ON THE GEOMETRY OF GRADIENT EINSTEIN-TYPE MANIFOLDS

GIOVANNI CATINO', PAOLO MASTROLIA?, DARIO D. MONTICELLI® AND MARCO RIGOLIY,

ABSTRACT. In this paper we introduce the notion of Einstein-type structure on a Riemannian manifold
(M, g), unifying various particular cases recently studied in the literature, such as gradient Ricci solitons,
Yamabe solitons and quasi-Einstein manifolds. We show that these general structures can be locally
classified when the Bach tensor is null.

1. INTRODUCTION AND MAIN RESULTS

In the last years there has been an increasing interest in the study of Riemannian manifolds endowed
with metrics satisfying some structural equations, possibly involving curvature and some globally defined
vector fields. These objects naturally arise in several different frameworks; the most important and
well studied examples are Ricci solitons (see e.g. [19], [28], [27], [26], [6], [4] and references therein).
Other examples are, for instance, Ricci almost solitons ([29]), Yamabe solitons ([16], [8]), Yamabe quasi-
solitons ([21], [32]), conformal gradient solitons ([30], [12]), quasi-Einstein manifolds ([23], [10], [13],
[20]), p-Einstein solitons ([14], [15]).

In this paper we study Riemannian manifolds satisfying a general structural condition that includes
all the aforementioned examples as particular cases, in order to hopefully provide a useful compendium
that also gives a summary and unification of classification problems thoroughly studied over the past
years.

Towards this aim we consider a smooth, connected Riemannian manifold (M, g) of dimension m > 3,
and we denote with Ric and S the corresponding Ricci tensor and scalar curvature, respectively (see the
next section for the details). We denote with Hess(f) the Hessian of a function f € C*°(M) and with
L xg the Lie derivative of the metric g in the direction of the vector field X. We introduce the following

Definition 1.1. We say that (M, g) is an Einstein-type manifold (or, equivalently, that (M,g) supports
an Einstein-type structure) if there exist X € X(M) and A € C*°(M) such that

(1.1) aRic+§£Xg+qu®Xb = (pS + N)g,

for some constants a, B, p, p € R, with (a, B, 1) # (0,0,0). If X = Vf for some f € C°(M), we say
that (M, g) is a gradient Einstein-type manifold. Accordingly equation (1.1) becomes

(1.2) aRic+pBHess(f) + pdf @ df = (pS + Mg,
for some a, B, i, p € R.

Here X(M) denotes the set of smooth vector fields on M and X° the 1-form metrically dual to X.
We note that, from the definition, the term pS could clearly be absorbed into the function A\. However,
we keep them separate in order to explicitly include and highlight the case of p-Einstein solitons.

In the present paper we focus our analysis on the gradient case.
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2 EINSTEIN-TYPE MANIFOLDS

Leaving aside the case § = 0 that will be addressed separately, see Proposition 5.7 below, we say that
the gradient Einstein-type manifold (M, g) is nondegenerate if 3 # 0 and % # (m—2)apu; otherwise, that
is if 8 # 0 and 82 = (m — 2)au we have a degenerate gradient Einstein-type manifold. Note that, in this
last case, necessarily a and p are not null. The above terminology is justified by the next observation:

(1.3) (M, g) is conformally Einstein if and only if
’ for some «, B, u # 0, (M, g) is a degenerate, gradient Einstein-type manifold.

For the proof and for the notion of conformally Einstein manifold see Section 2 below.
In case f is constant we say that the Einstein-type structure is trivial. Note that, since m > 3, in this
case (M, g) is Einstein. However, the converse is generally false; indeed, if (M, g) is Einstein, then for

some constant A € R we have Ric = Ag and inserting into (1.2) we obtain
BHess(f) + pdf @ df = (pS + X — Aa)g.

Thus, if p # 0, (M, g) is a Yamabe quasi-soliton and f is not necessarily constant (see [21], [32]).
We will also deal with the case a = 0 separately, see Theorem 1.4 below. We explicitly remark that,
from the definition, o and § cannot both be equal to zero.

As we have already noted, the class of manifolds satisfying Definition 1.1 gives rise to the previously
quoted examples by specifying, in general not in a unique way, the values of the parameters and possibly

the function A. In particular we have:

(1) Einstein manifolds: (a, S, pu,p) = (17070, %),)\ = 0 (or, equivalently for m > 3, p = 0 and
A=

(2) Ricci solitons: («, 8, 1, p) = (1,1,0,0), X € R;

(3) Ricci almost solitons: (a, 83, p, p) = (1,1,0,0), A € C°(M);

(4) Yamabe solitons: (o, 3, u,p) =(0,1,0,1), A € R;

(5) Yamabe quasi-solitons: (a, 8, i, p) = (0, 1, —%, 1),k e R\ {0}, A e R;

(6) conformal gradient solitons: («, 8, u, p) = (0,1,0,0), A € C°(M);

(7) quasi-Einstein manifolds: (e, 8, 1, p) = (1,1,—%,0), A € R, k # 0;

(8) p-Einstein solitons: («, 8,1, p) = (1,1,0,p), p#0,A € R.

Of course one may wonder about the existence of Einstein-type structures. We know from the literature
positive answers to the various examples that we mentioned earlier. For the general case we can consider
three different necessary conditions; the first two are the general integrability conditions (4.5) and (4.6)
contained in Theorem 4.4 below. The third comes from the simple observation that, in case p # 0, tracing
equation (1.2) and defining u = es?f , the existence of a gradient Einstein-type structure on (M, g) yields
the existence of a positive solution of

Lu = Au— %[m)\ + (mp —a)Su =0,
so that, by a well-known spectral result (see for instance Fischer-Colbrie-Schoen [17], or Moss-Piepenbrink
[25]), the operator L is stable, or, in other words, the spectral radius of L, Af'(M), is nonnegative. Here
we will not further pursue this direction.

As it appears from Definition 1.1, the fact that (M, g) is an Einstein-type manifold can be interpreted
as a prescribed condition on the Ricci tensor of g (see for instance the nice survey [3]), that is, on the
“trace part” of the Riemann tensor. Thus, it is reasonable to expect classification and rigidity results for
these structures only assuming further conditions on the traceless part of the Riemann tensor, i.e. on the
Weyl tensor. Indeed, most of the aforementioned papers pursue this direction, for instance, assuming
that (M, g) is locally conformally flat or has harmonic Weyl tensor. In the spirit of the recent work of
H.-D. Cao and Q. Chen [7], we study the class of gradient Einstein-type manifolds with vanishing Bach
tensor along the integral curves of f. We note that this condition is weaker than local conformal flatness
(see Section 2).
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It turns out that, as in the case of gradient Ricci solitons (see [6], [7] and [5]), the leading actor is a
three tensor, D, that plays a fundamental role in relating the Einstein-type structure to the geometry of
the underlying manifold. D naturally appears when writing the first two integrability conditions for the
structure defining the differential system (1.2). Quite unexpectedly, the constant p and the function A
have no influence on this relation.

