“ENTROPIC” SOLUTIONS TO A THERMODYNAMICALLY CONSISTENT PDE
SYSTEM FOR PHASE TRANSITIONS AND DAMAGE
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ABSTRACT. In this paper we analyze a PDE system modelling (non-isothermal) phase transitions and damage
phenomena in thermoviscoelastic materials. The model is thermodynamically consistent: in particular, no
small perturbation assumption is adopted, which results in the presence of quadratic terms on the right-hand
side of the temperature equation, only estimated in L!. The whole system has a highly nonlinear character.

We address the existence of a weak notion of solution, referred to as “entropic”, where the temperature
equation is formulated with the aid of an entropy inequality, and of a total energy inequality. This solvability
concept reflects the basic principles of thermomechanics as well as the thermodynamical consistency of the
model. It allows us to obtain global-in-time existence theorems without imposing any restriction on the size of
the initial data.

We prove our results by passing to the limit in a time discretization scheme, carefully tailored to the nonlinear
features of the PDE system (with its “entropic” formulation), and of the a priori estimates performed on it.
Our time-discrete analysis could be useful towards the numerical study of this model.

Key words: damage, phase transitions, thermoviscoelasticity, global-in-time weak solutions, time discretiza-
tion.
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1. Introduction
We consider the following PDE system
Iy + X0 + pd div(ny) — div(K(W) V) = g + a(X)e(w)Ve(uy) + [X¢|* in Q x (0,7), (1.1)
uy — div(a(X)Ve(uy) + b(X)Ee(u) — p91) =f in Q x (0,7), (1.2)

Ee(u)

X 4 101 o 0)(X2) — div([VXP2VX) + W' (X) 5 —b’(x)% +9 inQx(0,T), (1.3)

supplemented with the boundary conditions (here n denotes the outward unit normal to 92)
K@)V -n =h, u =0, OpX =0 on 90 x (0,7T). (1.4)

Equations (1.1)—(1.3) were derived according to M. FREMOND’s modeling approach (see [12, 13]), in [28]. There,
it was shown that this PDE system describes (non-isothermal) phase transitions, or (non-isothermal) damage,
in a material body occupying a reference domain Q C R9, d € {2,3}. We refer to [28] for a quite detailed
survey on the literature on phase transition and damage problems in thermoviscoelasticity. In (1.1)—(1.3),
the symbols ¥ and u respectively denote the absolute temperature of the system and the small displacement
vector, while X is an internal parameter: its meaning depends on the phenomenon described by (1.1)—(1.3),
which also determines the choices of the coefficients a and b in the momentum equation (1.2), and of the
constant p € {0,1} in (1.3). More precisely,
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- the choices a(X) = 1—X and b(X) = X correspond to the case of phase transitions in thermoviscoelastic
materials: in this case, X is the order parameter, standing for the local proportion of one of the two
phases. We assume that X takes values between 0 and 1, choosing 0 and 1 as reference values: in
the case of phase transitions, X = 1 stands for the liquid phase while X = 0 for the solid one and
one has 0 < X < 1 in the so-called mushy regions. Unidirectionality, or irreversibility, of the phase
transition process may be encompassed in the model by taking g = 1 in (1.3), which “activates” the
term OI(_o0)(X¢) (i.e. the subdifferential in the sense of convex analysis of the indicator function
I(_,0), evaluated at X;), yielding the constraint X; < 0 a.e. in Q2 x (0,7"). The meaning of a(X) =1-X
and b(X) = X in (1.2) is that, in the purely solid phase X = 0 only the elastic energy, in addition to
the thermal expansion energy, contributes to the stress o = a(X)Ve(uy) + b(X)Ee(u) — pd1 (where E
and V are the elasticity and viscosity tensors, respectively). Instead, in the purely liquid, or “viscous”,
phase X = 1 only the viscosity contribution remains, whereas in mushy regions both elastic and viscous
effects are present.

- The choices a(X) = b(X) = X correspond to damage. In this case, X is the damage parameter, assessing
the soundness of the material microscopically, around a point in the material domain . In fact, we
have X = 0 in the presence of complete damage, while X takes the value 1 when the material is fully
sound, and 0 < X < 1 describes partial damage.

Finally, K in (1.1) is the heat conductivity, W in (1.3) is a mixing energy density, which we assume of the form

W = E—i— 5 with ﬁ: dom(ﬁ) — R convex, possibly nonsmooth, and 7 € C*(R),

while f is a given bulk force, and g and h heat sources.

Observe that, in the case when both coefficients a(X) and b(X) in the momentum equation degenerate to
zero (which happens, for instance, with a(X) = b(X) = X, when complete damage occurs), the equation for u
loses its elliptic character. This leads to serious troubles as, for instance, no control of the term b’ (X)%
on the right-hand side of (1.3) is possible. That is why, in what follows we shall confine our analysis of system
(1.1)~(1.3) only to the case case in which the functions a, b € C!(R) are bounded from below away from 0
(cf. (2.16) in Sec. 2). The reader may refer to our previous contribution [28], where we deal with complete
damage and elliptic degeneracy of the momentum equation, in a simplified case.

In fact, in [28] we analyzed the following reduced system
I + X9 + pddiv(uy) — div(K(W)VI) =g in Q x (0,7),
uy — div(a(X)Ve(u) + b(X)Ee(u) — pd1) =f in Q x (0,7),
g(u)Ee(u)
2

where the quadratic contributions in the velocities on the right-hand side in the internal energy balance (1.1)

(1.5)

Xy + pOI(— oo 0 (X¢) — div([VX[PT2VX) + W' (X) > —b'(X) +49 inQx(0,7T),

are neglected by means of the small perturbation assumption (cf. [14]).

In this paper, instead, we address the full system (1.1)—(1.3). Let us stress that, since we keep the quadratic
terms a(X)e(u;)Ve(u;) and |X;|? on the right-hand side of (1.1), the model is thermodynamically consistent, as
shown in [28]. However,

- the highly nonlinear character of the whole system, with the multivalued term 0I(_ 0(X¢) and the
possibly nonsmooth contribution B to the energy W;
- the quadratic terms on the right-hand side of (1.1), which make it difficult to get suitable estimates
on (4, u, X),
bring about severe difficulties in the analysis of (1.1)—(1.3). This is the reason why we are going to develop an
existence analysis only for a suitable weak solution concept for (1.1)—(1.3), which we illustrate in the following
lines.
The “entropic” formulation. We resort to a weak solution notion for (1.1)—(1.3) partially mutuated from
[9]. There, a thermodynamically consistent model for phase transitions, consisting of the temperature and
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of the phase parameter equations, was analyzed: the temperature equation, featuring quadratic terms on its
right-hand side, was weakly formulated in terms of an entropy inequality and of a total energy inequality. In
the present framework, the pointwise internal energy balance (1.1) is thus replaced by this entropy inequality

//log )+ X) <ptdxd7’+p//d1v uy godo:drf// 9)Vlog(d) - Vo da dr

// v1og (¥) - Vﬁdxdr—// g+ a( )s(ut)Ve(ut)+|Xt\2)%dxdr (1.6)

/ / h‘p s dr,
o0

where ¢ is a sufficiently regular, positive test function (cf. (2.37)), coupled with the following total energy

inequality
5(ﬂ(t),u(t),ut(t),x(t))S5(19(5),u(s),ut(s),X(s))+/ /ﬂgdde—/O aﬂhder—f—/ /Qf-utdxdr,(l.ﬂ
where

! 2 1 u u T 1 Pdx T
E (Y, u,uy, X) .:/Qﬁdx—l-§/g|ut| d:z:+2/Qb(X(t))s( (t))Ee(u(t))d +p/Q|VX| d +/QW(X)d . (1.8)

Both (1.6) and (1.7) are required to hold for almost all ¢ € (0,7 and almost all s € (0,¢), and for s = 0. This
formulation of the heat equation has been first developed in (7, 2] in the framework of heat conduction in fluids,
and then applied to a phase transition model, also derived according to FREMOND’s approach [12], firstly in [9].
Successively, the so-called entropic notion of solution has been used to prove global-in-time existence results in
models for special materials like liquid crystals (cf. [8], [10], [11]), and more recently in the analysis of models
for the evolution of non-isothermal binary incompressible immiscible fluids (cf. [6]).

This notion of solution for the temperature equation corresponds exactly to the physically meaningful
requirement that the system should satisfy the second and first principle of Thermodynamics. Indeed, one
of the main advantages of this formulation resides in the fact that the thermodynamically consistency of the
the model immediately follows from the existence proof. It can be also shown that it is consistent with the
standard one, (cf. the discussion in Sec. 2.3, in particular Remark 2.3, and in [9]).

From an analytical viewpoint, observe that the entropy inequality (1.6) has the advantage that all the
troublesome quadratic terms on the right-hand side of (1.1) feature as multiplied by a negative test function.
This, and the fact that (1.6) is an inequality, allows for upper semicontinuity arguments in the limit passage
in a suitable approximation of (1.6)—(1.8).

In addition to (1.6)—(1.8), the entropic formulation of system (1.1)—(1.3) also consists of the momentum
balance (1.2), given pointwise a.e. in 2% (0,7"), and of the internal variable equation (1.3). The latter is required
to hold pointwise almost everywhere in the reversible case y = 0. In the irreversible case y = 1, we confine the
analysis to the case in which 3 is the indicator function Ijp, 150y of [0, 400), hence W (X) = Ijg 400)(X) + 7 (X).
For reasons expounded in Sec. 2.3, we have to weakly formulate (1.3) in terms of the requirement X; < 0 a.e.
in Q x (0,7, of the one-sided variational inequality

E
/ (xt — div([VXP2VX) + € +4(X) + b’(x)w - 19) Ydz > 0 for all ¥ € WEP(Q) with ¢ < 0,
Q
(1.9)
almost everywhere in (0,7T) (where v :=%’), and of the energy inequality
! 1
/ / X, 2 dar dr +/ <|VX(t)|” + W(X(t))> dz
s /0 QAP (1.10)

g/ﬂ(}hvx( )P+ W(X )dx—|—/ /th< b (X ) £() 19) dzdr
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for all t € (0,7] and almost all s € (0,t), with £ a selection in the (convex analysis) subdifferential 83()() =
0110, 400) (X) of Ijg oc)- In [28, Prop. 2.14] (see also [16]), we prove that, under additional regularity properties
any weak solution in fact fulfills (1.3) pointwise.

Let us also mention that other approaches to the weak solvability of coupled PDE systems with an L'-right-
hand side are available in the literature: in particular, we refer here to [33] and [30]. In [33], the notion of
renormalized solution has been used in order to prove a global-in-time existence result for a nonlinear system
in thermoviscoelasticity. In [30] the focus is on rate-independent processes coupled with viscosity and inertia
in the displacement equation, and with the temperature equation. There the internal variable equation is
not of gradient-flow type as (1.3) but instead features a 1-positively homogeneous dissipation potential. For
the resulting PDE system, a weak solution concept partially mutuated from the theory of rate-independent
processes by A. MIELKE (cf., e.g., [22]) is analyzed. An existence result is proved combining techniques for
rate-independent evolution, with Boccardo-Gallouét type estimates of the temperature gradient in the heat
equation with L'-right-hand side.

Our existence results. The main results of this paper, Theorems 2.5 and 2.8, state the existence of entropic
solutions for system (1.1-1.4) in the irreversible (u = 1) and reversible (u = 0) cases.

More precisely, in the case of unidirectional evolution for X we can prove the existence of a global-in-
time entropic solution (i.e. satisfying the entropy (1.6) and the total energy (1.7) inequalities, the (pointwise)
momentum balance (1.2), the one-sided (1.9) and the energy (1.10) inequalities for X). We work under fairly
general assumptions on the nonlinear functions in (1.1)—(1.3). More precisely, we require that a and b are
sufficiently smooth and bounded from below by a positive constant, b convex, and we standardly assume that
W = I, 400) + 7, with 7 smooth and A-convex. A crucial role is played by the requirement that the heat
conductivity function K = K(¢) grows at least like 9" with x > 1, and that the exponent p in the gradient
regularization of the equation for X fulfills p > d. This ensures that X is estimated in WP(Q) c C°(Q).
Moreover, under some restriction on x (i.e. K € (1,5/3) for space dimension d = 3), we can also obtain an
enhanced regularity for ¥ and that conclude that the total energy inequality actually holds as an equality.

In the reversible case (u = 0), instead, under the same assumptions above described (but with a general B),
we improve the estimates, hence the regularity, of the internal variable X. Therefore, we prove the existence of
a weak formulation of (1.1)—(1.3), featuring, in addition to (1.6), (1.7), and (1.2), a pointwise formulation of
equation (1.3). Again, in the case of the aforementioned restriction on x, we enhance the time-regularity of 9.
What is more, also exploiting the improved formulation of the equation for X, we are able to conclude existence
for a stronger formulation of the heat equation (1.2), of variational type. Instead, a uniqueness result seems to
be out of reach, at the moment, not only in the irreversible but also in the reversible cases (cf. Remarks 2.6
and 2.9). Only for the isothermal reversible system a continuous dependence result, yielding uniqueness, can
be proved exactly like in [28, Thm.3].

Finally, in the last Section 6 we address the analysis of system (1.1)-(1.3), with 4 = 1, in the case the
p-Laplacian regularization in (1.3) is replaced by the standard Laplacian operator. We approximate it by
adding a p-Laplacian term, modulated by a small parameter §, on the left-hand side of (1.3), so that Thm. 2.8
guarantees the existence of approximate solutions (s, us, Xs). Then, we let 6 tend to zero. In this context, the
enhanced elliptic regularity estimates on the momentum equation exploited in the proof of Thm. 2.5, and which
would here yield some suitable compactness for the quadratic term a(X;s)e(9pus)Ve(dpus) on the right-hand
side of (1.1), are no longer available. In fact, they rely on the requirement p > d. A crucial step for proving
the existence of (a slightly weaker notion of) entropic solutions to system (1.1)—(1.3) (cf. Theorem 6.2), then
consists in deriving some suitable strong convergence for (Oyus)s with an ad hoc technique, strongly relying on
the fact that © = 1, and on the additional assumption that b is non-decreasing.

Our main existence results Thms. 2.5 and 2.8 are proved by passing to the limit in a time-discretization
scheme, unique for the reversible and the irreversible cases, carefully tuned to the nonlinear features of the PDE
system. In particular, it is devised in such a way as to obtain that the piecewise constant and piecewise linear
interpolants of the discrete solutions satisfy the discrete versions of the entropy inequality (1.6), of total energy



A PDE SYSTEM FOR PHASE TRANSITIONS AND DAMAGE IN THERMOVISCOELASTICITY 5

inequality (1.8), and of the energy inequality (1.10) in the case u = 1. Moreover, with delicate calculations we
are also able to translate on the time-discrete level a series of a priori estimates on the heat equation, having
a nonlinear character. This detailed time-discrete analysis could be interesting in view of further numerical
studies of this model.

Plan of the paper. In Section 2 we fix some notation, state some preliminaries that will be used in the rest of
the paper, list our assumptions on the data as well as our main global-in-time existence results. In Section 3 we
perform a series of formal a-priori estimates on our system. We render them rigorously in Section 4, where we
set up our time-discrete scheme. Theorems 2.5 and 2.8 are proved by passing to the limit in the approximated
entropy and energy inequality, as well as in the discretized versions of (1.2) and (1.3), throughout Sec. 5.
Section 6 is then devoted to the proof of Theorem 6.2.

2. Setup and results

After fixing some notation and results which shall be used throughout the paper, in Section 2.2 we collect
our working assumptions on the nonlinear functions K, a, b, and W in the PDE system (1.1)—(1.3), and on the
data. Then, in Secs. 2.3 and 2.4 we discuss the weak formulations of (the initial-boundary value problem for)
(1.1)—(1.3) in the irreversible and reversible cases, respectively corresponding to g =1 and p =0 in (1.3).

2.1. Preliminaries.

Notation 2.1. Throughout the paper, given a Banach space X we shall denote by || - ||x its norm, and use
the symbol (-,-)y for the duality pairing between X’ and X. Moreover, we shall denote by BV ([0, T]; X) (by
CO .([0,T]; X), respectively), the space of functions from [0,7] with values in X that are defined at every

weak
t € [0,T] and have bounded variation on [0,T] (and are weakly continuous on [0, T, resp.).

Let © C R be a bounded domain, d € {2,3}. We set Q := Qx (0, T). We identify both L2(Q) and L?(Q;R?)
with their dual spaces, and denote by (,-) the scalar product in R?, by (-, -)12(0) both the scalar product in
L2(Q2), and in L%(Q;R?), and by H}(Q;R?) and HZ(£2;RY) the spaces

HI(Q;RY) :={ve H(Q;RY) : v=0 on 9N}, endowed with the norm ||V||§{3(Q,Rd) = / e(v): e(v) dz,
' Q
HZ(uRY) = {ve H*(RY) - v=0 on o0 }.

Note that || - || g1 (@re) is @ norm equivalent to the standard one on H'(€;R?). We will use the symbol D(Q)
for the space of the C'*°-functions with compact support on @ := Q x (0,T) and for ¢ > 1 we will adopt the
notation

Wi’q(Q) ={(eW"(Q) : ((z) >0 foraa.zeQ}, andanalogously for whi(Q).

We denote by A, the p-Laplacian operator with zero Neumann boundary conditions, viz.
A, WHP(Q) — WHP(Q) given by (Apt; V) 1 () = /Q |VulP~2Vu - Vode .
In the weak formulation of the momentum equation (1.2), besides V and € we will also make use of the operator
€, L) — H-U(RY) defined by (€,(6), V) 1 ) i= / 0 div(v) da. (2.1)
’ Q

Finally, throughout the paper we shall denote by the symbols ¢, ¢/, C, C’ various positive constants depend-
ing only on known quantities. Furthermore, the symbols I;, i = 0,1, ..., will be used as place-holders for several
integral terms popping in the various estimates: we warn the reader that we will not be self-consistent with
the numbering, so that, for instance, the symbol I; will occur several times with different meanings.

Recaps of mathematical elasticity. The elasticity and viscosity tensors fulfill

E = (eijen), V = (vijpn) € CH(Q; RIxdxdxd) (2.2)
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with coefficients satisfying the classical symmetry and ellipticity conditions (with the usual summation con-
vention)

€ijkh = €jikh = €khij » Vijkh = Vjikh = Ukhij
Joap >0 eijknijSrn = iy V&t & = &ji (2.3)
360 >0: Viikh&ij€en = Bo&ii&s; V&t & = &

Observe that with (2.3) we also encompass in our analysis the case of an anisotropic and inhomogeneous
material.

