tion (1.5).

Theorem 1.2. Under the assumptions of Theorem 1.1, the solution u of problem (1.7)
satisfies

T
/O (W(t)’ w(t) = wl®))wzs, iy wze, (1) + Aa(w(t), w(t) = ult)) gz (I))'aWSéf'o(f))dt

T
< [ttt = uzs,copwzgnd 01D
for every w € L3([0,T;; W23 (I)), with v € L¥2([0,T]; (W22 (I))), w(0) = u°, and

log(wgs +a) € L¥2([0,T]; L**(I)).

2. PRELIMINARIES

We begin with a compactness result on Banach spaces, which extends [5, Chapter 1,The-
orem 5.1] to the case of L([0,T]; By), without assuming that B; is reflexive.

Theorem 2.1. Let By, B, and By be Banach spaces, and let 1 < p < +oo. Assume that

By — B < B; with continuous embeddings, (2.1)
By is reflexive, (2.2)
the embedding By — B 1is compact. (2.3)

Let V be the Banach space of all functions v € LP([0,T]; By) whose distributional derivative
0 belongs to L*([0,T); B1) endowed with the norm

[vllv = llvll e o,71:80) + 10l L0, 7):81) - (2.4)
Then the embedding V — LP([0,T]; B) is compact.
Proof. Let {v,} be a bounded sequence in V. Using (2.4) we obtain that
{vn} is bounded in LP([0,T]; By), (2.5)
{0} is bounded in L'([0,T]; By). (2.6)
Since 1 < p < 400, by (2.2) the space LP([0,T]; By) is reflexive (see, e.g., [4, Theorem
2.112]). By (2.5), extracting a subsequence (not relabeled), we have that
v, — v weakly in LP([0,T]; By) (2.7)

for some v € LP([0,T]; Bo) -
By [5, Chapter 1, Lemma 5.1}, for every n > 0 there exists ¢, > 0 such that

lulls < nllulls, + cnllulls,
for every u € By. It follows that
[on = vllLeo,r:8) < M llve = vl (o,1380) + nllvn = vllLeo,7558:)
for every n. By (2.5), for every € > 0 there exists n > 0 such that
lvn = vllLe(o,11:8) < €+ eyllvn — vllLe(o,7);81)

for every n. Therefore, to prove that v, — v strongly in LP([0,T]; B) it is enough to show
that
v, — v strongly in LP([0,T]; By) . (2.8)
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Since V — WH((0,T); By) < C°([0,T); By) with continuous embedding, the sequence
{v,} is bounded in C°([0, T]; B1). By the Dominated Convergence Theorem, to obtain (2.8)
it suffices to prove that

vn (t) — v(t) strongly in By for a.e. t € [0,T]. (2.9)
For t € [0,T] and n € N define

Va(t) = / i ()13, ds

By (2.6), {V,} is a bounded sequence of monotone functions. By the Helly Theorem
there exists a subsequence (not relabeled) that converges pointwise to a monotone func-
tion V: [0,T] — [0, +0).

Let ty be a continuity point of V' and a Lebesgue point of v, considered as an integrable
function with values in By, i.e.,

1 t0+s
tim > [ 0t6) = o), e =0
We want to prove that
vn(to) = v(to) strongly in Bj . (2.10)
Fix € > 0 and s > 0 such that
1 to+s
Vito+5) — V(to) < and ;/ o(t) — vto)|lm, dt < <. (2.11)
to
Using an argument due to R. Temam (see [5, Chapter 1,Theorem 5.1]), we write
1 to+s 1 to+s
vp(to) = — / vp(t) dt — — / (to + s —t) v, () dt =: ap, — by, , (2.12)
s Jy, 5 Ji
and we define
1 to+s
a::f/ v(t)dt.
s Jto

By (2.7), the sequence {a,} converges to a weakly in By. By (2.1), (2.2), and (2.3), it
converges strongly in Bj. Since |la — v(to)||B, < € by (2.11), we obtain

ILm llan, —v(to)|lB, <e for n large enough. (2.13)

On the other hand,

to+s
Iball s, < / i (®) [, dt = Vit + 5) — Va(to)
to

so that, by (2.11),
limsup ||bn ||, < V(to +35) —Vty) <e. (2.14)

n—oo
In view of the arbitrariness of ¢ > 0, (2.10) follows from (2.12), (2.13), and (2.14). Since
the continuity points for V' that are Lebesgue points for v form a set of full measure, we
have proved (2.9), which concludes the proof of the theorem. O

In what follows, given a Banach space B, we denote by (-,-)p/ p the duality between B
and its dual B’.
Let I := (—m, ). To introduce the functional setting for the study of equation (1.3), for
k€ Z and 1 < p < 400, consider the space
WEP(I) := {u € WEP(R) : u is 2n-periodic} (2.15)

per loc

where the periodicity of u when k < 0 is to be understood in the sense of distributions. If
k > 0 then the space WXP(I) is endowed with the norm induced by W*?(I). If k < 0 and

per
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(1/p) + (1/q) = 1, then WkI(I) is the dual of W *?(I), and is endowed with the dual

per per
norm. For simplicity, we use the notation
<'7 '>k,P = < >( WEP (D)W, per P(1) - (216)
Moreover, we also define the space
Wyeb (1) = {u € Wl(I) : ur = 0}, (2.17)

where u; is the average of u in one period if £ > 0, and u; := (u,1)x, when k£ < 0. If

k > 0 then the space W;’féf (I) is endowed with the norm induced by W*P(I). If k < 0

and (1/p) + (1/q) = 1, then it can be shown that erfég (I) is the dual of Wper (I), and
it will be endowed Wlth the dual norm. With an abuse of notation, we continue to use the

symbol (-, )i, to denote the corresponding duality. Finally, set
WB.(I) := {u e W2 (R) : u, is 27-periodic}

per loc 2.18
={ue VVIOC (R) : u(z + 27) — u(z) is constant} , (2.18)
endowed with the norm induced by W1:3(I).
Let
Vi=W2E (1) and Y := L2, (I), (2.19)
where

L2, (I):={u € L} .(R) : u is 27m-periodic and u; = 0} .

