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ABSTRACT. We consider the short time behaviour of stochastic systems af-
fected by a stochastic volatility evolving at a faster time scale. We study the
asymptotics of a logarithmic functional of the process by methods of the the-
ory of homogenization and singular perturbations for fully nonlinear PDEs. We
point out three regimes depending on how fast the volatility oscillates relative
to the horizon length. We prove a large deviation principle for each regime and
apply it to the asymptotics of option prices near maturity.

1. Introduction. In this paper we are interested in stochastic differential equa-
tions with two small parameters € > 0 and § > 0 of the form

dX; = e¢( Xy, Y3 )dt + V2e0(Xy, Yy)dW, Xo =z € R",

1.1
dY; = Sb(Yy)dt + 1/ Z7(Y;)dW, Yo =y €R™, (1.1)

where W, is a standard r-dimensional Brownian motion, the functions ¢(z,y),
o(x,y),b(y), 7(y) are Z™-periodic with respect to the variable y, and the matrix
7 is non-degenerate. This is a model of systems where the variables Y; evolve at a
much faster time scale s = % than the other variables X;. The second parameter
is added in order to study the small time behavior of the system, in particular the
time has been rescaled in (1.1) as ¢ +— et. Passing to the limit as § — 0, with ¢
fixed, is a classical singular perturbation problem, its solution leads to the elimina-
tion of the state variable Y; and to the definition of an averaged system defined in
R™ only. There is a large literature on the subject, see the monographs [31], [29],
the memoir [3] and the references therein. Here we study the asymptotics as both
parameters go to 0 and we expect different limit behaviors depending on the ratio
/8. Therefore we put

6 =¢e%, with a > 1,

and consider a functional of the trajectories of (1.1) of the form

v (t,z,y) :=clog E [eh(x‘)/a|(X.,Y.) satisfy (1.1)} ) (1.2)
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where h is a bounded continuous function. The logarithmic form of this payoff is
motivated by the applications to large deviations that we want to give. It is known
that v solves the Cauchy problem with initial data v®(0,z,y) = h(x) for a fully
nonlinear parabolic equation. Letting ¢ — 0 in this PDE is a regular perturbation
of a singular perturbation problem, for which we can rely on the techniques of
[4], stemming from Evans’ perturbed test function method for homogenization [18]
and its extensions to singular perturbations [1, 2, 3]. We show that under suitable
assumptions the functions v¢(t,z,y) converge to a function v(t, z) characterised as
the solution of the Cauchy problem for a first order Hamilton-Jacobi equation

vy — H(z,Dv) =0 in |0, T[xR", v(0,z) = h(x). (1.3)
A significant part of the paper is devoted to the analysis of the effective Hamiltonian
H, which is obtained by solving a suitable cell problem. As usual in the theory of
homogenization for fully nonlinear PDEs, this is an additive eigenvalue problem. It
turns out to have different forms in the following three regimes depending on a:

a > 2 supercritical case,
a =2 critical case,
« < 2 subcritical case.

More precisely, in the supercritical case the cell problem involves a linear elliptic
operator and H has the explicit formula

) = [ o) duty)

where p is the invariant probability measure on the m-dimensional torus T™ of the
stochastic process

dY; = b(Y;)dt + V21 (Y;)dW,.

In the critical case the cell problem is a fully nonlinear elliptic PDE and H can
be represented in various ways based, e.g., on stochastic control. Finally, in the
subcritical case the cell problem is of first order and nonlinear, and a representation
formula for H can be given in terms of deterministic control. In particular, under
the condition 70”7 = 0 of non-correlations among the components of the white noise
acting on the slow and the fast variables in (1.1), we have

H(z,p) = max |o" (z,y)p|.

Let us mention that an important step of the method is the comparison principle for
the limit Cauchy problem (1.3), ensuring that the weak convergence of the relaxed
semilimits is indeed uniform, as well as the uniqueness of the limit.

It is known that this property of the effective Hamiltonian may require additional
conditions [3]. Here we show that no extra assumptions are needed by exploiting a
particular property of H (the inequality (3.15)) and some ideas from [12].

The main application of the convergence results is a large deviations analysis of
(1.1) in the three different regimes. We prove that the measures associated to the
process X; in (1.1) satisfy a Large Deviation Principle (briefly, LDP) with good
rate function

I(z;20,t) := inf U;L (g(s)g(s)) ds ‘ €€ AC(0,1), £(0) = o, () = z| |
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where L is the effective Lagrangian associated to H via convex duality. In particular
we get that

. I(z20,t)
P(X{ € B) = ¢~ fecs =" to(2) ase =0

for any open set B C R™. Following [21] we also apply this result to derive an
estimate of option prices near maturity and an asymptotic formula for the implied
volatility.

Our first motivation for the study of systems of the form (1.1) comes from fi-
nancial models with stochastic volatility. In such models the vector X; represents
the log-prices of n assets (under a risk-neutral probability measure) whose volatil-
ity o is affected by a process Y; driven by another Brownian motion, which is
often negatively correlated with the one driving the stock prices (this is the empi-
rically observed leverage effect, i.e., asset prices tend to go down as volatility goes
up). Fouque, Papanicolaou, and Sircar argued in [24] that the bursty behaviour
of volatility observed in financial markets can be described by introducing a faster
time scale for a mean-reverting process Y; by means of the small parameter ¢ in
(1.1). Several extensions, applications to a variety of financial problems, and rigo-
rous justifications of the asymptotics can be found in [25, 26, 9, 10, 27], see also the
references therein. On the other hand, Avellaneda et al. [5] used the theory of large
deviations to give asymptotic estimates for the Black-Scholes implied volatility of
option prices near maturity in models with constant volatility. In the recent paper
[21], Feng, Fouque, and Kumar study the large deviations for system of the form
(1.1) in the one-dimensional case n = m = 1, assuming that Y; is an Ornstein-
Uhlenbeck process and the coefficients in the equation for X; do not depend on Xj.
In their model ¢ represents a short maturity for the options, 1/4 is the rate of mean
reversion of Y, and the asymptotic analysis is performed for § = €% in the regimes
a = 2 and o = 4. Their methods are based on the approach to large deviations
developed in [22]. A related paper is [20] where the Heston model was studied in
the regime § = €% by methods different from [21].

Although sharing some motivations with [21] our results are quite different: we
treat vector-valued processes with ¢ and ¢ depending on X; in a rather general
way and discuss all the three regimes depending on the parameter «; our methods
are also different, mostly from the theory of viscosity solutions for fully nonlinear
PDEs and from the theory of homogenization and singular perturbations for such
equations. Our assumption of periodicity with respect to the y variables may sound
restrictive for the financial applications. It is made mostly for technical simplicity
and can be relaxed to the ergodicity of the process Y; as in [9, 10]: this will be
treated in a paper in preparation.

Large deviation principles have a large literature for diffusions with vanishing
noise; some of them were extended to two-scale systems with small noise in the
slow variables, see [33], [36], and more recently [32], [17], and [34]. Our methods
can be also applied to this different scaling. The paper by Spiliopoulos [34] also
states some results for the scaling of (1.1) under the assumption of periodicity ,
but its methods based on weak convergence are completely different from ours. A
related paper on homogenisation of a fully nonlinear PDE with vanishing viscosity
is [13].