Our main purpose is to give local characterizations of complete, noncompact, nondegenerate gradient
Einstein-type manifolds. Denoting with B the Bach tensor of (M, g) (see Section 2), our first result is

Theorem 1.2. Let (M, g) be a complete, noncompact, nondegenerate gradient Einstein-type manifold of
dimension m > 3. If B(Vf,:) =0 and f is a proper function, then, in a neighbourhood of every reqular

level set of f, the manifold (M, g) is locally a warped product with (m — 1)-dimensional Einstein fibers.
In dimension four we improve this result, obtaining

Corollary 1.3. Let (M*,g) be a complete, noncompact nondegenerate gradient Einstein-type manifold
of dimension four. If B(V f,-) =0 and f is a proper function, then, in a neighbourhood of every regular
level set of f, the manifold (M, g) is locally a warped product with three-dimensional fibers of constant

curvature. In particular, (M*,g) is locally conformally flat.

As we will show in Section 7, the properness assumption is satisfied by some important subclasses
of Einstein-type manifolds, under quite natural geometric assumptions. As a consequence, in the case
of gradient Ricci solitons, we recover a local version of the results in [7] and [5], while, in the cases of
p-Einstein solitons and Ricci almost solitons, we prove two new classification theorems (see Theorem 7.1
and 7.2).

In the special case @« = 0 (which includes Yamabe solitons, Yamabe quasi-solitons and conformal
gradient solitons) we give a version of Theorem 1.2 in the following local result that provides a very
precise description of the metric in this situation. Note that Theorem 1.4 and Corollary 1.5 also apply
to the compact case.

Theorem 1.4. Let (M, g) be a complete gradient Finstein-type manifold of dimension m > 3 with a = 0.
Then, in a neighbourhood of every regular level set of f, the manifold (M, g) is locally a warped product
with (m — 1)-dimensional fibers. More precisely, every regular level set ¥ of f admits a mazximal open
neighborhood U C M™ on which f only depends on the signed distance r to the hypersurface ¥. In
addition, the potential function f can be chosen in such a way that the metric g takes the form
/ 2
(1.4) g =dr®dr + <J]§/E86Mﬂr)> g onU,
where g> is the metric induced by g on . As a consequence, f has at most two critical points on M™

and we have the following cases:
(1) If f has no critical points, then (M,g) is globally conformally equivalent to a direct product
I x N™=1 of some interval I = (t,,t*) C R with a (m — 1)-dimensional complete Riemannian

manifold (N™=1, gN). More precisely, the metric takes the form
g = u?(t) (dt? + gV),
where u : (t,t*) = R is some positive smooth function.

(2) If f has only one critical point O € M™, then (M, g) is globally conformally equivalent to the
interior of a Euclidean ball of radius t* € (0,400]. More precisely, on M™ \ {O}, the metric
takes the form

g = v3(t) (dt2 + t2gSm71) ,
where v : (0,t*) — R is some positive smooth function and S™~1 denotes the standard unit sphere

of dimension m — 1. In particular (M, g) is complete, noncompact and rotationally symmetric.
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(3) If the function f has two critical points N, S € M™, then (M, g) is globally conformally equivalent
to S™. More precisely, on M™ \ {N, S}, the metric takes the form

g = w(t) (dt* + sin?(t) gSmfl) ,

where w : (0,7) — R is some smooth positive function. In particular (M,g) is compact and
rotationally symmetric.

In this case, we can obtain a stronger global result, just assuming nonnegativity of the Ricci curvature;
namely we have the following

Corollary 1.5. Any nontrivial, complete, gradient Finstein type manifold of dimension m > 3 with
a = 0 and nonnegative Ricci curvature is either rotationally symmetric or it is isometric to a Riemannian
product R x N1 where N™~1 is an (m —1)-dimensional Riemannian manifold with nonnegative Ricci
curvature.

The proof of Theorem 1.4 follows immediately from [12] by substituting u = e*/ in the equation.
This result covers the cases of Yamabe solitons [8] and conformal gradient solitons [12]. Concerning
Yamabe quasi-solitons, Corollary 1.5 improves the results in [21]. In particular, this shows that most of
the assumptions in [21, Theorem 1.1] are not necessary.

The paper is organized as follows. In Section 2 we recall some useful definitions and properties of
various geometric tensors and fix our conventions and notation. In Section 3 we collect some useful
commutation relations for covariant derivatives of functions and tensors. In Section 4 we prove the two
aforementioned integrability conditions that follow directly from the Einstein-type structures. In Section
5 we compute the squared norm of the tensor D in terms of D itself, the Bach tensor B and the potential
function f. In Section 6 we relate the tensor D to the geometry of the regular level sets of the potential
function f. Finally, in Section 7 we prove Theorem 1.2 and Corollary 1.3, and we give some geometric

applications in the special cases of gradient Ricci solitons, p-Einstein solitons and Ricci almost solitons.

2. DEFINITIONS AND NOTATION

In this section we recall some useful definitions and properties of various geometric tensors and fix
our conventions and notation.

To perform computations, we freely use the method of the moving frame referring to a local orthonor-
mal coframe of the m-dimensional Riemannian manifold (M, g). We fix the index range 1 <i,j,... <m
and recall that the Einstein summation convention will be in force throughout.

We denote with R the Riemann curvature tensor (of type (1,3)) associated to the metric g, and with
Ric and S the corresponding Ricci tensor and scalar curvature, respectively. The components of the
(0,4)-versions of the Riemann tensor and of the Weyl tensor W are related by the formula:

S

1
(2.1)  Rijre = Wijie + m(Rik(Sjt — Ridji + Rji0ik, — Rjrdit) — m((sikajt — 0it0jk)

and they satisfy the symmetry relations
(2.2) Rijre = —Rjire = —Rijir = Rieajs
(2.3) Wikt = Wikt = —Wijsn = Wi

A computation shows that the Weyl tensor is also totally trace-free. The Schouten tensor A is defined
by

. S
(2.4) A = Ric fmg.

