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Abstract
Given an open domain (possibly unbounded) 2 C R", we prove that uniformly
elliptic second order differential operators, under nontangential boundary conditions,
generate analytic semigroups in Ll(Q). We use a duality method, and, further, give
estimates of first order derivatives for the resolvent and the semigroup, through prop-
erties of the generator in Sobolev spaces of negative order.

1 Introduction

The aim of this paper is to show how a duality method can be used to prove that uniformly
elliptic operators endowed with non-tangential boundary conditions generate analytic semi-
groups in L'. It is well-known that the methods used in LP spaces, with 1 < p < oo, cannot
be extended to the cases p = 1, 00 because the classical Agmon-Douglis-Nirenberg estimates
do not hold in these cases. In fact, the generation results in L*° follow from the L? case
through a clever passage to the limit and Sobolev embedding known as Masuda-Stewart
technique, see [18], [19], [12]. The known approaches relative to the L' case are based either
on an integral representation of the semigroup and suitable estimates on the kernel, see e.g.
[20], or on duality arguments. In order to deduce L' results from L*°, duality arguments
have been developed both for the adjoint semigroups, see [2], and their generators in the
case of Dirichlet boundary conditions, see [14], [7], [24] and [9], where also elliptic systems
are studied. The generation result in L' has been proved also in [3] under L® conditions on
the diffusion coefficients. In this paper Dirichlet, Neumann or mixed boundary conditions
are considered, and the fact that the resulting operator is symmetric seems to be essential.
In this paper, we apply duality arguments to general (non-tangential) boundary conditions
involving first order derivatives. Moreover, we prove gradient estimates for the solution
of the resolvent equation and for the semigroup solution of the parabolic initial-boundary
value problem. The parabolic estimates are deduced from the elliptic ones, while the elliptic
estimates are obtained through a discussion of the sectoriality of the generator in Sobolev
spaces of negative order. In this part, we follow ideas from [22], [13].

Let us come to a more technical description of the results. Throughout this paper, 2
denotes an open (possibly unbounded) domain in R™ with uniformly C* boundary 92 (see
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Remark 2.1). We denote by v(z) the outward normal unit vector to 9Q at x. We consider
the uniformly elliptic second order operator in divergence form:

(1.1) A(z,D) =" Di(a;(z)D;) + Y _bi(z)D; + c(x)
i,j=1 i=1

with real coefficients satisfying the following assumptions

(12) QAij = Qi € WLOO(Q)a bi,C € LOO(Q)

and the following uniform ellipticity condition: there exists p > 1 such that for any z € Q
and £ e R"

n

(1.3) peP < Z ai;(2)&&; < plé)?.

ij=1

We also consider a linear first order differential operator with real coefficients defined for
x € O

(1.4) B(z,D) = Bi(z)Di + y(x)
=1

with 3;,~ and their first derivatives uniformly continuous and bounded, and assume that
the uniform non-tangentiality condition

(1.5) inf Zﬁi(x)yi(x) >0

€N |4

holds. We are looking for the solution of the following problem

Oy —Au=0 in (0,00) x Q
(1.6) u(0) = ug in Q
Bu=0 in (0, 00) x 90

with initial datum ug € L'(Q). In the language of semigroups, this leads us to consider the
realization A; : D(A;) € LY(Q) — L'(Q2) of A in L'(Q), where the domain D(A;) takes into
account the boundary conditions. We prove that (A, D(A;)) is sectorial in L!(Q), hence it
is the generator of an analytic semigroup (7'(t))¢>0 in L'(Q).

The plan of the paper is as follows: in the second section we prove the generation result
in L'(Q) and in the third one we prove the estimates on the gradient of the resolvent and of
the semigroup. This last section relies on the analysis of the resolvent equation in Sobolev
spaces of negative order.

Acknowledgment The authors thank the anonymous referee for many precious sugges-
tions.