The paper is organized as follows. In Section 2 we give the precise assumptions
and describe the parabolic PDEs satisfied by v¢ in the different regimes. In sections
3, 4, 5 we analyse the cell problem and the properties of the effective Hamiltonian in
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the critical (a = 2), supercritical ( o > 2), and subcritical case (o < 2), respectively.
Section 6 is devoted to the convergence result for each regime of the functions (1.2)
to the unique viscosity solution of the limit problem (1.3) with H identified in
the previous sections, see Theorems 6.1 and 6.2. In section 7 we prove the Large
Deviation Principle for all the regimes, Theorem 7.1. Finally, in Section 8 we give
some applications to option pricing.

2. The fast stochastic volatility problem.

2.1. The stochastic volatility model. We consider fast-mean reverting stocha-
stic volatility system that can be written in the form

{ dXt = ¢(Xta }/t)dt + \/iO'(Xt, }/t)tha XO =reR"” (2 1)

dY, = e=°b(Yy)dt + V2 o7 (YV})dW;, Yy =y € R™.

where ¢ > 0, a > 1 and W; is a r-dimensional standard Brownian motion. We
assume ¢ : R" x R™ — R™, 0 : R” x R™ — M"™" are bounded continuous functions,
Lipschitz continuous in (z,y) and periodic in y, where M™" denotes the set of n x r
matrices. Moreover b : R™ — R™, 7 : R™ — M"™" are locally Lipschitz continuous
functions, periodic in y. These assumptions will hold throughout the paper. We
will use the symbol S* to denote the set of k x k symmetric matrices.

In the following we will assume the uniform nondegeneracy of the diffusion driving
the fast variable Y;, i.e., for some 6 > 0

ry)ry) e =" (y)E)? > 0/¢]*  for every y € R, £ € R™. (2.2)

In order to study small time behavior of the system (2.1), we rescale time ¢t — et for
0 < e < 1, so that the typical maturity will be of order of e. Denoting the rescaled
processes by X; and Y we get

dX§ = ep(XE,YE)dt +V2ea (X5, YE)dW,, X§ =z €R" (2.3)

dYE = el mob(Yy)dt + V2l —or(YE)dW,, Y5 =y eR™. '
Next we consider the functional

u®(t, z,y) = E[g(X7) | (X5,YY) satisty (2.3) for s € [0, ¢]] (2.4)

where g € BC(R™). We denote with BC'(R™) the space of bounded continuous
functions in R™.
The partial differential equation associated to the functions u® is
uy — etr(oo? D2 u) — e¢ - Dyu — 251*%tr(cr7'TDiyu)
— &7 Dyu — 51_atr(TTTD§yu) =0 (2.5)

in (0,7) x R™ x R™, where b and 7 are computed in y, ¢ and o are computed in
(z,y). The equation is complemented with the initial condition:

w(0,2,y) = g().

Remark 1. Note that, since we assume the periodicity in y of the coefficients of
the equation b, o, T, ¢, we have that the solution u® of the equation (2.5) is periodic
in y itself.
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2.2. The log-transform and its HJB equation. We introduce the logarithmic
transformation method (see [23]). Assume that

g(z) = "®/% with h € BC(R™)
and define

Ve (t, 2, y) = elogu® = elog E |e"X0)/e| (X2, V) satisfy (2.3) for s € [O,t]} ,

(2.6)
where u® is defined in (2.4), z € R", y € R™, and ¢t > 0. By (2.5) and some
computations one sees that the equation associated to v° is

vy = 0T Dyvl* + etr(o0T D2, v) + e¢ - Dyv + 2672 (107 Dyv) - Dyv+
251_%tr(aTTDiyv) +e'" - Dyv+e ¥t Dyv* + El_atl‘(TTTD:zy’l))7 (2.7)

where b and 7 are computed in y, ¢ and o are computed in (z,y). In general, the
functions u¢ are not smooth but one can check that v¢ is a viscosity solutions of
(2.7) (see in particular Chapter VI and VII of [23]).

In the following proposition we characterize the value function v® as the unique
continuous viscosity solution to a suitable parabolic problem with initial data for
each of the three regimes. A general reference for these issue is [23]. The equation
(2.7) satisfied by v€ involves a quadratic nonlinearity in the gradient. This case was
studied by Da Lio and Ley in [14], where the reader can find a proof of the next
result.

Proposition 2.1. i) Let o > 2 and define
H*(z,y,p,q. X,Y,Z) = |o"p|* +b-q+tr(r7"Y) + e (tr(o0" X) + ¢ p)
+ 22 Yrolp) g+ 2€%t7”(O'TTZ) + 2727 g)2.

Then v¢ is the unique bounded continuous viscosity solution of the Cauchy problem

c 2 Ve 2 Ve
Of — HE (x,y,Dm, Dyvt D2 ve, Bt Pt ) —0 in[0,T] xR" x R™,
e 2
ve(0,z,y) = h(z) in R™ x R™.
(2.8)
it) Let o < 2 and define
He(z,y,p,0,X,Y,Z) = |o"p+|r"qf +2(70"p) - g+ & (tr(0o" X) + ¢ - p)

+ &2 qH4 tr(r7TY)) + 2 T tr(o7T 2).
Then v¢ is the unique bounded continous viscosity solution of the Cauchy problem

e 2 Ve 2 ve
Oy — H, (m,y,Dmve, Dyv” D2 g, D%, D%) =0 n[0,T] x R® x R™,
2 £2 €
ve(0,z,y) = h(zx) in R™ x R™.

(2.9)

Our goal is to study the limit as € — 0 of the functions v* described in Proposition
2.1. Following the viscosity solution apoproach to singular perturbation problems
(see [3],[2]), we define a limit or effective Hamiltonian H and we characterize the
limit of v* as the unique solution of an appropriate Cauchy problem with Hamilto-
nian H. The first step in the procedure is the identification of the limit Hamiltonian.
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In order to define this operator, we make the ansatz that the function v¢ admits
the formal asymptotic expansion
v (2, y) = (@) + < o(t, 2, y) (2.10)

and plug it into the equation. In the following sections we show that the limit
Hamiltonian is different in the three different regimes: the critical case (o = 2), the
supercritical case (when a > 2), and the subcritical case (when a < 2).

Numerical experiments in [35] indicate that the first order approximation in the
expansion (2.10) is sufficiently accurate to find option prices in a fast mean-reversion
case of the volatility process.

3. The critical case: a = 2. Equation (2.7) with a = 2 becomes
2
v, = |07 Dyo|? + etr(oo? D2, v) + ¢+ Dyv + = (10’ Dyv) - Dy (3.1)
€
1 1 1
—2tr(aTTD§yv) + gb -Dyv+ 6—2|TTDyv|2 + gtr(TTTDf/yv).

3.1. The effective Hamiltonian. We plug in the equation (3.1) the formal asympto-
tic expansion
v (t, @, y) = 00t @) + ew(t, z, y)
and we obtain
vy — |07 D02 = 2(r0" D) - Dyw —b- Dyw — |77 Dywl|? — tl“(TTTD;y’LU) = O(e).