pch
Since every u € V' has mean value zero and is periodic, it follows in particular that u, has
also mean value 0, and so using Poincaré-Wirtinger inequality twice, there exists a constant
a > 0 such that

lullw=2sry < |z ||s (2.20)
for every u € V. This allows us to endow V with the norm

ully = ||u3cac||L3(I)7 (2.21)

which is equivalent to the norm induced by W?23(I). The dual space V' coincides with

Wr;f(’)g/z(f) and will be endowed with the dual norm to (2.21).
In order to study the evolution equation, we introduce the Banach space

W= {u:ue L3(0,T);V), ue L**(0,T;V)}, (2.22)
endowed with the norm
lullw = l[ullzao,77v) + [l Lsr2 o, g0y - (2.23)

It is well-known that W < C°([0,T];Y), with continuous embedding (see, e.g., [10, Propo-
sition 23.23)).
Lemma 2.2. The embedding i: W < L3([0,T); W3 (I)) is compact.

perg

Proof. Tt is enough to apply [5, Chapter 1, Theorem 5.1] with pg := 3, p1 :=3/2, By:=V,
B:=W3 (I), and By :=V". O

perg
Consider the adjoint embedding i*: L3/2([0, T'; Wpci 3/2( I)) = W'. By its definition, for
every f € L3/2([0,T); Wper, 3/2( I)) and every v € W we have
T
o= [ GO0 a= [ GO0 ra @
0
In view of Lemma 2.2 we have the following result.

Lemma 2.3. The embedding i*: L3/([0, T]; Wpe% 3/2( 1)) = W' is compact.
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The periodic Hilbert transform H (u) of a function v € Lb, (I) is the 27 -periodic function
defined by

H(u)(x) : V/ u(x —y cot( )dy, (2.25)

where PV denotes the Cauchy principal value.
For a proof of the following proposition, we refer to [2, Proposition 9.1.3].

Proposition 2.4. Let 1 <p < +oco and let uw € L}, (I). Then H(u) € L

| H (u)| e ry < Cpllullzr(n

I) and

per(

for some constant C), > 0.

Using the argument in the proof of [2, Proposition 8.3.7], where Proposition 9.3.1 is used
in place of Proposition 8.3.1, we obtain the following result.

Proposition 2.5. Let 1 < p < 400 and let uw € WLE(I). Then H(u) € W)2(I) and
H(uz) = (H(u)), a.e. onI.

Remark 2.6. In view of the latter proposition, it is possible to extend H as a linear
bounded operator from W 1'* "(I) into itself.

3. A NoTIioN oF WEAK SOLUTION

In this section we derive a notion of weak solution for equation (1.3). In order to transform
(1.3) into a parabolic equation, we will derive an evolution equation for an appropriate anti-
derivative of h. In what follows we use the notation (2.16).

Theorem 3.1. The following conditions are equivalent:

(i) There exists h € L3([0,T]; VVper (I)) with h € L32([0,T); Wyer' S/2(1)) a solution of
equation (1.3) satisfying

hy(t,z) > 6 for a.e. x € R and t € 0,77, (3.1

for some constant 6 > 0.
(ii) There exist a >0 and u € L3([0,T); Wge‘;’ (I)) with @ € L3/2([0,T];WI;3(’)3/2(I)) a
solution of

U = —[H (uzz)|z — [P (Ura)|za (3.2)
satisfying
Ugz(t,2) > —a+ 0 for a.e. z € R and t € [0,T). (3.3)

Observe that, in view of (1.4), the expression [—H (h;) — ®'(hs )|z belongs to the space
L32(]0, T); Wpei’ 3/2(1), so that the equality in (1.3) is well defined, i.e., for a.e. t € [0,T]
we have

<h7 @)33 = (—H(hy) — (2" (he))w: Paa)1,3 (3.4)
for every ¢ € W32(I). Similarly, by (3.3) equation (3.2) is well-defined.

per
The proof of Theorem 3.1 will use the two lemmas below.

Lemma 3.2. The following conditions are equivalent:

(a) b€ L0, T} Woil (1)) and h & L¥/2([0, T); Woer™(D)

per*

(b) there exist a € R and he € L3([0,T); WL3(I)), with ha € L3/2([0,T); Wper*/*(I)) ,

per

such that h(t,z) = h®(t,z) + ax for a.e. t € [0,T] and every z € R.
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Proof. The implication (b) = (a) is straightforward, so we only prove that (a) implies (b).
Assume that h satisfies (a) and, for a.e. t € [0,7], let
1
a(t) == —/hm(t,x) dx .
2 I

If he C2((0,T); C2,. (1)) with h e C((0,T); C2.(I)), then

per* per

aft) = % /I(h)z(t,x) dz =0

by the periodicity of & (t,-) for every t. It now follows by density that a is constant. Hence,
he(t,x) := h(t,x) — ax satisfies (b). O
Recall that the function ®, is defined in (1.6).

Lemma 3.3. Let a > 0 and let h* € L3([0,T); W3 (1)), with h* € L¥2([0,T]; Wyer >/ *(I)),
be a solution of

h* = [=H(hg) = (D4(h8))e)ea (3.5)
satisfying
he(t,x) > —a+6 for a.e. x €R and t € [0,T) (3.6)
for some § > 0. Then there exists a constant b, depending on the solution h®, such that
1
—/h“(t,x) de=b for ae te[0,T]. (3.7)
2 I
Proof. Let
1
b(t):=— [ h%(t,x)d .
(0= 5= [ n(t.0)do. (38)

for a.e. t € [0,7]. We want to show that b is constant. By (3.8), we have b(t) =
(h*(t),1/(2m))1,3, so that its distributional derivative satisfies b(t) = (h*(t),1/(27))33.
Therefore (3.5) yields

b(t) = ([=H (hg) — (®4(h§))alea, 1/(27)) 3.5
= ([=H(h3) = (¥4 (h3))a]e; 0)2,8 = 0.

We now turn to the proof of Theorem 3.1.

