STRUCTURE THEORY OF METRIC-MEASURE SPACES WITH LOWER RICCI
CURVATURE BOUNDS I

ANDREA MONDINO AND AARON NABER

ABSTRACT. We prove that a metric measure space (X, d, m) satisfying finite dimensional lower Ricci curvature
bounds and whose Sobolev space W'? is Hilbert is rectifiable. That is, a RCD*(K, N)-space is rectifiable, and
in particular for m-a.e. point the tangent cone is unique and euclidean of dimension at most N. The proof is
based on a maximal function argument combined with an original Almost Splitting Theorem via estimates on
the gradient of the excess. To this aim we also show a sharp integral Abresh-Gromoll type inequality on the
excess function and an Abresh-Gromoll-type inequality on the gradient of the excess. The argument is new
even in the smooth setting.
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1. INTRODUCTION

There is at this stage a well developed structure theory for Gromov-Hausdorff limits of smooth Rie-
mannian manifolds with lower Ricci curvature bounds, see for instance the work of Cheeger-Colding
[L7, 18,19} 120]] and more recently [25] by Colding and the second author.

On the other hand, in the last ten years, there has been a surge of activity on general metric measure spaces
(X, d, m) satisfying a lower Ricci curvature bound in some generalized sense. This investigation began with
the seminal papers of Lott-Villani [38]] and Sturm [44], 45]], though has been adapted considerably since the
work of Bacher-Sturm [10]] and Ambrosio-Gigli-Savaré [J5, 6]. The crucial property of any such definition
is the compatibility with the smooth Riemannian case and the stability with respect to measured Gromov-
Hausdorff convergence. While a great deal of progress has been made in this latter general framework, see
for instance [3} 5,16, (7, 8L 9, (10} 14} [15} 27, 28] [29] 30}, 32, 133} 134}, 140, 411 142 146, the structure theory on
such metric-measure spaces is still much less developed than in the case of smooth limits.

The notion of lower Ricci curvature bound on a general metric-measure space comes with two subtleties.
The first is that of dimension, and has been well understood since the work of Bakry-Emery [11]: in both
the geometry and analysis of spaces with lower Ricci curvature bounds, it has become clear the correct
statement is not that “X has Ricci curvature bounded from below by K”, but that “X has N-dimensional
Ricci curvature bounded from below by K. Such spaces are said to satisty the (K, N)-Curvature Dimension
condition, CD(K, N) for short; a variant of this is that of reduced curvature dimension bound, CD*(K, N).
See [10, [11} 45] and Section [2] for more on this.

The second subtle point, which is particularly relevant for this paper, is that the classical definition of a
metric-measure space with lower Ricci curvature bounds allows for Finsler structures (see the last theorem
in [46[), which after the aforementioned works of Cheeger-Colding are known not to appear as limits of
smooth manifolds with lower Ricci curvature lower bounds. To address this issue, Ambrosio-Gigli-Savaré
[6] introduced a more restrictive condition which rules out Finsler geometries while retaining the stability
properties under measured Gromov-Hausdorff convergence, see also [3]] for the present simplified axioma-
tization. In short, one studies the Sobolev space W'-2(X) of functions on X. This space is always a Banach
space, and the imposed extra condition is that W'2(X) is a Hilbet space. Equivalently, the Laplace operator
on X is linear. The notion of a lower Ricci curvature bound compatible with this last Hilbertian condition is
called Riemannian Curvature Dimension bound, RCD for short. Refinements of this have led to the notion
of RCD*(K, N)-spaces, which is the key object of study in this paper. See Section [2|for a precise definition.

Remarkably, as proved by Erbar-Kuwada-Sturm [27]] and by Ambrosio-Savaré and the first author [8], the
RCD*(K, N) condition is equivalent to the dimensional Bochner inequality of Bakry-Emery [11]]. There are
various important consequences of this, and in particular the classicial Li-Yau and Harnack type estimates on
the heat flow [37], known for Riemannian manifolds with lower Ricci bounds, hold for RCD*(K, N)-spaces
as well, see [28].

More recently, an important contribution by Gigli [30] has been to show that on RCD*(0, N)-spaces the
analogue of the Cheeger-Gromoll Splitting Theorem [21]] holds, thus providing a geometric property which
fails on general CD(K, N)/CD*(K, N)-spaces. This was pushed by Gigli-Rajala and the first author in [33]]
to prove that m-a.e. point in an RCD*(K, N)-space has a euclidean tangent cone; the possibility of having
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non unique tangent cones on a set of positive measure was conjectured to be false, but not excluded.

In the present work we proceed in the investigation of the geometric properties of RCD*(K, N)-spaces by
establishing their rectifiability, and consequently the m-a.e. uniqueness of tangent cones. More precisely the
main result of the paper is the following:

Theorem 1.1 (Rectifiability of RCD*(K, N)-spaces). Let (X,d, m) be an RCD*(K, N)-space, for some K, N €
R with N > 1. Then there exists a countable collection {R } jen of m-measurable subsets of X, covering X up
to an m-negligible set, such that each R; is biLipschitz to a measurable subset of RXi, for some 1 < ki <N,
k; possibly depending on j.

Actually, as we are going to describe below, we prove the following stronger rectifiability property: there
exists £ = &K, N) such that, if (X,d, m) is an RCD*(K, N)-space then for every £ € (0, &] there exists a
countable collection {Ri } jen of m-measurable subsets of X, covering X up to an m-negligible set, such that
each Ri is (1 + &)-biLipschitz to a measurable subset of R¥/, for some 1 < k i < N, kj possibly depending on

e

Remark 1.1. Tt will be a consequence of the proof that if (X,d, m) is a CD*(K, N)-space, then X is 1 + &
rectifiable in the above sense for every ¢ € (0, ] if and only if X is an RCD*(K, N)-space.

As an immediate corollary (but, for completeness, in Setion[6.3]we will give a proof) we get the following:

Corollary 1.2 (m-a.e. uniqueness of tangent cones). Let (X, d, m) be an RCD*(K, N)-space, for some K, N €
Rwith N > 1. Then for m-a.e. x € X the tangent cone of X at x is unique and isometric to the ky-dimensional
euclidean space, for some k, € Nwith 1 <k, < N.

1.1. Qutline of Paper and Proof. In the context when X is a limit of smooth n-manifolds with n-dimensional
Ricci curvature bounded from below, Theorem [I.1] was first proved in [18]. There a key step was to prove
hessian estimates on harmonic approximations of distance functions, and to use these to force splitting be-
havior. In the context of general metric spaces the notion of a hessian is still not at the same level as it is
for a smooth manifold, and cannot be used in such stength. Instead we will prove entirely new estimates,
both in the form of gradient estimates on the excess function and a new almost splitting theorem with excess,
which will allow us to use the distance functions directly as our chart maps, a point which is new even in
the smooth context.

In more detail, to prove Theorem [I.T] we will first consider the stratification of X composed by the fol-
lowing subsets A; C X:

Ay :={x € X : there exists a tangent cone of X at x equal to R¥ but no tangent cone at x splits R*1}. (1)

In Section[6.1]it will be proved that Ay is m-measurable, more precisely it is a difference of analytic subsets,

and that
m[X\ U AkJ =0
1<k<N

Therefore Theorem I.1]and Corollary [1.2] will be consequences of the following more precise result, proved
in Sections
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Theorem 1.3 (m-a.e. unique k-dimensional euclidean tangent cones and k-rectifiability of Ag). Let (X, d, m)
be an RCD*(K, N)-space, for some K,N € R,N > 1 and let Ay C X, for 1 <k < N, be defined in (T)).
Then the following holds:

(1) Form-a.e. x € Ay, the tangent cone of X at x is unique and isomorphic to the k-dimensional euclidean
space.

(2) There exists € = &(K, N) > 0 such that, for every 0 < & < &, Ay is k-rectifiable via 1 + -biLipschitz
maps. More precisely, for each € > 0 we can cover Ay, up to an m-negligible subset, by a countable
collection of sets U with the property that each one is 1 + &-bilipschitz to a subset of R¥.

The proof of Theorem [I.3]is based on a maximal function argument combined with an explicit con-
struction of Gromov-Hausdorff quasi-isometries with estimates (see Theorem [.1) and an original almost
Splitting Theorem via excess (see Theorem [5.1)).

In a little more detail, given X € Ay let » > 0 such that Bs-1,(X) is dr-close in the measured Gromov
Hausdorff sense to a ball in RX. By the definition of A; we can find such r > 0 for any 6 > 0. For some
radius r << R << 6~ 'r we can then pick points {p;,¢;} € X which correspond to the bases +Re; of R,
respectively. Let us consider the map d = (d(p], ) —=d(p1,X%),...,d(pg, ") — d(pk,)'c)) . B/(X) = RK. Ttis
clear for ¢ sufficiently small that d is automatically an er-measured Gromov-Hausdorff map between B,(X)
and B,(0%). Our primary claim in this paper is that there is a set U, C B,(X) of almost full measure such that
for each y € U, and s < r, the restriction map d: B;(y) — R* is an es-measured Gromov Hausdorff map.
From this we can show that the restriction map d: U, — RFisin fact 1 + g-bilipschitz onto its image. By
covering Ay with such sets we will show that Ay is itself rectifiable.

In order to construct the set U, we rely on Theorem[.T]in which it is shown that the gradient of the excess
functions of the points {p;, ¢;} is small in L?. Roughly, the set U, is chosen by a maximal function argument
to be the collection of points where the gradient of the excess remains small at all scales. To exploit this
information, in Section [5] we obtain an Almost Splitting Theorem via excess estimates. Roughly, this will
tell us that at such points the R splitting is preserved at all scales, which is the required result to prove
the main theorem. Let us mention that the Almost Splitting Theorem in the smooth framework is due to
Cheeger-Colding [[17]] and is based on the existence of an “almost line”; here, the framework is the one of
non smooth RCD*(—6, N)-spaces and the hypothesis on the existence of an “almost line” is replaced by an
assumption on the smallness of the gradient of the excess. Let us stress that this variant of Cheeger-Colding
Almost Splitting Theorem is new even in the smooth setting. From the technical point of view our strategy
is to use the estimates on the gradient of the excess in order to construct an appropriate replacement for the
Busemann function (which is a priori not available since we do not assume existence of lines) and then to
adapt the arguments of the proof by Gigli [30]-[31] of the Splitting Theorem in RCD*(0, N)-spaces.

In order to perform such a program, we start in Section [2| by recalling basic notions of metric measure
spaces, the measured Gromov Hausdorff convergence, the definition of lower Ricci curvature bounds on
metric-measure spaces, and a brief review of some of their basic properties. In particular we will discuss
some useful estimates and properties of the heat flow on such spaces which will be useful throughout this

paper.
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In Section[3] inspired by the work [25]] of Colding and the second author, we regularize the distance func-
tion via the heat flow getting sharp estimates. From a technical standpoint we also construct Lipschitz-cut
off functions with L™ estimates on the Laplacian. Among other things this is used to obtain an improved
integral Abresh-Gromoll inequality in RCD*(K, N)-spaces (see Theorem and an integral estimate on
the gradient of the excess function near a geodesic (see Theorem [3.8). Let us mention that the classical
Abresh-Gromoll inequality was established in [[1] and then improved to a sharp integral version in [25] in
the smooth setting of Riemannian manifolds with lower Ricci curvature bounds. In Theorem we esta-
blish in RCD*(K, N)-spaces an analogue of the sharp integral version of the Abresh-Gromoll inequality of
[25] and then use it to prove a new Abresh-Gromoll type inequality on the gradient of the excess in Theorem
This will be the starting point to construct the Gromov-Haudorff approximation with estimate, Theorem
[.1] which is at the basis of the proof of the Rectifiability Theorem [I.3] as explained above.

