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Abstract

We consider a variational model related to the formation of islands in heteroepitaxial
growth on unbounded domains. We first derive the scaling regimes of the minimal energy in
terms of the volume of the film and the amplitude of the crystallographic misfit. For small
volumes, non-existence of minimizers is then proven. This corresponds to the experimentally
observed wetting effect. On the other hand, we show the existence of minimizers for large
volumes. We finally study the asymptotic behavior of the optimal shapes.

1 Introduction

We consider the epitaxial deposition of a thin crystalline film on a relatively thick rigid substrate
with a misfit between the lattice parameters of the film and those of the substrate. Experimental
and numerical observations suggest that the shape of the film changes with increasing volume
(see [3, 15, 19, 32, 30]). At small volumes, one typically observes a very thin flat layer (“wet-
ting” ), while at larger volumes, compact islands form. This transition is often explained as the
result of a competition between two opposing types of energies, namely, the stored strain energy
due to the crystallographic misfit, and the surface energy of the film’s free surface. Heuristically,
at small volumes, the surface energy dominates, and complex structures are avoided, while at
larger volumes, the film forms patterns to release elastic energy at the price of an additional
surface energy.

We study analytically a two-dimensional variational model introduced in [31] (see also [3, 10,
14]), to describe the surface morphologies of the epitaxially strained film. The main difference
to the previous analytical works (see [10, 14, 18]) is that the model explicitly allows for wetting,
which corresponds to film profiles with unbounded support. We assume that the film occupies
a domain Q;, which can be described as a subgraph of a height profile function h : R — [0, c0),
ie., Q= {x:= (z,y) €R?: 0 <y < h(x)}. The energy functional is then given by

F(u, h) = /Qh \vudeJr/R (\/1 TR 1) da, (1.1)

where u : Q0 — R. For fixed volume d > 0 of the film, we look for profile functions h and
associated displacement functions w : €, — R that minimize the total energy (1.1) subject to
the constraints [ hdz = d and u(x,0) = egx for all # € R. The latter condition describes the
crystallographic misfit between the substrate and the film, where eg > 0 measures its amplitude.
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The first term in (1.1) models the strain elastic energy in the film. Recall that we assume that
there is a mismatch between the two crystal lattices, i.e., there is no stress-free configuration
possible, and consequently, a strain is induced in the film while deposition. The second term in
(1.1) models the extra surface energy due to the rearrangement of the atoms in the film. All
typical surface energy constants per unit length are normalized to one. Let us notice that the
functional F' bears many similarities with models for capillary surfaces [27, 20].

We point out that, as noted before, in contrast to many previous works (see [10, 14, 18]), we
do not assume a periodic pattern of islands and do not restrict to a single island on a compact
domain. The main difference is that in (1.1) the support of the height profile function h may
be unbounded, which can lead to a loss of compactness for low energy sequences. A short
comparison to the compact setting is given in Proposition 4.6. Many of our results, however,
build on techniques developed in the works on compactly supported islands.

Let us make some comments on several simplifications built into the model. First, the
displacement function u € H*($,) and the elastic energy term |Vu|? are scalar valued simplifi-
cations of a typical geometrically linear elastic energy density W(U) = u|%(VU + VTU)|? for
a displacement U : 2, — R?, 1 being a typical elastic modulus. Based on the analysis in [18],
we expect that the simplified energy contains, at least qualitatively, all relevant information.
We note that the proofs of the scaling laws can be carried over to the elasticity setting, and are
generalized to the three-dimensional setting in Section 5. Second, we assume that the domain
occupied by the film can be described as a subgraph of the profile function A, which has the
effect to prevent the formation of droplets or nanorings (see, e.g., [34]). Third, we do not take
into account any plastic effects, such as misfit dislocations (see, e.g., [28]). Finally, we consider
only the stationary setting, and refer to [11, 29, 8] for some recent results on the time evolution
problem for the compact setting.

We consider two different types of approximations of the surface energy, namely for small
and large slopes |h/|. Many physical models are based on the assumption that for small volumes
of the deposited film one expects small slopes of the film’s profile function (see [33, 32] or [20]
where a similar simplification is used in the study of sliding liquid drops). This corresponds to
the approximation (we ignore the factor 1/2)

/R (\/1 2 - 1) da ~ /Rh’Q da =: Sy(h). (1.2)

If one expects, however, the formation of an island, the small slope approximation might not
be appropriate anymore, and we compare it to the large slope approximation

/R (Vi+n2-1)de~ /R W da =: Sy(h). (1.3)

If we insert either of the approximations (1.2) or (1.3) into (1.1), then, due to the specific
structure of the elastic energy term, we can rescale the problem to set ey = 1, i.e., we consider
(see Section 3 for a detailed derivation)

Fy(V) = inf{/Q |Vu|?dx + Sye(h) : he H'(R), h >0, / hdz =V, u(z,0) = x} . (1.4)
h

R

It turns out that in both cases there are two scaling regimes of the energy, namely (see Propo-
sitions 3.9 and 4.3)

Fs(V) ~ mln{V’ V4/5} and Fg(V) ~ mln{V, V2/3}.



Heuristically, these scaling laws reflect the transition from a wetting regime in which the surface
energy dominates and, consequently, the film forms a thin flat layer, to a regime in which a
compactly supported island forms, in which case the optimal energy comes from the competition
between elastic and surface energy. We note that in this model, the surface energy prefers
a flat layer, while the elastic energy favors oscillations. This is in contrast to many other
physical situations where the surface energy typically favors compact shapes, and consequently
minimizers exist for small volumes, but not for large volumes (see, e.g., [22, 21, 26, 17] for some
recent works). The situation is opposite here: we prove that for large volumes, there always
exists a minimizer, while for small volumes we prove non-existence of minimizers in the case of
the small slope approximation (see Proposition 3.13). This is due to a loss of compactness of
low-energy sequences, which corresponds to the wetting effect.

To study more quantitatively the optimal shape of an island once it is formed, the limit
V — oo is considered. If properly rescaled, the asymptotic shape turns out to be a parabola
(in the case of the small slope approximation) and a rectangle (in the case of the large slope
approximation). We should stress the fact that even though it sheds some light on what can be
(mathematically) predicted by our models, this asymptotic analysis does not tell much about
the physics. In fact, it corresponds to very large mismatch ey and/or large volume d, for which
the model is not expected to be relevant anymore. Moreover, since in the original variables,
minimizers tend to have large slopes, the small slope approximation is also questionable in this
regime. We believe that adapting our analysis to the original functional (1.1) would lead to
results similar to the one obtained in the large slope approximation.

The remaining part of the text is organized as follows. After setting the notation in Section
2, we first consider the small slope approximation. Some qualitative properties are derived
in Section 3.1, and the scaling law for the minimal energy is proven in Proposition 3.9. The
scaling law is then refined to show more quantitative results. More precisely, we show that
there is a range of volumes 0 < V < V, for which the minimal energy is exactly equal to V,
and consequently, there does not exist a minimizer for 0 < V < V (see Proposition 3.13). On
the other hand, for volumes such that Fs(V) <V (i.e., if V > V), there always exists a smooth
minimizer, which has compact and connected support and meets the substrate at zero angle
(see Proposition 3.16 and Theorem 3.18). Regularity properties and estimates on the support
and its maximal height are provided (see Sections 3.4 and 3.5). The regularity of a minimizer
(see Section 3.4) is shown using arguments from [10] with minor changes required due to a
different form of the surface energy. Though the proof follows a standard approach, for the sake
of completeness we include it in the paper. Finally, the asymptotic behavior for large V — oo
is studied. It is shown, that, when properly rescaled, minimizers converge to a parabola, and
away from a boundary layer, this convergence occurs at an exponential rate in the L?-topology.

Subsequently, in Section 4, the large slope approximation (1.3) is considered. Note that
this approximation comes along with a loss of regularity of admissible profile functions h, and
we consider the relaxation following [10]. We prove the scaling law of the minimal energy Fj
(see Proposition 4.3), and show that in the regime Fy(V) < V there always exists a minimizer
with connected support (see Proposition 4.10). If properly rescaled, a sequence of minimizing
profiles converges, away from a boundary layer, to a rectangular shape for large volumes at
an exponential rate in the L'-topology (see Proposition 3.39). Recall that for the small slope
approximation, non-existence of minimizers at small volumes is due to the fact that Fs(V) = V.
For the large slope approximation, we only get the weaker result Fy(V)/V — 1 as V — 0 (see
Proposition 4.7).

Finally, in Section 5, the three-dimensional setting is considered, and the scaling laws for
both types of approximations are discussed.



2 Notation and preliminary results

In this section, we set the notation and collect some results that will be used later. Through-
out the text we denote by C' and c¢ constants that may vary from expression to expression.
The symbols ~, 2, < indicate estimates that hold up to a constant. For instance, f < g
denotes the existence of a constant C' > 0 such that f < Cg. For Q C R?, we denote by
H' () its one-dimensional Hausdorff measure, and by || its two-dimensional Lebesgue mea-
sure. When it exists, we will denote by v its inward normal. Given two sets A, B C R?, we
define their Hausdorff distance as dy (A, B) := inf{r >0 : A C N(B,r) and B C N(A,7)},
where N(A,r) := {x € R? : d(x, A) < r}, and d(z, A) denotes the distance from x to A. Given
a vector x := (z,y) € R?, we denote by |x| := (22 + y2)1/2 its Euclidean norm.
We will use the following rescaling property for functions on rectangles.

Lemma 2.1. Ifu € H' ([0,4] x [0, L] ;R), with u(x,0) = z, then letting v (z,y) := Ju ((z, ly),

there holds
/ |Vu2dx:€2/ |Vo|? dx. (2.1)
[0,¢]x[0,L] [0,1]x[0,L/¢]

As a consequence, for every A > 0, there exists C'(\) > 0 such that
/ |Vu|? dx > C(M\)2. (2.2)
[0,6] % [0,\]

The following lemma describes the behavior of the elastic energy for small thickness of the
film. It can be seen as a simple special case of a dimension reduction argument (see [24, 2]). A
proof for the more complicated case of vector-valued functions can be found in [18].

Lemma 2.2. There holds

lim min 1/ IVul? dx = 1. (2.3)
[0,1]x[0,¢]

e—=0t u(z,0)=z €

Remark 2.3. The analogous statements hold for typical elastic energy functionals for defor-
mations U : R? — R?, i.e.,

lim  min 1/ W((VU)dx =1 (2.4)
e—=01 U(z,0)=(z,0) € J[0,1]x[0,¢]

if W(VU) = |[VU|? or W(VU) = |3(VU + VTU)|? (see [18]). This allows to carry over the
qualitative results to the linear elasticity setting.

3 Small slope approximation
In this section we consider the small slope approximation v/1 + h2 — 1 ~ h/? and study

F.(eg,d) := inf{/ |Vul|? dx + /h’de : he H' (R), h >0, u € H' (Q),
Qp R

/ h dz =d, u(x,0) = egz if x € supp h} ) (3.1)
R

One main difference between the model considered here and the related models on compact
domains (see [10, 14, 18]) is that it behaves well under rescaling as shown by the following
lemma.



Lemma 3.1. For h € H'(R), h > 0, u € H'(), and X > 0, letting ux(z,y) = su(Az, \y)
and hy(z) = Th(Az), we have

/ |Vul? dx + /h’2 da —)\2/
Q R Q

and th dz = \? fR hy dz.

|Vuy|? dx + )\/ R da
R

h

By rescaling, we can eliminate one of the two parameters d or eg. We will renormalize such
that eg = 1:

Proposition 3.2. Let eg >0 and d > 0. Set V := ejd and

Fu(V) = inf {/ Vul? dx + / W2 dz : (uh) e AV} , (3.2)
Q, R
where the set of admissible pairs is given by

Ay ::{(u,h): he H(R), h>0, ue H(Q), /

h dz =V, u(x,0) =z if x € supp h} (3.3)
R

Then )
Fy(eo,d) = 5 Fs(V).
€0
Proof. Let (h,u) be admissible for Fy(eg,d), and let A := . Using the notation of Lemma 3.1,
o
set

h(zx) := hy(z), and  a(zr,y):= ;)U)\(l',y). (3.4)

Then (@, h) € Ay and, by Lemma 3.1,

1 -
/ |Vu]2dx+/h’2dx:2 / ]Vﬂ|2dx+/h’2dx’ )
Q, R €0 Q; R

h

Since (3.4) induces a bijective correspondence between the admissible pairs for Fs(ep,d) and
Ay, this proves the assertion. O

In this section we study the problem (3.2). We first prove the scaling law of the optimal
energy. It is shown that there exists a critical volume V > 0 such that for volumes 0 < V <V,
we have Fg(V) = V, which leads to the non-existence of minimizers. We also prove that for
V >V, we have Fy(V) < V and there exists a compact connected smooth minimizer of (3.2),
which has zero contact angle with the substrate. Moreover, we provide estimates on the size of
the support of this island together with estimates on its maximal height. We finally investigate
the large volume limit and prove that, when suitably rescaled, the minimizers converge to a
parabola and that away from a boundary layer this convergence is exponentially fast in the
(strong) L2-topology. We point out that we investigate the asymptotic behavior mostly for
mathematical reasons to better understand the shapes of minimizers. The physical model, and
in particular the small slope approximation implemented here, is expected to give more reliable
results in the case of small volumes.



3.1 First properties of the minimization problem

For every V' > 0 and every (u, h) € Ay, we set
By (u,h) := / Vu|?dx  and  Sy(h):= / h'? da.
Qs R
When it is clear from the context, we will often drop the explicit dependence on (u,h). As a
simple consequence of Lemma 3.1, we have the following important property of Fj.

Proposition 3.3. F; : (0,00) — R is concave and thus locally Lipschitz continuous.

Proof. Let V' > 0 be fixed. Then, for every V5 > 0 and for every admissible competitor
1/2
(u, h)e Ay, by Lemma 3.1, F5(V) < %Evo(u, h) + (%) Sy, (h). Hence

1/2
Fu(V)= inf inf (VEVO(u,h)—i—(x) Svo(h)>, (3.5)

Vo>0 (u,h) €Ay, 0 0

1/2
and since for every Vp > 0 and (u,h)€ Ay, the function V +— %Ev(u, h) 4+ (VKO) Sy (h) is
concave, Fy is the infimum of concave functions and therefore also concave. O

The scaling behavior from Lemma 3.1 is typical for various discrete and continuous models
for epitaxial growth, and thus, similar properties hold for a large class of models (see also
[12, 32]). Using the same rescaling we obtain the following result.