In order to give the variational formulation of the momentum equation, we need to introduce the bilinear
forms related to the X-dependent elliptic operators appearing in (1.2). Hence, given a non-negative function
n € L>®(Q) (later, n = a(X) or n = b(X)), let us consider the bilinear symmetric forms e(n-,-), v(n-,-) :
HE(Q;RY) x HYH(Q;RY) — R defined for all u,v € H} (;R?) by

e(nu, v) := (—div(nEe(u)),v Hl(Qle)_ Z /nemkhgkh )eij (v),

]kh 1

(2.4)
v(nu,v) = (—=div(nVe(u)),v) i1 qray) = Z / N Vijkh €kn(W)ei; (V).
i,5,k,h=1
Thanks to (2.3) and Korn’s inequality (see eg [4, Thm. 6.3-3]), the forms e(n-,-) and v(n-,-) fulfill
,u) > inf, Cil[ull%: 0,
v(nu,u) > infzea(n(x)) Crllul|F: -
(2)
It follows from (2.2) that they are also continuous, namely
3C% >0Vu, ve H&(Q,Rd) : |e(77u,v)| + |v(nu,v)| < CQH?’]HLoo(Q)HuHHl(Q)HVHHl(Q) (26)

We shall denote by €(n-) : HY}(Q;RY) — H-Y(Q;R?) and V(n-) : H (% RY) — H-L(QRY) the linear
operators associated with the forms e(n-,-) and v(n-,-), respectively, that is
(€ 1v) W) gy ey 2= eV, W), (V (V)W) 1 ey = Vv, W) for all v, w € HY(QRY.  (27)
It can be checked via an approximation argument that the following regularity results hold
if n € L=(Q) and u € Hy (% RY), then & (nu), V(nu) € H1(Q;RY), (2.8a)
if n € WH4(Q) and u € HZ(Q;RY), then & (nu), V(qu) € L*(Q;RY). (2.8b)
Finally, let us recall the following elliptic regularity result (see e.g. [23, Lemma 3.2, p. 260])
3C5,Cy >0 Vuc H(;RY) Csllull g2y < [Idiv(e(u))|lz2(0) < Callullg2(q) - (2.9)

Useful inequalities. In order to make the paper as self-contained as possible, we recall here the Gagliardo-
Nirenberg inequality (cf. [24, p. 125]) in a particular case: for all r, ¢ € [1,400], and for all v € L?(Q) such
that Vo € L"(Q2), there holds

1 1
) < Conllvlfr o ol w1th Ry ( - ) H1-0), 0<0<T, (2.10)

lv

d

the positive constant Con depending only on d, 7, g, 6. Combining the compact embedding

oo ifd=2,
for all n > 0, (2.11)

H2(Q;RY) @ Wh —1(; R?Y),  with d* =
6 ifd=3,

(where for d = 2 we mean that H2(;R?) € Wh4(Q;R?) for all 1 < g < 00), with [20, Thm. 16.4, p. 102], we
have
Ye>0 3C,>0 Yue HAXRY ¢ e og < ol + Colulize (212
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We will also use the following nonlinear Poincaré-type inequality (cf. e.g. [15, Lemma 2.2]), with m(w) the
mean value of w:

V¢>0 3C,>0 Ywe HY(Q): [lw|®w| 10y < Cq(IV(Jw|%w) || £2(q) + [m(w)]*T). (2.13)

2.2. Assumptions. In most of this paper, we shall suppose that
QCcRY de{2,3} isabounded connected domain, with C*-boundary 9. (2.14)

This will allow us to apply elliptic regularity results and to conclude H?(2;R?)-regularity for u. In Section 6
we will see that this regularity requirement can be dropped, at the price of proving the existence of a weaker
notion of solution for the irreversible system (cf. Remark 6.3).

We list below our basic assumptions on the functions K, a, b, and W in system (1.1)—(1.3).
Hypothesis (I). We suppose that

the function K : [0, +00) — (0,400) is continuous and

2.15
Jeg, 1 >0 k>1 VI €[0,400) : co(l+9%) < K@) <er(1+9%). (2.15)
We will denote by K the primitive R(w) = [ K(r)dr of K.
Hypothesis (II). We require
ac CHR), be C*(R) and Ico >0 : a(x), b(x) > ¢y for all z € R (2.16)

and that the function b is convex. The latter requirement could be weakened to A-convexity, i.e. that b is
bounded from below (cf. also (2.19)), see. Remark 4.9 later on.
Hypothesis (III). We suppose that the potential W in (1.3) is given by W = 8+ 7, where

B: dom(ﬁ) — R is proper, Ls.c., convex , 7 € C*(R), (2.17)
Few, cy >0 W(r) > ewlr| =y Vr € dom(B). (2.18)

Moreover, we impose that
IA>0 VreR: 7'(r)> -\ (2.19)

Hereafter, we shall use the notation
=08, =%

-~

Observe that, we have not required that dom(3) C [0,+o0c), which would enforce the (physically feasible)
positivity of the phase/damage variable X. In fact, for the analysis of the irreversible case (i.e. with p = 1),

~

we will have to confine the discussion to the case 3 = Ijg 1), cf. Hypothesis (IV) later on. Instead, in the

reversible case p = 0, we will allow for a general B (complying with Hypothesis (I1I)).

Remark 2.2 (A generalization of the p-Laplacian). In fact, our analysis of system (1.1)—(1.3) extends to the
case the p-Laplacian operator —div(|VX[P=2VX), with p > d, is replaced by an elliptic operator B : WHP(Q) —
WLP(Q)* of the form

(B(X), V)yy1(q) = /chgﬁ(x,VX(:c)) - Vo(z) de, (2.20)
where ¢ : Q x RY — [0, +-00) is a Carathéodory integrand such that
the map ¢(z,-) : R? — [0, 4+00) is convex, with ¢(z,0) = 0, and in C*(R?) for a.a. z € Q,

d(z,¢) > c3|C|P — ca,
IVeo(z, )| < es(1+ [P

This more general framework was analyzed in [28], to which we refer the reader for all details.

des, ¢4, c5 >0 for a.a.xz € ) VCERd: {
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Problem and Cauchy data. We suppose that the data f, g, and h fulfill

f e L*0,T; L*(Q;RY)), (2.21)
g€ L0, T; LY Q) NL*0,T; H'(Q)), ¢g>0 ae. inQx(0,T), (2.22)
he LY 0,T;L*(0%)), h>0 ae. in 92 x (0,7T), (2.23)
and that the initial data comply with
do € L(Q), IV, >0: info > v, >0, log ¥y € L*(Q), (2.24)
w € HE (G RY),  vo € LX(RY), (2.25)
Xo € WHP(Q),  B(Xo) € LY(Q). (2.26)

2.3. A global existence result for the irreversible system. Before stating precisely our notion of weak
solution to (the initial-boundary value problem for) system (1.1)—(1.3) in the case of unidirectional evolution,
let us briefly motivate the weak formulations for the heat balance equation (1.1), and for the phase/damage
parameter subdifferential inclusion (1.3) (with g = 1). They will be coupled with the pointwise (in time and
space) formulation of the momentum equation (1.2) (cf. (2.40) later on).

For (1.1), we adopt the weak formulation of proposed in [2, 7, 9]. It consists of a so-called “entropy
inequality”, and of an “energy conservation” identity. The former is obtained by formally dividing (1.1) by 9,
and testing it by a smooth test function ¢. Integrating over space and time leads to

/ / (0¢ log(¥) + X¢ + pdiv(uy)) o dx dt+/ / )V log(9) Ve dx dt

/ / V log(¥)V dx dt

/ /g+ ut)vg(ut)+|xt|)ﬂdxdt+/ /a e dsdt
(2.27)

for all p € D(Q). Then, the entropy inequality (2.37) below follows. The total energy identity (2.38) associated
with system (1.1)—(1.3) is obtained by testing (1.1) by 1, (1.2) by u;, and (1.3) by X;.

Remark 2.3. Conversely, it can be checked that, when the functions ¥ and X are sufficiently smooth, inequal-
ities (2.37)—(2.38), combined with (1.2) and (1.3), yield the heat equation (1.1).

Indeed, the weak formulation of (1.1) is equivalent, for sufficiently smooth solutions, to the (2.37) with
identity sign. Hence, let us suppose, by contradiction, that (2.37) holds with strict inequality sign (hence,
(1.1) does not hold). Then, using (1.2) and (1.3), we can conclude that the total energy balance (2.38) is not
satisfied.

However, at the moment the necessary regularity for 1 and X to carry out this argument is out of reach.

Let us emphasize that the entropy inequality (2.37) below has the advantage that all the troublesome
quadratic quantities on the right-hand side of (1.1) are tested by the negative function —¢. This will allow
for upper semicontinuity arguments in the limit passage for proving the existence of weak solutions, cf. Sec. 5
later on. Let us also mention in advance that, when dropping the unidirectionality constraint (i.e., in the case
i = 0), under an additional condition (cf. Hypothesis (V)), we will be able to get an existence result for an
improved formulation of (1.1), cf. Theorem 2.8 below.

A significant difficulty in the analysis of system (1.1)—(1.3) is due to the triply nonlinear character of (1.3),
featuring, in addition to the p-Laplacian and to § = 85 which contributes to W', the (maximal monotone)
operator OI(_ o). Since the latter is unbounded, it is not possible to perform comparison estimates in (1.3) and
an estimate for the terms A,X and G(X) (treated as single-valued in the context of this heuristical discussion)
could be obtained only by testing (1.3) by 9,(4,X + B(X)). However, the related calculations, involving an
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integration by parts in time on the right-hand side of (1.3), cannot be carried out in the present case. That is
why, we need to resort to a weak formulation of (1.3) which does not feature the term A, X + 3(X). We draw
it from [16, 17], and as therein we confine the analysis to the particular case in which

Hypothesis (IV).

3= Ijg 1 o0)- (2.28)
This still ensures the constraint
X e0,1] a.e. inQx(0,7) (2.29)
provided we start from an initial datum Xy < 1 a.e. in £, we will obtain by irreversibility that X(¢) < Xy <1
a.e. in Q, for almost all ¢t € (0,T).
To motivate the weak formulation of (1.3) from [16, 17], we observe that (1.3) rephrases as

X: <0 in x(0,7), (2.30a)
(xt — div([VXPP2VX) + € +4(X) + bl(X)w - 19) $>0forally <0 inQx(0,T), (2.30b)
(Xt — div(|VX[P72VX) + € +y(X) + b’(X)% - 19) X; <0 in Q x (0,7), (2.30c¢)

with § € 0ljp 400y (X) in © x (0,7). Our weak formulation of (1.3) in fact consists of (2.30a), of the inte-
grated version of (2.30b), with negative test functions from WP(€), and of the energy inequality obtained
by integrating (2.30c). In [28, Prop. 2.14] (see also [16, Thm. 4.6]), we prove that, under additional regularity
properties, any weak solution in the sense of (2.41)—(2.44) in fact fulfills (1.3) pointwise.

We are now in the position to specify our weak solution concept, for which we borrow the terminology
from [9].

Definition 2.4 (Entropic solutions to the irreversible system). Let = 1. Given initial data (J¢, ug, vo, Xo)
fulfilling (2.24)-(2.26), we call a triple (9, u,X) an entropic solution to the (initial-boundary value problem)
for system (1.1)—(1.3), with the boundary conditions (1.4), if

9 € L20,T; H () N L>(0,T; L' (), (2.31)
log(¥) € L*(0,T; H*(Q)), (2.32)
u € HY(0,T; HE(;RY)) n W (0, T; HY (Q;RY)) N H2(0, T; L*(;RY)) (2.33)
X € L0, T; WhP(Q)) N H'(0,T; L*(Q)), (2.34)
(9,1, X) complies with the initial conditions
u(0,2) = up(x), w(0,z)=vo(x) for a.a.x € Q, (2.35)
X(0,z) = Xo(x) for a.a.z € Q, (2.36)

(while the initial condition for ¥ is implicitly formulated in (2.38) below), and with the entropic formulation
of (1.1)—(1.3), consisting of
- the entropy inequality for almost all ¢ € (0,7 and almost all s € (0,¢), and for s = 0:

t
/ /(log(ﬂ) + X) oy dxdr—p/ div(u, @dxdr—/ / 9)Vlog(d) - Vi da dr
s Ja s Ja Q

< (108(9(1)), 9(8)) 1,01+ () — {10B(I(5)), 9()) s, () / | K59 10g(0)- Vodear 287

// g+ a(X)e(u)Ve(uy) + [X¢[?) dxdr—// he dsdr
I9)

for all ¢ in CO([0, T]); Wha+<(Q)) for some € > 0, and ¢ € H'(0,T; L5/5(Q)), with ¢ > 0;
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- the total energy inequality for almost all ¢ € (0,T] and almost all s € (0,¢), and for s = 0:

EW(t),u(t), u(t),X(t)) < & (s),u(s),u / / gdadr —|—/ / hdsS dr +/ / f -u;dadr,
oQ
(2.38)
where for s = 0 we read vy, and

£(0,u,u,X) = /Qﬁdx + % /Q |2 dz + %e(b(X(t))u(t),u(t)) + })/Q VAP de + /Q W) de;  (2.39)
- the momentum equation
uy +V(a(X)u) + € (b(X)u) +€,(9) =f ae. inQx(0,7); (2.40)
- the weak formulation of (1.3), viz.

X¢(z,t) <0 for a.a. (z,t) € Q x (0,7), (2.41)

[ (0w + 1930 29x0) - 70 + 600 +2 00 + ¥ (x) Dy iy ae = 0
Q

for all ¢y € W'P(Q), for a.a.t € (0,7),

(2.42)

where £ € 0I}g 4o0)(X) in the sense that
€ LY0,T; L1 ()  and €)= X)) wiwy <0 Vi € WiP(Q), for aa.t € (0,T), (2.43)
as well as and the energy inequality for all ¢ € (0,77, for s = 0, and for almost all 0 < s < ¢

/St/Q|Xt2dxdr+/Q (;|vx(t)”+W(X(t))) dz
g/ﬁ(;wx( P 4+ W (X )d:r—f—/ /xt( V(X ) =(u )+19> da dr.

We now state our existence result for system (1.1)—(1.3) in the case p = 1. As far as the time-regularity
of ¥ goes, observe that we will just prove BV-in-time regularity for log(¢#) (cf. (2.46) below). Indeed, we will
obtain BV-in-time regularity for 9, as well, under an additional restriction on the exponent x in Hypothesis
(I) (note that the range of the admissible values below depends on the space dimension), viz.

Hypothesis (V). The exponent « in (2.15) satisfies

ke(1,5/3) ifd=3andre (1,2) ifd=2. (2.45)

(2.44)

Theorem 2.5 (Existence of entropic solutions, ;= 1). Let p = 1. Assume Hypotheses (I)—(III) and, in
addition, (IV) (i.e., B = lj0,40)), as well as conditions (2.21)—~(2.26) on the data f, g, h, Jo, o, vo, Xo-
Then, there exists an entropic solution (in the sense of Definition 2.4) (¥,u,X) to the initial-boundary value
problem for system (1.1)~(1.3), such that

log(¥) € BV([0, T); Wh4T€(Q)*)  for all € > 0, (2.46)
and £ in (2.43) is given by
£60.) = “Ixcolant) (+(x(a.1) + (1 (z, ) S DEDLRI) 19<sc,zf>)+ L e

for almost all (z,t) € Q x (0,T), where Jy_, denotes the characteristic function of the set {X = 0}, and such
that 39 > 0 such that

W, t) >0 >0 for a.a. (x,t) € Qx(0,T). (2.48)
Furthermore, if in addition K satisfies Hypothesis (V), there holds
9 € BV([0, T); W4 (Q)*) for every e > 0, (2.49)

and the total energy inequality (2.38) holds for allt € [0,T], for s =0, and for almost all s € (0,t).
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Observe that (2.49) yields that there exists D C [0, 7], at most infinitely countable, such that ¥ € C°([0, T\
D; W2d+¢(Q)*). We will develop the proof in Section 5, by passing to the limit in the time-discretization
scheme carefully devised in Section 4.

Remark 2.6 (Uniqueness and extensions). (1) Uniqueness of solutions for the irreversible system, even
in the isothermal case, is still an open problem. This is mainly due to the doubly nonlinear character
of (1.3) (cf. also [5] for non-uniqueness examples for a general doubly nonlinear equation).

(2) Theorem 2.5 could be easily extended to the case in which the indicator function I(_ g in (1.3) is
replaced by

a:R —[0,400] convex, 1-positively homogeneous, with dom(&) C (—o0,0] and 0 € «(0). (2.50)

2.4. A global existence result for the reversible system. In the case u = 0, we are able to cope with
a weak solvability notion for system (1.1)—(1.3) stronger than the one from Definition 2.4. Indeed, it features
a pointwise formulation for the internal parameter equation (1.3), while keeping the entropic formulation for
the heat equation (1.1). Under the additional Hypothesis (V), we will also improve the weak formulation of
the heat equation (cf. (2.54) below). As a byproduct, we will manage to prove the total energy identity for all
te€ 0,7

Definition 2.7 (Entropic solutions to the reversible system). Let 4 = 0. Given initial data (99, ug, v, Xo)
fulfilling (2.24)—(2.26), we call a triple (¥, u, X) an entropic solution to the (initial-boundary value problem) for
system (1.1)—(1.3), with the boundary conditions (1.4), if it has the regularity (2.31)-(2.34), it complies with
the initial conditions (2.35)—(2.36), and with

- the entropy inequality (2.37);

- the total energy inequality (2.38) for almost all ¢ € (0,7}, for s = 0, and for almost all s € (0, t);
- the momentum equation (2.40);

- the internal parameter equation

Xe + ApX +E+v(X) = —b’(x)% +9 a.e. in Q x (0,7), (2.51)
with
€€ L*0,T; L*(Q) st.  &(x,t) € B(X(z,t)) for a.a. (z,t) € Q x (0,T). (2.52)

Our second main result states the existence of an entropic solution (¥, u,X) (in the sense of Definition
2.7) to the PDE system (1.1)—(1.3). Furthermore, we show that, under the additional Hypothesis (V), the
formulation of the heat equation (1.1) improves to a standard variational formulation (cf. (2.54) below), albeit
with suitably smooth test functions, and the total energy inequality (2.38) holds as an equality. We shall refer
to the solutions thus obtained as weak.

