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AND THE VALIDITY OF YOUNG’S LAW
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ABSTRACT. Local volume-constrained minimizers in anisotropic capillarity problems develop
free boundaries on the walls of their containers. We prove the regularity of the free boundary
outside a closed negligible set, showing in particular the validity of Young’s law at almost
every point of the free boundary. Our regularity results are not specific to capillarity problems,
and actually apply to sets of finite perimeter (and thus to codimension one integer rectifiable
currents) arising as minimizers in other variational problems with free boundaries.

1. INTRODUCTION

1.1. Young’s law in anisotropic capillarity problems. According to the historical intro-
duction to Finn’s beautiful monograph [Fin86], Young [You05] introduced in 1805 the notion of
mean curvature of a surface in the study of capillarity phenomena. Mean curvature was reintro-
duced the following year by Laplace, together with its analytic expression and its linearization
(the Laplacian), the latter being recognized as inadequate to describe real liquids in equilibrium.
In the same essay [You05], Young also formulates the equilibrium condition for the contact angle
of a capillarity surface commonly known as Young’s law. These ideas were later reformulated
by Gauss [Gau30] through the principle of virtual work and the introduction of a suitable free
energy. Gauss’ free energy consists of four terms: a free surface energy, proportional to the area
of the surface separating the fluid and the surrounding media (another fluid or gas) in the given
solid container, a wetting energy, accounting for the adhesion between the fluid and the walls of
the container, the gravitational energy; and, finally, a Lagrange multiplier taking into account
the volume constraint on the region occupied by the liquid. Since then, a huge amount of inter-
disciplinary literature has been devoted to the study of qualitative and quantitative properties
of local minimizers and stationary surfaces of Gauss’ free energy.

A modern formulation of Gauss’ model, including the case of possibly anisotropic surface
tension densities, as well as that of general potential energy terms, and extending the setting
of the problem to (the geometrically relevant case of) arbitrary ambient space dimension, is
obtained as follows. Given n > 2, an open set 2 with Lipschitz boundary in R™ (the container),
and a set E C Q (the region of occupied by the liquid droplet) with 9 ENS2 a smooth hypersurface,
one considers the free energy

= T,V n—1 o(x n—1 x)dx .
}'(E)_/aEm@( ) dH +/8Emm (2) dH +/Eg( ) dz, (1.1)

where H* is the k-dimensional Hausdorff measure on R", v and vg denote the outer unit
normals to 2 and E respectively. Here ® : Q x R” — [0,00) is convex and positively one-
homogeneous in the second variable and represents the (possibly anisotropic) surface tension

density, o : 02 — R is the relative adhesion coefficient between the liquid and the boundary
walls of the container and it satisfies

—P(z, —vo(z)) < o(x) < O(z,vo(x)), Vo e 002, (1.2)
1
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FIGURE 1.1. In this picture the region E occupied by the liquid lies at the bottom of
the container 2. The adhesion coefficient o is integrated on the wetted surface 0E N OS2,
which consists of the bottom of the cylinder plus the lateral cylindrical surface below
the free boundary M N 9Q of the surface M = cl(Q2 N OFE). In particular, one expects
Ooa(OE N 0N) (the topological boundary of the wetted surface relative to the boundary
of the container) to coincide with M N 9Q. The angle between vq(z) and vg(z) at
x € M N OQ is prescribed by ® and o through Young’s law (1.5).

and g : 2 — R is a potential energy per unit mass. The classical capillarity problem is then
obtained by taking n = 3, ® = |v|, and g(z) = go px3, where p is the constant density of the
fluid and gg is the gravity of Earth.

If we are interested in global volume-constrained minimizers of £, then we are led to consider
the variational problem

inf {J—'(E)  |B| = m} . m >0 fixed, (1.3)

where |E| stands for the Lebesgue measure of E. Note that if we set 0 = 0 and ¢ = 0 in
(1.1), then problem (1.3) reduces to the relative isoperimetric problem in €2 with respect to the
®-perimeter, also known as the relative Wulff problem in 2. Alternatively, one may consider
local volume-constrained minimizers F of F, or even stationary sets E for F with respect to
volume-preserving flows. In all these cases, provided the objects involved are smooth enough,
the equilibrium conditions (1.4) and (1.5) below are satisfied. Precisely, if 02 and ® are of
class C?, if g and o are continuous, and if (denoting by cl topological closure in R™ and by dsq
topological boundary in the relative topology of 9f2) the “capillarity surface”

M =cl(0ENQ),
is a class C2 hypersurface with boundary M N 9§ = 9sq(0E N 0N, then one has

div p [VO(z,vE)] + Vo @(,vE) - vp(z) = —g(x) + constant, Vee MNQ, (1.4)
Vo (z,vg(x))  vo(x) =o(x), Vee MNoQ; (1.5)

see Figure 1.1. Here, V,® and V® denote the gradients of ®(z,r) in the = and v variables
respectively, while div 5; denote the tangential divergence with respect to M. In the isotropic
case ®(x,v) = |v|, we thus find

Hy(xz) = —g(x) + constant, Ve e MNQ,
vi(x) -va(z) = o(z), Ve e M NoQ, (1.6)

where Hj; is the scalar mean curvature of M with respect to the orientation induced by vg. In
particular, the equilibrium condition (1.6) is Young’s law. We also note that (1.5) implies that
(1.2) is a necessary condition in order to have M NN # 0. Indeed, since ®(z,v) = VO(z,v) - v
for every x,v, the convexity of ® implies (V®(z,v) — V®(x,1p)) - v > 0 for every z,v,1y. By
taking v = vq(z) and vy = vg(x) one deduces the upper bound in (1.2) from (1.5); the lower
bound is deduced by taking v = —vq(z).
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1.2. Boundary regularity and validity of Young’s law. Mathematically speaking, the most
elementary setting in which one can prove the existence of such capillarity surfaces is given by
the theory of sets of finite perimeter developed by Caccioppoli and De Giorgi. In this framework,
one can easily prove the existence of minimizers in (1.3) under natural assumptions on €2, g and
o. (In particular, it is easy to see that the constraint (1.2) on the adhesion coefficient is, in
general, a necessary condition to ensure the existence of minimizers; see [Magl2, Section 19.1]
for various examples and remarks.)

When writing F(F) for E a set of finite perimeter one has to replace the topological boundary
OF of E (that in the case of a generic set of finite perimeter could have positive volume!) with its
reduced boundary O*E. (See section 2.3 for the definition.) It is important to take into account
that 0*F is, in general, just a generalized hypersurface in the sense of Geometric Measure
Theory, that is, 9*E is just a countable union of compact subsets of C'-hypersurfaces. Hence,
existence theory only proves the existence of a “capillarity surfaces” M of the form

M =c(0*ENQ).

In other words, existence theory forces one to consider extremely rough hypersurfaces. Address-
ing the regularity issue is thus a fundamental task in order to understand the physical significance
of the model itself and the validity of the equilibrium conditions (1.4) and (1.5), and, indeed, the
problem has been considered by several authors. We now review the known results on this prob-
lem, that are mainly concerned with the case when FE is a local volume-constrained minimizer
of F.

Interior regularity, that is, the regularity of M N Q, can be addressed in the framework
developed by De Giorgi [DG60], Reifenberg [Rei60, Rei64a, Rei64b], and Almgren [Alm68|.
Precisely, if we assume that ® is a smooth, uniformly elliptic integrand (see Definition 1.1 below),
and that ¢ is a smooth function, then, by combining results from [Alm76, SSA77, Bom82], one
can see that

MNQ= Mo UMD,
where Mr‘;}é is a smooth hypersurface, relatively open into M N (2, and where the singular set

MY, is relatively closed, with H"3(MZY ) = 0. Moreover, in the isotropic case ® = |v|, MY,

is discrete if n = 8 and satisfies dim(Msiﬁfg) <n—8if n > 9, where dim stands for Hausdorft
dimension. In particular, interior regularity ensures that the Euler—Lagrange equation (1.4)
holds true in classical sense at every z € M;gg The picture for what concerns the regularity
of the free-boundary M N 9N, and thus validity of Young’s law (1.5), is however much more
incomplete.

When Q is the half-space {z, > 0}, ® = |v|, ¢ is constant and g = g(z,) (this is the so-
called sessile liquid drop problem when g is the gravity potential), then one can deduce the
regularity of the free boundary by combining the interior regularity theory with the symmetry
properties of minimizers, see [Gon77]. Although this kind of analysis was recently carried out
in the anisotropic setting under suitable symmetry assumptions on ® = ®(v), see [Bael4], it is
clear that the approach itself is intrinsically limited to the case when 2 is a half-space, ¢ is a
constant, and g is a function of the vertical variable x,, only.

Again in the case of the sessile liquid drops, Caffarelli and Friedman in [CF85] (see also
[CMO07]) study the regularity of the free boundary regularity when 2 < n < 7 and o is possibly
non-constant and takes values in (—1,0). The non-positivity of o, in combination with global
minimality, implies that E is the subgraph of a function u : R*~! — [0,00). Since o # 0, they
can show that v is globally Lipschitz, and thus exploit the regularity theory for free boundaries
of uniformly elliptic problems developed in [AC81, ACF84]. Note that it is (the a-posteriori
validity of) Young’s law —vg(z) - e, = o(z) to show that the assumption o # 0 is essential to
this method: indeed, at a boundary point where 0 = 0 one cannot expect u to be Lipschitz
regular. We also point out that the proof in [CF85] highly relies on the analyticity of the
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minimizers in the interior, that is actually the reason for the restriction 2 < n < 7 on the
ambient space dimension, and a further obstruction to the extension to anisotropic problems.

In the case of generic containers € we are only aware of a sharp result by Taylor [Tay77]
in dimension n = 3. Taylor fully addresses three-dimensional isotropic case ® = |v| as a
byproduct of the methods she developed in the study of Plateau’s laws [Tay76]. Her result is
fully satisfactory for what concerns local minimizers of Gauss’ energy in physical space, but it
does not extend to anisotropic surface energies (as it is based on monotonicity formulas and
epiperimetric inequalities). Moreover, even in the isotropic case, her arguments seem to be
somehow limited to the case n = 3 (although, of course, this is not really a limitation in the
study of the capillarity problem).

The case & = |v| and ¢ = 0 in arbitrary dimension is covered by the works of Griiter
and Jost [GJ86] and of Griiter [Grii87a, Grii87b, Grii87c|. These results apply for instance to
the regularity of free boundaries of minimizers of relative isoperimetric problems and of mass
minimizing current in relative homology classes. Part of the theory also extends to case of
stationary varifolds of arbitrary codimension, [GJ86]. The key idea here is to take advantage
of the condition ¢ = 0, together with the isotropy of the area functional, in order to apply the
interior regularity theory after a local “reflection” of the minimizer across 0f).

1.3. Main results. Our main result, Theorem 1.10, is a general regularity theorem for free
boundaries of local minimizers of anisotropic surface energies. One can deduce from Theorem
1.10 a regularity result for anisotropic capillarity surfaces, that works without artificial restric-
tions on the dimension or the geometry of the container, and that — in the anisotropic case —
appears to be new even in dimension n = 3, see Theorem 1.2 below. Let us premise the following
two definitions to the statements of these results:

Definition 1.1. [Elliptic integrands] Given an open set 2 C R”, one says that ® is an elliptic
integrand on Q if ® : cl(2) x R™ — [0,00] is lower semicontinuous, with ®(x,-) convex and
positively one-homogeneous, i.e ®(z,tv) =t ®(x,v) for every t > 0. If ¢ is an elliptic integrand
on 2 and F is a set of locally finite perimeter in €2, then we set

®(E;G) = /Gma*Eq)(LuE(m))dHn_l(m) € [0, 0],

for every Borel set G C €. Given A > 1 and £ > 0, one says that ® is a regular elliptic integrand
on Q with ellipticity constant X\ and Lipschitz constant £, and write

RSN ACVDWAR

if @ is an elliptic integrand on , with ®(z,-) € C%1(S"™ 1) for every x € cl(Q), and if the
following properties hold true for every =,y € cl(Q2), v,/ € S"~ 1, and e € R™

% < B(w,v) < A, (1.7)
[@(z,v) = @y, V)| + [VO(z,v) = VO(y,v)| < Lz —y], (1.8)
20(z,v) — V20 (z, 1/
Vo ()] + T2, )] + 2 ”3_3‘(1)( <, (1.9)
=0’
V20 (z,v)e-e > 1- ML (1.10)

)\ 9
where V® and V2® stand for the gradient and Hessian of ® with respect to the v-variable.
Finally, any ® € £.(\) = E(R™, \,0) is said a regular autonomous elliptic integrand.

We now state our main regularity result concerning capillarity problems.
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FIGURE 1.2. When the strict upper bound in (1.11) is an equality the conclusions of
Theorem 1.10 can possibly fail.

Theorem 1.2. If Q is an open bounded set with C*' boundary in R™, ® is a reqular elliptic
integrand on ), g € L>=(Q), and o € Lip(9Q) satisfies

—O(x, —vq(x)) < o(z) < ®(z,va(x)), Vo € 09, (1.11)

then there exists a minimizer E in (1.3) such that E is an open set (possibly after a modification
by a set of zero volume) and its trace OE N ON) is a set of finite perimeter in 9. Moreover if
M = cl(0E N Q) then

0o (OE NON) = M NoQY,
and there exists a closed set & C M, with H"2(X) = 0 such that M\ ¥ is a CYY/2 hypersurface
with boundary. In particular, Young’s law (1.5) holds true at every x € (M NoQN) \ X.