Proposition 3.4. For every V > 0, if
F,(V) = min {/ |Vu|?dx + / R?dx : (u,h) € AV} = By (u*,h*) + Sy (h*),
Q, R

i.e., if the minimum is attained, then {h* > 0} is connected.

Proof. Fix V > 0, and suppose that there exists a minimizer. It suffices to show that for every
(u,h) € Ay, for which {h > 0} is not connected, there exists (h,u) € Ay with lower total
energy. Assume that h = A + r® with A() > 0, B® > 0, {HD > 0} N {K® > 0} = 0,
0< fR RVde =V, <V, fR h® dz =V —V;, and KV b2 € H(R). Up to translation, we can
further assume that (1) and h(?) were chosen such that

(A >0t cR™ and {h® >0} cR". (3.6)

We set u(l) := U|Qh(1) and u(? := u]gh@). Then (u®, h()) € Ay, for i = 1,2. We note that

By (u,h) + Sy (h) = By, (u™, A1) + Sy, (k) + By, (u®, 1®)) + Sy, (h?).

We now build a competitor as follows: Consider the two components separately and rescale
them. Precisely, for 0 < p <V, set A\ := ,/% and Ao := V‘éu’ and, using the notation of

Lemma 3.1 consider

1 2
By = 3+ (= ),

1

where 7, is such that {hg\ll) >0} N {hg\?( —7,) > 0} = 0 (which exists thanks to (3.6)), and the

associated u,. Note that h = hy,, and, by Lemma 3.1, [ h, dz = V%Vl + %‘@ =V for every
p € [0,V]. Hence (hy,u,) € Ay for every p € [0,V]. Let

f(w) = BEv(hy,uy) + Sv(hy),



so that by Lemma 3.1,

F) = LBy (0O w0y 4 g b0,y 1 Y 2P @ @y 4 [V SR g @),
Vi %1 Va Va

Since Sy, (h™M,uM) > 0 and Sy, (h?,u?) > 0, the function f is strictly concave. Therefore,
it attains its minimum at the boundary, that is, at u = 0 or at u = V. This shows that there
is a configuration with strictly lower energy than (u, h) and proves that the minimizer must be
connected. O

Using a different rescaling we obtain the following:
Lemma 3.5. If V > 0, then
Fy(V) =inf {/ |Vu]2dx+/ W2dzx : (u,h) € Ayv; Oyu=0 or / (Oyu)? dx = 3/ h'? dx} .
o R o, 4 Jr

Proof. For (u,h) € Ay consider the equivalence class {(uy,hy) : A > 0} C Ay given by the
anisotropic rescaling uy(z,y) = fu(Az, 1y) and hy(z) = Ah(Az). Then

J

Suppose that dyu # 0. Since for every (u, h) € Ay we have [, h"*dz > 0, within one equivalence

. e . 4 f(zh (Oyu)? dx
class, the energy is minimized for A = 3 —t—5——
[z h?dx

class, only the element with th (Oyu)? dx = % Je ¥ 2 dz is relevant for the infimum. O

1
]Vu,\|2dx+/h’fda::/ ((azu)hxl(ayu)?) dx~|—)\3/h’2dm.
R Q R

hy
> (. Therefore, from each such equivalence

Following [3, 10, 18], we prove the lower semicontinuity of the energy and density of Lipschitz
configurations.

Proposition 3.6. For every sequence (hy,u,)€ Ay with sup,, By (un, hy) + Sy (hy) < C, there
exists (u, h) with h € HY(R),h > 0 and u € H*(Qy,) such that up to a subsequence, h,, converges

to h in LSS.(R), uy, converges weakly in HY () to u, u(z,0) =z, and

lim Ev(un,hn)+SV(hn)2/ |Vu]2dx+/h’2d:v.
Qy, R

n—-+00
Moreover, if {h,} is tight, then h, — h in L*(R), and Jghdz=V.
Conversely, for every (u,h)e Ay with Eyv(u,h) + Sy(h) < oo, there exists a sequence

(hpn,un)€ Ay such that hy, is Lipschitz continuous with bounded support and such that h, con-
verges to h in L®(R), u, converges weakly in H} (Q4) to u, and

lim EV(una hn) + SV(hn) < EV(uv h) + SV(h)
n—+o00

Proof. Let (hn,un)€ Ay be a sequence such that sup,, Ev (un, hyn) + Sv(h,) < C. From the
compact embedding of H. (R) in L2 (R), we get that (up to a subsequence), h, converges
in LjS (R) to some (continuous) function h. This implies the local Hausdorff convergence of
R?\Qy,, to R?\Qy,, from which as in [3, 10] we infer the existence of a function ue H!(£,) with
u(z,0) = x such that u, converges weakly in H} (), and as in [3, 10] we obtain the lower
semicontinuity

lim Ev(un,hn)+SV(hn)2/ |Vu]2dx—|—/h'2dﬂc.
Qp R

n—-+o0o



If {hy} is tight, then h,, — h in L*(R), which implies that [, hdz = V.

Let now (u,h) € Ay be such that Ey(u,h) 4+ Sy(h) < oo. It is readily seen that we can
approximate h from below by compactly supported height profiles so that we will assume from
now on that h itself is compactly supported. It suffices to approximate h by a sequence of
Lipschitz functions h,, with 0 < h,, < h and Sy (h,) < Sy (h). We refer the reader to [3, 10, 18]
for the treatment of the volume constraint. Following [3], for n € N and = € R, we define

o / .
hn(x) := Zl/ré% (h(z") + n|z — 2'])

to be the Yosida transform of h. The latter is an n—Lipschitz function which satisfies 0 <
hn < h. As proven in [3], Q5 converges to €2 in the Hausdorff topology. Since h,, and h are
continuous functions, the set {h, < h} is open and thus made of a countable union of disjoint
intervals (ag,bx), k € N. On each of these intervals (see [3]),

hpn(z) = min{h(ar) + n|z — ag|, h(bg) + n|x — by}

so that f;: h? dxr < f;: h'?dx. From b’ = h!, a.e. on {h, = h}, we obtain that Sy (h,) < Sy (h)
and that h,, converges in L™ to h. O

We now prove an interpolation inequality which will be useful later.

Proposition 3.7. For every he HY(R), we have

17l oo ®) < <196>1/3 </R|h(x)|dx>1/3 </Rh’(x)2dx>1/3. (3.7)

Proof. Without loss of generality, we may assume that h > 0 (otherwise consider |h|). By
rescaling the dependent and the independent variables, we may assume that ||kl = 1 and
fR hdz = 1. Indeed, suppose that the inequality holds for some h € H'. For M > 0 and A > 0
consider the rescaled function h(x) = Mh(Az). Then, by changing variables, & = T, we get
that (3.7) holds for h since

[R||pe = M]h|e <M (196>1/3 (/R!h(x)mg;) 13 (/R h/(x)2dx> s
- M (196>1/3 (J\lf/RKMh)(wﬂdx) v <J\;2/R(Mh)/($)2dx> 1/3
) <196> ) <A/R e dj) : <A/R % (MRY (Az)? di)l/g

_ <196>1/3 </R|ﬁ(x)|dx>l/3 </Rﬁ'(x)2dx>l/3.

By translation and symmetric decreasing rearrangement (see [25]), we can further restrict our-
selves to functions h with h(0) = suph = 1, which are even and non-increasing on [0, 4+00).
Let

_ L=l

2
1 ) if © € (—
g(l’) — < 0 , ITxe ( 1:07170)7
0, else,



where xp > 0 is chosen so that the volume constraint is satisfied, i.e., xg = 3/2. Let us prove
that g is the minimizer of [p K2 dx in the class

M= {h e H'(R): h>0, ||h||=~ = h(0) =1, / hdx =1, h(x) = h(—z), h non-increasing on [0, oo)}
R

Let h € M. Then
“+oo +oo +oo too
/ h’2dm—/ g’zdx+2/ g’(h—g)’dx—i—/ [(h—g)'|* da
0 0 0 0

+oo x0 +o0
:/ ¢ do— 2/ '(h—g) d:c+/ \(h — g da
0 0 0

where we used integration by parts and the fact that ¢’(x¢) = 0, h(0) = g(0) = 1. Since on
[0, 20], ¢ = 2 and since [5F°(h — g) dz = 0, we further obtain that
0

X0 " 2 x0 2 “+o00
g (h—g)de=— (h—g)dz =—— hdx
0 Iy Jo

0 Lo Jxzg

so that

—+o00 “+o00 4 “+o00 —+o0 —+o0
/ h’de—/ g’2dx+2/ hdx—i—/ ](h—g)'deZ/ g?dx.
0 0 Zy J g 0 0

By symmetry, this shows that g minimizes [, #?dz in M. Using that [;° ¢*dz = 8/9, we
obtain (3.7).
O

Remark 3.8. In terms of the energy, (3.7) can be rephrased as

”h”L‘X’(R) < <196> e V1/3Sv(h)1/3.
3.2 Scaling law
In this section, we prove the following scaling law for the energy.
Proposition 3.9. There exists a constant co> 0 such that for every V > 0,
comin{V, V¥5} < Fy (V) < ¢g ! min{V, V¥/?}.

Moreover, there ezists C' > 0 with the following property: If V' is large enough, and (u,h)e Ay
with By (u, h) + Sy (h) < £V4/5, then maxh > CV3/5.
Proof. We prove the upper bound first. For that, we have to construct two elements from Ay
for V> 0. First, for N € N, set

Vx4 5, if —N<z<0,

hy(x) = —%ZL'—I— %, if 0 <z <N,

0, if || > N,
and set uny(x,y) == z if (z,y) € Q. Then (un,hn) € Ay, and Ey(hy,un) + Sy (hy) =
V+ 2NL32 < 2V for N large enough. Note that we even have

Ev<hN,’LLN) + Sv(h]v) —V as N — oo. (3.8)



For the other regime, set

Vg 4+ V35, it — V2 < <0,
B(m) = Vg 4 V5 0 < a < V2/5,
0, if || > V?2/5,

and let & be the restriction to €, of

ﬂ(x y) — ZL‘(l - V_Q/By)7 if ) S V2/57
20, if y > V2/5,

Then (@, h) € Ay, and

~ _ v2/5 v2/5 V2/5
By (@, h) + Sy (h) < / (1 V=252 4 v=4522dx + 2/ V25 dx
—v2/5J0 0
- <10 + 2) Vs,
3

For the lower bound, thanks to Proposition 3.6, we can assume that h is a Lipschitz function

with [ hdz =V and {h > 0} compact and connected (otherwise consider each of the (possibly
infinitely many) connected components separately). Let then u € H'(Q) be the minimizer
of the Dirichlet energy in €5 with u(z,0) = x. Let x1 € R be such that h(z1) > 0, and let
t1 > 0 be the maximal ¢t > 0 such that the square [x1,z1 + t] x [0,t] is below the graph of h,
i.e., [r1,z1 +1t] x [0,%] C Q. Observe that the maximality of ¢; implies the existence of a point
Z1 € [x1,21 + t1] such that h(Z;) = t1. Now let

x1+t1 z1+t1  ph(x) x1+t1
Vi :_/ hdz, Ey :_/ / |Vu|?dx, and S :_/ h'? da.
x1 0 T

1 1

We want to show that Fq1+S7 2 min{Vj, V14/5}. By Lemma 2.1, B, > f[xl —
C’t%, hence Fq > %Vl provided that V; < Qt%.
Let us now assume that Vi > 2t2. Since MaX(y, ¢ 44,1 > y—ll, we have

1 2 1 21 V; 2 2
5’12< max h— min h) 2<Vl—t1> —<Vl+1—t1> Zv—l.
t1 [x1,214+11] [x1,21+¢1] t1 11

x[0,t1] Vul? de >

Since Ey > Ct%, we obtain

v2
Ei+ 51> Ct% + 472% > CV14/5,

where the last inequality follows from Young’s inequality.

We have thus shown that the energy in [x1, x1+t1] is bounded from below by ¢y min{ V7, V14/5}.
We define iteratively xo := x1+1t1, 201 := X1 "‘2221 ti, and repeat the process in each interval
[, ©; + t;], and similarly in the opposite direction (i.e., going to the left) starting at z;. Since
h is Lipschitz we cover with this procedure the whole set {h > 0}, and the lower bound follows.

It remains to show that if V is large enough, and (u,h) € Ay with Ey(u,h) + Sy(h) <
%V‘V 5 then maxh > C'V3/> for some C' > 0 independent of V. Having t; and V; constructed
in the previous part of the proof, let us assume that Vj is the largest among all {V;}. Then we

10



have

V4/5

€0

> Ey(u,h) + Sy (h) > ZCO min{V;, Vf/s}

> comin{1,V;*} ST V; = comin{1, v, 7}V,

2

which gives céOV < max{l,V;}. Assume now that V > c; 10 5o that V3 > c(l)DV. If we set
M := max(g, 44, h, then as before M > Vi/t1, which implies ¢, > Vi /M. Since E; > Ct3, we
have

V5o > By 241 > (Vi/M)? > g° VM 2,

which implies max h > M > V3/5, O

Remark 3.10. Using the scaling law (see Proposition 3.9) and (3.7), we find that max h < V3/5,
and so the previous proposition implies that maxh ~ V3% for sufficiently large V. Using this
we see that the size of the support of h is at least of order max{1, V2/5}.

In terms of the original parameters ey and d, the scaling law reads as follows.

Proposition 3.11. There exists a positive constant ¢ such that for every V > 0,
1
cmin{ed, d4/568/5} < F(V) < =~ min{edd, d4/5eg/5}.
c

Remark 3.12. In the original coordinates, for eéd 2 1, the typical island is of height 6§/5d3/5
2/5
and of width (%) .

3.3 Existence and non-existence of minimizers

Let us start by studying the non-existence case for small V| i.e., the wetting regime. For this,
we prove that for a non-trivial range of volumes 0 < V' < V| the infimum of the energy Fs(V)
is equal to V.

