RESOLVENT EXPANSION AND TIME DECAY OF THE WAVE FUNCTIONS
FOR TWO-DIMENSIONAL MAGNETIC SCHRODINGER OPERATORS

HYNEK KOVARIK

ABSTRACT. We consider two-dimensional Schrédinger operators H (B, V) given by equation (1.1)
below. We prove that, under certain regularity and decay assumptions on B and V/, the character of
the expansion for the resolvent (H(B,V)—X)~! as A — 0 is determined by the flux of the magnetic
field B through R2. Subsequently, we derive the leading term of the asymptotic expansion of the

unitary group e~ #H(B,V) a5 ¢ — 00 and show how the magnetic field improves its decay in ¢ with

respect to the decay of the unitary group e~ H(O,V),

1. Introduction
The present paper is concerned with the Schrédinger operator associated to a magnetic field B:
H(B,V)=(iV+A)?*+V in L*R?), (1.1)

where curl A = B and V is an electric scalar potential. Both B and V are assumed to have a
polynomial decay at infinity. We will analyze the asymptotic expansion of the resolvent (H (B, V) —
A~ as A — 0 and the long time behavior of the unitary group e~*(5:V) generated by H(B,V).
It is well-known that the two problems are closely related to each other, see e.g. [JK, Mu, Sch2].
Asymptotic expansions of the resolvent have been well studied in the absence of magnetic filed,
i.e. for the operator H(0,V). In the case of dimension two, in particular, it has been shown that if
zero is a regular point of H(0,V), which means that zero is neither an eigenvalue nor a resonance
of H(0,V), and if V' decays fast enough at infinity, then as A\ — 0

(H(0,V) = A)"' =Ty + T (log\) "' + o((log \) 1) (in R?) (1.2)

holds in suitable weighted L?—spaces; see [JN, Mu, Schl]. In dimension three, still under the
condition that zero is a regular point of H(0,V), the term (logA\)~! in the above equation must be
replaced by A'/2, cf. [JK, JN, Mul.

As far as the long time behavior of the operator e=*(0:V) is concerned, the classical results say
that in dimension three, for sufficiently short range potentials and under the condition that zero is
a regular point, one has for ¢+ — oo the following asymptotic equation in L?(R3):

(14 |z)) e OV P (14 ]a)™ = S3 ™2 40t 2), (in R®) (1.3)

which holds in L?#(R3) for s large enough , see [JK, Je, Mu|, and with P,. being the projection on
the absolutely continuous subspace of H(0,V'). Note that is the decay rate t=3/2 corresponds to the
free evolution in R3. For higher-dimensional results we refer to [Je2, Mu].

The situation in dimension two is different since in this case by adding a potential V' one may
improve the decay rate of e ®##(0:V) with respect to the t~! decay rate of the free evolution operator,
provided the weight function (1 + |z|)® grows fast enough. More precisely, it was proved by Murata,
see [Mu], that if zero is a regular point then in L?(R?) we have for t — oo the asymptotic expansion

1+ |z))" e HOVI p (1 +]z))™° = Sy t7 ! (logt) "2+ o(t~! (logt)~2) (in R?)  (1.4)

with s > 3 and |V (z)] < (1+]z]) 760, see section 2.1 for the precise meaning of the latter condition.
1
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The aim of this paper is to show that the presence of a magnetic field in R? changes completely
the character of the expansions (1.2) and (1.4). In order to describe how the magnetic field affects
these asymptotic expansions, we define the normalized flux of B through R? by

1
= B(x) dx. 1.5
05 [ Bla)ds (15)
The main results of this paper show then if B is sufficiently smooth and decays fast enough at
infinity, then the behavior of (H(B,V) — A)~! for A = 0 as well as the behavior of e~ (B.V) for

t — oo is determined by the distance between a and the set of integers:
= min |k . 1.
pla) = min [k + of (1.6)

More precisely, if « is finite and non-integer, and if zero is a regular point of H(B,V), then for
A — 0 the expansion

(HB, V)= N"'=F+ MY 1oy a¢gz,  (in R?) (1.7)

holds true in certain weighted L2 —spaces with suitably chosen weights, see Theorem 2.2. Accordingly
we obtain a faster decay rate of e “**#(B:V) in ¢ with respect to the decay rate of e (V) 1In fact
we show in Theorem 2.5 that there exists a bounded operator K in L?(R?) such that for ¢t — co

(1+|z)) e MBI P 1+ |z))~° = t MO K 4 o(t7 171 o g7, (in R?) (1.8)

holds in L?(R?) provided s > 5/2, [V (x)| < (1+|z|) 737, and B satisfies suitable decay and regularity
conditions, see assumption 2.4. On the other hand, For integer values of o one has qualitatively the
same behavior as in (1.2) and (1.4), see Theorems 2.3 and 2.7. We also give an explicit formulae
for the operators Fy, F; and K in the case u(a) < 1/2. Hence the character of the expansions for
(H(B,V) = X)""as A\ = 0 and e *H(B:V) a5t — o0 is completely determined by the flux of B.

To understand what makes the family of magnetic fields with equal fluxes distinguished, we
refer to Lemma 4.4 and equation (3.4). The latter implies that a difference between two magnetic
Hamiltonians H(B1,V)— H(B2,V) is a first order differential operator with sufficiently short range
coefficients, provided we choose a suitable gauge, if and only if By and Bs have equal flux through
R2. Therefore, only in this case the coefficients of H(By,V) — H(Bs,V) may decay fast enough,
depending on the decay of By and Bs, in order to compensate for the growth of the weight function
(1+|z])®. When the fluxes of By and Bj are different, then the coefficients of the first order term in
H(B1,V)— H(Bz,V) cannot decay faster than |z|~! even if both B; and Bs have compact support,
cf. equation (3.4).

This indicates a natural strategy for proving (1.7), and consequently (1.8); we choose a concrete
magnetic field By, see equation (4.2), for which it is possible to calculate the resolvent for small
values of A explicitly. Using this fact we first show that the expansion (1.7) holds for H(By,0),
see Proposition 4.1, and then we extend the result to all magnetic fields with the same flux (and
sufficient decay) by using the perturbation theory in combination with Lemma 4.4. The proof in
the case of integer flux follows the same strategy, cf. Proposition 4.2.

For comparison it should be mentioned that in the case of dimension three the effect of a magnetic
field on the asymptotic expansion (1.3) is much weaker. Indeed, from [Mu, Thms. 8.11] it follows
that, under sufficient regularity and decay assumptions on B, the unitary group e~ *H(5.V)
again the asymptotic expansion (1.3) (with different coefficients), see also [KK].

satisfies

The paper is organized as follows. In section 2 we introduce some necessary notation and formulate
our main results. The proofs are given in section 4. The concrete model associated to the operator
H(By,0) is treated in sections 5 and 6. In section 7 we give some auxiliary technical results needed
for the proofs of Propositions 4.1 and 4.2.
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2. Main results

2.1. Notation. Before we formulate our main results we need to introduce some notation. Let
p:R? = R be given by p(x) = p(|z]) = 1+ |z| and let s € R. We define

L*(R?,8) = {u: [|p° ull 22y < o0}, ulls = [0 ul| L2e2).-

We will denote by Z(X,Y) the space of bounded linear operators from a Banach space X into a
Banach space Y and by || - || s(x,y) the corresponding operator norm. For the sake of brevity we will
make use of the following shorthands: instead of Z(L?(R?,s), L?(R?,s")) we write %(s,s’), and if
X =Y, then we use the notation Z(X) = Z(X, X). Given R > 0 and a point € R? we denote by
D(x, R) C R? the open disc with radius R centred in 2. The scalar product in a Hilbert space J#
will be denoted by (-, ) . For x = (z1,22) € R? and y = (y1,92) € R? we will often use the polar
coordinates representation

z1 4 iz = e,y +iys = e, r,r' >0, 6,0 €[0,27). (2.1)

Given functions f,g € L*°(R?) we will write f(x) < g(x) if there exists a numerical constant ¢ such
that f(z) < cg(z) for all z € R%2. The symbol f(x) = g(z) is defined analogously. Finally, for any
f € L*(R?) and o € R we will make use of the notation

f) S Q+)™ = Tm (1 fa])” f(x) =0.

Here is the basic assumption on the magnetic field:

Assumption 2.1. Let B : R? — R be continuos and assume that for some o > 4 we have

sup (|B(r,0)| + | 9pB(r,0)]) < (1+7)77. (2.2)
0€(0,2m)

Under this condition B obviously belongs to L!(R?) and therefore has finite flux . To any magnetic
field which satisfies (2.2) may be associated a bounded vector field A such that curl A = B, see
Lemma 4.4. We then add an electric potential V' € L°°(R?) and define the operator H(B,V)
through the closed quadratic form

Q] = /R (G + Al + VIulP) de,  uwe WH2(R?),

Moreover, we will always assume that V() — 0 as |z| — oo. Hence by standard compactness
arguments

oes(H(B,V)) =[0,00).

Consequently, we use the standard definition of a regular point; we say that zero is a regular point
of H(B,V) if there exists s > 1/2 such that

liI;IS}le lp~° (H(B,V)—=X— iO)_l p_SHgg(L2(R2)) < 0. (2.3)
-

2.2. Resolvent expansion at threshold. Let Ay : R2 — R? be a vector potential given by

|7t 2 <1,

Ao(x) = Q(Iz,iﬁ){ ]2 | > 1, (2.4)
and let T'(B,V) be defined by
T(B,V) =2i(A— Ag)-V+iV-A+ (JA]? — |4A|>) + V. (2.5)

Below Gy, G1,Go and G are integral operators in L?(R?) defined in sections 5 and 6, see equations
(5.27), (5.29), (6.6) and (6.7) respectively.
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Theorem 2.2. Let o € 7Z. Suppose that assumption 2.1 is satisfied. Suppose moreover that s >
3/2 and |V (z)| < (1 + |z])737°. If zero is a reqular point of H(B,V), then there exist operators
F;(B,V) € %(s,—s), j =0,1, such that
(H(B,V) =X —i0)"t = Fo(B,V) 4+ Fi(B, V) M@ 4 o(A\{Y)) i B(s,—s) (2.6)
as A — 0. Moreover, for p(a) < 1/2 it holds
Fo(B,V)=(14+GoT(B,V))" ' Go, Fi(B,V)=(14GoT(B,V)) 'G1(1+T(B,V)Go) "

It would be possible to provide an explicit formula for the operators Fy(B, V) and Fy(B,V) also in
the case pu(a) = 1/2. In order to avoid complicated expressions with heavy notation we prefer not
to do so, see section 5 for details. In the case of an integer flux we have

Theorem 2.3. Let B satisfy assumption 2.1 and assume that « € Z. Let s > 3/2. If |V (z)| <
(1+ |z|)=37Y is such that zero is a regular point of H(B,V), then

(H(B,V) = X—i0)"! = Fo(B,V) + Fi(B,V) (log \) "' + o((log |\)™1) in B(s,—s) (2.7)
as A — 0, where

Fo(B,V)=(1+G T(B,V)) Gy, Fi(B,V)=0+GT(B, V) G (1+T(B,V)Gy) "

2.3. Time decay. Our results concerning the time decay of the unitary group generated by H (B, V)
require stronger regularity assumptions on B:

Assumption 2.4. Let s > 4 and assume that for any multi-index 3 € N2 it holds
0°B(w)] < (14 |z~ 17. (2.8)

~

Obviously, any B which satisfies assumption 2.4 satisfies also assumption 2.1. Let H4 be the subspace
of L?(R?) spanned by normalized eigenfunctions corresponding to discrete eigenvalues of H(B, V).
We denote by P, the projection on the orthogonal complement of H4 in L?(R?) .

Theorem 2.5. Let assumption 2.4 be satisfied. Assume that o ¢ Z and let s > 5/2. If |[V(x)| <
(1+ |z|)=37° is such that zero is a reqular point of H(B,V), then there exists K(B,V) € %B(s,s™ 1)
such that as t — oo

e HHBY) b= K(B,V) 1) o717 (2.9)

in B(s,—s), where
K(B,V) = < sin(ru(a)) ™ /201 + u(a)) Fi(B,V).
Vs

Remark 2.6. The improved decay rate induced by a two-dimensional magnetic field was observed
also for the heat semi-group e *# (5.9 [Kol, Kr].