Remark 1.3. As proved in [SSA77] one has a better estimate on the singular set in the interior
of 2, namely H"3(X N Q) = 0.

Corollary 1.4 (Isotropic case). Under the assumptions of Theorem 1.2, let ®(x,v) = |v| for
everyx € Q and v € R". Then X NI =0 if n = 3, LN IN is a discrete set if n = 4, and
HH(ENON) =0 for every s >n—4 if n > 5.

Remark 1.5. By the case n = 3 of Corollary 1.4 we obtain an alternative proof of Taylor’s
theorem [Tay77]. Notice also that, under the assumptions of Corollary 1.4, classical regularity
for local minimizers of the perimeter gives that X NQ =0 if n <7, ¥ N Q discrete if n = 8, and
HH(ENQD) =0 for every s >n —8if n > 9.

Remark 1.6. Higher regularity of cl(0E N Q) \ ¥ is obtained by combining Theorem 1.2 with
elliptic regularity theory for non-parametric solutions of (1.4) and (1.5).

Remark 1.7. The strict inequality in (1.11) is somehow necessary. Indeed, according to (1.5)
it predicts that M will intersect 02 transversally. Moreover, if (1.11) fails, it is possible to
construct examples of minimizers of (1.3) which do not satisfy the conclusion of Theorem 1.2.
For example, if Q = (0,1)? C R? is a unit square and € > 0 is small enough, then the open set
E. depicted in Figure 1.2 is a minimizer in

inf{P(E):ECQ,]E]:I—e},

that is, in (1.3) with 0 = 1 and g = 0 in the container @). Let now € be an open set with smooth
boundary such that E. C Q C @ and QNIE- NS is a Cantor-type set contained in the circular
arc Q NOFE.. Then E. is a minimizer in

inf{P(E):ECQ,|E|:1—s},

but E. does not satisfy the conclusion of Theorem 1.2.
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FIGURE 1.3. A (A,rp)-minimizer of (®,0) in (A, H). Rougly speaking, inside balls
B, , of radius at most ro that are compactly contained in A, and up to a volume-type
higher order perturbation, E is a minimizer of F +— ®(F, H) + [, .5y 0 With respect to
its own boundary data on H N 0B, ,, and with free boundary on B, , NJH. On balls
B, , that do not intersect 0H, we just have a local almost-minimality condition.

Theorem 1.2 can be actually obtained as corollary of Theorem 1.10 below, which addresses
the boundary regularity issue in the class of almost-minimizers introduced in the next definition.

Definition 1.8 (Almost-minimizers). Let an open set A and an open half-space H in R™ be
given (possibly H = R"™), together with constants 79 € (0,00] and A > 0, a regular elliptic
integrand ® on AN H, and a function o : ANOH — R with

—®(z,—vy) <o(z) < ®(x,vy) Vee ANOH .
A set E C H of locally finite perimeter in A is a (A, ro)-minimizer of (®,0) in (A, H), if
(B, HNW) +/ o dH" < ®(F; HOW) +/ o dH" '+ A|EAF|, (1.12)
WN(9* ENOH) WN(9* FNOH)

whenever FF C H, EAF CcC W, and W CC A is open, with diam(W) < 2ry; see Figure 1.3.
When o = 0, we simply say that E is a (A, rg)-minimizer of ® in (A, H); when o =0, A = 0,
and 19 = 400, then we say that E is a minimizer of ® in (A, H).

Remark 1.9. Note that if cl(A) C H (as it happens, for example, in the limit case H = R"),
then Definition 1.8 reduces to a local almost-minimality notion analogous to the ones considered
in [Alm76, Bom82, Tam84, DS02] and [Magl2, Section 21].

Theorem 1.10. If E is a (A, ro)-minimizer of (®,0) in (A, H) for some o € Lip(ANOH) with
—®(z,—vy) < o(z) < ®(x,vH), Vee ANOH, (1.13)

then there is an open set A’ C A with ANOH = A’ N OH such that E is equivalent to an open
set in A" and OE N OH 1is a set of locally finite perimeter in A’ NOH (equivalently in AN OH).
Moreover, if M = cl(OE N H) then

Oog(OENOH) N A= 0pg(OENOH)NA = MNOH

and there exists a relatively closed set ¥ C M N OH such that H" 2(X) = 0 and for every
ze (MNOH)\X, M is a CH'/? manifold with boundary in a neighborhood of = for which

VO (z,vg(x)) vy = o(x) Vee (MNOH)\X.
Remark 1.11. The open set A’ is just a countable union of small balls covering A N OF.

Since the class of regular elliptic integrands is invariant under C*! diffeomorphisms (see the
discussion in section 6), Theorem 1.10 applies to a wider class of variational problems than just
(1.3). For instance, it applies to relative anisotropic isoperimetric problems in smooth domains,
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or in Riemannian and Finsler manifolds. Moreover, by arguing as in [Grii87b], Theorem 1.10 can
be used to address the regularity of ®-minimizing integer rectifiable codimension one currents
in relative homology classes H,,_1(N, B) where N is a smooth n-dimensional manifold and
B C N is a smooth (n — 1)-dimensional submanifold, see [Fed69, 4.4.1, 5.1.6] for definitions and
terminology.

1.4. Proof of Theorem 1.10 and organization of the paper. We conclude this introduction
with a few comments on our proofs, and with a brief description of the structure of the paper.

The core of the paper consists of sections 2-5, where we prove Theorem 1.10 in the ¢ = 0
case. In section 2, after setting our notation and terminology, we prove several basic properties
of almost-minimizers to be repeatedly used in subsequent arguments. Sections 3-4 are devoted to
the proof of an “e-regularity theorem” for almost-minimizers, Theorem 3.1. This theorem states
the existence of a universal constant € (i.e., depending only on the ambient space dimension
and on the ellipticity constant of the integrand) with the following property: if around a free
boundary point x, and for some r > 0 sufficiently small, one has

: 1 lve — V|2 -1
inf n_l/ eV gt <, (1.14)
vesn-1 1 HNB,,no*E 2

then cl(dE N H) is a C%'/%manifold with boundary in a neighborhood of z. Here the con-
sideration of the case o = 0, together with an appropriate choice of coordinates, allows us to
“linearize” on a Neumann-type elliptic problem for which good estimates are known. (In other
words, we develop the appropriate version of De Giorgi’s harmonic approximation technique in
our setting.) In section 5, Theorem 5.1, we estimate the size of the set where the e-regularity
theorem applies by exploiting some ideas introduced by Hardt in [Har77]. Note that when x is
an interior point, De Giorgi’s rectifiability theorem ensures that the set where (the appropriate
version) of (1.14) holds true at some scale 7 is of full H" !-measure in the boundary of E.
However, as we expect the free boundary to be (n — 2)-dimensional, and thus H"~!-negligible,
we cannot deduce the existence of boundary points at which the e-regularity theorem applies by
De Giorgi’s theorem only. We have instead to rely on ad hoc arguments based on minimality,
and this is exactly the content of section 5.

In section 6 we begin by showing how to reduce the proof of Theorem 1.10 to the case when
o = 0. This is achieved with the aid of the divergence theorem. Precisely, we show that if
E is a (A, rg)-minimizer of (®,0) in (A, H) and z € AN JH, then E is actually a (A, ro)-
minimizer of (®,,0) in (B,,,,H) for suitable constants A, and r,, and for a suitable regular
elliptic integrand ®,. Having assumed strict inequalities in (1.13) plays a crucial role in showing
that the new integrand @, is still uniformly elliptic. Another interesting qualitative remark is
that our method, even in the isotropic case, requires the consideration of anisotropic functionals
in order to reduce to the case that ¢ = 0. We finally conclude section 6 with the proofs of
Theorem 1.10, Theorem 1.2 and Corollary 1.4.

Acknowledgement: We thank Frank Duzaar for pointing out to us Jean Taylor’s paper [Tay77]
and the lack of a general boundary regularity theorem in higher dimension, thus stimulating the
writing of this paper. The work of FM was supported by the NSF Grant DMS-1265910.

2. ALMOST-MINIMIZERS WITH FREE BOUNDARIES

In section 2.1 we fix our notation for sets in R™, while in section 2.2 we gather the basic facts
concerning sets of finite perimeter. In section 2.3 we discuss some properties of the almost-
minimizers introduced in Definition 1.8, while in section 2.4 we derive the anisotropic Young’s
law for half-spaces. Sections 2.5 and 2.6 contain classical density estimates and compactness
properties of almost-minimizers. In section 2.7 we discuss some general properties of contact
sets of almost-minimizers, prove a strong maximum principle, and set a useful normalization
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convention to be used in the rest of the paper. Finally, in section 2.8, we study the transforma-
tion of almost-minimizers under “shear-strained” deformations, a technical device that will be
repeatedly applied in the proof of the e-regularity theorem, Theorem 3.1.

2.1. Basic notation. Norms and measures. We denote by v - w the scalar product in R™ and
by |v| = (v-v)'/? the Euclidean norm. We set

IL]| = sup{[Lz| : x € R™, [z < 1},

for the operator norm of a linear map L : R® — R”. We denote by H* the k-dimensional
Hausdorff measure in R" and set H"(E) = |E| for every E C R™.
Reference cartesian decomposition. We denote by

p:R*"5R"! and q:R*"—R

the orthogonal projections associated to the Cartesian decomposition of R” as R”~! x R; corre-
spondingly, x = (px, qx) for every x € R"™. We set

B={zcR":|z| <1}, C={zcR":|pz|<1,|qz|<1}, D={zeR"!:|z| <1},

so that C = D x (—1,1). Sometimes we will identify D with the subset of R™ given by D x {0}.
Even when doing so, D denotes the boundary of D relative to R"™!, i.e. we always have

8D:{zER”_1:|z|:1}.

Given a vertical half-space H = {z1 > b} C R" (b € R), again with a slight abuse of notation
we will set

DﬁH:{zeR”_1:|z|<1,zl>b},
as well as
HNoD — {zeRn—1;|z\:1,zl>b},
ADNH) = (HmaD)u{zeRH;\z|g1,zlzb}.

Scaling maps. Given EE C R™, x € R" and r > 0, we set

E,p=xc+1E, E®" =
In this way, for every x € R™ and r > 0,
Byr={yeR": |z —y| <r}=DB(z,r),
Cor ={y eR":[p(y —2)| <r,laly —2)[ <7} = C(z,r),
and, similarly, for every z € R» ! and r > 0
D,,={ycR" 1 :|y—z|<r}=D(zr).
In case x,z = 0 we simply write B,, C, and D,.

Convergence of sets. Let A be an open set in R”. Given a sequence of Lebesgue measurable sets
{En}hen in R", we say that

Ep — Ein Li .(A) if (ERAE)NK|— 0 as h — oo for every K CC A.
Given an open half-space H C R™ and a sequence of Borel sets {Gp }ren C OH, we say that
Gn — Gin L .(ANOH) if H" 1K N (GLAG)) — 0 as h — oo for every K CC A.
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2.2. Sets of finite perimeter. Given a Lebesgue measurable set £ C R™ and an open set
A C R", we say that E is of locally finite perimeter in A if there exists a R"-valued Radon
measure pg (called the Gauss-Green measure of E) on A such that

/ch(:r:)dx:/gpd,u};, VQDECCI(A),
E A

and set P(F;G) = |ug|(G) for the perimeter of E relative to G C A. (Notice that up = —D1g,
where D1 denotes the distributional derivative of 1g. In particular, if E is of locally finite
perimeter in A and |[(EAF) N A| = 0, then F' is of locally finite perimeter in A with pug = pp.)
The well-known compactness theorem for sets of finite perimeter states that if {Ep}ren is a
sequence of sets of locally finite perimeter in A and {P(Ep; Ao) }ren is bounded for every Ay CC
A, then there exists F of locally finite perimeter in A such that, up to extracting subsequences,
E, — E in LIIOC(A); see, for instance, [Magl2, Corollary 12.27].

Support of ug and topological boundary. The support of ug can be characterized by
sptip = {x €A:0<|ENB(z,r)| <wnr™,Vr > 0} c ANJE, (2.1)

see [Magl2, Proposition 12.19].
Reduced and essential boundaries. If E C R™, t € [0, 1],we set
E® = {z € R” such that |E N By, | =t|Bgy| +o(r") as r — 07},

The essential boundary of E is defined as 9°F = R™\ (E© u EW). If F is of locally finite
perimeter in the open set A, then the reduced boundary 0*FE C A of E is the set of those
x € sptup such that

1i ME(BQU,T)

im ————~

r=0% |pg|(Ba,r)

This limit is denoted by vg(z), so that vg : 9*FE — S"~! is a Borel vector field. As it turns out,
O'E C ANO°E C sptug C ANOE, ANcl(0*E) = sptug,

and each inclusion may be strict. Federer’s criterion, see for instance [Magl2, Theorem 16.2],
ensures that

exists and belongs to S”~1.

H L (ANO°E)\ 0*E) = 0. (2.2)
Moreover,

A=y 1 (BEOUEWUSFE)NA=yur (EQUEDUIE)NA, (2.3)
where the unions are H" ! disjoints and we have introduced the notation G =4»-1 F to mean
H"Y(GAF) = 0 (and, similarly, G Cyn-1 F means that " }(F \ G) = 0). We finally recall
that De Giorgi’s rectifiability theorem [Magl2, Theorem 15.5] asserts that, for every x € 0*FE,

B 5 {y € R vp(x) -y <0} in L (R"),

and that up = vg H" 'LO*E on Borel sets compactly contained in A where, given a Radon
measure p and a Borel set G, by .G we mean the measure given by u G(F) = up(GNF). In
particular

/ Vo(z)dr = / ovpdH" !, Vo € CL(A), (2.4)
E O*E
see for instance [Magl2, Section 15]. In particular up(G) = 0 if H*"1(G) = 0.