2 Preliminary results in L!(Q)

In this section we prove that the realization of A with boundary conditions Bu = 0 is
sectorial in L!(§). Since we would like to solve the problem in L' by duality from L, we
point out that the assumptions (2.2) on the regularity of the coefficients guarantee that the
realization in L°(2) of the adjoint (A*, B*), as defined in (2.3) and (2.4) below, generates
an analytic semigroup in L>°(Q2). In this section we could simplify the presentation by
considering first b; = ¢ = 0 and then recovering the general case by a perturbation argument.
However, we discuss the duality theory for general b;, ¢ because we shall use it in Section
3. Let us start from the elliptic problem

(2.1)

Au—Au=f in
Bu=0 in 02

and let us temporarily assume some more regularity on the coefficients b;, namely

(2.2) A5 = Qji,  Qij, b; € Wl’OO(Q), cc LC‘O(Q)7

setting
My = Hgé}x{llaijllww(ﬂ)’ 16illw.00 (), llell Lo @) }-

The hypothesis b € W1> will be removed in Theorem 3.6 by a perturbation argument.
Following the notation in [2], we consider the formally adjoint operators A* and B* given
by

n n
(2.3) A* =" Dj(a;;Di) + > biD; +c",
ij=1 j=1
with
aj; =ay b =—b; " =c—divb,
and
(24) B* = (6",D) +7".
Setting

Vg ' =0 V= (; @ijVj)i=1....n p(z) = W, T:=v, — pp,

the coefficients 8%, v* are given by

pB*=vo+1,  py" = py—(bv) +divoar,

where divgg denotes the tangential divergence along 0€2. Then by the divergence theorem
we obtain

/vfludacz / u.A*vdx—i—/ p(vBu — uB*v) dH"?
Q Q 0

for every u,v € C2(Q) N CL(Q).



Remark 2.1. The C? regularity hypothesis on 8 ensures that the function 7, and then
B3*, is uniformly C'. If 3 =a-v and v = 0, we get the conormal boundary conditions, and
in this case the (uniform) C? regularity of 9 is sufficient for our purposes because 7 = 0.
This is the case in [3], [4], [5].

Assumption (2.2) is needed to apply the classical L> theory also to A*, but (1.2) is sufficient
to guarantee generation results for the realization of (A, B) in LP with 1 < p < oo. For
every 1 < p < oo the operator AP : D(A}) C LP() — LP(Q) defined by

D(AP) = {u e W2P(Q), Bu =0 in 99}
Afu = Au

is the infinitesimal generator of an analytic semigroup in L?(Q), see [12, Chapter 3|. In
particular, there exists w € R depending on n,p, i, such that for each A € C with
Re A > w and for each f € LP(2) the equation

(A=A = f

has a unique solution u € D(A]JjEe ) satisfying

(2.5) NIl 2o @y + 1M1 [ Dull Loy + 1 D?ull 2oy < ClIfllzo(e)-
Moreover, let AZ : D(AZ) C L>°(Q) — L*(9) be the operator defined by
D(AZ) ={ue Np>1 W2P(Q);  u, Au € L®(Q), Bujpa = 0},
{ ABu = Au.
Let us present the L™ results that will be exploited later, see [18], [19], and also [12].
Theorem 2.2. The following hold:
(i) There exist wg, My € R and po € (7/2,m) such that the sector
Ypo ={r € C: arg(A —wo)| < w0}

belongs to the resolvent set of A . Moreover for each A\ € ¥, we have

%o
IA = woll[ROA AZ) ez (e)) < Mo
where R(\, AB) = (A — AB)~1.

(i) There exist wy > wo, M > My and ¢ € (7/2,¢0) such that for each X\ verifying
larg(A — wp)| < ¢ we have

A —woV2IDRA, ARl noe () < M.
In order to deduce a result of generation in L' (2) we set
D ={uec LY(Q)NC*Q); Au € L'(Q),Bu = 0 in 9Q}.

Lemma 2.3. A: Dy C LY (Q) — LY(Q) is closable in L*(Q).



PROOF. Let (u;) be a sequence in D4 such that u; — 0 and Au; — v in L'(Q2). Then,
integrating by parts,

/gavdx— lim [ pAu;dz = lim /ujfl*gpdx:()
Q J=eJa

_7—>OO (9]

for every ¢ € C°(€2). Hence v = 0, which implies the assertion. O

By Lemma 2.3 we can define the realization of A in L! with boundary condition Bu = 0,
that will be denoted by (Ay, D(A1)) as the closure of A|p, in L*(Q2), that is, the smallest
closed extension of A|p, in L'(€2). Then D(A;) is the closure of D, with respect to the
graph norm in L'. Now we are in a position to prove the following result.