Proposition 3.13. There exists V > 0 such that for every 0 <V <V we have Fs(V) = V.
As a consequence, there exists no minimizer of (3.2) for0 <V < V.

Proof. Recall that by the construction of flat layers in the proof of the scaling law (see (3.8)), we
have Fs(V) < V. It remains to show the reverse inequality, i.e., that for every (u,h) € Ay, we
have Ey (u,h)+ Sy (h) > V if V is small enough. By density, it suffices to consider (u, h) € Ay
for which h is Lipschitz continuous (see Proposition 3.6), and u being the minimizer of the
Dirichlet energy in €2, subject to the boundary condition u(z,0) = z on {h > 0}. In particular,
—Au =0in Q. Testing the Laplace equation with u(x,y) — =, we obtain

0= / div(Vu) - (u —z)dx = —/ (IVul* = 9pu) dx + dyu - (u—z)dH!.
Q, Q, o,

The boundary integral vanishes, because d,u = 0 if y = h(x), and u(z,0) = z. Hence

/ |Vu|?dx = Orpudx,
Q Q,

11



and integration by parts yields

arudXZ/ div <“> dx:/ (“) v dH!
Qp Qp 0 o0y, 0

:/ uv, dH' = —/u(w,h(w))h’(m) dz.
{y=h(=)} R

Here we used that v = (%), and so v, dH! = —H(z) d.

By the fundamental theorem of calculus, u(x,h(x)) = x + foh(w) Oyu dy, and we deduce

/u(:ﬁ,h(:v))h’(x)dx:/a:h'(:n) dz + Oyu(z, y)h'(z) dx.
R

R Q,

For the first integral on the right-hand side, integration by parts implies

/R:ch'(x) do = /Rh(x) =V,

and so altogether,

/ |Vul?dx =V — Oyu(z, y)h' (z) dx.
Qh Qh
We add Sy = fR h'? dz to both sides of the equation to obtain
Ey + Sy = /Q Vu|>dx + Sy =V + Sy — ; Oyu(z, y)h'(z) dx. (3.9)
h h

To show that the energy of (u,h) is not smaller than V, it suffices to prove that
Oyu(z,y)h'(x) dx < Sy.
Qp

By Lemma 3.5, we have either d,u = 0, in which case the inequality holds trivially true, or,
using Hoélder’s inequality,

o, Oyu(z,y)h/ (x) dx < (/Qh(ayu)Q(g;,y) dx> v (/Qh h2(z) dx) v < \/ESV\/M, (3.10)

which implies that Ey (u, h)+ Sy (h) > V for any admissible (u, h) € Ay which satisfies sup h <

4/3. Note that by (3.7),
9\ /3 st 9\ /3
< (2 /3g1/3 [ 2 2/3
suph < (16) VeSS, < 16 \%

Hence, the infimum of the energy is exactly V for 0 < V < %, and so there exists a

maximal V > 0 such that F5(V) =V for V € (0,V].
To show non-existence of a minimizer, let us argue by contradiction and assume that there
exists a minimizer (u,h) € Ay for some V with 0 < V < V. Choose Vy with V < V5 <V,

and set \ = 1/%. Then by Lemma 3.1, since (uy, hy) € Ay, and Sy(h) > 0, we obtain a

contradiction:

‘/0 ‘/0 1/2
Vo = FS(%)§ EVO(U)\,h)\) + Svo(h)\) :VEV(% h) + <V> Sv(h)

< 0By (k) + Sy () = Vo

12



We next consider the regime {V > V} and aim to prove that minimizers exist for every
V > V. For that, we need some auxiliary properties. For V > 0, we set

(3.11)

By (3.5) and Fs(V) <V, we see that 5(V) < 1 for every V, and that § is a non-increasing
function of V. Using that Fs(V) =V for V € (0, V], we can say more about /3:

Lemma 3.14. The function (3 is strictly decreasing in the region {Fs(V) <V} = {8 < 1}.

Proof. We assume the contrary, i.e., that there exist V < V5 < V; < oo and By < 1 such that

Fs(V) =BV <V for all V € [Vp, V1] C (V,00). We use the concavity of Fs, F5(0) = 0, and
the previous assumption, to get for every V € (0,V)

|4 |4

v
> - PR = — e
Fs(V) > (1 VO)FS(O) + VOFS(Vo) VOFS(Vo) BoV,
and
Vi—W Vo—-V
= F > F ——F .
oV = Fu(Vo) = T-— P E(V) + 1 (V)

Since Fy(V1) = BoVi, the second relation simplifies to F5(V) < oV, which together with the
first relation implies F5(V) = ByV. This is a contradiction, since Sy < 1 and by assumption
Fy(V)=1V.

O

The essential step to prove existence of minimizers is to derive compactness of minimizing
sequences. It is based on the following auxiliary lemma:

Lemma 3.15. Let V >V and § > 0. Then there exist a length | = [(V,8) > 0 and C(V,5) > 0
with the following property: For every (u, h) € Ay withe := Ey (u, h)+Sy (u)—Fs(V) < C(V,9),
and every rg < x1, with r1 — x9 =1, we have

zo 0o
/ hdx <46 07“/ hdx <. (3.12)

—00 1

Proof. Let V>V and § > 0. Note that by the strict monotonicity of 3 in [V, 00), we have
B(V) < B(%). Choose C(V,§) > 0 and let 0 < a < 1 be such that

ewa<d(s(L)-a). wi < (Ls(D)-a]).

Assume further that o > 0 is such that % =neN. Setl:= %, and let [xg,x1] be an arbitrary
interval of length 27 — 29 = [. Since o'V = 3n with n € N, we can decompose [z¢, 1] as an
essentially disjoint union of 3n intervals of length 1, i.e.,
3n—1
[z0,21] = | [wo + K, w0 + (k + 1)].
k=0
Since [p hdz =V = n-3aq, there are at most n intervals which satisfy | I hdxz > 3«. Similarly,

since Sy (h) <V, we find at most n intervals such that [ I h'?dx > 3a. Hence, among I}, there
is an interval I such that

/hdx <3« and /h'2 dz < 3a, (3.14)
1 1
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in particular

3a > /h’2 dz > (sup h — inf h)2.
I I I
Since we also have 3o > fl hdz > inf; h, we get that

suph = (suph — iIIlfh) + iIIlfh <V3a+3a < 3(a+al’?). (3.15)
I I

Without loss of generality (translating h), we may assume that I = [0,1]. Now we “cut” the
profile into three parts. Precisely, we set

h(z), if x <0,
ho(z) := ¢ min(—2h(0)z + h(0), h(z)), f0<z <3, and o = ulq,
0 otherwise,
and
min(2h(1)z — h(1), h(z)), if i<z <1,
hi(z) == < h(z), ifx>1, and  up == ulg, .
0 otherwise,

We use the notation

1/2 00
Vg::/ ho dz, V1::/ hidz, Vig:=V —Vo—Wi.
1/2

—00

We may assume without loss of generality that Vy < Vi, which implies that Vy < % Note that
by construction (ug, ho) € Ay, (u1,h1) € Ay,

Vie < suph < 3(a + a/?), (3.16)
I

and
Ev(u, h) > EVO (’LLQ, ho) + EV1 (ul, hl) (317)

Further, again by construction and (3.15),

1/2 1
Sy (u,h) > Sy, (ho) + Sy, (h1) — [ / he dx + / h’fdx]
0 1/2

> Sy, (ho) + Sy, (hl) — (2 sup h)2 > Sy, (ho) + Sy, (hl) — 36(0{ + a1/2)2. (3.18)
I

Since Fs(V) = B(V)V with < 1 we have by (3.17) and (3.18),

BV +e=Fy(V)+e=Ey(u,h) + Sy(h) > F,(Vo) + Fs(V1) — 36(cx + o'/2)?
= B(Vo)Vo + B(Vi)V1 — 36(c + /)2,

Moreover, since [ is non-increasing and since V = V5 + Vj 4V}, and Vj < %,

BVo)Vo + B(Vi)Vi = BV)V +Vo(B(Vo) = B(V)) + Vi(B(V1) = B(V)) = B(V)Vie
= VIV +Vo(B(V/2) = B(V)) = Vi
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which together implies Vo(8(V/2) — B(V)) < € + Vip + 36(a + a'/?)2. Since V' > V, the strict

monotonicity of 8 implies B(V/2) — (V) > 0, and so, since a? < a < a!/2,

€+ Vio + 36(a + a'/?)? - £+ 78a1/?

Vo < . 3.19
VSRV - B S B/ - BV) (319
By (3.13), we obtain that Vj < §, and thus
o o
/ hdx:/ hodxg/hodx:‘/ogé.
—00 —00 R
O

Proposition 3.16. For any V >V, a minimizer of (3.2) ewists.

Proof. Let V' be such that Fs(V) < V, and let (uy,hy) be a minimizing sequence. First we
claim that Lemma 3.15 implies tightness of (uy, hy,).

Indeed, let 0 < 6 < V/2 be fixed and let [ = [(V,J) be obtained from Lemma 3.15. Then for
n large enough the energy of (uy,, hy,) is close enough to Fy(V) (i.e., € := Ey (un, hyn) + Sy (hyn) —
Fy(V) from Lemma 3.15 is small enough). Then we choose z, such that [*" hdz = 2§ and
observe that by Lemma 3.15 .

/ hdz <é.
T+l

Hence, for n large enough we have ffgo h <26 and f;: ah< 6, which implies tightness of the
minimizing sequence (up to translations). The existence of a minimizer then follows from the
lower semicontinuity of the energy (see Proposition 3.6). O

We will prove in Corollary 3.34 that also for V =V a minimizer exists.

3.4 Regularity of minimizers

Notation: In this section, for given x € R (z; € R, etc.), we will denote by z (z;) a point in
R? defined by z := (2,y) = (z,h(z)) (25 = (zi,9i) = (i, h(z))).

In this subsection we prove the regularity of minimizers of (3.2) if they exist. For this we
follow the strategy of [10] (see also [9]) which in turn was inspired by [5]. Let us first notice
that as in [10], the volume constraint can be relaxed. For x> 0 and V' > 0 set

/thx—V': (u, h) GA}

A:={(u,h): he H(R), h>0, ue H(Q), u(z,0)=zifx €supph}.

Note that Ay = {(u,h) € A: [ hdz =V} We have the following relation between FY' and
F:

FHV) = inf{/ \Vu|2dx+/h'2d:c+,u
Q, R

with

Proposition 3.17. Let C' > %, where cqg is the constant from Proposition 3.9. Then, for
p = Cmin {1,V~15}, we have FI'(V) = Fy(V).

Proof. We closely follow the proof of [16, Theorem 2.8]. Let V' > 0. First, since Ay C A, and

/ |Vu|2dx+/h’2dx+,u‘/hd:n—V’:/ |Vu|2dx+/h’2dx
Qn R R Q, R
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for every (u,h) € Ay, we have FY' (V) < Fs(V). Assume now for the sake of contradiction that
FI'(V) < Fs(V), i.e., there exists (u,h)€ A such that!

E(u,h) +S(h)+

/thx - v‘ < F(V). (3.20)

We note first that by rescaling we can assume that fR hdz < V: Indeed, assume that there
exists (u,h) € A with (3.20) and [z hdz =: W > V. Then for the rescaled pair (see Lemma

3.1) (ux, hy) € Ay with A := /¥ > 1, we also have by Lemma 3.1 and (3.20),
E(uy, hy) + S(hy) < E(u,h) + S(h) < Fs(V).

On the other hand, if [, hdz < ¥, then u| [y hdz — V| > p¥% =§ min {1, V4/5} > F,(V) by
the choice of C and Proposition 3.9. Hence we can assume that fR hdzx > % Now we construct
a competitor from Ay for (u,h) € A\ Ay by rescaling. Denoting o := th [Vul?dx + [ b da
and W := [ hdz, we find by (3.20) that

o+ p(V — W) = E(u, h) + S(h) + /tha:—V' <E(V)<a

v
o

From this we get 4 < {f; (since otherwise o + pu(V — W) > %), and from the scaling law
(Proposition 3.9) finally (recall that W > V/2)

M<W§FV(VV)§ Vl[/(jl()mln{VV4/5}< Omln{l VLY,

from which we get a contradiction by the choice of C.
O

In order to prove more properties of the minimizers, we will need to use the Euler-Lagrange
equation. This requires to know some smoothness of the minimizer of (3.2).

Theorem 3.18. If (u,h) € A is a minimizer of (3.2), then h is analytic in {h > 0} and
satisfies the zero contact angle condition.

Following [5, 10, 9], we divide the proof of the regularity of (u,h) into several lemmas. We
first prove that h is locally Lipschitz continuous. Then, in the spirit of [5], we prove a uniform
sphere condition. From this, we derive decay estimates for |Vu| which as in [10] leads to the
regularity of h.

Lemma 3.19. Let the pair (u,h) be a minimizer of (3.2). Then in the set {h > 0} the height
profile h is a locally Lipschitz function.

Proof. Let m > 0, and xg,x; € supph be such that z¢ < x1, h(xzg) < h(z1) and m < h(z) for
x € [xo,x1]. Since h is continuous, there exist

Top = max{z € [rg,x1): h(z)= h(zg)},
x3 = min{x > x1: h(x) = h(zo)}, and
xe = max{xr <z3: h(x)=h(x1)}.

Note that h > h(zg) in [Zo, x3] and h > h(xo) in (Zo,x1). We denote ¢ := h(x1) — h(zo).

We denote here for simplicity E(u, ) fﬂ |Vul?dx and S(h) := [, h"* dz.
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Let us now define a competitor (i, h) for (u, h). In R\ [Zo, 23] we set h := h, and in [z, 23]
we set

A LICO R CORSUCORUCH)
T k@)~ 6 if h(z) > h(a).

Since h < h, we have 2 C Qyp, and the following definition makes sense

a(x) == u(x), x€;. (3.21)

We denote M := {x € [T, z3] : h(wo) < h(x) < h(x1)}. Then h'(z) = h'(z) for a.e. z ¢ M
and h/(z) =0 for a.e. z € M, and so

~ T 2
/WM:/WM—/M%%/W%w/‘WMg/WM— 5”
R R M R Zo R Tl — X9

2
where the last inequality follows from 6% = (h(z1)—h(z9))? = (f;ol n dac) < (x1—0) f;ol h'? dz.