Gauss-Green measure and set operations. It is well-known that, if F and F' are of locally finite
perimeter in A, then ENF, EUF, E\ F and EAF are sets of locally finite perimeter in
A. Since the construction of competitors used in testing minimality inequalities often involves
a combination of these set operations, being able to describe the corresponding behavior of
Gauss—Green measures turns out to be extremely convenient. Recalling that vg(x) = tvp(x)
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at H" lae. x € 9*ENO*F, setting {vp = vp} for the sets of those x € 9*E N §*F such that

vg(x) = vp(z), and defining similarly {vg = —vp}, one can prove that
WEAF = ,LLEI_(F(l) NJ*E) + NFI_(E(l) NI*F)+ up {vg =vr}, (2.5)
peor = peL(FON0E) + pup (EQ N F) + pp{ve = v}, (2.6)
ppr = ppc(FON0E) - pp (EW N F) + pp{ve = —vr}, (2.7)
see [Magl2, Section 16.1]. Moreover, if E C F', then
UE = /,LEI_F(l) +upupdvg =vp} = /,LELF(l) +pup (0"ENJ*F). (2.8)

Reduced boundary and bi-Lipschitz transformations. If f : R® — R™ is a Lipschitz diffeomor-

phism with det(V f) > 0 on R”, then by the area formula it follows that f(E) is a set of locally

finite perimeter in f(A), with f(0*E) =yn-1 0*(f(F)) and

_ ool (V()wp(x)
[cof (Vf (2))ve(z)]”

(Recall that, if L : R™ — R"™ is an invertible linear map, then

cof L = (det L) (L™1)*,

vie) (f(z)) for H" l-ae. x € O*f(E).

where L* denotes the adjoint map to L.) Moreover, one has
[ @) = [ 8(fe)cof (V@) veo)) a1 ), (29)
F(GNo*E) GNO*E

for every Borel measurable function ¥ : A x R™ — [0, 00] which is one-homogeneous in the
second variable and every G C A.

Traces of sets of finite perimeter. Let A be an open set in R", let H = {x,, > 0}, and let E C H
be a set of locally finite perimeter in A. Since 15 € BV (A’ N H) for every open set A’ CC A,
by [Giu84, Lemma 2.4, Theorem 2.10] there exists a Borel set Trog(E) C AN JH such that
/ div T (x)dzx = / T -vpdH" ! +/ T-vgdH™™ VYT eCHARY, (2.10)
E HNO*E Trow (E)

and with the property that, if £, = {z € 0H : (z2,t) € EN A} (t > 0), then

tl_i)r& H" YK N (EATrgg(E))) =0, for every K CC A. (2.11)
On taking into account that, by (2.8),
pe=vgH" LL(HNI*E) —e; H" L1L(O*ENOH), (2.12)
by comparing (2.4), (2.12) and (2.10) we get
Trop(E) =yn-1 0°"ENOH . (2.13)
We also notice that
Trog(H \ E) =yn-1 OH \ Trou(E) . (2.14)

Finally, from [Giu84, Theorem 2.11], we have that if {E}}reny and E are sets of locally finite
perimeter in A, then

E, — Ein LL (A),
P(Ey;ANH)— P(E;ANH)ash— o0 =  Trpp(Ep) = Trop(E) in Ll _(ANOH).
for every A’ CC A,

(2.15)
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2.3. Basic remarks on almost-minimizers. Let us recall from Definition 1.8 that if A and
H are an open set and an open half-space in R", ® is an elliptic integrand on ANH, rg € (0, oo],
and A > 0, then one says that E is a (A, rg)-minimizer of ® in (A, H) provided E C H, E is a
set of locally finite perimeter in A, and
SE;WNH)<®(F;WnNH)+ A|EAF)| (2.16)

whenever F' C H and EAF CC W for some open set W CC A with diam(W) < 2rg. A
(0, 00)-minimizer is simply called minimizer.

The following two simple remarks concerning the behavior of almost minimizers with respect
to the scaling and set complement will be frequently used in the sequel:

Remark 2.1 (Minimality and set complement). If E is a (A, 7¢)-minimizer of ® in (A, H), then
H\ FE is a (A, rp)-minimizer of ® in (A4, H), provided we set

O(z,v) = P(z,—v).
Of course, ® € E(AN H, \, /) if and only if P e E(ANH\Y).
Remark 2.2 (Minimality and scaling). Given z € cl(A N H) and r < rg such that B, , CC A,
one notices that F is a (A, rp)-minimizer of ® in (A4, H) if and only if E*" is a (Ar,ro/7)-
minimizer of ®*" in (A*", H*"), where we have set
O (y,v) = P(x +ry,v).

Notice that ® € E(AN H, A, {) if and only if ®*" € E(ANH)*", X\, r{).

It is sometimes convenient to consider sets which satisfy the minimality inequality (2.16) only

with respect to inner or outer variations. Hence we also give the following definition, with A,
H, ®, rg and A as above.

Definition 2.3 (Sub/superminimizer). One says that E is a (A, rg)-subminimizer of ® in (A, H)
if E C H, E is of locally finite perimeter in A, and inequality (2.16) holds true whenever F' C E
and £\ FF CC W for some open set W CC A with diam(WW) < 2rg; and that E is a (A,rg)-
superminimizer of ® in (A, H) if inequality (2.16) holds true whenever E C F C H and
F\ E cc W for some open set W CC A with diam(WW) < 2rg. In analogy with Definition 1.8,
when F is a (0, co)-sub/superminimizer one simply says that E is a sub/superminimizer.

Remark 2.4. It is clear that a (A,rg)-minimizer in (A, H) is both a (A, rp)-superminimizer
and a (A, rg)-subminimizer. The converse is also true. Indeed, using (2.5) and (2.6), one easily
verifies that for every sets E, F' C H of locally finite perimeter in A,

SENFWNH)+®EUF,WNH)<®EWnNH)+®©FWnH), (2.17)

wherever W CC A. Hence, if F is a both a (A, rg)-superminimizer and a (A, r9)-subminimizer
and FAE CC W CC A, comparing F with EU F and EN F (which are immediately seen to
be admissible) and using (2.17) we obtain

20(ELWNH)<®ENF,WNH)+®EUF,WNH)+A(E\ F|+|F\ E|)
<®EWNH)+®(F,WnNH)+AEAF|.
The following ¢ transfer of sub/superminimality property” will be useful in section 5.

Proposition 2.5. Let A and be H be an open set and an open half-space in R™, let & €
E(ANH,NY), and let Eqy, Ey C H be sets of locally finite perimeter in A with

8*E2 Cyyn-1 8*E1 . (2.18)

If By is a (A, ro)-superminimizer of ® in (A, H) and Ey C Es, then Es is a (A, ro)-superminimizer
of ® in (A, H); see Figure 2.1. Similarly, if Ey is a (A,ro)-subminimizer of ® in (A, H) and
Ey C Ey, then Es is a (A, ro)-subminimizer of ® in (A, H).
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FIGURE 2.1. The situation in Proposition 2.5: if E; is a (A, rg)-superminimizer of ®
in (A, H) (which is the case for the set E; in the picture if A and r¢ are large and small
enough respectively, and if the angle between the flat part of the boundary of E; and
OH is in a suitable range, cf. with Proposition 2.6), then the set Ey obtained by adding
the interior of the missing disk to E; (larger set with smaller boundary) is still a super-
minimizer.

Proof. We give details only in the case of superminimizers, the case of subminimizers being
entirely analogous. Let F' be such that Fs C F C H and F \ E; CC W for some open set
W cC A with diam(W) < 2rg. Setting G* = G N H for every G C R", we want to show that
D(Ey; WT) < ®(F; W)+ A|F\ Es|. By E5 C F and (2.8), this last inequality is equivalent to

BBy, FONWH) < B(FEY AW+ A|F\ By (2.19)
To prove (2.19), we set
F.=(F\ Ey)UE,
so that Ey C F, with F, \ By = F'\ E» CC W. By (A, rg)-superminimality of E;, we have
(B, W) < B(F; W)+ A|F\ . (2.20)

We now deduce (2.19) from (2.20) by repeatedly applying the formulas for Gauss-Green measures
under set operations in conjunction with E; C Fy and (2.18). We begin by noticing that, by
(2.2), (2.8) and (2.18) we have

e, =y + i B pp, = pp 0 F + g, FY (2.21)

By (2.3) and (2.21) we find
B(EWT) = B(EyWH) + 8B, EY nw)
= B(EnFONWH +@(F;0° BN W)+ ®(EEN nw). (2.22)

Since vg, = —vp\p, H" t-a.e. on 9*E1 N O*(F \ Ey) (due to the fact that By C Ey C F), by
applying (2.6) to Fy we find that

B(F;WH) =®(F\ Ey; B nWh) + &(Ey; (F\ E)O nwt). (2.23)
We start noticing that
S(F\Ex BV nwt) =oF; B nw). (2.24)

Indeed, by (2.21), (2.7) gives up\ g, = ,uFLEéo) — g, L FM | so that we just need to show that
P(Ey; Efo)) = 0: but this is obvious, since Eq C FEs implies Eéo) C E%O), and thus, by (2.18),

1Y EY o Ey) < 1Y EY no*Ey) =o0.
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This proves (2.24). Next, we notice that (F'\ Ey)® =51 FO U Eél) U (0*F N 0*E,), with
H Y FO N9 E)) =0by FO ¢ Efo) and (2.3), so that
B(E;(F\E) W) = ®EGEN W) +®E;0FNE,NW)
= ®EGEN AW+ ®(F;0°ELN0* B, n W)
= ®EGENNWH + ®(F;0° BN W), (2.25)
where in the last two identities we have first used that vp = vg, H" 1-a.e. on O*FNO*E;, and
then (2.18). By combining (2.20), (2.22), (2.23), (2.24), and (2.25) we thus find (2.19). O
2.4. Anisotropic Young’s law on half-spaces. It is well known that, if A is an open set and
® is an autonomous elliptic integrand, then
P({r-v<shA) <P(F;A), (2.26)

whenever v € S" 1 s eR, {z-v<s}={r€R":2-v<s}and {z-v < s}AF CC A. If,
in addition, ® € £,(\) for some A > 0, then by Taylor’s formula, (1.9) and (1.10), one can find
positive constants k1 and k2 depending on A only, such that

— 1l? a2
K1 |”12”2 < B(vy) — (1) — V(1) - (v — 11) < kg |”12”2| , (2.27)
for every vy, 5 € 8”71, Correspondingly, one can strengthen (2.26) into
—vl? _ 12
m/ e =V @ (FA)— @({z v < 5} 4) < @/ lvr =" (2.28)
ANO*F 2 ANO*F 2

which holds true whenever v € S"71, s € R, and {z-v < s}AF CC A. The following proposition
provides similar assertions when a free boundary condition on a given hyperplane is considered.

Proposition 2.6 (Anisotropic Young’s law). Let H = {x1 > 0}, A be an open set, ® € E.(N)
for some A >0, v € 8" 1\ {£e1} and c € R be such that the set

E=Hn{z-v<c},

satisfies AN HNOE # 0, see Figure 2.2. Then, E is a superminimizer of ® in (A, H) if and
only if
Vo(v)-e; > 0; (2.29)

similarly, E is a subminimizer of ® in (A, H) if and only if V®(v) - e1 < 0. In particular, E is
a minimizer of ® in (A, H) if and only if V®(v) - e = 0. Moreover, in this last case,

2
m/ e =V =1 < @(Fow A H) — @B W A B
ANHNO*F 2

2
< Ry / I —vIZ gyt (2.30)
AnHRO F 2
whenever F C H with EAF CcC W CcC A. Here, k1 and k2 are as in (2.27).
Proof. Step one: We prove that (2.29) implies
(B W NH)<®(F;WNH), (2.31)

whenever E C F C H with F\ E CC W CcC A. Indeed, let W CC W be a set with smooth
boundary such that F'\ E CcC W’ and

H L OW' NO*E) = H L OW' N d*F) = 0. (2.32)
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{z\- v =c} H

FiGURE 2.2. If H = {z; > 0}, then a half-space with outer unit normal v is a super-
minimizer of ® on (R™, H) if and only if V®(v) - e; > 0.

By applying the divergence theorem to the constant vector field V®(v) on the sets of finite
perimeter ENW’' and F NW’, by taking into account (2.32), and by noticing that v = —e;
H" l-a.e. on 0*ENOH (and that an analogous relation holds true for F'), we obtain

/ Vo) - vgdH" ' — (VO) - e H" Y O*ENOH NW')
O*ENW'NH

= —/ Vo) - vy dH™ L,

BHNow! (2.33)

/ VO(W) - v dH"™) — (VB() - e1YH" (0" F N OH A W)
o*FNW'NH

= —/ Vo) - vy dH" L.
FOnaw!