Theorem 2.4. Under the assumption (2.2) there exist C > 0 and w; € R, depending on
n, g, My and Q, such that for Re A > wy and f € L*(Q) the equation

(2.6) —Au=f inQ
has a unique solution uw € D(A;) and
(2.7) Al ) < Cllfllzie-
ProoF. First of all we prove that the range of (A — A;) contains the space of functions

L () = {¢ € L>(Q); supp ) CC O} which is dense in L'(Q).
Indeed, let = € C?(Q2) be such that

ZZj:l |Dyjm| + 320, |Dim|? < ¢

e ™ e LY(Q)
Zi ﬂiDiﬂ- =0 in 092

If © is bounded we don’t need to consider compactly supported functions and we can simply
take m = 0. If  is unbounded, we require that lirnmbOo ceq T(x) = +00. Such a 7 exists,
for instance, when 2 = R™ one can choose 7(z) = /1 + |z|2. In the general case one can
adapt the previous example modifying 7w near the boundary in a suitable way. Starting e.g.
from m(z) = /1+|z|? in Qs = {x € Q : dist(x, Q) < 6}, and fixing y € 99, consider the
line R 3t — y +tB(y). Call x the nearest point belonging to s that intersects this line
(this point exists thanks to the non-tangentiality condition (1.5)) and extend the function
7 on the segmnent [x,y] by assigning the constant value 7(x). The final step consists in
regularizing the function obtained in this way. Once 7 has been constructed, let us define
II(x) = exp[n(x)]. Then, for every function ¢ € L (), we get IIyp € L2(Q) and

Au— Au =1 € L (Q)
Bu=0 in 00

if and only if

ATTu — A (TTw) = T € L2()
(2:8) { B(lu) =0  in O

where

_AfZZaU D;mD; JrZ{ (ai; Djm) — a;; DymD; }JerDﬂr.

3,7=1 1,7=1



As it is easily seen, the operator A, satisfies the assumptions (1.2)-(1.3), therefore, by
applying Theorem 2.2 we get that there exists [Tu € D((A,)EZ) C L>°(Q2) solution of (2.8).
Hence u € {v € CY(Q) N LY(Q);Av € LY(Q)}, then  is in the range of (A — A4;) and
consequently (2.6) has a solution for every f € L'(Q). Now we prove (2.7). Consider a
solution u of Au — Au = f € L'(Q) and let

A* =" Dj(aiDi) = > b;iDj + (c — divh)
ij=1 j=1
Then, from Theorem 2.2, it follows that A*Z" generates an analytic semigroup in L ()

and so the elliptic problem

(2.9)

Aw — A*w = p € L*(Q)
B*w =0 in 00

for Re A sufficiently large has a unique solution w € D(A*fo*) satisfying

A N|wll e @) < K@l Lo (-

Now we can apply the method used in [14] to obtain
lullriay =sup{ [ u)pte)is: o € @), el <1}
< sup{/u(x)()\ — A" wydx; w, € L (2) solution of (2.9), [¢]|re=@) < 1}
< sup {/ww()\ — A)udzx; w, € L(2) solution of (2.9), ||¢|lr=) < 1}
in particular,

lull 1) < R|>\\71||f||L1(Q)~

So, (A—A}) is an injective operator with closed range in L*(£2) and the proof is complete. [
As a consequence of the previous theorem (A;, D(A;)) generates an analytic semigroup
in L1(Q) if we assume (2.2). The following result is a consequence of [12, Proposition 2.1.11].

Proposition 2.5. Under assumption (2.2) there exist K,w; € R and 6, € (w/2,7) such
that
E91,001 = {>‘ €C; A 7é Wi, |arg (>‘ - wl)' < 01} c p(Al)
and
R(M\A < —
RO A ey < o

holds for each \ € ¢, ., . Therefore (A1, D(A})) generates an analytic semigroup in L' (€2).