Theorem 2.7. Let assumption 2.4 be satisfied. Assume that o € Z and let s > 5/2. If |V (x)| <
(14 |z]) =379 is such that zero is a regular point of H(B,V), then ast — oo

e HHBY) p. — it~ (logt)~? Fi(B,V) + o(t ' (logt)™?) (2.10)
in B(s,—s).
Remark 2.8. It should be pointed out that, in view of the magnetic Hardy-type inequality (3.1),
zero is a regular point of H(B, V) whenever |V (z)| <V, (1 + |z|)~2 with V{ small enough.

Remark 2.9. The assumption B € C*°(R?) is needed only for the behavior of the resolvent for
high energies, [Ro]. It is natural to suppose that the claims of Theorems 2.5 and 2.7 should hold
true under weaker regularity assumptions on B.
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3. Discussion

3.1. Hardy inequality. If the magnetic field satisfies assumption 2.1, then by [LW, W, Ko2| there
exists a positive constant Cj, = Cj(B) such that the inequality

1+ |z, a¢Z,

, w(z) = (3.1)
1+ [z (loglz])?, a€Z

H(B)

v
|

holds in the sense of quadratic forms on W2(R?).
3.2. Dispersive estimates. Since e *#(F.V) ig a unitary operator from L?(R?) onto itself it is
obvious that ||(1+ [z[)~* e *HEV) (14 |2])7%|| L2 (re) < 1 for every s > 0 and ¢ > 0. In combination
with Theorem 2.5 we thus get the dispersive estimate

11+ Ja) = e 1B P (14 [a) ™ ey S 67K V>0, (3.2)

We note once again that the effect of faster decay with respect to the non-magnetic evolution is
absent in dimension three, see [KK] and [EGS1, EGS2]. Three-dimensional dispersive estimates in
weighted L2?—spaces in the absence of magnetic fields were first obtained by Rauch, [Ra]. Extensions
of these estimates to the L' — L™ setting, also in dimensions higher than three, were established
in [JSS, GS]. The case of dimension two was treated by Schlag in [Schl].

An L' — L dispersive estimate which corresponds to Murata’s asymptotic expansion (1.4) has
been obtained only recently by Erdogan and Green in [EG]. They showed that

| (log(2 + |z|) "2 e *HOV) P, (log(2 + 2)) 72| rey s pe ey St (logt) 2 t>2, (3.3)

provided zero is a regular point of H(0,V) and |V (z)| < (1 + |2|)737°. It is interesting to observe
that the logarithmic factor on the left hand side of (3.3) appears also in the weight function w for
the Hardy inequality (3.1) in the case o € Z.

3.3. The case of zero flux. When a = 0, then we cannot apply our perturbative approach, since
the reference magnetic field By is identically zero in this case, see equations (2.4) and (4.2). Instead,
we treat the operator H(B, V') as a perturbation the free Laplacian —A and apply a result of Murata,
see [Mu, Thms.8.4&7.5]. This is possible thanks to the fact that for a magnetic field with zero flux
we can find a corresponding vector potential with sufficient decay at infinity, cf. Lemma 4.5.

It must be mentioned, however, that this is the only case in which the perturbation with respect
to the free Laplacian, i.e. the operator H(B, V) + A, has coefficients decaying fast enough in order
to compensate for the growth of the weight function (1 4 |z|)® with s > 1. Indeed, if curl A; = By
and curl Ay = By, then by the Stokes Theorem we have

|4y (z) — Ag(x)| = o(|z|7Y) as |z| 200 = By (z)dx = By (x) d, (3.4)
R2 R2
see also [HB]. Hence if By = 0 and By = B is such that [, B # 0, then the coefficients of the
perturbation H(B,V)+A = 2i A-V+iV-A+|A|?+V cannot decay faster than |z|~! irrespectively
of the decay rate of B.

3.4. Long range magnetic fields. One might expect that the main results of this paper should
remain valid also if B has a slower decay than the one required by assumption 2.1, as long as the
flux « remains finite. The asymptotic expansion of the resolvent for decaying magnetic fields with
infinite flux is an open question.
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3.5. L' — L estimates. It would be interesting to extend the dispersive estimate (3.2) to an
L' — L™ setting. So far this is known only for the Aharonov-Bohm magnetic field By, with flux o,
see [FFFP, GK]. Such a magnetic field is generated by the vector potential

a
Agp(x) = EE (w2, 21).

Denote by H(Byp, 0) the Friedrichs extension of the operator (iV + Agp)? defined on C§°(R?\ {0}).
In [FFFP, Thm.1.9] it is proved that

H e_itH(Bab70)||L1(]R2)HL°°(]R2) 5 t_l, t>0. (35)

A related weighted estimate with an improved decay rate was obtained in [GK, Cor.3.3]:
(1 + ||y =) 7 #H B0 (14 [a]) 7| Loy ooy S ¢77HY E> 0. (3.6)

Note that (3.6) gives the decay rate t~* when a € Z. This is not surprising since the Aharonov-Bohm
operator with an integer flux is unitarily equivalent to the free Laplacian —A in R2.

4. Proofs of the main results

In this section we assume throughout that B satisfies assumption 2.1 and that V satisfies the
hypothesis of Theorems 2.2 and 2.3. Under these conditions the operator H (B, V) has no positive
eigenvalues, see [KT]. Then by [IS]

sup || p™* (H(B,V) = A =1i0)"" p™°|| m(r2ee)) < o0 (4.1)

a<A<b

for s > 1 and any 0 < a < b < oo. Consequently, the positive part of the spectrum of H(B,V)
is purely absolutely continuous. The negative part of the spectrum is either empty or consists of a
finite number of eigenvalues each having finite multiplicity, see [Ko2, Thm.3.1].

4.1. Expansion at threshold. If zero is a regular point of H(B,V), then the estimate (4.1) can
be extended to a = 0. Moreover, from the finiteness of the discrete spectrum of H(B,V) it follows
that H(B,V) has no spectrum in the left neighborhood of zero. Hence
sup || p”H(H(B,V) = A =i0) "' p~ | mree) < o0
—6<A<S
for s > 1 and ¢ > 0 small enough.

To prove Theorems 2.2 and 2.3 (for « # 0) we will employ the perturbation procedure mentioned
in the introduction. First we establish the asymptotic expansions of the type (2.6) and (2.7) for the
resolvent of an operator H(By) = H(By,0), where By is by equation (4.2), see Propositions 4.1,
4.2. Then we show by the perturbative technique that any other magnetic field with the same flux
as By gives rise to an operator with (qualitatively) the same asymptotic expansion of the resolvent.
Adding a bounded electric potential V' with a fast enough decay at infinity then won’t change the
character of the obtained expansion. In the case a = 0, which concerns Theorem 2.3 only, we repeat
the same procedure with H(By) replaced by —A.

The reference operator. The reference operator H(By), which will play the role of the free
Hamiltonian when a # 0, is associated to the radial magnetic field By given by

Bo(x):Bo(|x|):% if |z|<1, Bo(x)=0 otherwise. (4.2)

It is easily seen that By = curl Ay and that the flux of By through R? is equal to a. Let
Ro(A+1i0) = (H(By) — A —i0) L. (4.3)
We have
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Proposition 4.1. Let o ¢ Z and let s > 3/2. Then there exists Gy € B(s,—s) such that
Ro(A+1i0) = Go + N9 Gy + Go(N) in B(s,—s), (4.4)
where
| Ga( M (s,—s) = o(IA#), VG2 (Mlls(s,—s) = o(AF) A —0.
Moreover, if u(a)) < 1/2, then G1 = G;.

Proposition 4.2. Let « € Z, o # 0 and let s > 3/2. Then
Ro(A+1i0) = Go + (log\) "' G1 + Go(A)  in B(s,—s), (4.5)
where
1G2(N)llzs,—s) = 0(log [A)TH), VG2Vl a(s,—s) = o(log[A)T) A= 0.
Proofs of Propositions 4.1 and 4.2 are given in sections 5 and 6 respectively.
Remark 4.3. Note that the field By does not satisfy assumption 2.1.

The following Lemma plays a crucial role in our approach, for it allows us to extend the results of
Propositions 4.1 and 4.2 to all magnetic fields satisfying assumption 2.1.

Lemma 4.4. Let B satisfy assumption 2.1 and let « be given by (1.5). Suppose that o # 0. Then
there exists a differentiable vector field A : R2 — R? such that curl A = B and such that

V-A@)] S A+ 2D, JA@) = Ao(@)] £ 1+ [a) 7" (4.6)

~ ~

where Ag is given by (2.4).

Proof. Let A be the vector potential associated to B by the Poincaré gauge:
1
@) = (—a9, 1) / Bltar, ts)tdt, (A7)
0

see e.g. [Th, Eq. (8.154)]. A direct calculation then shows that curl A = B. Passing to the polar
coordinates we get

—sin @, cos )

g(r,@) = r(—sinf, cos ) /01 B(tr,0)tdt = ( /OT B(z,0) zdz (4.8)

r

Hence with the notation -
P(0) = / B(z,0) zdz (4.9)
0

we obtain the decomposition

-~

A(r,0) = Fy(r,0) + Fx(r,0),
where

Fi(r,0) = (= sind, cos) b(0),  Far) = (sinf, —cos§)

T T

Note that by equation (1.5)

/OO B(z,0) zdz. (4.10)

2m
P(0) = 27ma. (4.11)
0
Now fix an R > 1 and let v C R?\ D(0, R) be a piece-wise regular simple closed curve. We denote
by Q. C R? the region enclosed by 7. Note that curl F; = curl Ay = 0 in R? \ D(0, R). Hence if Q,

does not intersect D(0, R), then Q. \ D(0, R) is simply connected and

fr-fa-o
Y Y
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On the other hand, if €2, does intersect D(0, R), then it contains D(0, R) as a proper subset, for
vN D(0,R) = (. In this case, in view of (4.10) and (4.11), it turns out that

f Fl =27a.
gl
By the Stokes Theorem we then have

%Fl =21« :/ By(z) dx = j{ Ap.
Yy D(0,2) Y

7{(F1—A0):0

This means that the vector field F}; — Ay is conservative in R? \ D(0, R), since the latter is an open
connected subset of R?. Moreover, by definition of F; and Ay and by the hypothesis on B it follows

So, in either case it holds

that Fy, Ag € C1(R?\ D(0, R)). Therefore there exists a scalar field p € C%(R?\ D(0, R)) such that

Fi+Ve=A4;, in R?\ D(0, R) R>1. (4.12)
We now put R € (1,2). Then ¢ € C?(R?\ D(0,2)). Since R?\ D(0,2) is closed, we can extend ¢
into a function $ € C%(R?) in such a way that ¢ = ¢ on R?\ D(0,2), see e.g. [Wh, Thm.1]. It now
remains to define

A=A+Vo=F+F+V3 i R2.

Then curl A = curlA = B and V- A = V- A+ Ap. However, V- A € L>®(R2) by equation (4.8)
and hypothesis on B, and Ap € L>(R?) by construction of ¢. Therefore V - A € L>°(R?). Finally,
from (2.2) we easily verify that

V-F(2)] $ A+z)7°, R $ Q+)7°
Since A — Ag = F» on R?\ D(0,2) by (4.12) and since V - Ay = 0, this implies (4.6). O

Lemma 4.5. Let B satisfy assumption 2.1 and let « = 0. Then there exists a differentiable vector
field A : R? — R? such that curl A = B and such that

IV A@)] £ A+ l=D7°, JA@)] £ A+ (4.13)

~

Proof. In this case we replace By by a continuous radial field f?o of compact support and with zero
flux:
Bo(x) dx = / Bo(|z|) dz = 0. (4.14)
R2 R2
Accordingly, we define

=l _

(=22,21) By(s) sds.

1 1
Ao(z) = (—22,21) / Bo(tay,txs)tdt = (—x2,71) / Bo(t|x|)tdt:7|m|
0 0 0

Then curl ﬁo = Eo. Equation (4.14) and the fact that the support of EO is compact then imply
Ap(z) = 0 for |z| large enough. Now it remains to follow the proof of Lemma 4.4 with A, replaced
by Ao and with a = 0. ]

From now on we will associate to any B satisfying (2.2) a vector potential A given by Lemma 4.4
when « # 0, or by Lemma 4.5 when o = 0.