Tracing we have tr(A) = Ay = 2((77” :21))5 .
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Remark 2.1. Some authors adopt a different convention and define the Schouten tensor as ﬁA.

According to this convention the (components of the) Ricci tensor and the scalar curvature are re-
spectively given by R;; = Riijs = Ry and S = Ry We note that, in terms of the Schouten tensor and
of the Weyl tensor, the Riemann curvature tensor can be expressed in the form

1
2.5 R=W+ ——A
(2.5) + o5 ADy,
where @® is the Kulkarni-Nomizu product; in components,

1
(2.6) Rijie = Wijie + mf(Auﬁjt — Atk + Ajidi — Ajilit).

2
Next we introduce the Cotton tensor C as the obstruction to the commutativity of the covariant
derivative of the Schouten tensor, that is
1
2(m —1)

We also recall that the Cotton tensor, for m > 4, can be defined as one of the possible divergences of the

(2.7) Ciji = Aij e — Aikj = Rijr — Rij — (Skbij — S;bir)-

Weyl tensor; precisely

m — 2 m—2
(2.8) Cijr = (M) Wiikje = —<_>Wtijk,t~

A computation shows that the two definitions (for m > 4) coincide (see again [24]).

Remark 2.2. It is worth to recall that the Cotton tensor is skew-symmetric in the second and third

indices (i.e. Cjjr = —Cir;) and totally trace-free (i.e. Cyjp = Cigi = Chii = 0).

We are now ready to define the Bach tensor B, originally introduced by Bach in [1] in the study of

conformal relativity. Its components are

1
(2.9) B;; = m(cjik,k + Rt Wikjt),
that, in case m > 4, by (2.8) can be alternatively written as
1 1
(2.10) Bi; = mWikjt,tk + mRktWikjt-

Note that if (M, g) is either locally conformally flat (i.e. C =0 if m =3 or W = 0 if m > 4) or Einstein,
then B = 0. A computation shows that the Bach tensor is symmetric (i.e. B;; = Bj;) and evidently
trace-free (i.e. B;; =0). As a consequence we observe that we can write

1

Byj=—f
J m

—3 (Cijie + RiaWikjn)-

We recall that

Definition 2.3. The manifold (M, g) is conformally Einstein if its metric g can be pointwise conformally

deformed to an Finstein metric g.

We observe that, if § = €2%?g, for some ¢ € C°°(M) and some constant a € R, then its Ricci tensor

Ric is related to that of g by the well-known formula (sce 12])
(2.11) Ric = Ric —(m — 2)aHess(¢) + (m — 2)ade @ ¢ — | (m — 2)a?|V|* + aAgo} g.

Here the various operators (and for their precise definitions see Section 3) are defined with respect to
the metric g.

Now we can easily prove statement (1.3); indeed, suppose that 3 # 0 and 8% = (m — 2)au, that is,
the Einstein-type structure is degenerate. Tracing (1.2) we obtain

(2.12) é(pS+>\): ;(S+§Af+Z|Vf|2>.
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Choose ¢ = f and a = —(m% in (2.11) to obtain

2)a i

— 1 B p B 2
2.1 = — — — = ([ Af-= .
213 R 2| E g e d L8N+ ol (A - 29
Inserting (2.12) into (2.13) and using the fact that the Einstein-type structure is degenerate yields
— 1 2
Ric = — p — df®df—|— S+2ELA]‘——( — DIV g.
al(m—2)a
Hence, since 3% = (m — 2)au,
(2.14) ’Riém[smﬁmAf( 1)Vf2}g

~ 28 . . . . . . .
that is, § = e~ =25/ g is an Einstein metric (this was also obtained in Theorem 1.159 of [2]).
Viceversa, suppose that § = e?*fg, a # 0, is an Einstein metric, so that, for some A € R, Ric = Ag.
From (2.11)

(2.15) Ric —(m — 2)aHess(f) + (m — 2)a’df @ df = [Aeg’lf + (m—2)a®|Vf]> +aAflg

Tracing we get

%: [(m 2)a?|V f|? +aAf} +alf+— Ae2“f

Thus, inserting into (2.15),

Ric —(m — 2)aHess(f) + (m — 2)a?df @ df = (m‘il —anf- Ao

We choose a =1, B = —(m —2)a, p = (m—2)a, p= —15 and \(z) = —aAf — —2-€?*f. We note that
B # 0 and
82 = (m - 2)%® = (m - ap,
so that the above choice of «, 3, i, p and A yields a degenerate Einstein-type structure.
To conclude we note that the equivalence of degenerate gradient Ricci solitons and conformally Einstein
metrics is well-known in conformal geometry (see [11, 22]).

3. SOME BASICS ON MOVING FRAMES AND COMMUTATION RULES

In this section we collect some useful commutation relations for covariant derivatives of functions and
tensors that will be used in the rest of the paper. All of these formulas are well-known to experts.

Let (M, g) be a Riemannian manifold of dimension m > 3. For the sake of completeness (see [24] for
details) we recall that, having fixed a (local) orthonormal coframe {6}, with dual frame {e;}, then the

corresponding Levi- Civita connection forms {9;} are the 1-forms uniquely defined by the requirements

(3.1) do’ = —60% A7 (first structure equations),
(3.2) 0% + 6! = 0.
The curvature forms {@;} associated to the connection are the 2-forms defined via the second structure
equations

i _ _pi oA pk i
(3.3) do; = —0;, N0 + ©7.
They are skew-symmetric (i.e. @; + @g = 0) and they can be written as

. 1. .
(3.4) o} = 5R;MM N =" Ri60F A0
k<t

where R, are precisely the coefficients of the ((1,3)-version of the) Riemann curvature tensor.
The covariant derivative of a vector field X € X(M) is defined by

VX = (dX'+ X70) @ e; = X[0" ® ey,
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while the covariant derivative of a 1-form w is defined by
Vw = (dw; — wﬂg) ® 0" = w;p0F ® 6.

The divergence of the vector field X € X(M) is the trace of the endomorphism (VX)* : TM — TM,
that is,

(3.5) divX = tr (VX)" = g(V., X, e;) = X/

For a smooth function f we can write

(3.6) i = ',

for some smooth coefficients f; € C*°(M). The Hessian of f, Hess(f), is the (0,2)-tensor defined as

(3.7) Hess(f) = Vdf = f;;6" @ 6",
with
(3-8) fi;07 = dfs — f,6L.

Note that (see Lemma 3.1 below)
fiz = fii-
The Laplacian of f, Af, is the trace of the Hessian, in other words
Af = tr(Hess(f)) = fu-
The moving frame formalism reveals extremely useful in determining the commutation rules of geo-

metric tensors. Some of them will be essential in our computations.