Proof of Theorem 3.1. Assume (i). Let h® be the function given by Lemma 3.2. Since
H(a) = 0 it follows that h® is a solution of (3.5). Moreover, using the fact that h%(t,-) is
27 -periodic, we have that the mean value of h&(t,-) on a period is 0, so that (3.6) implies
a > 0. Define .

u(t,z) = / (h%(t,y) — b)dy, (3.9)
where b is the number given in Lemma 3.3. Then x — u(t,x) is 27-periodic and has mean
value zero for a.e. t € [0,T]. Moreover, u, = h* — b, uz, = h%, and @, = h*. Tt follows
that u € L3([0,T); Wgéfo(l)) and @ € L32%([0,T7; WP_Q%f/Z(I)). In turn, equation (3.5) can
be written as

Uy = [~ H (tza) — (4 (Usz))a)ow -
Hence, for a.e. t € [0,T)] there exists a constant ¢(t) € R such that

U= —[H(uzq)]e — [@;(um)]xx +c(t),
that is, for a.e. ¢t € [0,T] we have
L{u(t), p)os = (u(t), )23
= <H(u9:a:)7 L)0:v>0,3 - <(D:1(uww)a @a;x>0,3 + <C(t)7 90>0,3
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for every test function ¢ € W23(I). Taking ¢ = 1 we get ¢(t) =0 for a.e. t € [0,T].

per
Therefore u satisfies the equation (3.2) in the sense that, for a.e. t € [0,7], we have

<1.L(t), <P>2,3 = <H(uzw)a <Pac>0,3 - <(I>2L (wa)v @xw>0,3
for every test function ¢ € W23(I).

per
Conversely, assume (ii). Then the function h (t,z) := u,(t,x) + ax satisfies (i). O

In this paper we establish the existence and uniqueness of a solution of a variational
inequality satisfied by all solutions considered in Theorem 3.1(ii). More precisely, we have
the following result.

Proposition 3.4. Let u’ € Lgero (I) and let w satisfy (ii) in Theorem 3.1 with u(0) = u.
Then
log(uee + a) € L¥2([0,T); L¥/*(I)) (3.10)

and

T
[ (t60).00) = e + Zatwio))ar
= /O (Fawl®) + (el (0),w(t) = u(®)) vy ) dt (3.11)

for every w € W with w(0) = u®, where F, is defined in (1.8).

Proof. Since uy, € L*([0,T]; L3(I)) and (3.3) holds, we obtain (3.10). By (1.4), this implies
that @ (uz,) € L*2([0,T]; L3/2(I)). Let w be as in the statement. For a.e. t € [0,T] we
multiply (3.2) by w(t) — u(t) and add (w(t), w(t) — u(t))v+,v to both sides to obtain

(w(t), w(t) —ut))v,v + (P4 (Usa(t)), Waw () — Uza(t))o,3
= (W(t) —u(t), w(t) —u))vv + (H(u(t), wt) —ut))v,v.
Since @, is convex, we have F,(w(t)) — Fo(u(t)) > (P} (upy(t)), Way (t) — g (t))o,3. There-

fore

T
[ (10,00 =~ w0y + Fulwle) - Falute)) e
T T
> / L lw(t) — u(t) 2, dt + / (H(u (1)), w(t) — u(t))vr v dt
T
= Lw(T) — u(T) |22 + / (H(u (1)), w(t) — u(t))vr v dt

T
> [ )00~ ) dr,
0
where we used [10, Proposition 23.23] and the fact that w(0) = u(0) = u°. O

4. BOUNDED MONOTONE PROBLEMS

In order to overcome the difficulties due to the fact that ®, takes infinite values, we
consider a suitable finite valued approximation, denoted by ®, . Let

Elogé if€>0,
U(E):=<0 if£€=0, (4.1)
+00 otherwise.

For a >0 and 0 < § < 1/e we define

Vo (6):=V(¢+a), Vo508 := {(£+a) log(¢€ + a) if&>—a+46,

(+a)logd+Eé+a—0 fE<—a+d,
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and

q)a,S (f) = \Ija,zs(é-) + %|£ + a’|3 . (43)

Note that ®,5: R — R is a convex function. In the following lemma we give some estimates
on @ 5, which is given by

_ Jlog(§+a)+1+5€+al€+a) &> —a+td,

a,a(é)—{log5+1+§§+al(€+a) ifE<—a+4. (4.4)

Lemma 4.1. Assume a >0 and 0 < < 1/e. Then
|@0,5(6)] < |log d] + 2a° + 2[¢]?, (4.5)
(P, 5(&2) — @1 5(60)) (& — &) > §162 — &I,

0.0 (O)€ > 1l€P° —2 - 4a®,
for every £, &1, &2 € R. Moreover

ns(©)€>allog(€+a)l + 3¢ —2-2a> if6<E+a<l, (4.8)
ns(6)E > allogd| + 1|¢)* —2—4a® if £4+a<4,
ws(8)E > 1| 5(6)] —co for every £ €R, (4.10)

where the constants ¢1 > 0 and co > 0 depend on a, but not on 6.

Proof. Step 1: We first prove (4.5). Using the inequality 0 < logs < s?/2 for s > 1, from
(4.4) we obtain

1@, 5(O)| <1+ [E+al* for{+a>1. (4.11)
Since |logd| > 1, this implies
|5,5(6)] < [logd] + 1€ +al*. (4.12)

On the other hand, if 6 <{+a <1 we have —|logd| <log(§+a)+1<1<]logd|, so that
(4.12) holds also in this case. Finally, (4.12) follows immediately from (4.4) if £ +a < 4.
Hence, (4.5) is a consequence of (4.12) and Cauchy’s Inequality.

Step 2: To show (4.6), note that, since @, 5(§) — é|§ + al?® is convex, we have

(@), 5(&2) — ) 5(61)](2 — &1) > 3|62 +al(&2 +a) — &1 +al(§1 + a))(&2 — &) > F& — &

for every &1, & € R, where the last inequality follows from a straightforward calculation.
Step 3: To prove (4.7) we consider several cases.