We now estimate fR hdz:

/ hdz = / hdx —/ min{h(z) — h(zg),0} dx >V — (x5 — To)0.
R R {Zo<z<w3}

Since h(x) > m in [Zg, z3], we have that V' > f;j h(z)dzx > (z3 — Zo)m, and so

VZ/BMZV—“i (3.22)
R m

Finally, by (3.21) we see that [, [Vul*dx < [, [Val* dx
h
Since (u, h) is a minimizer, the previous estimates and Proposition 3.17 imply

/ ]Vu|2dx+/h’2dx§/ |Vﬂ\2dx+/ﬁlzdx+u /fzdx—V’
Qh R Q; R R

h

52 oV
S/ |Vu|2dx—|—/ h'?dx — < ~ —,u) ,
Qp R T — o m

where y = CV Y%, Hence —2— < ,u%, which implies

r1—xo —
M) = h(xo) _ h(a) —hizo) & _pv VP
T1 — X - xr1 — To _l‘l—fo_mw m

In the case h(xg) > h(x1) > m we proceed analogously. Altogether we get that if both xg
and x; belong to the set {x : h(z) > m}, then

V4/5
h(w0) — han)| 5 fro — ¥

in particular h is locally Lipschitz in the set {h > 0}. O

We now prove that the graph of h satisfies a uniform sphere condition. The proof is inspired
by, but slightly different from, the proof of a similar statement in [5] (see also [10, 9]). The
main difference to the aforementioned papers is that in our setting, the surface energy is not
invariant by rotation of the axis.
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Lemma 3.20. Let V > 0, and let the pair (u, h) be a minimizer of (3.2). Then, there exists a
radius ro = ro(V)) > 0 with the following property: For every circle S,(xq) (xo := (z0,%0)) and
every interval (a,b) C R such that (a,h(a)) € Sy(x0), h(a) > yo, (b, h(b)) € Sr(x0), h(b) > yo,
and such that the graph of h is above S.(xg) in (a,b), we have that r > (.

Proof. Let Sy(xg) and (a,b) C R be as in the lemma. We define (h, @), a competitor for (u, h),
by
- h(z) if x & (a,b)
h(z) = h(b)—h(a) .
h(a) + =5—0—(r —a) ifz € (a,b),

and 4(x) := u(x) for x € Q; C Q. Since (u, h) is a minimizer, Proposition 3.17 implies

Vul2dx+ [ h?dz < Valdx+ [ h?de+p| | hdx—V]|.
|
Qp R o R R

h
Since u = @ in Q; and Q; C Qy, we see that fQB [Vul?dx < [ |Val?dx. We use this together
with the fact that h = h outside of (a,b) to derive

b 5 5 b N
/ (h’Q—h’Q) dx<u/hdx—/hdx :u/ (h—h) da| . (3.23)
a R R a
Using the definition of kA and Holder’s inequality, we obtain for every z € (a,b)
a —a
) - ) 1/2
< (b—a)/? (/ <h’(x’) — M) dx’) (3.24)
“ —a
We observe that fab B dx = h(b) — h(a) implies that
b h(b) — h(a)\> b _
1o r_ 20,0\ T2, /
/a (h(az) e > da /a (h (&) — h (x)) da’.
We plug this relation into (3.24) to show
b B (3.23) b _ b B 1/2
/ (h’2 - h’2) do < u/ 7 — k| de < u(b — a)®? (/ (h’2 . h’2> dx) .
Hence )
/ (h/2 . E/Q) dz < MQ(b_ CL)3,
and subsequently
b ~
/ (h - h) de < (b — a)®. (3.25)

Let us now estimate f; (h - fz) dz using the fact that in the interval (a,b) the height function
h is above the circle S,(xp), i.e., that h(z) > yo + /72 — (x — x0)? =: f(x) for = € (a,b). The

trapezoidal rule implies that

b a a3
[ Herta— - W20 el g
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for some ¢ € (a,b). Using that fab hdz = (b— a)w =(0b-a) f(a);f(b), we get that

[ (0-#) o [ 10— oo L0 O g

Finally, we compute f”(£) = —W to show
b ~ (b—a)3 (b—a)? r? 1
o SR S _ > (p— 3'
/a (h h) dz 2 12 7 12 (r2 — (& —20)2)3/2 — 12r(b 2

We conclude by combining the previous estimate with (3.25) to get r > u/12.

Arguing as in [10, 9], we obtain the following result:

Lemma 3.21. Let the pair (u,h) be a minimizer of (3.2). Then for every point x € supph
there exists a ball By,(zo,y0) C Qp U{y < 0} (with ro defined in Lemma 3.20) such that
0By, (x0,y0) N graph h = (z, h(z)).

From this and [5, Lemma 3], we obtain:

Corollary 3.22. Let the pair (u, h) be a minimizer of (3.2). Let xy € R be such that h(zg) > 0.
Then there ezists a neighborhood UC R of xy such that h|y is Lipschitz and admits left and right
derivatives at every point of U, that are respectively left and right continuous.

The previous corollary implies that to prove that h is a C! function in the set {h > 0}, it
suffices to consider points zg € R, h(zg) > 0, for which A/ (z¢) # k' (x¢), where A/, and h_
denote the right and left derivatives. Following [10, 9] we call such points corner points. Our
aim is to prove that if (u, h) is a minimizer of (3.2), then there are no corner points. In order to
show this, we first obtain the following estimate on |Vu| (which is also an important ingredient
in the proof of [10, 9]):

Lemma 3.23. Let the pair (u,h) be a minimizer of (3.2), and let zo be a corner point. Then
there exist &« > 1 and r1 > 0 such that pr(ZO)mQh (Vul2dx < Cp® for all p € (0,71), where

C:=r" th |Vul? dx.

Proof. Since h(xg) > 0, h is locally Lipschitz in the neighborhood of g and we can find §, L > 0
such that
|h(z) — h(z')| < L]z — 2| Vz,2' € (xg — 8,20 + J). (3.26)

Since by assumption, xg is a corner point, we can choose r1, 0 < 71 < min {d, h(xg)}, small
enough such that for every p € (0,71) both the graph of hl(;, ;o) and of h|_og 4) intersect
S,(zo) exactly once. For p € (0,71), let us denote the arc of S,(zg), which connects two
intersections of the graph of h with S,(z¢), and which belongs to €, (i.e., the bottom arc), by
A,. By virtue of (3.26) this arc has length at most

H(A,) < 27mp(1 — arctan(1/L)). (3.27)

For any a € R and any p € (0,71), since A(u —a) =0 in B,(z9) N, and J,(u —a) = 0 on
0, N By(2zo), we get

|Vu|? dx = / (u — a)d,udH?. (3.28)
BP(ZO)ﬂQh Ap
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Then Poincaré’s inequality with the optimal constant implies

1 2 (3.27)
/ (u—u)2dH! < <H<AP)> / |0-u2dH! < (2p(1—arctan(1/L)))2/ |8-u|? dH,
A, T A, A,

(3.29)
where % denotes the average of u on A, and 0,u denotes the derivative of u in the tangential
direction. Hence, by Hoélder’s and Young’s inequality we get from (3.28) with a := @ and (3.29)

/ \Vu]QdX—/ (u — @)d,udH!
Bp(ZO)ﬂQh A

P

1/2
< (/ (u— u)Qd”H,l) (/ ]8Vu\2d7-[1>
A, A,
1/2 1/2
< 2p(1 — arctan(1/L)) </ |8Tu\2d7-[1> </ |8,,u\2d7-[1>
A, A,

<2p(1 - arctan(l/L));/ (100> +|Bul® an)
Ap

1/2

=p(1-— arctan(l/L))/ |Vu|?> dH!.

p

We let F(p) == [ By (20)" |Vu|? dx and observe that the last estimate can be rewritten as
F(p) < p(1 —arctan(1/L))F’(p). By integrating this inequality, we obtain for any p € (0,71),

FWﬁSF@ﬂ(p)i

™

where 1/a = (1 — arctan(1/L)) < 1. To conclude we observe that F'(r1) < fﬂh |Vu|? dx implies

/ IVu|? dx = F(p) < p*F(r)r;* < Cp*.
BP(ZO)ﬂQh

O]

Following [10, Th. 3.13], we can now prove that in the set {h > 0} there are no corner
points, and so h € C*({h > 0}):

Lemma 3.24. Let the pair (u,h) be a minimizer of (3.2). Then in the set {h > 0} the height
profile h is a C' function.

Proof. To prove the lemma it is enough to show that there are no corner points. Let us argue by
contradiction and assume that xg is a corner point. Then, by Corollary 3.22 and Lemma 3.23
there exist 7 > 0 and o > 1 such that for p € (0,71)

/ IVl dx < Cp®, (3.30)
BP(ZQ)ﬁQh

and h](xo_rhxﬁn) is a Lipschitz function with right and left derivatives, which are respectively
right and left continuous. Moreover, zg being a corner point implies A/, (zo) # h'_(xo).

First, we observe that by Lemma 3.21, h’_(xo) < b/ (x¢), and so e := (!, (zo) —h’_(20))/4 >
0. Then (possibly by diminishing 1), we can assume that for every = € (xg, o + 1)

‘h(w‘) — (o)

—hn < 31
ey M) <= (3.31)
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and similarly for x € (zg — 71, 20)

‘h(x) — h(wo)

— K <e. 3.32
ey o) <e (3.32)

By Lemma 3.20, for any p € (0,71) there exist unique points x;, z,€ Sy(zo) N Yy, with
x; < 9 and x, > xo. Using x; and x, we define h, a competitor for h by

- {h(m) if o ¢ 2, 2]

a(x) ifx € [z, x,],

where a(z) := h(z;) + —L(h(x,) — h(x;)) is an affine function which connects (z, h(z;)) and

Tyr—I]

(@, h(zy)). Using (3.30) and the fact that 0, N B,(zo) is Lipschitz, we can extend u to €2;
(still denoted by u) such that

/B( - \Vu|?dx < C1p°, (3.33)
plZo

h

where C) depends only on C and the Lipschitz constant of Bl (zo—r1 w04+ Since (u,h) is a
minimizer of (3.2), Proposition 3.17 implies

/]R (h/2 _ 5/2) de < /Q;L\Qh |Vu|2@1>c+u/R (fz — h) dz. (3.34)

First we will estimate the left-hand side of (3.34) from below. The definition of h implies

B o Tr Tr
/ (h’2—h’2) de = / W2 dz + / 2 dz — / I dz. (3.35)
R

T o ]

We set d; := M2O=h@) 504 g, .= Me)=hl(zo) ey

T0—T] Tr—TQ
o Ty
/ r'% dz + / R dx > d¥ (xo — 1) + d*(x, — x0), (3.36)
x] o
and )
/Ctr iLIQ do — (dl((L'O — :El) + dr(l'r — SC())) (3 37)
2 Ty — Xy ' '

We plug (3.36) and (3.37) into (3.35) to get

di(z; — m0) + dp(z, — 10))?
— '

/ ' (h'2 - ;er) dz > d? (zo — 1) + d?(z, — x0) — (

)

A simple algebraic manipulation shows that

d - dr r 2 - T
20 — 21) + d2(r — 20) — BT = T0) +drlwr —xo))” (w0 = @)(@r = 20) () a2
Ty — X Ty — X

and so the estimates on d; and d, (see (3.31) and (3.32)) imply that

/ ' (h’2 - 5’2) dz > (2o —;'l)_(f)«";l— %) (W, (v0) — h'_(20) — 2¢)* > 2min{xo — 2, 7, — 0},
l (3.38)
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where in the last step we used that 2ab/(a + b) > min {a,b} and the definition of ¢. Let us
now observe that since h is Lipschitz, we have that o — x; > Cp and x, — xg > Cp, where C
depends only on the Lipschitz constant of h|(z—, zo4r,)- Therefore, for any p € (0,71) and the
corresponding x;, x, we obtain that

/ N (n2 = #?) dz > Cp, (3.39)

!

where C' > 0 depends on Ay, —y, z+r ), DUt n0t on p.
Finally, we observe that | [, (iz — h) dz| = |f;f (iz — h) dz| < |B,|, and so (3.34), (3.33),

and (3.39) imply that there exists & > 1 and constants C' > 0, C1 such that for every p € (0,71)
we have C'p < C1p® + pump?, which yields a contradiction for sufficiently small p. This concludes
the proof. O

We proved that in the set {h > 0} the height profile h is a C! function. It then follows that
in fact h is more regular. Indeed, for any xg such that h(xg) > 0 we observe that given £ > 0
there exists 11 > 0 such that for any p € (0,r)

H(S,(20) N Q) < (1 +&)mp. (3.40)

Then we can repeat the proof of Lemma 3.23 while replacing (3.27) by (3.40) to show the
following result.

Lemma 3.25. Let the pair (u, h) be a minimizer of (3.2), and let xg € R be such that h(xg) > 0.
Then for any 0 < a < 2 there exists r1 > 0 such that for any p € (0,77)

/ |Vu|?dx < Cp®,
Bp(ZQ)ﬁQh

where C = r{® fﬂh |Vu|?dx. Moreover, given a < 2, the corresponding r1 depends (through
relation (3.40)) only on the modulus of continuity of h' in the neighborhood of xy.

Similar ideas as in the proof of Lemma 3.24 then give the following result.