Remark 4.6. The fact that we use a particular vector potential generating the magnetic field B
represents no restriction, since all our statements are gauge invariant. Note also that A is not
uniquely defined by Lemmata 4.4 respectively 4.5.
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Since V - Ag = 0, see (2.4), from the definition of T'(B, V) it follows that
T(B,V)=H(B,V)— H(By). (4.15)
Note also that T'(B, V) is symmetric on W12(R?), see (2.5).

Lemma 4.7. If B satisfies assumption 2.1, then there exists so > 3/2 such that the operator
14+ T(B,V) Gy is invertible in HB(s,s) for all 3/2 < s < sq.

Proof. By Lemma 4.4 we can find s > 3/2 such that the functions p* (V- A) p*® and p®° |A— Ay p*°
are bounded. From Lemma 5.2 it then follows that the operator T'(B,V) Gy is compact from
L?(R?,s) to L*(R2, s) for any s € (3/2,s0). Assume that there exists u € L?(R?, s) such that

u+T(B,V)Gou = 0. (4.16)
The resolvent equation in combination with (4.15) says that for every e > 0
Ro(ie) = (H(B,V) 4ie)™* (1 + T(B,V) Ry(ic))

holds on L?(R?,s). Hence using equation (2.3), Proposition 4.1 and passing to the limit ¢ — 0 we
arrive at
Gou=H(B,V)"*(1+T(B,V)Go)u =0,

since (1 + T'(B,V)Go)u by (4.16). But then u = 0 again in view of (4.16). This means that
Ker(14+ T(B,V)Gy) = {0} and by the Fredholm alternative 1+ T(B,V) Gy is invertible. O

Lemma 4.8. If B satisfies assumption 2.1, then there exists so > 3/2 such that the operator
14+ GoT(B,V) is invertible in B(—s,—s) for all 3/2 < s < sq.

Proof. The claim follows by duality from Lemma 4.7. O
Lemma 4.9. Assume (2.1) and let o« ¢ Z. Then for A — 0 we have
(1+RoA+i0)T(B, V)™ =1+ GoT(B,V)) ™'~ (4.17)
—(1+GoT(B,V)) ' G1T(B,V) (1 + Go T(B,V)) "t M) 4 o(\())
in B(—s,—s) for some s > 3/2.

Proof. From Lemma 4.4 and Proposition 4.1 it follows that [|T(B,V) G2(A)||g(s,s) = o(|A[*(®)) as
A — 0. Hence by (4.4) and duality we have

14+ Ro(A+i0)T(B,V) =14 GoT(B,V) 4+ G1 T(B,V) M@ 4 o(|\[#(2)) (4.18)

in #(—s,—s) for A — 0. The operator 1 + Gy T(B,V) is invertible in #(—s, —s) in view of Lemma
4.8. Hence for |A| small enough the operator 1+ Ro(A +i0) T'(B, V) is invertible too and with the
help of the Neumann series we arrive at (4.17). O

Proof of Theorem 2.2. It suffices to prove the statement for s < sy with so given by Lemma 4.7.
Similarly as for the free resolvent we introduce the notation

R(A+i0) = (H(B,V) — XA —i0)~'. (4.19)
Since 1 4+ Ro(\ +40) T'(B,V) is invertible in %(—s, —s) for A small enough, the resolvent equation
yields
R\ +1i0) = (1 + Ro(A +1i0) T(B,V)) ™" Ro(\ +i0), (4.20)
which in combination with (4.4) and (4.17) gives
RA+1i0) = (14 GoT(B,V)) LGy + Fi(B, V) M@ 4 o\ (4.21)
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as A — 0, where
F(B,V)=1+GoT(B,V)) 'G1 —(1+GoT(B,V)) *G1T(B,V) (1 +GoT(B,V))"' Gy
=(1+GoT(B, V) ' Gi(1+ T(B,V)Go) ' [1+T(B,V)Go —T(B,V)(1+ Gy T(B,V))™ " Gy]
in %(s,—s). Since
T(B,V)(1+GoT(B,V)) ' Go=(1+T(B,V)Go) *T(B,V) Gy (4.22)
holds on L?(RR?, s), the claim follows from (4.21). O

Proof of Theorem 2.3. For a # 0 the result follows from Proposition 4.2 and Lemma 4.4 in the
same way as in the case o € Z; one only needs to replace the operators Gy and G by Gy and G
respectively, and use Lemma 6.3 instead of Lemma 5.2.

When o = 0, then we replace the reference operator H(By) by the Laplacian —A. Consequently,
we write

HB,V)=-A+2A-V+iV-A+|A?+V.
The statement now follows by Lemma 4.5 and Theorems 8.4 and 7.5.(iii) of [Mul]. O

4.2. Time decay. We will use the formula

. 1 .
p—itH(BV) _ — /e*”’\ R(A +1i0) d\, t> 0. (4.23)
™ R

To prove Theorems 2.5 and 2.7 we have to estimate the behavior of R(A + i0) for || — oo.

Lemma 4.10. Let s > 5/2. Suppose that B satisfies assumption 2.4 and that |V(z)] < (1 4+
|z[)78, B > 3. Let RY)(\4i0) denote the jth derivative of R(\+i0) with respect to X in B(s, —s).
Then

[RP (X +0) | (s, —s) = ON/?) A — oo, (4.24)
IR (A +i0)[| z(s,—s) = O(AI ™) A — —o0. (4.25)

Proof. We will apply a perturbative argument. This time the unperturbed operator will be H (B, 0) =
H(B), so that H(B,V) = H(B) + V. For convenience we denote

Rp(\+i0) = (H(B) — A —1i0)~". (4.26)
By assumption 2.4 and [Ro, Thm.5.1] we have
i+l

IRDP A +i0)|| s —ay = ON"F)  j=0,1,2, A= o0 (4.27)

for any s’ > j + 1. Now Rp(\ +1i0) € B(s',s' — ) for all 1/2 < s’ < 8 —1/2 by (4.27) and (4.1).
Since V € #(s' — B, s") by assumption, it follows from (4.27) that

|[VRp(A+i0)||lzs sy —0 Vs e(1/2,8-1/2). (4.28)

Hence |[(1+V Rp(A+i0)) | z(s,s) = O(1) for all 1/2 < ' < f—1/2 as A — oo. By duality the
same holds for ||(1+Rp(A+i0) V)™l 5(—s,—s- This in combination with (4.26) and the resolvent
equation implies that the identities

RO +i0) = (14 Re(A+1i0) V)" RY (A +i0) (1 + V Rp(A +i0)) "
RO (A +i0) = (14 Rg(A+i0) V) ' RP (A +i0) (1 4+ V Rp(A +i0)) "
—2RM (A +i0) V R (A +i0)(1 + V Rp(A +i0)) !,

hold in B(s, —s) for all 5/2 < s < 8 — 1/2. The first equation shows that [|[RM (X + i0)[| (s, —s1) =
O(X71). By inserting this together with (4.27) into the second equation we obtain (4.24).
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As for the negative values of \, we note that R(\) = (H(B,V)—\)~! is analytic in Z(L?(R?)) for ||
large enough. This is a consequence of the fact the H(B, V) has finitely many negative eigenvalues,
[Ko2, Thm.3.1]. Hence

IR (A +i0) || (2 g2)) = I(H(B, V) = N)"? | mr22)) = O(IA°) A= —oo,

where we have used the fact that ||(H(B,V) — A\) | zr2mwe)) = (dist(c(H(B,V)), A)~*. This
implies equation (4.25). O

Before we come to the proof of Theorems 2.5 and 2.7, we recall [JK, Lem.10.1], from which it follows
that if F: R — %(s,—s) is such that F(\) = 0 in a vicinity of zero and F?) € L'(R; (s, —s)),
then

/ e MANEN dA=0(t"%)  t— o0 (4.29)
R
in A(s,—s).

Proof of Theorems 2.5 and 2.7. As usual we will split the integral (4.23) into two parts relative
to small and large energies. To this end we introduce a function ¢ € C§°(R) such that 0 < ¢ <1 and
¢ =1 in a vicinity of 0. By the resolvent equation R(\ +i0) = (1+V Rg(A+1i0))"1 V Rg(\ +i0)
and equations (4.27), (4.28) we have ||R(A +i0)||z(s,—s) = O(A\"2) as A — oo for 1/2 < 5. In view
of (4.1) Theorems 2.2, 2.3 it thus follows that R(A+¢0) is uniformly bounded on (0, c0) in #(s, —s)
for 1/2 < s. On the other hand for A < 0 the operator R(A + i0) P. is analytic in A with respect to
the norm | - ||z(z2(r2)). Hence Lemma 4.10 in combination with equation (4.29) gives

/ oA (1= ¢(\) R(A + i0) P.d\ = O(t—Q) t — 00 (4.30)
R

in B(s,—s) for all s > 5/2. To estimate the contribution to (4.23) from small values, we recall two
results on Fourier transform:

L e giopran = B imapg ) i e (4.31)
21 Jp s
and
1 )
i /. e " (log(A +i0)) Fd\ =i Z FEt71 (logt) ™" 1 + Ot (logt)™%) (4.32)

for k = 1,2 as t — 00, see e.g. [Mu, Lems.6.6 -6.7]. The last two equations in combination with
(4.23), (4.29) and Theorems 2.2 and 2.3 then imply that as ¢t — oo

eTHHIBYV) P — i F\(B,V) sin(ru(a)) iz (1 + p(a)) 7174 oo 171y o ¢ 7 (4.33)

7T
and

e HHBY) p — i Fi(B, V)t~ (logt) ™2 + o(t~! (log t)~2) a€Z (4.34)
in A(s,—s) for all s > 5/2. O

Hence our main results are established provided we can prove auxiliary Propositions 4.1 and 4.2.
This will be done in the following two sections. However, the analysis of the resolvent of the operator
H(By) leads to rather lengthly calculations. Therefore, in order to keep the exposition as smooth as
possible, we will often make use of auxiliary technical results presented in section 7 and of selected
properties of certain special functions which are described in Appendices A, B and C.
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5. Operator H(Bj): non-integrer flux

We are going to study the resolvent (H(By) — A —1i0)~! separately for positive and negative values of
A. We first derive an explicit expression for the integral kernel, and then we will discuss the behavior
of (H(Bgy) — A —1i0)~"! in the vicinity of zero in a suitable operator norm. For the sake of brevity we
will suppose that p(a) < 1/2, which means that

I k(a): pla) =k(a) + al. (5.1)

The case pu(a) = 1/2 when the minimum in (1.6) is attained for two different values of k € Z can be
treated in a completely analogous way.

5.1. The case XA > 0. We have

Lemma 5.1. Assume that o € Z. For any x,y € R? it holds
RO(A; z, y) = GO(xv y) + Gl(xv y) AM(Q) + G;(Av x, y)7 (52)
where Go(x,y), G1(x,y) are given by equations (5.27), (5.29), and G5 (\;z,y) = o(M()) as X — 0+.

Proof. Without loss of generality we may assume that o > 0. To calculate Ro(\;x,y) we write
the vector potential Ay associated to the field By through (2.4) in polar coordinates: Ag(r,8) =
ag(r) (—sin@, cosf), where

alr)=a if r<l, alr)=2> if r>1 (5.3)

The quadratic form associated to H(By) now reads

oo p2m
/ / (|0rul® + [ir~'8pu + ao(r) u|?) r drdf. (5.4)
o Jo

By expanding a given test function u € L*(Ry x (0,27)) into a Fourier series with respect to the
basis {e!™%},,cz of L?((0,27)), we obtain the decomposition

= @ (hpn@id)1I (5.5)

meZ

where h,, are the operators in L?(R,,rdr) acting on thier domain as

N T 1 !/ T 2
P f = =f" =~ 1"+ (% +ao()) 1, (5.6)
and II,, is given by
1 2r ,
im(0—0") ’ ’
o / e u(r,0") do’.