In Section 4] we use the results established in Section [3]in order show A; may be covered by distance
function “charts” with good gradient estimates. In particular this will rigorously construct the previously
discussed sets U,. In Section [5| we prove our Almost Splitting with Excess result in order to show these
charts have the required splitting behavior on sets of large measure. Finally in Section [f] we combine these
tools in order to prove our main theorems. That is, using the almost splitting theorem we first show the sets
U, are bilipschitz to subsets of R¥, and then using a covering argument we show this implies the desired
rectifiability of Ay.

Acknowledgment. The second author acknowledges the support of the ETH Fellowship. He wishes to
express his deep gratitude to Luigi Ambrosio, Nicola Gigli and Giuseppe Savaré for having introduced him
to the topic of metric measure spaces with lower Ricci curvature bounds.

2. PRELIMINARIES AND NOTATION

2.1. Pointed metric measure spaces and their equivalence classes. The basic objects we will deal with
throughout the paper are metric measure spaces and pointed metric measure spaces, m.m.s. and p.m.m.s.
for short. First of all let us recall the standard definitions.

A m.m.s. is a triple (X, d, m) where (X, d) is a complete and separable metric space and m is a locally
finite (i.e. finite on bounded subsets) non-negative complete Borel measure on it.

It will often be the case that the measure m is doubling, i.e. such that

0 < m(By(x)) < C(R) m(B,(x)), VxeX, r <R, 2)

for some positive function C(:) : [0, +o0) — (0, +00) which can, and will, be taken to be non-decreasing.
The bound (2) implies that supp m = X and m # 0 and by iteration one gets

m(Br(a)) < m(B,(x))(CR))°2®*2 V0 <r<R, acX, x€ Bgla). (3)

In particular bounded subsets are totally bounded and hence doubling spaces are proper.

A p.m.m.s is a quadruple (X, d,m, ¥) where (X,d, m) is a metric measure space and ¥ € supp(m) is a
given reference point. Two p.m.m.s. (X,d, m, X), (X’,d’, m’, X’) are said to be isomorphic if there exists an
isometry 7 : (supp(m), d) — (supp(m’),d’) such that 7ym = m” and T'(¥) = ¥'.
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We say that a p.m.m.s. (X, d,m, X) is normalized provided j;?l @ 1 —d(-,x)dm = 1. Obviously, given
any p.m.m.s. (X,d,m,X) there exists a unique ¢ > 0 such that (X,d, cm, X) is normalized, namely ¢ :=
Jpy 0 1 —dC D dm)™

We denote by .#((. the class of (isomorphism classes of) normalized p.m.m.s. fulfilling (2) for a given
non-decreasing C : (0, c0) — (0, 00).

2.2. Pointed measured Gromov-Hausdorff topology and measured tangents. We will adopt the follow-
ing definition of convergence of p.m.m.s (see [13], [32] and [46]):

Definition 2.1 (Pointed measured Gromov-Hausdorff convergence). A sequence (X;,d;, m;, X;) is said to
converge in the pointed measured Gromov-Hausdorff topology (p-mGH for short) to (Xoo, Jo, Moo, Xoo) if
there exists a separable metric space (Z,dz) and isometric embeddings {¢; : (supp(m;),d;) — (Z,dz)}en
such that for every € > 0 and R > 0 there exists iy such that for every i > iy

lo(BY=(T)) C BZ[i(BY(E))] and (B (%)) C B [teo( By= (T,
where Bf[A] :={z€Z: dz(z,A) < &} for every subset A C Z, and

f‘Pd((Lj)ﬁ(mj)) - fsod((too)ﬁ(moo)) Yo € Cp(2),
Y Y
where Cp(Z) denotes the set of real valued bounded continuous functions with bounded support in Z.

Sometimes in the following, for simplicity of notation, we will identify the spaces X; with their isomor-
phic copies ¢j(X;) C Z.

It is obvious that this is in fact a notion of convergence for isomorphism classes of p.m.m.s., moreover it
is induced by a metric (see e.g. [32]] for details):

Proposition 2.2. Let C : (0, 00) — (0, 0) be a non-decreasing function. Then there exists a distance D,
on Mc. for which converging sequences are precisely those converging in the p-mGH sense. Furthermore,
the space (Mc(.), Dc(,) is compact.

Notice that the compactness of (.Zc(.), D¢(.)) follows by the standard argument of Gromov: the measures
of spaces in .#c., are uniformly doubling, hence balls of given radius around the reference points are
uniformly totally bounded and thus compact in the GH-topology. Then weak compactness of the measures
follows using the doubling condition again and the fact that they are normalized.

Before defining the measured tangents, let us recall that an equivalent way to define p-mGH convergence
is via e-quasi isometries as follows.

Proposition 2.3 (Equivalent definition of p-mGH convergence). Let (X, d,,, My, X,), n € NU{co}, be pointed
metric measure spaces as above. Then (X,,d,;, m;,, X,) = (Xoo, oo, Moo, Xoo) i the pmGH-sense if and
only if for any &,R > 0 there exists N(¢,R) € N such that for all n > N(g, R) there exists a Borel map
fRe . Br(®y) = Xoo such that

i flf’s()_cn) = Xeo,

® SUD, \epyn) 10n(X,) — Ao (120, f° O] < &,

o the e-neighbourhood of ff’g(BR()‘cn)) contains Br_g(Xs),

° (ff’g)ﬁ(anBR()'cn)) weakly converges to ML Bg(xs) as n — oo, for a.e. R > 0.
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A crucial role in this paper is played by measured tangents, which are defined as follows. Let (X, d, 1)
be a m.m.s., X € supp(im) and r € (0, 1); we consider the rescaled and normalized p.m.m.s. (X, r7ld, mf, X)
where the measure m? is given by

-1
i ( [ 1-taeo dm) " )
B,(%) r

Then we define:

Definition 2.4 (The collection of tangent spaces Tan(X, d, m, X)). Let (X, d, m) be a m.m.s. and x € supp(in).
A p.m.m.s. (¥,dy,n,y) is called a fangent to (X,d, m) at X € X if there exists a sequence of radii r; | 0 so
that (X, rl.‘1 d, mfi, X) — (Y,dy,1n,y) as i — oo in the pointed measured Gromov-Hausdorftf topology.

We denote the collection of all the tangents of (X, d, m) at X € X by Tan(X, d, m, X).

Remark 2.1. See [26]] for basic properties of Tan(X, d, m, X) for Ricci-limit spaces.

Notice that if (X, d, m) satisfies (2)) for some non-decreasing C : (0, 00) — (0, c0), then (X, r~d, m, x) €
Mc for every X € X and r € (0, 1) and hence the compactness stated in Proposition [2.2]ensures that the set
Tan(X, d, m, X) is non-empty.

It is also worth to notice that the map

supp(n) 3 x - (X,d, my, x),

is (sequentially) d-continuous for every r > 0, the target space being endowed with the p-mGH convergence.

2.3. Cheeger energy and Sobolev Classes. It is out of the scope of this short subsection to provide full
details about the definition of the Cheeger energy and the associated Sobolev space W'2(X,d, m), we will
instead be satisfied in recalling some basic notions used in the paper (we refer to [Sl], [6], [7] for the basics
on calculus in metric measure spaces).

First of all recall that on a m.m.s. there is not a canonical notion of “differential of a function” f but at
least one has an m-a.e. defined “modulus of the differential”, called weak upper differential and denoted
with |Df),.; let us just mention that this object arises from the relaxation in L?(X, m) of the local Lipschitz
constant

mﬂ”:%ﬂ#g%%ﬂ,

of Lipschitz functions. With this object one defines the Cheeger energy

f:X >R, %)

1
Chi) = 5 fx IDfR dm.

The Sobolev space W'2(X,d, m) is by definition the space of L*(X, m) functions having finite Cheeger
energy, and it is endowed with the natural norm || f II%VL2 = |If] ||i2 + 2Ch(f) which makes it a Banach space.
We remark that, in general, WI’Z(X, d, m) is not Hilbert (for instance, on a smooth Finsler manifold the
space W2 is Hilbert if and only if the manifold is actually Riemannian); in case W'2(X,d, m) is Hilbert

then, following the notation introduced in [6] and [29], we say that (X, d, m) is infinitesimally Hilbertian. As
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explained in [6]], [7]], the quadratic form Ch canonically induces a strongly regular Dirichlet form in (X, 1),
where 7 is the topology induced by d. In addition, but this fact is less elementary (see [6, §4.3]), the formula

ID(f + €9)l — IDfP,
2e

L) = IDfE,  T(f.g) =lim f.g € WH(X.d.m),
where the limit takes place in L' (X, m), provides an explicit expression of the associated Carré du Champ
I: WI’Z(X, d, m) X WI’Z(X, d,m) — LI(X, m) and yields the pointwise upper estimate

I(f) <|DfI* m-ae.in X, whenever f € Lip(X) N L2(X,m), |Df] € L*(X, m), (6)

where, of course, Lip(X) denotes the set of real valued Lipschitz functions on (X, d). Observe that clearly,
in a smooth Riemannian setting, the Carré du Champ I'(f, g) coincides with the usual scalar product of
the gradients of the functions f and g. Moreover by a nontrivial result of Cheeger [[16]] we have in locally
doubling & Poincaré spaces that for locally Lipschitz functions the local Lipschitz constant and the weak
upper differential coincide m-a.e..

2.4. Lower Ricci curvature bounds. In this subsection we quickly recall some basic definitions and pro-
perties of spaces with lower Ricci curvature bounds that we will use later on.

We denote by Z(X) the space of Borel probability measures on the complete and separable metric space
(X,d) and by &% (X) c Z(X) the subspace consisting of all the probability measures with finite second
moment.

For ug, u1 € £2,(X) the quadratic transportation distance Wa(uo, (1) is defined by

W30, u) = inf fx A (x,y) dy(x,y), )

where the infimum is taken over all y € Z(X x X) with ug and y; as the first and the second marginals.

Assuming the space (X, d) is a length space, also the space (Z»(X), W») is a length space. We denote
by Geo(X) the space of (constant speed minimizing) geodesics on (X, d) endowed with the sup distance,
and by e, : Geo(X) — X, t € [0, 1], the evaluation maps defined by e,(y) := y,. It turns out that any
geodesic (4;) € Geo(H(X)) can be lifted to a measure € F(Geo(X)), so that (e;)sm = u, for all 7 € [0, 1].
Given ug, 1y € P,(X), we denote by OptGeo(ug, i1) the space of all 1 € F(Geo(X)) for which (eg, e)sm
realizes the minimum in (7). If (X,d) is a length space, then the set OptGeo(uo, i1) is non-empty for any
Hos 1 € Po(X).

We turn to the formulation of the CD*(K, N) condition, coming from [10], to which we also refer for a
detailed discussion of its relation with the CD(K, N) condition (see also [14]).

Given K € R and N € [1, o), we define the distortion coefficient [0, 1] x R* > (¢,6) — U(IQN(O) as

+00, if K6*> > Nn?,
sin(t0 VK/N) . 2 2
O'(Z) ) := sin(@ VK/N) if 0 < K6 < Nr=,
KN t if K&*> =0,
sinh(16 VK/N) . 2
Sh@ VKN if K6- < 0.