By F\ E cc W', we have EM) n oW’ = F(U 0 9W’; moreover, the inclusions E ¢ F C H and
the definition of essential boundary imply that 0*ENOH =4n-1 0°ENOH C 0°F NOH =¢n-1
O*F N OH: thus, by subtracting the two identities in (2.33), we find

/ Vo) -vpdH" ! — / VO() - vpdH™ !
O*ENW'NH O*FNW'NH
— (VW) - e))H™ ! ((a*F \ 9" E)NOH N W') . (2.34)

Since vg = v on 0*ENH and V®(v)-v = ®(v), the first integral on the left-hand side of (2.34)
coincides with ®(E; W' N H). Therefore, (2.34) gives

®(E,WNH) +/ ypdH !
oO*FNHNW

=®EFEWNH)— (Ve(v) e)H" H((0*F\O*E)NOHNW), (2.35)
where we have defined vp : 9*F — R by setting
vr = P(vp) = Vo) -vp = ®(vp) — P(v) + VO(v) - (vp —v).

By convexity of ®, vz > 0 on 0*F, and thus (2.29) and (2.35) imply (2.31). The case of
subminimizers is treated analogously, and then the characterization of minimizers follows by
Remark 2.4. Moreover, in this last case, by exploiting (2.17) as in Remark 2.4, and by using
(2.35), (2.6), and (2.5), we obtain

®(F,WNH)-®EWNH) = / YEdH L. (2.36)
FFNHNW

Since, by (2.27), k1 |vr —v|? < 29p(y) < ko lvr —v|? on O*F, we see that (2.36) implies (2.30).
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Step two: We now prove that (2.31) implies (2.29). Without loss of generality we shall assume
that 0 € A and that ¢ = 0. In particular, by (2.31), there exists r > 0 such that (2.31) holds
true for every E C F C H with F\ E CC B,. To exploit this property, we pick ¢ € C}(B,),
¢>0,ee8" ! with
e-e1 =0 e-v >0,

and we define the maps f;(z) =z +tT(z) for T = (e € C}(B,;R"), t > 0 and x € R™. Clearly
there exists g9 > 0 such that {f;}ic[,) i3 a one-parameter family of diffeomorphisms on R"™
such that, if we set F; = f¢(F), then E C F; C H with F; \ E CC B,. In particular by (2.31)

0<?

< @(E)BNH). (2:37)

t=0*t

By (2.9),

&(fi(E): B, N H) = /B (e (V) d

_ / D) + 1 (B(vp) div T — V(u) - [(VT)wg]) dH" " + (1),
B,NO*E

where we have also used the fact that

Vf=1d +tVT, cof (V) = (J f)l(Vfe) Lo fi]*, (2.38)
(V) Yo f,=1d —tVT + O(t?), Jfi =1+tdivT +O(t?). '
By (2.37), VI' = e® V(, vg = v, and ®(v) = VO(v) - v, we thus find that
0 < / D) (e - VC) — (e v) (V(v) - VC) dH™!
BrNO*E
- ((V@(V) Ve (e V)V@(y)) : / VCaH L (2.39)
B,NO*E

We now recall that B, N 0*E is the intersection with H of the (n — 1)-dimensional disk in R™ of
radius r > 0, center at the origin, and perpendicular to v, and that { = 0 on 9B,. Therefore, if
we denote by v, its unit co-normal vector along {z - v = 0} N OH, then by divergence theorem

/ VCAH" ! = v, / CdH™ 2. (2.40)
BrNO*E {z-v=0}N0H
By exploiting (2.39) and (2.40), and choosing ¢ € C.(B,) with f{x-uzo}mHCdHn_Q > 0, we find

((V(I)(z/) Ve —(e- y)vq>(u)) 1, >0, Vec€et e-v>0. (2.41)

Since v # te; we can find a and 8 < 0 such that v, = av + Se;. If we plug this identity into
(2.41), as 8 < 0, then we find

(e-v)(VO(v)-e1) >0, ecer e-v>0.
As v # +ey, there exists e € e; with v-e > 0. Thus V®(v) - e; > 0, as desired. O

We conclude this section on anisotropic Young’s laws with an elementary technical lemma
that shall be frequently used in the sequel. Given v € S*~! with |v - e1| < 1, we shall set

el(l/) =

v—(v-e1)e;

\/1—(1/-61)2 ’
for the normalized projection of v on e;. In the light of Proposition 2.6, the following lemma
says that if {z-v < 0} N H is close to be a minimizer of ® € £,(\) (in the sense that V®(v) - e;

is small), then there exists a minimizer of ® of the form {z -1y < 0} N H with 1y close to v, and
with the normalized projections of vy and v on e being actually equal to each other.

(2.42)
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" e1(v)
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FIGURE 2.3. If we set v(a) = cosa ey (v) —sina e, then v(w/2) = —eq, v(—7/2) = eq,
and f(a) = VO@(v(«a)) - e; is strictly decreasing on [—7/2,7/2] with f(—n/2) > 1/A
and f(m/2) < —1/\. In particular, given ® € £,()\) and e € ef N S"~!, there exists
a unique vy € S"~! such that e1(1p) = e and V®(1y) - €3 = 0. If vy = v(ag), then
H(a) ={z1 > 0} n{z - v(a) < 0} is a subminimizer of ® for every « € [ag,7/2), and a
superminimizer for every a € (—m/2, a].

Lemma 2.7. For every A > 1, there exist positive constants g and Cy, depending on A only,
with the following property. If ® € £,(\), v € S" 1, and

IVO(v) - e1] < eo, (2.43)
then there exists vy € S"! such that
e1(v) =e1(v), Vo(ry)-e1 =0, v —v| < Co|VO(v) - eq]. (2.44)
Proof. We begin noticing that, for every e € 8"~}

1
\e-el|§\/1—p+|v<b(e)-el|)\3. (2.45)

Indeed, if j denotes the projection of R™ onto V®(e)L, then by ®(e) = V®(e) e, (1.7) and (1.9),

le- Vo(e)|? 1

1:W+‘6’2 )\4—1—\36 jel|* = )\4—1—]63 jer]?
1 (VO(e)-e) (VP(e)-e1)\2

> cerl —

> 51+ (le-el Vo(e)]? )

that leads to (2.45) by ®(e) < X\ and |V®(e)| > 1/ (this last property follows by one homo-
geneity and (1.7)). We now notice that 1y € S"! is such that es(1p) = e1(v) if and only if
vy = cos g e (V) — sinag ey for some |ag| < /2. Let us thus set
fla) =V®(cosaer(v) —sinae) - e1 la| < 7/2,
see Figure 2.3. By the one-homogeneity of ® and by (1.7), we obtain
1 1

f(m/2) =V®(—e1)-e1 = —P(—€1) < % f(=7/2) = V®(e1) - e1 = P(e1) > X
so that there exists ag € (—7/2,m/2) such that f(ag) = 0; correspondingly, v satisfies the first
two identities in (2.44). We now notice that, by (2.45), by V®(1p) - e; = 0 and by (2.43)

1
g - e1] < F lv-er] <4/1 ——l—so)\?’

Hence, for every A > 1 we can find n(\) € (0,1) and €9 = £9(A) such that
maX{\Vo cell,[v-el} <1-n

Correspondingly, for some 7(\) < 7/2, we find that |ag| < 7 and, if oy € (—7/2,7/2) is
such that v = cosaj e1(v) — sinay eq, then |a| < 7 too. Since, by zero-homogeneity of V&,
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f(a) = V®(e1(v) —tanaey) - e; for every |a| < m/2, by (1.10) we conclude that

2
, e1-V-®(e1(v) —tanaer) eg 1 1
— < — = — 2.46
) cos? a ~ Acos?aler(v) —tanae| Acosa’ (246)
for every |a| < 7/2. In particular, there exists & between ag and oy such that
lag —aa| _ oo —eu| _ | —
VOW) - e| = - _ > >
V() - e1] = |Flon)| = (o) = flan)] > §Ctl > 10—l > Tt
Since |v — vg| < 2|ap — a1], the above equation concludes the proof of the lemma. O

2.5. Density estimates. Density estimates for almost-minimizers are proved by a classical
argument. The only significant difference is that when deducing lower perimeter estimates from
upper volume estimates, a whole family of relative isoperimetric inequalities has to be used in
place of the sole relative isoperimetric inequality on a ball, see (2.51) below.

Lemma 2.8. For every A > 1 there exist constants ¢; = c1(n,\) € (0,1) and C; = Ci(n, )
with the following property. If A is an open set, H is an open half-space, ® € E(ANH,\, (),
and E is a (A, rg)-minimizer of ® in (A, H), then

P(E;B,,) = P(E;B,, NH)+ P(E;B,, NOH) < Cyr" !, (2.47)

for every x € AN cl(H) and r < min {ro, dist(z,0A4),1/2AA}, and
|[EN By | > ci1|Byyr NHI, Vz € cl(H)Nsptug, (2.48)
|[EN By <(1—¢1)|Bzr NH| Vo € cl(H) Nsptum g, (2.49)
P(E;ByrNH)>cir" !, Ve e ANcl(H Nsptug), (2.50)

Jor every r < {rg,dist(z,0A), 1/2AA}.

Recall that, in our notation, if £ C R"™ is of locally finite perimeter in the open set A, then
sptup and 0*FE are automatically defined as subsets of A.

Proof. Step one: Without loss of generality, we shall assume that H = {x; > 0}, and set
Gt =GN H for every G C R". For o € (1/2,1), we consider the relative isoperimetric problem
in the truncated ball B, (¢ > 0) with volume fraction o, and set

{ P(F;B})
GGG

tey

() = inf inf  |F| < o|B}, } . (2.51)

t>0

Then (o) > 0 for every o € (1/2,1)

Step two: Given x € A we set r, = min{ro, dist(z,0A),1/2AA}, and define
mg(r) = |ENBg,| =|EN By, NH|

for every r € (0,73), so that m is absolutely continuous on (0,7;) (and strictly positive if we
also have x € spt ug), with m/(r) = H* 1 (EN 0B, ) for a.e. r € (0,7;). If z € ANcl(H) and
r € (0,7z), then the set F, = E\ B, , C H satisfies EAF,, CC B,,, CC A for some 7, € (1,74).
Since 7y < 1o, the set F,. is admissible in (2.16), which gives

®(E; B;ﬁr*) < ®(F; B, )+ Amg(r).

T,7ry

We combine this last inequality and (1.7) with the remark that, by (2.7),

®(F:Bf,.) = ®(F: B, \ Bf,) + /E Ry vm, ) AW (), for e >0,
N x,r

in order to get
P(E;B},) < A®(E; Bf,) < Xml(r) + Mmg(r), Vo€ ANcl(H),r <r,. (2.52)
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Since m/,(r) < nw,r™ L, my(r) < w, e "L and 2AA 7, < 1/, this proves that
P(E;Bf,)<Cr™',  NzxeAnd(H),r<rg, (2.53)
where C' = C(n, ). Now, by the divergence theorem (see [Magl2, Proposition 19.22]), we have
P(ENB,,;0H) < P(EN By, H), VYzeR",r>0. (2.54)
At the same time, by (2.5) one has
P(E N Byy; H) = P(E; Bf,) +ml(r) for a.e. 7 >0,
while P(B,,;0H) = 0 gives P(ENBy,,;0H) = P(E; B, ,N0H). By combining these facts with
(2.53) and (2.54) we obtain (2.47). Moreover, for every x € R" and for a.e. > 0,
P(ENB,,;) = P(ENBy,;;H)+P(ENBy,;0H) <2P(EN By,; H)
— 2 {P(E; Bi,)+H" N (EN aBm)} .
This last inequality, together with (2.52) and the isoperimetric inequality, gives
nwl/"mg (1) /M <2 (1 4+ N ml(r) + 2 X Amg(r), (2.55)
for every x € ANcl(H) and for a.e. r < r,. Since 2AAr, < 1, for every r < r, we get
IAA ML (r) < 2AA my(re) Y™ ma (r) /™ < 2OXNA WY ™y mg ()™ < ol () (1
so that (2.55) gives, for every x € ANcl(H) and for a.e. r < ry,
(n — Dwl/ ™ my(r)®=D/" <21 + X2y ml(r). (2.56)
If we now assume that = € spt ug, then m,(r) > 0 for every r > 0, and thus we can divide by
my(r)®=D/™ in (2.56). By integrating the resulting differential inequality, we get
n—1
2n(1 + \2)

We have thus found a constant ¢ = ¢(n,\) € (0,1) such that (2.48) holds true with ¢ in
place of ¢; (the final value of ¢; will be smaller than this). We prove (2.49) (again, with ¢
in place of ¢1) by repeating the above argument with H \ E in place of F; see Remark 2.1.
Since H N sptup = H N sptum g, we notice that both (2.48) and (2.49) hold true for every
x € ANcl(H Nsptug) and r < rz: correspondingly, by definition of (o), see (2.51), we find

n
|EﬂBm«|an( ) " > ¢(n,\)|Bgr N H|, Vo € cl(H) Nsptug,r < ry.

P(E;B/,) = P(ENB],:Bf,)>~(1-c)|EnB} [ V/"
-1 _
> (1= )(1Bf, )"

for every x € AN cl(H Nsptug) and every r < r,. Since |B;/r1| > |B(J)r,1| = wy/2, this proves

(2.50) with ¢; = v(1 — ¢)(cwy/2)®=D/n. -

2.6. Compactness theorem. The density estimates of Lemma 2.8 lead to the following com-
pactness theorem for almost-minimizers.