The integral kernel of Rgy(a; A) then splits accordlngly'

(I, w)(r, 0) =

Ro(X;z,y) Z R (A;r,r') eim(0=0") (5.7)
mEZ

Here RJ'(\;r,r’) denotes the integral kernel of (h,, — A —i0)~! in L?>(R,,rdr). Now consider the
operators

O =Uh, U™t in L*R,,dr), (5.8)
where U : L?>(Ry,rdr) — L?*(Ry,dr) is a unitary mapping defined by (Uf)(r) = 7*/2f(r). Note
that 9,, is subject to Dirichlet boundary condition at 0 and that it acts, on its domain, as

m 2
Sl ="~ g I+t aoln) f (5.9)
Let Ry (A;7,1") denote the integral kernel of (jﬁm —A—i0)"!in L*(R,,dr). By (5.8)

R (Nsryr') = Ry’ (A, 77). (5.10)

1
vorr!
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Hence it suffices to calculate g (A; 7, 7’). To do so we will find two solutions, fy, » and ¢, » to the
generalized eigenvalue equation

22
—f" 7$+(%+M+a3(r)>f:/\f, (5.11)

such that fr, a+ic € H((0,1),rdr) and ¢ riie € H'((1,00),rdr) for e > 0. The Sturm-Liouville
theory then gives

1 Fix (1) (), <0,
Win(X)

Ry (A\;ryr’) = (5.12)

fm,/\(rl) ¢7rz,>\(T)7 rl <,
where
Win(A) = P, fr/n,)\ - ¢;n,/\ fmx

is the Wronskian of ¢y, » and f, a. In view of (5.9) it follows that W{¢m, x, fm,2} is constant. In
order to find f,,, » and ¢, x we have to solve equation (5.11) separately for » < 1 and r > 1 and
match the solutions smoothly. Let

k=vVa? -\, (5.13)

To simplify the notation in the sequel we define the functions vy, (A, ), um (A, ) : (0,1) = R by

1

V(A7) = e (26 7)™ M(§ + |m| + %, 1+ 2|m|, 2&7’) (5.14)
1

Um (A, 1) = e (26 7)™ U(i + |m| + %, 1+ 2\m\,2m“) ) (5.15)

where M (a,b,z) and U(a,b,z) are the Kummer’s confluent hypergeometric functions, see [AS,
Sec.13.1]. Using equations (5.3), (5.9) and a suitable change of variables we find they (5.11) lead to
a Whittaker’s equation for » < 1 and to the Bessel equation for r > 1, see [AS, Chaps.9&13]. We
thus obtain

VT vm(A 1), r <1,
S (r) = (5.16)
VT (AN Jagen| (VAT) 4 Bi(N) Yiaqm (VAT)), 1<,

where A, (), By, () are numerical coefficients whose values will be determined later. Similarly,

VT (Con(AN) v (A, 1) + Dy (A) tm (A, 7)), r <1,
(1) = (5.17)
\/7j (Jlaer\(\/XT) +i}/|a+m\(\/xr))7 I<r,

In order to find the coefficients A,,(\) and B,,(\) we impose the differentiability condition at r =1
on the function # fm(r) which is equivalent to the differentiability (at r = 1) of f,,, ». With the
help of (B.3) we get

(@n(h Dla+ml = v, (0 1) Yiasm (VA) = VA 000 1) Yiarmn (VX)) (5.18)

(0 1) = e+ 1l 00 1) Tiagom (VA) + VA 0O 1) i1 (VX)) (5:19)
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Here v),(A, 1) and u;

m
matching conditions for # Om, yield

(A, 1) denote the derivatives of v, and wu,, with respect to r. Similarly, the

1 m mo
Con(N) = F(;g |+ 2'@; ) (0 O 1) = om0 1) a4 1) T (V) + VA 0 1) iy 1 (V)
i [ 1) = (A 1) e+ 1) Yiarsom (V) + VA (A 1) Yiagm 31 (V) ])
(5.20)

2T(3 + |m| + )
D — 2 K
mN) = — ST 2D

(lAm()‘) - Bm()‘))’ (5.21)

where we have used the identity

(1 +2m|)
vl (A 1) U (A, 1) — v (A, D)l (N, 1) = — (5.22)
L3+ m| + 22)
see [AS, Eq.13.1.22]. From (B.3) and [AS, Eq.13.1.22] we then calculate the Wronskian
I(1+2|ml) 2 .
Wi (A) = Dy, (A = —(Bmn(A) —iAn(N)). 5.23
)= Do) Fr g = 7 B = i4n(3) (5:23)

These formulas in combination with (5.12) provide the expression for R{*(A\;r, ') and consequently
for Ro(A;x,y), via (5.7) and (5.10). To analyse the asymptotic behavior of Ry(c, A\;x,y) as A — 0+
we introduce the following shorthands:

am = v, (0,1), ar, =v..(0,1), b = um (0, 1), b, =u,,(0,1).

Then, in view of (B.4) and (5.18)-(5.21) as A — 0+ we have:

A ) = D (o1t afa) (3R (14 000)
TF‘ET:,E'T . o g (@~ It alan) (GVA) " (11 00)  (5.24)
BN = — " (a — fm+ alam) (VN (1 £ O, (5.25)

S 2T(jm+a| +1) 2
where the error terms are uniform in m. Similarly we find

L2 +m+|m|) (1 +icot(|m+ a|T))

= " lm o 1 |a+m)|
Cr(N) = T 2D T T a 1) (b, — |m+ \bm)(Qﬁ) (1+0N)
TE+m+|m)T(Im+al) , 1~ —latml
— 0T 2] (b, + m + o bm)(gﬁ) (1+0O(\) (5.26)

Hence from equations (5.7), (5.10), (5.12) and (5.16)-(5.23), after elementary but somewhat lengthly
calculations, we obtain

; . . — N im(6—6")
)\11{61_’_ R0(>\,LE, y) : Go(l’,y) Z Gmp(r,r ) € ) (527)

mEeEZ
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where
L't +m+|m)) b, + |m+alb
G N — 2 - O ( 0 N Tm m O l) /<1
m,o(r7") T m) Um (0, 7) [ um (0, ) o T m+alan vm (0, 7) r<r <1,
m (0, -
Gmolr, ') = Om (0, 7) (r)~Imtel r<1l<r,
’ al, +|m+alan
(5.28)
1 rylm+el  al —|m+ala
Gmolr,r') = ———— (7) _Im . (ppt) = Imal l<r<r
o) = S+l [ 7 Aot Imtalan ) e

Note that al,, + |m+a|a,, > 0 for all m € Z, see (5.31). Consider now the remainder term in (5.27).
Since a > 0 by assumption, we have k(«) < 0. To simplify the notation we will write

Ka)=k  pla)=p=lk+al
Then, using again (5.7), (5.10), (5.12) and (5.16)-(5.23) we find that

lim A" (Ro(X\z,y) — Go(z,y)) = Gi(z,y) = g1(r,7") k(0-0") (5.29)
A—0+
where
2mve(0,7) vk(0,8) .
,8) = — cot, <s <1,
91(7" 8) 4M I—\Q(M) (a;c ¥ /J/a/k:)Q (Z co (,u7r)) r s>
mop(0,7) (i —cot(um)) (, ap—pap _,
5= I Sl L <l<s, (530
gl(T‘ 5) H4#F2(U)(a%+uak) (5 a;€+uak8 ) r S ( )
LT AP ST Y ST
— — — 1< .
g1(r,s) T () r agc_’_'uakr s %-ﬁ-uaks <r<s
This implies (5.2). O

In the sequel we denote by G and G the operators on L?(R?) with kernels Gy(x,y) and G1(z,y).
The following Lemma shows that these operators have the properties needed for the proof of Propo-
sition 4.1.

Lemma 5.2. Let o ¢ Z and let s > 1. Then p=* G, p~° and p~*V G; p~° with j = 0,1 are compact
operators from L*(R?) to L?(R?) and from L*(R?) to L*(R?,C?) respectively.

Proof. Consider first the operator Go. We denote by G, o the integral operator in L2(R,rdr) with
the kernel Gy, o(r,7'). For m = 0 it is easily seen from (5.27), using equations (A.3) and (A.4), that
the kernels G o(r,7’) and 0,»Goo(r,r’) generate Hilbert-Schmidt operators in L?(R,rdr). Hence
we may suppose in the rest of the proof that m # 0.

To continue we note that with the help of equations (A.3), (A.5), (A.6) and (A.7) it is straightforward
to verify that

20|~ ™ T (2]m)
L(3+2ml)

On the other hand, equations (5.14), (5.15) in combination with (A.3) and (A.6) imply

|b), 4+ |m—+a|bn] < lal, +|m+a|am| 2 (1+|m|)|2a|‘m| Vm € Z. (5.31)

’

[0 (0,7)] < e (26r) ™!, [um (0,7)] < Cy e (26r") "1™ T(2|m)), (5.32)
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with a constant C,, independent of m. From(5.28) and (5.32) we thus obtain the following estimates:

(r/r")im! r<r <1,
1
|Gm70(r, 7J)| S m (7"/7“/)‘77L+Oé| 1 S r < ’I"l (533)
rlml (phy=lmtal e o 1 <,
and
m , , 1 ,
|?Gm,0(rvr )| + 10 Grno(r, )| < = Im+al |G o(r, )], (5.34)

where the roles of » and 7’ have to be interchanged if v’ < r. We thus find that
107 Gmop *llus@.rary S Im+al™?  VYmeL (5.35)

Here ||-[| gs(r, ,rar) denotes the Hilbert-Schimdt norm on L?(Ry,rdr). This shows that p=* Gy 0 p~°

is compact on L*(R,rdr) for every m and that |[p=* G op™* converges to zero as

||L2(R+,Td’l‘)
|m| — oo. Hence p=* Gop~* is compact on L?(R?) in view of (5.27). Moreover, from (5.33) and

(5.34) we infer that

_s M _ _ _ _
Hp SFGm,Op SHHS(R_*_,rdr)_’_”'O SaT’G’ﬂLOp S||HS(R+,rd7‘) 5 |m+a| 1/2'

S S

This implies that the operators p=° 77 G0 p~° and p~° 0,/ Gy o p~° are compact on L?(R, rdr)
for every m, and that their operator norm tends to zero as |m| — co. Since the integral kernel of
the operator VG is given by

VGo(r,r',0,0") = Z gtm(0—6") (arle,O(r, '), % G o(r, r’)),
meZ

this proves the compactness of the operator p=* V Gy p~* on L%(R?).

S

The analysis of the operators p~™° Gy p~° and p~°* VG p~
only from m = k(«). Indeed, from the explicit expression for g (r, ') it follows that

is easier, since we have a contribution

—s —s —s —s —s 1 —s
P ) n () po (), p T ) Dgi () p70 (), () () p7 (),
are Hilbert-Schmidt kernels on L?(R,rdr). O

Next we are going to study the behavior of the remainder term in (5.2). Let us denote by G (\)
the integral operator in L?(R?) with kernel G3 (\;z,y) given by (5.2) and (5.7).

Lemma 5.3. Let a ¢ Z and assume that 3/2 < s < 3/2 + p(a). Then, as A — 0+ we have
G (\) = oM\ in B(s, —s).

Proof. From Lemma 5.1 it follows that
1G3 (Nll(s,—s) = 107" G2 (N) p~° lap(r2(re)) = sup 107 G sV 7% 2@y raryys  (5.36)

where G, ,()) is the integral operator with kernel

G;,Qo‘a Ty ’I“/) = Ry (AT, H) - Gmy()(rv T‘/) — Arle) 6m,k(oc) g1 (’I“, ’I“/), (5'37)
and 0 denotes the Kronecker delta. Let us denote
Mol Ga = s [ 1770 Gl a0

M2 1o [Glha(N] = sup / 107 () Gy (A1) ()
0<r’'<1
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We will estimate the norm of p~—* G:;L,Q()\) p~* in L2(Ry,rdr) as follows:
107" G o) 0 2@, rary) < Mio.1)x(0.1)[Grma )] M 190,19 (G 2 (V)] (5.38)
+ 2/01 P25 (r) /OO G oA )P p7 2 (") 1 dr' v dr

o0 o0 '
w0 eGP ) v dr
1 1

Here we use the Schur-Holmgren bound for the part of the operator relative to the region (0, 1)x (0,1)
and the Hilbert-Schmidt norm on the rest of Ry x Ry.

Let us first estimate the last term on the right hand side of (5.38). We recall the formula for the
resolvent kernel on (1,00) x (1, 00):

R (A, T/) = Am(A) Jlm-l—oz\(ﬁ?ﬂ) Jlm-&-a\ (ﬁrl) +iAm(A) J|m+oz\ (\57’) Y\m-&-a\ (\FAT/)

Win(A)
+ Bon(A\) YVinnsal (VAT) Jimta) (VAT) 41 B (A) Yimto (VAT) Vi o (VA r’)] . (5.39)

see equations (5.12), (5.16) and (5.17).

