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ABSTRACT. We consider the weak solution of the Laplace equation in a planar domain
with a straight crack, prescribing a homogeneous Neumann condition on the crack and a
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1. INTRODUCTION

W =

16
19

Motivated by problems that arise in the study of fracture mechanics for brittle materials (see,
e.g., [2] for a recent survey on variational methods applied to this field), in this work we deal with
the solutions us € H*! (2\Ts) of the following problems:

(1.1)

Aus =0in Q\ s
us =g on 0N\ T's

Ous
v

=0on I},

where €2 is a bounded connected open set of the plane containing the origin, and

Fs = {(a:l,O) | X1 g S}.

For simplicity, the solution ug to problem (1.1) with s = 0 will be denoted by u.
The energy associated to the solution us is defined by

(1.2)

£(s) ::% /|Vus(:p)|2dx.

o\T,
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It is easy to prove that s — E(s) is C*° (see Corollary 2.3). The main result of this paper is an
algorithm to compute
dre
T (0).
Similar results in the case of plane elasticity have been obtained in [5] and [1].
The starting point of our analysis is the well known asymptotic expansion of u near its crack tip:
“+oo
2nt+1 n n
(1.3) u(p,0) = Z [aznt1p” 2 sin (25E10) + banp” cos (nh)],

n=0

where (p,0) are polar coordinates, with p >0 and —7 < 0 < 7.

An interesting result, obtained for the first time by Irwin in [4], gives an explicit relation between
the energy release rate —9%(0) and the coefficient a1 of the expansion (1.3) of the solution u, called
stress intensity factor (see, e.g., [3]):

dg ™ 92

E(O) =g
This equality shows that the first derivative of the energy uniquely depends on the local behaviour
of the solution near the crack tip and does not depend on the shape of the domain 2. This is no

longer true for higher order derivatives, as noticed by [5] and [1] in the case of plane elasticity. For
k > 2 we shall see that £ (0) depends also on the solutions vg) € H'(Q\Ty), 1<j<k—1,o0f

dsF
the problems
AUS({) =0in Q\To
(1.4) vg) = 7,0725r1 sin (Z2216) on 00\ T
)
;2 =0on Fo.
These functions have the following asymptotic expansion near the origin:
+oo
(1.5) vg> = Z [cgj,l)J'_l((l)p2 2 sin (2E0) + d$) (Q)p" cos (nb)].
n=0
For every k > 1, let
(1.6) () = (5041 (D)<,

. k(k—1)
considered as an element of R™ 2

We are now in a position to state the main result of the paper. Let A be the collection of the
admissible open sets (2, whose precise definition will be given at the beginning of Section 2.

Theorem 1.1. For every k > 1 there exists a function

k(k—1)

U, RF xR SR

such that for every admissible set Q € A and for every boundary condition g € H (Q\ To) we have
ate
dsk

where A\, () are defined in (1.6) and

(0) = Wy (ak, \e()),

ar = (a1,a3,...,a026-1),

k(k—1)
a; being the coefficients of the asymptotic expansion (1.3). Moreover, for all A € R™ 2 | the

function o — ¥i(a, \) is a homogeneous polynomial of degree 2, and for every a € R* the function
a— Ui(a, ) is a polynomial of degree k — 1.

The proof provides also an iterative algorithm for computing ¥j. An essential ingredient is a
careful analysis of the harmonic functions u) on Q \ T'o, defined as the derivatives of the solution
with respect to the crack length:

_ _ (-1 _ ,G-1)
v = lim Us — 4o UO, w9 = lim Us ~U

, for j > 2.
s—0 S s—0 s
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A crucial step is the proof of the formulas

. J . —2m+1
0 = 37 0 [ s (222520) 404,
m=1
which connect the functions u9) to the shape functions vg ) defined in (1.4).

2. REGULARITY OF THE SOLUTION WITH RESPECT TO CRACK LENGTH

Let Q be a bounded connected open subset of R? with Lipschitz boundary. Suppose that €
contains the origin 0 € R?. To describe the crack lying on the straight line R x {0}, we fix
Sm < 0 < sum, and for every s € (sm,Sm) we set

Ds:={(21,0) | sm <z1 < s}

We assume that ['s is contained in £ except for the end-point (sm,0), which belongs to 9.
Moreover, we suppose that there exist two open triangles with one vertex at (sm,0), contained in
Q\ Iy and lying above and below I'g. Henceforth, the class of domains €2 satisfying these properties
will be denoted by A. It is easy to see that for every Q € A and for every s € (sm,sam), the open
set 2\ I's can be written as the union of two domains with Lipschitz boundary. Therefore we can
define a trace operator from H'(Q\T,) into L*(dQ\ T's) and employ the Poincaré inequality in
Q\T's, by considering separately these Lipschitz subdomains.

We now fix a function ¢ € H'(Q2\To). In order to make precise the notion of solution of
problem (1.1), we introduce the space of test functions:

(2.1) Hy:={yp € H'(Q\T) | ¥ =0o0n dQ\ Ts}.

For every s € (sm, sm), we say that us is a solution of (1.1) if us € Hl(Q \Ts), us =g on 9N\ T
and

(2.2) / Vus - Vipde =0 for every ¢ € Hs.
OQ\T's

The solution of problem (1.1) corresponding to s = 0 will be simply denoted by u.

Here we focus our attention on the dependence of the solution us on the crack length and we
study its regularity with respect to the parameter s. To do this we reformulate (2.2) as an equation
over a fixed domain, by using suitable s-dependent diffeomorphisms. To this aim, we fix n € C°(Q2)
such that 7 =1 in a neighbourhood of the crack tip 0 and consider the map F, : R? — R? defined
by
(2.3) Fs(z1,22) = (z1 + sn(z1, z2), x2).