Definition 2.5 (Curvature dimension bounds). Let K € R and N € [1, 00). We say that a m.m.s. (X,d, m) is
a CD*(K, N)-space if for any two measures pg, u; € &?(X) with support bounded and contained in supp(ir)
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there exists a measure r € OptGeo(uo, ¢1) such that for every ¢ € [0, 1] and N’ > N we have

-4 - - -
= [0 ams - [[odon g + iy ooy dn) ®)
where for any 7 € [0, 1] we have written (e,)ymr = pym + g with gf L m.

Notice that if (X,d, m) is a CD*(K, N)-space, then so is (supp(im),d, m), hence it is not restrictive to
assume that supp(im) = X. It is also immediate to establish that

If (X, d, m) is CD*(K, N), then the same is true for (X, d, cm) for any ¢ > 0.

9
If (X, d, m) is CD*(K, N), then for 1 > 0 the space (X, Ad, m) is CD*(172K, N). ©

On CD*(K, N) a natural version of the Bishop-Gromov volume growth estimate holds (see [10] for the
precise statement), it follows that for any given K € R, N € [1, oo) there exists a function C : (0, o) — (0, o0)
depending on K, N such that any CD*(K, N)-space (X, d, m) fulfills (2).

In order to avoid the Finsler-like behavior of spaces with a curvature-dimension bound, the CD*(K, N)
condition may been strengthened by requiring also that the Banach space W'2(X,d, m) is Hilbert. Such
spaces are said to satisfy the Riemannian CD*(K, N) condition denoted with RCD*(K, N).

Now we state three fundamental properties of RCD*(K, N)-spaces (the first one is proved in [29], the
second in [32] and the third in [30]). Let us first introduce the coefficients G y(-) : [0, c0) — R defined by

K K .
9\/;cotan(9\/;), if K >0,
1 if K =0,

K K :
0 —Ncotanh(é _N)’ if K <O.

oxn(0) =

Recall that given an open subset  C X, we say that a Sobolev function f € WIIO’CZ(Q,d,mLQ) is in the
domain of the Laplacian and write f € D(A*, Q), if there exists a Radon measure u on Q such that for every

¥ € Lip(X) N L1(Q, |u]) with compact support in Q it holds

—fnf,w)dm:fwdu
Q Q

In this case we write A* flq := y; to avoid cumbersome notation, if Q = X we simply write A* f. If moreover
A* f is absolutely continuous with respect to m with leoc density, we denote by Af the unique function such
that: A*f = (Af)m, Af € LIZ()C(X’ m). In this case, for every € W?(X,d, m) with compact support, the
following integration by parts formula holds:

—fnf,w)dm:fAfwdm
X X

Theorem 2.6 (Laplacian comparison for the distance function). Let (X,d, m) be an RCD*(K, N)-space for
some K € Rand N € (1, ). For xy € X denote by dy, : X — [0, +0) the function x — d(x, xo). Then

d? d?
% e D(A*)  with A*% < Nogn(dg)m Vxg € X

and

- Nogn(dy) =1

dxo € D(A*,X \ {xo}) with A*dX()lX\{X()} < d m Vxg € X.
X0
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Theorem 2.7 (Stability). Let K € R and N € [1, ). Then the class of normalized p.m.m.s (X,d, m, X) such
that (X,d, m) is RCD*(K, N) is closed (hence compact) w.r.t. p-mGH convergence.

Theorem 2.8 (Splitting). Let (X,d, m) be an RCD*(0, N)-space with 1 < N < oo. Suppose that supp(m)
contains a line. Then (X, d, m) is isomorphic to (X' XR, d’ xdg, m' X .Z4), where dg is the Euclidean distance,
A the Lebesgue measure and (X’,d’, m") is an RCD*(0, N — 1)-space if N > 2 and a singleton if N < 2.

Notice that for the particular case K = 0 the CD*(0, N) condition is the same as the CD(0, N) one. Also,
in the statement of the splitting theorem, by line we intend an isometric embedding of R.
Observe that Theorem [2.7]and properties () ensure that for any K, N we have that

If (X, d, m) is an RCD*(K, N)-space and x € X then

10
every (Y,d, n,y) € Tan(X, d, m, x) is RCD*(0, N). (10)

By iterating Theorem [2.7]and Theorem [2.8] in [33] the following result has been established.

Theorem 2.9 (Euclidean Tangents). Let K € R, 1 < N < oo and (X,d, m) a RCD*(K, N)-space. Then at
m-almost every x € X there exists k € N, 1 < k < N, such that

RK,dg, %, 0) € Tan(X, d, m, x),

where dg is the Euclidean distance and % is the k-dimensional Lebesgue measure normalized so that

fBl 0!~ KdZ@ =1

Let us remark that the normalization of the limit measure expressed in the statement plays little role and
depends only on the choice of renormalization of rescaled measures in the process of taking limits. Let us
also mention that a fundamental ingredient in the proof of Theorem was a crucial idea of Preiss [39]
(adapted to doubling metric spaces by Le Donne [36]] and to doubling metric measure spaces in [33]) stating
that “tangents of tangents are tangents” almost everywhere. We report here the statement (see [33, Theorem
3.2] for the proof) since it will be useful also in this work.

Theorem 2.10 (“Tangents of tangents are tangents”). Let (X,d,m) be a m.m.s. satisfying @) for some
C :(0,00) — (0, ).
Then for m-a.e. x € X the following holds: for any (Y,dy,n,y) € Tan(X,d, m, x) and any y’ € Y we have

Tan(Y, dy, n’l",y’) c Tan(X, d, m, x),
the measure n}{, being defined as in (@).

2.5. Convergence of functions defined on varying spaces. In this subsection we recall some basic facts
about the convergence of functions defined on m.m.s. which are themselves converging to a limit space (for
more material the interested reader is referred to [[32] and the references therein).

Let (X;,d;, mj, ;) be a sequence of p.m.m.s. in .#¢(,, for some nondecreasing C(-) : (0, +00) — (0, +00),
p-mGH converging to a limit p.m.m.s (Xco, doo, Moo, ¥o). Following Defintion let (Z,dz) be an ambient
Polish metric space and let ¢; : (X;,d;) — (Z,dz), j € N U {oo} be isometric immersions realizing the
convergence. First we define pointwise and uniform convergence of functions defined on varying spaces.
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Definition 2.11 (Pointwise and uniform convergence of functions defined on varying spaces). Let (X;,d;, m;, X;),
J € NU {oo}, be a p-mGH converging sequence of p.m.m.s. as above and let f; : X; - R, j € NU {oo}, be a
sequence of functions. We say that f; — f« pointwise if

fi(xj) = feo(xe) for every sequence of points x; € X; such that ¢j(x;) — teo(Xeo). (11D
If moreover for every € > 0 there exists ¢ > 0 such that
|fi(xj) = fo(xe)l < & forevery j > 6! and every Xj € Xj, Xoo € Xoo With dz(1(x)), teo(X0)) <6, (12)
then we say that f; — fo uniformly.

By using the separability of the metric spaces, one can repeat the classic proof of Arzeld-Ascoli Theorem
based on extraction of diagonal subsequences and get the following proposition.

Proposition 2.12 (Arzela-Ascoli Theorem for varying spaces). Let (X;,d;, mj, X;), j € NU{oo}, be a p-mGH
converging sequence of proper p.m.m.s. as above and let f; : X; = R, j € N, be a sequence of L-Lipschitz
functions, for some uniform L > 0, which satisfy sup jey | fj(Xj)| < co. Then there exists a limit L-Lipschitz
Junction fw @ Xoo — R such that fj|pyz;) — foolBr(z.) uniformly for every R > 0.

By recalling that RCD*(K, N)-spaces satisfy doubling & Poincaré with constant depending just on K, N
and moreover, since W2 is Hilbert (so in particular reflexive), one can repeat the proof of the lower semi-
continuity of the slope given in [2| Theorem 8.4], see also the previous work of Cheeger [16]], in order to
obtain the following variant for p-mGH converging spaces.

Proposition 2.13 (Lower semicontuity of the slope in RCD*(K, N)-spaces). Let (X;,d;, m}, X;), j € NU{co},
be a p-mGH converging sequence of RCD*(K, N)-spaces as above and let fj : X; = R, j € N U {oo}, be a
sequence of locally Lipschitz functions such that fjlpy(s;) = foolBg(z.) uniformly for some R > 0.

Then, for every 0 < r < R one has

f ID fool? dimg < liminff IDf[>dm; . (13)
By(¥e0) Iz JB(3)

2.6. Heat flow on RCD*(K, N)-spaces. Even if many of the results in this subsection hold in higher ge-
nerality (see for instance [3]], [5]], [6]), as in this paper we will deal with RCD*(K, N)-spaces we focus the
presentation to this case.

Since Ch is a convex and lowersemicontinuous functional on L*(X, m), applying the classical theory of
gradient flows of convex functionals in Hilbert spaces (see for instance [4] for a comprehensive presentation)
one can study its gradient flow in the space L>(X, m). More precisely one obtains that for every f € L*(X, m)
there exists a continuous curve (f;)ej0,c0) in L*(X, m), locally absolutely continuous in (0, c0) with fy = f

such that
+

d
fr€D() and aft =Aff , Vt>0.
This produces a semigroup (H;);so on L>(X, m) defined by H, f = f;, where f; is the unique L*-gradient flow
of Ch.

An important property of the heat flow is the maximum (resp. minimum) principle, see [S, Theorem
4.16]: if f € L*(X, m) satisfies f < C m-a.e. (resp. f > C m-a.e.), then also H,f < C m-a.e. (resp. H,f > C
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m-a.e.) for all # > 0. Moreover the heat flow preserves the mass: for every f € L>(X, m)

thfdm:ffdm, Vi > 0.
X X

A nontrivial property of the heat flow proved for RCD(K, co)-spaces in [6, Theorem 6.8] (see also [3]] for
the generalization to o-finite measures) is the Lipschitz regularization; namely if f € L?>(X, m) then H,f €
D(Ch) for every t > 0 and

2 Li(n) T(H,f) < Hi(f?) m-ae. in X,

where Lk (1) := fot K5 ds = ezg{%; in particular, if f € L*(X,m) then H,f has a Lipschitz representative
for every t > 0 and

V2 L) IDH:f| < |IfllL~xmy VYt>0, everywhereonX . (14)

Let us also recall that since RCD*(K, N)-spaces are locally doubling & Poincaré, then as showed by Sturm
[43, Theorem 3.5], the heat flow satisfy the following Harnack inequality: let Y cC X be a compact subset
of X, then there exists a constant Cy; = Cy(Y) such that for all balls B,(x) C ¥, all t > 4r? and all f € D(Ch)
with f > Om-a.e. on X and f = Om-a.e. on X \ Y it holds

sup Hf(y) <Cpq- inf Hf(y), (15)
(5.)€Q" (s.y)€Q*

where Q™ :=]r — 3r%,t — 2r’[xB,(x) and Q% :=]r — r2, t[xB,(x). We wrote sup and inf instead of ess sup
and ess inf because in this setting the evolved functions H; f, s > 0, have continuous representatives [43,
Proposition 3.1] given by the formula

H f(x) = fx Hi(x,y)f(y) dm(y) (16)

where H,(x,y) > 0 is the so called heat kernel; recall also that H,(:,-) is jointly continuous on X X X,
symmetric and bounded for ¢ > 0 see [43, Section 4]. Since the flow commutes with its generator we
also have that A(H,f) = H,(Af) and in particular A(H,f) € W'2(X,d, m). Thanks to the L*-to-Lipschitz
regularization proved in RCD(K, oo)-spaces in [[6, Theorem 6.8], see also [3]] for the generalizations to sigma
finite reference measures, it follows in particular that H,(:, -) is Lipschitz on each variable.