Theorem 2.8 (Existence of entropic and weak solutions, u = 0). Let u = 0. Assume Hypotheses (I)—(III)
and conditions (2.21)—(2.26) on the data f, g, h, Yo, g, vo, Xo,. Then, there exists an entropic solution (in
the sense of Definition 2.7) (¥,u,X) to the initial-boundary value problem for system (1.1)—(1.3), such that the
strict positivity property (2.48) holds for 9, and such that X has the enhanced regularity

X € L*(0,T;W'toP(Q))  forall0 <o < %. (2.53)
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Moreover, if K also complies with Hypothesis (V), then ¥ has the enhanced regularity (2.49) and the heat
equation (1.1) is fulfilled in the following weak form for allt € [0,T]

/ )(da) / /ﬁgptdxder/ /Xtﬁgodxderp/ /le w)dpdads
B e(uy Vs(ut) 9
DVIVedrds = + |Xe|* | pdads + hodSds+ [ dop(0)dx
0 Joo Q

for all € C’O([O T); Wite(Q ﬂHl(O T; L6/5( )) for some € > 0.
(2.54)

In this case, the triple (9,u,X) complies with the total energy equality

&(0(t), u(t), (1), X(t)) = £(9(s), u(s), u //gdmdr—i—/ /mhder—i-/ /f u; dzdr,
foral0 <s<t<T. (2.55)

The proof will be given in Section 5, passing to the limit in the time-discretization scheme set up in Sec. 4.
We mention in advance that the argument for (2.54) and for the total energy identity (2.55) for all t € [0, T
relies on obtaining, for the sequence (ug, Xj) of approximate solutions, the strong convergences

w, —u in HY(0,T; HY(Q;RY), X, — X in HY(0,T;L*(Q)). (2.56)

This allows us to pass to the limit on the right-hand side of the approximate version of (2.54). In turn, the
proof of (2.56) is based on a limsup-argument, for which it is essential to have preliminarily obtained the
pointwise formulation (2.51) of the equation for X. This is the reason why we have not been able to obtain the
improved formulation (2.54) in the irreversible case u = 1.

Remark 2.9 (Uniqueness in the reversible case). As in the irreversible case, a uniqueness result for the full
system seems to be out of reach. Instead, for the isothermal case in [28, Thm. 3] we have proved uniqueness
and continuous dependence of the solutions on the data. This result has been obtained in the case the p-
Laplacian operator —div(]VX[P~2VX) is replaced by an elliptic operator of the type described in Remark 2.2,
fulfilling an additional non-degeneracy condition, cf. Hypothesis (VII) in [28]: for instance, we may consider
—div((1 + |Vx[?)P=2)/2),

3. (Formal) A priori estimates

In this section, we perform a series of formal estimates on system (1.1)—(1.3). All of these estimates will be
rigorously justified on the time-discrete approximation scheme proposed in Section 4. Yet, we believe that, in
order to enhance the readability of the paper, it is worthwhile to develop all the significant calculations on the
(easier) time-continuous level. This is especially useful for the Second and the Third a priori estimates, which
have a non-standard character and are in fact tailored to handle the quadratic terms on the right-hand side
of (1.1).

More in detail, we start by showing the strict positivity of the temperature 9, via a comparison argument
in the same lines as the one for proving positivity in [9, Subsection 4.2.1]. All the ensuing estimates rely on
this property, starting from the basic energy estimate (i.e. the one corresponding to the total energy inequality
(2.38)). After this, we test (1.1) by 9*~1, with o € (0,1). This enables us somehow to confine the troublesome
quadratic terms to the left-hand side. Carefully using the Gagliardo-Nirenberg inequality, we infer a bound for
9 in L?(0,T; H()). Ultimately, exploiting the fact that the heat flux K controls ¥* (cf. (2.15)) we conclude
an estimate for o in L?(0,T; H*(£2)). This done, we are in the position to perform all the remaining estimates,
i.e. subtracting the temperature equation tested by 1 from the total energy inequality (2.38); performing an
elliptic regularity estimate on the momentum equation (1.3), and comparison estimates in (1.1) and (1.3).
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We mention in advance that, with the exception of the last one, all of the ensuing estimates hold both in
the reversible (¢ = 0), and in the irreversible (u = 1) cases.
Positivity of ¢ [u € {0,1}]. Scooping all the quadratic terms in (1.1) to the right-hand side, we obtain

9y — div(K(9)VY) = g + a(X)e(uy)Ve(uy) + |X¢ |2 — X409 — pddiv(uy)
> g+ cle(us)[? + % FIGR—C9 > —C9? ae. in Q x (0,T),
where we have written (1.1) in a formal way, disregarding the (positive) boundary datum h. Indeed, for the
first inequality we have used that V is positive definite, that a is strictly positive, and the fact that
|div(ug)] < e(d)|e(uy)| a.e. in Q x (0,7T) (3.1)

with ¢(d) a positive constant only depending on the space dimension d. The second estimate also relies on the
fact that g > 0 a.e. in Q x (0,T"). Therefore we conclude that v solving the Cauchy problem

1
vy = —§v2, v(0) =30, >0

is a subsolution of (1.1). Hence, a comparison argument yields

9(,t) > v(t) >V >0 forallte|0,T]. (3.2)
First estimate [ € {0,1}]. Test (1.1) by 1, (1.2) by us, (1.3) by X; and integrate over (0,t), ¢t € (0,T].
Adding the resulting equations and taking into account cancellations, we obtain

1 1 1 )
/Q I(t)da + 3 /Q |ut(t)|2dx+§e(b(X(t))u(t)7u(t))+;) /Q IVX(8)[P da + /Q W(X(t)) da

1 1 1
= / Yo dx + */ |V0|2d17+ 56([)()(0)1107110) + */ |VXO|pdl‘+/ W(Xo) dz (33)
Q

//gdxds—i—// hdes+/ /f u;dzds,
o0

viz. the total energy equality (2.55). For (3.3), we have also used the integration-by-parts formula

t
1 1 1
/ e(b(X(t))u(s),us(s))ds + 5/ / b (X)Xse(u)Ee(u) de ds = ie(b(X(t))u(t), u(t)) — ie(b(Xo)uo, u)
0 0 Ja
(3.4)
as well as the fact that f(f Jo Ol —s0)(Xe)Xp deds = fot Jol(—o0,0/(X¢)dzds = 0 (where we have formally
written 01— g (Xt) as a single-valued operator). Using (2.21)—(2.26) for the data f, g, h and the initial data
(90, ug, Xo), the positivity of ¥ (cf. (3.2)), and the coercivity (2.18) of W (cf. Hypothesis (III)), also in view of
the Poincaré inequality we conclude the following estimate
9l Lo (0,722 () + [[0llwroo (0,7 L2 (0umay) + 16O 2e() || oo (0,72 (umaxay) + [ X[l L 0,1y < C, (3.5)
as well as
W) o 0,750 () < C- (3.6)
Second estimate [ € {0,1}]. Let F(9) = 9%/a, with o € (0,1). We test (1.1) by F'(9) := 9*~! | and
integrate on (0,t) with ¢ € (0,7]. We thus have

/ (90) dx—l—/ /gF' dxds—i—// hF' (Y des+// e(uy)Ve(uy) F'(9) dz ds
o0
—|—/ / \Xt|2F’(19)dxds:/ dm—l—/ /Xﬂ?F d:cds—i—p/ /ﬂdlv (u,)F'(9)dz ds

/ / )VIV(F'(9)) dx ds
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whence (cf (2 5) and the positivity (2.22) and (2.23) of g and h)

/ / 9)|V(9°72) |2dxds—|—02/ le(we) [2F (9 )dxds+/ / X 2F (9) da ds
Q Q Q
s/ Fo)|de+ I, + I + I,
where we have used (2.5) and (2.16). We estimate
L= /|F e < /maxw M1} de < & /max{ﬁ (), 1}dz < C

since o < 1 and taking into account the previously obtained (3.5). Analogously we can estimate [, |[F(0o)|dx;

moreover,
t
12:/ /|Xt19F 9)|drds < = //|x |>F’ d:cds+/ /F’(ﬂ)z92dxds.
0 JQ

Using (2.16) and inequality (3.1), we have that

I3 = |p|/ /|19d1v u)F'(9)|deds < = //|€ VP (9 dxds—l—C’/ /F’ 9)9? dz ds
with ¢y from (2.16).

< 3/ /|6(ut)|2F/(19)dxds+C/ /F’(z?)ﬁdeds,
4 0 JQ 0o JQ
All in all, we conclude

// )|V (92/2) \Qd:cds—&—f/ /|€ )PF'(9)deds + = //\X |*F'(9) dx ds
§C+C’/ /ﬂaﬂdxds.
0 Jo

Now, we fix ¢ > 4 and introduce the auxiliary quantity 7 := max{1,1}. Observe that 7 is still in (), and

that, for ¢ sufficiently big (see below) we have
a,«Q +1
27 q

Therefore, taking into account that

/ / NV 2 deds > ¢ // ﬁa/2)|2dxds—cl/ / |Vwl|? dz ds,
(9>1}

thanks to (2.15), we infer from (3.7) and (3.8) that

t t
/O/Q|Vw|2dxd8§0+0/0 Hw||%q(mds. (3.9)

We now apply the Gagliardo-Nirenberg inequality for d = 3 (for d = 2 even better estimates hold true), yielding

(3.7)

whence n(@tD/4 < /2 =y, (3.8)

lwll Lage) < erlVollfagmallwll o) + c2llwlr@) (3.10)

with 1 <r < ¢ and 6 satisfying 1/¢ =60/6 + (1 — 0)/r. Hence 6 = 6(q —r)/q(6 — r). Observe that 6 € (0,1) if
¢ < 6 and that, by the way, this restriction on ¢ implies that, for (3.8) we need to have a € [1/2,1). Plugging
the Gagliardo-Nirenberg estimate into (3.9) and using Young’s inequality we ultimately conclude

t
/ /|Vw|2dxds<C’+C/ ol 224, q">d3+c’/ ol g ds (3.11)

Now, choosing r < 2/a, we have that

1/r 1/r
leollor@) = ( / o2 dx) < ( / ndx) < Clll im0 ey + 10 < €
Q Q
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where the latter inequality is due to estimate (3.5). Combining the above estimate with (3.11) we infer a bound
for w = n®/? in L?(0,T; H*(Q)) N L>°(0,T; L"()). Ultimately, also in view of (3.9), we conclude that

1972|120, 7111 () Lo (0,717 (2)) < C- (3.12)

Third estimate [u € {0,1}]. It follows from (3.7) and (2.15) that
t
C>/ / N|V(O?)? dads > c1/ 95|V (92/2) 2 da ds
Q

//\19”+a 2||VY|? dx ds (3.13)
:/ / [V (9+)/2)2 Az ds
0 JQ
with « € [1/2,1) arbitrary.

From (3.13) and the strict positivity of ¥ (3.2) it follows that

t
//\szda:dsgc,
0o Ja

provided that k + o —2 > 0. Observe that, since £ > 1 we can choose @ € [1/2,1) such that this inequality
holds. Hence, taking into account estimate (3.5) and applying Poincaré inequality, we deduce

19| 20,1311 (02)) < C- (3.14)
By interpolation (cf. (2.10)), we also get
19/l 1» w0y < C withh=8/3 ifd=3, h=3 itd=2. (3.15)

For later use, we also point out that estimates (3.13) and (3.14) yield that ||V19("”"*"‘)/2||L2(0,T;L2(Q)) < C.
Combining this with estimate (3.5) and using a nonlinear version of the Poincaré inequality (cf. e.g. (2.13)),
we infer

192 20,7120y 19 220,51 ) < C. (3.16)

Fourth estimate [u € {0,1}]. We test (1.1) by 1, integrate over (0,t), and subtract the resulting identity
from the total energy balance (3.3). We thus obtain

%/Q|ut(t)|2dx+/0 v(a(X)ut,ut)ds+%e(b(X(t))u(t),u(t))Jr/o /Q|Xt|2d:rd5+/ﬂ%|VX(t)|p+W(X(t))dx

1 1 1 t
= = / |l.l()|2 dr + fe(b(Xo)uo, 110) + / 7|vxo‘p +/ W(Xo) dz +/ / 0 (p div u; + Xt) dzds (317)
2 Ja 2 P Q 0o Ja

Q
t
—|—/ /futdxds.
0 Jao

Using now (2.25)—(2.26) to estimate the initial data (ug, Xo), (2.21) on f, Hyp. (III) (which in particular yields
that W is bounded from below), and combining estimate (3.14) on ¢ with (3.1), we obtain

IXell L2 0x 0,7) + la(X) Y 2e(ue) | 2% (0,7)Raxay < C, (3.18)

whence Hut||L2(07T;Hé(Q;Rd)) < C, by (216)
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Fifth estimate [pu € {0,1}]. We use here the crucial assumption that p > d. We test (1.2) by —div(e(uy))
and integrate on time (cf. also [28, Sec. 3]). Using the assumption p > d, we can fix ¢ > 0 such that p > d + ¢,

we get
/ /8 - div(e(uy)) da ds

t
_ / / Vb(X)Ee(u)div(e(uy)) da ds — / b(X)div(E(e(u)))div(e(uy)) do ds
0 Q 0 Q
t
SC/O VOO Late (raylle(@) | Lax —¢ (@raxay [|div(e(ue)) || 2 (;ray ds
t
+C [ Julluean e ney ds
0

t t
< U/O el 2 o ma) ds + Co/o (”XH{Z/VLP(Q)||U-H§{2(Q;]Rd) + ||u||§12(Q;Rd)) ds.

Here, d* is from (2.11) and we have exploited inequality (2.12) with a constant o that we will choose later, and
some C, > 0. Moreover, we have used that [|b(X)|| e+c() < C[IX|lw1r(q). Furthermore, relying on the elliptic
regularity result in (2.9) and on (2.16), we obtain

//V X)uy)) - div(e (ut))dxds—// —Va(X)Ve(u)div(e(us)) de ds (3.19)
/ / X)div(V(e(u)))div(e(wy)) dz ds

t
e / / div(e(u,) deds + I > ¢ / el 2 0y ds + I,
0 Q 0

where we get

|| =

t
Va(X)Vs(ut)div(s(ut))‘ dzds
Q
t
< C/ [Va(X) | La+c(amaylle(e)l Lar—c (@raxay [ div(e(ue)) || L2 (iray ds
0
t t
<8 [ B 45+ Cs [ 19000 Bose e e ooney ds

t t t
< 5/0 el 772 ey d5+0692/0 HXH%VLP(Q)IIUtII?Iz(Q;Rd)d5+0609/0 X1y (g 1122 200y s

again exploiting (2.12), for some positive constants ¢ and g that we will choose later and for some Cs, C, > 0.
Moreover, we also have that

t
‘p/ VY - div(e(uy)) dz ds
0o Jao

t t
<0 [ Il ey ds+Cy [ 19900 4 (3.20)

holds true for some positive constant 1 to be fixed 1ater and for some C; > 0. Collecting (3.19)-(3.20), (3.5)
and (3.14), and also using that [, uydiv(e(u,))da = 1% ([, [e(u,)[? dx) we conclude that

1 ¢ 1 c
5/9 |5(ut(f))|2dm+c/0 |2 om0y ds S5/9|<€(V0)|2d$+C||f||i2(o,T;LZ(sz;Rd)) ™ 5/0 e 2 yz0) ds

t s
e (1 R R T drds) ,

t
where we have used the fact that fo ||u||H2(Q oy ds < ||u0\|%12(9;Rd) + s ||ut||§{2(Q;Rd) drds and chosen o,
4, o0 and 7 sufficiently small. Taking into account condition (2.21) on f, the assumptions on the initial data
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(2.25), and using a standard Gronwall lemma, we conclude
el 20,652 (2ra)) Lo (0,652 (:re)) < C- (3.21)
By comparison in (1.2), taking into account the regularity property (2.8b), we also get
el 220,62 (ray) < C. (3.22)

Sixth estimate [ € {0,1}]. We multiply (1.1) by %, with w a test function in W'4(Q)NL>(Q) (in particular,
this is true for w € WH4+¢(Q) with € > 0). We integrate in space, only. We thus obtain (cf. (2.27)) that

/&log(ﬁ)wdx /dex K() /@\Vﬁﬁwdx +’/ Jwdz / hwdS‘
Q Q Q Q o9

——=Vv-Vwd
/Q 9 w x‘ + 9

=h+L+L+14+ 15
where we have used the place-holders H := —X,; — pdiv(w;) and J := % (g+a(X)e(u;)Ve(u;) +|X,[*). Estimate
(3.18) yields that ||H||12(0,7;02()) < C, therefore |I| < H(t)||lw| r2(q) with H(t) = [|H(-,t)||r2) € L*(0,T).
Analogously, also in view of (2.22) and of (3.2) we have that

< + +

1
Hal < 5= 3(O)llwllei@)  with 3(8) = [T, )L o) € L'(0,T). (3.23)

Moreover, |I5| < [|h(t)]| 200 |0l L2 (00), with ||k(t)]|L200) € L*(0,T) thanks to (2.23). Using the growth
condition (2.15) for K, we estimate

1
|I2| < C/ ﬁﬁ_l‘Vﬁva‘ dz + C/ 5|V19HVU}‘ de =11 + Iz . (3.24)
Q Q
Thanks to the previously proved positivity (3.2), we have
C .
L2 < 5 0| Vullzomey  with O() := [VI@)l| 12(ma) € L*(0,T)

by (3.14). We estimate Io; via the Holder inequality, taking into account (3.13) and (3.16), whence, for
d € {2,3},

Iy, < C||19(H+a72)/2vq9”LQ(Q;Rd)“19(K7a)/2||L6(Q)”vw”LS(Q;Rd) = CO*(t)||IVw| L3 (a;re)
with 0% () == [[9(t) T2 2V0(1)[| 2 qupa) 19 (£) 2| Loy € L'(0, T).
Finally, we have
|I3] < 0/919"’2|V19|2|w| dz + C/Q %|V19|2\w| do =1I31 + I30. (3.25)

The positivity property (3.2) again guarantees

C .
I3 < @O(t)QHWHLM(O,T) with O(t)* € L'(0,T)

while, using that 952 < c9*+t*=2 4 ¢/, we infer
iy < ooy ([ 9742 2V0R dn b ¢ [ [902a0) = full @000
Q Q

(3.26)
with O, (t) = c/Qﬁ(t)”+a—2|w(t)|2dx + c’/Q |VI(t)|*dz € L'(0,T),

thanks to (3.13) and (3.14).
Collecting all of the above calculations, we conclude that

[0¢ log ()| L1 (0,7, (wr e (@)L= ())) < C. (3.27)
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Seventh estimate [ € {0,1}], x € (1,5/3) if d =3 and k € (1,2) if d = 2. Assume in addition Hypothesis
(V). We multiply (1.1) by a test function w € W1>°(Q) (which e.g. holds if w € W%2+¢(Q) for ¢ > 0). By

comparison we have
/ Lwdz
Q

/ Jyw da
Q

where we have set L = —X;¥ — pddiv(u;) + g + a(X)e(u;)Ve(u;) + |[X¢|?. Therefore,

< - +

hUJdS‘ ill —1—12 +I3,

/ K()VY - Vwdx
Q a0

(L] < L@)[wllpoe@)  with £(2) = [[L(1)]| 1) € LN0,T),  |Is] < [|h(t)]| 200wl 2200y With h € L1(0,T)

thanks to (3.14), (3.18) and (2.23), respectively. As for I, in view of (2.15), taking into account (3.13) and
using the Hoélder inequality, we obtain

|| < C90=FD2| Lo ) |92 20| L2 ey | V0| oo () + CIVI L2srey [ V|| L2 0may-  (3.28)

Observe that, since o can be chosen arbitrarily close to 1, in view of estimate (3.15) we have that 9(®—+2)/2
is bounded in L?(0,T; L?(R)) if and only if x < 2 if d = 3, and & < 2 if d = 2. Under this restriction on x, we
have that |Io| < CL*(¢)||Vw]|| = (q) for some L* € L*(0,T). Ultimately, we conclude that

[9¢l 0,7 w10 () < C. (3.29)

Eighth estimate [;x = 0]. In view of the previously obtained estimates (3.5), (3.14), (3.18), and (3.21), a
comparison in equation (1.3) yields that (recall that £ is a selection in 8(X) a.e. in © x (0,7)),

Ay (X) +&llz2(0,1:22(0)) < C

whence, by standard elliptic regularity,

1A, O 20, 7:22(2)) + 1€l 220,522 (02)) < C- (3.30)

In view of the regularity results [31, Thm. 2, Rmk. 2.5], we finally infer the enhanced regularity (2.53) for X. m

Remark 3.1 (The p-Laplacian regularization). A close perusal at the above calculations shows that the
fact that p > d for the p-Laplacian term in the X-equation (1.3) has been used only for carrying out the
calculations in the Fifth estimate. All the other estimates do not depend on the condition p > d, and would
therefore hold if the operator A, in (1.3) were replaced by the Laplacian.