3 The generation result and gradient estimates in L!(Q)

In this section, assuming (2.2), we prove gradient estimates for the solution of the resolvent
equation (2.1) and the semigroup solution of problem (1.6). Finally, using these estimates



and a perturbation result, we show the generation result in L!(Q2) under the weaker as-
sumption (1.2). Following, with significant modifications, ideas from [22], [23], [13], the first
step is to get suitable estimates for the weak solution of elliptic boundary value problems in
some negative Sobolev spaces. For 1 < p < oo, we denote by p’ the conjugate exponent of p
(we set oo’ = 1) and consider the Banach space W, (), defined as the dual of W1?' ().
This space can be defined as the completion of C*°(Q) N LP(£2) with respect to the norm

el = 50 § /Q““dx L0 e CR@NWI(Q), [ullyrrg 1}

The action of an element f € W*_LP(Q) onu € Wl,p’(Q) can be written as
(31) <fa u> = / foudz + Z/ fiD;u dx u e WLP/(Q)
@ =179

where f; € LP(Q),i=0,...,nand f = fo+ > ., D;f; in a distributional sense.
The norm can be expressed also as follows:

n

||f||W;1,:D(Q) = inf {Z HfiHLP(Q) : an' . '7fn as in (31)} .

=0

In the following lemma we prove a property of this function space that extends analogous
estimates proved in [23] for the norm of the dual space of W, ? ().

Lemma 3.1. For each p > n there exist two constants c1,co such that for each xy € Q,
r >0 and u € LP(Q) with support in QN B(xg, ),

(32) lullyy =100y < arrllullLeo)

(3.3) el ey < 2=l oo

PROOF. Let ¢ € W' () be such that lllw. () < 1. Then by Sobolev embedding
@ € L9(Q2) with ¢ = (np)/(n — p') and ||¢||La(q) < ¢ where ¢ depends only on 2. Hence

lellypr.r gy = 5uD { [uedrs o e W @), el < 1}

and, using Hélder’s inequality, the following estimate holds

| wede <l @iy el < vl
and (3.2) is proved. In a similar way one can prove (3.3). O

Now we consider the realization of A with homogeneous boundary condition given by B as
in (1.4) in the Banach space W, "7, 1 < p < 00, so defined

By : D(E,) C WP (Q) —» WH7(Q)

Epyu = Au u € D(E,).



where by D(E,) we mean the completion of the set {u € WP(Q) : Bu = 0} with respect
to the topology induced by the norm [[ul| = [[ully -1 (q) + [Aully 15 (q)- Analogously one
could define E,/ the realization of A* with homogeneous boundary conditions given by B*

in W, bP ". We start with two technical results involving LP estimates that are true both for
E, and E,/ and that for simplicity are stated only in the first case.

Theorem 3.2. For every 1 < p < oo the operator E, is sectorial in W{l’p(Q). In particular
there is a constant w, € R depending on n, pn, M1, Q such that for each A € C with Re A > w,
and for each f € Wi "P(Q) the solution u € D(E,) of the equation (A — A)u = f satisfies

(3.4) Allellypmso gy + Y2l ooy + lellwso@) < Killfly—to,
where K1 > 0 is a constant independent of A and f.

PROOF. Let f € W, 'P(Q). By [15, Corollary 2.2] we deduce that there is a weak
solution u € LP(2) of the problem

(3.5) { A —Au=f in

Bu=0 in 09).

Actually more regularity for the solution u can be deduced, in fact by [16, Theorem 3.1] we
get that it belongs to W?(Q) and

lullwir@) < C||fHW;1,p(Q)

for some positive constant C. Now, in order to deduce (3.4) we denote by Af the realiza-
tion of A in LP with homogeneous boundary conditions Bu = 0 and analogously A*f,* the
realization of A* in L? with homogeneous boundary conditions B*u = 0. We know that
D(AP) = {u € W2?(Q) : Bu = 0in dQ}. Then for each u € D(A*f/*) and v € LP(Q),
we have <A*§’/*u,v> = (u, (A*f,*)*v}. Here (A*ﬁ*)* is the adjoint of A*f,* and belongs
to L(LP(Q), (D(A*ﬁ* )’), where (D(A*f,*))’ is the dual space of D(A*f,*). Note that the
restriction of (A*f/*)* to D(A}}) coincides with A. Therefore, from the complex interpo-
lation theory, we have that (A*g*)* is a bounded linear operator from [LP(2), D(AZ)]:/»
to [(D(A*f,*))/,LP(Q)]l/Q where [-,-];/2 is the complex interpolation space of order 1/2,
(see [21] for the relevant definitions and results). Using [17, Theorem 4.1], which holds for
domains with uniformly smooth boundary, we can characterize the complex interpolation
spaces in the following way:

[LP(Q), D(AF)]1j2 = WHP(Q)