We want to eliminate the corrector w and the dependence on y in this equation and

remain with a left hand side of the form v) — H (z, D,v°). Therefore we freeze Z and

p = D,v°(Z) and define the effective Hamiltonian H(Z,p) as the unique constant
such that the following stationary PDE in R™, called cell problem, has a viscosity
solution w:

H(z,5)—lo"B2—2(707p)- Dyw(y) ~b-Dyw(y)—IrT Dyw(y) P—tr(r7” D2, u(y)) = 0,

(3.2)
where o is computed in (Z,y) and 7,b in y. This is an additive eigenvalue problem
that arises the theory of ergodic control and has a wide literature. Under our
standing assumptions we have the following result.

Proposition 3.1. For any fived (z,p), there exists a unique H(Z,p) for which the
equation (3.2) has a periodic viscosity solution w. Moreover w € C*% for some
0 < a <1 and satisfies for some C' > 0 independent of p and Vz,p € R"

max |Dw(y; Z,p)| < C(1+|p). (3.3)
yER™

To prove Proposition 3.1, we need the following lemma.
Lemma 3.2. Let § > 0 and ws(+;Z,p) € C*(R™) be a periodic solution of
Sws + F(Z,y, p, Dws, D*ws) — |o(z,y)p|* = 0, (3.4)
where
F(z,y,p,q.Y) = —tr(r7" (y)Y) = |77 (y)al* = b(y) - a = 2(7(y)o" (,9)p) - ¢. (3.5)
Then there exists C > 0 independent of p such that for all T,p € R™ it holds
max |Dyws(y: 7, p)| < C(1 +[p]). (3.6)
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Proof of Lemma 3.2. The proof uses the Bernstein method, following the derivation
of similar estimates in [19]. We carry out the computations in the case 7,0,b are
C'. When 7, 0,b are Lipschitz the result can be proved by smooth approximation.
Denote by w® := ws(y; Z,p) the solution of (3.4). By comparison with constant
sub- and supersolutions we get the uniform bound

|6w®| < max |0 (Z,y)p]> Vy € R™. (3.7)
yER™
Define the function z as follows
2= |Duw’|?.
Should z attains its maximum at some point yg, then at yq
zi:2wgwii20 i=1,...,m, (3.8)
where we are adopting the summation convention, and
0< —(TTT)ijZij = —2(TTT)1-jw,‘iiw,‘ij — 2w,‘i(TTT)ijwfjk. (3.9)
Then at yg
9|D2w6\2 < (TTT)ijwliiwij <

)

5 5
- wk(TTT)ijwijk = Wy ((TTT)

igws;), A+ wp (T )i kwg,
where we have used (3.9). Thus at yo

w) (6w’ + (216" p+b) - Dw’ + |77 Dw’|> + |07 p?), + wp (777 )i,
where we have used (3.4). Thanks to (3.8)

wy (|77 Dw’ ) = wi (777 jwiwd ) =

wp (rr 1 )igpwdw] + wp (777 gwdwd + wp (r77)gwlw, = w) (77 )i pwdws.
Moreover
U)Z(TTT)ij,kw?j < g|D2w5|2 + %|Dw5|2.
Then

0
(9|D2w‘5|2 <C(1+ |}7|)|Dw‘s|2 + C’|Dw5|3 + §|D2w5|2 + C’|]5|2|Dw5| at 4o

and C' > 0 depends only on the L* norm of ¢,b,7 and on the derivatives of o,b
and 7. Therefore

|D*w’ [ < C(L+ [Dw’* + [pl| Dw’[* + [pP|Dw’[* + [Dw’|) at yo.  (3.10)
Thanks to the uniform ellipticity of 7 and using equation (3.4), we have
0|Dw’|? < |77 Dw|* = 6w’ — tr(r7T D*w®) — 27075 - Dw® —b- Dw® at yo.
Using (3.7), we get at yo
2 = |Duw’[* < C(Ip|* + [D*w’* + [p]*| D’ [* + | Dw’[? + |pl| Dw’ * + [p[*| D*w’|
+ P10’ + (B’ Dw’| + [D*w||p|| Dw’| + | D*w’ || Dw’)).
(3.11)

Then (3.6) follows by dividing (3.11) by |Dw’[® and noticing that the right
member in (3.11) is polynomial of degree 4 in |p| and |Dw?|. O
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Proof of Proposition 3.1. We use the methods of [6] based on the small discount
approximation

ows + F(Z,y,p, Dyw(s,Diyw(;) —|loT(z,y)p|* =0 in R™, (3.12)
where F' is defined in (3.5). Let ws := ws(y, T, p) be the unique periodic continuous
solution of (3.12). The regularity theory for viscosity solutions of convex uniformly
elliptic equations gives that ws € C?7 for some 0 < v < 1. Using the Lipschitz
estimates proved in Lemma 3.2 and the equiboundness of ws given by (3.7), we
obtain that dws(y) converges along a subsequence of § — 0 to the constant H(z, p)

and vs(y) := ws(y) — ws(0) converges to the corrector w.
Then, from (3.12) we get

dvs + dws(0) + F(z,y, p, Dyvs, Dzyv(;) —loT(z,y)p|* =0, in R™.

Since vs is equibounded dvs — 0. Then from dws — H we get that w is a solution
of (3.2). Finally, by the comparison principle for (3.12), it is standard to see that
H is unique.

Again by the regularity theory w € C%7 for some 0 < v < 1.

Finally the corrector inherits the Lipschitz estimate of vs and satisfies for some
C > 0 independent of p and for all z,p € R"”

max [Dyw(y; z,p)| < C(1+ |p]).
yER™
O

3.2. Properties and formulas for Ig' . The next result lists some elementary
properties of the effective Hamiltonian H.

Proposition 3.3. (a) H is continuous on R™ x R";
(b) the function p — H(z,p) is convex;
(©) ]
min |07 (z,y)p|? < H(z,p) < max |7 (Z,y)p|?; (3.13)
yeR™ yeR™
(d) there exists C > 0 independent of p such that, for all x,z,p € R™,
|H (z,p) — H(Z,p)| < C(1+ |p*)|z — ; (3.14)
(e) For all0< pu<1 and x,z,q,p € R™, it holds

uii (m z> CH(ng) > — sup [ @y — o (2 )l (3.15)

p—1 yeR™

Proof. The results (a), (b), and (c) are obtained by standard methods in the theory
of homogenisation, by means of comparison principles for the approximating equa-
tion (3.12), see, e.g., [18, 1]. Let us show one inequality in (3.14) (the other being
symmetric). Let ws(y) := ws(y; T, p) ans vs(y) := ws(y; x,p). Then vs satisfies

vs + F(Z,y,p, Dyvs, Doyvs) — o7 (z,9)p* = |07 (z,y)p* — |07 (T, y)p|*+
27 (y)o (z,9)p — 27(y)a” (Z,y)p) - Dvs. in R™, (3.16)

Thanks to Lemma 3.2 we estimate Dvg, and then, using the Lipschitz continuity of
o, we get for some C' > 0

dvs + F(Z,y,p, Dyvs, Dflyv(;) — o™z, y)p|* < C(A + |p|*)|z — Z|. inR™, (3.17)
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Then the comparison principle gives
dvs(y) — dws(y) < C(L+ |pl*)|z — 2| Yy eR™

By letting § — 0 we get the inequality for H(z,p) — H(%,p) in (3.14), and by
exchanging = and & we complete the proof.
For the proof of (3.15) we need the inequality

1 1 .
;|p|2—|q\22—m|p—q|2 0<pu<l,pqgeR™ (3.18)

We take ws solution of
dws + F(z,y,q, Dyws, Df,yw[;) — o (z,y)q|* =0 (3.19)
where F' is defined in (3.5) and w4 solution to
dws + F(z,y, %, Dyws, Diyw(g) — o (x, y)§|2 =0. (3.20)
We write (3.19) as follows
dws — b(y) - Dws — tx(r7" (y) D*ws) — |7 (y) Dws + o (z,9)q* =0 (3.21)
and similarly we write (3.20) as

dwh — b(y) - Dwf — tI‘(TTT(y)DQ’U}g) — |TT(y)Dw§L + UT(x,y)§|2 =0.