In turn, the Fifth estimate for u will play a crucial role in the limit passage arguments at the basis of the
proofs of Theorems 2.5 and 2.8: it will ensure strong compactness in H'(0,T; H2(€;R?)) (cf. Lemma 5.1) for
the sequences of approximate solutions constructed in Sec. 4. Relying on this, we will be able to pass to the
limit with the quadratic term |e(u;)|?* on the right-hand side of (1.1).

Nonetheless, in Sec. 6 we will show that, in the case gy = 1 of unidirectional evolution, it is ultimately
possible to drop the constraint p > d and in fact we will obtain an existence result for the entropic formulation
of system (1.1)—(1.3), in the case (1.3) simply features the Laplacian (i.e. for p = 2).

4. Time discretization

In Section 4.1 we set up a single time discretization scheme for both the irreversible (1 = 1) and for the reversible
(1 = 0) systems. We then show in Section 4.2 that the piecewise constant and piecewise linear interpolants of
the discrete solutions satisfy a total energy inequality, and the approximate versions of the entropy inequality
and of equations (1.2)—(1.3). Finally, in Section 4.3 we rigorously prove the a priori estimates from Section 3
in the time-discrete context.

Notation 4.1. In what follows, also in view of the extension (2.50) mentioned at the end of Sec. 2.3, we will
use @ and « as place-holders for I(_. o) and 01(_ -
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4.1. Setup of the time discretization. We consider an equidistant partition of [0, T], with time-step 7 > 0
and nodes t* := k7, k = 0,..., K,. In this framework, we approximate the data f, g, and h by local means,
i.e. setting for all k =1,..., K,

1 [ 1 [t 1 [
fF .= f/ f(s)ds, gr = 7/ g(s)ds, Bk .= f/ h(s)ds. (4.1)
ty te t
Consider the following initial data
199. = 190, 11?_ = Uup, u;l ‘= Uug — TV, X?. = Xo. (42)
We construct discrete solutions to system (1.1)—(1.3) by solving the following elliptic system, featuring the
operator AF : X — H'(Q)*, with
X={0ecHY(Q) : / K(0)VO - Vv da is well defined for all v € H'(Q)}, AF: X — H'(Q)* defined by
Q
(AR(0),0) 1 () = / K(O)VE-Vudx — [ hFvdS.
Q a0

(4.3)

Problem 4.2 (Time discretization of the reversible system, p € {0,1}). Starting from (u?, u-1, X%, 99) as in
(4.2), find {0%, ub, X157 € X x H2(;RY) x WP(Q) fulfilling

Ok _ gh=1  xk _ yk-1 b — k-1
T+ 9% + pdiv <T> O L AR (OF) = gF (4.4)
ko k-1 ko k-1 k_ yvk—112 1/2 | vk _ vk—1|2
k_ ouqk—1 4 g2 k_ k-1
Srofm W4y (a(x’;l)“f“f) + & (b(XE)ub) + €,(9%) = £5  ace. in O, (4.5)
T T
X Xk 1 _X k—1 k—1 E k—1
Xem Xo | X TXT ek A () 4 €8 () 5 — (k) ST )25(“7 )L 9% ae i Q
(4.6)
where I € R¥*@*dxd denotes the identity tensor and
ek e p(xk) a.e. in Q, (4.7)
Yk _ yk-1
Fea (TTT> a.e. in Q. (4.8)

Remark 4.3 (Features of the time-discretization scheme). A few observations on Problem 4.2 are in order.

First of all, let us point out that the scheme is fully implicit and, in particular, (4.6) is coupled to the
system (4.4)-(4.5) by the implicit term ¥* on the right-hand side, in view of proving the strict positivity
(4.10) below for the discrete temperature ¥*. As we will see, our argument for (4.10) is the discrete version of
the comparison argument developed at the beginning of Section 3 and strongly relies on the structure of the
discrete temperature equation (4.4). However, in the case of unidirectional evolution, we could have decoupled
the discrete equation for X from (4.4)—(4.5), replacing (4.6) by

Xk — xk-1

k—1 E k—1
£y, )QE(UT ) + 981 ae inQ, (4.9)
k—1
and, accordingly, replacing the coupling term V¥ on the left-hand side of (4.4) by TXT 91, In
Remark 4.5 below, we will show how it is still posmble to prove the strict positivity of the discrete temperature
for this partially decoupled scheme.
Xk Xk 1,2

+ i+ A (8) + € 4 (XE) 3 K (xE)
Xk X"’

k k—1
XE_X*
T

Second, observe that T appears on the right-hand side of (4.4) and, accordingly, /7

features on the left-hand 51de of ( .6). These terms have been added for technical reasons, related to the proof
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of the discrete version of the total energy inequality (2.38), cf. the text above Proposition 4.8. Clearly, they
will disappear when passing to the limit with 7 | 0.

Because of the implicit character of system (4.4)—(4.6), for the existence proof (cf. Lemma 4.4 below) we
shall have to resort to a fixed-point type result from the theory for elliptic systems featuring pseudo-monotone
operators, drawn from [29, Chap. II]. Indeed, we will not apply it directly to system (4.4)—(4.6), but to an
approximation of (4.4)—(4.6), i.e. system (4.15)—(4.17) below, obtained in the following way. We will need to

(1) truncate K, along the lines of [15], in such a way as to have a bounded function in the elliptic operator in
the temperature equation (4.4). Therefore, the truncated operator Ky, with M a positive parameter,
shall be defined on H'(Q) (in place of X), with values in H*(Q)* (in place of X*). Accordingly, we
shall truncate all occurrences of ¥ in a quadratic term;

(2) following [30], add the higher order terms —vdiv(|e(u®)|7=2Ie(u¥)) and v|X*|"=2x* with v > 0 and
1 > 4, on the left-hand sides of (4.5) and (4.6), respectively. Their role is to compensate the quadratic
terms on the right-hand side of (4.4). As a result, both for d = 2 and for d = 3 the pseudo-monotone
operator by means of which we will rephrase system (4.15)—(4.17) will turn out to be coercive, in its
Y¥-component, with respect to the H!(Q)-norm;

(3) in the case p = 1, in order to cope with the (possible) unboundedness of the operator o we will have
to replace it with its Yosida-regularization a, (cf. [3]), with v the same parameter as above.

Then, in the proof of Lemma 4.4 we will

(1) prove the existence of solutions to the approximate discrete system (4.15)—(4.17);

(2) pass to the limit in (4.15)—(4.17) first as the truncation parameter M — oo and conclude an existence
result for an approximation of system (4.4)—(4.6), still depending on the parameter v > 0;

(3) pass to the limit in this approximate system as v — 0 and conclude the existence of solutions to
(4.4)—(4.6).

We postpone to Remark 4.6 some comments on the reason why we need to keep the two limit passages as
M — oo and v — 0 distinct.

Our existence result for Problem 4.2 reads

Lemma 4.4 (Existence for the time-discrete Problem 4.2, u € {0,1}). Assume Hypotheses (I)—(III),
and assumptions (2.21)—(2.26) on the data f, g, h, Yo, ug, vo, Xo. Then, there exists T > 0 such that for all
0 < 7 <7 Problem 4.2, admits at least one solution {(9*,uk, X*)} i .
Furthermore, any solution { (9%, u¥, X }X= of Problem 4.2 fulfills

() >9>0 foraazecQ (4.10)
for some ¥ = 9(T).
Proof. We split the proof in some steps.
Step 1: approximation. As already mentioned, we construct our approximation of system (4.4)—(4.6) by

truncating K in (4.4) and the quadratic terms in ¥, replacing o with its Yosida approximation «,,, and adding
higher order terms to (4.5) and (4.6). Namely, let

K(—M) ifr<—M,
Kar(r) =4 K(r)  if |r] < M, (4.11)
K(M) ifr>M

and accordingly introduce the operator
Ay HY(Q) — H' ()" defined by (A4, (0),0) g1 (o = /Q K (0)VO - Vo da — /aQ h¥vdS. (4.12)
Observe that, thanks to (2.15) there still holds Kus (1) > ¢ for all » € R, and therefore

(A5 (8), 8) s e > o /Q VO2dz  forall § € H(Q). (4.13)
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We also introduce the truncation operator T3, : R — R

-M ifr<-—-M,
Tp(r):=4 r if |r| < M, (4.14)
M if r > M.

Furthermore, for a given v > 0 we denote by «,, the Yosida approximation of a with parameter v.
Then, we consider following approximation of system (4.4)—(4.6):

Ok —gk—1  xk _ yk—1 uk — uk-1
et 9+ pdiv () Tar(08) + Al (95) = g (4.15)
ko k—1 k_ k=1 xk _ k-1 2 1/2 | yk _ yk—1 2
+ a(X’j_l)E <u‘ru‘r> VE <u‘r u‘r ) 4 ‘ T T T2 T in Hl (Q)*,
T T T T

k k—1 k—2
ul —2u’" " +u

T4V (a<x’ﬁl>“ﬁ_7“§1) + € (bOE)ub) + €, (Tar (95)) — vidiv(fe(ud) -2 (uk) = £

in WH(Q;RY)*,

T

(4.16)

Xk‘ _ Xk—l Xk _ Xk—l Xk 1

-+ ﬁ% + pay, ( ) + Ap(XE) 4+ €F 4y (XE) + v xF 2k
1) (1) (4.17)

o + Tar(9%) a.e. in 2,

b/(Xk) ( 5

with €8 € B(x¥) a.e. in Q.
Step 2: existence of solutions for the approximate system. Observe that system (4.15)—(4.17) can be
recast as

8+ (X~ XE) Ty (08) + peliv (k- ) Ty (08) + 7k (08)
k_ qk—1 k_ qk—1
— ra(xX* 1) (uT s > Ve (uT s ) -7

2

XE ke 2 B 732 | Xk _ ke (118)
T T T 2 T
=9y ' +rgf in HY(Q),
w7V (a(XE ) (uf —upmh) + 728 (b(XF)ul) + 7€, (Tar (97)) — vridiv(|e(ul)["Ie(ul)) (4.19)
=2uf ™t —uh 2 4 22F i W RY), '
XE 4 VX o+ pra, (M) 7 Ap () + 78 Ty (X8) w2 — 7T (9%)
(4.20)

k—1 E k—1
B ikt g (k) S )ZE(UT ) ae Q.
Denoting by Ry_; the operator acting on the unknown (9%, u* x*) and by Hy_; the vector of the terms on
the r.h.s. of the above equations, we can reformulate system (4.18)—(4.20) in the abstract form

Rk,1(19];7u’;,xlﬁ) = Hk71~ (421)

It can be checked that Ry_; is a pseudo-monotone operator (according to [29, Chap. II, Def. 2.1]) on
HY(Q) x Wy (Q; RY) x Hl(Q) In order to check that Ry_; is coercive on that space, it is sufficient to test
(4.18) by ¥, (4.19) by u¥, (4.20) by X* and add the resulting equations. To obtain a bound for [|9%||z1(q) we
use that A%, is coercive (cf. (4.13)). The additional terms —vdiv(|e(u®)[7=2Ie(u¥)) and v|x*|7=2X* in (4.19)
and (4.20) enable us to control the quadratic terms on the right-hand side of (4.18). More in detail, the test of
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(4.18) by ¥¥ gives rise, e.g., to the term I := [, a(X™1)e(u¥)Ve(uk)9* dz, which can be estimated as follows

L] < Cllalq™ ) peo @) le (@14 umaxay 195 22 (92)
< 319511720y + C|L€(u¢)||i4(g;wxd)
< i”ﬂinif"(ﬂ) + %Hg(ui)HZU(Q;Rdxd) + 07

where the first estimate follows from the Hélder inequality, the second one from the fact that [|a(XE™1)|| e (o) <
C since X*~1 € WP(Q) and a € C°(R), and the last one relies on 7 > 4. Therefore, the right-hand side terms
can be absorbed by the left-hand side ones, also resulting from the test of (4.19) by u*. With analogous
calculations we estimate I = [,(|X¥|* + %/2|Xﬁ|2)19’ﬁ dx, exploiting the term v7|X*|7=2X* on the left-hand
side of (4.20).

Therefore, the Leray-Lions type existence result of [29, Chap. II, Thm. 2.6] applies, yielding the existence

of a solution (9%, u¥, X*) (whose dependence on the parameters M and v is not highlighted, for simplicity) to
(4.15)~(4.17).
Step 3: proof of the strict positivity (4.10). Observe first that, for ¥* solving (4.15)-(4.17) the strict
positivity (4.10) holds for & = 0 with ¥ := ¥, due to (2.24). In order to prove that ¥¥ > 9 > 0 a.e. in , for
every k > 1, we proceed in the same spirit of the proof of the strict positivity of ¥ in Sec. 3 (cf. also [19, Sec.
5.2]). Namely, we start by deducing from (4.4) that

1919 _ 19]{271
/ ———wdz +/ K (95)VO*Vw d > fC'/ (%) 2wdz  for every w € Wj_’Q(Q), (4.22)
Q T Q Q
where C' is independent of k. We now consider the decreasing sequence {v;} C R defined recursively as
e —Cvi, wvo=1.>0, (4.23)
-

where C' is the same constant of (4.22). We write now (4.23), adding the term — div(Kas(9%)Vuy) = 0, in the
form

1
- / (v — vg—1)wdz —|—/ Ky (0F)Voy, - Vw dz = —C/ viwdr  for every ww € W}f(Q)
T Ja Q Q

Subtracting (4.22) from (4.23) and testing the difference by w = H,(vx — 9%), where

0 ifo<0
H.(v) =qv/e if v e (0,¢)
1 ifv>e
we obtain, since vy < vi_1 that
/ ((vk — ve—1) — (k — 195_1)) H_ (v, —9%)dz <0. (4.24)
Q
Assume now that 95~ > v, a.e. in Q (which is true for k = 1). Taking € \, 0, (4.24) yields 9* > v} a.e.
in Q, and, by induction, ¥¥ > v, > vx_ a.e. in Q for every k = 1,..., K,. We now prove that there exists
9 > 0 such that v > 9 a.e. in . To this aim, observe that vy rewrites as vx. = G~}(G(vk,)), where
G(z) := — [* % ds is monotonlcally increasing on (0, vo], G(0+) = —o0, G(vg) = 0, hence, by the mean value
theorem, for every k =1,..., K, there exists s, € [vk, vr—1] such that
G — G(vp— 1 1
(o) = Glow) G'(sk) = = < =,
Vg — V-1 Sk Vi

from which we deduce, using (4.23),
G(vg) — G(vg—1)

2
—CTv;

1
S 1)72 — G('UKT) Z 707‘]{7— .
k

Hence, we get
I > vk =G HG(vk,)) > GH(-CTK,) = G~ (=CT) =: 9(T). (4.25)
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Thus, we conclude (4.10) with ¥ = G=1(-=CT).
Step 4: passage to the limit as M — oco. We now pass to the limit in (4.15)—(4.17) as M — oo, for v > 0
fixed. In this framework, we will denote by (¥as, uar, Xar) the solutions of (4.15)—(4.17), with (95~ uk=1 x+=1)
given and v > 0 fixed. First of all, we derive a bunch of estimates for (Jar, unr, Xar)ar, holding for constants
independent of M > 0 (but possibly depending on 7 > 0, as well as on norms of (9%~ ukf~1 xk=1)).

We test (4.15) by 1, (4.16) by ups — ub=1 (4.17) by Xpy — X¥~1, and add the resultmg relations. Taking
into account all cancellations, conditions (2.21) (2.26), as well as the fact that the Yosida approximation &,
of @ = I 0 is a positive function, we obtain that

3C>0VM >0 : HﬁM”Ll(Q) + ||uM||H1(Q;]Rd) + Vl/nHE(UM)HLn(Q;]RdXd) + ||XM||W1,p(Q) <C. (4.26)
We now test (4.15) by Tas(dpr). Observing that

Kar (93r) V90V (Tar (92r)) = K(Tar (920))|V (Tar (921)) } ae. in 0

we get

~ [T o [ KOOIV o) de < [ 5+ 05Tl de+ [ BT (0] a8

s L1 TR e+ [ 15T 0a0)]
Q Q

(4.27)
with the place-holders
Xar — xk-1 . uns —uk?
koM 2 4 e S
M * T pawv =
k—1 k-1 k—12 1/2 k—112
— — Xy — X - X
§E o =a(xk e (uM Ur ) Ve (uM i ) + ‘ M a T T
’ T T T 2 T

Arguing in the same way as in the proof of [28, Thm. 2] (see also [28, Rmk. 2.10] and [15]), combining the

growth condition (2.15) on K with the Poincaré inequality (2.13), and taking into account estimate (4.26), we

deduce that

¢, C>0 VM >0: / K (T (920)) IV (Tas (000))) | de 2 €l V(Tar (9ne )1 22 (qairay + 1 Tas (Oa) 53246 ) = C-
Q

On the other hand,

/ 125 Al Tas (9n0) [P A < (105 gl 2oy 1Tar (Oan) e ) | Tar (901 || 2o o)

IN

c
IV T @NZ2 @y + ClTM a0 730y
c
< §||V(TM(?9M)))H2L2(Q;W) + C||7M(19M)||%1(Q)a
where we have used that sup,, ||€£,MHL2(Q) < C thanks to (4.26). The last inequality follows from the fact
that H'(Q) € L3(Q) c L'(Q), yielding that for all p > 0 there exists C,, > 0 such that ||Tar(9ar)]|r20) <
Pl Tar(Oar)ll m1() + CollTar (Var) || 1 (). In the same way, estimate (4.26) ensures that
[ 17511731 030)] o < €T3 0300
Q
All in all, from (4.27), taking into account (4.26) and conditions (2.22) and (2.23) on g and h, we deduce that
d4C >0 VM >0 : |‘TM(19]V[)||H1(Q) + ||TM(19M)“L3H+6(Q) <C. (4.28)
We now introduce the notation

SMZ:{I'EQ: 19M(.’L')§M}7 O :Q\SM
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In view of estimate (4.28) we have that

MO / ldz < / |Tas ()T da < € whence  |O] < — 0as M — oo. (4.29)
Onm Om

M3k+6

Let us finally test (4.15) by 5. Relying on the coercivity (4.13) of A%, and again arguing as in the proof
of [28, Thm. 2] we find

sup (H19M||H1(Q) + H'l9M||L3n+6(SM)) <C. (4.30)
M>0

Here, we have essentially used the same arguments as for treating (4.27) and estimated the terms involving
%y and j¥ by means of (4.26).