Theorem 2.9. Let A > 1, A an open set in R™ and H an open half-space in R™. For every
heN, let b, >0, A, >0, r, € (0,00] be such that

lim ¢, =4 < o0, lim rp, =19 >0, lim Ay = Ay < .
h—o00 h—o00 h—o0

If, for every h € N, &), € E(AN H,\ ) and Ep, is a (Ap,rp)-minimizer of ®5, in (A, H),
then there exist ® € E(AN H, A\, {) and a set E of locally finite perimeter in A such that, up to
extracting a subsequence,

E, — E in LL (A), (2.57)

loc
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where E is a (A, ro)-minimizer of ® in (A, H), and where

pE, — pe,  |pe,LH 2 pp|cH, |pe,| = |pe|, as Radon measures in A. (2.58)
Moreover,
Trom (En) = Trop(E) in LL (AN OH), (2.59)
while
for every x € sptug there exists xy, € spt ug, such that hli_)n;o Tp=x, (2.60)

and

{ zp € l(H Nsptpig,), VhEN, = =z ecl(HNsptug). (2.61)

limp 00 zp =

Proof. Step one: We assume without loss of generality that H = {x1 > 0}, and set G* = GNH
for every G C R™. Up to extracting subsequence, we may assume that

%)<Th<27“0, Ay < 2Ag, Vh € N.

In particular, if z € ANcl(H) and s, = min {ro/2, dist(z, 0A),1/4AAo }, then we can apply the
upper density estimate (2.47) to each set Ej at the point z and at any scale r < s, to find that
P(Ey; Byr) < Cq et Vee ANcl(H),r < s,

where C1 = Ci(n, \). Since E C H, a simple covering argument gives

sup P(Ep; Ap) < o0, for every open set A9 CC A.
heN

Hence there exists a set I of locally finite perimeter in A such that, up to extracting subse-
quences, E;, — E in LIIOC(A)7 and

LE, — 1, as Radon measures in A. (2.62)
This proves (2.57) and the first part of (2.58),

Step two: By the Ascoli-Arzeld theorem, there exists ® € £(AT, \, £) such that, up to extracting
a subsequence, ®, — ® in CY(cl(AT) x S~ 1) with ®(x,-) — ®(x,-) in C?(S™ 1) uniformly on
x € cl(AT). By exploiting the uniform convergence of ®;, to ® on cl(A*) x S"~! together with
the lower bound in (1.7), we see that for every € > 0 there exists h. such that if h > h., then

(14+¢e)®(z,v) > Pp(x,v) > (1 —e)P(z,v), Y(z,v) € cl(AT) x "L, (2.63)
By (2.62) and by Reshetnyak lower semicontinuity theorem [AFP00, Theorem 2.38], we thus
find that, for every open set U C A,

lim inf @, (E),; U) > ®(E;U). (2.64)

h—o0

Step three: In order to prove that E is a (A, r)-minimizer of ® in (A, H), we need to show that

SE,WH) <®(F; W) + A|EAF], (2.65)
whenever W is open and F' C H is such that
EAF cCcW cCCA, diam(W) < 2rg . (2.66)
Indeed, let F and W satisfy (2.66). Clearly we can find an open set W' with
EAFccWccW', H Y oW n(@*EUdF)) =0, (2.67)

lim H"L ((EAEh) N 0W’) ~0, (2.68)
h—o0
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and diam(W’) < 2rg. Hence, there exists h, € N such that diam(W’) < 2, for every h > hy;
in particular, we can find an open set W” CC A, such that, if we set

Fy=(FnW)uU(E,\ W), (2.69)
then Fj, C H, EyAF, cCc W" ccC A, and diam(W") < 2ry, for every h > h,. We can exploit
the fact that Ej, is a (Ap, rp)-minimizer of ® in (A, H) to find

@ (En; (W) < @5(F; (W')T) + An |ERAF|
for every h > h,. By taking into account (2.67), (2.5), (2.6) and (2.7) we find that

(i (W)7) < @n(F5 (W)F) + 2+ A [(EAAF) NW, (2.70)
for every h > h,, where we have applied (1.7) and set
en = AHL ((EAEh) N aw’) ., heN.

By letting h — oo in (2.70), by (2.68), and since Ej, — E in L{ _(A), we conclude
limsup @, (Ep; (W)T) < ®(F; (W')") + A|EAF)|. (2.71)

h—o00
Since (W')* CC A, by (2.64) we get ®(F; (W')T) < ®(F; (W')") + A|EAF], that is exactly
(2.65).

Step four: If we choose F' = E in the argument of step three, then the combination of (2.64)
and (2.71) gives

lim ®,(Ey; B,) = ®(E;B},),
h—o00 ’ ’

for every x € ANcl(H) and for a.e. r < r, = min{rg,dist(z,0A)}. By taking (2.63) into
account, we thus find that

h—o0 ’ ’

for every x € ANcl(H) and for a.e. r < r;. By (2.62) and by the strict convexity of ®(x,-) (in
the sense of (1.10)), we can apply a classical result of Reshetnyak, see, e.g. [GMS98, Theorem
1, section 3.4], to find that

lim P(Ey;B;,) = P(E;B},), (2.72)

h—o0

for every x € ANcl(H) and for a.e. r < r,. By (2.72), (2.15) and a covering argument we deduce
the validity of (2.59). Let now p be a weak™-cluster point of the family of measures |pp, |LH.
By (2.72) and by the Lebesgue-Besicovitch differentiation theorem, we find pu = |ug|_H, hence

\m, |LH > |up| H, as Radon measures in 4, (2.73)

which proves the second statement in (2.58). We finally complete the proof of (2.58): given a
compact set K C A, by E C H we have |ug|(K) = |pp|.H(K) +H" (K NOH NO*E), where

\up|LH(K) > limsup |ug, |LH(K), H"Y(KNOHNOE) = hlim H YK NOH NJ*EY),
h—o0 —+oo
by (2.73) and by (2.59) respectively. This shows that |ug|(K) > limsupy,_, . |1g, |(K) for every

compact set K C A. This last fact, combined with (2.62), implies the last statement in (2.58),
see for instance [Magl2, Proposition 4.26].

Step four: We finally prove (2.60) and (2.61). The validity of (2.60) is a standard consequence of
(2.62): indeed, if (2.60) fails, then there exists € > 0 such that, up to extracting subsequences,
B(z,e) Nsptpg, = 0 for every h € N; but then, by (2.62) we get

upl(B(r,2)) < liminf Ju, [(B(z, ) =0,
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against x € sptug. The validity of (2.61) follows, again via a standard argument, by the lower
density estimate (2.50): indeed, if x;, € K N cl(H Nsptug, ), then by (2.50) we can find » > 0
such that |ug, |(Bz, s) > c1 8" ! for every s < r. In particular, since B(zp,r/2) C B(x,r) for h
large enough, by (2.58) one gets

. _ r
up|(cl(By,r)) 2 limsup |ug, [(cl(Byy)) 2 18", Vs < 7
h—o0
so that, necessarily, x € sptug, and (2.61) is proved. O

2.7. Contact sets of almost-minimizers. In this section we establish some “weak” regularity
properties of the contact set Trog(E) of a (A, rg)-minimizer E. In Lemma 2.10 we show that
Trog (E) is of locally finite perimeter in ANJH. In Lemma 2.15 we prove lower density estimates
for Tropy (F) in OH by means of a strong maximum principle discussed in Lemma 2.13. Finally,
in Lemma 2.16, we set some normalization conventions on almost-minimizers to be used in the
rest of the paper.

The following notation shall be used thorough this section. We decompose R” as R x R*~!,
denote by h : R® — R"~! the corresponding projection of R" onto R"~!, so that z = (z1,hz)
for every x € R™, and define the vertical disk and the vertical cylinder centered at 0 as

D) = {zeaH: |2| <r}, Cl = {xER”:xl € (0,r), |hx| <r} =(0,7) xDy. (2.74)

With the usual abuse of notation (see section 2.1), we denote by 0D} the boundary of D inside
OH, ie. weset DY = {z € 0H : |z| =r}.

there exists a

Lemma 2.10 (Contact sets are of locally finite perimeter). For every 1
{z; > 0}, & €

A
constant C = C(n,\) with the following property. If A is an open set, H
E(ANH,\Y), and E is a (A, ro)-minimizer of ® in (A, H), then
P(Trop(E); Byy NOH) < Cr" 72,
for every x € OH and r < min {ro,dist(:v,aA), 1/2)A, 1/6}/4. In particular Trog (E) is a set
of locally finite perimeter in AN OH.

>

Proof. Up to replace E and ® with E®" and ®*" respectively, we can directly assume that
®ec&ByNHNL,L<1, Eisa (1/8\ 4)-minimizer of ® in (By, H), and prove that

P(Tron (E); DY) < C, (2.75)

for a constant C' = C(n, ). Given s € (0,1/2), let ¢s € C1((0,2);[0, s]) be such that ¢5 = s on
(0,1) and |¢)| <3s on (0,2), set

Gs = {x €Cy:z < @S(\hxl)},

and consider the bi-Lipschitz map fs : H \ Gs — H defined as

fulw) = (1_ (%)m) z € Dy x (0, 1]\ Gy,

fs(-iU):.%', er\[DEX(O,l)],
see Figure 2.4. Notice that fs(C} \ Gs) = C¥, with
sup |fs(x) — x|+ ||V fs(z) —Id|| < Cs, (2.76)
xGH\Gs

for a constant C' = C(n). If we set E; = fs(E \ Gs), then Ej is a set of locally finite perimeter
in By (as £\ Gs is), with E; C H and E;AE C C} with diam(Cy) = v/20 < 8. We may thus
exploit the fact that F is a (1/8),4)-minimizer of ® in (By, H) to deduce that

B(E:CY) < B(f.(E\ G,); C3) + A[(EAL(E)) N C3. (2.77)
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G : . T

FIGURE 2.4. Given z € DY, the map fs stretches each segment [ps(]2]),1] x {z} into
[0,1] x {z}, while keeping the point (1, z) fixed.

By [Magl2, Lemma 17.9] and (2.76), we have
(BAfL(E) N Cy| < C P(E; By) s (2.78)
for some C' = C(n). Moreover, by (2.9) and fs(CY) = CY we find that

‘I)(fs(E \ Gs)§ H) = /C"ma*(E\G : @(fs<$)700f (st(-%'»VE\Gs (.%')) dHn_l(:L')

< ®(E;C3\Gs)+C(n,\)sP(E;C3\ Gy), (2.79)

where we have used (2.76), (1.8), (1.9) and the fact that ¢ < 1 (so that C' depend on n and A
only). By (2.77), (2.78), (2.79) and (2.47) we thus find

®(FE;Gs) <CP(E,B3)s<Cs
with C' = C(n, A). Since (0,s) x DY C G, we conclude by (1.7) that
P(E;(0,s) x DY) <C(n,\)s Vs (0,1/2).
By the coarea formula for rectifiable set, see, e.g. [Magl2, Equation (18.25)], we find

/ P(E;DY)dt < P(E: (0,5) x DY) < C(n, \) s
0

Hence, for every s € (0,1/2) we can find t5 € (0, s) such that P(E;,; DY) < C(n,\). We deduce
(2.75) by taking the limit as s — 07, thanks to (2.11) and the lower semicontinuity of perimeter:

P(Trpp(E); DY) < limi1+1f P(E; ;D)) <C(n,\). O
s—0

We now prove a lower density estimates for the contact set. To this end, we shall need a
strong maximum principle for local minimizers of regular autonomous elliptic integrands. (This
should be compared with [SW89], where, however, even integrands are considered in order to
deal with non-orientable surfaces.) We prove the strong maximum principle in Lemma 2.13,
as a corollary of a comparison lemma, Lemma 2.12, illustrated in Figure 2.5. We premise to
these results the following lemma, about the existence of Lipschitz solution of non-parametric
problems. (Part two of the statement will be used in section 5.)

Lemma 2.11. Let ® € £,(N\), A > 0, and set 7 (£) = ®(£, 1) for £ € R*L.
Part one: If p € C1Y(cl(D,)), then there exists a unique u € C*(D,) N Lip(cl(D,.)) such that

{div (Ved# (Vu)) =0, in D,

2.80
U=, on 0D, . ( )
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FIGURE 2.5. The situation in Lemma 2.12: the role of (2.83) is to ensure that, over
the boundary of G, E lies above the graph of ug. The figure tries to stress the fact that
FE does not need to be the epigraph of a function.

In addition, if ¢ >0, ¢ £ 0, then u(0) > 0.

Part two: Given e € R" 1 with |e| =1, let H={2 € R" 1 :2.¢>0}. If p € CH(cl(D, N H))
with ¢ =0 on D, NOH, then there exists a unique u € C*(D, Ncl(H)) N Lip(cl(D, N H)) with

(2.81)

div (V@ (Vau)) =0, inD,NH,
U=, on (D, NH).

In addition, if ¢ < M (e-z) on (D, N H) for some M € R, then [V¢(0)| = |0ep(0)] < M.