3.6 . / * / / )
B D@ @) = (2@, DA ) = (7 (@) = W)

where in the second line in (3.6) we have used that under our assumptions [X,Y], =
[Y', X']1_9, see [21, section 1.11.3]. Therefore the restriction of (A*f/*)* to the space D(E),)
is a bounded linear operator from D(E,) to W, "P(Q) and coincides with E,. Now, since
Aff and A*f,* are sectorial operators, there exist A1, A\ € R and kq, ko > 0 such that

(37) ||(A — Af)ilnﬂ(LT’,D(Af)) <ki for Relx> )\



and analogously
(3.8) o= A*g*)—luumlﬂ(ﬁg*)) <ky for ReA > Ay
Using (3.8) we get that

(A= A7 = (A= A7) € £((D(AT), 17),

hence an argument similar to the previous one yields that the operator [(A — A*f,*)’l}*
belongs to L(W, "P(Q), D(E,)) and coincides with (A — E,)~".
Set K = k1 + k2 and w, > max{A1, A2}; then, for every A with Re A > w,, and for every
f € Wi hP(Q) we have that [[ul|wiso) < K| flly-19(q) Where u = (A = E,)~" f. Then, for
every v € W' (Q),
<fa U> = )‘<u7 U> - <Epua U>'
Thus

[ 0)] <IN (B, 0)] + (£, 0)))
< A (lullwrs@ el o + 1l @ ol o)

<A7! (”f”w;lvp(g)||U||W1,p’(Q))

where we have used that ||EpuHW;1,p(Q) < cfJullwrr(q) since (A*ﬁ*)* is a bounded linear

operator from W1hP(Q) to Wi "P(Q) and its restriction to D(E,) coincides with E,.
Hence we have proved that

(3.9) |)\|||“HW;1=P(Q) + lullwree) < C||fHW;1»P(Q)~
Therefore, (3.4) is consequence of (3.9), of the equality
(W=EP(Q), WP (Q)1/2,p = LP(Q)
for 1 < p < oo where W ~1P(0Q) is the dual space of Wol’p/(Q) (see [21, Section 2.4.2, Theorem
1; Section 4.2.1, Definition 1)) and of the continuous embedding Wy () — W~17(Q). O

Lemma 3.3. Letp >n and f € Wi MP(Q) with f; € LP(Q) as in (3.1); then for each A € C
with Re X > wy, for each xo € Q and for each v > 0, the solution u € D(E,) of the equation
Au — Au = f satisfies the following estimate

(3.10) lullwoqy < Ko (32 1 fillirpan + 7 ullo s )
=0

where we have set B, = B(xzg, 0) N and K» is a constant independent of A and f.

PROOF. For zp € Q and r < 1 we consider § € C?(R"™) with 6(z) = 1 for |z — x| < 7,
0(z) =0 for |z —xzg| > 2r, |DO| < cr™*, |D?*| < er~? and Y, 5;D;0 = 0 on 9. In this way
the function w := fu satisfies the problem

(3.11) { Aw —Aw =g

Bw =0 1in 0N



where

(312) g = 9f - Z U[Di(liijg + al-jDijG] - ’U,Zleze -2 Z al-ijuDiG.
i=1

i,j=1 i,j=1

By Theorem 3.2 applied to the function fu, we get

lullwres,) <l0ullwirs.,) < Killgly-10s,,)

<Ky | S Willo o + 77 (0 Nassllwne + 3 bille ) lull s,
i=1

i=0 i5=1

+ 3 llai; DjuDibllyy 1o, + D ||““ia‘Dia'9||w:1’P<Bzr>]
i,j=1 1,5=1

By Lemma 3.1, we get
(313) HaiijuDiHHW*—l,p(B%) < Cr||aiijuDi9||Lp(BZT)
< cllasjllool Dull o,y < cllaijloo Y 1fill Lo(Bar):
i=0
(3.14) luaij Dijblly 10,y < erlluaizDij|| Lo,y < e Hlaijlloo [l Lo(s,,):

where ¢ depends on n, p, ) and may change from a line to the other. Summing up we find

[0ullwre(B,,) < K2 ( S M filloesay +r7 IIUHLP(BQT)))
1=0

Since fu = u on B, we get the statement. O

The following estimate is proved by using a modification of Stewart’s technique (see [1§],
[19]). It will be useful in order to obtain the estimate of the gradient of the solution of (2.6)
in L1(Q).