It is easy to see that there exists do > 0 such that for every s € (—do,d0) the map F; is a
diffeomorphism and it satisfies the following properties: Fs(I'g) = I's and Fs coincides with the
identity near 0€2. We may assume that s, < —dp and Jp < sar. In addition, we suppose that 7 is

radial and satisfies n(p) = 1 for p < Ro/2 and n(p) = 0 for p > Ry, for some 0 < Ry < dist(0,99).
Let Us be the solution us of problem (1.1) in the new coordinates, i.e.,

(2.4) Us :=uso0 Fy € H'(Q\ o).
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Remark 2.1. Since Fs does not modify the boundary of Q, surely Us — g € Ho, where Hy is the
space defined in (2.1) for s = 0. Moreover, by applying the change of coordinates in (2.2), it is
straightforward to check that Us solves

(2.5) / (VU)TC,VEde =0 for all £ € Ho,
Q\To

where the matrix C; is defined by

(2.6) Cs(z) := DF; " (Fs(z))(DF; ' (Fi(z)))" det DFy (),

which is a 2 X 2 symmetric matrix, smooth with respect to the variables (s,z) and satisfies the
uniform ellipticity condition, i.e.,
("¢ > AP

for some A > 0, for all 2 € Q\ T, for all s € (—&,d0) and for all ¢ € R?. An explicit expression
of the matrix Cs will be useful. From the definition (2.6) we can compute

B 1 1+ s2(Dan(z))? —sDan(z)(1 + sDin(z))
(2.7) Cs(*) = T 3D <—SD27]($)(1 + sDin(z)) (1+ sDin(x))* ) '

Let Céj) be the j-th derivative of this matrix with respect to the parameter s; as usual we set

o =y,

Before facing the problem of the regularity of us with respect to s, which is quite a delicate
issue, we investigate the regularity of Us.

Theorem 2.2. The function s € (—=80,00) — Us € H*(Q\ To) is of class C*=.

Proof. The theorem is a consequence of the Implicit Function Theorem on Banach spaces. In fact,
let H{ be the dual space of Hy, and for s € (=d0,00), let As: Ho — HY be the operator defined by
(A V€)= / vVvTC,vede  for every V, € € Hy.

Q\Ig
For every s € (—do,d0), the function V; := Us — g € Hy is the unique solution of the problem
L(s, Vi) =0 in HY,
where the map L : (—60,80) x Ho — H{ is defined by
L(s,V):= AV + Asg.

It is possible to deduce from the smoothness of the matrix Cs that the map L is smooth. Moreover,

for every so € (—do,d0), its derivative with respect to V' computed at (so,0) is given by
%(80,0) = ASO S [,(H07H(,)),

and the operator A, is invertible by the Lax-Milgram Theorem. Hence, by the Implicit Function

Theorem, there exists 6 > 0 such that the locus defined by L(s,V) = 0 is the graph of a smooth

function (sg — 4, s0 + ) — Ho. O

The next corollary deals with the regularity of the energy.
Corollary 2.3. The function s — £(s) introduced in (1.2) is C*.

Proof. Using the change of variables (2.3) we obtain that

1
(2.8) E(s) =5 / (VU C, VU, da.
Q\T'go
The conclusion follows from Theorem 2.2 and from the fact that Cs depends smoothly on s. O

The following theorem shows that all partial derivatives of Us depend smoothly on s.

Theorem 2.4. Let w be an open set with w @ Q\ I'g. Then the function s € (—do,d0) — Us €
H™(w) is of class C* for every integer m > 1.
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Proof. Consider an open set w’ such that w @ w’ € Q\ T'g and let ¢ be a cut-off function compactly
supported in w’ and such that ( = 1 on w. After some computations done integrating by parts,
one can see that the function D;(¢Us) solves a problem of the form

AsDj(CUs) + Gy =0in H ' (W)
where A, : Hy(w') — H™'(w') is defined by

(A V, ) := /(VV)Tcsvw dz  for all V, ¢ € Hy(w'),
and where G is a suitable element of H~'(w’), depending smoothly on s. Thanks to the smoothness

of the matrix C and to the regularity of the function s + Us € H*(Q2\ T'y) obtained in Theorem 2.2,
we deduce that the map L : (—do,80) x Hg(w') = H™'(w') defined by

L(s,V):= A,V + Gy
is smooth. As in the proof of Theorem 2.2, it follows from the Implicit Function Theorem that
s € (=60,00) = D;j(CUs) € H}(w') is C*. This shows that the function s € (—do, &) + Us € H?(w)
is C*°. Arguing by induction, one can prove that for every multi-index «, the function s — D (CUs)

belongs to C™((—do,d0); Hy(w')). This shows that for every integer m > 1 the function s+ Us
belongs to C*°((—do,do); H™ (w)). O

The next corollary easily follows from Theorem 2.4 and from the Sobolev Embedding Theorem.
For every bounded open set w C R?, the space C* (w) is endowed with the usual topology of uniform
convergence of the functions and all their derivatives up to order k.

Corollary 2.5. Let w be an open set with w € Q\T'o. Then the function s € (—do,d0) — Us €
C* (@) is of class C> for every integer k > 1.

We can extend the regularity result of Corollary 2.5 also for some open sets w C Q\ I'o whose
boundary touches I'g.

Theorem 2.6. Let w be an open subset of Q\ Ty of the form
w = B,(z0)* = {(z1,22) € Br(0) | +z2 > 0},

where xo € Tg. Assume that 0 ¢ @ and w € Q. Then the function s € (—do,80) — Us € C*(@) is
of class C*.

Proof. We give the proof only for B,(zo)tT. Under our assumptions there exists some 7’ > r such
that
W =Bu(z0)T €Q and 0¢uw'.
Consider the function U, € H' (B, (z0)) defined by
{Us(xhxz) ifl'QZO

[75 ) =
(21, 22) Us(z1,—x2) ifze <0.