Case 1: Assume first that € +a < 0. Then £(logd + 1) > —a(logd + 1) = a|logd| — a and
€+ al(€ +a)é = (€ +)2[¢] = €7 — 2al€P? > L¢P — 5a®, so that (4.4) implies

@ﬁl75(§)£ > allogd| —a+ i|§|3 —3a® > a|logd| + %|§|‘3 —1—4a>. (4.13)

Case 2: Consider next the case £ +a > 0.
If —a<&<0,then (€4 a)%€ > —a® > |€|° — 243, while if £ > 0, then (£ + a)?¢ > [£]3.
Therefore

E+3(E+a)’e > —a+3(E+a)’E > —at5lEf —a® > 3¢ —1-2d°. (4.14)

To estimate the logarithmic terms we consider three ranges of £ +a. If £ +a < §, then
by (4.4) and (4.14),

hs(§)€ =¢Elogd + &+ 3(£+a)’¢ (4.15)
1
> (6 —a)logd + 3|¢[* — 1 —2a® > a|log 6| — -+ e —-1-2d°
> allog 6| + 1|¢° — 2 — 2a°.
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In the case 6 < £ +a < 1 we have (£ 4+ a)log(§ + a) > —1/e, hence {log(§ + a) >
allog(€é 4+ a)| — 1. It follows from (4.4) and (4.14) that

0.6(6)€ = allog(€ +a)| = 1+ €+ 3 (6 +a)’¢ > allog(€ +a)| + 51¢[> —2—24°. (4.16)

Finally, if 1 < £ 4+ a and £ < 0, then 0 < log(¢ + a) < £ + a, hence &log(¢ + a) >

(€ +a) > —a?, whileif 1 < £+ a and 0 < &, then ¢log(€ + a) > 0. In both cases, (4.4)

and (4.14) give

/ 2 1 2 1413 3

058§ = —a” + &+ 3(E+a)°¢ = 5[¢]° — 2= 3a”. (4.17)

Step 4: Note that (4.8) is exactly (4.16). Inequality (4.9) follows from (4.13) and (4.15).

To prove (4.10), again we consider three ranges of £ + a. In the case £ + a < § inequality

(4.10) follows from (4.5) and (4.9). When 6 < £+a < 1 the same inequality is a consequence
of (4.4) and (4.8). Finally, for 1 < £ + a inequality (4.10) can be obtained from (4.7) and

(4.11). 0
We recall that V := W23 (I), Y := Li, (1), and |jully := |[uze|lzs(ry. We introduce
the operator A, s: V — V' defined by
(Aps(u),v)yr v = /@g’g(um)vm dx (4.18)
I

for every u, v € V. Note that by (4.5) and Hélder’s and Minkowski’s Inequalities, the
operator A, s is well-defined and

a5 (v < (2m)*2(log 8] + 2a%) + 2 |lull3, (4.19)
for every u € V. Moreover, by (4.7) we have
(Ag,s(w), upyyvr v > lully — (4 + 8a®). (4.20)
Finally, (4.6) gives
(Aas(u®) = Aas(ul),u® —ul)yr v > fllu® —u'|y, (4.21)

for every ul, u2 € V.

Therefore A, s is a bounded monotone operator. Moreover, by the continuity properties
of Nemitski operators we deduce from (4.5) that A, s is continuous from V to V'.

Next we state the main theorem of this section. We recall that the operator H is defined
in (1.9).
Theorem 4.2. Let a > 0 and let u° € LgcrO(I), For every 0 < § < 1/e there exists a
solution u® of the problem

() + Aus(u(1) = H(uH(t)) for ae. t € [0,T],
. —2,3/2
ud € L3([0,T]; W23 (1), i € L¥2([0, T); Wyery /(1)) , (4.22)
ud(0) = ul.
Moreover, there exists a constant ¢ = c¢ (a, T, ||u°|ly) > 0 such that for every 0 <6 < 1/e,
1w | L3 o,vy < €, I(H (ud))ell por2 (077,07 < - (4.23)
Proof. Step 1: We first obtain apriori estimates for the solution of the auxiliary problem
W(t) + Ags(u(t)) = f(t) for ae. t €[0,T],
ue L3([0,T); V), ue L¥2([0,T]; V'), (4.24)
u(0) = u?,
where f € L?/2([0,T); V') and u® € Y. In order to guarantee the existence and uniqueness
of the solution of problem (4.24), we use a slight extension of [5, Chapter 2, Theorem 1.2],

where the estimates in (1.34) and (1.36) in this reference are replaced by (4.19) and (4.20),
respectively. The proof is essentially the same.
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Substep 1 a: Let f!, f2 € L3/2([0,T]; V"), and let u', u? be the corresponding solutions
of (4.24) with the same initial value u°. We claim that

lu? = w78 0,01y < 4NF2 = FHllzerzqomve - (4.25)
We multiply both equations by u2(¢) — u!(t) and subtract the first from the second to get
(@(t) — 0t (), u?(t) — u' () vr,v + (Aas(W?(t)) = Aas(u' (1)), u*(t) — u' (B)vr,v
= (f2(t) = 1), () — u' () vr,v

for a.e. t € [0,7]. Since t — % [u?(t) — u'(t)||3 is absolutely continuous and its derivative
equals (u?(t) —al(t),u?(t) —u'(t))y: v for a.e. t € [0,T] (see, e.g., [10, Proposition 23.23]),
integrating the previous equality from 0 to T we deduce that

1 T
S —u (D)) + / (Aa s (u2(8)) — Au s (uh(£)), 62(6) — u (B))yry dt
0
T
- / (1) — £ ()2 (8) — uM8) vy dt. (4.26)

By (4.21) we obtain

illw® = a'2sqomvy < N2 = Fllzazqomvey lu? = wtllLsqoivy »

and so (4.25) holds.
Substep 1 b: Let f € L3/2([0,T]; V'), let u° € Y, and let u be the corresponding solution
of (4.24). We will prove that

1/2
lullw < (27T)*/3(|1og 8| + 20%) + 25 | a2 o 30y + 2 11l a2 o vy
24 033 4 2 [l 3P 4 8(1 + a) T3 + 384(1 + a)2T?/3, (4.27)

where W is defined in (2.22).
We multiply the equation by u(t) and argue as in the previous substep. Using (4.20) we
obtain

lullZs oy < W lperzqo,rpvn 1ullLsgoryvy + (4 + 8a)r T+ §|uPf3
which, together with Young’s Inequality, gives
1/2 2/3

lullzs oy < 211 20z + 8L+ )T 42 7. (4.28)

Since (t) = f(t) — Aqs(u(t)) for a.e. t € [0,T7, from (4.19) we get
Il g2 o vy < NF sz qomyivey + (20T)*3(|log 8] + 2a%) + 2 |75 10,7720

which, together with (4.28), yields

il /210,77,y < (27T)*/3(|1og 6] + 2a°) + 25 fll Ls/2([0,17;v7)

+384(1 + a)2T/® + 24 |u||3/* . (4.29)

Inequality (4.27) follows from (2.23), (4.28), and (4.29).