Proof. The pair (¢, D, ) satisfies the so called Bounded Slope Condition, see [Giu03, Theorem
1.1], hence existence of a solution to (2.80) follows by [Giu03, Theorem 1.2]. Uniqueness follows
by noticing that for every two Lipschitz solutions to (2.80) the difference solves a uniformly
linear elliptic equation, see for instance [GT98, Chapter 10]. The last statement in part one is
just the strict maximum principle, [GT98, Theorem 3.5]. To prove the existence and uniqueness
of solutions to (2.81), one can make an odd reflection around 0H and then use part one. For
what concerns the last statement of part two, note that w = Mz -e —u(z) > 0 on 9(D, N H),
w(0) = 0 and that w solves the uniformly elliptic (linear) equation,

n—1 n—1
0 =div (Vgtﬁ#(Vu)) = Z Vgigjq)#(Vu)@iju = Z Aij &jw .
2% ]
We conclude by Hopf’s boundary lemma, [GT98, Lemma 3.4]. O

Lemma 2.12 (Comparison lemma). If A > 1, ® € £,()\), G C R ! is a bounded open set with
Lipschitz boundary, a < b, J =G X (a,b), E C {x, > a} is a set of finite perimeter in an open
neighborhood of J such that

®(E;cl(J)) < ®(F;cl(J)),  whenever F C E, E\F C J, (2.82)
and uo € C*(G) N Lip(cl(G)) with a < ug < b on c(G) and
ED N[(8G) x (a,b)] C {(m) € (9G) x (a,b) : t > uo(z)} , (2.83)
div (Ve®#(Vug(2))) =0,  Vzed, (2.84)
where 7 (&) = ®(€, —1) for £ € R*™L, then

ENJ Cyn {(z,t) GJ:tZUO(z)}. (2.85)
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Proof. Let us begin noticing that the lower bound in (2.27) can be written in the form

o 2
M < (V(I)(VQ) — V(I)(I/l)) -V, v1/1, Vg € Sn_l ’ (286)

We now consider the open sets
F+:{(z,t)EJ:t>u0(z)}, F,:{(z,t)EJ:t<u0(z)}.

By (2.83) and since a < up < b on cl(G), we can exploit (2.82) with FF' = (E\ J)U(ENFL) to
find that

(vg)dH" ! < / (vp, )dH " . (2.87)

/a*Em[Fu(Gx{a})] O*Fyn(EMNJT)

Let us now set T'(x) = V®(Vug(pz),—1) for x € G x R, so that T € C}(G x R;R") with
divT(x) = 0 for every 2 € G x R thanks to (2.84). If we set E = (ENJ)\ Fy, then E C J and
O*E N [(G) x (a,b)] is H" L-negligible thanks to (2.83). Hence we can apply the divergence
theorem to T on E to find that

T vp, dH" ' = / T -vpdH ', (2.88)

/<9*F+O(E(1)OJ) *EN(F_U(Gx{a}))

Now, by zero-homogeneity of V® and by
(Vuo(px), _1)

v, (z,u0(2)) = NSO Ve e JNOF, (2.89)
we find that, for H" !-a.e. on J NIF,,
T-vp, =VO(r,) vr, =®(vp,), on JNJIFy, (2.90)
while, by (2.86),
2
T v =®(vs) — (ch(yE) ~ VO (Vug, _1)) g < D(vp) — % Vg — \/(% . (2.91)

We may thus combine (2.87), (2.88), (2.90) and (2.91) to deduce

~ (Vup(p(z)), -1)
1+ [Vug(pz)|?

2
dH" (z) =0,

/B*EQ(F_U(Gx{a}))

so that

5= (Vuo(p(2)), —1) H" lae. on O*EN(F_U (G x {a})). (2.92)

1+ [Vug(pz)|?
Folllowing [DS94], we apply the divergence theorem on the set E to the vector field S € CH{G x
R; R") defined by S(z) = (pz, pz - Vug(pz)) for every z € G x R. Since S vz =0 H" ! —a.e.
on & E thanks to (2.5), (2.7), (2.83), (2.89) and (2.92), we conclude that

(’I’L—l)|E:/~diVS: ~S-l/Ed’l-l”_lz(),
E O E
that is, |[(E N J) \ Fy| = 0. This proves the lemma. O

Lemma 2.13 (Strong maximum principle). If A > 1, H ={z1 >0}, ® € £,(\), and E C H s
a set of locally finite perimeter in B such that

®E,W)<®(F; W), whenever EAF CC W CC B, (2.93)
then either H" Y (BN Trog(E)) = H" 1(BNOH) or 0 & sptug.
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0H

FIGURE 2.6. Inclusion (2.96). Notice that wg may take the value +o0.

Remark 2.14. We note that (2.93) is localized in W, not in W N H. Thus Lemma 2.13 says
that the only minimizer E of ® in B which is contained in H and whose boundary touches 0H
at 0 is H itself (i.e., one must have EN B = H N B).

Proof of Lemma 2.13. Let us assume that
H" Y (BN Tro(E)) < H Y (BN oH). (2.94)
Since (2.93) means that E is a minimizer of ® in (B,R"), by Lemma 2.8 we find
c1|Boy| <|EN Byy| < (1—c1)|Bayl

for every x € BN sptug and r < dist(z,0B). In particular, B Nsptup C BN O°E, so that, by
(2.2), BNsptug Cyn—1 BN O*E. Thus, by (2.13) and (2.94) we find that

H" Y (BNsptug) < H"Y(BNoH). (2.95)
We now define a function wg : DY — [0, 00] by setting
wE(z):inf{tE]R:(t,z)EBﬂsptuE}, zeD7J.

Since sptup is a closed subset of H, it turns out that wg is non-negative and lower semicontinuous
on DY, with the property that

ENB Cyn {:I:E]R":xl ZwE(hx)}, (2.96)
see Figure 2.6. By the coarea formula, (2.95) and (2.96), there exists . € (0,1/2v/2) such that
H" 2(sptpup NODY ) < H" 2(BNoDY),  H" YI*ENICY)=0, (2.97)

and
z1 > wg(ho), for H" l-ae. € EMDNBN[R x DY ]. (2.98)

By definition of wg and by (2.97), wg(z) > 0 on a subset of ODY_ with positive H"~?-measure.
Therefore, there exists ¢ € C°>°(0Dy) such that

max ¢ > 0, 0 < ¢(z) < min {wE(z), %*} , Vz e oD . (2.99)

*

By Lemma 2.11, part one, there exists v € C*(Dy_) N Lip(cl(D},)) such that

. ” _ in DY
{dlv (Ve@7 (Vu)) =0, in Dy, (2.100)

U=, on 0Dy,
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where &7 (¢) = ®(—1,¢) for ¢ € R™!; moreover, u(0) > 0 by (2.99). By (2.93), (2.98), (2.99),
and (2.100), we can apply Lemma 2.12 to infer that

ENCj Cyn {(z,t) €eCl :t> u(z)} .
Since u(0) > 0, this last inclusion implies that 0 ¢ sptug, and the lemma is proved. O

Lemma 2.15 (Lower density estimate for contact sets). For every A\ > 1 there exist two positive
constants € = £(n, \) and ¢ = ¢(n, \) with the following property. If A is an open set, H = {x1 >
0}, @ € E(ANH, N, E is a (A,ro)-minimizer of ® in (A, H), and (A + O)r < ¢, then, for
every x € OH Nsptug and r < min{rg, dist(z, 0A)}/4, we have

H" Y (B, NTrog(E)) > cr™ L. (2.101)
In particular, H" *(sptug \ 0*E) = 0.

Proof. We start showing as (2.101) implies the last part of the statement. Indeed, (2.13) and
(2.101) imply
H" Y (B, NO*E)

lim inf —

r—07t rh
for every x € AN JH Nsptug. Since (2.102) holds true at every x € A N cl(H Nsptug) by
(2.50), we conclude that (2.102) holds true at every x € sptug. By differentiation of Hausdorff
measures (see, e.g., [Magl2, Corollary 6.5]), we conclude that H" ! (sptug \ 0*E) = 0.
We now prove (2.101). Up to consider E*" and ®*" in place of E and ® we may reduce
to prove the following statement: if & € £(By N H, A, ¢), and E is a (A,4) minimizer of ® in
(B2, H) with 0 € sptug and (A + ¢) < &, then

>0, (2.102)

H* Y (BN Trpy(E)) > c.

We argue by contradiction, and assume that for every h € N there exist &), € £(Ba N H, A, {p,1p)
and Ej, a (Aprp,4) minimizer of ®;, in (B, H), satisfying

0e ﬂ sptug,
heN
By Theorem 2.9, there exist @, € £,(A) and a (0,4)-minimizer F, of ® in (Bg, H) such that,

up to extracting a not relabeled subsequence, Fj, — F in L%OC(BQ), and

(Ap +Lp)rn =0, hlim H* (B N Tron(En)) = 0.
—00

lim
h—o00

H Y (BN Trog(Es)) =0. (2.103)
In fact, E is a minimizer of ®, in (B,R"), i.e.
(I)oo(Eoo;B) S(I)oo(F;B)a (2'104)

whenever E.cAF CC B (note that this is a a stronger property than being a (0,4)-minimizer
of B in (Bo, H)).

To prove (2.104), pick F' such that E,,AF CC B: since E,A(FNH) CC B and E is a
(0,4)-minimizer ®, in (Bg, H) we find

®o(Fs; BNH) < ®oo(FNH;BNH). (2.105)

The left-hand sides of (2.104) and (2.105) coincide by (2.12), (2.13) and (2.103); the right-hand
side of (2.105) is instead smaller than the right-hand side of (2.104) since HNBNO*(FNH) C
BNO*F with vpny = vp H" ta.e. on HNBNO*(FNH) by (2.5). This proves (2.104). Since
E. C H and E., satisfies (2.104) we can apply Lemma 2.13 to deduce that (2.103) implies

0 & sptug,, -
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We now achieve a contradiction, and thus prove the lemma, by showing that 0 € sptug_ .
Indeed, let us set

1/(n—1
25h)/< )7 —

Wn—1

1
0p, = max {7—[”_1(3 NTrog(Eh)), h} >0, on = (

(Notice that, up to take h large enough, we can assume g, < 1 for every h € N.) Since
0np > 0 and 0 € sptug,, we find |E, N B,,| > 0 for every h € N. Similarly, it must be
|(H N By,) \ Ep| >0 for every h € N, for otherwise, by the locality of the trace, we would have
By, NOH =yn-1 By, NTrap(Ey) for some h € N, and correspondingly

Op > 'Hnil(B N TrBH(Eh)) > 'Hnil(B@h N TraH(Eh>) = ’Hnil(B@h N 3H) = wn_lg’;_l =20,

a contradiction to d, > 0. This shows that |Ey N By, | [(H \ Ex) N By, | > 0 for every h € N. In
particular, for every h € N there exists xp, € cl(H Nsptpg, ) N B, , and since g, — 0 as h — oo,
we conclude by (2.61) that 0 € sptug__ . As already noticed, this completes the proof. O

We finally prove the following normalization lemma. Recall that, if E is a set of locally
finite perimeter in A with £ C H, then sptug, 0*E and Tryy(E) are defined as subsets of A.
Moreover we are going to denote by Jyr the topological boundary of subsets of 0H, and by 0},
the reduced boundary of sets of locally finite perimeter in 0H.

Lemma 2.16 (Normalization). If A is an open set, H = {x1 >0}, ® € E(ANH, )\, {), and E
is a (A, ro)-minimizer of ® in (A, H), then, up to modify E on a set of measure zero,

(i) ENA is open and ANOE = sptug;
(i) H" 1 ((ANOE)\ 0"E) =0 and H" *((ANOE N OH)ATryy (E)) = 0;
(iii) OE N OH s a set of locally finite perimeter in ANOH, and

2 ( (0o (OE N OH) \ 8 (0 N OH)] N A) —0. (2.106)

Moreover,

9o (OENOH)NA=Ccl(OENH)NOHNA. (2.107)

Remark 2.17. In the sequel we will always assume that F is normalized in order to satisfy the
conclusions of Lemma 2.16. In particular, OF shall be used in place of sptug.

Proof of Lemma 2.16. Let us consider the set
E = {x € ANH :|[EN By,| = |By,| for some r >0} U (E\ A).
Obviously, EN A is open and, by (2.1),

ANJE = {x € A:0<|ENByy| <|Buy| Vr> o} = sptug. (2.108)

We now claim that F is equivalent to E. Clearly, ENAc E®WNA At the same time, if
z € (EMNANH)\ E, then there exists 7, > 0 such that 0 < [E N Byr| < |Bgy| for every
r < 1y, that is, x € H Nspt ug: but then we cannot have z € EM because of the density
estimate (2.49). We have thus proved H N AN (E(I)AE) = (), so that, by Lebesgue’s density
points theorem, E is equivalent to E. In particular, ug = puz, and thus, by (2.108), we have

ANOE = sptug Con1 I°E, (2.109)

where the last inclusion follows by Lemma 2.15 (clearly, Eisa (A, rp)-minimizer of ® in (A4, H)).
By (2.109), H" 1((ANAE)AJ*E) = 0, and since H" 1 (0* EATrgoy(E)) = 0 by (2.13), we have
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completed the proof of (ii). By (ii) and by Lemma 2.10, 9E N dH is a set of locally finite
perimeter in H N A. Let us now prove (2.107). To this end we notice that, clearly,

ANy (0E NOH) C {xeAmaH:yEme7r||(H\E)mb\>o vr>o}
C ANOHNCcl(HNOE), (2.110)

where the second inclusion follows as A N OF = sptug. At the same time, since H Nsptug =
HnN sptuH\E and ANOFE = sptug, we have

Aﬂ@Hﬂcl(Hﬂ@E) C sptpg Nsptiy, NoH ,

so that, by Remark 2.1, Lemma 2.15 (applied to both E and H \ E) and (2.14), one has, for
every x € ANOH Necl(H NOE) and r > 0 sufficiently small,

¢H" Y By, NOH) < H" Y (Bpy NOENOH) < (1 — ¢)H" Y (B,, NOH), (2.111)

where ¢ = ¢(n, ). This implies of course ANGHNcl(HNIE) C ANdyy (OENOH), that, together
with (2.110), implies (2.107). Finally, we notice that, by (2.107), the relative isoperimetric
inequality in OH ~ R""! and (2.111) give

2 (agH(aE NoH) N Bm> > e(n, \) "2, V€ dpn(0ENIH)N A,
which implies (2.106) by differentiation of Hausdorff measures, see [Magl2, Corollary 6.5]. O

2.8. Ellipticity, minimality, and affine transformations. In the proof of the e-regularity
theorem we will need to look at a given almost-minimizer from different directions at different
scales. A very useful trick is then that of using affine transformations in order to always write
things in the same system of coordinates. It is thus convenient, for the sake of clarity, to state
separately how the considered class of elliptic functionals and almost-minimizers behave under
these transformations.