By using directly the RCD*(K, N) condition one gets sharper information. For instance, in their recent pa-
per [27, Theorem 4.3], Erbar-Kuwada-Sturm proved the dimensional Bakry-Ledoux L*-gradient-Laplacian
estimate [12]]: if (X, d, m) is a RCD*(K, N)-space, then for every f € D(Ch) and every ¢ > 0, one has

2

[(H,f) + l)lAH, f? < e '], (T(f)) m-ae.. (17)

N(eZK t_

As a consequence, they showed (see Proposition 4.4) under the same assumption on X that if I'(f) €
L*(X,m) then H,f is Lipschitz and H,(I'f),AH,f have continuous representatives satisfying every-
where in X. In particular, thanks to the above discussion, this is true for the heat kernel H,(-, -). In the sequel,
if this is the case, we will always tacitly assume we are dealing with the continuous representatives. Finally

let us mention that the classical Li-Yau [37] estimates on the heat flow hold on RCD*(K, N)-spaces as well,
see [28]].
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3. SHARP ESTIMATES FOR HEAT FLOW-REGULARIZATION OF DISTANCE FUNCTION AND
APPLICATIONS

Inspired by [23]], in this section we regularize the distance function via the heat flow obtaining sharp
estimates. We are going to follow quite closely their scheme of arguments, but the proofs of any individual
lemma may sometimes differ in order to generalize the statements to the non smooth setting of RCD*(K, N)-
spaces.

Throughout the section (X, d, m) is an RCD*(K, N)-space for some K € R and N € (1,+c0) and p,q € X
are points in X satisfying d,,, := d(p, g) < 1 (of course, by applying the estimates recursively, one can also
consider points further apart). Often we will work with the following functions:

d"(x) = d(p,x), (18)
d(x) := d(p,q)—d(g,x) (19)
e(x) := d(p,x)+d(x,q)—d(p,g)=d (x)—d"(x) , (20)

the last one being the so called excess function. We start by proving existence of good cut off functions with
quantitative estimates, and then we establish a mean value inequality which will imply an improved integral
Abresch-Gromoll type inequality on the excess and its gradient.

3.1. Existence of good cut off functions on RCD*(K, N)-spaces with gradient and laplacian estimates.
The existence of good cut off functions is a key technical ingredient in the theory of GH-limits of Rieman-
nian manifolds with lower Ricci bounds, see for instance[17, 18, [19, 20} 22, 123\ |24} 25]. The existence of
regular cutoff function (i.e. Lipschitz with L™ laplacian, but without quantitative estimates) in RCD*(K, o0)-
spaces was proved in [9, Lemma 6.7]; since for the sequel we need quantitative estimates on the gradient
and the laplacian of the cut off function we give here a construction for the finite dimensional case.

Lemma 3.1. Ler (X,d, m) be a RCD*(K, N)-space for some K € R and N € (1, +o0). Then for every x € X,
R > 0, 0 < r < R there exists a Lipschitz function y" : X — R satisfying:

(i))0<y"<1lonX, ¢y =1on B,(x) and supp(yy”) C By, (x);

(ii) r*|Ay"| + riDy"| < C(K, N, R).

Proof. First of all we make the construction with estimate in case r = 1, the general case will follow by a
rescaling argument.
Fix x € X and let ¢ be the 1-Lipschitz function defined as ¢/ = 1 on Bj(x), ¥ = 0 on X \ B(x) and
U(y) = 2 —d(x,y) for y € B>(x) \ Bi(x). Consider the heat flow regularization ¢; := HuJ of . By the
results recalled in Subsection we can choose continuous representatives of U1, DYy, |AY,| and moreover
everywhere on X it holds

2

D> + mmw < e *N'H, (IDJP) < e, Q1)

.. o t o IN(e2Ks — 1
vy — Pl(x) < j(; |AY|(x)ds < L \/ e(;TKSZ)dS = Fgn(D),

It follows that
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where Fgny(-) : R — R* is continuous, converges to 0 as 7 | 0 and to +oo0 as ¢ T +oo. Therefore there exists
tn.x > 0 such that &IN,,((y) € [3/4,1] for every y € Bj(x) and J/IN,K(V) € [0, 1/4] for every y ¢ By(x). We get
now the desired cut-off function ¢ by composition with a C?-function f :10,1] — [0, 1] such that f = 1
on [3/4,1] and f = O on [1/4,0]; indeed ¢ := f o :Z/IN'K is now identically equal to one on Bj(x), vanishes
identically on X \ B»(x) and, using and Chain Rule, it satisfies the estimate |[Dy] + |[Ay| < C(K, N) as
desired.

To obtain the general case, let » € (0,R) and consider the rescaled distance d, := %d on X. Thanks
to (9)), the rescaled space (X, d,, m) satisfies the RCD*(r*K, N) condition and since r*K > K(R, K) we can
construct a cut-off function ¢ such that " = 1 on B?’(x), Yy"=0onX \Bg’(x) and satisfying |[D%y|+|A%y| <
C(K, N, R), where the quantities with up script d, are computed in rescaled metric d,. By obvious rescaling
properties of the lipschitz constant and of the laplacian we get the thesis for the original metric d. O

In the sequel it will be useful to have good cut-off functions on annular regions. More precisely for a
closed subset C € X and 0 < rg < r1, we define the annulus A,, ,,(C) := T,,(C) \ T,,(C), where T,(C) is the
r-tubular neighborhood of C. Using Lemma [3.1]and the local doubling property of RCD*(K, N)-spaces one
can follow verbatim the proof of [25, Lemma 2.6] (it is essentially a covering argument) and establish the
following useful result.

Lemma 3.2. Let (X,d, m) be a RCD*(K, N)-space for some K € R and N € (1, +c0). Then for every closed
subset C C X, for every R > 0 and 0 < ry < 10r; < R there exists a Lipschitz function  : X — R satisfying:
(1)0<y <lonX, ¢ =1o0nAs,,;3(C)and supp(¥y) C Az r,2(C);

(2) rg|AY| + rolDy| < C(K, N, R) on Agyy 3, (C);

(3) r{1AY| + ri|Dy| < C(K, N, R) on A, 3.1, /2(C).

3.2. Mean value and improved integral Abresch-Gromoll type inequalities. We start with an estimate
on the heat kernel similar in spirit to the one proved by Li-Yau [37] in the smooth setting (for the framework
of RCD*(K, N)-spaces see [28]]) and by Sturm [43] for doubling & Poincaré spaces; since we need a little
more general estimate we will give a different proof, generalizing to the non smooth setting ideas of [25].

Lemma 3.3 (Heat Kernel bounds). Let (X, d, m) be an RCD*(K, N)-space for some K € R, N € (1, +0) and
let H/(x,y) be the heat kernel for some x € X. Then for every R > 0, for all 0 < r < R and t < R*, we have

. C'(N.K.R) C(N.K,R)
(1) ifye BlO \ﬁ(x)’ then m(B g ;(x)) < Hi(x,y) < m(B ()

(2) fX\ 5,0 Hi(x, ) dm(y) < CV, K, Ry 21,

Proof. One way to get the first estimate is to directly apply the upper and lower bounds on the fundamental
solution of the heat flow obtained by Sturm in [43], Section 4], but we prefer to give here a more elementary
argument [25] based on the existence of good cut-off functions since we will make use of this estimates for
the second claim and later on.

Thanks to Lemma there exists a cutoff function ¥" : X — [0, 1] with " = 1 on By, (x), ¥" = 0
on X \ Byo(x) and satisfying the estimates r|Dy’| + r’|AY"| < C(K,N,R). Let us consider the heat flow
regularization ¥} (y) := Hy'(y) = fx H(y,z) dm(z) of . Using the symmetry of the heat kernel, the bound
on |Ay/"|, with an integration by parts ensured by the fact that " has compact support we estimate

A1) = ' fX AyH((y,2) ¥ (2) dm(z) fX AH((y,2) ¥/ (z) dm(z)

fH,(y, ) AW (z)dm(z)| < C(K, N, R)r™2.
X
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Therefore
!
w%w%wgﬂmw@m$amMMf%

By choosing ¢, := r? we obtain

1
2C(K,N.R)

f Hy, (x,z)dm(z) < f Hy, (x,z)dm() <1 , (22)
Boor(x) X

> <Y ()= f Hy, (x,2) ¥ (2)dm(z) < f H, (x,z)dm(z) . (23)
4 2 By, (x) 7 B =

20/()
From we infer that infp,, () Hay, (X, ) < m(Byo,(x))~! thus, by the parabolic Harnack inequality we
get
C(K,N,R
sup H, (x,) < <o MR

_— . 24)
Boor(x) m(B2or(x))
On the other hand, (23)) implies that sup Boor(x) H 1 tr(x, ) > f—‘m(Bg()r(x))‘1 and again by the parabolic Harnack

inequality (I3) we obtain

1
inf H;(x,-)> .
Boor(x) m(BZOr(-x))C(Ka N’ R)

Combining and together with local doubling property of the measure m gives claim (/).

In order to prove the second claim let ¢(y) := 1 — ¢’ (y), where now ¢ is the cut-off function with " = 1
on B,/2(x), y" = 0 on X \ B.(x) and satisfying r|Dy/"| + r|AY"| < C(K, N, R). Denoting with ¢, := H,¢, the
same argument as above gives that

(25)

$:(x) < C(K, N, R)r1,
which yields

f Hi(x,z)dm(z) < f Hy(x,2) $(z) dm(z) = ¢,(x) < C(K,N,R)yr *t
X\B,(x) X

as desired. O

By the above sharp bounds on the heat kernel, repeating verbatim the proof of [25, Lemma 2.1 and
Remark 2.2] the following useful mean value and L'-Harnack inequalities hold.

Lemma 3.4 (Mean value and L!-Harnack inequality). Let (X,d, m) be an RCD*(K, N)-space for some K €
R, N € (I,+0) and let0 < r < R. Ifu : X X [0,72] = R, u(x,?) = u,(x), is a nonnegative continuous
Sfunction with compact support for each fixed t € R satisfying (0; — AN)u > —cq in the weak sense, then

JC uy < C(K, N, R) [u,2(x) + cor?]. (26)
B(x)
More generally the following L'-Harnack inequality holds
JC ug < C(K, N, R)[ inf u,2(y) + corz]. (27)
By(x) YEB:(x)

Applying Lemma3.4]to a function constant in time gives the following classical mean value estimate which
will be used in the proof of the improved integral Abresh-Gromoll inequality.
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Corollary 3.5. Ler (X,d, m) be an RCD*(K, N)-space for some K € R, N € (1,+). Ifu: X - Risa
nonnegative Borel function with compact support with u € D(A*) and satisfying A*u < com in the sense of
measures, then for each x € X and 0 < r < R, we have

J[ u < C(K,N,R) [u(x) + cor?| . (28)
B, (x)

We conclude this subsection with a proof of the improved integral Abresch-Gromoll inequality for the
excess function e, ,(x) := d(p, x) + d(x,q) — d(p,q) > O relative to a couple of points p,q € X. Observe
that if y(-) is a minimizing geodesic connecting p and ¢, then e, ; attains its minimum value O all along 7.
Therefore, in case (X, d, m) is a smooth Riemannian manifold with uniform estimates on sectional curvature
and injectivity radius, since e, , would be a smooth function near the interior of y, one would expect for
x € B.(y(1)) the estimate e(x) < Cr2. In case of lower Ricci bounds and more generally in RCD*(K, N)-
spaces, this is a lot to ask for. However, an important estimate by Abresh and Gromoll [[1] (see [34] for the
generalization to the RCD*(K, N) setting) states that

e(x) < CrlTaEN)

where a(K, N) is a small constant and x € B,(y()). The next theorem, which generalizes a result of [25]
proved for smooth Riemannian manifolds with lower Ricci curvature bounds, is an improvement of this
statement: indeed even if we are not able to take @ = 1, this is in fact the case at most points.