Then pw§ = w satisfies
1
8w — b(y) - Dw — tr(r77! (y) D*w) — ;‘TT(y)D’LD + ol (z,y)p|*> = 0.
We also have

1
;ITT(y)DwS‘+0T(w7y)p\2 — " (y)Dwf + 0" (2, y)q?

o7 (z,y)p — o7 (2,y)q|%,

I—p
where we have used (3.18). Coupling the previous inequality with (3.21) we get

1
Sws — b(y) - Dws — tr(777 (y) D*ws)  — ;ITT(y)DwS‘ + 0" (z,y)p?

< o7 (z,y)p — o7 (2,y)q]*.

L—p

Then we have

1
ws < pwf + sup |07 (z,y)p— " (z,y)q]* VyeR™
L= yerm

from which we easily get (3.15). O
Next we give some representation formulas for the effective Hamiltonian H.

Proposition 3.4. (i) H satisfies

H(z,p) = lim %1(1;)) §E [/0 (lo(z, Z:)"p]> — |B(®)|?) e dt| Zo = z} (3.22)

and

t
() = tim sup 1B | [ (@, 200 - 6| 20 =] (2)
7T B() 0
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where B(+) is an admissible control process taking values in R™ for the stochastic
control system

dZy = (b(Zy) + 27(Ze)o ™ (2, Z)p — 27(Z,)B(t)) dt + V21 (Z,)dWr; (3.24)

(i) moreover
B@.p) = [ (o@2)5P —r T Do) duz), (329)

where w = w(+;Z,p) is the corrector defined in Proposition 3.1 and p = u(-;T,p)
is the invariant probability measure of the process (3.31) with the feedback B(z) =
—71(2)Dw(z);

(iii) finally

1 t T (= =12
7.9) = lim - Jole® (z,Y5)p]” ds —
H(z,p) = tl}:_noo ; log E¥ [e 0 Yy = y} , (3.26)
where Y; is the stochastic process defined by
aY; = (b(Y2) + 27(Y)o T (2, Y2)p) dt + V27 (Y;)dWs. (3.27)

Proof. (i) The first formula comes from a control interpretation of the approxima-
ting d-cell problem (3.4). We write it as the Hamilton-Jacobi-Bellman equation

dws+

Jnf, {—tr(r(y)r(y)" D*ws + (27(y)B — 27(y)o(Z,y)" P — b(y)) - Dyws + |B|*}

—lo(z,y)"pl* =0 (3.28)

and we represent wg as the value function of the infinite horizon discounted stocha-
stic control problem (see, e.g., [23])

ws(z) =sup F [/ (|oT(z, Z)p|? — |B(t)|2)e~dt| Zo = =/,
B() 0
where Z; is defined by (3.24). Then (3.22) follows from the proof of Proposition
3.1.
For the formula (3.23) we consider the t-cell problem

{ % —tr(r7TD?v) — |77 Dv|* — (b+270Tp) - Dv — |0Tp|> =0 in (0, +00) x R™,
v(0,2) =0 on R™.

(3.29)
This is also a HJB equation, whose solution is the value function

¢
v(t,z;Z,p) =sup B {/ (|oT(z, Z)p|* — |8(s)[})ds | Zo = | ,
B() 0

where Z; is defined by (3.24). Then a generalized Abelian-Tauberian theorem (see
[2] for a general proof based only on the comparison principle for the Hamiltonian)
states that

_ L, 2T D

@ p) = lim WBETD)

uniformly in z. (3.30)

t—+00 t

(ii) The formula (3.25) is derived from a direct control interpretation of the cell

problem (3.2). In fact, it is the HJB equation of the ergodic control problem of
maximizing

T—o0

lim ~E /T<| T(z, Z.)p — 1B(s)|?)ds | Zo =
im Oax,sp s s|Zo =z,
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among admissible controls §(-) taking values in R” for the system (3.24), as before.
The process Z; associated to each control is ergodic with a unique invariant measure
w1 on T™ because it is a nondegenerate diffusion on T™, see, e.g., [3], so the limit in
the payoff functional exists and it is the space average in dp of the running payoft.
Since the HJB PDE (3.2) has a smooth solution w, it is known from a classical
verification theorem that the feedback control that achieves the minimum in the
Hamiltonian, i.e., 3(z) = —77(2)Dw(z), is optimal. Then (3.25) holds with p the
invariant measure of the process

dZt = (b(Zt) + QT(Zt)O'T<i‘, Zt)]j + QT(Zt)TT(Zt)DU)(Zt)> dt + \/ET(Zt)th

(3.31)

(iii) To prove (3.26), take v = v(t, x; Z, p) a periodic solution of the ¢-cell problem

and define the function f(t,y) = e”(*¥). Then f solves the following equation

%{ — floTp]? — 210Tp+b) - Df —tr(r7TD?f) =0 in (0,00) x R™

By the Feynman-Kac formula, we have
flt.y) = B [elole" e00m sy, =y
where Y} is defined by (3.27). Then
v(t,y) =logE {efcﬂ"T(”_”’YS)’_’Fds |Yo = y}
and thanks to (3.30) we get (3.26). O

Remark 2. For z,p € R™ define the following perturbed generator L*P
L*%g(y) == Lg(y) + 2(ro(z,y)"p) - Dyg(y),
where
L=b-Dy+tr(r7"Dj,).

Then the equation (3.2) becomes

H—e L% — |oTp> =0, (3.32)
because e~*Le® = Lw + |77 Dyw|? gives

e WLTPe" = e Y Le" +2(1o’p) - Dyw = Lw + |77 Dyw|? + 2(r0”p) - Dyw.

Multiplying (3.32) by e® we get, for g(y) = e*®),

Hyg(y) = (L™F +V*P)g(y) =0, (3.33)

where VP (y) = |07 (z,y)p|* is a multiplicative potential operator.
We conclude that if w is a solution of (3.2), then H is the first eigenvalue of the
linear operator L™P + V®P  with eigenfunction g = ™.

Remark 3. Equations like (3.2) have been studied in an aperiodic setting by Khaise
and Sheu in [30]. They prove the existence of a constant H such that there is a
unique smooth solution w with prescribed growth of (3.2). Moreover they provide
a representation formula for H as the convex conjugate of a suitable operator over
a space of measures.
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3.3. Comparison principle for H. The comparison theorem among viscosity
sub- and supersolutions of the limit PDE

ve — H(z,Dv) =0 1in (0,7) x R" (3.34)

will be the crucial tool for proving that the convergence of v* is not only in the
weak sense of semilimits but in fact uniform, and the limit is unique. We observe
that property (e) of Proposition 3.3 is crucial in the proof since it allows us to relate
the regularity in = of H with that of the pseudo-coercive Hamiltonian |07 (z,y)p|?.
With this inequality we can use ideas from the proof of the comparison principle for
the pseudo-coercive Hamiltonian by Barles and Perthame, see [12] for the stationary
case and [7] for the evolutionary case.