Lemma 2.18. If A is an open set in R™, H an open half-space, ® € E(AN H,\, (), E is a
(A, ro)-minimizer of ® in (A, H), L is an invertible affine map on R™, and

dL(x,v) = ®(L 'z, (cof VL)1), (z,v) € (L(ANH)) x R™, (2.112)
then ®L € E(L(AN H), X\, 0) and L(E) is a (A, 7)-minimizer of ®% on (L(A), L(H)), where

~ n—1
% = A max {[VLII(VL) 2 VLoD

N A 77— To
T ldetvi] YT (VD)

In particular, there exist positive constants e, = £4(n) and Cy = Cy(n), such that, if |VL—1d || <
€4, then

C=cfvo)Ym, A

A=Al [£—¢ [A—A] |7 — 7ol

< Cy|[VL-1d|. 2.113
max {205, S S PR < G VL -1 (2.113
Remark 2.19. Definition (2.112) is conceived to give the identity

SH(L(E), L(K)) = B(F;K), (2.114)

for every E with locally finite perimeter in A and K CC A. Also, (2.113) has to be understood
in the sense that if, say, A = 0, then A = A, and so on.
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Proof of Lemma 2.18. Without loss of generality, in order to simplify the notation, we directly
assume that L is linear, and write L in place of VL and L~ in place of (VL) 1.

Step one: If opin = omin(L) and opmar = Omaz (L) denote the square roots of the maximum and
minimum eigenvalues of L*L, then we have

Ominlz| < min{|Lz|,|L* 2|} < max{|Lz|, |L*z|} < omaz |2|, VzeR", (2.115)
LIl = Omaz s L7 =00t Opin S det L< 07, (2.116)

On taking into account that (det L) L' = (cof L)*, we find
(cof L)~ = (det L)"' L*, (2.117)

and thus, by (2.115) and (2.116),

2|

- < |(cof L) 'z| < g Vz e R". (2.118)
By (1.7), (2.112), and (2.118) we thus find
1 A
T S ol(z,v) < ——, Vzecd(L(ANH)),vesS" .
Omaz O min

Similarly, setting for the sake of brevity M = (cof L)™', and by taking into account that for
every € cl(L(AN H)), v € S™ 1, and z,w € R™, one has
Vol(z,v) -2 =Vo(L e, Mv) - (M2),
V2ol (2, v)z - w = V?*®(L ™ e, Mv)(Mz2) - (Mw),
we find that, for every z,y € cl(L(AN H)) and v,/ € S"~1,
A

n—1"
man

V2L (2, )| < A(O};az)"—l’

g

Vo (z,v)| <

min

n—1
I3t (2,0) - V2o @) < A(%52)" -,
L L ¢
@ (2,0) ~ @ ()| < oy,

min

14
Vel (z,v) = VO (y,v)] < ——lo—yl.

Finally if v € S”~! and e € R then, by by (1.10) and the (—1) homogeneity of V2@,
1 My~ Mv2_ o%} Mv
) > M(e — <M€ . W) I/)

min
A|Mv| |Mv|/ |Mv|l — X

L (omin\"1 Mv 2 1 (Omin\"~1 2
>3 ()" Je- (Mewyp)”\ =5 (ogm) e = (e v)v
where in the last inequality we have used that ¢ +— |e — tv|? is minimized by t, = e - v.

Step two: Clearly, L(FE) C L(H), and one easily checks from the distributional definition of
relative perimeter that L(FE) has locally finite perimeter in L(A). Let now G C L(H) with
GAL(E) cC V cC L(A) for some open set V with diam(V) < 2sq. If we set W = L~1(V)
and F = L7Y(G), then F ¢ H, FAE CC W CC A and diam(W) < |(VL)™}||diam(V) <
(VL) so < ro (provided so = 70/|[(VL)7!|]), so that

®(E;WNH) < ®F;WnH)+ A|EAF|.

2

V2oLl(z,v)e-e > ‘Me—(Me'

2 )
Umax
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FIGURE 3.1. When computing exc (E, z,r), one considers only the part of the bound-
ary of E that is interior to H (that is depicted as a bold line in this figure).

By (2.114) we find
SL(L(E;VNLH) < ®YGVNLH)+ AL YLE)AG)|
LG, VNL(H))+Al|det LI |[L(E)AG],
and this concludes the proof. O

3. THE e-REGULARITY THEOREM

This section is devoted to the proof of a boundary regularity criterion (Theorem 3.1) for-
mulated in terms of the smallness of a quantity known as spherical excess. We thus begin by
introducing the relevant notation and definitions needed in the formulation of this criterion.
Given an open set A and an open half-space H in R"™, we consider a set £ C H which is of
locally finite perimeter in A, we fix x € ANOH and r < dist(x,0A), and then define the spherical
excess of E at the point x, at scale r, relative to H as

H : 1 |VE — V|2 n—1 n—1
exc (E,a:,r):mf{ T —————dH"" " :veES }
" By nHNE 2

Another useful notion of excess is that of cylindrical excess. Given v € S"~!, we set q,(y) = y-v,
p.(y) =y — (y-v) v for every y € R", and let

Cula,r) = {y e R": Ipuly—2)| <7 laly—a)| <7},

D,(z,r) = {y eR": pply—2)| <r,|laly—z)| = 0} .
With this notation at hand, the cylindrical excess of E at x, at scale r, in the direction v,

relative to H, is defined as
1

rn—

/ ve —v|®
HNC, (z,r)NO*E 2

see Figure 3.1. If v = e,, then we shall simply set exc in place of exci . As usual, the

definition is made so that the excess is invariant by scaling, precisely

excd (E,z,r) = dH"

1

excf(E, x,T) = exc,{{Z’S (Ez’sv %7 g) - excfzyr (E7,0,1). (3.1)

It is easily seen that, if x € cl(H Nsptpg) and r > 0, then

H . . there exist v € S"~! and s € R such that

exc™ (B, z,r) =0 iff {EﬂHﬂBW:{x-u<s}ﬂHﬂBw, (3.2)
H a there exists s € R such that

exc, (B, z,r) =0 iff { ENnHNCy(z,r)={x-v<s}NHNC,(z,7). (3.3)
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Finally, we recall that the normalized projection ey (v) of v € S"~! (with |v-e1] < 1) on e{ was

defined in (2.42) by e1(v) = (v — (v - e1))/\/1 — (v - €1)?, so that
VJ‘:{JCER”:QS'V:O}:{xGR":x-el(V):—M}.
V1= (v-e)?
and that, the normalization of Lemma 2.16 being in force, we have AN JF = sptugp on almost-
minimizers.

Theorem 3.1 (e-regularity theorem). For every n > 2 and X\ > 1 there exist positive constants
Ecrit = Eerit(My A), B1 = B1(n, \) < Ba = Ba(n, ) and C = C(n, \) with the following properties.
If H={x; >0},

e &(ByyNH N,

E is a (A, ro)-minimizer of ® in (Byr, H) and 0 < 27 <19,

0€cl(HNOE),

exc(E,0,27) + (A+0)r < eait »
then M = cl(OF N H) N B(0, B17) is a CYY2 manifold with boundary, with

M NOH = 0y (OENOH) N B(0, fir),
and such that the anisotropic Young’s law holds true on M NOH, i.e.
Vo (z,vp(z)) e =0, Vee MNOH .

More precisely, there exist v € S™~1 with

1

V&(0,v)-e1 =0, |I/'61|§1*6,

and u € Cl’l/Q(Cl(Del(l,) (0, B2r) N H)) with

sup [u(@)] Vu(z)| + 2 [Vu(z) —Yfg(y)\ < C
2y€Dey) (0,52 NH T |z —y[Y/

such that, M is obtained, in a 2 r-neighborhood of v, as a perturbation of v by u:

(v-e1)x; }

1—(v-e)?

(I/ . 61) I

1—(v-e)? < leyn) & < far —

{x € HNOE : |Peywy| < Bar, —far —

(I/ . 61) T + U(pel(u) x)} ; (3.4)

={r e H i Ipeiyrl < o ey v = -

see Figure 3.2.

Definition 3.2 (Boundary singular set). If E is a (A, r¢)-minimizer of ® in (A, H) (normalized
as in Lemma 2.16) and we set M = ANcl(H NOE), then the boundary singular set ¥ s(E;0H)
of F is defined as the subset of M N OH such that

there exists r; > 0 such that M N B, ., } (35)

(MNOH)\Za(E,0H) = {x € MNOH : is a C'11/2 manifold with boundary

Remark 3.3. By Theorem 3.1,
Sa(E; 0H) = {x € M NH : liminf exct (B, z,7) > 0} .

r—0+

This identity will be the starting point in section 5 to prove that H" 2(X4(E;0H)) = 0.

The main step in the proof of Theorem 3.1 is proving the validity of the following lemma.
(We will do this in section 4.)



32 G. DE PHILIPPIS AND F. MAGGI

OH HnNoE -7
//L: . —
e1(v) . //, v {2 Qe; ) = ca1}
v A .
| .
ST o
| z7
y (o
— >
to _
| -
Bar _of
\:/ _of Del(u) (07 /82 T)
c=— 1V—El ~
—(v-e1) (6_2_7”_ .

FIGURE 3.2. The situation in (3.4). The region (depicted in gray) where the graphical-
ity of H NOFE is proved is obtained as a “shear-strained” deformation of Ce, ,(0,827),
where the amount of vertical deformation depends on the coordinate z; only. Of course,
the function u parameterizing H N OF depends on the full set of variables pe, (), not
just on z.

Lemma 3.4. For every A\ > 1 there exist positive constants ereg = €reg(n, A) and C' = C(n, \)
with the following properties. If H = {x - e1 > 0},

NS g(clggr NH, )\,f) ,
E is a (A, rg)-minimizer of ® in (Ciog,, H) with 0 < 64r < rq,
0ecl(HNOE),
(V®(0,e,) - e1] + exc (E,0,64r) + (A 4+ 0)r < éreq
then there exists a function u € CYY2(cl(D, N H)) such that
CInoE = {af € H:|pzx| < r,qx:u(paﬁ)},

wlz Vu(z) — Vuly
| ( )| +|VU(Z)|+T‘1/2| ( )_ 1/2( )| SC\/@? (36)
z,yEDrﬁH r |Z y|

Ve ((z,u(2)), (~Vu(z),1)) -e1 =0 VzeD,NOH . (3.7)

We now devote the remaining part of this section to show how to deduce Theorem 3.1 from
Lemma 3.4. The first step consists in showing that the smallness of the spherical excess implies
the existence of a direction such that the cylindrical excess is small. Moreover, this direction is
close to satisfy the anisotropic Young’s law.

Lemma 3.5. For every A > 1 and 7 > 0 there exists esc = esc(n,7) > 0 with the following
property. If H={x1 > 0}, ® € E(Cy, NH, N\, {), and E is a (A, ro)-minimizer of ® on (Cy,, H)
with 0 € cl(HNOE), 2r < rg, and

exc(E,0,2r) + (A4 0)r < e,
then there exists v € S with
IV®(0,v) - e1] + exc (B,0,r) + (A +0)r <.

Remark 3.6. The following continuity properties of the cylindrical excess are useful in the
proof of Lemma 3.5 (as well as in other arguments): if {E} }ren and E are sets of locally finite
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perimeter in A, with E, — F in L{ (A) and

\up, |LH = |pg|lH,  |pg,| = |pe|, as Radon measures in A, (3.8)
as h — oo, then
exc (E,z,r) < liminf exc (Ey, z,7), whenever C,(z,r) CC A, (3.9)

h—o0

excd (E,z,r) = lim excd (Ey, z,r), whenever C,(z,r) CC A

h=s00 with P(E;0C,(z,r)) =0. (3.10)

Indeed, (3.9) follows from (3.10) by monotonicity, while [vg — v|?/2 =1 — (vg - V) gives

lpel(Cy(z,r) NH) —v - pp(Cy(z,r) N H)
rn—1

exc(E,z,r) =

by which (3.10) is immediately seen to be consequence of (3.8).