Let ci; be the coefficients of the matrix Cs. Since 7 is radial, from (2.7) we see that c11 and cao

are even in xz, while ci12 = ¢21 is odd in x2. Therefore, from (2.5) it follows that Us solves the
problem

(2.9) / (VU)TCVpdz =0 for all ¢ € Hy (B, (0)).
B,/ (xg)
We conclude now as in the proof of Theorem 2.4 and Corollary 2.5. O

In view of Theorem 2.2, we are allowed to define the derivative of Us with respect to s by simply
taking the limit
. Us+h - Us
2.10 U; = lim = ——=
( ) R h
in the strong topology of H*(Q2\ T'). Moreover, for j > 2, we can define further derivatives of Us
by the recursive formula
g _ G-

() — iy Csth
(2.11) U = lim - ,
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where the limit is taken in the strong topology of H'(Q\ T'y). Observe that, for j > 1, the function
U is the limit of functions in Hy, and hence it belongs to Ho. The convergence in (2.10) and (2.11)
takes place in C*(@) for every open set w € 2\ I'y and also for every half-disk w as in Theorem 2.6.
As usual we set US(O) = Us and we adopt the notation U9 for Usm computed at s =0.

We can now deal with the regularity of the solution us with respect to the parameter s.

Theorem 2.7. Let so € (—do,d0) and let w be an open set with w € Q). Assume that either w €
Q\ Ty, orthat w = By(z0)* = {(z1,22) € Br(w0) | £22 > 0} with zo € Ts, and (s0,0) ¢ @. Then
for every integer k > 0 there exists & > 0 such that the function s € (so — 6,50 + ) — us € CF()
is of class C*.

Proof. The results follow from Corollary 2.5 and Theorem 2.6, by noticing that us is the composition
of Us with the change of coordinates F, '. O

The previous results allow us to define the derivatives of us; with respect to the parameter s.
Define

2.12 ! ljm Zeth T Us
( ) Us hano h

and for every j > 2, by the recursive formula,
u(j—l) _ ugj—l)

) o 1; sth
(2.13) ud = lim -

The convergence in (2.12) and (2.13) takes place in C*¥(@) for every w as in Theorem 2.7. As usual

we set ug()) = us and we adopt the notation u? for ugj) computed at s =0.

Proposition 2.8. For every j > 1, the function u is harmonic on Q\To and satisfies the

Neumann condition Bgij) =0 on I'g\ {0}, in the sense that
oul)
(2.14) Jm - (x) =0  for every xzo € I'o \ {0}.
zeQ\Ily

Proof. The function u’ is harmonic, because by definition (2.12) it is the uniform limit on compact
sets of harmonic functions. It also satisfies the Neumann condition %—”j}l =0 on I'g\ {0}, since up —u

satisfies the Neumann condition on Ty and the limit in (2.12) takes place in C*(@) for the half balls
w considered in Theorem 2.7. By induction, it follows from the same reasons that «) is harmonic

and satisfies the Neumann condition agfj) =0 on I'p \ {0}. O

The following lemma shows the relationship between the derivatives of U, with respect to s and
the derivatives of us with respect to s and x;.

Lemma 2.9. For every j > 0 it holds
J
(2.15) U9 (@) =3 ()DFul P (Fu(2)n” (@),
p=0
where 1 1s the cut-off function involved in the definition (2.3) of the change of coordinates Fs and
Df denotes the derivative of order p in the direction x1 .

Proof. The simple proof can be done by induction and it is omitted. O

Remark 2.10. Since we chose the cut-off function 7 in such a way that it vanishes outside the ball
Bhr, , from formula (2.15) we see that U and u'") coincide out of Bg,. In particular u'?) is H*
far from the crack tip and its trace on 9 \ I'g vanishes.

Moreover, since u¥) is smooth in Q \ Iy and can be smoothly extended to both sides of T'o\ {0},
we conclude that u belongs to H'((Br \ B.) \ I'o), for every 0 < & < R < dist(0,8Q).

The following lemma shows that the functions Us(j ) are weak solutions of suitable differential
equations.
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Lemma 2.11. For all j > 0 we have
J
(2.16) 3 0) / (YUY PP Ve dz = 0
p=0 Q\To
for all £ € Hy.

Proof. The proof proceeds by induction on j. For j =0, equation (2.16) is exactly equation (2.5),
which holds true.

Let j > 1 and assume that the statement is true for 7 — 1. Let us prove that it is true for j.
Equation (2.16) for j — 1 reads

s

j7
>0 / (VUYTNTCWPVEdr =0 for all € € Ho.
p=0 \T'g

Thanks to Theorem 2.2, we can derive this equation with respect to s. We obtain

P
p=0 Q\I'g

0= (1 / [(VUY=T e Ve + (VU P et Ive] da

j—1
= [ (VU)TCvedn+ (7,0 /(VUgj—P>)Tc§P>vgdz+

Q\Ty p=1 Q\Ty
j—2

+> 0. /(VUgj*1*P>)Tc§P+1>vgdm+ /(VUS)TC§j>vgdx
p=0 Q\Ty Q\Ty

<.

P

=" () / (VU= 0P Ve da,
p=0 Q\To

which is what we wanted to prove. O

3. EXPANSIONS NEAR THE CRACK TIP

In this section we find the asymptotic expansions for the harmonic functions v and 1) near the
crack tip, which coincides with the origin. We start by recalling the classical result for u, which can
be obtained by elementary methods of complex analysis.

Proposition 3.1. Let 0 < R < dist(0,09). Then (1.3) holds in the cracked ball Br \ T'o centred
at 0, and the series in (1.3) converges uniformly on every cracked ball B, \ To, with 0 <r < R.

This expansion is a particular case of a more general result concerning the u@) proved in Propo-
sition 3.2 (see Remark 3.3). The new difficulty about the u9) is that, in general, they do not belong
to H'(Q\Ty), since they exhibit a stronger singularity at the origin.

Proposition 3.2. Let j >0 and 0 < R < dist(0,09). Then

+oo
(3.1) u? (p,0) = Z [aéjn)ﬂp2 7 sin (22He) + bS) p™ cos (n0)] + 9 log p

in the cracked ball Br\To centred at 0, and the series in (3.1) converges uniformly on every set of
the form (B, \ B,s)\To, with 0 <r’' <r < R.
Proof. We open the crack by using the bi-holomorphic change of coordinates
®: Br\To = Bl :={(z1,22) € By | @1 > 0}
2z,

where we identify (z1,22) with the complex number z = z1 + iz2. Notice that the change of
coordinates ¢ transforms the part of the crack I'o N Br into the segment

S :={(z1,22) €R® | 21 =0, —VR < 22 < VR}.
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Using the fact that @ is bi-holomorphic, it is easy to show that for every ¢ > 0 the function
v:=u" o ®~! belongs to Hl((BjE \ B:)\ I'o) and by Proposition 2.8 it solves the problem

Av =0 in (Bf/ﬁ\gs)\ﬂ)
ov

$ZOOHS\BE.