In the end, it remains to estimate the terms a, ((Xar — X¥71)/7), Ap(Xar) and &y in (4.6). First of all,
we may suppose that the terms A,(X*~1), ¢5=1 € B(x*~1) from the previous step are bounded in L%(Q2) by a
constant independent of M. Then, we test (4.6) by (A,(Xar) — A,(XE™1) + (€ar — €F71)), thus obtaining

/QAM(Ap(XM) = Ap (G + = &) da + [1Ap(Xar) + EntllF2 0y

- / (Ap(Xar) + Ear) (Ap(XE1) + €571 dar + / st (A (Xar) — ApOE™) 4 g — €8 de = 1 + I,

Here, we have used the place-holders A\ys := (Xas — XE71) /7 + /T(Xar — X271 /7 + a, (Xar — XE71) /1) and

_ sy (B (uk ) - .
par =V — 0 (Xpg) =5 —v(Xas) —v(Xpr)"*n. With monotonicity arguments, we see that the first

integral on the left-hand side is positive. We estimate
1 1 _ _
I < §||Ap(XM) +émll7ag) + 5||A,,(X’j DA+ a0 -

It follows from the estimates on u* =, X*~! and from (4.26) for X,; and from (4.30) for 95, that ||z || r2(0) < C
for a constant independent of M > 0. Therefore we have

1 1 _ _
I, < ZHAp(XM) +Emll7eg) + ZHAp(X’ﬁ D+ & + O

With this, we conclude that ||A,(Xas) + &l 22(0) < C for a constant independent of M. By the monotonicity
of the operator § (cf., e.g., [1, Lemma 3.3]), we find [|A,(Xar)|z2(0) < C and [[€n]lz2) < C. Then, a
comparison argument in (4.6) yields

(=)
ay -

Standard compactness arguments together with (4.30) imply that there exists ¥ € H*(2) such that, up to
a (not relabeled) subsequence,

+ | Ap(Xa )l 22 () + €l L2 0) < C. (4.31)
L2(Q)

"

if d =2,
Oar =0 in HY(Q), 9y —0 in LI(Q) forallg<{ (4.32)
6 ifd=3.
In particular, 95y — ¥ in measure. Combining this with (4.29) we infer that Tp;(9p/) — ¢ in measure.
Therefore, in view of estimate (4.28) and of the Egorov theorem we ultimately have that
9 € L¥Y5(Q), Ty(Wa) — 9 in HH(Q)NL*T0(Q), Tpr(9ar) — 9 in LUQ) for all 1 < g < 3k + 6. (4.33)

Therefore, taking into account the growth condition (2.15) for K, we have
6
K

Combining this with the fact that V5, — V¥ in L2(€;R?), we infer on the one hand that A%, (95;) weakly
converges in the space W1*(Q)* to the operator A () defined by <~Ak(19>7v>wl,s(g) = [, K(O)VIVudr —
Joa hkvdz for all v € W#(Q), for some sufficiently big s > 0. On the other hand, a comparison in (4.15)
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shows that (A%, (9)7))ar is bounded in H'()*. Therefore, it is not difficult to infer that the operator A* (1)
extends to H'({2) and coincides with the operator A* from (4.3), and that

AR (Op) = A¥@W) in HY(Q)* as M — oo. (4.34)

From estimates (4.26) and (4.31) we also deduce that there exist u, X, £ and, if p = 1, ¢ such that, up
to a subsequence, uy; — u in Wy (4 RY), Xpr — X in WP(Q) (this follows from the fact that (Xas)as is
bounded in WtoP(Q) for all 0 < o < 1% by [31, Thm. 2, Rmk. 2.5]), &y — € in L3(Q), and, if p = 1,
a,((Xp — X514 /1) — ¢ in L?(Q). By the strong-weak closedness in the sense of graphs of a, (viewed as a
maximal monotone graph in L?(Q2) x L%(Q)), we infer, in the case p = 1, that ¢ = o, (X* —Xx*~1)/7) a.e. in
Q. Analogously, the strong-weak closedness property of 3 yields that £ € (X). Combining this convergences
with (4.33)—(4.34) we conclude that the functions 9, u, X, &, fulfill a.e. in

X — xk-1 X — xk-t e(WFDEe(uF-!
T VT (- X)) 400+ € 300 + 1 = () S SR )
as well as
9 — ng—l X — kal _ a.k—1
T 4 9+ pdiv (““f) 9+ AR (9) (4.35)
T T T
X_xktfl 2 Tl/2 X_xkfl 2
=g" +a(XF AL + ’ B 5 T in H'(Q)*, (4.36)
T
u—2ubt 4 uk? u—u

Tﬁ1> +E (b)) + €,(9) — vdiv(Ty) = £ in WHI(Q;RY)*, (4.37)

+V <a(x':1)

T2

le(upg)|"2Te(uypy) in L7 =1 (Q; R?). In order to identify them, it is sufficient to test (4.16) by uys and show
that

where A, denotes the weak limit of e (“M%W) Ve (M) in L?(Q), and T';, stands for the weak limit of

lim sup <—div(|e(uM)|"*2]I€(uM)),uM>W1,,,(Q;Rd) = limsup/ le(up)|"da < (—div(FQ,u)Wlm(Q;Rd),
M —oo M—oco JO

which we can do, exploiting that u solves (4.37). This enables us to conclude that I'y = —div(|e(u)|7~2Ie(u))

and that up; — u strongly in WH7(Q;R%). The latter convergence clearly allows us to conclude that A, =

5 (uﬂ;ﬁ_l ) Ve (uﬂ:j_l). All in all, (9, u, X) solves the system

_ gk—1  yk—1 k-1
V=0 X f 19+pdiv(u:T>19+Ak(19):gf (4.38)

k=1 k-1 1/2 X — xk-1
+a<x¢1>g<uuf V5<M)+(HT )\ -

T T 2 T

2

in H'(Q)*,

u—u

u— 2ub! 4 ub? k) + € (b(X)u) + €y (9) — wiv(f=(w) " T=(w)) = £

5 +V (a(xﬁ—l)

= (4.39)

in WH7(Q; RY)*,
e(uFhHEe(uF1)

X — xk-1 k
2

_ yk—1
(L+VT)——— + pey, (XfT> + A, (X) + €8+ y(X) +v|X|772X 3 =V (X)

+v
-

a.e. in Q,
(4.40)

with € € B(X¥) a.e. in Q. Tt follows from Step 3 and convergences (4.32) that ¥ also fulfills the strict positivity
property (4.10).
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Step 5: passage to the limit as v — 0. We now pass to the limit in (4.38)—(4.40) as v — 0. We denote
by by (¥,,u,,X,) the solutions of (4.38)—(4.40) and, as before, obtain a series of estimates independent of the
parameter v.
First, we test (4.38) by 1, (4.39) by u, — uf~1, (4.40) by X, — X*~1 and add the resulting relations. We
thus conclude that
IC>0Vr>0: Do) + lwlla ey + v le()l|zr@pas + X llwre@) < C. (4.41)

Second, we test (4.38) by 9971, with a € (0,1). With the very same calculations as for the Second a priori
estimates, cf. also the proof of Prop. 4.10 ahead, we conclude that (cf. (3.7)) that

u, —uF1! 2
c/ K(ﬁu)|Vz9f}/2|2dx+c/ £ <> ﬁﬁ"lderc/
Q Q T

Q
whence, with the same arguments as throughout (3.8)-(3.13), we arrive at [, V9T 224z < O for a
constant independent of v. Then, choosing a € [1/2,1) such that k + o > 2, we conclude that

[Pl < C (4.42)

2

XI/ _ Xk—l
LA ﬂﬁ’ldeCJrC/ﬁ,‘f“dx
Q

T

and, again arguing via the nonlinear Poincaré inequality, we also have that
||191(/N+a)/2”H1(Q) <C. (4.43)
We then test (4.40) by (A,(X,) — A,(XE~1) + &, — €5~1) and, arguing in the very same way as in Step 4,
+ 1 Ap (X )l L2y + & ll2) < C. (4.44)

conclude that
Xl/ _ Xk—l
o ()
T L2(Q)

We can now pass to the limit in system (4.38) —(4.40) as v | 0. It follows from the previously proved a priori
estimates that, along a (not relabeled) subsequence, u, — u in H(;R%), X, — X in W?(Q), and 9, — 9
in H'(Q). Using these convergences, it is not difficult to pass to the limit in (4.39) and conclude that u fulfills
(4.5). With the same argument as in Step 4, testing (4.39) by u, we conclude that

lirilj})lp/ﬂa(ul,)]Ea(uy)dmg/Qs(u)Ea(u)dx,

7

yielding that u, — u strongly in H'(Q;R?). Therefore,

_ k-1 k=1 _ k=1 _ k-1
(1) (uu) Ve (““) a1 (uu) Ve (“) in ().

T T T

(4.45)
We use this information to pass to the limit in (4.38). Moreover, estimate (4.43) allows us to conclude that, up
to a subsequence, 95T/ s glta)/2 iy HY(9), hence PUT/2 L ylta)/2 iy L5=¢(Q) for all € > 0, whence,
taking into account the growth condition on K, that

K(@W,) — K@)  in L¥F/%7€(Q)  for all € > 0.
This allows us to pass to the limit in the term K(1J,)V4,, tested against v € W1*(Q) for some sufficiently
big s > 0. All in all, we infer that (9,u,X) satisfies (4.4) in some dual space W1*()*  such that, also,
Whs(Q) C L™ in accord with the L!-convergence (4.45). Finally, we pass to the limit in (4.40). Due to
estimate (4.44), we have that there exist £ € L?(Q2) and, if 4 =1, ¢ € L*(Q) such that
Xl/ _ kal
o (T) —¢ & —¢  inLP(Q).

T

The strong-weak closedness of § yields that £ € 3(X) a.e. in Q. In order to show that, in the case p = 1,
¢ €a((X —XxF1)/7) a.e. in Q, we show that

Xy, = XETTN /x, = xE! X — Xkt
limsup/ ay< Y i ) ( Y T ) de/C(T> dz
v10 Q T T Q T
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and invoke well-knows results from the theory of maximal monotone operators.
All in all, we conclude that (9, u, X) solves system (4.4)-(4.6), where (4.4) is to be understood in W (Q)*.
Step 6: H?(Q;R?)-regularity for u* and conclusion. A comparison argument in (4.5) yields that

ub — uk-1
A% (a(Xf)”) and & (b(X’j)u]ﬁ) are in L?(Q;RY).

T

From the latter information we now deduce that u® € H?(Q;R?). Indeed, multiplying & (b(X¥)uk) = h¥ €
L?(Q;R?) by —div(e(uk), we get

/ BO)E| div(e ()2 dz < ’ / Vb Ee(u) div(e(uF) dz| +
Q Q

/ h” div(e(u?) dz
Q

< Cs +5/ |div(e(ut)|” dz
Q

where in the latter estimate § > 0 is sufficiently small, and we have relied on the fact that |[u%||z (g.pa) +
[X¥|[ w1y < C, combined with assumption (2.16) on b. Also using (2.16) and choosing 0 < § < Cyeg (cf.
(2.5) and (2.16)), we then infer that

/|d1v M2dx < C.

Then, a standard regularity result for elliptic systems with constant coefficients (cf. (2.9)), yields that u* €
H2(Q;RY).

In the end, exploiting that that u® € H?(Q;R?), a comparison argument in the heat equation allows us
to conclude that [, K(¢)Vd - Vodz is well defined for all test functions v € H'(£2), hence (4.4) is solved in

H(Q)*. 0

Remark 4.5. In the case y = 1, as mentioned in Remark 4.3, the discrete X-equation could be decoupled
k k—l

from the discrete equations for ¥ and u, cf. (4.9). This would lead to having the term Xiﬂk L The

argument for the strict positivity of ¥* in Step 3 in this case would not go through. Nonetheless it would
be possible to prove that ¥¥ > 0 a.e. in 2, by testing the discrete heat equation by —(9%)~, and using that

Jo X X 19’“ H—(9%)7)dx > 0 since X¥ < x*~1 ae. in Q.

Remark 4.6. We briefly comment on the reason why we need to perform two distinct passages to the limit
in the proof of Lemma 4.4. As the above proof shows, in the passage to limit as ¥ — 0 we lose the information
that the right-hand side of the equation for ¥ is estimated in L?(2). Hence, we need to carry out refined
estimates on the ¥-equation (i.e., testing it by 9*~!), where we fully exploit the growth of K to carry out the
related calculations. Clearly, to do so we first have to pass to the limit with the truncation parameter.

4.2. Approximate entropy and total energy inequalities. Preliminarily, we establish the

Notation 4.7 (Interpolants and discrete integration-by-parts formula). Hereafter, for a given Banach space
X and a K -tuple (h’ﬁ)f;l C X, we shall use the short-hand notation

by — b bt — 2k~ 4 ph=
De(B) i= 27—, DE(H) = DrlDri(h) = 0
We recall the well-known discrete by-part integration formula
K,
ZTDT k(0)of = ol —plop =Y T Dog(v) for all i, {vfhE, C X (4.46)

k=2
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We introduce the left- continuous and right-continuous piecewise constant, and the piecewise linear inter-
polants of the values {hk . by

E‘r : (OvT) — X defined by E
b, :(0.T) = X defined by b, (t):= L for t € (t571,¢k).
b (0,T) — X defined by b (t) := =gk 4 Ltk

We also introduce the piecewise linear interpolant of the values {(h* — pk=1)/ T}i(;l (namely, the values taken
by the -piecewise constant- function b’ ), viz.

T T
T T T T
Note that b (t) = D2 () for t € (51, ¢4].
Furthermore, we denote by t. and by t_ the left-continuous and right-continuous piecewise constant inter-
polants associated with the partition, i.e. t,(t) := tF if th=1 < ¢ < tF and t () := tF~Lif tF=1 <t < ¢F
Clearly, for every t € [0,T] we have t,(¢t) | t and t,(¢) Tt as 7 — 0.

b (0,T) > X b(t):= for t € (tF=1, ¢4,

In view of (2.21), (2.22), and (2. 23) it is easy to check that the piecewise constant interpolants (F,);",,

(?T)sz’l, (ET),CKZT1 of the values £, gk, h* (4.1) fulfill as 7 | 0
?T — fin L?(0,T; L*(; RY)), (4.47)
g, — g in L*(0,T; L*(Q)) N L*(0,T; H'(Q)"). (4.48)
h, — hin L*(0,T; L?(052)). (4.49)

We now rewrite the discrete equations (4.4)— (4 6) in terms of the interpolants V., ¥,, @,, u_, u,, Ur, X,,

X, Xr, &, and ¢, of the elements (9%, u¥, X%, ¢k ¢F)¥7 . Indeed, we have for almost all t € (0,7)

(0-(t)) =g-()+

20)

81&?97 (t) + 8tx'r (t)gr(t) + pdiv(atur (t))a ( ) + A"

, (4.50)
a(X, (t))e (Brur () Ve (Qpur (1) + (L+7/2) [0 (8)] in X7,
Ot (t) +V (a(X,. () 0rur (1)) + & (b (1)) 8 (1)) + €, (0r) = £ () . (4.51)
(1+V7)0Xr () + nC, (t) + ApXe (t) + £ () +7(X- (1))

a.e. in §,

with €, € B(X;) and (, € OI(_ o) (0:X+) ae. in Q x (0,7).

Our next result states that the interpolants of suitable discrete solutions to system (4.4)—(4.6) also satisfy
the approximate versions of the entropy inequality (2.37) and of the total enegy inequality (2.38).

For stating the discrete entropy inequality (4.55) below, we need to introduce discrete test functions. Namely,
with every test function ¢ € CO([0, T]; Wh4t<(Q)) N H(0,T; L5/5(Q)) we associate

fork=1,...,K, ¢ :=p(th (4.53)

and consider the piecewise constant and linear interpolants %, and ¢, of the values (¢¥)~7 . It can be shown
that the following convergences hold as 7 — 0

7, — ¢ in L0, T;WH(Q)) and 80, — By in L2(0,T; L5/°(2)). (4.54)

Then, (4.55) is obtained by testing (4.4) by ¢¥ /9%, for k =1,..., K.
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As for the total energy inequality (4.56) below, let us mention that it results from our carefully designed
time-discretization scheme, observing in addition that (4.6) is indeed the Euler-Lagrange equation for a suitable
minimum problem, cf. (4.58) below, where the additional term

+3/2
-,

has the role to “compensate” for the possible non-convexity of fQ F(X)dz. Accordingly, to get the discrete

k k—1 |2
F/2 | XX
2 T

2

Xk _ Xk'—l
T T dz

T

total energy inequality (4.56) we need to add the term to the right-hand side of (4.4). This

will lead to the necessary cancellations, cf. (4.66) below.