Lemma 3.1. If f € C3(M) then:

(3.9) fij = fiis
(3.10) Tijk = fjins
(3.11) fisk = firg + feRiij;

1
(3.12) fijk = firj + [iWheije + m(fthj(sik — fiRudij + [ Rir — frRij)

S
- m(fﬂsik — frdij);

1

(3.13) fijk = fikj + [iWeijk + m(ftAtj(Sik — ftAuwdi; + fiAik — frdij);

In particular, tracing (3.11) we deduce
(3.14) fitt = feei + [e R

For the Riemann curvature tensor we recall the classical Bianchi identities, that in our formalism

become
(315) Rijkt + Ritjk + Riktj =0 (FlI‘St Bianchi Identities);
(3.16) Rijkti+ Rijikt + Riju =0 (Second Bianchi Identities).

For the derivatives of the curvature we have the well known formulas

Lemma 3.2.

(317) Rijk:t,lr - Rijkt,rl = stk:tRsilr + Risktstlr + RijstRskl'r + Rijk:sRstlr-
(3.18) Rijp — Rigj = —Riijrt = Riskjes

(3.19) Rijre — Rijue = Rie Ry + Rijre Ris.
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The First Bianchi Identities imply that
(3.20) Cijk + Cjki + C}“‘j =0.

From the definition of the Cotton tensor we also deduce that

1
2(m—1)
On the other hand, by Lemma 3.2 and Schur’s identity .5; = %Rik,k,

(3.21) Cijit = Aijit — Aikjt = Rijne — Rikjt — (Sktdij — Sjt0ik)-

1
(3.22) Rig ji = Rik iy + Resjr Rk + RerjrBRes = §S¢j — Ry Rigjr + Ry Ryj.

This enables us to obtain the following expression for the divergence of the Cotton tensor:
1
2(m—1)

m — 2
2(m—1)

The previous relation also shows that

(3.23) Cijre = Rij ke — Sij + RypRiggr — Rip Ry — ASdy;.

(3.24) Cijk.k = Cjik i
thus confirming the symmetry of the Bach tensor, see (2.9).

Taking the covariant derivative of (3.20) and using (3.24) we also deduce

(3.25) Criji = 0.

4. THE TENSOR D AND THE INTEGRABILITY CONDITIONS

The main result of this section concerns two natural integrability conditions that follow directly from
the Einstein-type structure; as in the case of Ricci solitons and Yamabe (quasi)-solitons, there is a
natural tensor that turns out to play a fundamental role in relating the Einstein-type structure to the
geometry of the underlying manifold. Quite surprisingly, as it is shown in Theorem 4.4, the presence of
the constant p and of the function A\ seems to be completely irrelevant.

Let (M, g) be gradient Einstein-type manifold of dimension m > 3. Equation (1.2) in components
reads as

(4.1) aRi; + Bfij + pfif; = (pS + N)dsj.
Tracing the previous relation we immediately deduce that

(4.2) (o —mp)S + BAS + u|V > = mA.
Definition 4.1. We define the tensor D by its components

(4.3)

1 1 S
Dijx = m(fkRij — fiRix) +

———————— [ (R0 — RejOig) — ————————
(mfl)(m72)ft( tkOj tg k) (mfl)(me)(

Note that D is skew-symmetric in the second and third indices (i.e. D;jr = —D;;) and totally
trace-free (i.e. Djjr, = Dir; = Dyy; = 0).

Jr0ij — fi6ir)-

Remark 4.2. We explicitly note that our conventions for the Cotton tensor and for the tensor D differ

from those in [7].

Lemma 4.3. Let (M, g) be a gradient Einstein-type manifold of dimension m > 3. The tensor D can

be written in the next three equivalent ways:

(4.4)
A
Dijr = g ﬁ(fjfik — fufij) + ! /

mft(ftjéik = fudij) — m(fﬁm — fr0ij) |,
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where E;j are the components of the Einstein tensor (see [2]) defined as

Eij = R;; — gdi]‘.

The proof is just a simple computation, using the definitions of the tensors involved, equation (4.1)
and equation (4.2).

The following theorem should be compared with Lemma 3.1 and equation (4.1) in [7], with Lemma 2.4
and equation (2.12) in [5] and with Proposition 2.2 in [21]. This result highlights the geometric relevance
of D in this general situation and shows that, even in this more general framework, similar structural

equations hold.

Theorem 4.4. Let (M, g) be a gradient Einstein-type manifold with 8 # 0 of dimension m > 3. Then
the following integrability conditions hold:

m—2)«
(4.5) aCijr + BfiWiijk = [5 - (ﬁ)ﬂ Dij,
1 m— 2)« m—3
(4.6) aB;; = m_2{ {ﬂ - (ﬁ)ﬂ Dijrpr + 58 <m—2) fiCji — :U'ft.kaitjk}-
Proof. We begin with the covariant derivative of equation (4.1) to get
(4.7) aRij .+ Bfijk + p(fief; + fifir) = (pSk + Ak)dij.

Skew-symmetrizing with respect to j and k and using (3.11) we obtain
(4.8) a(Rij i — Rikj) + BfiReije + 1 fir fj — fij fr) = p(Skoij — Sjdir) + (Aedij — \jik).

To get rid of the two terms on the right-hand side of equation (4.8) we proceed as follows: first we trace

the equation with respect to 7 and j and we use Schur’s identity S = 2R+ to deduce

(4.9) [ = 2p(m — 1)] Sk, = 2B ft Rax, + 2(m — )N\, — 2u(fefor — Af fr);
secondly, from equations (4.1) and (4.2) we respectively have

(4.10) for = 510 + Nt = aRes = ufe

and

(4.11) AF = 5[(mp = a)S +mA = w7 £P].

Inserting the two previous relations in (4.9) and simplifying we deduce the following important equation

(412) [a — 2p(m — 1)]S) = 2(5 T “;)ftm +2(m = ) = 2l = plm = VIS + 2 (m = DA
From (2.1) and (4.4) we deduce that
(4.13) feRejr = [iWiijk — Dijr — ﬁ(fthk(Sij — fiReibir).-

Inserting now (4.13), (2.7) and (4.12) into (4.8) and simplifying we get (4.5).