Proposition 3.26. Let the pair (u, h) be a minimizer of (3.2). Then for every g € (0,1/2) the
176

e function.

height profile h| {0y s a C

Proof. Let z € R, h(Z) > 0, and a € (0,2) be fixed. Then by Lemma 3.25 and the fact that
h € C1({h > 0}) there exist U, a neighborhood of Z, a radius r; > 0, and a constant C; such
that for any point x € U and any p € (0,71) we have

/ |Vu|? dx < C1p°. (3.41)
Bp(Z)ﬂQh

Moreover, we can assume that A’ is bounded in U.
Let 29 € U be fixed. Using standard extension argument and estimate (3.41) we can extend
u to B,(zo) \ 2, (the extension still denoted by u) such that pr(ZO) |Vul? dx < C1p®, where

C1 is independent of p and the choice of z. .
Now let z1 > xo be such that |zg — z1| < r1. We set p := |zo — z1| and define h by

() = {h(x) if © & [xg, 21]

a(z) if z € [zg, 21],
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where a(z) := h(zo) + ;== (h(21) — h(zo) is an affine function connecting zo and z;. We

observe that ; C Q,UB,(z0), and so (h, ulo,uB,) is a well defined competitor for (u, k). Since
(u, h) is a minimizer of (3.2), Proposition 3.17 implies

1 N — ~
/ (h’2 - h’2) da < / IVul?dx + | B,(z0)| < C1p™ + pmp? < Cp°.
o By(z0)\Qp
Since A’ is bounded in U, we have that z1 — 29 > C~!p, where C does not depend on p or z;.
Then
1 1 2 1 B 1 B
][ (h'(:n) - ][ h’> da = ][ (h’2 - h'2) de < Cp~ / (h’2 - h’2) da,
x0 x0 o )
and so

Tl 1 2
][ (h’(x) —][ h’) dz < Cp>~L. (3.42)
o xo

A relation similar to (3.42) holds also for the choice x; < zg, and we can use [1, Th. 7.51]
to conclude that h € CH(@=D/2(7f).
U

We showed that h € Cllo’f({h > 0}) for any 8 € (0,1/2), and so (u,h) satisfies all the
assumptions of the following theorem (see [1, Th.7.49)).

Theorem 3.27. Let Q be an open set in R?, g € L°(Q) and u € H*(Q) be a solution of the
Neumann problem
—Au = g in§
ou = 0 onéS.

If S C 9Q is a CYP curve relatively open in O, B < 1, then Vu has a C%P extension up to S.

We apply this theorem to show that for every s > 0, |Vu| is C%? in the neighborhood of
0Qn N{y > s}. As a consequence we obtain the following:

Proposition 3.28. A minimizer (u,h) of (3.2) satisfies the Euler-Lagrange equation
\Vul*(z, h(z)) — 20" () = X for a.e. x € {h >0}, (3.43)

where A= A(V') is a constant that depends on V', namely the Lagrange multiplier associated to
the volume constraint.

Having (3.43), a simple bootstrap argument implies that in fact h € C*°({h > 0}) and
u € C°(Qy,) (see [10] for more details). If x denotes the mean curvature of 92, observing that
(3.43) can be rewritten as
[Vul> =X 5
K=y
we see that [23, Th. 3.1] implies that h is analytic in {h > 0}. To prove Theorem 3.18 it
remains to show that h satisfies the zero contact angle condition. To do so we first derive a
lemma analogous to Lemma 3.23 which applies to the points of contact with the substrate:

Lemma 3.29. Let the pair (u,h) be a minimizer of (3.2)_, and let xg € supp h be such that
h(zg) = 0. Then xy € dsupp h and there exist 1o > 0 and C such that for every p € (0,7)

/ IVu|? dx < Cp*/3. (3.44)
BP(ZQ)ﬁQh

23



Proof. First note that by Proposition 3.4, the set {h > 0} is connected if (h,u) is a minimizer
of (3.2). Therefore, if h(zg) = 0 and xy € supp h, then xg € dsupp h. Consequently, h vanishes
in (—o0, ) or in (zg,00). Let us now assume that h vanishes in (—oo, ), the other case being
symmetric. Then by Lemma 3.21 and [5, Lemma 3] there exists a radius 79 > 0 such that
h‘($0*To,Io+T‘0) has left and right derivatives at every point, that are respectively left and right
continuous (but could possibly attain infinite values). Moreover, we can assume (by possibly
diminishing 79 > 0) that for every p € (0,r¢), the graph of h intersects S,((x¢,0)) in exactly
two points (zg — p,0) and (z,, h(zy)).

Let us fix p € (0,79) and the corresponding z,. Since u minimizes the Dirichlet integral in
Qy, subject to boundary conditions u(z,0) = x, we get that

/ Vu-V(u—z)dx = / (u — x)d,udH".
BP(ZO)ﬂQh SP(ZO)ﬂQh

Let § :=1/5. By Hélder’s and Young’s inequality the previous relation gives
/ |Vu\2dx:/ (u—ﬂs)ayud”HlJr/ Vu - ( L )dx
B, (z0)N S, (20) By (20) 0

1/2 1/2
<[ ewrec)] ([ weorar
Sp(zo)ﬁQh Sp(Zo)ﬂQh

C
+ 5/ IVul?dx + =|B,(zo)|. (3.45)
Bp(Zo)ﬁQh 6

We estimate the second integral on the right-hand side using Wirtinger’s inequality, which states

that if f(0) = 0, then
l 2 rl
/ f)?dt < (21) / f(t)? dt.
0 m 0

More precisely, we apply Wirtinger’s inequality to u(x,y)—x on S,(zo) N2, (observe that
u(x,0) — x = 0 if z = 0), which, together with Young’s inequality, yields

/ (u— )2 dH! < ,02/ 10, (1 — 2)[2 dH
Sp(z0)NQ2 Sp(20)NQ

§p2/ (1+6)(0rw)? + (1+ 671 dH,
SP(ZO)ﬂQh

where 7 denotes the tangent vector to S,, and we used that |0;z| < 1. Hence, using Young’s
inequality again and |S,(zo) N Q4| < p7/2, it follows from (3.45):

C
(1— 5)/ IVul?dx < glﬂ - g/ [(&/u)Q + (14 8)(0-u)® + (1 + 5*1)] dH?
BP(ZQ)ﬂQh SP(Zo)ﬁQh

1
< Cp?6t 4 M/ [Vu|? dH'.
2 S, (20)N,

Since 6 = 1/5, one has (1 —4)/(1+9) =2/3, and so
/ |Vul? dx < C1p? + Sp/ |Vu|? dH?.
BP(ZQ)ﬂQh 4 SP(ZO)ﬂQh

If we denote G(p) := pr(ZO)ﬁQh |Vu|? dx + 201 p?, then the last relation is equivalent to
3
G(p) < 3pG (p)-
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Integrating this relation (the same way as we did in the end of the proof of Lemma 3.23) we
obtain (3.44). ]

Proceeding along the lines of the proof of Lemma 3.24, we derive the following result from
Lemma 3.29.

Lemma 3.30. Let the pair (u,h) be a minimizer of (3.2). Let xy € supph be such that
h(zo) = 0. Then k' (zo) =0, and so h € C1(R).

3.5 More qualitative results

It has been observed for various variational models for the epitaxial growth that minimizers are
often not unique. For instance, for a model for periodic island formation, there is a regime of
volumes and periods in which the flat configuration is not the only minimizing configuration
(see [14, Theorem 2.13]). We do not obtain uniqueness of minimizers here, but part of the
following result is the weaker statement that for almost every V', any two minimizers have the
same surface and the same elastic energy. For a similar result for faceted islands see [12].

Proposition 3.31. The function Fy: V +— Fs(V') is Lipschitz continuous with Lipschitz constant
less than C'min {1, V=%}. Moreover, if Fy is differentiable at V, then

_1
%

At such points of differentiability, if (u,h) and (4, h) are two different minimizers of (3.2),
Ev(u,h) = Ey(a,h) and Sy (u,h) = Sy (u,h). Finally, there holds,
— F(V+e)+ Fs(V—¢)—2F(V) < Sy

lim — .
e—0T g2 —  4V?2

F/(V) =Xy = —(Ey + 1/25y). (3.46)

Proof. We already know from Proposition 3.3 that Fy is locally Lipschitz continuous. The
estimate on the Lipschitz constant can be obtained by two different ways. The first approach is
to use Proposition 3.17, and test for two volumes V and W the minimization problem F! with
the minimizers for each of these volumes. Another approach is to compute the derivative of F
directly. For this, we see that for e > 0, using the rescaling argument (see Lemma 2.1),

F,(V+e)—F(V)<(14¢/V)EBy + (1+¢/V)Y2Sy — By — Sy,
where Ey and Sy are the elastic and surface energy of the minimizer, respectively. If Fj is
differentiable at V/, this implies by Proposition 3.9 that F/(V) < {(Ey +1/25y) < Fy(V)/V <
cal min {1, V‘1/5} with ¢g > 0 from Proposition 3.9. Similarly, by rescaling from V to V — ¢,
we find by Lemma 3.1 that
Fy(V —¢)— Fs(V)

- (By + Sy — (1 —¢/V)Ey — (1 —¢/V)Y/28y),

1
>
T e
and thus F.(V) > E"ﬁ/ﬂ > % min {1,V~"1/%}, which implies F/(V) = L(Ey + 1/2Sy).
Moreover, this also implies that two minimizers for volume V have the same elastic and the
same surface energy. The same rescaling argument also gives the bound

— F(V+e)+ F(V—¢)—2F,(V) 1
El—l>%l+ g2 = _4‘/2.

It remains to show that )
AV = Fy(V) — 55\/ (3.47)
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(where Ay is the Lagrange multiplier) for V' > V. We test the Laplace equation for u in €,
with the function ydyu to find

. [(Ozu / <8xu> ( YOy U )
0= —d Oyu) dx = . 4 dx.
/Qh v <8yu> (y0yu) dx q, \9yu YOyt + Oyu X

Using integration by parts we obtain

2 Opu(yOpyu) dx = —/ (Dpu)? dx + / (Opu)?yry dx, and

Q, Q, o,
2 [ Oyu(yOyyu)dx = — / (Oyu)? dx + / (Oyu)*yv, dx,
Qpn Qp, oy,

which together with the previous relation imply

/ [(0pu)? — (Oyu)?] dx = / \Vaul?yv, dH'.
Qp,

a0,

Using the Euler-Lagrange equation, the right-hand side can be written as —2 [, b/ 2dz+) Jg hdz,
which implies

/Q [(8xu)2 - (8yu)2] dx = —2Sy + A\ V.

From this and Lemma 3.5, we finally obtain (3.47). From (3.47) we get that if F' is differentiable,
then F'(V) = Ay.
O

We can now use this information to study the compactness properties of minimizers.

Proposition 3.32. Let V > V. Then for every minimizer (u,h) of (3.2), the height function
h has bounded support, and H'(supp(h)) < )‘VSV < VB,

Proof. Let us first prove that any minimizer of (3.2) is compactly supported. For the sake of
contradiction, assume it is not. Since

h(x)
/h’de—i-/ (/ \Vul?(z,y) dy) dz < +oo0,
R r \Jo

for any € > 0 and K > 0 there exist x; < z9 such that o — z; > K and

h(z:)
|h ()| +/ \Vul*(zi,y)dy <e i=1,2. (3.48)
0

Using

(s, h(zs)) — u(zr, b / Vu(z, h(z <h,gx)> dz
we find

T2

\u(wl,h(:):l))—u(xg,h(xg))\S/ Ve, h(z))|/1T+ 72(@) de

1

S (/ Vul2(z, h(z) dx)1/2 (/x(l + 1) dx)l/z.
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We use the Euler-Lagrange equation (3.43) to replace the first term on the right-hand side of
the previous relation, and get

1

1/2 2 1/2
|u(z1, h(x1)) — u(xe, h < (A + 20" (z))dz ) </ (14 h/2(x)) dx)
< (Maz — 1) + 2|0 (21) — K (22) )2 (22 — 21 + Sv) /2
2 s — )+ 26) 2 — g + S1)V2, (3.49)

Finally, since u(z, h(z)) = x + foh(x) Oyu(z,y)dy, we have

h(z1) h(z2)
[u(x1, h(21)) — u(wa, h(22))| = |21 — 22| —/ |0yu(z1,y)|dy —/ |0yu(z2,y)|dy
0 0

(348)
|21 — @9] — 26 (sup h)/2,

so that
xo —x1 < (AM(wg — 1) + 25)1/2(x1 — T9 + SV)1/2 + 212 sup h'/2.

Since A < 1 and z9 — 21 > K, we get a contradiction for K large enough. We thus see that the
support of A must be bounded.

To prove the estimate on the size of the support of h, take 1 < x5 on the boundary
of the support. From the zero contact angle condition (see Lemma 3.30) we get h'(x;) = 0.
Since u(zj, h(z;)) = zi, (3.49) with € = 0 implies 22 — x; < A(x2 — 21 + Sy). Note that by
Proposition 3.31 and the scaling law, Ay < %{j. Putting things together, we get

ASy
< 22V <35
T2 $1_1_)\NV

O]

Remark 3.33. The bound on the size of support of h derived in Proposition 3.32 is slightly sub-

optimal since we expect from the proof of the scaling law (see Proposition3.9) that H'(supp(h)) ~
Vs,

Using Proposition 3.32, we can prove existence of a minimizer at the critical volume.
Corollary 3.34. There exists a minimizer of (3.2) for V. =1V.
Proof. The existence of a minimizer will follow from a general estimate on A\y. From (3.47) we

know that for V' >V we have V > Fy(V) = A\yV + Sy /2, from where we get

To show that Ay is bounded away from 1 as V — V, it is enough to show that Sy /V does
not tend to zero as V — V. Let us fix V > V. Then, from (3.9), (3.10) and F5(V) <V we

get that V >V + Sy — \/gSV\/sup h, which implies that suph > %. By Remark 3.8 we have
sup h < (9/16)1/3‘/1/35"1//3, and thus

Sy 16

— —v2

v (zs) 9
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We thus get with (3.50) , .

16 (sup h) 27,
=9 vz =l
for any V' > V. By Proposition 3.32, the size of the support of h for any minimizer h (for any
V > V) is bounded by 1:\Kv Sy . Hence, the limit of minimizers as V' — V exists. This limit is
a minimizer of Fy(V') (as a consequence of a simple I'=limit type argument along the lines of
Proposition 3.6).

Av

O]

3.6 Asymptotic analysis

For every V' > V and every (u,h)e Ay with u the minimizer of the Dirichlet energy in
subject to the boundary condition, we define an (anisotropically) rescaled height profile h(x) :=
V=3/5h(V?/52) and a rescaled energy

Gy (R) == V45(Sy (h) + By (u, b)) = /

Az + VP / |Vu|? dx.
R

Qp
Observe that the rescaled h satisfies fRﬁdIL‘ =1.

Theorem 3.35. For every sequence V;, — +00 and every minimizer (hy,,uy,) of (3.2), the
corresponding hy, (possibly translated) converge, up to a subsequence, in L*°(R) to some func-
tion h, which minimizes the functional

G(h):=| inf / |Vu|* dx +/h’2dm (3.51)
u(z,0)=2 J{h>0}x[0,+00) R

under the constraint fR hdxr =1.