Proposition 4.8 (Discrete entropy and total energy inequalities w € {0,1}). Under Hypotheses (I)—(11I),
for T > 0 sufficiently small, the discrete solutions (9%, u¥ Xk)k 1 to Problem 4.2 fulfill

- the discrete entropy inequality

/tt (t)/ (log(D4 (1)) + Xr(r ))Btsﬁr(r—l—T)d:rdr-i-,O/tT(t)/le (Orur ()i, (r) do dr

t, () .
/t / )V log(9-(r)) - Vg, (r)dedr
< /(log@ (£ (1)) + X- (t- (1)) p(t-(2)) dz — / (log(V-(t,(5))) + X-(t,(5)))p(t-(5)) dz
0 ? (4.55)
/ / 210 G 10g(@. (1)) - VO, (r) dadr
Q 'r T)
t.,(t 3/2 @T(r)
/ / <g7 +a(X, (r))£(@umr (1) Ve(Ouue () + 0% (1) + o100 r >|2) o dvar
tT(t)
/ / de
t on 7' T
for all0 < s <t < T and for all ¢ € CO([0, T]; WhHate(Q)) N HY (0, T; L/%(Q)) with ¢ > 0;
- the discrete total energy inequality for all0 < s <t <T, viz.
— _ _ t)
ST (1), T (1), Dyun (£), Xo (1)) < E(To(s), T (5), puir (s / / 7. +F. - 0u,) dedr
&) (4.56)

tr ()
/ / ,dSdr,
on

For the proof of the discrete entropy inequality, we will rely on a crucial inequality satisfied by any concave
function ¢ : dom(¢)) — R, i.e.

Y(x) —P(y) <YP'(y)(x—y)  forall z, y € dom(t). (4.57)

with & from (2.39).

Proof. We split the proof in two steps.
Step 1: proof of the total energy inequality. Let us consider the minimum problem

3/2 2 Xk _ Xk: 1 X — Xk: 1 vX|P R
min {/(T— +<T)X+u ( >+| o
e o U (2 " T P (1.58)

o el ) i) ao)

X — xk-t
T

+9(X) + b(X)
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where X* is the discrete solution from Lemma 4.4, and let A > 0 such that 3" > —X as in (2.19). Then, the
function

= A(r) + \r|? is strictly convex. (4.59)
Let 7 > 0 such that 1/(27) > A for all 0 < 7 < 7. We may rewrite the minimum problem (4.58) as

1 XF — xk-t X — Xkl |VX[P
min — = X—W*2+<T'r>x+ ( >+ + B(X) +7(x
xewm(m{ /Q((M )l Y - pa |~ B0 +300)

E-1\REe(uk—1

+ AIX2 + b(X)
(4.60)
Observe that the Euler-Lagrange equation for (4.60) is exactly (4.6). Using the convexity of @, B, b, and the
A-convexity of 7 (whence (4.59)), it is not difficult to check that (4.6) has a unique solution. We may thus
conclude that the minimum problem (4.60) has a unique solution, which coincides with the discrete solution
X* from Lemma 4.4.
Now, choosing X*~1 as a competitor for X* in the minimum problem (4.58) yields

2 3/2 2 E_ yk—1 kip N

7'/ dx—l—/; dx—&—u/@(“) d:v—&—/mdx—i-/ﬁ(xﬁ)dx

Q o 2 Q T Q P Q

k—1 k—1
+/a(xi)dx+/ p(ock) s )155(“7 )dzf/ﬂ’jxfdx
Q Q Q
k 1lip

/'V | dx—i—/ﬁXk ! dx—i—/ F(xE1) da
+/ b(Xf_l) e(ur ) Ee(u dx—/ﬁkX’j_ldx.

Q

Xk — xk-1
T

Xk — xk-t

2
(4.61)
Hence, we test (4.5) by u® — u*~! and observe that , for all k = 1,..., K,
1
7 | D7 y(u) - Drg(w)da > S|Drr(w)]Z2q) — 7|‘D7,k*1(u)||%2(Q;Rd) (4.62)
o 2 2
k k-1 k _ qqk—1
k—1 k k—1 _ k—1 ur —u; ur —u;
(V(a(X¥ "D k(u)) ,uf — u? >H1(Q) = T/Qa(XT )e (7’) Ve (T> dz. (4.63)
Furthermore, we have
(& (b(Xk)uk) M) > 1/ b(X")e(u*)Ee(u )dx—l/ b(XF)e(uf ) Ee(ub 1) dz
Tl T HY QR 2 Jq 2 ) T T T
1 1
= i/ﬂb(Xf)s(uf)]E{—:(u’ﬁ)dxf5/Qb(Xffl)a(uffl)Es(uffl)dx (4.64)
1
~ 5 [ B0 — b0 etk =k do
Q
Finally,
kg k-1 k _ yyk—1
e (ok), ST =Y :_/md L I 165
T( P( ‘r)’ T >H1(Q;Rd) P Q A1V T £ ( )

Next, we multiply (4.4) by 7 and integrate over 2. We add the resulting relation to the equation obtained
testing (4.16) by u¥ —u*~! and to (4.61). The terms

T/Dﬂk(x)ﬁﬁdx? m/ﬁ div(D; (u)) dz,
Q
ki k—1 ko k—1 Xk 12
7'/ a(X* e (uT i )Vs <u7 - > dz, 7'/ T | dz (4.66)
O T T Q T
3/2 xk _ xk-1 2 1
o[ e 5 [ (B0 — b etk =t ) do
2 Q T 2 [¢)
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cancel out.

We sum over the index & = m,...,J, for any couple of indexes 1 < m < j < K,. Taking into account
(4.61)—(4.65), we ultimately obtain

VI[P

[ (7 5P+ gdztudzetad) + T 4 By +500)) as
Q

m 1 1 m m m |sz_n|p A(ym ~(ym

J
+ZT(/ (g5 +£5-Draw) o+ [ h’:dS)7
= \Ja o0

which yields (4.56).
Step 2: proof of the entropy inequality. Let us fix an arbitrary posititive test function

@ € CO[0,T); Whre(Q)) n H'(0,T; L5/> (1))

with (¢#)57, defined by (4.53). We multiply (4.4) by 19—2 € H'(Q) (hence, an admissible test function for (4.4))
and integrate over (2. We obtain

’ 0%

) 19; dx

kE_ k-1 ko k—1 Yk _ k-1
/ (g’:+a<x’:>e<“f U )vg(“ ur >+‘ £
Q T T -
9k — k-1 xk — xk-1 ko k—1 ‘ .
:/< PV D ST gk pdiy (“T“T) 0’;) @’jdm—l—/ K(ﬁ’;)%g?;.y(‘ﬁ) dr  (4.68)
N § ! T Q gk

nk o
o[ weshas
1 ,&k —1 191@71 Xk _ kal k _ k=1
S/ < Og( ‘r) Og( T ) + T T +ple <u7' ur )) (pl‘rc dz
Q T T

22 Xk — xk-1
+ 2

T

-
KWE) ook ot KO B2
Q T
where we have used that (cf. (4.57))
19’“ _ 19k71

mT: < log(¥*) —log(¥k—1) a.e. in Q.
i
Note that this inequality is preserved by the positivity of the discrete test function ¢*. We now sum (4.68),
multiplied by 7, over k = m, ..., j, for any couple of indexes 1 < m < j < K,. We use the discrete integration
by parts formula (4.46), yielding

J

57 [ Destiogetar = [ tog)eds— [ log(omer ar - Z R
= Ja Q

J o j—1

7 [ Dbt [ e o R

k—=m Q Q

Inserting the two above inequalities in (4.68) (summed up over k = m, ..., j), rearranging terms, we conclude
(4.55). 0

Remark 4.9. A close perusal of the proof of Proposition 4.8 reveals that, b is only A-convex, in place of
convex, it is still possible to prove that the discrete equation for X (4.6) admits a unique solution, and therefore
conclude that X’ﬁ is the unique minimizer for (4.58). This, provided we replace the p-Laplacian operator in
(4.6) with its non-degenerate version, cf. Remark 2.9.
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4.3. A priori estimates revisited. The following result collects all the a priori estimates for the approximate
solutions constructed via time discretization. In particular, the proof renders on the discrete level the Second
and Sizth estimates, which have a nonlinear character and thus translate with some difficulty within the frame
of the discrete system (4.4)—(4.6). In particular, the Sixth estimate (cf. (4.69h) below) is deduced with careful
calculations from the discrete entropy inequality (4.55).

Proposition 4.10. Assume Hypotheses (I)—(III) and (2.21)—(2.26). Let p € {0,1}. Then, there exists a
constant S > 0 such that for all T > 0 the following estimates

107 || o< (0,752 (25me)) < 5, (4.69a)
urll 0,752 AW o (0,712 (uREY) < S, (4.69b)
10 a1 0,152 (2maY) < S, (4.69c)
X+ Loe (0,5w1m(0)) <5, (4.69d)
X+ Los (0, 75wr 2 (@) m (0,722 () < S, (4.69¢)
[ Jog (D7) || L2 (0,310 (2)) < S, (4.69f)
1971l L2 0.7 @)y Loe (0,7:L1 (2)) < S, (4.69g)
[ 1og(F7) B (jo,r;wa+e )y < S for all e >0 (4.69h)

hold. Furthermore, under Hypothesis (V) (i.e. if 1 < k < 5/3), we have in addition

sup ||'l97—||BV([07T];W2‘d+s(Q)*) < S foralle>D0. (4691)
>0
Finally, if p = 0 we also have
_ - 1 .
SL;% (IX- 20, mwrrem () + [€- I 20,7522(0)) <8 for all1 < o < o (4.69j)

We now sketch the proof, showing how the formal a priori estimates in Section 3 can be translated in the
framework of the time discretization scheme; we shall only detail the argument for the discrete version of the
Sixth estimate.

Proof. From the discrete total energy inequality (4.56), arguing in the very same way as for the First a priori
estimate, we deduce

19711 0,151 (@)) + sl 0, 7522 (sre)) + 1Xr lLoe (0,510 (02)) < C, (4.70)

whence (4.69d). We also infer that ||b(X,)'/%e e(0r)| o= (0,1;02 (0srax4a)) < C which gives, via (2.16) and Korn’s
inequality, that

”ﬁTHLOO(O,T;Hé(Q;Rd)) <C

Next, along the lines of the Second a priori estimate, we test (4.4) by F’(9%) = (9¥)*~1, with a € (0,1).
Since F(¥) = 9/« is concave, by (4.57) we have

(9% — 05 F (0%) < F(9%) - FOY) ae.in

therefore we obtain

k _ 3k—1 k _ ;k—1 1/2 Xk: _ Xk—l
[ o () () ()
Q T T 2 T

ky k—1 E_ vk—1 ko k—1

< / (F(ﬁf) 07 | Xe =57 gk pr(ok) 4 pdiv (“T“T) 9 F' (9%) + K(ﬁ’j)Vﬂ’jV(F’(ﬁ’j))) d.
Q T T T

(4.71)

2
) F'(Wydz+ [ hFF'(9F)ds
o0
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Then, we multiply (4.71) by 7. Summing over the index k and recalling that g > 0 and h > 0, we obtain for
all t € (0,7

_ tr(t) _ _
A2 [T [ K@@ aras
o 0 Q
(1) _ 71/2 _
+/ / (625(8tu7)|2F’(197) + <1 + 2) |8tX-,—|2F/(197—)) dzds
0 Q

_ £ (0 o o
F(I.(t)) do — / F(90) de + / / (00,3, F'(3,) + pdiv(u, ), F'(3,)) deds.
Q Q 0 Q

Starting from this inequality, we develop calculations completely analogous to the ones in Section 3 for the
Second a priori estimate. In particular, we conclude that

/w)/ K(@,) [V ((@,)/?)2 dzds < C.. (4.72)
0 Q

The same calculations as for the Third estimate allow us then to deduce from (4.72) and (4.70) estimate
(4.69g). As a byproduct of these calculations, we again have for all a € [1/2,1)

1(0) =2 L2 o sy 102) 52 L2 0 sy < € (4.73)

Moreover, since

9-(t) >0 a.e. in ) for all t € [0,T7, (4.74)

(with ¥ from (4.25)), we also have (4.69f).
As for the Fourth estimate, we subtract from the discrete total energy inequality (4.56) the discrete heat
equation (4.4) multiplied by 7 and summed over the index k. Therefore, we obtain for all ¢ € [0, T

1 o () 1o
§/Q|3tur(tf(t))| dx+/0 v(a(X;)0pur, dpur) ds + Se(b(Xr (E (1)U (t- (1)), U (t-(2)))

i <1+2/> /Ow) /Q 0, 2 da ds + /Q LIV (E(0) + W (T (1) do

t-(t) t-(t) p
=1 +/ / I (pdiv(dpu,) + 9:X;) dads —|—/ / f. Ou,.dxds,
0 Q 0 Q

where we have used the place-holder Iy = Fe(b(Xo)uo, ug) + [o,(5[vol® + %|VX0V’ + W (Xp))dz. Exploiting
(2.21) and estimate (4.69g), we control the second term on the right-hand side with fot Jo 10X+ ? dazds and

the second term on the left-hand side, which bounds for(t) ||3t117||§{1(9;w) ds thanks to (2.5). Therefore, we
conclude that [|0;ur 120, 7,11 (0ire)) < C, as well as estimate (4.69e).

The Fifth estimate is performed on the time-discretization scheme by testing (4.5) by — div(e(u* —uf~1)).
For all the calculations, we refer to [28, (3.61)—(3.67)]: therein, the equation for u was the same as our own
(1.2), but the elasticity and viscosity tensors E and V were assumed to be independent of the space variable x.
Nonetheless, the computations from [28] carry over to the present setting, cf. also the formal calculations for
the Fourth a priori estimate in Sec. 3. Therefore, we conclude estimates (4.69a) and (4.69b). A comparison
argument in (4.5), joint with (2.8b), yields (4.69c).

In order to render the Sixth estimate in the time discrete setting, let us fix a partition 0 = 0¢ < 01 <
... < oy =T of the interval [0, T]. Preliminarily, from the discrete entropy inequality (4.55), written on the
interval [o;_1,0;] and for a constant-in-time test function ¢ € W4+¢(Q) for some € > 0, we deduce that

/Q(Ei —li1)edz+ Ai(p) >0 for all ¢ € Wi’dJre(Q)7 (4.75)

/(&-,1 —L)pdz — Ai() >0 for all o € WhTe(Q), (4.76)
Q
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where we have used the place-holders

gi = log(ﬁ.r(m)) + XT(Ji)7

t-(0:) tr(04)
Ai(gp):/ K(9,)Vlog(¥,) - Vedzdr —p / /le opur)pdxdr

12 Y (log(@ tr(o3) ©
/ / )=V (log(,)) VI, dxdr—/ / r=—dSdr
tr (0’I 1 19 0‘1 1) oQ 19

tr(04) 1/2
/ <gT )e(Dpu, ) Ve(dpu, ) + (1 n 72) |atx7|2> % dz dr.
t,r

(oi-1) -

For later use, we also introduce the place-holder

L1/2
e = peiv(r) + KTV Q0T + (3, + o, )e(Om Ve + (1+ 75 ) el ) 5

such that

£, (0:) tr (o) _
/ / AV 1og(Dy) - Vo — R dardr — / / hip 2 dSdr. (4.77)
0'1 1

tr(oi—1) JOQ T

We also deduce from (4.75) with ¢ = 1 that

tr(o'z) [ _E 1 tﬂ'(o'z
/ / ( = ) dxdr > / / = deT > 0. (4.78)
£ (oi1) w(oi-1) t(oii) Joa Ur

We now estimate the total variation of (log(,) + X, ) with values in Whd+¢(Q)* i.e.

VarWl,d+E(Q)* (log(ET) + X, [0 T])
= sup Z I(log (¥ Xr(03)) = (log(9-(0i-1) + Xr(0i-1))[lw.a+e(0)-

O0=0p<01<...<05= Tz 1

by proceeding as follows. We observe that for every fixed ¢ € W14¢(Q) with [ellw1.ate(qy < 1, there holds

<€z — &;17 <,0>W1,d+5(9)‘ < “/Q(ZZ — Ei*l)@—‘r dz + A,L( )

e |+‘/H—e o) de — Au(—p7)
M)

- /Q (6 — £l dz + As(leo]) + [As (™) + [Aale7)]

(4.79)

where 1 (¢, resp.) denotes the positive (negative) part of p. The last equality ensues from (4.75)—(4.76),
allowing us to remove the absolute values, and from the linearity of the map ¢ — A;(¢p), yielding A;(p) —
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Ai(—¢™) = Ai(|¢|). Therefore,

J
Z 1€ = Cit || ywrrase (e

sup ‘ <€i — 41, <P>W1,d+e(g)‘
lell 1, dte (o) <1

—
—
~—

sup /(f‘ —Li1)lelda + Ai(lel) + [Ai(e™)] + [Ai(e )] (4.80)

H‘P‘le d+‘(Q)<1

t,(04) )
/ / ( i —RT> |o| da dr
|99HW1 d+s(9)§1 tr(oi1) O’7 1)

tTU1
/ / )V log(@,) - V(| dxdr—/ / AL asar + 0ot + o)l
t(0'1 1) t(0'1 1) o

7_

—
INY

I M“ i M“ ‘ZM*

where (1) follows from (4.79) and (2) follows from rewriting A;(|¢|) by means of (4.77). Then, we continue the
above chain of inequalities by observing that

/ /( b=t —IRT> || d dr
£ (00 1) —tr(0i-1)
tT o'L
< ol [ / < b~ b m) drdr 181
L>(Q)  (o1t) O'z 1) ( )

§C’</ (b;— iy dxf/ /fR dxdr) for all ¢ € WH4H<(Q) with ||y dren) <1
tr (Uz 1

where the first inequality follows from (4.78), and the second one from the continuous embedding W+¢(Q) c
L>°(€2). We then estimate (cf. in particular (3.26))

ET(”Z
/ /fR dzdr
tT(o'z 1)

J

>

i=1

<c/ 19sr |10 QRd)+/ @, |+ va, |2dx—|—/ VT, de
(4.82)

1l ) + 12000 |32 ey + 1006 32y ) s

where we have used the fact that [1/9,| < C a.e. in Q x (0,7T) by (4.74). We also estimate

tr(04)
/ / ) Vlog(¥d,) - V(|p|) dz dr

tT(Ui) _ _ _
<Y el L N [T s (489
t

i=1 H@l‘wl d+E(Q)S 7'(0'71—1)

<c / DEFDTT L | ()2 gy ds

J

sup
i=1 ”‘P”Wl d+€(gz)<1

(‘71

(o5 1) fag h, M dSdr, relying on (4.49) and again on the fact that
11/9,] < C ae.in Qx(0,T) by (4.74). With the same calculations as throughout (4.82)—(4.83) we also estimate
the terms |A;(¢™)| and |A;(¢7)|, exploiting (4.77). Inserting (4.81)—(4.83) into (4.80), we then get

and proceed analogously for the term ft

(1) _ _ (2)
Dl = licallwrarey- < c/ (log(9,(T)) + X, (T) — log(d) — Xo) dz +C < C,
: Q
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where (1) follows from the previously proved estimates (4.69b), (4.69d), (4.69¢), (4.69g), (4.72), and (4.49).
Finally, (2) is due to (4.69d) and to the fact that |log(d,(t))| < C (|5T(t) 7 1(0‘) <C (|ET(t)| + ﬁ) a.e.
in Q for all ¢ € [0, 7] thanks to (4.74). Also view of (4.69f), we ultimately conclude that

[ log(F+) + X lBv(o,1);wra+e () < C

for all € > 0. Therefore, (4.69h) follows, on account of (4.69e).