Theorem 3.6 (Improved Integral Abresh-Gromoll inequality). Let (X,d, m) be an RCD*(K, N)-space for
some K € Rand N € (1,+c0); let p,g € X withd,, :=d(p,q) < landfix0 <e < 1.
If x € Agq,,2d,,({P, q}) satisfies e 4(x) < rzdp,q < 7(N, K, £)dp.g, then

JC epq) dm(y) < C(K, N, £)r’d,
B,

rd p.q (x)

Proof. Lety be the cut off function given by Lemma[3.2Jrelative to C := {p, g} withyy = L on Azq,, 2q,,({P, g}
¥ =0o0nX\Agqg,,/244,,(P. q), and satisfying ——|Dy| + #%qmm < C(K, N). Setting & := yre, 4, using

£dpg

the Laplacian comparison estimates of Theorem we get that e € D(A*) and

C(K,N,¢)

—m
dpg

The claim follows then by applying Corollary [3.5] o

A*e = (AP epg) M+ (20, ep)) M+ A¥epy <

as measures.

Clearly, Theorem [3.6]implies the standard Abresh-Gromoll inequality:

Corollary 3.7 (Classical Abresh-Gromoll inequality). Let (X,d, m) be an RCD*(K, N)-space for some K €
Rand N € (1, +00); let p,q € X withd, , :==d(p,q) < l and fix0 < e < 1.
If x € Acq,,2d,,({P, q}) satisfies ep 4(x) < r’d g S 7(N, K, e)d . then there exists a(N) € (0, 1) such that

ep,q(y) <C(K,N,¢) plre®) dp,q , VYye Brdp,q(x)
Proof. Theorem combined with Bishop-Gromov estimate on volume growth of metric balls (see for

instance [27, Proposition 3.6]) gives that for every ball By, (z0) C Bg,,(x) it holds

m(Byd,,(20)) +1 3
epgdm < ——21 epqdm < C(K,N, &)——r’d,, = C(K,N,&)——d,, ,;
JLl-';m,,,,,(zo) i M(Bsd,,(20)) B, ) P gh+1 7P g+1 7P
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. . . . N+3 . .
in particular there exists a point z € Byq, ,(z0) such that e 4(z) < C ZN% d,,4. Since |De, 4| < 2 we infer that

FN+3
epgy) <C [ +2s

dp,q , Yye Bsdp,q(ZO)-

Minimizing in s the right hand side we obtain the thesis with a(N) = O

N+2

Combining Theorem [3.6]and Corollary [3.7) with the Laplacian comparison estimate [2.6] via an integration
by parts we get the following crucial gradient estimate on the excess function (which, to our knowledge, is
original even in the smooth setting).

Theorem 3.8 (Gradient estimate of the excess). Let (X, d, m) be an RCD*(K, N)-space for some K € R and
N € (1,+00); let p,qg € X withd,, :=d(p,q) < landfix0 <e < 1.

If x € Agq,,2q,,(P. q)) satisfies ep4(x) < r*dpq < FA(N, K, €)d) 4 and Bayg, (X) C Agq,,24,,({p.q}), then
there exists a(N) € (0, 1) such that

Jf ID e, > dm < C(K, N, &) r'*®
Brdp (%)

Proof. Let ¢ be the cutoff function given by Lemma with ¢ = 1 on B,q,,(x), suppy C Baq,,(x) C
Agd,,2d,,({p, q}) and satistying r d p,q|D90|+r2df,’ qIAgol < C(K, N). By iterative integrations by parts, recalhng
that by the Laplacian comparison we have e, , € D(A*, By,q,,,(x)) with upper bounds in terms of m, we

get (we write shortly e in place of e}, ;)

A

JC IDefdm < C(K,N) ID e? o dm
Brdpq( ) BZrdpq( )

1
= C(K,N) _JC I'(e, ) edm — —f epd(A*e)
[ BZrdP,q(x) ﬂI(Bzr dpg (x)) Bz,-dp,q(x)

1 1 1
= C(K, N)[ - = f I'(e,p)edm + - JC Ag dm+ - JC (g, e)edm
2 BZrdp,q (x) 2 By dpg (%) 2 Bzrdl’ll )

1

R epd(A*e)
]n(BZr dp,q (x)) Bzrd];,q(x) ]

1
= C(K,N)|= J[ Ape?dm+ ——— (( sup e)—e)pd(A*e)
[2 By (%) m(BZrdM(x)) Brdp, () Bardy, ()

! sup e)f god(A*e)]

(B, dpq(x)) Baray (¥

2rdpq
1

< C(K, N)[( sup e) |Agledm + —— (( sup e)—e)pd(A*e)

Brapy®  JBagy, M(B2rd, (X)) JByg,, 0 Brp, @

+( sup e) e|Ay| dm]

Bardp 4 (%) Bardp g (%)

< C(K,N,¢) [r”" dy,(rd, ) 2r?d, g + 1t d, , + dp,qrzdp’q(rdp,q)_z]
< C(K,N,e)r'*™ | (29)
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where in the second to last estimate we used Theorem [3.6] Corollary and the Laplacian comparison
estimate 2.6 o

4. CONSTRUCTION OF GROMOV-HAUSDORFF APPROXIMATIONS WITH ESTIMATES

Thanks to Theorem [2.9] we already know that at m-almost every x € X there exists k € N, 1 < k < N,
such that
(RY,dg, £, 0) € Tan(X, d, m, x)

The goal of the present section is to prove an explicit Gromov-Hausdorff approximation with estimates at
such points by using the results of Section[3] More precisely we prove the following.

Theorem 4.1. Let (X, d, m) be an RCD*(K, N)-space for some K € R, N € (1,0) and let X € X be such that
(RK,dg, %,0) € Tan(X, d, m, X) for some k € N. Then, for every 0 < &, << 1 there exist R = R(g>) >> 1
such that for every R > R there exists R > R and there exists 0 < r = r(X, &2, R) << 1 such that the following
holds.

Call (X,d,, m%, X) the rescaled p.m.m.s., where d,(-,-) := r~'d(-,-) and m* was defined in {@), there exist
points {pi, qi}i=1...k C 63223()_6) and {p; + pjli<i<j<k € B X\ BZ;()'C), for some B = B(N) > 2, such that

,,,,, 2R
k
Z J[d, N Depg P dmi +  sup epq()<er (30)
i=1 BR (X) yeBi’ (X)
. , 2 j
dp1+dp] L _ p’+dpf 1D
fd D(; —dPP| dm® + sup |[L— —dP < (€29)
1<i<j<k ¥ B (9 V2 BY (%) V2

where d'(-) := d,(p;,-) := r~'d(p;, "), the excess e, 4, is defined by e, 4,(-) == d¥'(-) + d¥'(-) - d,(pi, q;) and
the slope |D - | is intended to be computed with respect to the rescaled structure (X, r~'d, m?).

Proof. Since by assumption (R, dg, %, 0% € Tan(X,d, m, %) then, for every 0 < & < 1/10 there exists
r = r(e1, x) > 0 such that
Deey (X dpmf, %), (RE, de, £, 05)) < &1 (32)

where d,(-,-) := r~!d(,-) and mY was defined in (@). Observe that, by the rescaling property (9), (X, d,, m})
is an RCD*(r*K, N)-space. Now let
é)i é)l 51' + E)j

= 2 ,e B (0% c RF
4" 4 4 \5/4( )

respectively via the £;-quasi isometry ensured by (32), for every 1 < i, j < k, where (&;) is the standard basis
of R¥. Let us explicity note that 1/4 < d(p;,¢;) < 1, foreveryi=1,...,k.

Consider a minimizing geodesic y; connecting p; and ¢;. Then, combining the excess estimate Corollary
and the excess gradient estimate Theorem called &; :=vy; (M) € X (so, in particular, e, 4, (&) =
0), we have

Pi»qi>Pi + D) € B‘f;z()‘c) C X be the points corresponding to —

{ sup e,,i,ql,(y)] + fd ID e, 47 () dmi(y) < C(K, N) '™ V0 < & < &(K, N).
yeBY (&) By (&

2851

1“17,- + p;” is just a symbol indicating a point of X, no affine structure is assumed
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Moreover, for &; = (K, N, &) > 0 small enough in (32)) we also have &; € Bg’()'c), SO Bg’()'c) - Bg;(f,-) and,
by the doubling property of m?, we infer that

sup ep,.0.(0 |+ f ID e, /7 () dmi(y) < C(K, N) '™ V0 < & < &(K, N). (33)

yEBg’ 65} Bgr (%)
Now we do a second rescaling of the metric, namely we consider the new metric dg-s, := Rd, = R—fd,
for 8 > B(N) > max{1 + g5, 2} and observe that by obvious rescaling properties, having chosen & = R*!,

estimate (33) implies
1 ) . 1
dSl;p epiafIi < C(K, N)W and JCBdRﬁr()—C) ID €pi’qi| (y) dmfe,ﬁr(y) < C(K, N) m. (34)
BRR’ r(x) R

The proof of is therefore complete once we choose R > R(K, N, &3) >> 1.

Now we prove (31). Again, since by assumption (R¥, dg, %, 0%) € Tan(X, d, m, %), for every0 <n < 1/10
there exists R > R(K, N, &) >> 1 such that

Deey ((X. dpesya iy, 8) L (RE di £.05)) < (35)

In particular, we have that dg-s,(p;, ), dg-5,(pi + pj, ) are n-close in L“(B;i’rﬁ (X)) norm (via composition
with a GH quasi-isometry) to dg(—RP&;/4,-),dp(-RE(@; + & )/4,-) respectively. Moreover, in euclidean
metric, we have that

de(-RPE;/4,-) + dp(—RPE;/4, )

V2
for R > R(n) large enough; an easy way to see it is to observe that
de(=é;/4,-) + de(=€;/4,")
V2
L

by a second order Taylor expansion at 0%, then rescale by R?, choose ¢! := Rf~! and R > (%)ﬁ . Combining
and we get

dg-s,(pi, ) + dg-5,(Pj, )

V2

In order to conclude the proof we next show that
Di Dj
_ dR‘ﬁr + dR‘/gr Pitpj
=14 D|————-d.;
B Pr(®) V2

which, together with (37)), will give (31) by choosing R = R(g;) large enough.
To this aim let ¢ be a 1/R-Lipschitz cutoff function with 0 < ¢ < 1, ¢ = 1 on Bff—ﬁ "(x) and suppg C

<n onBgr(0Y, V1<i<j<k, (36)

—dp(—RP(@; +&))/4,")

< C& on B:(0Y

—de(=(€ +))/4,")

<d4n onBY(®), Vi<i<j<k (37)

—dgs.(pi + pjs")

2

R

digy, < CUCN) (38)

d,_ . . . .
B, Pr(%); in order to simplify the notation let us denote

dPi + dp/
y » L y i
W= R RPrapd Vo= dzfﬁf’ ) (39)

V2
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With an integration by parts together with and the Laplacian comparison Theorem [2.6] (which in parti-

cular gives that A* v/ BSE™ (%), A*ull BYE 7 (%) < C(K, N)zlr meBSE™ () yields

J < C(K,N)

A

.. . 2 —
D!~ g,
"(X)

F(uij,( sup  |u —vV|) — (' - vij)) %) dmf;_ﬂr
! B

+ ch » F(vij,( sup  u/ — vijl) + (W - vij))godm;_ﬁr]
BR7r (%)

d _
B ()

Il

|

®)

P

X

=2

—
S 53
>:D' =
=

IA

CK N sup fu =)

d,
B

RE-1 R

1 1
<C(K,N)n [— + =

[W "R
which proves our claim (38). |

5. ALMOST SPLITTING VIA EXCESS

The interest of the almost splitting theorem we prove in this section is that the condition on the existence
of an almost line is replaced by an assumption on the smallness of the excess and its derivative; this will
be convenient in the proof of the rectifiability thanks to estimates on the Gromov-Hausdorff approximation
proved in Theorem 4.1] From the technical point of view our strategy is to argue by contradiction and to
construct an appropriate replacement for the Busemann function, which is a priori not available since we do
not assume the existence of a long geodesic. Then in the limit we may rely on the arguments used in Gigli’s
proof of the Splitting Theorem in the non smooth setting (see [30[]-[31]) in order to construct our splitting.