Proof. We start by noticing that Proposition 3.9 and (3.7) give V3/5 < maxh < VV/ 35‘1,/ 3,

which implies Sy > V45, If F,(V) is differentiable at V, then Proposition 3.31 gives 3/ (V) =
/

(%) = —%. This together with Sy > V*4/5 implies £/(V) < —CV~%/%, and so

1%
BV)<BV/2)—C | t795dt=p(V/2) —CVvI/P2V5 —1). (3.52)
V/2

Since Gy, (hy,) = Vn74/5(SVn (hv,,) + By, (uv,,hy,)) and by the scaling law (see Proposi-
tion 3.9) Fs(V,,) = Sv, (hv,) + Ev, (uy,, hv,) S V% we see that Gy, (hy,) < C.

Let us prove that (after possible translation) the sequence iLVn is tight. For this we follow the
argument from the proof of Lemma 3.15. Since [ hy, dz = 1 and [ hi dz < C (independently
of V,,), for every € > 0 there exists [ = [(¢) such that in every interval of length at least | we
can cut the profile hy in two parts of volume a1 and «y, respectively, with 1 — (a1 + a3) < ¢
(for the precise construction we refer to the proof of Lemma 3.15). Moreover, we can assume
that the cost (surface energy) of the cut is bounded by a multiple of €. Then we get

B(Vi)Viul/? + Ce = Gy, (hy,,) + Ce > Vi, Y2 (a1 (Vi) + caB(Viaa)),
and thus

5(0 + an/56(vn)) > an/S(al (B(Vnal) - 5(Vn)) + QQ(B(VnOCZ) - 5(Vn)))
> an/5(041(5(vn/2) - ﬁ(Vn))a
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where we used that [ is non-increasing and a; < 1/2. Using that Vn1/55(Vn) < C and (3.52)
we find
ay < 05,

which by the same argument as in the proof Proposition 3.16 implies tightness of (possibly
shifted) %Vn- As a consequence of tightness we get L!(IR) convergence of (possibly a subsequence
of) iLVn to h. Using the compact embedding (on bounded domains) of Hj into L we get locally
uniform convergence of hy, to h. Moreover, tightness of the sequence hy,, implies that outside
of a compact set we can use a half-line version of (3.7) to show that hy;, is uniformly small
there. These two facts together yield uniform convergence.
Let us now show that B
lim Gy, (hy,) = G(h).
Vn—+oo

Since the surface energy is lower semicontinuous, to prove the previous relation it is enough to
prove the inequality for the elastic part of the energy. For every ¢ > 0 and for V,, large enough
we can assume that {h > ¢} C {hy, > ¢/2}, and so

J

Using the change of variables = = Vn2/5£, Yy = Vn2

Y4/ /
Q

Since for any interval I C R

|Vauy, |* dx > / |Vuy, |? dx.

|Vuy, |>dx > /
Qny, O[Ty, >eVil/® /2 [0,00)] 3/

i {h>eVi ") x(0ev, )

/ /5

5. —2/5 .
9, and uy, =V, ' "4y, we find

|Vuy, |? dx > / |Viiy, |? dx.

v {h>e/2}x[0.eVa 7]

lim min / |Vu|?dx = min / IVu|? dx,
L—ocou(z,0)=2 JIx[0,1] u(z,0)=z ./ 1 x[0,00)

we obtain

lim Vn4/5/ |Vuy, |*dx > min |Vu)? dx.
Q

n—r400 u(z,0)=z /{h>s/2}>< [0,+00)

hys,
By letting ¢ — 0 we obtain the desired lower bound.
For any other admissible function g, it is easily seen that

lim Gy, (g9) < G(g).

Vin—+400
By a classical argument of I'—convergence (see [4]), we deduce that h is a minimizer of G. O

Remark 3.36. Notice that

G(h):=Cw > (b — a;)? +/ h? dz,

iEN R

where the intervals (a;,b;) are the connected components of {h > 0}, and Cw is a constant

defined by

Cw = inf / Vau|? dx : u(z,0) =2 ¢ . (3.53)
[0,1]x[0,400)

We now study the limiting problem.
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Proposition 3.37. The minimization problem (3.51) admits (up to translations) a unique
minimizer h given by

N|w

3 (52 — x2) ) if x € [0, 1]

0, ifx ¢ [, 1],

where £ = (ﬁ)l/?

Proof. The existence of a minimizer follows either by Theorem 3.35 or by the following direct
argument, which is similar in spirit to [18, Proposition 4.5]. Let h be an admissible function.
If S; denotes the surface energy of the ¢—th connected component of h, ¢; its length, and
V; its volume (assuming V; are in a non-increasing order), we observe that h(z f h' dz for

x € [a, bi], and so V; < 63/ 251/ 2. We sum this inequality for ¢ > n and apply Holder S mequahty

Sus (L) (Ts)"

>n >n >n
Since ) ey Cwl? +S; = G(h) < C, we get that nf? < C, ie., £, < Cn~1/2. We deduce
Zizn V; < Cn~Y2, which shows tightness of a minimizing sequence.
Let now h be a minimizer. Then in each of its connected component [ci — iyci + 4], h
satlsﬁes B =)\, and so h = ——((w —¢;)? = £2). Since fcﬁf: hdx = Vj, the form of h implies
A =

5 53 Then by direct computation the energy inside [¢; — ¢;, ¢; + ¢;] equals

3V?
203"

2
40w 2 + §A$e§ = 4Cwl? +

1/5
This expression is minimized (under the constraint of volume V;) by ¢; = <1ﬁgw> V2/ ®. Then

the total energy G(h) is
S (21 PV
7
with the constraint > V; = 1. Thus, this energy is minimized by a single island.
O]

Remark 3.38. By the uniqueness of the minimizer of G, we see that the whole sequence EV
(possibly translated) converges in L to h.

We will finally prove the exponential rate of convergence of optimal profiles. For that, we
need, the following quantitative inequality, which can be considered as a very simple quantitative
isoperimetric inequality (see [13, 6]).

Proposition 3.39. Let L > 0, V > 0, and let hpin€ HY(R) be the minimizer of ffL h'? dx
under the constraints h(—L) = h(L) = 0 and f_LLhdw = V. Then for every other he H*(R)

satisfying the same constraints,

L 1 L
/ h% dx — / R dz > > 173 / |h — huin|? dz. (3.54)
—L —
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Proof. Let L,V, and h,,;, be as in the statement Then, for every competltor h we write h =
(h—hmin) + Pmin, and so f_LL h?de = f (h—hmin)"™ dx—i—f h2. da:+2f i (h—hain) dex.

L ""min

Since A/ . is constant and ffL hdx = f, + hmin dz, integration by parts implies

L L
/ h?dx = / (h — huin)? dz + / R2, dx.
—L —L —

For x € [-L, L] we have

T 2 L
|R(2) = hain(2)]? < ( / | — Bl dx> < 2L / (h — huin)™ dz,
—L —L

and so by integration we obtain

L L L L
/ |h — hupin|? dz < 4L? / (h — hypin)"? dz = 4L2 ( / n%dx — / R dx> :
—L —L —L _

which shows the claim. O

We now prove the exponential convergence of Ev to a truncated parabola. To state our
result, we will need the following notation. Let V' > V and hV, a minimizer of Gy, be fixed.
Then for s > 0, we let I be the largest connected component of {hv > s} and hs be the
minimizer of f~5 h’2 dz with the constraint [ 7 hdr = J7 7. hv dz and h = hy on the boundary of

I.
Proposition 3.40. Let € > 0. Then there exist constants Cy = Cy(e) and C1 = Ci(e) such

that for every V>V and for every minimizer hy of Gy,

Ry — BSHLQ(TS) < Coexp(—C1VYP) Vs >e.

Proof. Let ¢ >0,V >V, and EV be as in the statement. If V' is large enough, then
Ay = Bl < /2.

We observe that for any s > e, this implies {hy > s} C {h > ¢/2}, and so H*(I,) < H'({h >
£/2}) < H'(supph) = C for any s > e. From this follows that if I, denotes the largest connected
component of {hy > s}, where hy is obtained by the inverse rescaling of hy, then

HY(I,) < CV5 Vs > eV3/5, (3.55)

Now we claim that for some t € [26V?3/%,3¢V3/%], we have

v(t)=uy (-t

. 2 - : 2 < 4/5 _—1 o 1/5
v o) 3z gy qeyy = mim )/IMMOO)WU; dx < V45 exp( Cev ) (3.56)

Indeed, fix s > €V3/5. Then since uy is the minimizer of the Dirichlet energy, it satisfies
the Laplace equation with Neumann boundary conditions at the upper part of the boundary.
Denoting by @y the average value of uy on Iy x {s}, Qf, := Qp, N (Is X [s,400)), and using
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Hoélder’s and Poincaré’s inequality, we get

/ |VUV|2 dx = / (UV — ﬂv)atu dz
Y Isx{s}
1/2
(/ luy — ty|? dx) (/ (Byuy)? dac)
ISX{S} ISX{S}

L 1/2 1/2
<H) ( / (D)’ d:z:) < / (@yur)’ dm)

Q Isx{s} Iox{s}

I (3.55)
<X 5)/ Vuy|*dz < CV2/5/ Vuy|? de.
2m Jrx{s) Iox{s}

Since for F(s) := st |Vuy |>dx, s > eV3/5, this is equivalent to F(s) < —CV?°F'(s), an
integration in s ylelds that for s > eV3/%,

s —eV3/5 s —eV3/o
/S |VUV|2dX < /S;h |VUV|2dX - exXp <_C‘/2/5> < VeXp <—C‘/2/5> .
v

In particular, the previous relation with s = 2eV3/® implies

1/2

IN

3eV3/5
/2 vs/s Jr Vuy (z, 8)|2 dzds < Vexp(—05V1/5)’
€ S

and so there exists t € [2e6V3/%3¢V3/5] such that

/ IVuy |2 dx < V5 exp(—CeV1/5).
ItX{t}

Finally, we use Wirtinger’s inequality
luv = av 2oy S H T - vl gy
where @y denotes the average of uy on (I, x {t}), together with
”UVH?yl/2([tX{t}) < Jluy — ﬂV”LQ(Itx{t}) : HU’VHHl(Itx{t})

(see, e.g., [7, Eq. (9)]), to get vl gre g, ey S H(I)V? HUVHHl (Iix{tp) and thus (3.56).

As a final step of the proof, for s > 3¢ we want to construct (u, 1), a competitor for (@y, hy).
Outside of I, let h := hv, and in I let h = hs. Take then @ to be equal to uy outside of o
and to the restriction of a minimizer of

min / |Vu|? dx
u(-t)=uy (1) I X [t,400)

elsewhere. By minimality of (EV, uy ) we infer that

~ %3 dz + V_4/5/ ’VUV‘QdX < /f ﬁlQ dz + V_4/5||UV('at)”?’{l/Q(ItX{t})a

I Q5
hence
T2 7R —4/5 2 (8.56) -1 1/5
/T (hv—h ) Ao <V uy (Do S € exp (—CaV )
Using Proposition 3.39 we conclude the proof. ]
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4 The large slope approximation

If at large volume, a compact island forms, then |h'| is expected to be large on its support.
In this case, the small slope approximation /1 + |W/|2 — 1~h"? from Section 3 might not be
appropriate, and we rather work with the large slope approximation

VI+h2 -1~ (4.1)

i.e., we consider now the functional

/ |vuy2dx+/ ). (4.2)
QO R

Note that this approximation comes along with a loss of regularity of €2 since for low-energy
configurations, h is no longer bounded in H'(R) but only in BV (R). Hence, we consider the
relaxation of the energy as determined in the case of compact support in [10]. We follow the
notation of [10, 3, 18]. If A : R — [0, +00) is lower semicontinuous (l.s.c.), then we denote the
pointwise variation of h by

/yh’| ::Varh::sup{Z|h(:ci)—h(a:i1)|: x1<---<xn} .
R

=1

If Var h is finite then h is said to be of bounded pointwise variation (see [1]). For a function h
of bounded pointwise variation, set

h™ (z) :=min{h (z%) ,h(27)} = ligri)i;lfh (2),
Rt (z) :=max {h (z),h(z7)} =limsuph(z),

zZ—T
where h (z%) := lim,_,,+ h (z). We denote by Teyus the at most countable collection of vertical

cuts,
Ceuts == {(z,y) : € S(h), h(z) <y<h ()}

where S (h) := {z:h(x) <h™ (x)}. For h lower semicontinuous and of bounded pointwise
variation, we set

Ev (u,h) ::/Q IVul?dx and S{(n) ::/\h’|+27—[1(1“cuts).
h R

Note that H!(Teyuis) = 0 for locally Lipschitz functions h. If for a sequence of bounded energy
we restrict ourselves to a compact set, we are in the situation of [10, 18], and we obtain a local
compactness result by [10, Lemma 2.1, Proposition 2.2, and Theorem 2.8]. The result becomes
a global result, if we have strong L!-convergence of {h,,}, which, in turn, follows from tightness.