We now use identity (B.1), keeping in mind that a ¢ Z to write Y}, 4| in terms of Jj,;, 4 and
J_|m+al; and estimate each term in the above sum separately. To this end we are going to use
integral operators T on L?((1,00), rdr) with kernels

4-lmeal (pprylmetal rr\ Il sin?(|m + a|r)
m n o_ m n_ 2T 2 oS b e R
T (rr') = (mtal 71 T(r7r)—(4> r“(jm+ «) —

|m+al Sin(|m + O“ 71')
T|m+ af

T2 (ryr")y =T (', 7). (5.40)

T (r,r'") = —=(r/r") , I

In view of Lemma 7.1, equation (7.1) of Lemma 7.2, and equation (5.1) we then have

p(a) k() rop! 5 m = a
Timtal (VAT) Tl (VAT :{ (AHTZJ)_l((,)’(A);(i;)F o)) m#zgai’ (5.41)

as A — 0+ with respect to the Hilbert-Schmidt norm on L?((1, ), rdr) and with the error terms
uniform in m. Similarly, using equations (7.2) and (7.3) of Lemma 7.2, we find that

Alm+al J7|m+a|(\/X7“) J7|m+a\(\/XT/) T (1) (1 4+ O(N)
Timal (VAT) Iyl (VAT) = T (r,7) + (1 + [m]) = O(A2F9)
T msa (VAT Ty (VAF') = T2, 0”) 4 (L ) H O(AE+9)

as A — 0+ with respect to the Hilbert-Schmidt norm on L?((1, o), rdr) and error terms uniform in
m. On the other hand, from equations (5.24) and (5.25) it follows that

Bn(\) im? 4= Imtal al, —|m+alan,
WA 2|m+a|T2(lm+al) \d, +|m+alan
73 (1 4+ icot(|m + a| 7)) a., —|m+alan
2lmtel 2im 4+ a2T4(|m + a|) \al, + |m+alan

) Almrel(1+0(N)

)2 AmEel(1 4 o) (5.42)

and

An(N) 7w (. 7 cot(|m + af w) Amtel al, —|m+ ol an
=3 = 1+0(x 5.43
2 <Z+4|m+a| Im + a|T2(Im+«al) \d, +|m+alan (1+0(), (5-43)
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with the respective error terms uniform in m. We now write (5.39) with Y},,, 14| replaced by the right
hand side of (B.1) and insert in the resulting equation for R{*(A,r, ') the asymptotic expansions
(5.40)-(5.43). With the help of (5.31) this yields

// ) |G oAy )P pTE () e drdr S A (5.44)
r,Tr T rr T ar .
~ 14 |m

for A small enough.

Next we are going to estimate the first term on the right hand side of (5.38). In view of (5.12),
(5.16) and (5.17) we have

Um (A, 1)
Win(A)
As a first step we will show that the second term on the right hand side of the above equation is

differentiable with respect to A in the norm given by the right hand side of (5.38) and that the
derivative is uniformly bounded in m. By (5.23)

Dn(A) _ T(z+Im|+252)

Win(A) I(1+2[m|)
Therefore keeping in mind the definition of u,,, see equations (5.15) and (5.13), and using Lemmata
A.1 and A.12 we find that for A small enough it holds

‘8>\ (Dm()\) um()\,r’)> ‘ < (2kr)7Iml 4 7(4,“4/)'?%'.

Ry (N, ') = (ConN) v (A, 7)) + Doy (N (A, 7)) r<r <1. (5.45)

Win(A) ~ I'(2[ml])
This in combination with (5.14) and Lemma A.2 gives
Dp(N) rylml o (8k) I () Iml
w0 a3 (222 o 0 )| 5 (2 G 5.6
"U ( T) A Wm(A) U ( ’I’) ~ r + F(2\m\) ( )
On the other hand, combining Lemma A.2 with Lemma A.3 we obtain that for A small enough
|Ozom(A, )] < Im| (267)™ vV re(0,1). (5.47)
Since
1 ma 1—|m| ry|ml|
b tm(hr)] =[RS ) g @EI L W)
Wi (M) (14 2|m|) || (14 2|m|)
in view of Lemma A.1l, by putting the above estimates together we arrive at
D, (X [m|
’(%\(Wm(()\)) Um (A, ") vm()\,r))‘ < (%) + (rr')‘ml , 0<r<r <1,

where we have used the fact that (8#)!™!/T'(2|m|) is bounded in m € Z \ {0}. As usual, » and 7/
have to be interchanged if 7/ < r. Since

sup / | |m| TT/)‘mI ’ " dr! + sup /r/ | (L) |m| N (TT’)‘mI | vdr < 1
0<r<1 o<r'<1.Jo r’ ~ 14 |m|
we find that
- Dy (N) D, (0) A _
M(JO,l)X(O,l) |:W7TLL(>\) ’U,m(/\, ) Um( ") - W:(O) um(()? ) U'm(ov ) 5 1+ ‘m‘v J= 172 (548)

holds for all m € Z and X small enough. Here V?/’”Eg)) is to be understood as the limiting value of

V?/m(?\)) Consider now the first term on the right hand side of (5.45). From (5.47) and Lemma A.2

we obtain the bound

M0 [ A (mAr) vm(A )] S (@465 < (4a?)m (5.49)
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We are going to combine (5.49) with the asymptotic expansion of V?,"‘ ((’;))

== m 1+0(\
Win(A) L(1+2lm|) a,+|m+alan (1+0()
27 (i — cot(|m + | 7))

[2(lm + af) (af, + [m + o am)

+ Almel

S (1+0(\) + O(AIm+ely)

as A — 0+ with the error terms uniform in m, see (5.23) and (5.26). In the calculation of the
coefficient of A+l in the above equation we have used the fact that a,b, — ambl, = (1 +
im|)/T(3 +m + |m|), cf. (5.22). Taking into account (5.31) we conclude that for j = 1,2 and A
small enough

My o) [ F200 om0 0r') = 28 0.0 vl 1A
when m # k(a), and
2u(a
My [F250 ) o r”) = 2 0070 0) = ) )| 5 E
when m = k(a). This implies that for A small enough
. A\2u(e)
M(]o,l)x(o,n[G;z()‘)] S TH ] j=12, (5.50)

It remains to bound the cross term on the right hand side of (5.38). By (B.1) for » < 1 < ¢/ it holds
U (A, )
Win(A)
~ Um(A,T)
WM

We now insert the asymptotic expansion of the inverse Wronskian

R (A1) = (J|m+a‘(\[\r’) +mm+a‘(ﬁw)) _

1

<J|m+a(ﬁr’) (1 +icot(|m + a|m)) J_m+a|(\f)\r’)> , (5.51)

 sin(jm + a| 7)

L _ im A (1+0(V)
Win(X) — T(jm+al) (a), + |[m + alan)
4 lmal ™2 (ap, — [m + af ap) (1 + icot(jm + a| 7))

[m + a|P3(jm + o) (aj, +[m + alam)?

(1 4+ O(\) + O(\2m+ealy)

into (5.51). With the help of the integral estimates on the derivative of Am*el/2.j_ . . (v/X ) with
respect to A, see inequality (7.11) of Lemma 7.4, and equations (5.31), (5.47), (B.4) we then obtain

Im+al

—Vm (A1) N (0, r) ATz jmtol )
sin(jm + a| 1) Wy, (A) T-mal (VAT) = sin([m + o ) Wi (N) A Tt al(VAT)
_ N, O
*Gm,O(T,T)+1+|m| ., A= 0+

where the convergence is taken with respect to the Hilbert-Schmidt norm on (1, 00) x (1, 00). Simi-
larly, using inequality (7.12) of Lemma 7.4 and the above expansion of W,,()\) together with equa-
tions (5.31), (5.47), (B.4) we get

[m+tal+l
)

vm (A7)
Wm(A)
with respect to the Hilbert-Schmidt norm on (0,1) x (1,00). In view of (5.51) this implies that

1 [’} 2p(a)
[ o0 [ G a0 B o) e = G

O\ )
1+ |m|

Jimtal (VAT (L + i cot(|m + a| 7)) = g1(r,7") (o) + ; A — 0+

) A—=0+. (5.52)
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By inserting (5.44), (5.50) and (5.52) into (5.38) we arrive at

sup [|p™ Gy o(N) p~° HQ@(L2(R+,rdr)) =0\ (5.53)
m#£k(a)
and
107° Gry 2N 0~ ° 1222, rary) = o(VA) (5.54)
The claim thus follows in view of (5.36). d

Finally, we have to estimate also the operator V G5 ()\) in %(s, —s) for A small enough.

Lemma 5.4. Let o ¢ Z. Assume that 3/2 < s < 3/2 + pu(a). Then for A — 0+ we have
IV G (N)| = oM@ in B(s, —s).

Proof. The integral kernel of V G ()\) for r < 7/ reads as
im(9—6’ m
VGT\ 1,1 ,0,0") = Z etm(0=0") (GT/G;’Q(T, '), FG;’Q(T‘, r')).

MmEZL
Hence the claim will follow if we show that

sup 1072 G s\ p™° a2y rary) = 0N, A — 0+, (5.55)

where éj;ﬂ(/\) is the integral operator with the kernel given by

2 m?

(G2, ) = (0r G (N r"))” + = (Gfa (A1) (5.56)

As usual, r and 7’ in the above formula have to be interchanged when v’ < r. We use again the
upper bound

||p—s é;}i—@g()\) p—S ||2@(L2(R+,Tdr)) S M(O 1)><(0 1)[G ()\)] M(O 1)><(0 1)[é+ ()\)] (557)
1 o0
b2 [0 [ GO e v dr
0 1
w [ e GO R ) v
1 1

Let us consider the last term on the right hand side. Using inequality (7.8) of Lemma 7.3 instead of
(7.1) we mimic the proof of the upper bound (5.44) and obtain

725 2 (m + a) —2s )\2;1((1)
[ [ oo [@eGhatr)? + T G )] e v a5 S
for A small enough. This shows that
sup / / p~25(r) |é;12(r, 2 p~2 () v’ drdr’ < A2m(@) (5.58)
MEZL 1

as A — 0+. As for the remaining terms on the right hand side of (5.57) we note that in view of
(5.56)

M(jbxl)X(O,l)[é;aQ()‘)] S (L+[ml) M 0 1)><(0 1)[GJr W], J=12,
and

1 oo
[ o) [ G0 o0 s e
0 1

1 o)
< (14 m?) / p_2s(r)/ G oA )2 p7 25 () ' dr'
0 1
A combination of these estimates with (5.50) and (5.52) gives

sup MY 11 oGN] = OO, =12,

0,1)
mEZ
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and ) -
swp [ p70) [ 1G A o) = o)
meZ Jo 1
as A — 0+. In view of (5.57) and (5.58) this proves (5.55) and the claim follows. O

5.2. The case A < 0. For negative values of A we repeat the same procedure as in the case A > 0.
The calculations are identical to those made in section 5.1. We therefore omit some details. Recall
that k() is defined (5.1).

Lemma 5.5. Let a € Z. Then for any z,y € R? and |\| small enough we have
Ro(X;z,y) = Go(a,y) + N Gi(,y) + G (A2, y),
where Go(z,y) and Gy (x,y) are given by (5.27) and (5.29), and Gy (X;x,y)) = o(|A[*(*)) as X — 0—.