Taking the divergence of equation (4.5) we obtain

m—3 m—2)a
(4.14) aCijr e — BfeeWitjr — 5(>ftcjit = {5 - ()M} Dijg ks

m— 2 8
using the definition of the Bach tensor (2.9), equation (4.10) and the symmetries of W we immediately
deduce (4.6). O

Remark 4.5. Equation (4.12) is the analogue of the fundamental Sy = 2f; Ry, valid for every gradient

Ricci soliton.
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Remark 4.6. In case § = 0 (and thus « # 0), by direct calculations, using (2.7), (4.3) and (4.1), one
can show that D = 0 and equations (4.5) and (4.6) take the form

A
aCijx = —pu(f fir — frfij) — %ft(ftj(sik — fiedij) + :li_fl(fj@k — fx0i5),
1
aBij = ———{aCijk e — pfefiWitn}-

5. VANISHING OF THE TENSOR D

In this section we compute the squared norm of the tensor D in terms of D itself, the Bach tensor B
and the potential function f. Moreover, under the assumption of Theorem 1.2, we prove the vanishing
of D. We begin with

Lemma 5.1. Let (M,g) be a nondegenerate gradient Einstein-type manifold of dimension m > 3. If

a#0,

(5.1) (m2_2> [5 - (m_;)au] ID|> = —B(m — 2)f:f;Bi; + g {5 - (m_;)aq (fifiDijk)
while if a« =0
(5.2) (m2_2> D> = —(m — 2)f;f;Bij + (fif;iCiji),.-

Proof. We observe that, since D is totally trace-free and D;j;;, = —Dj;,

2 1 1
|D|* = DijpDijr = mDijk(fkRij — fiRix) = m(fkRijDijk + fiRixDixj),

so that

2
(5.3) |D|? = ——— fiRij Dijg

The nondegeneracy condition 3 — % # 0 implies that, using (4.5) and the definition of the Bach

tensor, we can write

m—2 m — 2)«
< 5 ) {5 . 3 ) H} ID|* = fxRij(aCiji, + BfWeiji)
= afpRi;jCijx — BfifiRuxWitjk
= afrRijCijr — B(m —2) fifiBij + Bfi fiCijk.k-
By the symmetries of the Cotton tensor we also have
JifiCije e = fi(fiCijn)y, — [ifirCljk
= (fifiCijr)y — fie fiCijn
= (fifiCijn)y, + fij [eCljks
therefore we obtain

(5.4) (m;2> [5 - (m—62)au} ID|? = afrkRijCijr — B(m —2) fifiBij + B(fifiCijn)y, + Bfij [rxCij-

If & = 0, using equation (4.1) in (5.4) we immediately get
m—2
(2> D> = —(m — 2)f;f;Bij + (fifiCijr)p»

that is (5.2).
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If a # 0, using equations (4.1) and (4.5) in (5.4) and simplifying we deduce

(5.5) (m;2> {5 - (m_;)au] ID* = —B(m — 2)fif; Bi; + g [5 - (m_;)aﬂ (fifiDiji) s

that is, equation (5.1). O

Remark 5.2. In case o # 0 equation (5.1) can be obtained in a direct way: one takes the second
integrability condition (4.6), multiplies both members by f;f; and simplifies, using the symmetries of

the tensors involved and equation (4.5).

Theorem 5.3. Let (M,g) be a complete nondegenerate gradient Einstein-type manifold of dimension
m > 3. If B(Vf,) =0 and f is proper, then D = 0.

Proof. We define the vector field Y = Y («) of components

gfiijijk if a # 0;

(5.6) Y, =
fiijijk if a =0.

By the symmetries of D and C' we immediately have

(57) 9(Y,Vf)=0.
If B(Vf,) =0 and « # 0, from equation (5.1) we obtain
m—2 153

(5.8) (2> ID)* = a(fiijijk)ka
while if & = 0 from equation (5.2) we deduce

m—2
(5.9) (2> ID|* = (fifiCijn) -
In both cases
(5.10) <T”22) D = divY.

Let now ¢ be a regular value of f and €). and X, be, respectively, the corresponding sublevel set and
level hypersurface, i.e. Q. ={zx e M : f(z) <c}, . = {x € M : f(z) = c¢}. Integrating equation (5.10)
on (2, and using the divergence theorem we get

/QC (m;2>|D|2 _ /Q divy = /ch(}/’y)7

where v is the unit normal to X.. Since v is in the direction of V f, using (5.7) and letting ¢ — +oo we

immediately deduce

(5.11) /M (’”2_2) |D|* =0,

which implies D = 0 on M. (]

Remark 5.4. The validity of Theorem 5.3 is based on that of the divergence theorem in this situation.
Thus, instead of using properness of f, we can use Theorem A of [18] to obtain the above conclusion,
that is D = 0, under the following assumptions: for some p > 1, M is p-parabolic and the vector field
Y € L9(M), where ¢ is the conjugate exponent of p. We note that a sufficient condition for p-parabolicity
is

% ¢ L1(+OO)
vol (0B,.)»—1

(see e.g. [31]), and, according to (5.6), Y € LY(M) in case for some pair of conjugate exponents P, P’

we have
IVfl e L2P9(M)  and |D| e LY”'9(M) if a #0
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or
IVfle L?P9(M)  and |C|e LY9(M) if a=0.

Remark 5.5. A simple computation using the definition of the tensor D gives

(5.12) fiDijr = ﬁ(ftfthj — fufiRu),
and then
(513) FifDigie = = (Ric (V1 V1) fi — [V o).

This shows that, in the case a # 0, the vector field Y defined in (5.6) can be expressed in the
remarkable form

-_ B
a(m —1)

where #f denotes the usual musical isomorphism.

(5.14) [Ric (V£,V)VS = V] (Rie (V1,)) ],

Moreover, in the special case of a gradient Ricci soliton (M, g, f, A), using the fundamental relation
Sk = 2f: Rk, the vector field Y can also be written in the equivalent form
1 2
v =L [vs.vivs - [vsPvs]
st 1) (95 VIV~ V49

We also observe that

g(Y.Vf) =0, g(Y,VS) = (998,94 = IVSPIVSF] <0

2(m—1)
and that

1
YP=—
Y 4(m —1)2

VIP[IVSPIV AP - 9(VS, V)] = - VI1P(Y, VS).

1
2(m—1)

Remark 5.6. In case =0 and pu # 0, using Remark 4.6 and arguing as in Lemma 5.1, one can obtain
the following identity

%‘0‘2 =(m— 2)fiijij - (fifjcijk)k.

Then, following the proof of Theorem 5.3, we obtain

Proposition 5.7. Let (M, g) be a complete nondegenerate gradient Einstein-type manifold of dimension
m >3 and with B =0. If B(Vf,-) =0 and f is proper, then C' = 0.