Theorem 3.5. Let w € BUSC([0,T] x R™) and v € BLSC([0,T] x R™) be, re-
spectively, a bounded upper semicontinuous subsolution and a bounded lower semi-
continuous supersolution to (3.34) such that u(0,z) < v(0,z) for all x € R™. Then
u(x,t) <wv(z,t) for allz € R" and 0 <t < T.

Proof. We show that for p < 1, u sufficiently near to 1, we have the inequality

sup  (u— pv) < sup(u — pv)(-,0).
R" % [0,T] Rn

If this is true, then the inequality holds also for y = 1, proving the Theorem. By
contradiction, we assume that for every p < 1, there exists (Z,t) such that

u(T, t) — po(ZT, t) > sﬂgp(u — uv)(+,0). (3.35)

Let

2 =2 |t —s]?
- 2 - 72

O(x,2,t,5) = u(z,t) — po(z, ) — &log(1 + [af* + |2°]) + aps.

€

For ¢,7n small enough, ® has a maximum point, that we denote with (2/,2',t',s).
‘Illelz |t/78/|2
t U

By standard arguments, we get —5——, o 0 as €, — 0 by means of the

inequality (0, z) < v(0,z).
If either 8" = 0 or t' = 0, it is easy to see that we get a contradiction with (3.35).
So we consider the case (2/,2/,t',s") € R" x R" x (0,T) x (0,T). Let

' —z 2/ -2y’ t— s

:277 = 5 5 = T o 5 :27
b 2 qx 1+|xl|2+|zl|2 4= 1+|x/|2+|zl|2 r 7]2

Using the fact that u is a subsolution we get
r—H(z',p+6q,) <0. (3.36)

Since v is a supersolution, we get

.y (2’, p+5qz> > (3.37)

,
I I

So, we multiply (3.37) by —u and sum up to (3.36) to obtain

~ 5q. _
wH (z’, p—i-uq) — H(2',p+6q,) < —ap. (3.38)
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Using (3.15) we get

pwH (z’, p-i-:qz) — H(z',p+6q,)

> — sup |07 (2, y)(p + 6q:) — o7 (2',y) (p + 8¢z) > (3.39)
— K yerm
Now we prove that
o (2 y)(p+8q2) — o (2, y)(p + 0q.)|? (3.40)

goes to zero uniformly in y as ,1,§ go to zero, reaching a contradiction.
In fact we write (3.40) as

o (", y)(p + 8q2) — o™ (2", y) (p + g, )|?
= [((o(a',y) — o (', 9))" (p+ bg2) + 607 (', y) (g0 — q2)*-
Let
Aly) = (o(@',y) —o(Z, )" (0 +042),  J(y) = S0 (2',9)(4z — ¢:)-
Then, since A(y) goes to zero for ¢, — 0 and for all § fixed uniformly in y, and

J(y) goes to zero for €,1,6 — 0 uniformly in y, we conclude that the limit in the
right-hand side of (3.39) is zero, reaching a contradiction. O

4. The supercritical case: a > 2. As in Section 3, we prove the existence of an
effective Hamiltonian giving the limit PDE and first we identify the cell problem
that we wish to solve. Plugging the asymptotic expansion

v (t, x,y) = 00 (t, ) + 2 w(t, z, y)
in the equation (2.7) we get
= 6" D" > +b- Dyw + tr(TTTDij) + O(e).
We consider the §-cell problem for fixed (z,p, X)
dws(y) — o (@, )" B> = bly) - Dyws(y) — tr(r(y)7(y)" Dy ws(y)) = 0 in R™, (4.1)

where wg is the approximate corrector. -
The next result states that dws converges to H and it is smooth.

Proposition 4.1. For any fived (Z,p) there exists a constant H(z,p) such that
H(z,p) = lims_odws(y) uniformly, where ws € C?*(R™) is the unique periodic
solution of (4.1). Moreover

H(z,p) = / lo(2,9)" * du(y) uniformly in T™, (4.2)
where p is the invariant probability measure on T™ of the stochastic process
dY; = b(Yy)dt + V27 (Y;)dW;,

that is, the pem’odz’c solution of

- Z 3y28y] )i (9))n + 21: 6?11- (bi(y)p=0  inR™, (4.3)

with, [, i dy =1

Proof. The proof essentially follows the arguments presented in [6, 3] of ergodic
control theory in periodic enviroments. O
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Remark 4. Note that in dimension n = 1 the effective Hamiltonian assumes the
form

H(z,p) = / } o(z,y)*du(y)p* = (D),

where ¢ = \/me o(Z,y)2du(y).

We observe that the effective Hamiltonian H satisfies properties (a), (b), (c), (d),
(e) as in Proposition 3.3, which can be proven with similar arguments, and in
addition the homogeneity

H(z,\p) = [\[*H(z, p) (4.4)

for every A € R, z,p € R™, which follows from (4.2). Then the proof of Theorem
3.5 applies here and we have the next comparison result among viscosity sub- and
supersolutions of the limit PDE

v — /m|o(x,y)TDv|2d,u(y) =0 in (0,T) x R™. (4.5)

Theorem 4.2. Let u € BUSC([0,T] x R™) and v € BLSC([0,T] x R™) be, respec-
tively, a subsolution and a supersolution to (4.5) such that u(0,z) < v(0,z) for all
x € R™. Then u(zx,t) < v(z,t) for allz e R® and 0 <t < T.

5. The subcritical case: a < 2. In this case we plug into the equation (2.7) the
asymptotic expansion
v (t, x,y) = 00t ) + e2w(t, z,y)
and we get
v) =0T D> 4 2(r0” DY) - Dyw + |77 Dyw|? + O(e).

Therefore the cell problem we want to solve is finding, for any fixed (, p), a unique
constant H such that there is a viscosity solution w of the following equation

H(z,p) = 2(7(y)o(z,y)"D) - Dyw(y) — |7(y)" Dyw(y)|* = |o(z,y)"p* =0. (5.1)
Since
2(r(y)o” (z,y)p) - Dyw = 2(o" (2,9)p) - (" (y) Dyw),
we can restate the cell problem as
H(z,p) — " (y) Dyw(y) + o' (z,y)p]> = 0. (5.2)
The following proposition deals with the existence and uniqueness of H.
Proposition 5.1. For any fived (Z,p), there exists a unique constant H(Z,p) such

that the cell problem (5.1) admits a periodic viscosity solution w. Moreover w is
Lipschitz continuous and there exists C' > 0 independent of T,p such that

max | Du(y; 2, 7)| < C(1+ [p).