By reflecting the function v, we can define a harmonic function on the whole annulus B, % \ B.:

w(zr,z2) = v(r1, T2) ifz1 >0
B v(—z1,z2) if z1 <O.

This construction can be repeated for every ¢ > 0, hence we can extend the function w to a
harmonic function on the punctured disk B,z \ {0}. Therefore there exists a constant c9) such
that the function w(z) — ¢\ log|z| is the imaginary part of a holomorphic function f on the
punctured disk B 7\ {0}. The function f can be expanded in a Laurent series

+oo
(32) fo= 3 @+, o, e R,

which uniformly converges on every annulus centred at 0 and strictly contained in the punctured
disk Bz \ {0}. By taking the imaginary part in (3.2), we obtain an expansion for the function w
and hence for the function v in polar coordinates in the half disk B?}E

—+oo
v(p,0) = Z [a%ﬂpn sin (nf) + b5 p" cos (n0)] + 9 log p.

By applying the holomorphic change of coordinates ® to this expansion, we get exactly the expan-
sion (3.1) in the statement of the proposition, since the coefficients aﬁf ) for n even and bgf ) for n

oud) = 0 is satisfied. O

odd must vanish because the Neumann condition *55
O==+m

Remark 3.3. In the case j = 0, the function u belongs to H'(Bg \ T'o), hence v € Hl(BJ&E).
This implies that w € Hl(B\/E). As a consequence ¢!® = 0 and the function f is holomorphic in
the whole disk B, 7, and therefore (3.2) reduces to a Taylor expansion, i.e. a$?) =0, b£?) =0 for

n < 0. This leads to the classical expansion (1.3) for u.

Corollary 3.4. Let us fit j >0, k>0, let a(an)H, béjn) be as in Proposition 3.2, and let

“+o0
. 2n4l | N n
vk(p,0) = E [aéﬁ?Hp 2 sin (2"—;10)+bgjnb cos (nd)].
n=k

Then v, € H*™ (B, \ To) for every 0 < r < R.
The proof is based on the following two lemmas.

Lemma 3.5. Let D be a domain in C, and let f: D — C be a holomorphic function. Let u = Ref
and v =Imf. Assume that f,f',...,f® e L*(D). Then u,v € H*(D).

Proof. The thesis follows from the fact that for every h > 1 and for every 0 < a1,a2,81,P82 < h
with |a1 — B1] =1, |a2 — B2] =1, and a1 + a2 = 81 + B2 = h, we have
™ = oD} D320 + iDY D]

for a suitable constant o € {£1,+i}. This can be easily proved by induction on h, using the fact
that for every holomorphic function g we have g’ = D1g = —iDag. O

Lemma 3.6. Let f : Bz — C be a holomorphic function and let ¢ : Br \To — C be defined
by @(2) := f(VZz). Assume that f(z) = 2**g(z) for some k > 0 and some holomorphic function
g:B gz —C. Then ¢,¢',..., 0%t € L*(B, \Ty) for every r < R.
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Proof. We observe that ¢(z) = z*1(z), where ¥(z) = g(/z). We can easily prove by induction
that for every h > 1 we have

h
M () =37 e g™ (VE) 2Em N
m=1

for suitable constants c?,. Let us fix 0 < r < R. Since g is holomorphic in B VE > the functions
g(m> are bounded in Bﬁ. Hence there exists a constant C}, such that
(h) 3—h
[ (2)| < Chlz|? for every z € B, forevery 1 <h <k+1.

Since ¢(z) = 2" (z), for every 1 < h < k, by Leibniz’s rule we have the estimate

h
1
lo™(2)] < Z Conne|2|" "™ 2|27 4+ Conilz| " < Clz/F"  for every z € B,,

m=1

which shows that np(h) is bounded on B, for 1 < h < k. As for h = k+ 1, by Leibniz’s rule we
have

k+1
* ()] < 37 Okl ™22 < Oz 72 for every z € B,
m=1
which shows that o**Y € L?(B,). O

Proof of Corollary 3.4. Since the function f introduced in the proof of Proposition 3.2 has the
expansion (3.2), we have that the function

+oo
(3.3) for(z) = > (af) +ib?))2"
n=2k

is holomorphic in B\/§~ As the coefficients aw for n even and bg) for n odd vanish (see again the
proof of Proposition 3.2), the function vy, is the imaginary part of far(1/z). The conclusion follows
now from Lemma 3.5 and Lemma 3.6. O

The next step is to show that indeed the series in (3.1) has finitely many nonzero terms for n
negative. To do this, we prove an estimate on u') which shows that it belongs to the dual of a
suitable subspace of H™*(Bg\ To).

Let BE := {(z1,22) € Br | £ 22 > 0} and let T be the class of test functions ¢ € C*®(Bg \
I'o) NC*®(BE) NC>(By), which vanish on a neighbourhood of Bg \ To and on a neighbourhood
of the crack tip 0. For every ¢ € T and for every k > 0 we set

1

a 2

ID*ll2 (s re) = (D ID*@lE2mary )
lal=k

Lemma 3.7. Let R > 0 with n = 1 on Bgr. For every j > 1 there exists a positive constant
Cj > 0 such that the estimate

(3.4) ’ /u(j)s&div'SCJ'HDJ”SOHL?(BR\F())
Br\T'o

holds for every ¢ € T .