6. D AND THE GEOMETRY OF THE LEVEL SETS OF f

In this section we relate the tensor D to the geometry of the regular level sets of the potential function
f- Our first result highlights, in the case o # 0, the link between the squared norm of the tensor D and
the second fundamental form of the level sets of f. This should be compared with [7, Proposition 3.1]
and [6, Lemma 4.1]. For the case o = 0 we refer to [21, Proposition 2.3].

From now on, we extend our index convention assuming 1 < 4,5, k,... <mand 1 <a,b,c,... <m—1.

Proposition 6.1. Let (M,g) be a complete m-dimensional (m > 3) gradient Einstein-type manifold
with a, B # 0. Let ¢ be a regular value of [ and let . = {x € M|f(x) = ¢} be the corresponding level

hypersurface. For p € ¥, choose an orthonormal frame such that {e1,...,em—1} are tangent to ¥, and
em = % (i.e., {e1,...,em—1,em} is a local first order frame along f). Then, in p, the squared norm
of the tensor D can be written as

5)2 2V /" 2 2V /[
6.1 D ? = ( - 9 hab - h(sab + —RamRam;
(o1 o a m—m“ | (m—1)(m—2)

where hqp are the coefficients of the second fundamental tensor and h is the mean curvature of ..
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Remark 6.2. Note that |hqp — héab\Q is the squared norm of the traceless second fundamental tensor ®

of components ®,, = hap — hdap.

Proof. First of all, we observe that, in the chosen frame, we have
(6.2) df = fab® + fm0™ = |V f]0™,

since f,=0,a=1,...,m—1.

The second fundamental tensor I of the immersion X, < M is
IT = hgpt* ® 0" @ v,
where the coefficients hy, = hy, are defined as
(6.3) Ve, =Vv=0; Qe, =—0"Qe, = —hapt’ @ e

(see also [24]), so that

(6.4) hay = 9(I1(eay ), v) = —9(Ve v, ) = — (V1) (€a, ).
In the present setting we have
Vv=—=V(Vf)+ V( ) ®V
AN 7 A
and
(Vo) = — Hess(f) +d<1 ) © df
v) = s ,
IVf] IV /]
thus, using equation (4.1), we deduce
1 1
6.5 hap = — = ARy — (pS + N)ou),
(6.5) b |Vf‘fb 5|Vf|[ »— (p )0as)
The mean curvature h is defined as h = —L5hqq; tracing equation (6.5) we get

1 « o
6.6 h=—-—=||l———p])S— Royvm — Al
(60 il )5 a |

Now we compute the squared norm of the traceless second fundamental tensor ®:

(6.7)

|hab — BOap|” = |hap|® — 2hhaa + (m — 1)h? = |hagy|* — (m — 1)h?

a? . 1
— W{|R1C|2 _ 2RamRam - (Rmm)2 _ m |:SQ _ 25Rm7n + (R”Lm)Q:| }
2 ) )
= Oz72 |:|Ric|2 — 2Ry Ram — L(Rmm>2 _ S2 4 SRmm:|
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On the other hand, from the definition of D we have

5 (fxdij — fidin)?

(RamRam + RpmmRmm)

2 (fulRij — fiR)? | (feRudij — fiRejou)’ 52

N Gn—2m—22 " = 1%m=2)

+ (m — 1)?7” 2y (feRij — [ Rir)(fe Rexdij — fiRiz)

S

T m— 1)2(m ) (feRij — fijRik) (fibi5 — f0ir)

T m— 1)22?m o) (ftRerdij — fiRjoin)(fxdij — fidik)

_ 2V g 2|V f[?

- m (|RIC| - RamRam - RmmRmm) + (m — 1)(m — 2)2

257 2 v/ )
+ (m — 1)(m — 2)2 |Vf| + (m — 1)(m _ 2)2 (SRmm' - (Rmm) - RamRam.)
48|V £ 48|V f]?

— (S = Rym) —

(m—1)(m—2)? i

(m—1)(m—2)2 ™"

Symplifying, rearranging and comparing (6.7) and (6.8) we arrive at

m — 2)? 2 m —
(6.9) m =27 pp2 (i) szlhab—haab%( 2

2|V f|?

which easily implies equation (6.1).

Proposition 6.1 is one of the key ingredients in the proof of the following theorem, which generalizes
[7, Proposition 3.2 | (compare also with in [21, Proposition 2.4]). Our proof is similar to those in [7] and

[21], but the presence of p and the nonconstancy of A require extra care, in particular in showing that S

is constant on Y.

Theorem 6.3. Let (M,g) be a complete m-dimensional, m > 3, gradient Finstein-type manifold with
a,B # 0 and tensor D = 0. Let ¢ be a regular value of f and let ¥, = {x € M|f(x) = ¢} be the corre-
sponding level hypersurface. Choose any local orthonormal frame such that {ey, .

m—1

> RamRama

to X, and e,, = % (i.e., {e1,...,em—_1,em} 18 a first order frame along f). Then

—_

) |Vf|? is constant on 3,;

Y. s totally umbilical;

the mean curvature h is constant on X.;

)
)

5) the scalar curvature S and X are constant on X.;
) X is Einstein with respect to the induced metric;
)

is an eigenvalue of multiplicity 1 or m (and in this latter case S = mA1); in either case e, is

an eigenvector associated to Aq.

Proof. If D = 0, from Proposition 6.1 we immediately deduce that
(6.10) hab — hoap = 0,

that is, property (3), and

(6.11) Ram =0, a=1,...,m—1
From (6.10) a simple computation using (6.5) and (6.6) shows that
S — Rmm
(6.12) Rap = ———0ab,

m—1

2) Rum = Rima =0 for everya=1,...,m—1 and e,, is an eigenvector of Ric;

on Y. the (components of the) Ricci tensor of M can be written as Ry, = S=ALs o where Ay € R

m—1

. yem—1} are tangent
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which also implies
Rijfif;

(6.13) Ric (v,v) = v/ =

Rmm = Rmm|1/|2;

this complete the proof of (2). To prove (1) we take the covariant derivative of 3|V f|* and use (4.1):
B(IVH1), =28t

= 2[(pS+ A= IV IP) fi — afiFiun

=2[(pS + A= ulVSI*) fi = afeRek = IV | R
evaluating the previous relation at k = a and using property (2) we immediately get

(Ivs1), =o.
that is (1). To prove (4) we start from Codazzi equations, that in our setting read
(6.14) — Rinabe = hab,c — hac,b;
tracing with respect to a and ¢ we get
—Rmaba = —Rmkvk + Rmmbm = Pab,a — Naab,

that is, using (2),
(6.15) 0= —Rmp = hab,a — haa,p-

On the other hand, from (3) we have
hab,a = hb
and
haa,b = (m - l)hb7
so that (6.15) immediately implies
(6.16) 0=(m—2)hy,, b=1,...,m—1,
that is (4). To show the validity of (5) we first observe that, evaluating (4.12) at k = a and using (2),
we deduce
[ —2p(m —1)]S, — 2(m — 1)\, =0,
which implies
(6.17) [ —2p(m —1)]S —2(m — 1)\ = const. on X..
From equation (6.6), the constancy of h and of |V f| on X, also give that
(6.18) [ — p(m —1)]S — aRpmm — (M — 1)\ = const. on 2.
Combining (6.17) and (6.18) we arrive at
(6.19) S — 2R,m = const. on X..