Proof. As for the other cases we introduce the following approximant problem, with
6 >0,

dws(y) — |77 (y) Dyws(y) + o (z,y)p|* = 0 in R™. (5-3)
Let ws the unique periodic viscosity solution to (5.3). By standard comparison
principle we get that

[0ws| < max lo"(z,y)p]> < C(A+1p]*) VyeR™
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Moreover, using the coercivity of the Hamiltonian (see [8, Prop I1.4.1]), we get that
wg is Lipschitz continuous and there exists a constant C' independent of § and p
such that

max |Dws| < C(1 + |p]).
yeR™

So, we conclude as in the proof of Proposition 3.1. O

We give some representation formulas for the effective Hamiltonian H.
Proposition 5.2. (i) H satisfies

+oo
H(z,p) = lim sup$ / (jo@, y(&) 7B — |BE)?) e~ d, (5.4)
5—0 ,3() 0

where B(+) varies over measurable functions taking values in R™, y(-) is the trajectory
of the control system

{ y(t) = 27(y(t)o™ (z,y(t))p — 27(y(1))B, >0,
y(0) =y
and the limit is uniform with respect to the initial position y of the system;
(i) if, in addition,

7(y)ol (z,y) =0 Vr€R"ycR™, (5.5)

then
H(z,p) = max |0 (z,y)pl*; (5.6)
yER™

(iii) ifn=m=r=1,and o0 >0
2

on=([a) ([ ) o

Proof. The formula (5.4) can be proved by writing (5.3) as a Bellman equation
dws(y)+ inf {(2r(y)5 ~ 27(y)o(z,y)"p) - Dyws + |81} —o(z, )" p]* = 0. (5.8)

Then ws is the value function of the infinite horizon discounted deterministic control
problem appearing in (5.4) (see, e.g., [8, 11]).

If 7(y)oT (x,y) = 0 for all x,y, then (5.2) reads

—|r () Dyw(y)|* = 0" (z,y)p|* — H(Z, D).

So, this gives immediately the inequality > in (5.6). The other inequality is obtained
by standard comparison principle arguments applied to the approximating problem
(5.3).

Finally, in the case n =m =r =1, if p > 0 we write explicitly the corrector as

y Erl _ _ _
w(y) = / Mds.
0 7(s)
Note that w € C! is periodic and does the job. A similar construction works for
p < 0. O

Remark 5. The meaning of assumption (5.5) is that the components of the Brow-
nian motion W; influencing the slow variables X; are not correlated with the com-
ponents acting on the slow variables Y;. In fact the condition is satisfied if the last
m columns of ¢ and the first n columns of 7 are indentically zero.
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We observe that H satisfies the properties (a), (b), (¢), (d),

(e) of Proposition 3.3 and (4.4), as it can be shown by similar arguments.

Then, the proof of Theorem 3.5 applies here and we have the following comparison
result among viscosity sub- and supersolutions of the limit PDE

vy — H(z,Dv) =0 in (0,T) x R, (5.9)

Theorem 5.3. Let w € BUSC([0,T] x R™) and v € BLSC([0,T] x R™) be, re-
spectively, a bounded upper semicontinuous subsolution and a bounded lower semi-
continuous supersolution to (5.9) such that u(0,z) < v(0,z) for all x € R™. Then
u(z,t) <wv(z,t) forallz €e R" and 0 <t <T.

6. The convergence result. In this Section we state the main result of the paper,
namely, the convergence theorem for the singular perturbation problem. We will
make use of the relaxed semi-limits which we define as follows. For the functions v,
introduced in Section 2.2 the relaxed upper semi-limit ¥ = limsup;_,, sup,, v°© is
o(t,z):=  limsup supo°(t,2’,y), z€R™ t>0.
e—0,(t"z')—(t,x) Y

We define analogously the lower semi-limit v = liminf,._,oinf, v® by replacing
limsup with liminf and sup with inf. Since h is bounded the family v® is equi-
bounded and we have v € BUSC(]0,T] x R™) and v € BLSC([0,T] x R™).

The standing hypotheses of sections 2.1 and 2.2 are assumed in this section.

6.1. The convergence result: critical and supercritical case, a > 2. Recall
that by Proposition 2.1 i) v° defined by (2.6) is the solution of

Oy — H¢ (ac,y,Dach, ?j—ff,DmvE, 22{’15, Dge) =0 (0,7)xR™xR™
ve(0,z,y) = h(x) o R™ x R™,
with
He(x,y,p,¢, X, Y, Z): = |0Tp\2 +b-g+tr(rrlY) 4+ ¢ (tr(aaTX) + ¢ ~p)

+ 22 YroTp)-q+ 26%t1"(O'TTZ) + 272|177 ¢g|2.

Theorem 6.1. Assume o > 2. Then
i) The upper limit v (resp., the lower limit v) of v° is a subsolution (resp.,
supersolution) of the effective equation

v — H(z,Dv) =0 in (0,T) x R™ v(0,z) = h(x) on R™ (6.1)
where H is given by (4.2) for a > 2, and it is defined by Proposition 3.1 for a = 2
(with the formulas (3.22), (3.23), (3.25), and (3.26));
i1) v° converges uniformly on the compact subsets of [0,T) x R™ x R™ to the
unique viscosity solution of (6.1).

Proof. i) The inequality v(0,z) < (0, z) follows from the definitions. The problem
of taking the limit in the PDE is a regular perturbation of a singular perturbation
problem, in the terminology of [4]. The result can be proved by the methods
developed in [4] for such problems, with minor modifications.

i1) By the definition of the semilimits v < ¥ in [0,7) x R™. The comparison
principle (Theorem 3.5 and Theorem 4.2) for the effective equation (6.1) gives the
inequality < and therefore o = v = v in [0,7] x R™. Thanks to the properties of
semilimits, we finally get that v* converges locally uniformly to the unique bounded
solution of (6.1). O
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6.2. The convergence result: subcritical case, a < 2. Recall that by Propo-
sition 2.1 ii) v® defined by (2.6) is the solution of

e 2 € e
v = He (2,y, Dove, 24, Dy, 2=, P2} (0,T) x R” x R™
€2 g2 4
ve(0,2,y) = h(x) R™ x R™.
with
H.(z,y,p,¢,X,Y,Z): = |0 p>+2(r0"p)-q+|7"q] +& (tr(c0” X) + ¢ - p)

+ 26175 tr(07TZ) + 5 g4 e S (v TY).

Theorem 6.2. Assume a < 2. Then

i) the upper limit v (resp., the lower limit v) of v° is a subsolution (resp., super-
solution) of the effective equation (6.1) where H is defined by Proposition 5.1 (with
the formula (5.4));

i1) v° converges uniformly on the compact subsets of [0,T) x R™ x R™ to the
unique viscosity solution of (6.1).

Proof. The proof is the same as that of Theorem 6.1, by using the comparison
principle Theorem 5.3. O

Remark 6. In the case a < 2 we can give a convergence result analogous to
Theorem 6.1 and Theorem 6.2 for a terminal cost h = h(z,y) depending also on
the fast variable y, so that the payoffs is

h(X¢,Yt)

ve(t,x,y) :=clogE |e” < |[(X.,Y.) satisfy (1.1)} , (6.2)

In this case we must find a suitable effective initial value h depending only on the
variable xz; moreover the convergence cannot be up to time ¢ = 0 but only on the
compact subsets of (0,7) x R™ x R™ to the unique viscosity solution of

vy — H(z,Dv) =01in (0,7) x R" v(0,2) = h(z) on R™.

The proof follows the methods of [2], where an asymptotic problem for finding h is
given and the relaxed semi-limits are modified at ¢ = 0 to deal with the expected
initial layer. For further details and proofs we refer to [28].