Proposition 4.1. Assume (un, hy) is admissible for (4.2) with [y hp(z)dz = V. Then there
exists a subsequence (hy,u,) (not relabeled) such that h, — h in L} (R) with

loc

h(z) :=inf{ im h,(z,) : x, = x}.
n—oo
It holds that thdx < V. Further, R?2\ Q;, — R2\ Qy, in the local Hausdorff topology, and
wn — w in H (Qp). If {hn} is tight, then the convergences hold globally, [ hdx =V, and

loc
: (0) (€)
1171’11 SV (hn) + EV(unv hn) Z SV (h) + EV(U7 h‘)

n—oo
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Conversely, if h is a lower semicontinuous, nonnegative function of bounded pointwise variation,
with thdx =V, then there exists a sequence of compactly supported Lipschitz functions h.,
with [ hn(z)dz =V, and u, € H'(Qp,) such that hy, — h in LY(R), uy = u in H (Q,), and

J4 . 4
SO(n) + By (u,h) > Tim_ S (hn) + By (un, hn).
For V' > 0, we set (see [10, (2.8)])
AL = {(u,h) : he BV(R), hls.c, h>0, ue H (Q), / hdr =V, u(z,0)=zifx € supph} ,
R
and

Fy(V) ::inf{/gh |Vu|2dx~|—/R!h’|: (h,u) eAfv}. (4.3)

4.1 Basic properties

Note that the rescaling property for the small slope approximation from Lemma 3.1 carries over
to the case of the large slope approximation (4.1). Precisely, for a lower semicontinuous function
h € BV(R), u € H'(,) and A > 0, consider the rescaled quantities hy € BV (R) and u, €
H(Q,) given by hy(z) := +h(Az) and uy(z,y) := Fu(Az,\y). Then [ hdz = A2 [ hy(z) dz,

and
/ |vuy2dx+/ |h’\+2H1(rth):A2/
Qp R Q

Further, we again have Fy(V') <V by considering a sequence h,(x) = %X(O,n) and up(z,y) =
in Qp,,. Hence, some results from the previous sections carry over essentially verbatim to the
large slope approximation. We collect some properties in the following proposition.

|VuA|2dx—|—/\/ |PA] 4 2AH (T euts)-
R

hx

Proposition 4.2. (i) Fy is concave, and hence in particular locally Lipschitz continuous. At
every point of differentiability,

_1
%

Minimizers for a fixed volume have the same surface and the same elastic energy. Further,

Fi(V) = (B + 35v).

— Fy(V+e)+ Fp(V—¢)—2F(V S
. o ) 2(62 ) o )5_41;/2'

(ii) For every V > 0, if a minimizer exists, i.e., if there is (u*,h*) € A%, such that Fy(V) =
Ey (u*,h*) + S‘(f)(h*), then {h* > 0} is connected.

(iii) For every V >0,

Fy(V) = inf{/ |Vu|2dx—|—/ W] : (u,h) €AY, du=0 or / (Oyu)? dx = 1/ |h’|}
Q, R Q, 4 Jr
(iv) We have

\Wwwﬁ/w-
R
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Proof. (i) See proofs of Propositions 3.3 and 3.31.
(ii) See proof of Proposition 3.4.

(iii) Consider the anisotropic volume-preserving scaling from the proof of Lemma 3.5, i.e.,
ha(z) := Ah(Az), and uy(z) := fu(Az, 3y). Then

/ |Vu>\\2dx+/ yhg|:/ <(8xu)2—|-14(8yu)2) dx+A/|h/y,
Qp, R Q A R

and for Jyu # 0, minimization in A yields the claim.

4.2 Scaling law
The scaling law for Fj can be derived arguing along the lines of the proof of Proposition 3.9.

Proposition 4.3. There is a constant cg > 0 such that for all V > 0, we have
1
comin{V, V?/3} < Fy(V) < — min{V, V?/3}.
€o

Further, there is a constant ¢ > 0 with the following property: If V is large enough, and (u,h)
is admissible for (4.2) with F(u,h) < é min{V, V2/3}, then sup h > cV?/3.

Proof. We prove the upper bound first. If V < 1, for L > 0 we set h := VL_1X[07L] and
u(z,y) := x for all (z,y) € Q. Then

L \% A
Fg(V)g/ / |Vu|2dx+/|h’\:V+2VL_1.
0 0 R

Since L > 0 can be chosen arbitrary large, we have that Fy(V) < V.
In the case V > 1, choose L := V1/3 h = %X[O,Lp and let v be a minimizer of the Dirichlet

energy on €, = [0, L] x [0, h] subject to u(z,0) = z. Since L = V1/3 < V23 ~ ¥ we have
/ Vul?dx ~ L2 ~ V%3 and / W] = 2v?2/3,
Q, R

The lower bound together with the estimate on sup h can be obtained by repeating the proof
2
of Proposition 3.9 replacing the estimate S7 2> n by S; > % . O

3 72
ty ~ t1

Remark 4.4. Just as for Fy, using (iv) of Proposition 4.2, we can obtain that for an almost
minimizer, sup h ~ V?2/3 and the size of the support of h is at least ~ V1/3.

Remark 4.5. If we rescale V = e§d, and Fy(eg,d) = %Fg(V), we find

min Fy(eg, d) ~ min{eZd, e§/3d2/3}.

Over the last years, much work has been devoted to the analysis of island formation in a
compact setting (see [10, 14, 18]). Precisely, assuming that A : [0,1] — [0, 00) is Lipschitz, set

F(d) ::inf{/ﬂh \Vquder/Ol(\/m— 1)dz :

h e WH(R), u € HY (Q), /1 hdz = d, u(z,0) = epx, h(0) = h(1) = 0} . (4.4)
0
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In this case, the surface energy is always bounded below by min{d, d?} since by the
support there is a point z* € (0,1) with h(z*) > d, and thus

* 1

1 T
/(\/l—l—h’Q—l)d:c:/ (\/1+h’2—1)dx+/ (V1+h?2-1)dx
0 0 z*
if d is 1
> /71+(2d)2—12{0d if d is large

cd? if d is small.

Consequently, for compact support, the scaling law is the following.

Proposition 4.6. The following holds
F(d) ~ max{min{d, d*}, min{de2, d2/3€(2)/3}}.
Proof. We prove the upper bound first.

(i) If d < 1, let Qp be a triangle of length 1 and height 2d, and set u(z,y) = epx in
since |h/| is small,
> ifel <d

Fu,h) < e2d+d? <
(wh) S € ~\edd ife? > d.

compact

(4.6)

n- Then,

(ii) f 1 < e < d, let Qp, be close to a rectangle of length 1 and height d, i.e., supph C

~

(0,e) U (1 —¢,1), and let u be a minimizer of the Dirichlet energy in €, subject to the

boundary condition u(z,0) = egz. Then, since |h'| is large on its support,

F(u,h) <ed+d<d.

(iii) If e% < d < €3, let Q, be a Lipschitz approximation of a rectangle of length L ~
0

di/3

62/3 ~ 17

0

and height h ~ d?/ 36(2)/ 3, and let u be a minimizer of the Dirichlet integral in ) subject

to the boundary condition u(x,0) = egx. Then, since |h/| is large on its support,

F(u,h) < e3L? + d2/3eg/3 ~ eg/gdz/g.

The lower bound follows from (4.5) and a proof similar to that of Proposition 3.9 since in case

Vi > 2t2, the slope used to estimate the surface energy in large.

The scaling law (4.6) resembles essentially results from [18], where a model without
ization of the surface energy has been considered, i.e.,

1
Fy(d) := inf{/ ]Vu|2dx+/ V14 (W)2de:
Qp 0
1
he WH(R), u e HY(Q), / hdz = d, u(x,0) = egz, h(0) = h(1)
0

There, the scaling law turns out to be

inf Fy ~ max{1, d, eg/gdz/g}.

O]

normal-

:0}_

We note that the proof uses essentially the large slope approximation v/1 + A2 > max{1, |h/|},
and small slopes (which are likely only for small volumes) are not seen by the first order behavior.
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4.3 Existence of minimizers

In case of the small slope approximation, non-existence of minimizers follows from the fact that
there is a regime of volumes for which Fs(V) = V (see Proposition 3.13). In case of the large
slope approximation, we can prove only a weaker statement in this direction.

Proposition 4.7. For every § > 0 there is V(5) > 0 such that for every 0 <V <V,
(1-0)V < F(V)<V.

In particular,

1
‘lgno VFZ(V) =1
Proof. First, the upper bound Fy(V) < V is showed in the proof of Proposition 4.3. To prove
the other estimate, we refine the argument from the proof of the lower bound for the minimal
energy in Proposition 4.3.

Let h be any locally Lipschitz function with thdx =V and 0 < 6 < 1 be fixed. Let
A > 0 be a parameter which will be chosen below. Pick z; € R and define ¢; := max{t > 0 :
21,21 + At] x [0,] € Qu}. Set Vi = [T hdz > 0.

Let us first prove that there exists V :=V(8) such that if Vi < V, then

x1+t1 h(x) x1+t1
/ / ]Vu\dedy—l—/ |h'| > (1 —6)V;. (4.7)
x1 0 1
Assume for the sake of contradiction that
x1+t1 h(:r) x1+t1
/ / \Vu]zd:cdy—i—/ || < (1—6)Vi. (4.8)
T1 0 x1

Since h is locally Lipschitz, we have that max(g, ,, 4)h — ming, z 44,17 < f§1+t1 |h/|. Then

max[thHﬂ h 2 Vl/tl and min[ﬂcl,xl-i-tl] h = )\tl, which implies that Vl/tl - Altl < (1 — (S)Vl,
and subsequently
Vi(l — (1 —8)t1) < M3 (4.9)

Next, by Lemma 2.3, there exists ) = t(\) such that
1+t pAtL
/ / Vu?dx > ¢At2, and 1 —1as A — 0. (4.10)
x1 0

In particular, we can choose A = A(6) > 0 small enough such that () > 1 —4. By (4.10), the
assumption (4.8) implies ¥At? < (1 — §)V;. We combine this with (4.9) to obtain

1-46

2
Now we define V(§) := A <1_1§> > 0 and observe that (4.11) implies V4 > M7 > V, a

contradiction to the assumption V; < V.
If we choose V' as above, we can continue the same way as in the proof of Proposition 3.9
and use that V; <V <V to get

F(V)>1-8)> Vi=(1-§V. (4.12)
O
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This slightly weaker statement still allows us to derive an analogue to Lemma 3.14. We
define 8, by Fy(V') =: Bo(V)V. Note that again 5,(V) < 1 for large V.

Lemma 4.8. The function By is strictly decreasing in {F,(V) <V} = {8, < 1}.

Proof. Assume for a contradiction that there are Vy < Vi such that Fy(V) = 5oV < V for
all V e [Vp, V4] with some 0 < By < 1. By Proposition 4.7, there exists V' > 0 such that
Fy (V) > %(1 + Bo)V for all V < V. As in the proof of Lemma 3.14, concavity of F, and
Fy(0) = 0 imply that F,(V) = oV for V € (0, V), which yields a contradiction. O

Proceeding along the lines of Section 3, we show tightness of minimizing sequences for
Ve {B <1}

Lemma 4.9. Let V € {f; < 1} and § > 0. Then there exist £ = £(V,6) > 0 and C(V,0) > 0
with the following property: If (u,h)€ A%, with ¢ :== Ey(u,h) + Sy (h) — Fy(V) < C(V,6), and
ro < r1 with x1 — xg = £, then

o 00
/ hdr <6 or / hdx < 6.
—o0 T

Proof. We proceed along the lines of the proof of Lemma 3.15. Fix V € {8, < 1} and § > 0.

Let
o<y <) <ﬁe (Z) - ﬁm) . ad 0<a< (m (Z) - @(V))

be such that V/(3a) = n € N. Define £ := o'V, and consider an interval [x¢, 1] of length
£, and write it as a disjoint union of 3n intervals of length 1. As in the proof of Lemma 3.15,
taking into account the different surface energy term, there is an interval I such that

/h dz< 3a and /\h’] < 3a,
I 1

3a2/]h'| > sup h — inf h.
I I 1

which implies

Since also 3 > [; hda > inf; h, we have

suph = (suph — il}f h) + ir}fh < 3a + 3a= 6a.
I I

Following the lines of the proof of Lemma 3.15, we make two cuts in I such that the profile
is separated into two pieces of volumes Vy < Vi, with V = Vj + Vi + V), with V}, < 16« such
that the surface energy is increased by at most S < 2sup;h < 12a. Then as in (3.19),
‘/0 (/BE(V/2) - B(V)) <e+ Wo + Scutv and thus,

Ve < €+ Vio + Sewt €+ 6o+ 12« -5
= Bu(V/2) = Bu(V) = Bu(V/2) = Bu(V) T
The proof is concluded as in Lemma 3.15. 0

As worked out in Proposition 3.16, Lemma 4.9 implies tightness (up to translations) of min-
imizing sequences. Using lower semicontinuity of the energy we obtain existence of minimizers:

Proposition 4.10. Let V' be such that Fy(V) < V. Then there exists a minimizer (u,h) of
(4.3).

38



4.4 Asymptotic behavior

We proceed along the lines of Section 3.6. According to the slightly different scaling law (see
Proposition 4.3), we define for admissible h with [, b dz =V the rescaled quantities by h(zx) :=
V=23p(V/3z), and

Gy (h) :== V=23 (BEy(u,h) + Sy (h)) :V2/3/ yvude+/ ||
Q R

Note that fR hdxr = 1.

Theorem 4.11. For every sequence V,, — oo, let (uy, ,hy,) be a sequence of minimizers of
(4.3) . Then there exists a subsequence such that the rescaled profile functions hy, converge to
h in L'(R), which minimizes

G(h):=|( inf / |Vu|? dx +/\h’|+2%1(rcut) (4.13)
u(z,0)=2 J{h>0}x[0,+00) R

subject to the constraint thdIL‘ = 1. Moreover, RQ\Q;W converges in Hausdorff topology to
R2\QYy,.

Proof. We first observe that Gy, (hy,) < C, and that (up to translations) the sequence hy;, is
tight (see proofs of Theorem 3.35 and Lemma 4.9). Thus, a subsequence of an converges to h
in L'(R). Thanks to the bound on the surface energy, we also have local Hausdorff convergence
of ]RQ\Q~ to R?\(2;, which then improves to Hausdorff convergence thanks to Proposition 4.2

(iv). By the lower semicontinuity, we obtain the lower bound for the surface energy, i.e.,

n—0o0

lim \hv | > / |B/| + HN (T eut).

For the elastic energy, we proceed as in [18, Proposition 4.3]. By the Hausdorff convergence
of 2, to Qp, we have convergence of the “boundary layers” {hy, > 0 and h > 0} x [0,00) to
{h > 0} x [0,00) in the local Hausdorff topology. Changing variables, x = 1/3A = Vl/3 J
1/3 -

=V, /"ay,, there is a subsequence such that 4y, — @ locally weakly in H 1({h > 0} x
[0, oo)) Thus as in [18, Proposition 4.3],
Vn_2/3/ |Vuvn|2dx2/ |vavn\2dxz/ Vi, |? dx.
Uy, 9, N[{h>0}x[0.00)] {h>0}x[0,00)

The lower bound follows. For the upper bound construction, it is enough to consider INWn = h.
We conclude by I'-convergence, as in the proof of Theorem 3.35. O

Remark 4.12. We note that

sz b — al / |h,‘ + 2H cuts)

€N
where the intervals (a;, b;) are the connected components of {h > 0}, and Cw is as in (3.53).
We next study the minimizer of the limiting functional.