Now we evaluate (4.12) at k = m, we use (2) and rearrange to deduce

(6.20)
o= 2p(m — 1)}S, = 2(ﬁ n 0‘“) 5 B+ 20— 1)\ —

8
= 96191 o+ 200~ DA — 2]

2u|V f|
B

{[a = p(m — 1)]S — aRpmm — (m — 1)A}.

{la = p(m = 1)]S = (m —1)A}
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Since by (1) and (6.18) the quantity %{[a —p(m —1)]S — aRpmm — (m — 1)A} is constant on . we
infer

(6.21) [a = 2p(m — 1)]Sy, — 28|V f|Rmm — 2(m — 1)\, = const. on X..

Now we take the covariant derivative of (6.21) and evaluate at k = a to obtain

(6.22) [a—2p(m — 1)|Sima — 28|V f|Rmm,a —2(m — 1)Apme =0 on X

but Spma = Sam and A\pg = Aam, thus (6.22) can be written as

(6.23) {lo = 2p(m — 1)} — 2(m — DA}yy, = 289 | Ryuma 00

which implies, by (6.17), that

(6.24) R, = const. on Y.

The previous relation, (6.19) and (6.17) show that S and A are constant on X, that is (5). To prove (6)

we start from the Gauss equations
* Rabed = Rabed + hachva — hadhye,
which by property (3) can be rewritten as
(6.25) ¢ Ravea = Rabed + h*(6ac0pd — Saddbe)-
Tracing equation (6.25) with respect to b and d gives
(6.26) > Rae = Rac — Ramem + (m — 2)h% 84
tracing again we deduce
(6.27) YeS =8 —2Rpm + (m — 1)(m — 2)h* = const. on %,.

Now a simple computation using decomposition (2.1) of the Riemann tensor, equation (6.12) and the
fact that Wamem = 0 (see Proposition 6.4) shows that

1
(628) Ramcm - mRmmdac'

Next, inserting (6.12) and (6.28) into (6.26), we get

S —2R
>, . mm . 2
(6.29) Rue = —1 + (m — 2)h*| dac,

which shows the validity of (6). Now (7) is an easy consequence of the other properties. O

The next two results are the analogue of [7, Lemma 4.2] and [7, Lemma 4.3], respectively.

Proposition 6.4. Let (M, g) be a complete noncompact m-dimensional (m > 3) nondegenerate Einstein-
type manifold with o # 0. If D =0 then C =0, unless f is locally constant.

Proof. First of all, by analyticity, it is sufficient to prove the result where {V f # 0}. We choose a local
first order frame along f (so that f, =0,a=1,...,m—1 and f,, = |V f]). The vanishing of D implies,
by the first integrability condition (4.5), that

aCijk + BfiWiijr = 0,
which implies, since « # 0,
B
(6.30) Ciji = _EftWtijk
and consequently

(631) f’LCZJk = fmcmjk = |vf|cmjk = Oa ]7k = 13 s,y
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thus

(6.32) Coniie = 0

at all points where |V f| # 0. Using (3) and (4) of Theorem 6.3 we have

(6.33) hap,c =0,

and from the Codazzi equations we get

(6.34) — Rmabe = hab,e — Racp = 0;

since also Ry, = 0 by (2) of Theorem 6.3, from the decomposition (2.1) we easily deduce
(6.35) Wambe = 0,

which implies by (6.30) that

(6.36) Ciape = 0.

By the symmetries of C, to conclude it only remains to show that Cgpm = 0 = Cypmp. First we observe
that R, = 0 implies, by the definition of covariant derivative,

0= dRam
= R0 4+ Rap0%, + Rap 10°
= Ry, + Rim02" + R0, + Ram0p + Rapm 10"
= Ryum02" + Rapb5, + Ram 10",

so that, using (6.12),

(6.37) Rom 10" = Rum p0° + Ram.m0™ = Rap0)" — Ry 0"

S - Rmm m m
(Tn]-(sab> 91) Rmmea

_ <SmRmm>0;n'

m—1

Now we want to show that Rgp, m = 0. To see that we first evaluate equation (4.1) for ¢ = a and j = m,

obtaining f,,;, = 0; then we take the covariant derivative of the same equation:

(6.38) aRij i+ Bfijk + u(finf; + fifir) = (pSk + Ak)dij,
which for i = k = m, j = a gives (using fum = 0)

(6.39) aRam,m = =B fmam;

but

fmam = fmma + fileam = fmmay
while (4.2) and Theorem 6.3 tell us that the (globally defined) quantity Af is constant on 3., so that

(6.40) (Af), =0.

On the other hand, from (4.1) and (6.12) we deduce

(6.41) Bfan = = {ler = plm — 1)}S ~ @Ry — (m — DA}y
which implies, by tracing, that

(6.42) B(Af — frm) = const. on Xg;

in particular

(643) fmam = f'rnma = (Af)a = 0;
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and thus
(6.44) Ram.m = 0.
Getting back to equation (6.37) we now have
S—mR
(6.45) Rampt® = (”1"“”)9?’
m—1
and thus
S—mR
(646) Ram,b = (Nn)egl(eb)
1 mRym — S
= fab
VAN m-—1
Schur’s identity implies
(647) Sy = 2Rim,i = 2Ram’a + 2Rmm7m;
from the definition of C' we have, using (6.12) and (6.46),
1
6.4 Ca m — Llabm — {lam,b — 75771604
(6.48) b Ry, Romp 3m—1) b
Sm — Rmm.m 1 [(s—mRu,m 1
= 7’511 ab — 7Sm5a
m—1 b+|Vf|< m—1 )fb 2(m —1)7"7
1 1 1 S—mR
= 75771(5@ - Rmm méa — ao:
2m—1)"m T = b+|Vf|< m—1 )f”
Using (6.47), (6.46) and (6.41) into (6.48) we arrive at
1 1 S —mR
6.49 Cabm = ——Rem 0 il
( ) abm m— 1 cm,c ab+|vf|( m—1 )fab
1 1 1 S —mRm
=———=(5 - Rmm m)Ja a
= 0’
concluding the proof. O

In dimension four, we can prove the following

Corollary 6.5. Let (M*, g) be a complete noncompact nondegenerate Einstein-type manifold of dimen-
sion four with o # 0. If D =0 then W =0, unless f is locally constant.