Theorem 5.1 (Almost splitting via excess). Fix N € (1,+00) and § > 2. For every € > 0 there exists a
0 = 0(N, &) > 0 such that if the following hold
i) (X,d, m) is an RCD*(-=6%, N)-space,
Dj X) > 5_B,
2
dm<o ,

(df’f + dPs

k
IDe,, 4> dm + J(: D
; J[BR()?) Br(®) V2

forevery R € [1, 6711. Then there exists a p.m.m.s. (Y,dy, my,y) such that

Dy (X dont, 3., (RE X ¥, Aty Mgty (05, ))) <

_ dpi+P_i)

1<i<j<k

More precisely
1)if N —k < 1thenY = {y} is a singleton, and if N — k € [1, +o0) then (¥,dy, my) is an RCD*(0, N — k)-
space,
2) there exists maps v : X D Bs-1(X) = Yandu : X D Bs-1(X) — R¥ given by u'(x) = d(p;, x) — d(p;, ¥)
such that the product map
(u,v) : X D Bsg-1(x) = Y X R* is a measured GH e-quasi isometry on its image.

2“17,- + p;” is just a symbol indicating a point of X, no affine structure is assumed
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1
dm, < - (40)

Proof. By contradiction assume that for any n € N there exists an RCD*(—n~%, N)-space (X, d,, m,) and
ahvar
—_— — dp)l+pn
n

k
|De ; |>dm, + f D
;ﬁmm P Br(i,) V2

for every R € [1,n]. To begin with, by p-mGH compactness Proposition[2.2]combined with the RCD*(K, N)-
Stability Theorem 2.7 (recall also that the RCD*(0, N) condition is equivalent to the RCD(0, N) condition),
we know that there exists an RCD*(0, N)-space (X, d, m, X) such that, up to subsequences, we have

1<i<j<k

‘DC(-) (X, dp, my, %), (X, d,m, %) > 0. 41

Our goal is to prove that (X,d, m, X) is isomorphic to a product (R" X Y,dexy,mRkXy,(Ok,)'z)) for some
RCD*(0, N — k)-space (Y,dy, my). The strategy is to use the distance functions together with the excess
estimates in order to construct in the limit space X a kind of “affine” functions which play an analogous role
of the Busemann functions in the proof of the splitting theorem. To this aim call

£1 Bu(®n) > R, () 1= da(phe ) = du(plu T0)  and gl 1 Bu(%n) > R, g5() 1= du(gh, ) — (gl %)
£ Bu(®) > B, £7C) 1= du(Ply + P ) — du(phy + i Xa) Y € N.
42)

Of course f!, gi, f,’;j are 1-Lipschitz so by Arzeld-Ascoli Theorem we have that there exist 1-Lipschitz
functions f', g’, f/ : X — R such that

FilBecen = e GalBrcen = &'1Be S IBe® = [ 1By uniformly VR > 0 and f'(%) = g'(%) = f/(%) = 0
(43)
asn — oo, forevery i, j=1,...,k.

As it will be clear in a moment, the maps f* will play the role of the Busemann functions in proving the
isometric splitting of X. To this aim we now proceed by successive claims about properties of the functions
fi, ¢' which represent the cornerstones to apply the arguments by Gigli [30]-[31] of the Cheeger-Gromoll
splitting Theorem.

CLAIM 1: fi = —g' everywhere on X foreveryi=1,...,k.
From the very definition of the excess we have

ey () = Gu(pPls )+ Au(ghs ) = Au(Pls 41) = o) + g1() + Au(Plys %n) + (G ) = du(p}» 4))
L+, + ey i (B) (44)

which gives in particular that
IDe i il = ID(fi+ gl on By(%,) . (45)

Fix now R > 0 and observe that, since fi + g |pyz,) = f' + &'|p(x) uniformly we have by the lowersemicon-
tinuity of the slope Proposition [2.13]

fBR()_C)

2
dm, =0 foreveryfixedR>1 |,

D(f + g")‘2 dm < liminff |D (5 + )
Bp+1(%n)

n
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thanks to (40). This gives |[D(f" + g')l = 0 m-a.e. and therefore the claim follows from (#3) since f and g’
are continuous.

CLAIM 2: A*fi =0 on X as a measure, i.e. f'is harmonic, for everyi=1,..., k.

Fixed any R > 0, let ¢ : X — [0, 1] be a 1/R-Lipschitz cutoff function with ¢ = 1 on Bg(X) and ¢ = 0
outside Bg(¥). From the technical point of view it is convenient here to see the convergence (4 1) realized
by isometric immersions t,, ¢ of the spaces X, X into an ambient Polish space (Z, dz) as in Definition|2.I|and
define ¢ : Z — [0, 1] be a 1/R-Lipschitz cutoff function with ¢ = 1 on Bg(¢(¥)) and ¢ = 0 outside Brg(¢(X))
so that ¢ can be used as 1/R-Lipschitz cutoff function also for the spaces X,,; but let us not complicate the
notation with the isometric inclusions here.

The uniform Lipschitz nature of f! together with (@T]) and (#3)) ensure that, up to subsequences in , one has
fx L(f, ) dm = lim, an [ (fi, ) dm, so via integration by parts we get

C(N)

mmn(BZRH()_Cn)) =0,

—fl"(fi,<p)dm:—limf r(f,;‘,ga)dmnznmf @dA* f! < lim
X n X, n X, n

where in the inequality we used the Laplacian comparison Theorem to infer that A* fi < cw

S B R0 nt, on

Bog+1(X,) for n large enough.

It follows (see for instance [29] Proposition 4.14] ) that f* admits a measured valued Laplacian on X satis-
fying A* f/ < 0 on X. On the other hand, by completely analogous arguments we also get A*g’ < 0 on X as
a measure. The combination of these last two facts with CLAIM 1 gives CLAIM 2.

CLAIM 3: for every a € R the function af' is a Kantorovich potential, i = 1,...,k. More precisely we
show that af' is c-concave and satisfies
. , a2 , . a2
(af =-af' =% and (-af =af' - Z. (46)
Though our situation is a bit different, our proof of this claim is inspired by the ideas of [30]. To simplify
the notation let us drop the index i in the arguments below. Since by construction f is 1-Lipschitz, then for
every a € R the function af is |a|-Lipschitz and

a  d(xy)

af(X)—af(y)SlaId(x,y)33+ 5 Vx,yeX

which gives @ —af(x) > —af(y)— % for every x,y € X. Therefore, by the very definition of c-transform,

we get
2

@) o) = )icrel)f(( - af(x)) > -af() -5 VyeX . (47

To prove the converse inequality fix y € X and consider first the case a < 0. For n large enough let y, € X,

d?(x,y)
2

be the point corresponding to y via a GH-quasi isometry, let 7 : [0,d,(yn, pn)] — X, be a unit speed

minimizing geodesic from y, to p, and let y% := yil"l’l’"

dn(pm yZ) = dn(pna ya)+a . (48)

From and since the space (X, d) is proper, we have that there exists a point y* € X such that
d(y,»") = la| (49)

. In this way we have
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and, by using ([@3))-(48), we obtain
f(ya) -f) = h£n [fn(yZ) - fn(yn)] = hzn [dn(pna yZ) = du(pas yn)] =a . (50)
By choosing y* as a competitor in the definition of (af)¢, thanks to (#9) and (50), we infer

d2 a 2 2
~af0) « FED - art) = & - age) == —ar) 6D

2
@frori= ing (5

as desired. To handle the case a > 0 repeat the same arguments for g, g’ in place of f%, fi: by considering
this time y§ := yordn where Y24 : [0, dy(Vn, gn)] — X, is a unit speed minimizing geodesic from y, to gy,
and passing to the limit as n — +oco we get a point y* such that

O =) = =806 = gW] = ~lim [8,() = 8 ()] = = 1im [dr(gn, y) = Au(Gn, y)] = @

At this stage one can repeat verbatim (51)) to conclude the proof of the first identity of (46); the second one
follows by choosing —a in place of a. The c-concavity of af is now a direct consequence of (46), indeed

2\¢ 2
<ww=tw—%)dwﬁ4%=w

CLAIM 4: |Df!| = 1 everywhere on X, for everyi=1,...,k.
Again, for sake of simplicity of notation, drop the index i for the proof. We already know that |[Df| <
everywhere on X; to show the converse recall that by (#9)-(50) for every a < 0 and y € X there exists y* € X
such that d(y, y*) = |a| and f(y*) — f(y) = a. Therefore it follows that

L lf@ = fOl .. 1fO") = fOI _
IDfl(y)_hr?jl Py =l d(y*, y) =1

as desired.

CLAIM 5: T'(f%, f/) = 0 m-a.e. on X.
First of all observe that it is enough to prove

fef
(L

Indeed, since |Df|,|Df"/| = 1 on X (the proof for f/ can be performed along the same lines of CLAIM 4),
by polarization we get

—f"J)| 0 mae onX . (52)

) - H N H () -
ool o
< ’D(fvf ) m-a.e. on X
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So let us establish (52). Observe that since A \é” — ey — l+f i fB )

uniformly Lipschitz, we have the lowersemicontinuity of the slope Proposmon [2.13] which yields

. . 2
fr+f i') o fn f] ij)
D=L — £}l dm < liminf i
fBRo'c) ( V2 J7)| dm = fimin ffBR+1<xn> [ V2 )

thanks to (40)), as desired.

uniformly, and since they are

2
dm, =0 foreveryfixedR>1 |,

Using CLAIMS 2-3-4 we will argue by combining the ideas of Cheeger-Gromoll and Gigli [30] with an
induction argument. Indeed, CLAIMS 2-3-4 are precisely the ingredients required to applying the arguments
of [30] to obtain the following:

Lemma 5.2. Each mapping ' : X — R is a splitting map. That is, there exists a RCD*(0, N — 1) space Y’
and an isomorphism X — Y' X R such that f'(y,t) = t. If N < 2 then Y' is exactly a point.