Step 2: Fix v’ € Y. We will prove the existence of a solution of (4.22) using a fixed
point argument. We begin by observing that given u € L3([0,7];V), the function ¢
(H(u(t)zz))= belongs to L3/2(]0,T); V'). Therefore, in view of Step 1 there exists a unique
solution v of the problem

{v<t> + Aus(o(t))

= H(u(t)) for a.e. te€[0,T],
veW, v(0)=ul.

(4.30)
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Let T5: L3([0,T); V) — L3([0,T]; V) be the operator defined by Ts(u) := v. In order to
apply Schauder’s Fixed Point Theorem we need to establish the following properties:

Ts is continuous; (4.31)
Ts is compact; (4.32)
75 has an invariant ball. (4.33)

To prove (4.31) we show that 7 is Hélder’s continuous. Indeed, let u', v? € L3([0,T); V).
Then by Holder’s Inequality,

30 = wsollzzqo.mizzy) < @rT)YO(lu? = |l s o ryv)

and so, by Proposition 2.4, we have that
1H (u20) — H (uge) 2073220 < Co(20T)YCu? — || gaqpomyvy -
Therefore, there exists a constant ¢ = ¢ (T") > 0 such that
N 20)s — (H D)ol s o sy < €02~ W losory . (430

hence
I(H (u3y))e — (H (uge))all Loz 0,110 < ellu® = ut|[Lsqo,mvy » (4.35)
so that (4.25) yields
175(u?) = Ts (w75 0.1,y < 4ellu® =l Lsqo,rpvy

which establishes (4.31).

Let us prove (4.32). Let {u"} be a bounded sequence in L?([0,T]; V) and, for every n,
let

v i=Ts(u™) and g¢" = (H(up,))z -

By (4.34) the sequence {g"} is bounded in L3/2([0, T7; WI;%(’JS/Q(I)), so, in particular, it is
also bounded in L3/2([0, T); V'). Hence, by (4.27) the sequence {v"} is bounded in W, and
S0, passing to a subsequence, we may assume that {v™} converges weakly in . On the
other hand, by Lemma 2.3, passing to a further subsequence, we may assume that {i*(¢™)}
1,3/2 (I)) = W is the embedding defined

To

converges strongly in W', where i*: L3/2([0, T]; Wpe
by (2.24). Arguing as in (4.26), we obtain

T T
/0 (A s (07 (1)) A s (™ (£)), 07 () 0™ (£)) vy it < / (G (1) g™ (£), 0" () ~0™ (£)) v v di
for every n and m, and by (4.21) and (2.24) we have

0" — 0™ (135 0.3y < 4 (g7) =i (g™), 0" — 0™ ) -
Since the right-hand side of the previous inequality converges to zero as n, m — oo, it
follows that {v"} is a Cauchy sequence in L3([0,T]; V). This concludes the proof of (4.32).
To prove (4.33), we fix R > 0. By (4.35), for every u € L3([0,T]; V) with |lul| 130, 17;v) <
R we have
[ (H ()l Ls/2(0,m5v) < cllullpso,rivy) < ¢ R, (4.36)

Therefore, using (4.28) we get
175 ()22 0.7y < 2(c )Y +8(1 + a) T3 + 2 |[u® |72 (4.37)

By taking R = R (a, T, ||u0||y) sufficiently large we obtain that the right-hand side of the
previous inequality is less than R. This concludes the proof of (4.33).

In view of (4.31), (4.32), and (4.33), by Schauder’s Fixed Point Theorem the operator
Ts has a fixed point, which is a solution of problem (4.22). Moreover, (4.23) follows from
(4.36) and (4.37). O
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5. AN AUXILIARY PROBLEM

Let a > 0 and let u® € L2, (I). For every 0 < & < 1/e let f € L3/2([0,T]; Wyper?/*(I))

perg
and let u® be the solution of the problem

W) + Aas(ud(t)) = fo(t) for ae. t €[0,7],

w* € D0, TR (D), i € L32((0, T Wyl (1)) (5.1)
ud(0) = u?,
Lemma 5.1. Let a > 0 and let u° € Lgero (I). Assume that {]”5}0<5<1/e is bounded in

L32([0,T); Wyl 2(I)) , and for every 0 < 6 < 1/e let u® be the solution of problem (5.1).

0
Then there exists a constant M such that

S
1 s o.ryswe, oy < M (5.2)

T
| astb Oy e < a1 (5.3)
for every 0 <46 < 1/e.

Proof. Inequality (5.2) follows from (4.28). To prove the other inequality, for a.e. t € [0,T]
we multiply the equation in (5.1) by us(t), obtaining

(@ (1), w’ Oy + (Aas (W’ (0)), 6 (6)vrv = (fO(8), u () v, -
Since t %Hu(t)H%Q(I) is absolutely continuous and its derivative equals (4(t), u(t))v: v

for a.e. t € [0,T] (see, e.g., [10, Proposition 23.23]), we may integrate the previous equality
from 0 to T to deduce that

L ()2 + / (Aa g (1)), (£)) .y dt

< £ zorz o,y 16l 2o o, 75y + slulZ2ry - (5.4)
By (5.2), this implies (5.3). O

By (5.2) there exist a subsequence (not relabeled) and a function u € L3([0,77; Wgéfo (1)),
such that
u® — u  weakly in L3([0,T); W;?e’i’o (1)) . (5.5)
In the sequel (see Lemma 5.4) we will prove that, if {f5}0<5<1/e converges strongly to some
function f in L3/%([0,T7; WI;;%(’?/Z(I)), then wu is a weak solution of the limit problem, in
the sense that
T T
| (6000 ~u@hvry + Fuo@))ae > [ (Falwlo) + (5000 - uthv it 6.6
0 0
for every v € W with v(0) = u®, where F, is the functional defined in (1.8).