Under the additional Hypothesis (V), the same comparison argument in (4.4) as for the Eighth estimate
yields (4.69i).

For the Ninth estimate, in the case u = 0 we perform a comparison in (4.6). Based on (4.69a), (4.69d),
(4.69¢), and (4.69¢) we conclude

Sli% (HA;U(YT)HLQ(O,T;L%Q)) + HET”LQ(O,T;LQ(Q))) <C

whence (4.69j) by the aforementioned regularity results from [31]. O

5. PASSAGE TO THE LIMIT

Let (57,19T,ﬁ7, u_,u-, U, X, X, X; ), be a family of approximate solutions, fulfilling the discrete entropy
inequality (4.55) and the discrete total energy inequality (4.56): its existence is ensured by Proposition 4.8.
We derive a preliminary compactness result, relying on the a priori estimates from Prop. 4.10.

Lemma 5.1 (Compactness, p € {0,1}). Under Hypotheses (I)—(III) and conditions (2.21)—(2.26) on the
data £, g, h, 99,09, vo, Xo, for any sequence (1x) C (0,400) with 7, | 0 as k — oo, there exist a (not relabeled)
subsequence, and a triple (¥,u, X) such that the following convergences hold

u, —*u in H*(0,T; HE (3 RY)) nWhe2 (0, T; H} (Q; R)), (5.1)
., u, —u in L°°(0,T; H*~<(%;RY)) for all € € (0,1], (5.2)
u;, —u in C°([0, T]; H*<(Q; RY)) for all € € (0,1], (5.3)
O, — in L*(0,T; L* (% RY)), (5.4)
oy, — uy in L?(0,T; H'(; R?)), (5.5)
Xy Xpps Xpp = X in L°°(0,T; WHP(Q)) N HY (0, T; L*(2)), (5.6)
Xr — X in C°([0,T]; X) for all X such that W"P(Q) € X C L*(Q), (5.7)
PN in L*(0,T; H'(2)), (5.8)
log@Tk) — log (") in L*(0,T; H()), (5.9)
log(¥,, ) — log (") in L*(0,T; L*(Q)) for all s € [1,6) if d =3, and all s € [1,00) if d =2,  (5.10)
log(0y, (1)) = log(¥(t))  in WHIHE(Q)* for all € > 0 and for all t € [0,T), (5.11)
Oy — 0 in L"(Q x (0,T)) for all h € [1,8/3) ford =3 and all h € [1,3) ifd =2, (5.12)

and ¥ also fulfills
9 € L>(0,T; LY(Q)), logd € BV([0,T]; Wh4Te(Q)*) for alle >0, 9 >0 a.e. in Q x (0,T) (5.13)

(with ¥ from (4.10)).
Under the additional Hypothesis (V), we also have ¥ € BV ([0, T]; W4+<(Q)*) for all € > 0, and

0y — 0 in L?(0,T;Y) for all Y such that H'(Q) € Y ¢ W2¥t<(Q)*, (5.14)
Dr (t) — D(2) in W24T€(Q)* for all t € [0,T]. (5.15)



A PDE SYSTEM FOR PHASE TRANSITIONS AND DAMAGE IN THERMOVISCOELASTICITY 37
Proof. Due to due to estimates (4.69b) and (4.69¢), there holds

[ar =Tl e 0,73 (0me)) < 7211000 | L2 (0, 13 () < STV, (5.16)
187 = dvur || L 0,122 (@umey) < 72000 | L2 0,1512 (umey) < ST,

Taking into account (4.69a), (4.69b), (4.69¢), and applying well-known weak and strong compactness results
(for the latter, cf. e.g. [32]), we conclude convergences (5.1)—(5.5). The same kind of arguments yields (5.6)—
(5.7) on account of estimates (4.69d) and (4.69¢). The bound (4.69g) gives the weak convergence (5.8). Since
the family (log(d,)), is bounded in L2(0,7; H*(Q)) N BV([0,T]; Wh4+t<(Q)*) for all € > 0, an Aubin-Lions
type compactness result for BV-functions (see, for instance, [32, Cor4] or [29, Chap. 7, Cor. 4.9]) ensures
that, up to a subsequence, log(d,,) converges to some X in L?(0,T;Z) for every Banach space Z such that
HY(Q) € Z ¢ Whate(Q)*. Therefore, log(1J,, ) converges to A pointwise almost everywhere in  x (0,7") and
accordingly ©,, converges to e*. Then, in view of (5.8), A = log(1J), and convergences (5.9) and (5.10) ensue.
The BV-compactness result [22, Thm. 6.1] also ensures that log(J) € BV([0, T]; W4+¢(Q)*), and the additional
weak convergence (5.11). With a lower semicontinuity argument one also has that ¥ € L>(0,T; L(Q)), and
convergence (5.12) follows from an interpolation argument (cf. (3.15)). Relying on this and on the approximate
positivity property (4.74), we also conclude the last of (5.13).

Under the additional Hypothesis (V), we also dispose of the BV-estimate (4.69i) for . Combining this with
(4.69g) and applying the aforementioned compactness results from [32] and [22], we conclude (5.14)—(5.15). O

We are now in the position to develop the Proof of Theorem 2.5, by passing to the limit in the time-discrete

scheme set up in Sec. 4. Let (7x)x be a vanishing sequence of time-steps, and let

uTk7uTk)XTk)X X )

(19Tk7197'k)ﬁ7'k7g Trk?

Tk’

be a sequence of approximate solutions. We can exploit the compactness results from Lemma 5.1. We split
the limit passage in the following steps.
Ad the weak momentum equation (2.40). Relying on convergences (5.1), (5.4)—(5.5), (5.7) and (5.8), as
well as (4.47) for (f,, )k, we pass to the limit in (4.51) and conclude that the triple (¢, u, X) fulfills (2.40).
Ad the weak formulation (2.41)—(2.44) of the equation for X, u = 1. The argument for obtaining (2.41)—
(2.44) in the limit follows exactly the same lines as the proof of [16, Thms. 4.4, 4.6] (see also [28, Thm. 3]).
Therefore we only recapitulate it, referring to the latter papers for all details.

First of all, as we have pointed out in the proof of Proposition 4.8, (4.6) can be interpreted as the Euler-
Lagrange equation for the minimum problem (4.58), i.e. (recall that here y = 1 and that @ = I(_ o and

B= Tj0,40))

3/2 X — X}C*l 2 Xk _ Xk‘fl X — kal vX|P
min {/ (5 |—=—| + (TT>X+I(OO,0]( - )+| 4 Lo (0
Xewir) LJg \ 2 T T T P (5.17)
k—1 E k-1
+3(X) + b(x)g(uf )zg(uf ) _ ﬁﬁx) da:}

Writing necessary optimality conditions for the minimum problem (5.17), with the very same calculations as
for [28, Thm. 3|, we arrive at

/ (00X (0 + VPO (1) + TR (O 2V (1) - T8+ (X (1)) + T, (1)) 19
Q .
for all ¢ € [0,7] and all ¢ € W(Q) s.t. there exists v > 0 with 0 < vy + X, (t) < X_(t) a.e. in Q,
where where we have used the place-holder
J, = b’(Yﬁ% —,. (5.19)
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Choosing ¢ = —0:X,(t) in (5.18) and and summing over the index k we deduce the discrete version of the
energy inequality (2.44) for all 0 < s <t < T, viz.

- (t) 12 , 1 o :
/tT(S) /Q(1+T )0 X~ da:dr—l—/ﬂ(p|VXT(tT(t)))| +W(Xr(tr(t)))> dz
Lov & P
< [ (AR P+ i o)) ds 520

t (1) Ee —
/ / at ( ) ( )2 ( ) 197-> dl‘d’l”+CT||6,5XT||%2(O7T;L2(Q)),

where we have used that

£ (1) £ (1) £ (1)
/ ~Y(X;)0 X, dz dr = / Y(X7)0: X, dx dr + / (’y(YT) — ’Y(XT)) O Xrdxdr =1, + I,
t-(s) t t-(s)

t-(s)
and that, by the chain rule,

h = [ A0 E )~ [ 50E ) d = [ WG EO)d - [ ok () d

(due to B = I[0,4o0)), While

Iy < 10X | 20,7502 () [V (Xr) =YX L2(0,7:22(02)) < CTNOX AT 200 7:12(02))

thanks to the Lipschitz continuity of .
Second, repeating the “recovery sequence” argument from [16, proof of Thm. 4.4], we improve the weak
convergence (5.6) to

X, — X in LP(0,T; WHP(Q)). (5.21)

We refer to [16] and [28] for all the related calculations.

We are now in the position to taking the limit as 7, | 0 in the approximate energy inequality (5.20). We
pass to the limit on the left-hand side by lower semicontinuity, relying on convergences (5.6) and (5.21). For
the right-hand side, we exploit the latter strong convergence as well as (5.7), yielding that X, (s) — X(s)
in WhP(Q), whence X, (s) — X(s) in C%(Q), for almost all s € (0,T). It follows from 5 € C?(R) that 7
has at most quadratic growth on bounded subsets of R. We combine this with the uniform convergence of
(X+,.(s))x to conclude that fﬂﬁ 77,6( ))dz — [, 7(X(s))dz for almost all s € (0,T). Since 8 = Ijo 400, We
have [, W(Xr,(s))dz — [, W(X(s))dz for almost all s € (0,T). Since (X;), is bounded in H'(0,T; L*()),

we also have
VTOX,, — 0in L?(0,T; L*(Q)). (5.22)

Combining the weak convergence (5.6) with the strong ones (5.2), (5.7), and (5.12), we also pass to the limit
in the second integral term on the right-hand side of (5.20). The last summand obviously tends to zero.
Therefore, we conclude the energy inequality (2.44).

Clearly, convergence (5.6) and the fact that 9;X; <0 a.e. in Q x (0,7") ensure that X; <0 .e. in Q x (0,7),
i.e. (2.41). To obtain the variational inequality (2.42), together with (2.43), we proceed exaclty as in [16, 28].
The main steps are as follows: passing to the limit in (5.18) as 7, | 0 with suitable test functions from [16,
Lemma 5.2], also relying on (5.22), we prove that for almost all ¢ € (0,7T)

[ (i + 19x0)P-29x(0) - 95 + 200005 + y(e(e) D)) 4 > 0

for all ¢ € WHP(Q) with {¢) = 0} D {X(t) = 0}.
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From this, arguing as in the proof of [16, Thm. 4.4] we deduce that for almost all t € (0,T")
_ e(u(t))Ee(u(t

| (ators 4 19xe)p=29x(0) - o+ rxtep + /) Dy ) o
(5.23)
£))Ee(u(t *

2> / (’y(X(t)) + b'(X(t))M - ﬁ(t)) Ydz for all v € WHP(Q).

X(t)=0) 2

Relying on (5.23), it is possible to check that the function £ from (2.47) complies with (2.42) and (2.43).
Ad the entropy inequality (2.37). Let us fix a test function ¢ € C°([0,T]; Whd+¢(Q)) N H(0,T; L/5(Q))
(for some € > 0), for the entropy inequality (2.37). We pass to the limit as 7, | 0 in the discrete entropy
inequality (4.55), with the discrete test functions constructed from ¢ in (4.53). In order to pass to the limit in
the first two integral terms on the left-hand side of (4.55), we combine convergences (5.1), (5.7), and (5.10),
with the convergence (4.54) for the test functions. In order to deal with the last integral on the left-hand side,
we observe that the family

(K(9,)V1og(9,)), is bounded in L'T(Q;R?) for some & > 0. (5.24)

Indeed, the growth condition (2.15) implies that
_ 1 1
IK(9,)Vlog(d,)| < C <q9 |t +19> Vo, |<|<C <|19 |t +ﬁ()) VO]  ae inQx(0,7T)

(also due to (4.74)). Thus, it remains to bound the term |J,|*~!|V¥.|. To do so, we observe

T

//Q (101" HV0-1)" da dt < 119+ 2) | 2saer @ 1107722100 ) | 2 i (5.25)

< OII91"= ) | sz

for some 7 > 0 (to be chosen below), where we exploited that (|J,|"+*=2/2V9,), is bounded in L?(Q;R%)
thanks to (3.16) (cf. also (3.13)). Indeed the latter estimate yields that ((J,)*+®)/2)  is bounded in L?(Q),
hence that ((J,)*~*)/2)_ is bounded in L2(x+®)/(v=a)(Q). Therefore, it is sufficient to choose in (5.25) r
such that 2r/(2 —r) = 2(k + @)/(k — @), i.e. r = (k + a)/k, which is strictly bigger than 1. Therefore, up
to some subsequence K(J,, )V log(d,,) weakly converges to some 1 in L'*9(Q;R%). In order to identify 7 as
K(9)V log(¥#), we use these facts. We first show that

[0, |Te=2/2yy, — 9|"te=2/2vy  in L2(Q;RY). (5.26)

Indeed, on the one hand, (5.8) gives Vi, — V4 in L2(0,T; L?(;R%)). On the other hand, the pointwise
convergence ¥,, — ¥ a.e. in Q x (0,T) combined with the fact that (9, ) is bounded in L*+%(Q) yields that
9y, — 9 in LFte=¢(Q) for all € > 0. Therefore [, |(te=2)/2 — |g|(xta=2)/2 iy [2(r+e)/(sta=2)=¢(Q) for all
e >0 . Since ([0, |F+*=2/2v9_, ), is bounded in L?(Q;R?), (5.26) follows. Second, we have that

|0, |(Fm)/2 o gi=a)/2 iy [2At)/(R=e) =€) for all € > 0, (5.27)

again due to the pointwise convergence of ¥,, and to the fact (J,, )i is bounded in L*T(Q). It follows from
(5.26), (5.27) , and the growth condition on K, that

K@, )VIiog(¥,,) = K@) Viog(¥)  in L'*TO(Q;R?). (5.28)

This and convergence (4.54) enables us to take the limit in third term on the left-hand side of (4.55). The
passage to the limit in the first two integrals on the right-hand side results from convergences (5.7), (5.11),
and again (4.54). For the third term, we use that

t.,.k (t)
liminf/ / Ur ()P, (1) |V 1og (0, (1)) da:dr>// ) |V log(9(r))* dz dr

k—o0
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which results from the weak convergence (5.9), combined with the pointwise convergence ¥, — 9 a.e. in
Q x (0,T), (4.54) for the discrete test functions, applying the Ioffe theorem [18]. With analogous arguments
we pass to the limit in the last two integrals on the right-hand side of (4.55), and therefore conclude (2.37).
Ad the total energy inequality (2.38). It follows from passing to the limit as 73 | 0 in the discrete total
energy inequality (4.56), based on convergences (4.47)—(4.49) for £, G, , hr,, and on (5.2), (5.5), (5.7), and
(5.12). Observe that convergences (5.2), (5.5), and (5.7) are sufficient to pass to the limit on the left-hand side
of (4.56), by lower semicontinuity, for all t € [0,7]. However, (5.12) only guarantees that J,, (t) — 9(¢) in
LY(Q) for almost all t € (0,T).

Enhanced regularity and improved total energy inequality under Hypothesis (V). If in addition
Hyp. (V) holds, in view of Lemma 5.1 ¥ is in BV([0,T]; W2+¢(Q)*) for every ¢ > 0, and the enhanced
convergences (5.14) and (5.15) hold. The latter pointwise convergence allows us to pass to the limit on the
left-hand side of (4.56) for all t € [0,T]. This concludes the proof. |

We conclude this section with the Proof of Theorem 2.8: Let (7;); be a vanishing sequence of time-steps,

and (., , 07, , Uy, u, U, U, Xpy, X, Xoy )k be a sequence of approximate solutions; let (£, )x be a sequence
of selections in B(X+,), such that (X, ,¢,, ) satisfy for all k € N the approximate equation (4.52).
In the case p = 0, in addition to convergences (5.1)—(5.15), estimates (4.69j) yield, up to a subsequence, the

further convergences

_ 1 _
Xy, — X in L*(0,T;W'ToP(Q)) forall 1 <o < —, Xr, — X in LY0,T; W'P(Q)) for all 1 < ¢ < oc.
p

(5.29)
Furthermore, there exists & € L?(0,T; L*(€2)) such that

&, — & in L*(0,T; L*(Q)). (5.30)

The strong convergence (5.29) and the strong-weak closedness of § (as a maximal monotone operator from
L3(Q) to L*(Q2)) immediately yield that £ € 3(X) a.e. in Q x (0,T).

Therefore, also exploiting convergences (5.1)—(5.8) we pass to the limit in the discrete equation for X (4.52)
and immediately conclude that the quadruple (9, u, X, £) fulfills the pointwise formulation (2.51)—(2.52) of the
internal parameter equation (1.3). The proof of the entropy inequality, of the total energy inequality, and of
the momentum equation is clearly the same as for Theorem 2.5.

Under the additional Hypothesis (V), as previously seen o is in BV([0,T]; W29+(Q)*). We prove the
weak form (2.54) of the heat equation by passing to the limit as 7, | 0 in the approximate heat equation
(4.50), tested by an arbtitrary ¢ € C°([0, T); W4+<(Q)) N H'(0,T; L%%(Q)). The passage to the limit in
the first three terms on the left-hand side, and on the first two terms on the right-hand side, results from
convergences (4.48), (4.49) for (g,, )k and (hr, )k, and from (5.1)—(5.2), (5.5)=(5.8): in particular, we exploit
that ¢(dpu,, )Ee(dpu,, ) — e(us)Ee(uy) strongly in L*(Q) thanks to the strong convergence (5.5).

In order to pass to the limit with the fourth term on the left-hand side of (4.50), we need to derive a finer
estimate for (K(J,, )V, )x. Arguing as for (3.28) we use that

K (T, )V Ty, | < O[T, |22 |42 2|7G, | 1 C|VT,,|.