Proposition 4.13. The minimization problem (4.13) admits a unique minimizer up to trans-

lations, namely the rectangle with base 21/301/_‘,1/3.
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Proof. The proof follows as in [18, Proposition 4.5], and we briefly sketch it only for the reader’s
convenience. The optimal function h is of the form h = ZZ]\L 1 hiX(as,p;) With Zfi Lhi(bi—a;) =1,
and a; < b; < a;41 since the rectangle minimizes [ |h’| among profiles with given volume. We
set £; := b; — a;. Then by Remark 4.12, the energy is given by

N N
Cwd 6+2) hi
=1 =1

Assume that there are two connected components, say, of lengths ¢1 > ¢ > 0, then for n €
[—hi, %hg], we consider the volume-preserving variation of h changing hy and hs to hy + 7 and

ho — 77%, respectively. The minimality condition then gives £1 = £5, from which we deduce that
£; = £ = const for every i = 1,..., N. The minimization problem then reduces to minimizing
Cw N2 + 2 subject to N € N, which yields N = 1 and ¢ = 21/3C;,'/%. 0

To prove the exponential convergence, we have an analogue to Proposition 3.39.

Lemma 4.14. Let L > 0 and V > 0. Consider hpyp = %X[O,L]: which is the minimizer of
Jg W] in

X:={heBV(R): h>0, /Rh(x)dx:/oLh(m)da::V}.

Then for all he X we have

1
/|h,‘_/‘hmm> /|h hmm|dl‘
R R

Proof. By rescaling the dependent and independent variables (see the proof of Lemma 3.7), it
suffices to consider L = 1 and V' =1, i.e., hmin = X[o,1) and Jz |hlin| = 2. By density, we may
assume that h € W1H*(R). Then the functlon h(z) — 1 attains its non-negative maximum at
some T € [0,1]. We have fol |h'| > 2h(T), and thus,

1 1 1
Jwi=2z2m@ - 22 [ (- Dedo= [ b s,
0 0 0

where we used fol hdz =1 to show that 2 fol(h —1)yde = fol |h — 1| d. O

Finally, we prove exponential convergence of a sequence of minimizing profiles of Gy to the
rectangle, which minimizes the limit functional (see Proposition 4.13). We denote by Is the
largest connected component of {hy > s}, and by I, the rescaled one. Given a function h, we
denote by hy the function that agrees with h outside I, has the same volume as h, and is such
that the surface energy term is minimized.

Proposition 4.15. For every ¢ > 0 there exist constants Co and Cy such that for every V > V,
and for every minimizer hy of Gy, for all s > €,

||ilV - EsHLl(fS) S C[) eXp(—Clvl/g).

Proof. Let € > 0. Since (after possible translations), R2\QBV converges in Hausdorff topology
to R?\(2, and since h is a characteristic function,

Hl(ﬁ>s)§C Vs > e.
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Hence, by rescaling, we obtain that for s > eV?2/3, the largest connected component I, of
{hv > s} satisfies

HY(I,) < CVI3, (4.14)

By density, possibly slightly changing ¢, we may instead of minimizers consider Lipschitz func-
tions Hy with ||Hy — hyl||pn < exp(—01V1/3) and Ey(uy,Hy) + Sy(Hy) < Ey(u,hy) +
Sy (hy ) +exp(—C1V1/3). Similarly to the derivation of (3.56) we then obtain that there is some
t € [2eV?/3,3cV?/3] with

”uVH?‘{l/Q(ItX{t}) S V2/35—1 eXp(—Cé\Vl/g’)' (415)
Indeed, since Hy is Lipschitz, and uy is a minimizer of the Dirichlet energy, we have as in the
proof of Proposition 3.40,

/ |Vauy|? dx < C’Hl(ls)/
QS

» }|Vuv|2dx < CV1/3/ |Vauy |2 dx,
v sx{s

Isx{s}
ie., f(s):= fQ‘fx |Vuy|? for s > eV?/3 satisfies f(s) < —CVY3f'(s). Thus, for s > eV?/3 we

have f(s) < Vexp (—C’S_‘;V/z/g). In particular,

3eV2/3
/ |Vuy 2 dx <V exp(—=CeV1/3),
2eV2/3

and it follows by Wirtinger’s inequality that there is some t € [2e6V%/3,3¢V?/3] such that (4.15)
holds. Now we choose as a competitor the function h;, which by definition agrees with H outside
of I}, and the corresponding optimal deformation u with boundary data u(z-,t) = uy (z,t) for
all z € I;. Using the almost optimality, we conclude as in Proposition 3.40, using Lemma 4.14.
Note that the factor V2/3 cancels with the rescaling factor of the elastic energy. O

5 The scaling law in three space dimensions

In this section we will identify the scaling law for the energy in the (24 1) -dimensional setting.
More precisely, we consider a 3D analog of (3.2): Given V € (0,00), we define

F3P(V) := inf {/Q |Vu|* dx + /RQ IVh|>dzdy : h € WH(R), ue HY(Qy,),
h

/ hdzdy =V, u(x,y,0) = (z,y) in supp h} , (5.1)
RQ

where Q, := {x:= (z,y,2) € R3: 0 < z < h(z,y)}.
Theorem 5.1. There exists a positive constant ¢ such that for every V >0
cmin{V,V9/"} < F3P(V) < ¢ ' min{V, V¥

Proof. To prove the upper bound, we consider two different constructions — a thin layer and a
pyramid.

Thin layer construction: For ¢ > 0, let L be such that [, hdzdy = V for h defined by
h(z,y) := min{e, [(L + ¢) — max(|z|, |y|)]+}, where by fi := max{0, f} denotes the positive
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part of f. By setting u(x,y, z) := (z,y) we get th |Vu|? dx = 2V. We observe that |Vh| = x
with M the difference of two concentric squares with sidelengths 2(L + ¢) and 2L, and so

/ \Vh|?dzdy = |M| = 4e(2L + ¢) < 4(VVe + €2),
R2

where we used that (2L)% < V. Hence F(V) < 2V + 4(v/Ve + £2) for arbitrarily small ¢ > 0,
which implies F(V) < 2V.
Pyramid construction: Let L := V%7 and H := 3V3/7 /4. We define
h(z,y) == H (1 — max(|z|,|y|)/L), and u(z,y,z) := (z,y)(1 — 2/L)4, and so [, hdzdy = V.
Then |Vh| = x(_p2H/L, and [p, |[Vh|*dxdy = 4L*(H/L)*> = 4H?. To estimate the elastic
energy we observe that for (z,y,2) € Q, N {z € (0, L)} we have |Vu(z,y,2)> =2(1 — 2/L)* +
(x2 4+ 4?)/L?, and Vu = 0 otherwise. Since x> + y?> < 2L? we have that th |Vul|? dx <
419, N {z < L}Y| < 4(2L)*L = 8L?, and finally F(V) < 4H? 4 8L% = (9/4 + 8)V/7.

It remains to prove the lower bound. First we describe the notation. For (zg, o) € R? and
[ > 0 we define the square S;(xo,yo) := [xo, 20 + 1) X [yo,yo + ). Let ® be a function, which for
a given square S;(xo,yo) counts on what portion of slices the function h is larger than I:

@ (S;(z0,v0)) := |[{z € [xo, 20+ 1) : h(z,y) > 1 for all y € [yo,y0 +1)}| /L.

We observe that this definition makes sense since h € H'(R?), and so there exists a representa-
tive which is defined everywhere on almost every slice. Let ¢ > 0 be such that || (h>e} hdx > V/2.
Given ¢, we assume that the following Calderén-Zygmund type lemma holds:

Lemma 5.2. There exists a collection of disjoint squares {Si, (Tn,yn)} such that their union
covers the set {h > €}, and each square S, (Tn,yn) from the collection satisfies:

i (I)(Sln(xnayn)) < 1/2:

e there exists a point (xy,,y,) such that Sy, j2(xy,,yn) C St (Tn,yn) and (S, 927, yp,)) >
1/2.

We postpone the proof of the lemma and first show how the lemma implies the lower bound.
Let Si, (zn, yn) be one of the squares obtained in Lemma 5.2. We denote

Sn =S, (Tn, Yn), V= / hdz dy, S = S’ln/g(x;,y,’l),
Sn
Xy =z € [ag, 25, +1,/2) : h(z,y) > 1n/2 for all y € [y, yp, +1,/2)}

Observe that

/ Vul? dx > / Vul? dx
X (0,00)NQp, S? % (0,00)N2,

YnHin/2 pln/2 ®(S,,)>1/2
=L vl ez e R 62)
Xn \Yvn 0

where we used that for 2z € X/, the whole square {z} x [y}, y), + 1n/2) X [0,1,/2) C Qp, and we
used the one-dimensional argument to get fyy,"H"/ 2 (f"/ 2 |Vul2dydz > I2.
We consider two cases: V,, < 203 and V;,, > 213. If V,, < 203, then by (5.2) we have

Vi < fSnX(O,oo)ﬂQh |Vul? dx.
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Now suppose that V,, > 2[3. Since ®(S,) < 1/2, we can find 2’ € [z, 7, + ;) such that
h(z',y') <1, for some y' € [yn,yn +1,) and f;n”H" |0yh(x',y)|*dy < 21" [ |Vh|* dzdy. Then
for any y € [yn, yn + l), Holder’s inequality implies

y/
(e, ) — hia,y)| < / 0,h(«', 5)] g
Yy

1/2 1/2
<12 <2z;1/ \Vh\zdxdy> = (2/ \Vh\2dxdy> . (5.3)
Sn, Sh,

1/2
Since h(z',y’) < Iy, we get that maxyery, o 41,,) M@, y) < ln + (2 s, |Vh|? dx dy) and that

1/2
JZJ,:LH” h(z',y)dy <12 +1, <2 [s [VR]?dx dy) . Finally, another application of Holder’s in-

equality shows that for every = € [z, x, + In):

yn+ln yn+ln
/ h(z,y)dy < / h(z',y) dy +

n

yn+ln yn+ln ;
/ h(z,y)dy — / h(x',y) dy‘

Yn n

1/2
<P+l (2/ yVthxdy) +/ |Vh|dz dy
Sn Shn,

1/2
gzi+3ln< |Vh|2dxdy> :

Sn

and thus

Vn:/ hdxdy:/ (/ h(m,y)dy) de <13 4312 (/ \Vh]dedy) .
Sn In n Sn

Since V;, > 213, we have that V,2/(361%) < fSn |Vh|?dxdy. Then (5.2) and Young’s inequality
imply

/ |Vu|? dx +/ \Vh2dedy > 13+ V2/(361%) > VO/T, (5.4)
SnX(0,00)ﬁQh Sn

Summarizing, we get that
/ |Vu|? dx —I-/ |VA[?2dz dy > min {V,S/7 V,}.
nX(0,00)ﬁQh Sn

Since U,, Si,, (@n, yn) D {h > e} and f{th} h > V/2, we have that

Z/ hdzdy =V, >V/2.
n Sty (Tnsyn) n

Hence, summing (5.4) over all the squares S, (z,,yn) and using the concavity of f(t) :=
min {t%/7,t} yields

3D
F <v>z;</5

|Vu|? dx+/ |Vh|* dz dy
nX(0,00)ﬂQh Sn
2> min{VY7 Vp} 2 min {V7,V}.
O
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Proof of Lemma 5.2: Since h is Lipschitz, we see that ¢ := dist({h > ¢},{h < e/2}) > 0. Let
I':= (2V)'/3, and let 5’1/(331(1 ) 0 )) be a (finite) disjoint covering of the set {h > e}. The choice
of I’ implies that @(S’l/(x% ),ySL ))) < 1/2 for every n. Let us now fix one square Sl/(x% ),yéo)).

We aim to construct a finite collection N of disjoint squares with the following properties:

e all squares in N satisfy the two conditions given in Lemma 5.2,

o Sy, y\)yn{h>e} C Usen S-

We observe that if we construct such A for each initial square Sy (x%o),yflo)), taking the
union of all those N/ will give a collection of squares which satisfies all the required conditions
of Lemma 5.2.

We now describe the iterative construction. We define Mg := {Sy (:L'n ,y;&o))} and Ny := 0.
Assume that My, is constructed, and let Si(x,y) € M. We divide Si(x,y) into four dlSJOlnt
squares S1,52,53, 54 with sidelength [/2, and consider two cases. If ®(S;) < 1/2 for all i =

2,3, 4, then we add to My all those S; which satisfy S; N {h > e} # (). Otherwise (i.e., if
<I>(Si) > 1/2 for some i), we add Sj(z,y) into N.

First, we observe that at any step kg of the procedure we have

Sz gy N {h>e} U S. (5.5)
SGMkOUUk<k0 N

We also see that any square S € N, satisfies the two conditions given in Lemma 5.2, and so we
are done with the construction of N := |J Nj provided we show that Mj = @ for large enough
k. Let k be such that I'27% < min {§/v/2,¢/2}, and let us assume that S € My. From the
way M), was constructed we see that ®(S) < 1/2, the length of the side of S is I'27%, and
SN{h>ce} #0.

On the other hand, since I'27% < §/v/2, we see that S C {h > /2}. Then, I'27% < ¢/2
implies » > 1'’27% in S, and so ®(S) = 1, which contradicts ®(S) < 1/2.

We showed that M, is empty for large enough k, and so the N we just constructed satisfies all
the requirements of Lemma 5.2. This finishes the proof of Lemma 5.2, and thus of Theorem 5.1.

O

Using the same line of proof, we can also show the scaling law for the large slope approxi-
mation, i.e., for the functional

EPP(V) = (in}lj) {/ |Vul? dx+/ |Vh|dzdy : h € BV(R?), h € Wh(R?), u € H(Qy,)
’lL, Qh R2

/ hdxdy =V, u(z,y,0) = (:L‘,y)} ,
R2
Theorem 5.3. There exists a positive constant ¢ such that for every V > 0
1
cmin {V, V¥4} < F3P(V) < = min {V, V3/4}. (5.6)
c

Notice that in contrast to [18, Proposition 5.1], we do not need here any hypothesis on V.
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