6.3. Ordering of the three cases. The convergence theorem stated above and
the formulas for H say that there are three possible limits for v*, depending only on
the position of o with respect to the critical value a = 2. Let us call them vgyp, v¢
and vgyp, if, respectively, a > 2, = 2, or @ < 2. We can compare them in the
uncorrelated case.

Corollary 6.3. If 7(y)o T (x,y) = 0 for all x,y, then
Vsup(t, ) < ve(t, @) < veup(t,z) VE> 0,2 € R™. (6.3)

Proof. 1f 70T = 0 we can easily compare the three effective Hamiltonians Hy,,, H..,
and Hyg,p, respectively. In fact, (3.13) and (5.6) give

H.(z,p) < Hgup(x,p) Yz € R, p e R™
On the other hand, using the control 8 =0 in (3.24), we get the diffusion
dY; = b(Yy)dt + V27 (Y;)dWr,
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whose invariant measure p appears in the formula (4.2) for Hy,,. Then (3.23) gives

o1 ¢ _
H.(z,p)> lim -E [/ |‘7T(55'aYs>p|2d5} =/ o7 (z, y)p|? du(y) = Heup(z, p)
0 'JT’VTL

t—+4oo t

for all initial condition Yy. Now the inequalities (6.3) are obtained by the comparison
principle Theorem 3.5. 0

7. The large deviation principle. In this section we derive a large deviation
principle for the process X§ defined in (2.3). Throughout the section we suppose
that ¢ is uniformly non degenerate, that is, for some v > 0 and for all z,p € R"

|0T(:1:,y)p|2 > 1/|p|2. (7.1)

By (3.13), under (7.1), the effective Hamiltonian is coercive. Let L be the effective
Lagrangian, i.e. for x € R"

L(x,q) = max{p-q - H(z,p)} (7.2)

Note that L(z,-) is a convex nonnegative function such that L(x,0) = 0 for all
x € R™, since H(x,-) is convex nonnegative and H(z,0) = 0 for all x € R.
For each o € R™ and t > 0, define

I(z; 70, 1) = inf [/OtL (g(s),g’(s)) ds \ €€ AC(0,t), £(0) = zo,E(t) = x| . (7.3)

Remark 7. (a) The function I defined in (7.3) is continuous in the variable x (see,
e.g., [15]) and is a nonnegative function such that I(xo;zo,t) = 0.
(b) I satisfies the following growth condition for some C' > 0 and all z, 25 € R"

1 |z — x0/? 1 |z — z0|?
BT < p(aag,t) < — 2200
ic ¢ Slmrebs g

where v is defined in (7.1). In fact, thanks to the property (3.13) stated in Propo-
sition 3.3, we get that

(7.4)

1 2 _ 7 L
I < < — .
4C Ipl” < L(w,p) < vy Pl

Then we have

! i 1 ‘
10 e 0f s)? < I(w;20,t) < —  inf / Bl
4C §(0):zg,§(t):x/0 €7 < w5z, t) < 7 £(0)=a0.£(t)=s Jo [€(s)]

from which we get (7.4). o
(c) If o does not depend on z, i.e. H = H(p), the rate function in (7.3) is

I(x;m0,t) = tL <m—x0).

t

(d) If o does not depend of x and n = 1, I is a monotone nondecreasing function
of £ when x > xg. Analogously, I is a monotone nonincreasing function of x when
xr < Xg.

Theorem 7.1. Let (X°,Y®) be the process defined in (2.3) with initial position
X§ =z and Y5 = yo. Then for every t > 0, a large deviation principle holds for
{X§ : e > 0} with speed é and good rate function I(x;xo,t). In particular, for any
open set B C R"™

lim elog P(X; € B) = — ing I(x; x0,t). (7.5)

e—0 e
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Remark 8. Thanks to Remark 7, if ¢ does not depend on x and n = 1, we have
infysq I(y; xo,t) = I(x;20,t) for © > zp and (7.5) can be written in the following
way
lirréslog P(X; > x) = —I(x;20,t) when x > xg
e—
and analogously when x < g
1in(1)610g P(X; < x)=—I(x;x0,t).
E—r

Remark 9. We note that the rate function I defined in (7.3) does not depend on
the drift ¢ of the log-price X7 and it depends only on the volatility o and on the fast
process Y,£. In fact, this holds for the effective Hamiltonian H by the representation
formulas (3.22) for a = 2, (4.2) for a > 2 and (5.4) for a < 2, and hence it holds
for the Legendre transform L.

Proof. We divide the proof in two steps, the first is the proof of the large deviation
principle, while the second is the proof of the representation formula (7.3) for the
good rate function.

Step. 1 (Large deviation principle) The proof of this step is similar to that of
Theorem 2.1 of [21] with some minor changes. The idea is to apply Bryc’s inverse
Varadhan lemma (see Appendix A, Lemma A.1) with p. given by the laws of {X{}
and A5 given by v.. Recall that, for h € BC(R”) v is defined as

ve(t,x,y) :=clog & { |(X6 Y®) satisty (2.3)] .

We proved in Theorems 6.1, 6.2 that v. converge uniformly to a function v".

To apply Lemma A.1, we have to prove the exponential tightness of {X{}. Define
the following function

f(z)+e27(y if > 2,
fs(ﬂf,y) = { fgaf) + E%C(yg ) if a <2, (7'6)
where
fla) =log(1+ |z
and ((y) is a positive differentiable function with bounded first and second deriva-
tives. Since f(z) is an increasing function of |z| and since ((y) > 0, we have that
for any ¢ > 0 there exists a compact set K. C R™ such that

fe(z,y) > ¢ when z ¢ K_. (7.7)
We observe that ||0z, f||o + ||02 |l <ooforalli=1---n,j=1---n,and by

our choice of { we therefore have that

]Rsup " H.(z,y, Dy fe, Dy fe, Dixfsv Djyfsa Dzyfs) =C < o0, (7.8)
zER™ yeR™

where H. is defined as follows
H.(z,y,p,¢,X,Y,Z) = |o7p|® +etr(coTX)+¢e¢-p+2c 2tr(rolp) - ¢

+ 2675 tr(07TZ) + e g+ e T g + (77T,
We will write H, f(z,y) to denote H.(x,y, Dy f-, Dy f-, D2, f-, Dgyfs, Dﬁyfs). The

P and F in the following proof denote probability and expectation conditioned on
(X,Y) starting at (z,y). Define the process

Mg =exp{fs(XtE’Yts) ff i) / H.f.(X5,Y5)d } (7.9)

g
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Then M., is a supermartingale and hence we can apply the optional sampling
theorem (see Appendix A, Theorem A.2), that is

1> E[M]. (7.10)
Then
(e~ fe(2.4)=1C) IX: ¢ K, (7.11)

(c=fe(z,y)=tC)
e e

1> BIM;|X; ¢ K] > Ele

= P(X; ¢ K.)

where we have used (7.7) and (7.8) to estimate the first and third term in Mf. Then
we get

)

elog P(X; ¢ K.) <tC+ fo(x,y) —c < const —c

and this finally gives us the exponential tightness of X;.
So, by Bryc’s inverse Varadhan lemma (see Appendix A, Lemma A.1), the measures
associated to the process X; satisfy the LDP with the good rate function

I(z;x0,t) = sup  {h(z) —v"(t,20)} (7.12)
heBC(R™)

and

o (t, o) = xseuﬂgl{h(x) — I(z;20,1)}.