Lemma 5.2. Under the assumptions of Lemma 5.1, for every 0 < § < 1/e and a.e.
te€[0,T] let

Eo(t):={z el ul,(t,z)+a<d},
Fot)y:={xel:5<ul,(t,x)+a<1}. (5.8)

Then there exists a constant M such that

/T LY(Es(t))dt < M|logs|™!, (5.9)
0

/OT (/Fg(tJ log(u’ (t)z0 + a) da;)dt <M (5.10)
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for every 0 <46 < 1/e.
Proof. By (4.7) and (4.9), for a.e. t € [0,T] we have
(Aas(u’(t)),u’ (O)vr,v = allogd| L1 (E°(t)) — 4 — 8ma®.
Integrating in time and using (5.3) we get (5.9).
On the other hand, by (4.7) and (4.8) for a.e. ¢t € [0,T] we have

(Aaﬁ(u‘s(t)), u‘s(t))v/,v > a/ | log(u‘;(t)m + a)| dx — 47 — 8ma® .
Fs(t)
Integrating in time and using (5.3) we get (5.10). O

For 6 > 0 consider the functionals F,, Fus: Wgéf’o (I) - RU{+o0} and G, , Gas:
W23 (I) - RU{+o0} defined by

Falu) == /I@a(um) dx, Fas(u) ::/I@aﬁ(;(um)d% (5.11)
Go(u) ::/I\I/a(um)alac7 Ga,s(u) ::/I\Ifa’g(um)dx, (5.12)

where ®,, ®,5, and ¥,, U, s are given in (1.6), (4.3), (1.6), and (4.2), respectively.

Lemma 5.3. Under the assumptions of Lemma 5.1, for every 0 < 6 < 1/e we have

T T
[ (60,00) = w0 O + Faslot) = Fusw?@))dt = [ (850 00) = () e
’ ’ (5.13)
for every v € W with v(0) = u°.

Proof. Fix 0 < 4§ < 1/e and v € W with v(0) = u°. For a.e. t € [0,T] we multiply equation
(5.1) by v(t) —u’(t). Adding (0(t),v(t) — u®(t))y+v to both sides we get

(8(8), 0(t) =’ (O)vr,v + (Ags(u’ (), v(t) = u’ () v v
= (0(t) = @° (1), v(t) —u’ (&) vy + (), v(t) = u® () vy -
Since Aq,5 = 0F,,5 and F, 5 is convex, we obtain
(5(),0(8) — (D) v+ Fag(0(t)) — Fasw (1))
> L4 o(t) — w3y + (SO0, 0(0) —  (O)vry |

where we have also used [10, Proposition 23.23]. Integrating with respect to ¢ we ob-
tain (5.13). O

Lemma 5.4. Under the hypotheses of Lemma 5.1, let u be the function defined in (5.5). As-

sume that {f6}0<6<1/e converges strongly to some function f in L*>/%([0,T); W&%fﬂ(f)).
Then u satisfies (5.6).

Proof. By (5.5) we have

T T
A (0(t),v(t) — u‘;(t)>v/7v dt — ; (0(t),v(t) —u(t))v: v dt, (5.14)
/0 (f2(8),0(t) = u’ ())vr,v dt — /0 (f(t),v(t) —u®)v,vdt. (5.15)
On the other hand,
T T
/ Fa(v(t))dt 2/ Fas(v(t))dt (5.16)
0 0

because F, > Fq5.
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Finally, in order to study the term F,s(u’(t)) we fix 0 < 7 < 1/e and we use the
inequality
Ga.5 (1’ () 2 Gan(u®(1)) (5.17)
for every 0 < § < . Since the functional

T
w»—)/ Ga,s(w)dt
0

is convex and continuous for the strong topology of L3([0,77];V), it is also lower semicon-
tinuous for the weak topology of L3([0,T]; V). By (5.5) and (5.17) this implies

hmlnf/ Ga.s(u dt>hm1nf/ Gan(u dt>/ Gan(u

Taking the limit as n — 0 and using the Monotone Convergence Theorem, we get

T
hmlnf/ Ga,s(u ))dtZ/ Go(u(t)) dt. (5.18)
0

Adding the cube of the norm in L3([O T]); V) we obtain

lim inf .Fag ) dt >/ Fal (5.19)
6—0 0
Inequality (5.6) follows now from (5.13), (5.14), (5.15), (5.16), and (5.19). O
From now on we assume that there exists w® € W such that w°(0) = u° and
/ Fa(w®(t)) dt < +00. (5.20)
Then (5.6) implies that
/ Fao(u(t)) dt < +o0. (5.21)

Lemma 5.5. Let u° € Lger (I) and let w € L3([0,T]; Wgef (I)) be such that for a.e.

t €10, T] the function w.,(t) + a is nonnegative. Then there exists a sequence {w™} in W
such that

w"(0) =u® for every n, (5.22)
for every t € [0,T] and every n € N the function wy,(t) + a is nonnegative, (5.23)
T

me/jwwmeﬂ—mmwyMSO, (5.24)
n— o0 0

w™ — w  strongly in L3([0, T); Wgei’o (1), (5.25)
lim ]-' ) dt = / Tl (5.26)
n—oo 0

Proof. Let w® € W be the function in (5.20). Since w® € L3([0,T]; V)NC°([0,T); H), there
exists a sequence d, \, 0 such that

Snllw? (3|13 — 0. (5.27)
Define
wO(t) for t € [0,6,],

n L t
wh(t) = i/ e~ (=) /n(5) dis + e~ E=00)/00 05} for t € [bn, T] . (5.28)
4
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Then w™ € W and (5.22) holds. Since wgy,(t) +a > 0 for a.e. ¢ € [0,T] by hypothesis, and
0.(t) +a >0 for every t € [0,7] by (5.20) (recall that w" is continuous with values in
L2 , (1)), we have that (5.23) is satisfied. Moreover, we have

" (t) = w(t) —w"(t) for a.e. t € [0y,T].
Hence,
" (1), W™ (8) — w(t))yr = — (" (8) — w(t), W () — w(t)yry <0
for a.e. ¢ € [0,,T]. Therefore,

T On,
/ (G (), 0 (1) — w(t))yry d < / (@0 (£), w(£) — w(t)yyry dt
0 0

Since w® € W and w € L3([0,T]; W22 (I)), inequality (5.24) follows.