Now, (9,,)*+2=2/2vy_, is bounded in L?(0,T; L?(;R?)) (thanks to (4.72)). On the other hand, (J,, ) is
bounded in LP(Q) for all 1 < p < 8/3, in the case d = 3 (to which we confine this discussion). Therefore,
choosing o € [1/2,1) such that o > x — 2 (this can be done since k < 5/3 by assumption), we conclude
that ((9,, )"~ *+2/2), is bounded in L?>*9(Q) for some & > 0. Ultimately, we conclude that (K(9,, )VJ,, )k is

bounded in L**9(0, T; L**9(Q2)) for some § > 0, hence
Ane L', T L'(Q) : K@, )VI,, — nin L0, T; L'(Q)). (5.31)

In order to identify the weak limit 7, it is sufficient to observe that (cf. [21]) K(J,, )V, = VR(@TR_) a.e. in
2 x (0,7). Combining the growth property (2.15) of K (where 1 < x < 5/3), with the strong convergence
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(5.12) of 9., in LP(Q) for all 1 < p < 8/3, we ultimately conclude that (R(ﬁm))k strongly converges to R(ﬁ)
in L'*9(Q) for some 0 > 0. A standard argument then yields

n=VK@W) =KW)VYI ae. inQx(0,7). (5.32)
Combining (5.31) and (5.32) leads to

/ / 2)VU,) - Vedrdt — / / VY- Veodadt

for every test function ¢ € CO([0, T]; W2dte(Q)).
To complete the passage to the limit on the right-hand side of (4.50), it remains to show that

OXr, — Xy in L2(0,T; L*(2)). (5.33)

This follows from testing the discrete equation for X (4.52) by 9;X, , integrating in time, and passing to the
limit as k — oco. Indeed, exploiting convergences (5.2) and (5.6)—(5.8) we deduce that

T T
limsup/ / \6‘tXTk|2dzdt§/ / X |? d dt,
k—oo Jo Ja o Ja

whence (5.33). This concludes the proof of (2.54).
The total energy equality (2.55) then ensues from testing (2.54) by ¢ = 1, the momentum balance (2.40) by
u;, and the (pointwise) X-equation (2.51) by X;, adding the resulting relations, and integrating in time. |

6. From the p-Laplacian to the Laplacian

In this Section we prove a global-in-time existence result for a suitable entropic formulation of the initial-
boundary value problem for system (1.1)—(1.3), in the case the p-Laplacian operator — div(|[VX[P~1VX) is
replaced by the Laplacian —AX, i.e. for p = 2, keeping the evolution unidirectional (i.e., u = 1). Hence, (1.3)

e(u)Ee(u)
2

We restrict, apparently for technical reasons (which however we cannot bypass), to the irreversible case pu = 1.

The main idea of the technique consists in passing to the limit as § N\, 0 in the following approximation of (6.1)

rewrites as

Xi + 0(_oo,0)(X¢) — AX + W' (X) 2 =V'(X) +9 inQx(0,7). (6.1)

Xe 4 01 (—oo,01(X¢) — AX — 8 div(|VX|PTIVX) + W/ (X) 3 —b’(x)%;(u) +9 inQx(0,7T). (6.2)

Indeed, we can apply Thm. 2.5 to the initial-boundary value problem for system (1.1)—(1.2), (6.2), with p > d
(supplemented with the boundary conditions (1.4)), and conclude the existence of global-in-time entropic
solutions. In this entropic formulation we will pass to the limit as § \, 0, recovering an existence result for
the case p = 2. Let us now state the notion of entropic solution for the limit system as § — 0. We mention
in advance that the solution concept introduced below is weaker than the one we have obtained in the case
p > d (cf. Definition (2.4)). In fact, the total energy inequality holds true only on (0,¢) (cf. (6.7) below), and
not on a generic interval (s,t), and so does the energy inequality in the weak formulation of the equation for
X. Moreover, the momentum equation is no longer formulated pointwise a.e. in Q x (0,7, but in H~1(£; R%),
a.e. in time, only. Let us also anticipate that we will confine to initial data Xo € H'(Q) such that X > 0 a.e. in
Q (which gives B(Xo) € L'(€) as in (2.26)) and, at the same time, Xy < 1 a.e. in €. This and the irreversible
character of the evolution will ensure that X € [0,1] a.e. in © x (0,7, in accord with its physical meaning.

Definition 6.1 (Entropic solutions to the irreversible system with p = 2). Given initial data (¢, uo, vo
fulfilling (2.24)—(2.25), and X, such that

Xo € H'(Q), 0<Xp<1ae. inQ, (6.3)



42 ELISABETTA ROCCA AND RICCARDA ROSSI

we call a triple (9, u,X) an entropic solution to the (initial-boundary value problem) for system (1.1)—(1.2),
(6.1) with the boundary conditions (1.4), if

9 € L*(0,T; H(Q)) N L>(0,T; L' (), (6.4
uc HY0,T; HY (4 RY)) nwhee(0,T; L2(Q; RY)) N H?(0, T; H 1 (Q;RY)), (6.5)
X € L>®(0,T; H'(Q)) N H*(0,T; L*(Q)), (6.6

(9,1, X) complies with the initial conditions (2.35)—(2.36), and with the entropic formulation of (1.1)—(1.2),
(6.1) consisting of

- the entropy inequality (2.37);

- the total energy inequality for almost all ¢ € (0,T7:

t t t
SO, u(t), w (1), X (1)) Sé’(ﬂo,uo,vo,xo)+/ /gdxdr+/ hder+/ /f-utdxdr, (6.7)
0 Q 0 o 0 Q

where
1 1 1
S0, w,up,X) == | 9dw + 7/ w2 dz + —e(b(X(t))u(t),ut)) + = [ |[VX[*dz+ [ W(X)dz;  (6.8)
Q 2 Ja 2 2 Ja Q
- the momentum equation
W +V(a(X)ug) + € (b(X)u) +C,(9) =f  in H (4 RY); (6.9)

- the weak formulation of (6.1), viz.

X¢(z,t) <0 for a.a. (z,t) € Q x (0,7T), (6.10)
[ (o + 900 9+ g0y e + 0o D ) a2 0
Q

for all v € W 2(Q) N L>(Q), for a.a.t € (0,T),

(6.11)

where £ € 0l 4o0)(X) in the sense that

e L'0,T;LN(Q)  and  (€(1), ¥ — X(E) iy SO Vo € WP (Q) N L¥(Q), for aa.t € (0,7),
(6.12)

as well as the energy inequality for all ¢ € (0, T:

/Ot/thdedM/Q (;|VX(t)Q+W(X(t))> dz
g/ﬂ(;wxduvv(xo)) dx—l—/ot/QXt (—b’(X)E(ll)[sf(ll)Jrﬁ) dx dr.

We are in the position now to state the main existence result of this section.

(6.13)

Theorem 6.2 (Existence of entropic solutions, =1 and p = 2). Let Q be a bounded connected domain with
Lipschitz boundary. Assume Hypotheses (I)—(II1) with

b (x) >0 forallzeR, (6.14)

and, in addition, Hypothesis (IV) (i.e., 3= Ijp, 400y ), as well as conditions (2.21)~(2.25) on the data £, g, h,
Jo, U, Vo, and (6.3) on Xo. Then, there exists an entropic solution (in the sense of Definition 6.1) (¢,u,X)
to the initial-boundary value problem for system (1.1)—(1.2), (6.1), such that & in (6.12) is given by (2.47) and
9 satisfies (2.48).

Remark 6.3. Let us note that in Thm. 6.2 we are able to deal with the case of a Lipschitz domain 2 and we
do not need C2-regularity of Q (2.14). The latter condition was exploited in the previous sections in order to
perform the elliptic regularity estimate on u (cf. the Fifth estimate (3.21)), which is not carried out here. Indeed
the regularity requirement (6.5) on u we ask for in Definition 6.1 is weaker than the one prescribed in Section 2
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(cf., e.g., (2.33)). Moreover, for the same reason, in this case we could also consider more general boundary
conditions on u than the homogeneous Dirichlet (1.4): for example mixed Dirichlet-Neumann conditions could
be taken into account.

Proof. Let (9s,u4,Xs) be a suitable family of entropic solutions to the initial-boundary value problem for
(1.1)—(1.2), supplemented with initial data (Yo, ug,vo) fulfilling (2.24)—(2.25), and with a sequence of data
(X§)s such that

(X§)s cWEP(Q), 0<X(z)<1forallzcQforalld>0, X§— Xoin H(Q). (6.15)

Observe that we cannot rigorously perform on the entropic formulation of (1.1)—(1.2) the a priori estimates
in Section 3. Therefore we need to confine the discussion only to the entropic solutions which arise from the
time-discretization scheme set up in Sec. 4. In the present framework (i.e. with p = 2 and p = 1, and no
upper bound on &, cf. Hypothesis (V)), the a priori estimates for the time-discrete solutions in Prop. 4.10 are
inherited in the time-continuous limit by the entropic solutions, with the exception of those corresponding to
the Fifth, the Seventh, and the Fighth a priori estimates in Sec. 3, cf. also Remark 3.1.

The convergences from Lemma 5.1 combined with lower semicontinuity arguments indeed ensure that the
strict positivity of s (cf. (3.2)), as well as estimates (3.5), (3.14), (3.16), (3.18), (3.27), hold with constants
uniform w.r.t. §. Moreover, combining the fact that B = Ijp,+o0) With the unidirectional character of the
evolution and with the fact that Xs5(0) = X§ € [0,1] on ©, we infer that

JC>0 V6>0:  [Xslpee(q) < C (6.16)

Therefore, repeating the compactness arguments in the proof of Lemma 5.1, based on the compactness results
n [32], for every vanishing sequence d; | 0 as k — oo there exist a not relabeled subsequence and a triple
(9,1, X) along which there holds as k — oo:

95, —"9 in L2(0,T; H'(Q)) N L>=(0,T; L' (Q)), (6.17)
us, —~*u in H*(0,T; H (Q;RY) n W (0, T; L* (4 RY)) N HY(0,T; H (2 RY)) (6.18)
dus, — Opu in L*(0,T; L*(Q; RY)), (6.19)
Xg,—*X in H*(0,T;L*(Q)) N L>(0,T; H(Q)), (6.20)
Xs, — X in L"(Q x (0,T)) for all h € [1,+00), (6.21)
log(¥s, ) — log(¥) in L*(0,T;L*(Q)) for all s € (1,6) for d = 3 and for all s € (1, +oc) for d =2, (6.22)
Vs, — ¥ in L"(Q x (0,T)), for every h € [1,8/3) for d =3 and h € [1,3) if d = 2. (6.23)

Now, in order to pass to the limit as § \, 0 we need to prove the following further convergence. Observe that,
in the case of the p-Laplacian regularization for X, we were able to prove an additional the strong convergence
for Opu in L2(0,T; H*(Q;R?)). Our argument resulted from compactness arguments, relying on the Fifth a
priori estimate (i.e. the elliptic regularity estimate on u). The latter is no longer at our disposal, now.
Strong convergence of d;us in L2(0,7T; H'(€;R%)). This argument is strongly based on the irreversible
character of our system. Let us test the weak formulation (2.40) of momentum equation fulfilled by the
approximate solutions (95, , us, , Xs, )k, by O¢(us, — u), where u is the limit of (us, ) as in (6.18)—(6.19). We
get

t t
0= / 3ftu5k8t(u5k — u) dx ds + / V(a(ng)ﬁtu(;k,at(u(sk — u)) ds
0 Q 0
t

t t 5
+/ e(b(Xs, )us, , O (us, —u))ds — p/ / s, div(9¢(us, —u))dzds — / / £0;(us, —u)dzds =: Zli.
0 0 Jo 0o Jo ]
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Let us now deal separately with the single integrals:
¢ ¢ ¢
I := / / 04 us, 0r(us, —u)drds = / / 9% (us, —u)d;(us, —u)drds —|—/ / 04 ud;(us, —u)drds
0o Jo 0o Jo 0o Ja

1 1 K
= §||8t(u6k - u)(t)||2L2(Q;Rd) - §||3t(u6k - u)(O)H%Z(Q;Rd) +/O (07u, 0r(us, — u)>H1(Q;Rd) ds,

and the third integral tends to 0 when & \, 0 due to (6.18). Moreover,
t
I : :/ v(a(Xs,)0wus, , 0c(us, —u))ds
0

- / v(a(Xs, )0 (s, — ), By(us, — 1)) ds + / v(a(Xs, )00, 3 (us, — u))ds
0 0

Now, observe that

a(Xs,)0mu — a(X)0u  in L*(0,T; H'(Q;RY)). (6.24)
This follows from the fact that a(Xs, )uy — a(X)u; and a(Xs, )e(uy) — a(X)e(uy) a.e. in Q x (0,7T), in view of
convergence (6.21) and of the continuity of a. Moreover, also due to (6.16), we have that [la(Xs, )ut|| g1 (ore) <
Cllug|| g1 ey for a constant independent of k € N. Therefore, using the Lebesgue theorem (6.24) ensues. This
implies that fot (03, 04 (us, — w)) ;11 (,ray ds tends to 0 when 65 ™\, 0, due to (6.18). Integrating by parts in
time, we get

t
13 = / e(b(ng)u6k7at(u5k - u)) ds
0

_ / e(b(Xs, ) (us, — ), By(us, — 1)) ds + / e(b(Xs, )1, By (15, — 1)) ds
0 0

= - /t/ b (X, )0 X, e(us, — w)Ee(us, —u) doeds + le(b(X(sk (t)(us, —u)(t), (us, —u)(t))
0 Ja 2 ?
1

— 5e(0(Xs,(0)) (s, —1)(0), (us, —u)(0)) +/ e(b(Xs, )u, 9;(us, —u))ds,
0

where the last integral tends to 0 (this can be shown arguing in the same way as for I5), while the first integral
is non-negative due to the fact that 9;Xs5, < 0 a.e. on Q x (0,7") and that b > 0.This is the point where we
exploit the unidirectional character of the system (i.e. p = 1). Finally,

t t
I, = —/ / ¥5,.€(0¢(us, —u))deds — 0, I5:= —/ / £f0:(us, —u)dxds — 0,
0 Ja 0o Jo

as . \, 0, due to the convergences (6.18), (6.23), as well as assumption (2.21) on f. Ultimately, we get

t
Hat(u!sk - u)(t)HQLQ(Q;Rd) + A V(a(x5k)at(u5k - u)? 8t(u5k - 11)) ds + e(b(X5k (t)(u5k - u)(t)7 (u5k - u)(t)) —0
as 0 \, 0, which entails

us, — u strongly in W°°(0,T; L?(Q; RY)) n HY(0,T; H' (Q;RY)) . (6.25)

Conclusion of the proof. Using this strong convergence, we can now pass to the limit as k& — oo in the

energy inequality (2.42) in the weak formulation of the equation for X;, as follows. We have to identify the

weak limit of

€(u5k (xv t))E(x)E(u% (Z‘, t))
2

.
6. (0.1) = =, o (o:1) (10X, 20 + ¥ (X, (5.0) 0st) - (620

First of all note that (Jxék _o)k is bounded in L*°(Q) independently of k € N. Hence, we can select a subsequence
(Ix, —o)k weakly star converging in L>°(Q) to some J. Observe that we cannot establish that J = Jy_,. On
k
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the other hand, it follows from the previously proved convergences that (v(Xs, )+ V' (X%)M —ds,)"
strongly converges in L*(Q) to (y(X) + b’(X)w;(u) — )", Hence we identify
t))E t
£ = (. )y (X(a ) + b (X (1) AT NE@T D) ey (6.27)

2
and observe that &5, — & in L*(Q). Then, integrating (2.42)s, from 0 to T and passing to the limit as k — oo,
using the fact that or all ¢ € LP(0,T; WP (Q)) N L>(Q)

T
| ] 8009, 729, - Vodedt] < 8019, 5 s g 99 o @) — 0.
0 Q

we get

e(u(t))Ee(u(t))

T
> b — ﬂ(t)¢) dedt > — /0 [ &ty dzat,

(6.28)

T
[ (e + 93w 9o+ 20xtei + ¥ (xie)

for all ¢ € LP(0,T; W P(Q)) N L>=(Q), where € is defined in (6.27). From (6.28), we get (6.11).
It remains to show that X complies with the variational inequality (6.12). To do so, we have to pass to the
limit in (2.43)s, , whence

T
/ ( / €. (10 — X5, (1)) dx) C(t)dt >0 for all v € WEP(Q)L(Q) and all ¢ € L¥(0,T) with 4, ¢ > 0.
0 Q

Observe that the two weak convergences X5, —*X in L>(Q) and &5, — & in L'(Q) do not allow for a direct
limit passage in the term fo &5, X5, ¢ dr dt, which equals zero for all £ € N due to (6.26). Indeed, we need to
argue in a more refined way. It follows from (6.21) that Xs, converges almost uniformly to X in @, i.e. for
every € > 0 there exists Q. C @ such that |Q \ Q.| < € and X5, — X uniformly on Q.. The latter property
implies that

J=0 on QeN{Ixy_,=0}. (6.29)
Indeed, Jy_,(z,t) = 0 implies X(z,t) # 0. Since X, converges to X uniformly on @Q., there exists an index k,
independent of (x,t), such that for all k > k, Xs, (x,t) # 0, hence jX(;k:O(xat) = 0. With this argument we
conclude that that Jy, _, =0 on Qe N {Ix_y = 0}, whence (6.29). It follows from (6.29) and (6.27) that

&(z,t)X(x,t) =0 for a.a.(z,t) € Qc, whence / E(z, )X (z,t)C(t)dedt = 0.
Qe
On the other hand, using the properties of the Lebesgue integral we have that
Vn>0 Je=¢,>0 : [Q\ Q| <e = // |€(z, t)X (2, t)¢(t)| dz dt < n.
Q\Q-

Therefore we conclude that
¥y >0 ’// £(z, )X (x, )C(t) da dt‘ <,
Q

ie.

//Q §(a, )X (2, t)¢(t) dzdt = 0 = khiilo//Q E5, X5, C dar dt

Hence

os//Qggk(w—x(skxdxdm//wa—x)cdxdt:/OT( Qf(w—x(t))dx> c(t)dt,

which implies
/ )W - X(£)de >0 forae. t€(0,T) for all b € WIP(Q) N L=(Q).
Q

With a density argument we get (6.12) for all ¢ € W}r’z ().



46 ELISABETTA ROCCA AND RICCARDA ROSSI

Convergences (6.17)—(6.23) also guarantee the passage to the limit in the momentum equation, whence (6.9).
Finally, we pass to the limit in the entropy inequality (2.37) and in the total energy inequality (2.38) by the
very same compactness/lower semicontinuity arguments as in the proof of Theorem 2.5, thus deducing (2.37)
and the total energy inequality (6.7) on the generic interval (0, ). ]

Remark 6.4. Notice that, we have been able to obtain the energy inequalities (6.13) and (6.8) only on intervals
of the type (0,t), and not on the generic interval (s,t) C (0,T), due to the weak convergence of (VX;,) in
L?(Q;R%), which does not yield the pointwise-in-time convergence required to take the limit of the right-hand
sides of (2.44) and (2.38). It is an open poblem to improve the convergence of (VXs,) to a strong one.

This limit passage also reveals that the notion of entropic solution enjoys stability properties. It is clearly the
right one in the present framework, and, seemingly, the entropy inequality cannot be improved to an equality,
at least with these techniques. Indeed, due to a lack of elliptic regularity estimates on the displacement which
were previously made possible by the p-Laplacian regularization, in the limit as § | 0 the right-hand side of
the heat equation is only estimated in L*(Q).

O
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