Proof. Let us prove the claim by induction on j. For the case j = 1, simply observe that by
Lemma 2.9 we have that

uw' =U"—Diu € L*(Br \ o)

and therefore estimate (3.4) holds.
Let j > 2 and suppose that the claim is true for j —p with 1 <p < j—1. From Lemma 2.9 we
deduce that

J
w9 = U(J’) _ Z (Z)Dﬁu(jfp) in Br \ To.

p=1



10 G. DAL MASO, G. ORLANDO, AND R. TOADER

Fix a test function ¢ € 7. Since UY e L?(Br \ T), by applying Holder inequality and Poincaré
inequality to all the derivatives of ¢ of order less or equal than j — 2, we get the estimate

| [ 00| <09 o lellzasang < 109z lD el .
Bgr\TI'o
Let us estimate the other terms of the sum, integrating by parts with respect to the variable x; and
using the induction hypothesis:

| [ o ede] = | [ w0 DReds| < 051D Dl s ry
Br\I'g Br\I'o
< CipID" ol L2 (B o)
This concludes the proof. O

Proposition 3.8. Let 0 < R < dist(0,09). Then
—+oo
(3.5) u? (p,0) = Z [a(;n)Hp2 57 sin (3H0) + b$) p™ cos (nd)] + < ogp
n=—j
in the cracked ball Br \ T'o, and the series in (3.5) converges uniformly on every set of the form
(BT\BT/)\F(), with 0 <7’ <r <R.

Proof. From Proposition 3.2 we know that (3.1) holds. Let us prove that for every n > j we have

(—]()2n+1 = 0. In order to do this, fix 0 <’ < R’ < R such that =1 on Br/ and let ¢ € T be a

test function of the form
0 (p,0) = ¥(p)sin (2520),

where v is a nonzero smooth function, with suppy € (r',R') and ta") < 0. Define the

(2n+1)
rescaled function
P<(p:0) == p(£,0) = ¥(2) sin (2576).
Estimate (3.4) holds for ¢., and therefore
eR' =«
D ez = [ [u 0,006 (2)sin (2520)p a0 .

By the uniform convergence of the series in (3.1) and by the orthogonality of the trigonometric
functions, from the previous inequality we obtain

eR’
o . _2n41 . 2n41
Ci D" el 2B \ro) ZW/w(S)[—aYZM“)p > taflp 2 pdp

er’

) 2041 _ 2n+1
:wsz/w(p)[—a(ff%ﬂ)p 22 |pdp

/

T

2n+1 2n41
+W62/w(p)[a§3+1p 2 e 2 Jpdp.

!

On the other hand
i—1 2—ji—1
D <PsHL2(BR\r0) =c"7|D’ 80||L2(BR\F0)
and hence we have that

i—1 o 2n+1
CiID" ollL2(s,,\re) =7 /w (gn“)p 2 |pdp

(3.6)

2n+1 o n
+ et @ ”/w(p oS ap™ % Jpdp.
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If oY (2n+1) were different from zero, the right-hand side in (3.6) would diverge to +oc for ¢ — 07 .
Therefore a_(25,41) = 0.
Arguing in the same way and using a test function of the form

¢(p,0) = ¥ (p) cos (nb),
we obtain that b(f%n =0forn>j. O

Theorem 3.9. Let 0 < R < dist(0,09). Then

+1
(3.7) u? (p Z a2n+1p g sin (2%H0) +Z Jn)p"cos 0)

n=—j
in the cracked ball Br \ T'o, and the series in (3.7) converges uniformly on every set of the form
(Br\ By/)\To, with 0 <7’ <r <R.

Proof. Besides the binomial coefficient, we shall use the Pochhammer symbol defined by
(3.8) (@) =@ — 1) (x—p+1)

for every x € R and every integer p > 1. We set also (z)o = 1.

Fix 0 < r < R < R where R’ is such that » = 1 on Bp/. Using Proposition 3.8 and
Corollary 3.4, it is straightforward to check that for every 1 < p < j the function DY w7 has the
following expansion in B, \ I'g:

p—1

- . 2ntl n
D’l’u(] P _ Z (2ztly, agjnfl)p 2 Psin (25— p)6) +
n=—j+p
i Z ) b 7 p" 7 cos ((n = p)8) — (=1)"(p — D)V p7 cos (ph) + ;)
n=—j+p

where v;, € H'(B,\T¢). In the formula above ¢ = 0 by Remark 3.3. By Lemma 2.9, on B, \ T
we have

; _
U9 =3 ()P = Z Z (2L, 6§P) ™2 P gin (2L — p)o) +

p=0 p=0n=—j+p
j—1 ]
+Z Z )p b5 "7 cos ((n— p)8) — Y (=1)(p — D)1 ()™ p™7 cos (ph) +
p=0n=—j+p p=1

+cWlog p + wy,

where w; € H' (B, \To). We set V@ := U —w;. From the previous formula, we obtain that the
function

v .— ZO‘ p B lsm( =2n+1) +ZB<J> " cos (n6) + ¢ log p,

where
J
(3.9) a,(f) — Z (;)(2(177271)+1) aéj(pp)nHl’
p=0
) n—1 ) . .
(310 2= 3 Q)0 - my b — (17 IG)
p=0

Since UY) € H'(2\ To) by Theorem 2.2, we conclude that V) € H' (B, \ T).
Let us prove that 5;7) = 0. To this aim we consider Dme, which can be written as
(3.11) D,V = —jB p~ " (cos (j6) + h(p, 0))

where h(p,0) — 0 as p — 0, uniformly with respect to . Since D,V € L*(B, \ To), it follows

that B(J) = 0. Then we can prove in a similar way that a(]) =0, ﬁm 0,. ‘.,agj) =0, and
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c9) = 0. Therefore, by (3.10), for all 1 <n < j we have

(3.12) Z n)p b5 P =0
p=0

From (3.12) it is easy to see by induction on j that b(_J%n =0 for all for all 1 < n < j. The

conclusion follows from (3.5). O

Remark 3.10. As a byproduct of the proof of Theorem 3.9, we obtain that

J

i) (2(p—n)+1 ( ) .
Z (;)(%)p an(pan_l =0 foralll<n<j,
p=0

as a consequence of (3.9) and from the equality o) = 0 for 1 < n < j. These relations will be
useful in the proof of the main theorem.

4. COMPUTATION OF THE DERIVATIVES OF THE ENERGY

In this section we express the derivatives ‘; = (0) of the energy £(s) defined in (1.2) in terms of
the coefficients of the asymptotic expansion (1.3) of the solution u for s = 0 and in terms of the
coeflicients of the corresponding expansions (3.7) of the j-th derivatives ul) of u, with respect to

s. We already know that £ is C*° by Corollary 2.3.