Proof. From Proposition 6.4, we know that C,;, = 0. Hence, from (4.5), we deduce f;W;;;r = 0 for any
i,j,k =1,...,4. For any p € M* such that Vf(p) # 0, we choose an orthonormal frame {e,...,e4}
such that e4 = %, thus we have

Wiijk(p) =0,  for i,j,k=1,...4.

It remains to show that Wepeq(p) = 0 for any a,b,¢,d = 1,2,3. This follows from the symmetries and
the traceless property of the Weyl tensor (for instance, see [7, Lemma 4.3]). O

7. PROOF OF THE MAIN THEOREMS AND SOME GEOMETRIC APPLICATIONS

In this last section we first prove Theorem 1.2 and Corollary 1.3. Then, we give some geometric
applications in the special cases of gradient Ricci solitons, p-Einstein solitons and Ricci almost solitons.
We begin with
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Proof of Theorem 1.2. From Theorem 5.3 we know that the tensor D has to vanish on M. Let X be
a regular level set of the function f : M™ — R, i.e. |Vf| # 0 on 3, which exists by Sard’s Theorem
and the fact that f is nontrivial. By Theorem 6.3 (1) we have that |V f| has to be constant on . Thus,
in a neighborhood U of ¥ which does not contain any critical point of f, the potential function f only
depends on the signed distance r to the hypersurface . Hence, by a suitable change of variable, we can

express the metric g;; as
ds* = dr® + gap(r,0)d0* @ e’ . r.<r<r*,

for some maximal 7, € [—o0,0) and r* € (0, 00], where (6%, ---,0™) is any local coordinates system on
the level surface ¥.. Moreover, by Theorem 6.3 (3)-(4), we have

0

3 Yab = _2ha = ab

5y Jab b= B(r)gab
where ¢(r) = —2h(r). Thus, it follows easily that

gab(’rv 9) = eé(r)gab(ov 9),
where .

D(r) :/ o(r) dr.
0
This proves that on U the metric g takes the form of a warped product metric:
ds®> = dr? +w(r)*’¢?, re (re,r*),

where w is some positive smooth function on U, and g = ¢~ is the metric defined on the level surface
3, which is Einstein, by Theorem 6.3 (6). This concludes the proof of Theorem 1.2.

Proof of Corollary 1.3. The proof of Corollary 1.3 follows from all the previous considerations combined
with Corollary 6.5.

O

Next we show that the properness assumption on the potential function f in Theorem 1.2 is automat-
ically satisfied by some classes of Einstein-type manifolds.

First of all, let (M, g) be a complete, noncompact, gradient Ricci soliton with potential function f.
Then, it is well known that f is always proper, provided that the soliton is either shrinking [9, Theorem
1.1], or steady with positive Ricci curvature and scalar curvature attaining its maximum at some point
[6, Proposition 2.3] or expanding with nonnegative Ricci curvature [5, Lemma 5.5]. Hence, in these cases,
Theorem 1.2 provides a local version of the classification results obtained in [7] and [5].

Secondly, if (M, g) is a complete, noncompact, gradient shrinking p-FEinstein soliton with p > 0 and
bounded scalar curvature, then it follows by [15, Lemma 3.2] that the potential function f is proper.

Hence, Theorem 1.2 implies the following

Theorem 7.1. Let (M, g) be a complete, noncompact gradient shrinking p-FEinstein soliton of dimension
m > 3 with bounded scalar curvature and p > 0. If B(V f,-) = 0, then around any regular point of f the

manifold (M, g) is locally a warped product with (m — 1)-dimensional Einstein fibers.

Finally, we want to show the following result concerning gradient Ricci almost solitons which are

“strongly” shrinking.

Theorem 7.2. Let (M, g) be a complete, noncompact gradient Ricci almost soliton of dimension m > 3
with bounded Ricci curvature and with A > A > 0, for some A. If B(Vf,-) =0, then around any regular
point of f the manifold (M, g) is locally a warped product with (m — 1)-dimensional Finstein fibers.

Proof. By Theorem 1.2 it is sufficient to show that under these assumptions the potential function is

proper. To do this we will apply a second variation argument as in [9, Theorem 1.1]. Let r(z) = dist(z, o),
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for some fixed origin o € M. We will show that, for r(z) > 1,

1 2
f@) = 5A(r@) )’

for some positive constant ¢ > 0 depending only on m and on the geometry of g on the unit ball B,(1).
Let v(s), 0 < s < s¢ for some sg > 0, be any minimizing unit speed geodesic starting from o = «(0) and
let 4(s) be the unit tangent vector of y. Then by the second variation of the arc length, we have

/ " $2(s) Ric(3,4) ds < (m — 1) / " ()2 ds,
0 0

for every nonnegative function ¢ : [0, so] — R. We choose ¢(s) = s on [0,1], ¢(s) =1 on [1,s9 — 1] and
@d(s) = sp — s on [sg— 1, sp]. Then, since the solitons has bounded Ricci curvature, one has

So
Ric(4,%)ds < 2(m — 1) + max |Ric|+ max |Ric| < C,
| Rict.4) ds < 20m —1) + max | Ric| + _max | Ric|
for some positive constant C' independent of s5. On the other hand, from the soliton equation, we have
ViVsf = A—Ric(4.9).
Integrating along -, we get
. . So S0
f(v(s0)) = f(2(0)) = / Ads — / Ric(y,4)ds > Aso — C'.
0 0
Integrating again, we obtain the desired estimate
1 2
f(’Y(SO)) > 53(30 - C) )
for some constant c. This concludes the proof of the theorem. O

1
A(r)

Remark 7.3. As it is clear from the above proof, in case A = A(r) is such that
we have f(r) — +oo as r — 4o00. This suffices to prove 7.2.

:0(%2) as r — 400

To conclude, we note that Ricci almost solitons which are warped product were constructed in [29,
Remark 2.6].
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