Proof. We calculate the integral kernel of Ry(\) in the same way as above. Inside the unit disc the
generalized eigenvalue equation (5.11) has the same solutions, i.e. wu,, and v,,, as for A > 0. Outside
of the unit disc we have to replace the Bessel functions J,, and Y}, by a suitable linear combination of
the modified Bessel functions I, and K, see Appendix C for details. We then find that Ry(\; z,y)
is given by (5.7) with R{*(\;r,7’) replaced by

Fn(r) dmn (), <7/,

R (Nsryr') = (Wi (V)

(5.59)
fm,A(T') ém,,\(T% <,
where
Frx(™) = vm N7, Sma(r) = Con(N) Ui (A7) 4+ Dy (A) i (A, 7) r<1
fm)\(r) = Zm()‘) IIaer\(\/WT) + Em()‘) K\a+m|(\/m7")a ?Bm)\(r) = K|m+a|(\/mT)> L<r

and W, (\) = Grmx f,’n = (%n s fm.x is the corresponding Wronskian. From the matching conditions
at r = 1 and the properties of modified Bessel functions, see equations (C.5), (C.6), we then find

An() = W, (A1) = la 4+ ml oA 1) Kjagm (VIAD + VIA 0 (A 1) Kjacg 11 (VIA])
Bi(N) = (la 4 m| vm (X, 1) = 01 (0 1) Tt (VIAD + VAT 0 1) T 11 (V/IA])

and
5y DG+ Iml+ 52) : 5 5
+ i [(Ja A+ m|um (A1) = 1, (A 1) Ko (VIAD + VI w0 (A 1) Kjagm11(V |/\D]>
~ L+ |m|+ ) -
Dm A) = i - Am A).
() I'(1 4 2|m|) ()
Moreover, with the help of (C.2) we obtain

Wi (A) = A (N). (5.60)

Using the behavior of functions I, and K, for small arguments, see equation (C.3), we then get the
asymptotic expansions

1 I'(jm + o)

A = = (0 afan) (%W)"“*m‘ (1+00)

- sin(|ma—|r—nog_7rT)nI‘—’(_|:1| ima| =y (%M) o),

B = Sz Il (TR (14 o)
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where the error terms are uniform in m. Similarly we find that the expansion of C,, () is given by
the right hand side of (5.26) with the factor i — cot(u(a)m) replaced by fm
insert the above equations into (5.59) and use (C.3), after a bit lengthly calculations, we arrive at

Hence when we

(AP g1 (r, 1)
sin(p(a)m) (i — cot(p(a)m))
Recall that g;(-,-) is defined by (5.30). Since |A[#(®) = M) (cos(u(a)r) —isin(u(a)r), this implies

RE(N;1,1") = G o(r,77) = Sy () +o(]AMY A= 0—. (5.61)

RO(Av'xay) :Go(x’y)+)\ﬂ(oé) Gl(i,y)+0(|)\|#(a)) Ai)Oi? :E?yeRz'

As in the case A > 0 we need an estimate on G5 (A) and VG5 () in B(s, —s).

Lemma 5.6. Let G5 (\) be the integral operator with the kernel G5 (\;x,y) defined in Lemma 5.5.
Assume that 3/2 < s < 3/2 + p(a). Then

1G5 Mllzzs,—s) = o(AD), VG, (Mlllas,—s) = o) A= 0~ (5.62)

Proof. To simplify the notation we write below u instead of (). Similarly as in the case A > 0,
see Lemma 5.3, we note that

1G5 (Ml z(s,—s) = sup ™% G o(N) 0% (L2 (R rdr))s (5.63)
where
G’;LQ()\’ T, T/) = RB”O\a Ty ’I“/) - Gm70(r, rl) — A 5m,k(a) g1 (7“, 7",)~
As in (5.38) we have

[p~* G;n,z(/\) p° ||.298(L2(]R+,7‘dr)) < M(lo,l)x(o,l)[Gr_n,,Q()‘)} M(20,1)><(0,1)[G7_n,2(/\)] (5.64)

1 [eS)
b2 [ 00) [ G o6 v
0

1
w [ GO ) o ardr
1 1

For r < r’ <1 is the kernel R{*(\,r, ') given by the same solutions, v,, and w,,, as in the case
A > 0. Hence from the proof of Lemma 5.3, namely from the proof of upper bound (5.50) , we
deduce that

A2

Mj
L+ |m|’

0,1)x0,1)l Gm.2(A)]

< =1,2, (5.65)
holds for all m and |\| small enough. Let us now consider the last term on the right hand side of
(5.64). From (5.59), taking into account (5.60), we deduce that for 1 < r < ¢’/

Bi(\)
An(N)

RZ)”O\,T, 7“/) = Ila-‘:—ml(\/mr) K|m+a\(\m7‘/) + K\a-‘rm\(\/mr) K\m-i—al( ‘)‘| 7”/). (5'66)

In order to estimate the right hand side we cannot use the modified splitting formula (C.1), as we did
in the with the equation (B.1) in case A > 0, since both functions I_, and I, are exponentially in-
creasing at infinity. Instead we proceed as follows; we consider first the contribution to G;lz()\, ryr’)

relative to the product I}, 4qa|(v/IAl7) Kjmta|(v/[A[7'). This means that we have to estimate the
L2 —norm, restricted to (1,00) x (1,00) of the kernel p=*(7) wy, (X, 7,7") p~*(r'), where

(r/r’)lera‘ O o(a) |A[FmATH (rr! )P
2fm+al T 2sin(em) 2@ T2()

wm()" T, T/) = I|m+a|(\/m7a) Klm+a\( |)‘| ’I“/) - (5'67)
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see (5.30) and (5.61). Without loss of generality we may assume that |A] < 1. We have

o0 o0
/ / ) [wm (N, )2 p7 2 (7)) o dr o dr = / ) / |we (N, 7, 7)) |2 (") 225 e dr
X722 Jr

A"3 oo "3 A3
—I—/ / L wm (A, |2 (") 272 dr’dr—i—/ / [Wey (N, 7, 7|2 (1) 7272 dr' dre
1 A2 1 r

=1 X1 (m, \) + Xa(m, \) + X3(m, A). (5.68)

In X;(m, A) and Xo(m, \) we bound each term on the right hand side of (5.67) separately; note that
by monotonicity of K|, 44| and (C.7)

oo 0 1 oo ‘/\|1+25
2 2 / N—2-2 / —3—4
/Alé/r Lol (VIAT) Ko (VAL ()72 dr'dr < Im + a? /Alé roars Im+ a2’

Similarly we obtain

RIS
/1 /A|§ I|27TL+OL‘(\/WT) K‘2'm+o¢‘( |>\| 7,/) (7"7"/)72728617’/(1’]"

|)\||m+a|+%+a

1
RV
S |)\|%+E K|2m+a\<1)/1 I|2m+o¢\( \% |>\|7") r_3_48 dr 5

Im+af?

where we have used equations (C.3) to estimate K‘2m+a|( ) and I‘2m+a|(\/|)\| r). Elementary calcu-
lations now show that the contributions from the remaining terms on the right hand side of (5.67)

to X1(m, A) and X3(m,\) are of the same order in |A| and m. Since p < 3, this implies that

|>\|\m+a|+%+5+ |)\|1+25 |)\‘2M+a

X A+ X A) S .
1(m, A) + Xo(m, A) < Im + a2 = Im+al?

It remains to estimate Xs(m, \). Here we use the fact that \/|A\|r < \/|A|7" <1, see (5.68). Hence
equations (C.3) we then obtain a pointwise estimate on w,, (X, r,7’) which yields

A

X3(m,)\) ,S m
The remaining part of |G, 5(A,7,7)[* on (1,00) x (1,00) is estimated in the same way using the
asymptotic behavior of the coefficients A, (\) and B, ()) established above. We thus conclude that

T[T e e R ey i ar 5 P (5.69)
p ()G oA )2 p= (") e’ dr dr S m T o )
Finally, we con51der the mixed term in (5.64). We have
R™(\;r, v’ Um (A, )Km o A’ r<l<r.
pOvrr) = K (V)
Consequently, by (5.28), (5.30) and (5.61)
_ Um (A, 1) O (0,7) (r')~Imtel
G )\ ! - = K \/ )\ " — !
m,2( 7T7T) Am()\) \m+o¢|( ‘ |7“) a;n+\m+a|am
O k() ™ V(0,7) a, —pag ,_
NG UL ' O L 5.70
i) 6 ) () O ) (570)

We proceed similarly as above and for r/ > |A|~2 estimate the contribution of each term to the
integral in (5.64) separately. By (5.31), Lemma A.2 and the asymptotic expansion of A,,(\) it

follows that - ‘ i |
—|m+a m—ta
/ V1) oy gy ¢ AT A
o A2 (\) (L+[m|)® T2(jm + «af)
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Taking into account the fact that K|, 14| is decreasing and using (C.3), we thus get
/1 2 h ‘ |2 28 (0 I\ 0! gt |>‘|H+%+E
p- S(r)rdr/ G oA )= p () rdr $ /.
0 IRt (Im[+1)3
In the region where 7/ < |A|~2 we use the two-term asymptotic expansion of the function K, (z) for
0<z<1,cf (C.3). This gives
/1 2 ( ) l)\r% | ( /)|2 2 ( AN Y |)‘|/H—%+E
p_srrdr/ G, oA )2 p () ' dr S /=
0 r 2 (Im| +1)?

Inserting the above estimates together with (5.69) and (5.65) into (5.64) then yields
A
|m| +1°

|07 GraN) p™° (L2 @y rdr)) S (5.71)

This proves the first part or (5.62). As in the proof of Lemma 5.4, to prove the second part of (5.62)
it suffices to show that

2
sup [ [ 50 [0 G s ) 4 2 (GO 2] 07y o drd’ = o(AP)

mEZ

as A — 0—, see the proof of Lemma 5.4. However, this follows from the explicit expression for
Gono(X 7 r") and from (5.71). -

5.3. Proof of Proposition 4.1. The claim of the Proposition follows by combining Lemmata 5.1,
5.2, 5.3, 5.4, 5.5 and 5.6.
6. The operator H(By): integer flux

For integer values of a we can use the results of the previous sections for the contributions to
the asymptotic expansion for Ry(A) from the channels m # —«. Hence it remains to analyze the
contribution from m = —« which.

6.1. The case A > 0.
Lemma 6.1. Assume that o € Z, o # 0. Then for every x,y € R? it holds
Ro(Xa,y) = Go(w,y) + (log \) ' Gi(a,y) + G5 (Asz,y), (6.1)

where Go(x,y) and Gi(z,y) are given by equations (6.6) and (6.7) and G5 (A\;z,y) = o((logA)™!) as
A — 0+,

Proof. Without loss of generality we may assume that o > 0. We proceed in the same way as
above using the functions fy, » and ¢,  defined by (5.16) and (5.17). For m # —a we calculate

RJ*(A;ryr") from the formulas (5.10) and (5.12)-(5.23). If m = —a < 0, then
g V(1) Yo(VA) + VX v_a(M 1) Yl(\&)) (6.2)
B_a(\) = g (via()\ 1) Jo(VA) + VX v_a(A, 1) Jl(ﬁ)), (6.3)
and
Coal)) = I;(&i;z)) (40 1) (o(VR) = 1Y (V) + VA e (W 1) (R (VA) — Vi (VR)))
(6.4)
Do) = ZLE 2 (14— BalV) (65)
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The rest of the calculation proceeds in the same way as is the case a € Z. To simplify the notation
we introduce the following shorthands:

ao = v_4(0,1), a, =v",(0,1), bo = u_n(0,1), b/, =u_,(0,1).

With the help of (5.7), (5.12), and properties of Bessel functions, see equations (B.4) and (B.5), we
then obtain

; . — — 7 im(0—06") N ia(6'—0)
/\lir&r Ro(X;2,y) = Go(x,y) ; Gmo(r,r')e + Goo(r,r')e , (6.6)
with
(L +2 /
Gao(r,r') = M V-0 (0,7) (u_a(0,7) — [;Z v_q(0,1)) r<r <1,
—a(0,
Gao(r,r') = ulr) r<l<r,
aa
/ aOt /
ga,o(T77"):aT+10gT’ 1<r<r.

(o3

Similarly, we find that

lim log A (Ro(Asz,y) = Go(w)) = Ga(w,y) = (o7, v") €07, (6.7)
A—0+
with
2v_o(0,7)v_n (0,7
ki(agr,r’) = ( (a?l)z 0,7) r<r <1,
2 —Q ) (63
kl(OéQT,T/):w<ZT+IOgT/) r<l<ry,
!/ aa aa / !/
. _ G < .
ky(a;ryr") 2(ag+logr>(a;+logr) 1<r<r

O

Remark 6.2. Note that by a direct calculation using equations (5.14), (A.1) and (A.5) we have

1 1 3
o, = |a|e~1o |24l [|a| M(i, 1+ 2|a|,2|a|> ol M(§,2 + 2|a|,2|a|)} > 0.

Lemma 6.3. Let s > 1. Then p=*G;p~° and p~*V G; p~¢ with j = 0,1 are compact operators
from L?(R?) to L*(R?) and from L?(R?) to L?(R?,C?) respectively.