Proposition 4.1. For every k > 1 we have

k
(4.1) %@):%Z(k) / (VUE=")T PV, de

for every s € (—do,d0) -

Proof. In order to prove formula (4.1), we proceed by induction on k. For the case k = 1, simply
differentiate formula (2.8) with respect to s:

%(s): /(VU;)TCSVUde—&-% /(VUS)TC;VUde.

OQ\T's Q\I's

Since U} belongs to the space Hy introduced in (2.1), we can use it as a test function for prob-
lem (2.5). Since C; is symmetric, this implies that
d& 1 T
—(s) == Us) CyVU, dz,
T=j [(U)CvU.
Q\T's
which is formula (4.1) for k= 1.
Let us suppose by induction that the statement is true for k — 1, and let us prove that it is true
for k. By differentiating with respect to s the following formula

d’“‘lé' 152
@ =5 (5 [ (TuE eV e
p=1 Q\Ty
we obtain
drke 1< k—pINT (p) E—1—p)\T ~(p+1)
)= 52 / [ vuFhToPvu, + (vuEteh oy,

Q\T'o

+(VU§’“‘1"’))TC§”)VU;] dz
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We now use U, as a test function for problem (2.16) solved by U¥™Y and then UF ™Y as a test
function for the problem solved by U}, and we obtain that

%Z / VUg’“*“w)Tc.gP)ngdx:_% /(VUﬁk’l))TCSVUde
p=1 Q\Ig Q\Ip
:% /(VUS““’”)TCQVUS de,
Q\I'g
which, substituted in the expression of ¢ = € vields
dre 1 (1) (k=p)\T ~(p) (k=1=p)\T +(p+1)
(s QZ [VUS YTCP VU, + (VU e VUS] dz
p=1 Q\To
+% /(Vng—1>)Tc;VUSda;
Q\I'g
k-1 12
=5 /(VU(k NTCIVU, dz + = Z (! /(VUSE’“*”)TCQ”)VUS dz +
Q\FO p 2 Q\I'g
+% / (VU= T oy, dx+é /(VUS)TCS“WUS dz +
p= Q\I'g 2\T'o
: /(VU(’“ YT CIU, da
Q\I'y
k
% / (VU= P U, da.
p=1 Q\FO
This concludes the proof. O

In order to expand formula (4.1), we compute the derivatives of the matrix Cs with respect to s.

Lemma 4.2. The following equalities hold

or — (~Dim =Dan\ o _ ((=DFE(Da)" Va2 0
0 _D277 D1’I7 0 0 0

for every k > 2.

Proof. From the expression of Cs written in (2.7), we have that

-1 —1\T 1
Cs =DF,; (DF; ") detDF, = T3 sD 0o
where
M. — ( 1+ s?Dap —sDan(1+ st))
? —sDan(1 + sD1n) (1 + sDyn)? ’
Hence, by differentiating with respect to s we obtain that
’ *Dln 1 /
(4.2) Ce= a +5Dm)2Ms MR

which computed in s = 0 gives the formula we wanted to prove for the first derivative.

Instead of proving the statement of the lemma, it is convenient to show by induction a stronger
result, i.e., that for every k > 2
DR CDMROm L CDRRD)E R

s -

C(k) == ( s
s (1 + sDym)k+t (1+ sDin)* 7 2(1+ sDyp)k—t

The base case k = 2 is obtained by simply differentiating formula (4.2) with respect to s. The
inductive step follows easily from the fact that the matrix M. does not actually depend on s, since
the entries of M, are polynomials of degree 2 with respect to s. O
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Proposition 4.3. For every k > 1, we have

Ry T

/ (p)n(p)? /[— DIty F=I=0D oy 4 %DQD{u(kfjfl)Dgu}de dp
where Ro is the radius of the ball which supports the cutoff function 7.

Proof. Let us start by computing 4 = L€ ot 0 using formula (4.1) and employing the expression of the
derivatives of Cs found in Lemma 4.2:

k
> / (VU TOP Vudz

[~ DinD1U* VD1 — DanD1U* VDo +
Ao — DoypDoUN V' Dru + DinD2U* Y Dou] da +

@(O) =

By using Lemma 2.9 and expanding the derivatives, we get

%(0) _ g (") / [~ DugDyuDi* u*=1=Dp7 (D7) DyuDdu®=1 =Dy
I=0 Ao — DypDouDI M uF 1790 — Dy nDonDouDIuF =177 =1
— DonD1uDaDIu™ D7 — (Do) ?DyuDd w1 4
+ D1nDauDy DIy k=197 +ijDanguD{u(kflﬂ)nrl] dx +
k k-
+%Zf(§)(’“;”)(—l>%l / (D)2 VP Dyuby =727
e \I'o + j(Dm)p_l\Vn|2D1uD{u(k_p_j)nj_l} dz.

After some algebraic manipulations, we obtain

d*e k k 1 J+1, (k=1=j) J g1, (k=1=4) j
@ 5]2 / — D1nDiuDy — DonDouD? —
A0 DynDuDeD]u* 1y 4 DinD2uD2Du* 7] da +
k—1
k S
-3 (57 / 31V DruD]u* =y da 4
=t \Io
k—p
1 _ _ L e
+52.0 () (=D / (Dun)? 2|V P DyuD] P da +
p=275=0 O\
k—1k—
1 Y (P 1yl | (DL 2D D P i1 g
+3 G) Dt [ (D) [V DiuDiu o dz
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where I,II,1I1,IV are the four sums appearing in the formula above. Let us consider the term of
the sum III corresponding to p = 2:

k— 2
% k -2 2' / |V17|2D1uD31‘+1u(k727j)nj dr =
J=O Q\Ty
k k—2
=5 (06D [ I9nPDwD Oy da
=0 Q\I'p
k k—1
=5 (*1)i / |Vn)*DyuDu* D = de = — 11