Step. 2 (Representation formula for the good rate function) The solution v" to the
effective equation

{ vy — H(z, Dv) =0 in (0,7) x R" (7.13)

v(0,z) = h(x) in R
can be represented through the following formula

o (t, ) =

where L is the effective Lagrangian defined in (7.2). We refer to [15] where it is
shown that v" is continuous and is the solution of (7.13). We define

t .
rwant) = ot L (0.6) ds (7.15)
Thanks to (7.12) and (7.14), we can write
I(x;x0,t) =
t — .
r(x;xo,t) +  sup inf {h(x) —h(y) + / L (5(8),5(5)) ds — r(x; xo,t)} ,
heBC(R) 0

(7.16)

where the infimum is over y € R™ and absolutely continuous functions £ such that
£(0) = 20, £(t) = y. Then

I(x;x0,t) = r(x; 20, t) + J (x5 20, ),
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where J(z;x0,t) := sup,epomr) Jn(T; 20, t) and

Jn(x;20,t) = inf {h(x) —h(y) + /Ot L (E(s),f(s)) ds — r(x;xo,t)} .

Taking y = x, we obtain J,(z;z,t) < 0 and therefore J(x;zo,t) < 0. Now we
define a function h. € BC(R) as follows:

hi(y) = 7r(y; 20, ) A7(2;5 20, 1).

We claim that h, is continuous. Then Jj,, (z; zo,t) = 0 and therefore J(z; xq,t) = 0.
In conclusion

t
Iwiat)= it / L (e(s).€(s)) ds.

Finally, the claim follows from the continuity of the function r(y; xg, t) in the variable
y, that can be found, e.g., in [15], Section 4, Proposition 3.1 and Corollary 3.4.

O

8. Out-of-the-money option pricing and asymptotic implied volatility.

8.1. Option price. In this section, we give some applications of Theorem 7.1 in
dimension 1 to out-of-the-money option pricing. In particular, in Corollary 8.1,
we state an asymptotic estimate for the behaviour of the price of out-of-the-money
European call option with strike price K and short maturity time 7' = et.

Let S§ be the asset price, evolving according to the following stochastic differen-
tial system

{ dSE = (S5, YF)Sedt + /2:C(S5,YF)SsdW, S5 =S € Ry 5.1)

dYE = el =ob(YE)dt + V2e =T (YE)dW, Y5 =y € R™,

where a > 1, 7,b are as in (2.3) and € : Ry x R™ - R, ( : Ry x R™ — MY" are
Lipschitz continuous bounded functions, periodic in y. Observe that S§ > 0 almost
surely if Sy > 0. We define X{ =log S;. Then (X5,Y;?) satisfies (2.3) with

$a,y) = £, y) = C(e” y)C" (") ola,y) = (e, y).
We consider out-of-the-money call option by taking
So< K or xg<logk. (8.2)

Following the argument used in [21], we can derive an option price estimates stated
in Corollary 8.1. Similarly, by considering out-of-the-money put options, one can
obtain the same formula for Sy > K.

Corollary 8.1. Suppose that So < K. Then, for fizedt > 0

lim clog £ [(Sf - K)Jr} =— inf I (y;x0,t). (8.3)

e—0+ y>log K



22 MARTINO BARDI, ANNALISA CESARONI, DARIA GHILLI

8.2. Implied volatility. We give an asymptotic estimate of the Black-Scholes im-
plied volatility for out-of-the-money European call option, with strike price K,
which we denote by o.(t,log K, z).

We recall that given an observed European call option price for a contract with
strike price K and expiration date T', the implied volatility o is defined to be the
value of the volatility parameter that must go into the Black-Scholes formula to
match the observed price.

By arguments similar to those of the ones used in [21], we get the following asympto-
tic formula.

Corollary 8.2.
(log K — )?
2 infy>logI( I(yv Xo, t)t -

lim o2(t,log K, x0) = (8.4)
e—0*t

Note that the infimum in the right-hand side of (8.4), is always positive by
assumption (8.2) and by (7.4).
Remark 10. When ((s,y) = ((s), then thanks to Remark 8, (8.3) simplifies to

lim elog £ {(Sf - K)Jr} = —1I (log K; 0, t)
e—0t
and (8.4) reads

. log K — x¢)?

1 2(t,log K = (—
et oe(t,1og K, o) 2I(log K; o, t)t
Proof. By the definition of implied volatility

—log K +ret + 025
B[S —K)*] = c'Syb (:co og K + ret +o; 2)
oeVet

ke (xo —logK—&—rst—Uggt) 7
o-et

where ® is the Gaussian cumulative distribution function. Then the proof follows
as in [21], using (8.5) and Corollary 8.1. O

(8.5)

Appendix A. We recall some standard notions from large deviation theory that
we need in section 7. Throughout the section, u. will denote a family of probability
measures defined on R™ with its Borel o-field B. For the definitions and theorems
in a more general setting and for further details we refer to [16].

Given a family of probability measures {u.}, a large deviation principle characte-
rizes the limiting behavior, as € — 0, of {u} in terms of a rate function through
asymptotic upper and lower exponential bounds on the values that u. assigns to
measurable subsets of R".

Definition A.1. A rate function I is a lower semicontinuous map I : R™ — [0, co],
and it is a good rate function if for all o € [0, 00), the level set ¥y(a) :={z : I(z) <
a} is compact.

For any set B C R™, we denote by B° the interior of B.

Definition A.2. A family of probability measures {1} satisfies the large deviation
principle with a rate function I if, for all B € B,

— inf I(x) <liminfelog pu(B) < limsupelog p.(B) < — inf I(x). (A1)
rEB° e—0 e—0 zeB
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The right-and left-hand sides of (A.1) are referred to as the upper and lower
bounds, respectively.

Definition A.3. A family of probability measures {u.} on R™ is exponentially tight
if for every a < oo, there exists a compact set K, C R"™ such that

limsup elog pe (K5) < —av.
e—0
Moreover, for each Borel measurable function A : R™ — R, define

h(x)
;::elog/ e < pe(dz).

and

lim elog/ e te(dz) = Ay, (A.2)

e—0
provided the limit exists. Then, the so-called Bryc’s inverse Varadhan Lemma
permits to derive the large deviation principle as a consequence of exponential
tightness of the measures p. and the existence of the limits (A.2) for every h €
BC(R"™). The statement is the following.

Lemma A.1. Suppose that the family {u.} is exponentially tight and that the limit
in (A.2) exists for every h € BC(R™). Then {uc} satisfies the LDP with the good
rate function
@)= swp {h(x)—An}.
he BC(R™)
Furthermore, for every h € BC(R"™),

Ay = sup {h(z) — I(z)}.
TER™

Finally we recall the optional sampling theorem. For further details see [37].

Theorem A.2. Let M = {M,;},>0 be a submartingale right-continuos and let T be
a stopping time, such that one of the following conditions is satisfied

o 7 is a.s. bounded, i.e. there exists T € (0,00) such that 7 <T a.s.;
o 7 is a.s. finite and Mrp; <Y for allt > 0, where Y is an integrable variable
(in particular | M pn| < K for a constant K € [0,00))

Then the variable M. is integrable and
E(M,) > E(M). (A.3)
If, instead, M 1is a supermartingale, then

E(M,) < E(Mo).
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