Theorem 3.4. Let p > n, f € W "®(Q) N W, "P(Q); then, there exists woo > wp such
that for every A € C with ReX > wqo the solution uw € D(E,) of Au — Au = f belongs to
WLP(Q) and satisfies

(3.15) A2l e ) < KallFllyo . .
where K3 is a constant independent of \,u and f.

PROOF. Let xy € Q, r > 0 to be fixed later, and let § be a cut-off function as that
considered in proof of Lemma 3.3: § € C?(R"™), 6(z) = 1 on B(xg,r) N, (z) = 0 outside
B(zo,2r), >, B:Dif = 0 on 09 and with ||[D*0|| =) < cr~1®l for each o] < 2. As f
belongs to W, ">°(Q), it admits a distributional representation as in (3.1), with f; € L°(Q)
for each ¢ =0,1,...,n and

(3.16) Hf”w;lv‘”(g) < Z ||fi||L°C(Q) < 2Hf||w*—1v°°(9)-
i=0

10



Note that u € W1P(Q) for p > n by Theorem 3.2, therefore w = fu € WHP(Q) N D(E,)
and solves
Aw — Aw = g,

where ¢ is defined in (3.12). By (3.13) and (3.14) we get (we confine to considering r < 1
and set B, = B(zg,0) N Q)

(3.17) HgHW;l,p(Q) <Ky {Z I fill e (Byyy + 7”1||U||Lr'(B4r)}
1=0
n
< K/ {Z I fill Lo () + 7“_1||UL°°(Q)} )
=0

where K4 and K5 are constants independent of r, A\, f and u. Since

WP (Bsy,) < C°(Ba,) — LP(Ba,)
for p > n and the first injection is compact, then for each £ > 0 we get
(3.18) [0ull L0y < er' " PllOullwre o) + c(e)r™ P [10ull Lo (o),

where ¢(g) is independent of , A, w and f (see Lemma 5.1 of [11]). Moreover, (3.3) and the
Holder inequality imply

(3.19) [0l 5,y < o' P00l 1) < ol o).

Therefore, from (3.18) and (3.19) we get

(320) 2 0ullyy 1 ) + 7 100l oo () < P00l wra () + e(€)r TP Oul| o -
On the other hand, from Theorem 3.2

(321)  I8ullypro + NY210ulo) + [18ulwro) < Kallghy—to
Therefore, by (3.20), (3.21) and (3.17) we deduce

P20l ey + 7 0l )

< KiKs (e + c(e)r N7V (r Y ul| oo o) + Z | fill o= (02)) -

=0

Set K¢ = 4K, K5 and choose wa > w, and € = K ', 7 = Kee(Kg )|\ ~Y2 = Kq|A|7V/2.
Then, if x( is a maximum point for the function |u| (which exists because u € W1?(Q) with
p > n implies that u is continuous and vanishes at infinity by the Sobolev embedding if 2
is unbounded) using (3.16) we obtain

- 1. 1<
K7 2‘)‘|||9uHW*_1=°°(Q) + §K7 1|/\‘1/2||7v5||L°°(Q) < by Z ||fiHL°°(Q) < Hf”w;lv‘x’(g)'
=0

Thus (3.15) is proved. O

11



Theorem 3.5. Under the assumptions of Theorem 2.4, there exist W} > wq, depending on
n, i, M1 and Q such that for every A with Re A > W} the solution u € D(A;1) of equation
(2.6) satisfies

IMNY2|Dull iy < Ksl| £l

where K3 is the constant in Theorem 3.4.

PROOF. Let ¢ = divyy € W, (Q) N W, "P(Q) for some p > n as the datum f in
Theorem 3.4. By the estimate (3.15) we know that for A with Re A > w, the solution of
the following problem