1

.
Il

Q\I'g

Let us now consider all the other terms of the sum II1:

k k—p
1 _ _ . e .
LSS O [ i DD D =
p=3I=0 @\ro
k—1k—p—1
_1 Sk (1 1y 1 (D) P 2D, uDit kP11, g
=3 i) C5)ED e+ DY [ (D) [V DiuD] i’ dx
p=2 j=0 Q\Ip
k—1k—
_ 1zi By (=1 17 (1) [ (D1m)P= 2D uDd w9 pi—1 q
_5 (p+1)( j—1 )(_) (p+ ) ( 177) | 77| 1wl u n Z
p=2j=1 alro
k—1k—
_ 1 p(k)(k*p)( 1)1’ 15 D p—lv 2D Dj (k—p—3) j—ld = _JIV.
=—5 ») (50 (=1)"plj (D1n)*" | Vn|"DiuDiu i x=—IV.
p=2j=1 Q\I'op

It follows that

dke k _ . i s ) T s
o 0=520) / [ = DanDyuD{ ™"y — DonDyuD{ a0y —
N0 DopDyuDeDIu* T 4 DinDauDaDiu* ] da.

Now we integrate in polar coordinates to deduce

dre k= T
W(O) =3 () //n’(p)n(p)j [~ Diucos 0D uF 179 — Dyusin DB -

g J=0 0 —m

— Diusin ODQD{u(kflfj) + Dowu cos ODQD{‘u(’“l*j)}pdﬂ dp
gkt Ro o , . ‘ .
=3 71 /n/(p)n(p)] /[_ DI u* 7D 0+ Do DI Dyu) pd dp.
J=0 0 -
This concludes the proof. O

The following theorem allows us to express the k-th derivative of the energy in terms of the
following coefficients of the expansions of the solution uw and of its derivatives w9 with respect to
the crack length:

(k—1) (k—2) (1)

G _ok43 OGopys -0 O a1
(k—1) (k—2) (1)

a_opt5  Q_opt7 - a; as
(k—1) (k—2) (1)

a_ aq . a’2k 5 azk—3

k—1 k—2 1
a<1 ) aé ) e agk) 3 a2k —1-



16 G. DAL MASO, G. ORLANDO, AND R. TOADER

Theorem 4.4. For every k > 1 we have

dke = . h i
(43) @(O) - WZ Z (jil)(2 ) 42 aén-‘r]l 1)a2(jfn>+1-
5=0 n=—k+tj+1

Proof. Formula (4.3) easily follows from the expression of ii—f((}) found in Proposition 4.3, using

the uniform convergence of the expansions (3.1) of the functions 4 to justify the integration term
by term, and employing simple trigonometric identities to integrate the single terms. O

5. THE MAIN THEOREM

Formula (4.3) also holds for k£ = 1. Hence the first derivative of the energy is given by

d& m™ 9
(5.1) E(O) =79
This is a well known result, which shows that the first derivative of the energy uniquely depends on
the local behaviour of the solution near the crack tip. We now study the case k > 2. We shall see
that the higher order derivatives of the energy depend not only on the local behaviour of the solution
near the crack tip, but also on the shape of Q\ I'g. Indeed, we shall show that these derivatives can
be expressed in terms of a finite number of coefficients of the asymptotic expansion of the solution
and of a finite number of other parameters, which only depend on the shape of the domain. In order
to do this, we need to introduce some technical tools.

Definition 5.1. For every j > 1 let v’ € H'(€2\ T') be the weak solution of the problem
Avg) =0in Q\ T

vg) = 7,0725r1 sin (Z2216) on 00\ T
)
;2 =0on Fo.

Remark 5.2. Notice that the function vg) depends only on the shape of the domain 2\ I'g, and
does not depend on the boundary value g prescribed in problem (1.1).

In view of Proposition 3.1, the function vg) can be expanded in a series near the crack tip:
; = ; 2n41 ;
(5.2) v =3 [ (Q)p 7 sin (255L0) + d) (Q)p" cos (nf)].
n=0

The following proposition provides some equalities which will be used to prove the main theorem,
combined with those found in Remark 3.10.

Proposition 5.3. For every j > 1 and for every n > 0 we have
J
a’g]n)+1 = Z ’l(j%mﬂcé:il(ﬁy
m=1

Proof. Define on Q\ I'g the function

J
(5.3) w = ) — Z a(jgmﬂp 2m+1 sin (#9) = 49 4 50,

m=1
We now show that w9 is the variational solution of a suitable boundary value problem. First of all,
the function w) belongs to H'(Q\ T'o). Indeed, the function u") is in H' away from the crack
tip by Remark 2.10, and the sum o is also smooth away from the crack tip. Moreover, from (3.7),
we deduce that w”) has the following expansion

+o0o
w) = Z [aéjn)ﬂpzni;l sin (%9) + b;jn)p" cos (n‘g)]»
n=0

which belongs to H' near the crack tip, by Corollary 3.4. We conclude that w e H'(Q\ I'y). We
observe that w'”) is harmonic in Q \ T'g, since by Proposition 2.8 the function u") is harmonic and
by direct check the sum o) is harmonic too. Let us see which boundary conditions are satisfied by
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w9 . Both 9 and the sum o) satisfy the Neumann condition on T'g \ {0}, by Proposition 2.8
and by direct check respectively. Let us consider now the trace of w) on 9Q \T'o. By Remark 2.10
the trace of u”) vanishes on 99 \ T'o, hence the trace of w? on 89 \To is o) . In conclusion,
w9 € H'(Q\ To) is a weak solution of the problem

Aw) =0 in Q\ T
J
w® = =30 L pTE sin (222510) on 90\ T

() m=1
aq; =0on Fo.
v

By the uniqueness of the solution of this problem, we have that

J
w? = Z a(jgmﬂvs()m
m=1

and hence by (5.3)

. J . —2m+1 . m
u) = Z a?%mﬂ [p™ 2 sin(=22419) + 115(7 )}.
m=1
Comparing the expansions of both sides of the last equation, we get the thesis. O

For every k > 2, let

(5.4) Ae(€) = (€541 (D))t j<i1,

k(k—1)

considered as an element of R
the following triangular matrix

. Written in a convenient way, the entries of Ax(2) make up

A" @) V)
EA (D) I R (1) IUURC Wi (9)!
(5.5) : :

S (1) JE i (0)

chi—5(%)

We are now ready to prove the main result of the paper.