perg
Let us prove (5.25). We observe that
w™(t) —w(t) = a™(t) + (1), (5.29)
with

5/ S0 a(s) — w(e)) ds.
() = €00 (0 8) — ()

for every t € [0, T]. From standard properties of convolutions, we deduce that

T
/ lla™(t)||3-dt — 0, (5.30)
[

n

while

[ w@ia o (531

n

by (5.27) and by the Dominated Convergence Theorem. Since w™(t) — w(t) = w°(t) — w(t)
for every ¢ € [0, d,], we have also

On
/O ™ () — w(t)|[Bdt — 0. (5.32)

Property (5.25) follows from (5.29)-(5.32). Equality (5.26) is a consequence of (5.25), in
view of (5.23). O

Theorem 5.6. Let a > 0, let f € L3/%([0,T7; Wpcf Y2(1)), and let u° € L2, (I). Assume

per,

that (5.20) is satisfied. Then there exists a unique solution of (5.6) in L3([0,T]; W23 (I)).

perg

Proof. The existence follows from (5.5) and Lemma 5.4 with fs5 := f for all 6 > 0. To
prove uniqueness, let u! and u? € L3([0,T]; W22 (I)) be solutions of (5.6), and let w :=

per,
1 (u* +u?). By (5.20) we have

/.7: ))dt < 400 and /.7: 2(t)) dt < +o0,

so that for a.e. t € [0, T the functions ul,(t)+a and u2, (¢ )—|—a are nonnegative. Let {w"}
be the sequence given by Lemma 5.5. We write (5.6) for u! and u? with w” in place of v.
Adding the resulting inequalities, we obtain

/()T<<w”(t),w”(t) —w(t))v v + fa(w"(t)))dt

> [ (Gt 0) + 3R + (0070~ w) v )it
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Passing to the limit and using (5.24), (5.25), and (5.26) we obtain

T
/Jfa( ))dt > = /]—" dt+1/ Fo(u?
0 2 0

Since F, is strictly convex in L3([0, T]; Wi (1)) (see (1.2) and (2.20)), we conclude that
1_ .2

u = u”. O

Remark 5.7. Under the assumptions of this theorem, it follows that if u° is the solution
of problem (5.1), 0 < 6 < 1/e, and if {f5}0<5<1/e converges strongly to some function

£ in L3/2([0,T); Wyer¥(I)), then the entire sequence {u?
L3([0,T); W22 (I)) to the unique solution of (5.6).

perg

}0 <6<1/e weakly converges in

Proposition 5.8. Let a > 0 and let u° € Lper (I). Assume that {f6}0<6<1/e converges

strongly to some function f in L3/([0,T); W[;ﬁosm([)). For every 0 < § < 1/e let u® be
the solution of problem (5.1) and let u be the solution of (5.6). Then

u® = u  strongly in L*([0,T); Wgci’ (), (5.33)
hm/ Gus(u t))dt:/ Ga(ult)) dt . (5.34)
6—0 0

Proof. We will prove that
lim ]-'a(; ) dt = / Ful (5.35)
=0 Jo

In view of (5.19) it is enough to show that

T T
~ 5
hmsup/0 Fas(u®(t))dt < /0 Falu(t))dt. (5.36)

6—0

Let {w™} be the sequence given by Lemma 5.5 with w = u. By (5.13) we have

/ (60,0 ()= (0 v+ Fas” (0 )t > / (Pl )+ 1), 0 (0= )y )t

for every 0 < § < 1/e and every n. Taking the limit as § — 0 and using the fact that
Fa > Fa,s, we obtain

/ (0070~ wlthr + Falwn @) d

T

> limsup/ Fa,s(u’(t)) dt + / (f(t),w™(t) —u(t))v:,vdt.
6—0 0

Taking the limit as n — oo and using (5.24), (5.23), and (5.25) we obtain (5.36), which

gives (5.35). Hence, (5.35) holds, or, equivalently,

T
lim( ; Gas(u’ () dt + g llu’ +all3, o 1020 (I)))

perq
T

= 0 ga( ())dt+ 6Hu+a||L3([OT géfgo(j))'

In view of (5.18) and of the weak lower semicontinuity of the norm, we obtain (5.34) and the

convergence of ||u‘5+a||L3 (0w, (1)) to lutall pao,m,w22 (1)) - By the uniform convexity
e’ TLEWEe,

of the norm of L3([0,T]; W23 (I)), we deduce (5.33). O

perg
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Proposition 5.9. Under the assumptions of Theorem 5.6, the solution u of problem (5.6)
satisfies

log(tuzs + a) € L([0, T]; LY(I)). (5.37)
In particular, uzy +a >0 a.e. on [0,T] x I.
Proof. For every 0 < 6 < 1/e we define
E° = {(t,x) € [0,T] x I :ul,(t,z) +a <},

By Fubini’s Theorem and by Lemma 5.2,

T
/ 1gs (t,2) dadt = / LYEs(t))dt — 0,
[0,TxT1 0

and so there exists a subsequence (not relabeled) such that 1z; — 0 pointwise a.e. on
[0, T]x I. Since ul, — ug, strongly in L3([0,T); L3, (I)), passing to a further subsequence

perg
(still not relabeled) we obtain that uS, — u,, pointwise a.e. on [0,7] x I.
Define

G? = {(t,x) € [0,T]xI : ul (t,z)+a <1} and G :={(t,z) € [0,T]xI : up(t,x)4+a < 1}.
Then, for a.e. (t,z) € [0,T] x I,
la(tz) < lignjglf 1gs (t,x) .
Since 1gs (t,7) < 15 (t,7) + 1ps(y) (x), we conclude that
1g (t,z) < gig% Lgs (t,x) + lignﬁi[r)lf Lps(y (v) = 1igriiglf Lpsq (),

which gives
lg (t, ) [log(uzs (8, ) + a)| < iminf Lps, (2) | log(u, (t, ) + a)|.