Proof. Since, with CLAIMS 2-3-4 in hand, the proof of the above is verbatim as in [30], we will not go
through the details except to mention the main points. Namely, CLAIM 3 first allows us to define the
optimal transport gradient flow @, : X — X of f'. By CLAIM 2 this flow preserves the measure. If X were
a smooth manifold, one would then use CLAIM 4 as by Cheeger-Gromoll to argue that [V>f’| = 0, which
would immediately imply that the flow map was a splitting map as claimed. In the general case one argues
as in as in [30] to use CLAIM 2 and CLAIM 4 to show the induced map ®; : W'(X) - W'2(X) is an
isomorphism of Hilbert spaces, which forces f' to be the claimed splitting map. O

To finish the proof of the almost splitting theorem via excess we need to see that each f’ induces a distinct
splitting. That is, we want to know that the mapping f = (f,..., /%) : X — RF s a splitting map. We will
proceed by induction on &:

CONCLUSION of the proof of the almost splitting via excess.
If £ = 1 then the proof is complete from Lemma Now let us consider k > 2 and let us assume the
mapping (f',..., /&) : X — R¥!isa splitting map. That is, there exists a RCD*(0, N—k+1) space X’ such
that X = X’ x RF"! and such that under this isometry we have (fL L O, ) = (. ).
We will show the mapping (f', ..., fX) : X — R* is a splitting map.

To this aim let us consider the function

= o= 400 X >R,

where ¢ : X’ — X is the inclusion map of X’ into X as the O-slice.

CLAIM A: (X', t1,....tic1) = fAX,S1,...,86-1) for every (si,...,sk-1), (t1,...,trc1) € RED and
every x' € X'.
Let @, be the flow map induced by f*~!. By following verbatim the proof of [31 Proposition 2.17] (or
equivalently the proof of [30, Corollary 3.24]), which is based on the trick “Horizontal-vertical derivative”
introduced in [6], we have that for every g € L' N L(X, m) with bounded support it holds

k _ fk
hmf‘ngm:_fr(fk—l’fk)gdmzo ,
X X

tl0
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where in the last equality we used Claim 5 above. Observing that for m’ x Z*2-ae. (x,s’) € X’ x R¥2
the map ¢ — f* o ®,((x’, s",0)) is 1-Lipschitz from R to R, so in particular £'-a.e. differentiable, by the
Dominated Convergence Theorem we infer that

fko(I)Hh—kaQ)t

d, . )
— ®)gdm = 1 d
fxdt(fo ) g dm hlff)lfx . gdm
. fXody, - f* 4
:1 _— (D d:()
/ggfx b go(®)  dm

It follows that for m’ x .Z*2-ae. (x',s") € X’ x R¥2 we have %(fk ) CD,)((x’, s’,0)) =0 for X'-ae. reR

and therefore, since again the function  — f* o @, is 1-Lipschitz (so in particular absolutely continuous),

S
d
s ) -fA, s, 0) = f —(ffo®((v',5',0)dr =0, form'x.L*2ae. (x,s) € X'xR2, Vs € R.
0

dt
(53)
But, since f* : X — R is 1-Lipschitz, the identity (53] holds for every (x’, s") € X’ x R¥2. In other words
the function f k(x’,t1, ..., 1) does not depend on the variable #;_;. Repeating verbatim the argument above

with fi,i=1,...,k—2, in place of f*~! gives CLAIM A.

CLAIM B: |Df¥y =1 m’-a.e. on X'.
This claim is an easy consequence of a nontrivial result proved in [6] (see [31, Theorem 3.13] for the
statement we refer to) stating that the Sobolev space of the product X’ X R splits isometrically into the
product of the corresponding Sobolev spaces. More precisely, we already know that for m’-a.e. x’ the
function 1 — fX(x’,¢) from R*! to R is 1-Lipschitz (and then in particular locally of Sobolev class) as well
as the function X’ — f*(x’, 1), the result then states the following orthogonal splitting

IDF, i (. 0) = IDFIC D) + IDF( ) () form’ x L ae. (¢, e X' xRS (54)

CLAIM B follows then by the combination of CLAIM 4, CLAIM A and (54).

CLAIM C: A},fk = 0 as a measure on X'.
For every Lipschitz function $ € X’ with bounded support, called ¢(x’, 1) = @(x”), thanks to CLAIM 2, using
CLAIM A and that (by polarization of identity (54)))

Tx(f*, o)X, ) = T (F5C, 0, 0C, D)X )+ it (F5, ), 0, () form’ x L5 ae. (1, 1) € X/ x R
we have that

0

[eaw == [rtpan=- [ [Fet9)+ Taarto] dovx
X X X’ xRk-1

—j' T (74, @) dan’ x 647
X’/ xRk-1

Therefore fX, 'y (f%, @) dm’ = 0 and CLAIM C follows.
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CLAIM D: for every a € R the function af* is a Kantorovich potential in X'. More precisely we show
that af* is c-concave and satisfies

2 2
(af*° = —af* - % and  (—af%)° =af* - % everywhere on X’ . (55)
First of all observe that by CLAIM A we have
&, (7, y) + I &,
inf G (.0 + I Faff((y,1) = inf G (7)) Taff(y,0) VX €X'
(4 HEX’ xRk 2 yex 2

By the definition of c-transform, using the above identity, recalling CLAIM 3 and that we identified X with
X’ x RF-1 we have

2 V) 2 o 2
(xaf*)(x') = inf (.0 Taff(y)=  inf Oy + i Faff (', 1)
y'ex (' ,HeX’ xRk-1 2
L 03((x,0),y) 2
= inf S afh) = (L 0) = Faf (L) -

2
= Faf'() -5

which gives (53)). The c-concavity then easily follows:

2 ¢ 2 2 2
N N :a_ _~kC:a__a_ ik — 4 fk
(af") —( . af) 5+ (af =5 - +aff =af
Now we can apply Lemmal5.2[to f*, which completes the induction step and hence the proof. O

6. PROOF OF THE MAIN RESULTS

6.1. Different stratifications coincide m-a.e. In this subsection we will analyze the following a priori
different stratifications of the RCD*(K, N)-space (X, d, m); after having proved that they are made of m-
measurable subsets we will show that different stratifications coincide m-a.e. . We start by the definition.
For every k € N, 1 < k < N consider

Ar = {reX : RFeTan(X, x) but A(Y, dy, my, ) with diam(Y) > 0 s.t. R¥ x ¥ € Tan(X, x)} (56)
A, = {xeX: R¥ € Tan(X, x) but no (X, dg, mg, X) € Tan(X, x) splits RM 57)
A7 = {xeX : RFeTan(X,x) but R**/ ¢ Tan(X, x) forevery j > 1} , (58)

where we wrote (and will sometimes write later on when there is no ambiguity on the meaning) Tan(X, x) in
place of Tan(X, d, m, x), R¥ in place of (R¥, dg, %, 0) and R¥ x Y in place of (R¥ x ¥, dg X dy, % xmy, (0, 7))
in order to keep the notation short. It is clear from the definitions that

Ar CAL CA] (59)
moreover, from Theorem [2.9| we already know that

m [X\ U A,’(’] =0. (60)

1<k<N
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As preliminary step, in the next lemma we establish the measurability of Ay, A}, A)’. Let us point out that a
similar construction was performed in [33]].

Lemma 6.1 (Measurability of the stratification). For every k € N,1 < k < N, the sets Ak’Allc’Al’cl can be
written as difference of couples of analytic sets so they are m-measurable.

Proof. We prove the statement for Ay, the argument for the others being analogous. Define A € X X .Z,
by
= {(x, (Y, dy,my,y)) : (¥,dy,my,y) € Tan(X, x)}. (61)

Recall that for every r € R, the map X 5 x — (X, d,, m}, x) € (Ac(.), Dc(,) is continuous, so the set

{x} X B1((X,d,, my,x))| C X X #c,) 1isopenforeveryieN

xeX
and therefore

is Borel.

A= ﬂﬂUU[ } X B1 (X, dr, 1}, )

ieN jeN r>j xeX
Now let B € X X .#c(, be defined by

B = U 1 x (RK, dE,.zk,O)_ﬂU[ }x Bi (R, dE,.,S,’”k,O))]

xeX ieN xeX

Clearly also B is Borel, as well as the below defined set C C X X .Zc,

€= | [ x ®xn]=M | U [{x} x By (R x Y))] :

{(Yetc(y,diam(Y)>0} xeX JEN ieN (ye M) dlam(Y)> } XX

Called IT; : X X .#¢) — X the projection on the first factor we have that IT; (A N B N €) is analytic as well
as IT{ (A N B), since projection of Borel subsets. But

MANBNEC) ={xeX : R e Tan(X, x) and Y € .#(, with diam(¥) > 0 s.t. R¥ x ¥ € Tan(X, x)}
ANB)={xeX : RFe Tan(X, x)} ,

so that Ay = IT;(A N B) \ II;(A N B N Q) is a difference of analytic sets and therefore is measurable with
respect to any Borel measure; in particular Ay is m-measurable. O

In the next lemma we prove that the a priori different stratifications Ag, A;, A" essentially coincide.

Lemma 6.2 (Essential equivalence of the different stratifications). Ler (X,d, m) be an RCD*(K, N)-space
and recall the definition of Ay, A, A} in (56), (57), respectively. Then

m(A/ \A) =0 foreveryl <k<N

so in particular, thanks to (59), we have that Ay = A} = A} up to sets of m-measure zero and

m[X\ U Ak]:O
1<k<N
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Proof. First recall that thanks to Theorem , for m-a.e. x € X, for every X, dy, 11, %) € Tan(X, d, m, x)
and for every ¥’ € X we have

Tan(X, dg, Y, ¥') C Tan(X, d, m, x). (62)
Fix 1 < k < N; we argue by contradiction by assuming that m(A,/c’ \Ag) > 0. It follows that there exists a point
¥ € A}/ \ Ay where the above property (62) holds. By definition, if x € A}l \ Ag then R¥ € Tan(X, d, m, %) and
there exists a p.m.m.s. (¥, dy, my,y) with diam(Y) > O such that X := RF x Y € Tan(X, d, m, x). Notice that,
since every element in Tan(X, d, m, x) is an RCD*(0, N)-space, by applying k times the Splitting Theorem
mto X we get that Y is an RCD*(0, N — k) space, in particular Y is a geodesic space. Since by assumption
diam(Y) > O then Y contains at least two points and a geodesic y : [0, 1] — Y joining them. It follows that
any blow up of (¥,dy, my) at y(1/2) is an RCD*(0, N — k) space containing a line and so it splits off an R
factor by the Splitting Theorem Therefore there exists an RCD*(0, N — k — 1) space (¥,dy, my, §) such
that

RM1 % ¥ € Tan (£, dg m{*/, (0,(1/2)))
and, thanks to and our choice of %, this yields
RM! % ¥ € Tan(X, d, m, %)

If ¥ is a singleton we have finished, indeed in this case we would have proved that R**! =~ R¥1 x (5} €
Tan(X, d, m, X), contradicting the assumption that x € A}’.

If instead Y contains at least two points then it contains a geodesic joining them and we can repeat the
arguments above to show that RF*2 x Ye Tan(X, d, m, X) for some RCD*(0, N — k — 2) space Y. Recalling
that an RCD*(0, N) space for 0 < N < 1 is a singleton, after a finite number of iterations of the above
procedure we get that R“*/ € Tan(X, d, m, %) for some 1 < j < N — k, contradicting that X € Al O

In order to establish the rectifiability it will be also useful the following easy lemma.

Lemma 6.3. i) For every x € Ay and for every € > O there exists 6 = 6(x, &) > 0 such that for every ) < r < ¢
the following holds: If for some p.m.m.s. (Y,dy, my,y) € M#c() one has

Deey (X, drmtf, x), (¥ X BRE dy X d.my X Z, (1,09)) <6 then  diamY < e. (63)
ii) Define the function 6(-, &) : Ay — R* by
o(x, €) := sup{d(x, &) such that holds} . (64)
Then, for every fixed €1,01 > 0, the set of points

{x € Ay : 6(x, €1) > 61} C X is the complementary in Ay of an analytic subset of X and therefore m-measurable.
(65)

Proof. 1) If by contradiction does not hold then there exist £ > 0, a sequence r; | 0 and a sequence of
p-m.m.s. (Y;,dy;,my;,y;) € Mc) st

Deey ((X, drj,mfj,x), (Y; x Rk,dyj X dg, my; X Zg, (s ok))) — 0 and diamY; > e.