Proof of Theorem 1.1. Fix Q € A and g € H'(Q2\To). In view of (5.1) it suffices to prove the
theorem for k > 2. In formula (4.3) the k-th derivative of the energy was expressed as a linear
combination of the following terms:

oD 4 a2 ™, a
—2k+392k—1 —2k4502k—1 cee a_102k—-1 QA102k—1
o=, (k=2) (1)
—ok45B2k—3  Q_op [702k—3 cee a; "a2k—3 a30a2k—3
(5.6) : :
k—1 k—2 1
a(_l )(13 ag )ag N aék>_5a3 az2k—-30a3
k—1 k—2 1
a<1 )al (J,g )a1 . aéklgm agzr—10a1
We collect the terms different from a1, ..., a2x—1 in the matrix
(k—1) (k—2) (2) 1)
A ok+3 Q_opy5 --- a_s a_j
(k—1) (k—2) (2) (1)
a_opts5  G_okt7 - a_j ay
Ak — : : c ka(kfl).
(k—1) k—2) 2) (1)
a_y ag agk—? Aok—5
(k—1) (k—2) (2) (1)
ay as cee Qg5 Ogp g3



18 G. DAL MASO, G. ORLANDO, AND R. TOADER

With this notation, formula (4.3) for the k-th derivative of the energy can be written in the following
compact way

dke
(5.7) 3ot (O) = Ei(Ar, aw) + Fi(an, ),
where Ej : RF**~1 x R¥ 5 R and F) : R¥ x R¥ — R are suitable bilinear maps.
We now prove that we can express the entries of Ay in terms of ax—1 := (ai1,...,a26—3) and
Ak (2). Indeed, we show by induction that for every k > 2 there exists a map
A i RETD 5 RO RFXG-D)

such that
Ak = Ak(ak,h )\k(Q))

, the function « — Ak (e, A) is linear, and for every
a € R*71 | the function A — Ay (a, A) is a polynomial of degree k — 1. To do this, we will make use
of the relations found in Remark 3.10 and in Proposition 5.3

k-1
(5.8) al N = =T (o (el P forall 1 <n <k -1,
p=1
k-1
k—1) m
(5.9) a2n+1 = Z a’ 2WL+1c§n3rl(Q), for all n > 0.
m=1

Base case: Let us define Az : R x R — R?**!. From equations (5.8) and (5.9) with k = 2, we
deduce that

(5.10) o) = —Lar and af” =a%cV(Q) = —Llaic{V ().

Hence Az = Ag(al,cg )(Q)), where
_1
As(a, A) = (_f;)\) :

2
The map Az is linear with respect to a and it is a polynomial of degree 1 with respect to \.
Inductive step: Suppose that there exists a map

Ap_1 :RF2x R RE-Dx(k-2)

such that
Ap—1 = Ap—1 (-2, Ae—1(2)),

(k=1)(k—2) . A _
and that for every A € R 2 , the function « — Ak_1(c, A) is linear, and for every o € RF2,

the function A — Ag_1(c, ) is a polynomial of degree k — 2. We want to define Ay .
The matrix Ar can be written as a block matrix

B Ak )
Ay = ( x
al*™ P AF

where 1) -
k—1 —92
A_ok+3 as
g% :
2k+5 k—1 . k—2
Br = ceR" 7, wm = @ e R 7.
: Aok—5
(k—1) (1)
aly Aok—3

Thanks to formula (5.8), we can express all the entries of 8x in terms of the entries of Ax_1 and of
ak—1. We can therefore define a linear map Sy : RE-Dx(k=2) o k=1 _y Rk=1 gych that

Bk = Br(Ap—1, ar—1).

Then we can use (5.9) to express all the elements of ~, in terms of the entries of Ax_1 and of the
~ k(k—1)
elements of A\x(€2). In particular, we can define a bilinear map 7 : RE-DX(E=2) y RT3 - — RFL

such that
Yo = T (Ak—1, Ak ().
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(k—1)

Finally, we use again formula (5.9) to express a; in terms of the elements of 8 and of A\x(92).

E(k—1)
2 — R such that

Hence there is a bilinear function ay : R*-D xR
al*™ Y = @k (Br, M ().

In conclusion, applying the inductive hypothesis:

A _( Br(Ax_1,05_1) Ap—1 >
T @B A ) (@) Fe(Ar, A ()T
B ( Bic (A (=2, Ak-1(2)), 1) Ap-1 (@2, A-1(9)) )
k(B (M- 1(n—2, Ae—1(2)), @i—1)s Ae(2)) - A (A1 (-2, Ae—1(2)), A ()T

=t Ag(ok—1, Ae(2))
(k—1)
Notice that for every \ € ]Rk T , the function a +— Ap(a, ) is linear, and for every a € R*~! the
function A — Ax(a, \) is a polynomial of degree k — 1.
Eventually, we can apply what we proved to formula (5.7), concluding that

d*e = Fr(A F
@(O) = Ey(Ag, ar) + Fr(or, ax)
= By (Ax(ar—1, A (€)), ar) + Fr(ax, o)
=: Uy (ag, \e(Q)).
The map ¥y : RF x ]Rk(kfl) — R defined as above satisfies the requested properties. O

Remark 5.4. The proof of Theorem 1.1 is constructive. In particular it allows us to obtain Aj; from
Ak—1 using only elementary computations. In this way for every k > 2 we can find an explicit

expression for ‘;Z—f(O) in terms of ay,...,azk—1 and of the coefficients in (5.5). We write here the
list of the first three derivatives of the energy:
d€ o T 2
E(O) = Zaly
d*€ m 3
@(0) = Za?c(ln(fl) — gma1as,
d’e 9 3 2 9 3 15 9
@(O) = gwamgc(ll)((l) + (—g (c(ll)(Q)> + Ecél)(fl) + 1—6c§2)(ﬂ)) mai — 3 Taras = gng.
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