A —A*v=¢
(3:22) { B*v =0 on 9N

satisfies
(3.23) A2 ol 0y < Kbl -
We notice that

Illyy 1.0 = divepllyy—1.00 = sup{(divey, @) = 0 € WHHQ), [l@lwrae) <1} < ¢z~

Now, if uw € D(A;) is the solution of (2.6), we get

I1Dullzsie) =sup{ [ (Duto).v@)ds s v € CEOR), [lmioy <1
- sup{/ﬂu )divila)da s 6 € CEORY), [Wlime < 1]
<sup{ [ ate)divi(o)de 0 € CHVR), [l ooy <1}
= sup {/Qu “) vy dx vy solution of (3.22), [|dive|[yy -1 ) < 1}
= {/Q ujvy dx : vy solution of (3.22), [|dive)[|y, -1 ) < 1}
(3.24) < sup {Hf”Ll(Q)H/UwHLOC(Q) : vy solution of (3.22), HdinHW*—l,oo(Q) < 1}

Now, taking into account (3.23), we get
[ Dull 10y < s\ 72 £l (0,
for Re A > max{w1,weo }- O

Theorem 3.6. Under the hypotheses (1.2), the operator (A1, D(A1)) generates an analytic
semigroup in L*(Q).

PROOF. Suppose w; = 0, otherwise consider A; — wy. Assume first that b; = 0, so that
(2.2) holds. Consider the first order perturbation € = Y7 | b;D; with b; € L>(2). Let
C be the realization of € in L'(2) with domain D(Cy) = WH1(Q). The operator C; is
Aj-bounded with A; bound 0 (we refer to [8, Chapter III] for the relevant definitions), i.e.,
for every € > 0 there exists ¢(¢) > 0 such that

[Crullpr o) < ellArul|Li) + c(e)l|ull L1 @)
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holds for every u € D(A;). Indeed let uw € D(A;), then u = R(X, A1) f for every A € C with
Re A > 0 and f € LY(Q). Thus, for A > 0 and using Theorem 3.5, we get

[DR(X, A1) fll L) < C\/>Hf||L1 [Au— Ayul[Lr o)

1\

= c—

VA
1

< |V A|ullpiia) + —=||Aqul| 1 .

l[ull £1 (0 \AII 1ull L1 (@)

This implies that D(A;) — W'!(2). By minimizing over A > 0, we get [|[Dul[1q) <

1/2

cllul| 4 Q)||A1u||L1 () from which we derive

C
(3.25) [ DullL1o) < ellArull L) + g”u”Ll(Q)

and by [8, Theorem I11.2.10] we conclude. Moreover from the classical theory of semigroups,
there exist ¢; = ¢;(Q, u, M1), i = 0,1 such that

(326) HT(t)HL(Ll(Q)) S Co, and tHAlT(t)HL(Ll(Q)) S Ci, t> 0.
In the general case estimates (3.26) become
(327) HT(t)HL(Ll(Q)) < coe“’lt, and tHAlT(t)”L(Ll(Q)) < clewlt, t > 0.

Finally, since D(A;) is dense in L (Q2) by construction, T(t) is strongly continuous in L ().
O

The following estimate for the gradient of the semigroup follows by a standard argument,
we present the proof for completeness.

Proposition 3.7. Let T(t) be the semigroup generated by (A1, D(A1)) and assume (1.2).
Then, there exists co depending on ), u, My such that fort >0,

(3.28) t1/2||DT HL(Ll(Q)) < o€ Wit
PROOF. Suppose first w; = 0, and let S(t) be the semigroup generated by A; = A; —C
in L'(Q2) where € = Y7 b;D;. Using (3.25) with S(t)u in place of u and ¢ = v/, and
(3.26), we get
IDS(t)ull @) < VEIALS(t)ull o) + \[HS( Jull L) < \[HUHLI(Q)

for every u € L'(Q2). Now, let T'(t) be the semigroup generated by A; in L'(Q) and take
u € LY(Q). For every € > 0, set u. = T'(c)u € WH1(Q), so that

t
T(t)ue = S(t)ue + / S(t— s)C1T(s)ueds.
€
Therefore, we may differentiate under the integral sign and get

DT (t)u. = DS(t)u. + /75 DS(t — s)C1T(s)ucds,

13



whence

c b
IDT Ol ey < (Sl + limo | =0Tl myds ).

By using Gronwall’s generalized inequality (see for instance [10, Lemma 7.1.1]) we deduce

1
| DT (t)ue|| 110y < CWHUEHLI(Q)

and then

. . 1 1
DT (t)ullL1 (@) < lminf [ DT (#)uel| @) < hIEILlélfC%HUEHLl(Q) = C%HUHLI(Qy

Finally, if wy # 0 (3.28) follows by applying estimates (3.27) instead of (3.26). O
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