But by p-mGH compactness Proposition there exists a p.m.m.s. (¥,dy, my,y) € .#c(, such that, up to
subsequences, Y; — Y in p-mGH sense. It follows that diamY > 0 and ¥ xRF € Tan(X, d, m, x) contradicting
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that x € A;.

ii) The construction is analogous to the one performed in the proof of Lemma[6.1] let us sketch it briefly.
Clearly, for every 61, &1 > 0, the following subset Dy, ., C X X A,

Dser=( ] | [ Jx

ieN O<r<d; xeX

is Borel .

Byi (X,d,, m;, x)) N [ U Bs, (Y x RF)
Yelcy:diam(Y)>¢

Therefore I1;(Ds, -,) C X is analytic and, since {x € Ay : 6(x,&1) > 61} = Ag \ I[11(Dg, ¢,), the thesis
follows. O

6.2. Rectifiability of RCD*(K, N)-spaces. The goal of this section is to prove that given an RCD*(K, N)-
space (X,d, m), every Ax defined in (56) is k-rectifiable, the rectifiability Theorem [I.1] will then follow by
Lemma[6.2]

To this aim, fix X € Ax. By Theorem for every &, > 0 there exists a rescaling (X,d,, x) =

.....

qjh<i<j<k € Bor(¥) \ Bgr(X) such that

k ~ 2
dpt + dp -

JC D IDep gl D] D(—J - d”f“’f') dii<e . (66)

Bjy@ = 1<i<j<k V2

Consider the maximal function M* : Bg(x) — R* defined by

. L ) dri +dri - 2
MF(x) = sup JC ] Z IDe, 4 + Z D(— - d”"”’f) dit. 67)
O<r<1 JBY() | i 1<i<j<k V2

Lemma 6.4. For every rescaling (X, d,, %) and €, > 0 the subset {x € Bg()"c) . M*(x) > &} is Borel.
Moreover for every g > 0 there exists &y > 0 such that if the rescaling (X,d, i, X) satisfies (66) then

m(ix € BI®) : M) > el <& (68)

Proof. The first claim is trivial since M* is Borel (it is lower semicontinuous since sup of continuous func-

tions). For the second claim, observe that (X, d, 1it) is RCD*(min(K, 0), N) thanks to property (9) so B‘;’O()'c)

is doubling with constant depending just on K and N. But then (68) follows by the continuity of the ma-

ximal function operator from L! to weak-L'holding in doubling spaces (for the proof see for instance [33,
C(K

Theorem 2.2]), which gives m({M* > 1)) < T’N)sz. O

Now for a fixed rescaling (X, d, m, X) and any 1,61 > 0, let us define the sets

UX (5,1 = U == {xeB3(®) N Ay such that M¥(x) < &1) (69)
U 5 (G = Uk 5 = {x e B3(X) N Ay such that M¥(x) < &) and 3(x, &1) > 61} (70)

where the map x — 8(x, &1) was defined in (64). Thanks to (i) of Lemmal6.3| we know that 8(x, &1) > 0 for
every x € Ay and g1 > 0, so
ko= N gk _ k
Usl(-x’ r) - U&‘] - U U81a7
jeN

(71
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Therefore, to establish the rectifiability of U¥

&, » it is enough to prove that U k= is rectifiable for every & > 0.
&

This is our next claim, which is the heart of the proof of the rectifiability of F{]CD*(K, N)-spaces. The idea is
to “bootstrap” to smaller and smaller scales the excess estimates initially given by Theorem .1]by using the
smallness of the Maximal function and then to convert these excess estimates into estimates on the Gromov-
Hausdorff distance with R¥ thanks to the Almost Splitting Theorem combined with Lemma The
conclusion will follow by observing that GH closeness at arbitrary small scales via the same map implies
biLipschitz equivalence.

Theorem 6.5 (Rectifiabilty of U ’;I 510 of U ’gl and measure estimate). For every €3 > O there exists 61,&1 > 0
such that if (X, d, W, %) is a rescaling satisfying (66), where & > 0 is from Lemma then for every ball
Bg] C Bg()'c) of radius 61 we have

Bgl N U]a(l,él is 1 + e3-bilipschitz equivalent to a measurable subset oka . (72)

It follows that U ];1 51 and, thanks to (T1)), U ]8‘1 are k-rectifiable via 1 + £3-biLipschitz maps as well. Moreover
it ((BY®) N A\ UL ) < &1 (73)

Proof. First notice that, thanks to Lemma Lemma and Lemma the subset U’;l’ 5, € X is con-
structed via a finite combination of intersections and complements of analytic subsets of X so, if we manage
to construct a 1 + e3-biLipschitz map between Bgl N Ul;l i and a subset E c R¥, E will be automatically
expressible as a finite combination of intersections and complements of analytic subsets of R¥. Moreover
the measure estimate readily follows by Lemma [6.4| and the definition of U in . Therefore it is
enough to prove (72), i.e. we have to construct such a map u.

Combining the Almost Splitting Theorem ﬂ with Lemma and the very definition of U ’8‘1’ 50 We
infer that that for every £3 > 0 there exists €1,0; > 0 small enough such that if (X, d, i, X) satisfies @]),
where e is from Lernrna then for every x € U ’8‘1’ 51 and for every 0 < r < 2§ it holds

Dee (X r7'd S, x) (R, de, £, 09)) < &3 (74)
Moreover the GH g3-quasi isometry map u,, B(la(x) — R* is given by
()= (A ) - d(pr ), i = 1.k

This means that for every 0 < r < 26, and every y;, ys € B{_la(x) it holds

k

Z (e 0) - M@,r@z))z —rldony)|<e

i=1

which implies, after rescaling by r, that for every 0 < r < 26; and every y;,y; € Bc;’(x) it holds

k
(e 0) - uic,r(yz))2 —r Yo,y <res . (75)

k
(i y1) - dpiyn))” - dviy)| =
=1 1

1

1
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Hence, calling u : Bg()"c) — RF the map () := d(pi,) —d(p;, X) with i = 1,...,k, for every xi, Xy € U/;l,&l
with a(xl, xp) < 26; the above estimate ensures that
|lu(x1) = u(e2)lgpe — dx1, x2)| < £3d(x1,x2)
which gives
(1 = £3)d(x1, x2) < [u(x) — u(x)lpe < (1 +&3)d(x1,x2) . (76)
This is to say the map u : Bg1 NnU ’;] s, 18 I+ &3-bilipschitz to its image in R, which concludes the proof. O

To finish the rectifiability let {x,} C A be a countable dense subset. Notice that such a subset exists since
X is locally compact. Let us denote the sets

Rie:= | ) Uerar 771 (77
a,jeN

where Ug(x,,j~!) was defined in (70). It is clear from Theorem that for (N, K) sufficiently small the
set Ry ¢ is rectifiable, since it is a countable union of such sets. We need only see that m(Ax \ Ry) =0 viaa
standard measure-density argument.

Theorem 6.6 (k-rectifiability of Ay). Let (X,d, m) be an RCD*(K, N)-space and let Ay be defined in (56)).
Then there exists € = (K, N) > 0 such that, for every 1 <k < N and 0 < & < &, one has that

M(Ar \ Ree) =0,
where Ry . is the k-rectifiable set defined in (T7).
Proof. 1f by contradiction m(Ay \ Rk¢) > O then there exists an m-density point X € Ay of Ay \ Ry, i.e.

~ m((Ax\ Ree) N BYD))
lim =1 . (78)
Pl m(BY(%))

Note that by applying Theorem for any &7 > 0 and for all 0 < r < #(X, &2) sufficiently small we have

that (66) holds. Therefore, by taking & > 0 sufficiently small, for every j > j(X, &2, €) large enough, there

exists x, sufficiently close to x such that
e (B @ N (USE D\ UfGan 7)) <6
and, recalling the measure estimate (73), we infer
mjf_l ((B?,I(X) NAE)\ Ula‘(xa,j_l)) < 2e.

But now, from the very definition (4) of the rescaled measure m“j,_l and from the measure doubling property
ensured by the RCD*(K, N) condition, we have that

(B, (9 N A4\ Uk, )

)

< C(K,N) m’, ((B‘j.,l(;z) N A\ Uk(xa. j)) < 2C(K. N) & <

| =

fore < m. Since by definition U(x,, j~!) C Ry, the last inequality clearly contradicts for j large
enough. O
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6.3. m-a.e. uniqueness of tangent cones. The k-rectifiability of A; establishes immediately that for m-a.e.
x € Ay, the tangent cone is unique and isomorphic to the euclidean space R¥; the m-a.e. uniqueness of tangent
cones of RCD*(K, N)-spaces expressed in Theorem|[I.2) will then follow from Lemmal6.2} For completeness
sake we include the argument:

Theorem 6.7. Let (X,d, m) be an RCD*(K, N)-space and let Ay, be defined in (56)), for 1 < k < N. Then, for
m-a.e. x € Ay the tangent cone is unique and k-dimensional euclidean, i.e.

Tan(X, d, m, x) = {(R", dg, %, 0")} . (79)

Proof. Let S, C X be defined by
1
S, = {x € X : A(Y,dy,my,y) € Tan(X,d, m, x) with D, (¥, dy, my, y), (R, ds, £, 09)) > -}
n

Observe that S, C X is analytic since it can be written as projection of a Borel subset of X X .Zc(:

Sa=T0 {A n (U{x} X (e \ Bry(RE, dge, Z4, 0")))” :

xeX

where A C X X ./, is the Borel subset (see the proof of Lemma [6.1) defined in (61)). In order to get the
thesis it is clearly enough to prove that m(A; N S,) = 0, for every n € N. If by contradiction for some n € N
one has m(A; N S ,) > 0, then there exists an m-density point X € Ay of Ay N S, i.e.

m (AN S, N BYD))
mm
0 m(Bd®)

=1 . (80)

Repeating the first part of the proof of Theorem we get that for &3 = ﬁ and for every £1,01 > 0 (to be
fixed later depending just on K and N) there exists ro = ry(X, €3,&1,01) > 0 such that the rescaled space
(X, o 14, mfo, X) has a subset U ifl 51 satisfying

m (BS(®\ UL ;) <281 81)

and such that, for every x € B‘rjo XNnU ’g‘l 5> one has

DC(.) ((X, (I”I"())_ld, mx )_C), (Rk, de, .,%(, Ok))

rro?

1
< — forevery 0 <r<20; . (82)
2n
The last property (82) implies that, for every x € B‘r’O()‘c)ﬂ U ’8‘1 ;> one has Tan(X,d, m,x) C B L ((Rk’ dgt, % ()k))
50, by the very definition of S ,, that S , B3 ())NU% = O or, in other terms, AxNS ,NBY (X) C B (D\UE .

But now, from the very definition (4)) of the rescaled measure mfo and from the measure doubling property
ensured by the RCD*(K, N) condition, we have that

m(Ac NS, N BY (%) ) . 1
( 0 55() < C(K,N) mf, (Ax 0 S, N B (%)) < C(K,N) mf, (B () \ U ;) < 2C(K.N)ey < 5

m (B4 (9) ’ 2
forg < m where we used (§1)). For o > 0 small enough this clearly contradicts . O
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