Proof. By Lemma 5.2 the operators with kernels
1 Y Gmalrt)emOD p= and g (T Y Gl emO) e
m#—« m#—«
are compact from L?(R?) to L?(R?) and from L?(R?) to L?(R? C?). On the other hand, from the

explicit equation for G, o(r,r’") and from Lemmata A.2 and A.3 it easily follows that the kernels

P Gl ) O o7 and 0V Gl 1) €O 0

are Hilbert-Schmidt in L?(R?). O
Lemma 6.4. Let G5 (\) denote the integral operator with the kernel G5 (\;z,y) defined by (6.1).

Assume that s > 3/2+¢,0 < e < 1. Then, as A\ — 0+ we have G5 (A) = o((log\)™") and
IV G5 ()] =o((log\)71) in B(s,—s).
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Proof. We have

S\, y) Z G o(r,r') eim(0=0") (6.8)
MEZL
where
Ry (A, 7, 1") = G o(r, 1) m # —a,
g;r%z()\,r, rl) = (6.9)

R(;a()‘vrv 7’/) - ga,O("", 7"/) — (IOg )\)71 kl(’f‘, ’I‘/), m = —qa.

Let us first consider the case m # —a. We are going to use the results of Lemma 5.3. Note that
all the indexes of the Bessel function included in G, o(r,7’) are integers. Consequently, we define
Y|m+a| by its integral representation (B.8) instead of (B.1). By using Lemmata 7.2, 7.3 and 7.4 with
the function J_, replaced by Y, it follows that the results of Lemma 5.3 remain valid. In particular,
from (5.53) we infer that

sup [p7*(RG"(A) = Gmo) p° 2Ry srary) = OX), A= 04, (6.10)
where RI'()\) is the operator in L*(R,,rdr) generated by the kernel RF*(\,r,r’). In order to treat
the case m = —a, we will need the following asymptotic expansions:

A_o(\) i _g

Wy 2 (1 +im(log\)~! — 27 (2 +i a) (log \) ™2 4 o((log \) )), (6.11)

B_o(\) _ im? -1 2(T @ a(ch -3 -3

A (logA) ™"+ (5 - E) (log \) ™2 — 2im (@ - Z) (log A) ™2 + o((log A)™°),
(6.12)

VC[;—z((AA)) - fg(%:g [;Z (1 +im(logA)~! —2n (2 +i @> (log )~ + o((log A)’Q)), (6.13)

as A — 0+, where ¢, = a, —a/ (7 —log2). These expansions can be derived directly from equations
(6.2)-(6.4) and asymptotics (B.4), (B.5). By inserting the asymptotic equations (6.11)-(6.13) into
the expression for Ry “(A,r, ') and using inequalities (B.18) of Lemma B.2 we find that

1™ (Rg (X7, 7") = Gao(r, 1) = (log \) " ki (7)) p~°lrs @y rary = 0((log A) 1), A= 0+
This in combination with (6.10) and (6.9) shows that G5 (A) = o((log A) ') in #(s, —s). To prove

the remaining claim we proceed in the similar way. From Lemma 5.4 we conclude that

sup [ p° (V(RG'(N) = Gmyo0)) p~° @2 ®y rary) = ON), A—=0+.

m#—ao

On the other hand, with the help of (6.11)-(6.13) and inequalities (B.19) of Lemma B.2 we obtain

/ / p725(r')‘3r/ (Ry “(A\,7,7")=Ga 0(r,7")—(log /\)71 ki(r,7")) |2p725(r) rr’ dr dr’ = o((log )\)72)
o Jo

as A — 0+. The statement now follows again by (6.10) and (6.9). O
6.2. The case A\ < 0.

Lemma 6.5. Let « € Z,a # 0. Assume that s >3/2+¢,0<e < 1. Then for A <0 and |A| small
enough we have

Ro(A+1i0) = Go + (log \) "1 Gy + G5 (N) in  Bls,—s),
where
1G5 (Ml (s,—s) = o(log A7), 11VGy Ml #(s,—s) = o(log[AD7!)  A—=0-.

Proof. Taking into account the asymptotic equation (C.4), the claim follows in the same way as in
the case A > 0, cf. Lemma 6.4. O
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6.3. Proof of Proposition 4.2. The statement of the Proposition follows from Lemmata 6.1, 6.3,
6.4 and 6.5.

7. Auxiliary integral estimates

In this section we prove several integral estimates on Bessel functions and their derivatives. These
results will be used in the proof of Lemmata 5.3 and 5.4 .

Lemma 7.1. Let v > 0. Assume that s > 3 +¢, 0 <e < 1. Then for all X € (0,1) we have

/00 J2VAR) p 2 () rdr < (W + A3 (14027

) N
Proof. For v <2 use (B.11) and (B.4):

0o ) oo N 1 oo
/ JEVAr) p~ B (r) rdr < )\5“/ J2() 72 dt < aetE (/ 2272 dt+/ t—Hfdt>
1

1 2N v
< AV Azt
For v > 2 the estimate follows from (B.13) and the identity I'(v 4+ 3) = (> — 3) (v — 1) O

Lemma 7.2. Let v > 0. Assume that s > g +e, 0<e< 1. Then for all A € (0,1) it holds
e} o0 2
/ / \ BN (A"’ J,(VAr) JV(\FM')) P72 () p B () e drdr < AETI (14 0)72 (7.1)
1 T
o0 o0 2
/ / ’ O\ ()\” J_, (VAT J_,(VA r’)) p= (") p 25 (r) ror drdr! < 2 T (v) (7.2)
1 T

/1OC /roo ‘ Ox (J:tu(ﬁr) J:Fl,(\f)\r’)) ’ p~ () p 2 (r)y e drdr’ < N (1 4v) T (7.3)

Moreover, the function J_, in the above estimates can be replaced by Y, throughout without changing
the right hand side.

Proof. Assume first that v > 2 and consider the bound (7.1). From (B.10) we find that
AvS
AN L VAN L)) = =S5 (1A (VAD) L(VAT) 17 L (VAY) S (VA7)
(7.4)

With the help of (B.13) we estimate the first term as follows
o0 (o)
/1 / T2 (V) 2 2 o2 () pm 22 () drrdi!

g/ JEH(fAr)r*?Edr/ T2V P22 gy < AT AR (14 0) 2
1

1

The second term in (7.4) is estimated in the same way. This proves (7.1) for ¥ > 2. To prove we
use again (B.9) and calculate

O ()\” J_,(VAr) J_,,(\FM"')) = XIQé (r T (VAT) T (VAP + 0 T, (VAT J_,,(\F)\r)) :
7

(7.5)
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To control the first term on the right hand side we recall (B.2) and (B.6) (with j = 0). This gives

/ / le_y(ﬁr) Jzy(\f)\r') r3 1"/,0728(7‘/) pfzs(r) drdr’ <
1 r

/oo (JE(\/XT/) + Yf(\/X’I"/D T/2p—2$(7,,/) d,r/p—2s(,r) 7"2 dr

T

o0

Ji (\f)\r)
le_l,(ﬁr) (JE(\FAT) + Yf(ﬁr)) p 25 (r)r dr
( (VAr) —i—Yf_l(ﬁr)) (Jf(\f/\r) —|—YV2(\A7“)) p 25 (r)r¥dr

<
<
<
S (2L (V) + Y2, (V) (BN + YA(VA) S A2 29 T),

In the last step we have used (B.1) and (B.4). The second term in (7.5) can be estimated with the
help of (B.6) applied with j = 1. Indeed, proceeding as above we find

/OO /00 J2 (VAP TR (VA B rpT 2B () p 25 () drdr <
1 r
< /°° (VAT /OO (Jf_l(\f/\r’) —I—Yf_l(ﬁr’)) B2 () dr’ p= 2 (r) r? dr

T

A

/ J2, ) (T2 (V) + Yf,l(\f)\r)) p~ 2 (r)yr?dr
S (J3_1(\5\) Y (V) (VN +YE(VA) S AT 2T ().
As for (7.3), we note that (B.10) implies

o (1 (VA) L, (VAN)) = —ﬁ(r@ﬂ(ﬁm T VAY) 47 I (VAF) TL(VAT)). (7.6)

We now recall again (B.6) with j = 0 and estimate the first term on the right hand side of (7.6) as
follows:

/100/ u+1(\57") T2, (VAP 3 o2 () p 25 () dirdr’ <
= /Oo T (VAT) /Oo (J2(VA) + Y2(VAP)) 120725 () di p= 25 (r) 2 dr
N / T2 (VNr) (JAVAT) + YAV ) r e ar

0 [ a2+ 20) o an )

To proceed we split the integration in (7.7) with respect to ¢ in three parts as follows:

/ﬁ JE a2 +Y2(@) t7 e dt < v,

where we have used (B.4),

v+1

v+1
/ T2 (T2 + Y2() e dt S v /3 / i g < B,
1 1

where we have used (B.14), and

o t—1—45

e 2 2 —1-4e -1
|z s eea s [ N earemy T
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in view of (B.12). The second term on the right hand side of (7.6) is treated in the analogous way;
using (B.6) with j = 1 and following the estimates used in (7.7) we get

/ / J2(VAr) T2 (VA e p7 25 () p 25 () dirdi’
RO [ O R) YR S e )

IN

N

/oo T2VAr) (P2 (V) + Y2 (V) r i ar
1

A% /f JEE) (T2 () + Y2 (1) 1t
A

By splitting the last integral in three parts in the same way as above and taking into account (7.6)
we arrive at

/ 2 —2s(,.1\ ,—2s / / e—1 -1
8>\ VAR I, (VX)) p 225 p~ 25 () e drdr’ < XY (A 40)TY, v > 2

The term J,,,(\ar) J,(VAr') in (7.3) is estimated in the same way. This completes the proof of
the Lemma in the case v > 2. If v < 2, then the bounds (7.1)-(7.3) follow directly from (7.4), (7.5)
and (7.6) by (B.12).

When J_, is replaced by Y, on the left hand side of (7.1)- (7.3), then we proceed in the same
way as above using the obvious inequality Y,2(z) < Y;2(z) + J2(z) instead of (B.2). O

Lemma 7.3. Let v > 0. Assume that s > % +¢, 0 <e < 1. Denote
IO = 0,d,(VAr),  JD(Vr) = ; J,(VAT).

Then for all X € (0,1) and n = 1,2 it holds
(o) oo 2
/ / ‘ IO ()\_” J,(VAr) JIE")(\FAT’)) p 25 () p 2 (ry e drdr’ < XTIV (1 40)72 (7.8)
1 T
oo o0 2
/ / ’ O ()\” J (V) J(_ny)(\f)\ r')) p 25 (") p 2 (r) o drdr’ < 2 T (v) (7.9)
1 r

/100 /TOO ’8A (Jiu(\/x’f") J(:Frf,)(\f/\r’)) 2 p () p ()’ drdr’ S N (14+v)T (7.10)

Proof. From (B.9) and (B.10) we obtain

A A
JD (A1) = g [JH(\&T) - Juﬂ(ﬁr)}, JD(Xr) = g Jo1(VAr) + Jy+1(ﬁr)]
Hence the result follows in the same way as the proof of Lemma 7.2. g

Lemma 7.4. Let v > 1. Assume that s > % +e, 0<e< 1. Then for all A € (0,1) it holds
o0 . 2
/ ‘(%()\5 J,V(ﬁr))‘ p~ 2 (r)yrdr < XN4'T3 (v —1), (7.11)
1
o0 . 2
/ ‘@\ (A2 Jy(ﬁr))‘ p B (r)rdr < AVTETE (7.12)
1

Moreover, the function J_,, in the first bound can be replaced by Y, without changing the right hand
side.