By Fatou Lemma and Fubini’s Theorem it follows from (5.10) that

/ og (1t (£, 2) + a)| dadt < / lim inf 1) (2) [1og(uS, (1,2) + a)| dadi
G [0,T)xI 9—0

< lim inf/ Lpsqy (2) |log(ul, (t,x) + a)| dzdt < M .
=0 Jio,1)x1

Using the fact that w,, € L*([0,T]; L}, (1)), we deduce that |log(us, +a)| is integrable on
the set {(t,z) € [0,T] x I : ugs(t,z) +a > 1}, which, together with the previous inequality,
gives the result. U

The following proposition shows that the solution of (5.6) is also a solution of a variational
inequality involving the operator defined in (1.10).
Proposition 5.10. Let a > 0, let u’ € Lgero (I), let f e L32([0,T]; W;C%(’jgm(l)), and let
u be the solution of (5.6). Then

T T
| (G0 w0 = vy + (Auw(®).w®) =u®hvy e < [ (0000~ u®)vy de
(5.38)
for every w € W, with w(0) = u®, such that

log(wee + a) € L32([0,T); L¥/*(I)) . (5.39)
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Proof. Let w € W be as in the statement and, for every 0 < § < 1/e, let u° be the solution
of problem (5.1) with f¢ = f. For a.e. t € [0,7] we multiply equation (5.1) by u’(t) —w(t).
Adding and subtracting (w(t),u’(t) —w(t))y: vy and (A s(w(t)),u®(t) —w(t))y: v, we get

(@ () = w(t),u’ (t) = wt)v,v + (Aas(u’ (1) = Aa5(w(t)), u’(t) — w(t))vr,v
+ (i (1), u’ (8) = w(t))vr,y + (Aas(w(t), u’ (t) = w(t)v,v
= (f(t),u’(t) —w()vrv .
Since t — 2 |u’ (t) — w(t) ”%2(1) is absolutely continuous and its derivative equals (u°(t) —
w(t), ud (t) —w(t))y: v for a.e. t € [0,T] (see, e.g., [10, Proposition 23.23]), we may integrate

both sides of the previous equality with respect to ¢ and use the fact that u?(0) = w(0) = u°
to obtain

T
L (T) — w(T) [2ar) + / (Aas (6 () — Aas (w(£)), 0 (£) — w(t)) vy dt
T T
+ / ((t),u (8) — w(t)) vy di + / (Aa s (w(t)), u () — w(t)) vy di
0 0

T
= [ @0 -y .
By (4.6) and (4.18), we deduce

/0 (1), u (8) — w(t)) vy dt + / (An s (w(t)), (1) — w(t))vr v di

< /OT<f(t)7 u’(8) — w(t))yr,v dt. (5.40)
Note that if 0 < £ +a < < 1, then |logd| < |log(¢ 4 a)|. Hence, by (4.4),
|%,5(6)] < [log(€ +a)| + 1+ 31€ +af?
for all £€+a > 0. Moreover, in view of (5.39), wy, +a >0 a.e. on [0,T] x I. It follows that,
D), 5(Wao(t, )] < |10g(wea(t, ) + a)| + 1 + S wee(t, ) + af (5.41)
for all 0 < 0 < 1/e and a.e. on [0,7] x I. By (1.4), (1.6), (4.4), and (5.41) we obtain

that @) s(wes) — [ (wy,) strongly in L3/2([0,T; Lg{jo(f)) Since ul, — Uy, strongly in
L3([0,T); L3, (I)) by (5.33), from (1.10) and (4.18) we obtain

r r
ti [ (s’ (0) — w@) vy de = [ (Aalw®)ule) ~ wO)vyde, (542
0 0
and we may let 6 — 0 in (5.40) to get (5.38). O

6. PROOF OF THE MAIN THEOREMS

In this section we prove Theorems 1.1 and 1.2. Let a > 0 and let u® € L2, (I). For

berg

every 0 < & < 1/e let u® be the solution to problem (4.22) (see Theorem 4.2). Define

£ (t2) = —(H(ug(1)))a
By (4.23), we may apply Lemma 5.1 to obtain that (5.2) and (5.3) are satisfied. Using (4.10)
and (5.3) we deduce that

s
[ Aa,s(u (t))HLl([o,T];(Wgéfg(I))') <M. (6.1)
In turn, by (4.22), (5.2), (6.1), and Proposition 2.4 we conclude that

.5
11 1 o, 7 (wzies (ryyy < M- (6.2)
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By (5.2) there exist a subsequence (not relabeled) and a function u € L*([0,T]; W2 (1)),
such that

u’ —u  weakly in L3([0, T]; W22 (I))). (6.3)

perg
In view of (6.2) we can now apply Theorem 2.1 with By = W}fﬁo(I), B = Wplﬁo (1),
By = (W22°(I))', and p = 3, to obtain that

perg
s 73 L3
u’ = u  strongly in L*([0, T} Wit (1)), (6.4)
and hence

S, = Uge  strongly in L([0, T]; Wt (1)) - (6.5)
Since H is a continuous linear operator from Wp_e%f(l )) into itself (see Remark 2.6), we

deduce that (H(uS,))s — (H(uzs))s strongly in L3(]0, T); WI;E(’)?’(I))), and so,
(H(ud,))z = (H(uaz))s strongly in L¥/([0,T]; Wp.23/*(I))) . (6.6)

Hence, we can apply Lemma 5.4 to establish that w satisfies (1.7) for every w € W with
w(0) = u®. By Proposition 5.9 we have log(u, +a) € L*([0,7]; L(I)). This concludes the
proof of Theorem 1.1.

Theorem 1.2 follows from Proposition 5.10.

Remark 6.1. As in the proof of Theorem 2.1, it follows from (5.2) and (6.2) that

5
[|u ||W171([07T];(W2’°°(I))') =M

s
and that
u’(t) — u(t) strongly in (Waeo(D))' for ae. t € [0,T]. (6.7)

Let 0 <t; <--- <t, <T be a partition of [0,T] with the property that (6.7) holds for

every t;, i=1,...,n. Since u’ is absolutely continuous, it follows that
n n t;
s 5 -5
S~ ) sy = || # @
i=2 i=2 ||t (Wiess (D)

n ts
S Z/; HU(S(t)H(Wgé;’g(]))/ dt S M.
i=2 Y li-1

Letting § — 0 and using (6.7), we obtain
> lult) - wtio)llwzige (ryy < M-
i=2

This shows that the essential pointwise variation of w : [0, T] — (W22°(I))’ is finite.

perg
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