Proof. By (B.10) it holds

OA(AF T ,(VAr)) = —\"7 gJH(ﬁr). (7.13)
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Now we use (B.2) and (B.6) with j =1 to get

/OO le_u(\[\r)) p 2 (r)r¥dr < /W(Jf_l(ﬁr) + Yf_l(ﬁr)) rY2%dr (7.14)

1 1
= /\6—%/ (2 () + Y (b))t > dt
VX
SN (L (VN + Y (V) S AT T (v - 1),

where we have applied (B.4) in the last step. This in combination with (7.13) proves (7.11). When
J_, is replaced by Y, in (7.11), then we obtain the same estimate as can be seen from the first line
of (7.14). The second estimate of the Lemma is proven in a similar way; by (B.9) we have

AT (VAR) = T 2,1 (VAD).
Hence
/1 |on(AF (VA7)

and (7.12) follows from Lemma 7.1. O

2 (oo}
‘ p 2 (r)yrdr < AT / Js(ﬁr)r_%dr
1

APPENDIX A. CONFLUENT HYPERGEOMETRIC FUNCTIONS

Recall first the definition of the Kummer’s hypergeometric series;

M(a,b,z) = ,LZO ((Z;: %T:, (A1)
where
(a)p=ala+1) - (a+n—1), B =00b+1)---(b+n—1), ap =bo = 1. (A.2)
Note that by (A.1)
1< ’M(%+m+|m|71+2\m\7z)| < el VzeR, VmeZ. (A.3)

For the function U, for Rea, z > 0 we will often use its integral representation
T(a) U(a, b, ) = / ==t o=l (1 4 b=l gy, (A.4)
0

see [AS, 13.2.5]. By [AS, Sect.13.4] the functions M and U are related to their derivatives in the
following way:

%M(a,b,z):%M(a—&—l,b—i—l,z), diiU(a,b,z):-aU(a+1,b+1,z). (A.5)

Lemma A.1. Let z > 0 and suppose that a and b > 1. Then

e* 217 T(b—1) a>1,
I(a) |Ula,b2)| < (A.6)
a—t2b—aml pol=a gz 1-b(p — 1) a<l1

Moreover, for any a > 0,b > 0 we have

I'(a) | % Ula,b,2)| < T(b) € 270 (A7)
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Proof. For a > 1 equation (A.4) gives
T(a) [U(a,b, 2)| < /OO et 1)t < e /OO e~ 2 gt — T(b— 1) " 21,
0 0
This implies the first bound in (A.6). Assume now that a < 1. Then (A.4) implies

1 (o]
(@) [U(a,b, 2)| = / e (it 1)”‘“‘1dt+/ e (b4 1)
0 1

1 > 1+4¢\1-a
72”*“*1+/ et (—Jr ) (t+ 1) 2dt
a 1 t

IN

1
S g 2b—a—1 + 21—a ez Zl—b F(b _ 1).
The bound (A.7) follows from (A.5), the first part of the proof and the identity I'(a+1) = aT'(a). O

Lemma A.2. Fiz z > 0 and assume that \ < %az, Then
1
‘M(§+j+|m|+mg,l+j+2\m|,z)‘ <e¥®  VmeZ j=01. (A.8)
K

Moreover, there exists Ao < %oﬂ and m. € N, independent of A., such that for all X € (0, \.) and
all m € Z with |m| > m, we have
1 1
M(§+\m\+m%,1+2\m\,z) = (A.9)
Proof. Let j = 0. Since |5 +|m|+m2| < 2(142|m|) for all m € Z by assumption, with the notation
introduced in (A.2) we find that
1
((f + |m| +m9D < 2" (1+2/m|) .
2 K1/ n n
Since |M(a,b, z)| < M(|a|,b, z) if b > 0, this in combination with (A.1) implies (A.8). The proof for
j =1 follows in the same way.

Next we note that if m > 0 then (A.9) follows immediately from (A.1). We may thus assume that

m < 0. Note that
by 2 HImlmEl a—va? -3
m=—oo 14 2|m| 2va? — \
uniformly with respect to A € (0, 2a). Hence there exists m. € N such that for all m < —m, and
all A < 3a? we have

=:¢q()\) (A.10)

1 e}
7_~_ + =
1+ 2|m)|

Since m is negative and 2 ¢(\) < 1, by assumption, in view of (A.2) we conclude that
1
(‘§+|m|+mg‘) < 2q(N) (14 2m]) Vn>1 Vm< —me.
R1/n n

By (A.1) this implies
zn
7'.

1 o =
M(§ + ] +m 1+ 2/, ) =1 2q()\);
To finish the proof it suffices to take A. small enough, cf. (A.10), so that

2q(A)Z%§ VA< e
n=1

DN | =
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Lemma A.3. Letb >0 and z > 0. Then

d M(lal, b, 2z)
— M < — A1l
oMb 5 (A1)
Proof. From the definition of (a),, see (A.2), we find that
d n(|al)n
il < 2A%Un
\da(a)n|N T+ Jal VneN.
Hence
d 1 < (la)n n2" 1 5 (laa (22)"
— M (a,b < <
da M(@:b2)] 5 1+ [a] Zl ®)n nl = 1+ ; ®)n  nl
1
M(lal,b,2
< 1o Mlal.b22)
]
Lemma A.4. Let a,b >0 and z > 0. Then
d
|d—(I‘(a) Ua,b,2))] < 2" "+ 2 "T(b—1). (A.12)
a

Proof. By (A.4) we have

oo 1 ! 1
i(F(a) Ula,b,z)) = / e *! log (H) A+t dr < 2"—“—1/ log <H> t*tdt
da 0 t 0 t

+/ et ta—l (1+t)b—a—1 dt S/ 2b—a—1+ez/ e—z(t+1) (t+1)b_2 dt
1 1

< b7l p ezt p(h —1).

a
APPENDIX B. BESSEL FUNCTIONS J AND Y
The functions J,(z) and Y, (z) are related through the identity [AS, Eq.9.1.2]
Jy —J_,
Y (2) = (2) cos.(mr) (2) . (B.1)
sin(v)
The right hand side is to be replaced by a limiting value when v € Z. The above formula implies
J2,(2) < J3(2) + Y (2). (B.2)
By [AS, Eq.9.1.16] their Wronskian is independent of v and reads as follows:
2
T (2)Yo(2) = Ju(2) Y)(2) = Jusa (2) Yo (2) = Yo (2) Ju(2) = —. (B.3)
For z — 0 we have
2 14
Jy(z)zr((zl/ﬁy)(HO(zQ)), y>0
(B.4)
L) (z/2)7" 2y, cot(vm) (2/2)” 2
Y, (2)=———"—""—(1+0 ——— (140 , 0,
=) o) + CEEEE O, v
where the error terms are uniform with respect to v. When v = 0, then
2
Yo(z) = =(log z + v — log 2) + o(z), z—0, (B.5)
7r

where v ~ 0,577 is the Euler gamma constant, see [AS, Eqs.9.1.7-9]. From [Wa, pp.446] we learn
that if v > 1/2, then

% [27 (Y2(2)+ J2(2))] <0, Vz>0, j=0,1 (B.6)
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We will also need a representations of J,(z) in terms of a power series in z:

k 2k
J,(z) = (2/2)" 24%’(”13%“) v#—1,-2,... (B.7)

and integral representation of Y, for v > 0:

2(§)U ! _ 42 V—% sin(z _ Ooe—zt 2 u——
)[/0 (1—12) (2t) dt) /0 (1+ %)% dt|. (B.8)

. TrN2)
VT T(v+3
We refer to [AS, Eqgs.9.1.10] and [Wa, Sect.6.1, Eq.(4)] respectively for the above formulas. Let us
also recall the well-known relations between the Bessel functions and their derivatives: with the
above notation we have

Y, (2) =

14

d
= L,(z)=Ly_1(2) — . L,(z) (B.9)
d v
= L,(z)=—Lyy1(2)+ " L,(2). (B.10)
Next we recall several pointwise bounds on J, and Y,. By [AS, Eq.9.1.60]
[J.(2)] <1 Yvr>0, Vz>0. (B.11)
For large values of z and any fixed v > 0 it holds
2
Y2(2)+ J2(2) € — e, Vz>u, (B.12)

V22— V2
see [Wa, p.447, eq.(1)]. Finally we mention an integral identity due to [Wa, p.403, eq.(2)]: for any
a > 0 we have

- D) T+ )
Pat) tPdt = = 2 W1>p>0. B.13
J, s ST T+ 5) ’ B
Lemma B.1. Letv > 1. Then
swp (2(0) + ey () Vo0 + 1100 Yorg0]) S w723 j=012  (BIY)

1<t<v+j

Proof. We use the substitution ¢ = zv. Suppose first that 1 < ¢ < v. In this case z € [v71,1]. By
[AS, Eq.9.3.6, Eq.9.3.38] we have

452/3 1/4 Ai((vf)Q/?’) e~ VE ~
i =a09=(155) |t e 00 (B.15
452/3 1/4 Bi((V§)2/3) evé B
Yol =Yolz) == (1 - z2) 173 1+ [vg|t/s o)1, (B.16)
where
— 2
£=¢(z vi—t i<,

and Ai, Bi are Airy functions of the first and Second kind. From their asymptotic behavior it follows
that

_1 < 1 P
Al g ¢ F e Lsa By < | o Hew(a¥) 1<a
~ 1 0<ax<l, ~ 1 0<ax<l,

Since £(2)2/3(1 — 2?)~! remains bounded as z — 1, which follows from the definition of £(2), the
above bounds on the Airy functions together with(B.15) and (B.16) imply

L) = [T w2)] S v DY) = [Yo(va)| S v,

R+
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This proves (B.14) for j = 0. Now if v <t < v + j, then we estimate |J,4,(t)| and |Y,4,(¢)| in the
same way as in the last equation with v replaced by v + j. It remains to estimate J,(¢) and Y, (¢)
on [v,v + j]. To this end we note that (B.15) and (B.16) still hold with 1 < z < (v + j)/v and

e =-3 [

—1
2> (B.17)

see [AS, Eq.9.3.39]. Therefore, following the above procedure we find that

)] = )] S v O )] = Ve $ v, 1<
v
Since v |¢(z)| is uniformly bounded with respect to v on [1, %], see (B.17), this completes the
proof. O
Lemma B.2. Let z > 0. Then
2
=) 1) S minf?, 1) [Yo(2) — 2 (log & )] £ (llogel + 1) min{:%, 1}, (Bs)
and 5
[J6(2)| € min{z, vz}, [Y5(z) = —| S minz, vz} (B.19)
Proof. The upper bounds in (B.18) follow from the integral representaions
1 U 4 ﬂ'/2
Jo(z) = 7/ cos(z cost) dt, Yo(z) = = cos(z cost)(y + log(2zsin? t)) dt,
T™Jo ™ Jo

see [AS, Sec.9.1]. To prove (B.19) we use the fact that Jj(z) = —J1(2) and Y{(z) = —Y1(z), see
(B.10). With the help of (B.4) and (B.12) we then arrive at (B.19). O

APPENDIX C. MODIFIED BESSEL FUNCTIONS I AND K

The modified Bessel functions I, and K, satisfy the relation

K I_,(2) — 1(2)

Ky(2) = 2 sin(v )

: (C.1)

see [AS, Eq.9.6.2], where as usual the right hand side is replaced by its limiting value if v € Z. From
[AS, Eq.9.6.15] we learn that the Wronskian of I, and K, reads as follows:

K2 1(2) — Ku(2) 1) = Ko (2) 1(2) 4 Kol) T () = - (C2)
As z — 0, then

LG =2 o), vz,
rl+v)
L) (2/2) /2y ()
') (= vy m(z 5
K, (z) = 5 (14 0(2%)) s T 1) (14 0(z9)), v>0,
with the errors terms uniform in v, see [AS, Eq.9.6.10] and (C.1). For v = 0 we have by [AS,
Eq.9.6.13]

Ko(z) = —logz —v+1log2+o(z) z = 0. (C4)
Finally, we recall the relations between the functions I, and K, and their derivatives:
v
L(z) = L1 (2) + - L(2) (C.5)
K}(2) = ~Kusi £ - K, (2), (C.6)

see [AS, Eq.9.6.26].
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Lemma C.1. Let v > 0. Then for every z > 0 it holds

Iii(2)K,(2) < % j=0,1. (C.7)
Proof. From equation (C.2) and the positivity of I,,(z), K, (z) (for z > 0) it follows that
L@ K € 10 L) Ken() < 5 (C.8)
On the other hand, by [AS, Eq.9.6.26]
2 K) = Ky 1(2) + Ko (2) (©9)

Hence
2 L) Kul2) = Ko () T(2) — Ky a(2) 1(2) < Ko (2) 1(2) < 2

where we have used (C.8) and the positivity of I,(z) and K,(z). This proves (C.7) for j = 0.
Similarly we obtain from (C.9) the upper bound

2v 1
> Kl/(z) IV+1(Z) = V+1(Z) KV—H(Z) - IV+1(Z) Ku—l(z) < IV+1(Z) KV—H(Z) < 1/7-1-17

where we applied (C.7) with j = 0. It follows that K, (z) I, 11(z) < 7oy This in combination
with (C.8) proves (C.7) for j = 1. O
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