Proof of Lemma 3.5. By Remark 2.2 and (3.1), up to replace E and ® with E*0" and ®*0"
respectively, we can directly assume that zg = 0 and » = 1. We then argue by contradiction,
and assume the existence of 79 > 0 and of sequences {®y,}neny € E(CaN H, A, 4p) and {Ep}hen
such that E}, is a (Ap, 2)-minimizer of ®;, on (Cy, H) with 0 € cl(H NJE},) for every h € N and

Jim exc (Ey,0,2) + Ap + 0, =0, (3.11)
— 00

inf {vah(o,u) e1] + excH (Ey, 0, 1)} > 1. (3.12)
vesn—1

By Theorem 2.9 and (3.11), there exist @, € £4()), and a (0, 2)-minimizer E of @, on (Cy, H)
with 0 € cl(H N 0Ey), such that V&, (0,v) — V& (v) uniformly on v € S"° ! B, — Ey
in Ll (Cy4), and |ug,| and |ug, | H that converge, respectively, to |ug.| and |up. | H, as
Radon measures in C4 when h — oo. We can thus apply (3.9) and (3.11) to deduce that
exc’(Fy,0,2) = 0. By (3.2), there exist v € S"! and s € R such that

ExNByNH=BN{x-v<s}nNH, (3.13)
so that, in particular exc’ (FE,,,0,1) = 0 and we can apply (3.10) to deduce that
lim exc?(E},,0,1)=0.

h—o0
y (3.12), we conclude that
V@ (V) -e1] 2 70.
However, 0 € cl(HNOE},) for every h € N and (2.61) imply 0 € cl(HNOE ), so that BsNHNIE

is non-empty, in particular v # +e;. Thanks to (3.13) we can apply Proposition 2.6 to conclude
that V& (v) - e1 = 0. We thus reach a contradiction and complete the proof of the lemma. O

The second tool we need to deduce Theorem 3.1 from Lemma 3.4 is the following lemma.

Lemma 3.7. For every 7 € [0,1), there exists a positive constant C' = C(1) with the following
property. If H = {x1 > 0}, v € S" ! and |v-e1| < 7 < 1, then there exists a linear map
L:R" - R" such that L(H) = H,

B (cof VL)v
Lvt) =er, so that en = T(cof VL) (3.14)
HenH) ={yeH:ly-(y-er@)er(w)| <1, (3.15)
(v-el)m (v-e1)m
_M<y-el(y)<1—w},

see Figure 3.3, and
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en CnH y L~Y(CNH)

0H 0OH

FIGURE 3.3. The image of C N H through L~!. The picture refers to the situation
when eq (v) = e,,. Notice that, in this case, the projection of L~1(CNH) on e is DN H.
In the general case, the projection of L=*(C N H) over e1(v)* is De, () N H.

max{||VL|, (VL)V} <C, detVL=1, VdL(ep)-e1=VO(Ww) e1.  (3.16)

whenever ® is an autonomous elliptic integrand and ® is defined by ®L(e) = ®((cof VL) te).
Moreover,

IVL-1d| < Clv—eyl. (3.17)
Proof. For some |a| < n(7) < 7/2 we have
v=cosaei(v) —sinae, |sin o) = |v-e1]| < |v—eyl. (3.18)

We define a linear map Q by setting Q = Id if e; (v) = e,,, and by setting Q = Id on e;-Ney (v)*
and @ to be the rotation taking e;(v) into e, on Span(e,,e1(v)) otherwise. Finally, we define
a linear map L : R™ — R" by setting

VL=Qo <Id —tanae; (V) ® el) . (3.19)

Trivially, det VL = 1 and ||VL| < 1+ |tan a| < O(7). If v € v+, then e (v) - v = tan (e - v)
and thus

(Lv) - e, = (v —tana (eg - v) el(u)) Q7le, =v-e1(v) —tan a (e -v) =0,
so that (3.14) holds true. By noticing that,
VL ! = (Id +tanae;(v) ® el> 0@t
we also have ||(VL)7!| < C(7). By definition of ®*, we see that
VoL(e,) er = V®((cof VL) te,) - ((cof VL)_161> . (3.20)
Since VL* = (det VL) (cof VL)™' = (cof VL)~! and V® is zero-homogeneous, by (3.14) we find
Vo (en) - e1 =VO(v) - (VL) = VO(v) - e, (3.21)

where we have used that VL*e; = ej, as it can be seen from (3.19). This completes the proof
of (3.16), while the validity of (3.15) is easily checked. To finally prove (3.17), we notice that
Q—1d|| < Cle1(v) —es| < C|v — e, for some constant C, so that for every e € S"~! one has

IVLe—e|=|Qe—e—tan a(e;-e)e,| < ||Q —Id| + |tan a| < Clv — e, . O

Finally, we estimate how cylindrical excess changes under transformation by affine maps.
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Lemma 3.8. For every n > 1 there ezists a constant C = C(n,n) with the following property.
If H is an open half-space and L : R™ — R™ is an affine transformation, with L(H) = H and

IVE|L VLY <, (3.22)
then for every set of finite perimeter E and every v € S*~1,

(cof VL)v

|(cof VL)v| (3:23)

excl (L(E) ) < Cexcl(E, z,r) where U=

r
) L.%', =

V21
Proof. By (3.1) we can assume that x = 0 and r = 1, as well as that L is linear. Correspondingly,
we set L in place VL. In this way, by arguing as in (2.118), we have

el < o™ Lle| < |cof Le| < o™ tlel = ||L|" e, Ve € R™. (3.24)

[T = Omin s
By (3.22), we find C;(0,1/v/2n) C L(C), so that, if we set M = cof L, then

o — v P dH™ T < |0 = v ? dH" !

/L(CmHma*E)

2
/ My Mvg \Muvg|dH™ !
cruro+ g | [ Mv]  [Myg|

/Cg((),l/\/ﬁn)ﬂL(H)ﬁL(B*E)

IN

We thus find (3.23) thanks to the fact that, by (3.24),
Mv — Mvg |2 2|Mv — Mvg|
|Mv|  |[Mvg| |Mvg|

We now combine Lemma 3.4 (to be proved in section 4) with Lemma 3.5, Lemma 3.7 and
Lemma 3.8 to prove Theorem 3.1.

2
|Mvg| < ( ) \Mvg| < 4?0V b — vp|?. O

Proof of Theorem 3.1 (assuming Lemma 3.4). Correspondingly to A > 1, we can find e, = ,(\)

such that, if we set
/ 1
T = 1-— F + &« )\47

then 7 € (0,1). Let us now consider ® € E(BsyyNH, A\, {), E a (A, rg)-minimizer of ® in (By,, H)
with 0 < 2r <, 0 € cl(H NJFE), and

exc(E,0,27) + (A +0)r < eqit -
If ecrit(n, A) < €gc(n, min{e,(A), reg(n, A)}), then by Lemma 3.5 there exists v € S"~! such that
IV®(0,v) - e1] + exct (E,0,7) + (A + £) r < min{e,(N), Ereg(n, A)} -
By |[V®(0,v)| > 1/A, we have [V®(0,v) - e1| < e, [V®(0,v)|, and thus, by (2.45),

1
’I/‘€1|S\/l—F+E*A4:T()\)<1. (3.25)

By Lemma 3.7, there exists a linear map L : R" — R” such that L(H) = H and (3.14) and
(3.16) hold true. By Lemma 2.18 and (3.16), if we set

L (z,v) = ®(L ™'z, (cof VL)),
then ®F € £(L(By,) N H, X, ) and L(E) is a (A, 7o)-minimizer of ®~ on (L(By,), H), where
AX<CA, (<Ct, 19<Ciy, B.oCLBy),
for a constant C' = C(\). Moreover, by Lemma 3.8 and (3.14), for some n = n(A) > 1 and
C = C(n,\), we have
(cof VL)v
|(cof VL)v|’

exc,; <L(E) > < Cexcll(E,0,r) since e, =

T
70)7
V21
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as well as, again by (3.16),

Vol(0,e,)-e1 = V®(0,v) €.
Summarizing, there exist positive constants Cy = Ci(n,A) and Ci. = Cis(n,\) such that
oL € E(B,jc, N H,C\, Cil), L(E) is a (A, r9/Cy)-minimizer of ®* on (B,c,, H) with 0 €
cl(HNOL(E)), and

\V@L(O, en) el + excﬁl (L(E), 0 > + (A+Cl)r < Coscrit -

o
’ 2C>k
If Cis €crit < Ereg(n, Cx A), then by Lemma 3.4 there exists a function u € Cl’l/Q(Cl(Dr/128 o, N
H)) such that

C, /i8¢, NHNOL(E) = {ac €H:|pz|<r,qr= u(px)} , (3.26)
with
N IR | O L) ey
2y€D, 108, NH T |z —yl /

V@((z,u(z)), (—Vu(z), 1)) ce1 =0, Vz € Dy 193¢, NOH .

for some C' = C(n,)). By exploiting (3.15) and by applying L=! to the identity (3.26) we
complete the proof of Theorem 3.1. ([l

4. PROOF OF LEMMA 3.4

In this section we prove Lemma 3.4. The argument is that commonly used in most proofs of
e-regularity criterions, and can be very roughly sketched as follows. Based on a height bound
(Lemma 4.1), one shows that locally at points with small excess it is possible to cover a large
portion of the boundary with the graph of a Lipschitz function u, that is close to solve the
linearized Euler-Lagrange equation of a suitable non-parametric functional (Lemma 4.3). One
then approximates v with a solution of the Euler-Lagrange equation it approximately solves,
transfers to u the estimates that the exact solution enjoys by elliptic regularity theory, and then
reads these estimates on the boundary of E' (Lemma 4.6). An iteration of this scheme leads to
prove that, at a sufficiently small scale, u covers all of the boundary of E, and that it is actually
of class C11/2 by a classical integral criterion for hélderianity due to Campanato. For ease of
presentation, we dedicate a separate section to each step of this long argument. Recall that
thorough the proof, the normalization conventions of Lemma 2.16 are in force. In particular, we
always have AN OFE = sptug.

4.1. Height bound. We start with the height bound.

Lemma 4.1 (Height bound). For every A > 1 and o € (0,1/4) there exists a positive constant
Enb = Enb(n, A, o) with the following property. If H = {x1 > b} for some b € R, xg € cl(H), and
O € E(Capay NH L),
E is a (A, ro)-minimizer of ® in (Cyyar, H) with 0 <1 <19,
xo € cl(HNOE),
M+ 0)r <1,
exc(E,x0,27) < enp

—~
=
[N
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then

sup{‘q(w_xo)‘:xecxwoﬂHﬂﬁE}ga, (4.4)
T

HxECxo,rﬂHﬂE:q(l‘—ﬂvo)>ar}’:O, (4.5)

er(chH)\E;q(x—a;o)<—m}‘ 0. (4.6)

Moreover, the identity
¢(G) = P(E;p~ (G)NCoyy NH) = H"(GNH),  GCDpaypr,
defines a finite Radon measure ¢ on Dypg, » concentrated on H N Dpgy, » and such that
((Dpuyr) ="t excl (B, xg,r). (4.7)

Proof of Lemma 4.1. The fact that ¢ is a positive Radon measure and satisfies (4.7) follows by
(4.4), (4.5) (4.6) and Lemma 4.2 below. We thus focus on the proof of these three properties.
By (3.1) and by Remark 2.2, up to replace £ and ® with E*" and ®*°" respectively, we
may directly assume that xo = 0, » = 1 and that H = {z; > —t} with ¢ > 0. Arguing by
contradiction, we thus assume the existence of A > 1 and o € (0,1/4) such that for every h € N
there exist a half-space Hy, = {x1 > —t5,} (t, > 0), and

P, € £(C4 N Hh,)\,gh) ,
Ep a (Ap, 1)-minimizer of ®;, in (Cy, Hy)
0 € cl(H, NOE}),

2AN, +4, <1
such that exc»(E},0,2) — 0 as h — oo, and
either sup {|q:c| :x e CNHN aEh} >0, (4.8)
or HxECﬂHhﬂaEh:q:c>aH>0, (4.9)
or er(CﬁHh)\Eh:qx<—aH>0, (4.10)

for infinitely many h € N.

Step one: We start showing that (4.8) cannot hold for infinitely many h € N. To this end, we
set Hy = {x; > 0}, and notice that

Hy C H,=Hy —tpeq, Vh € N.

In order to apply the compactness theorem, Theorem 2.9, we need to get rid of the moving
half-spaces Hy. Since t; > 0 for every h € N, up to extracting subsequences, we may assume
that t, — t. € [0,00] as h — co. We then consider two cases separately:

Case one: We have t, € [0,5]. Set Fj, = Ej, 4ty e; and Uy (x,v) = @y (z — tper, v) so that Uy, €
E(C(tpe1,4)NH, A\ 1). Since Hy = Hp,+tp, e1, and, for h large enough, C(t.e1,3) CC C(tper,4),
we find that F}, is a (1/2A,1)-minimizer of ¥, on (C(t.e1,3), H) (recall that 2AA;, < 1), with
tre1 € cl(H NOFy) and (up to extracting a subsequence)

lim exan(Fh,th €1,2) =0,
h—o00

sup{lae| i v € Cltner, )N HNOF} >0,  VheN. (4.11)
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By Theorem 2.9, we can find ¥, € E(C(tie1,3) N H, A\, 1) and Fy C H such that F is a
(1/2)\,1)-minimizer of W, on (C(t«e1,3), H) with t.e; € cl(H N0Fy). By (3.9),

excll (Fo,tve1,3/2) < lim inf excl (Fy, tee1,3/2)

n—1
< <%) lim inf excf <Fh,th61, 2) =0.
3 h—o0
Thus, by (3.3),
Foo N Clteer,3/2) N H = {:r € Cltver,3/2) N H : qz < 0} . (4.12)

At the same time, by (4.11), for every h € N we can find z, € C(tpe1,1) N H N OF, with
|azn| > o. In particular, up to extracting subsequences and by (2.61), z;, — 2o for some
29 € cl(C(tier,1) N H N OFy) with |qzo| > 0. By (4.12), it must be P(Fu; B;,s) = 0 for s
small enough: hence, zy € 0F4, contradiction.

Case two: We have t, > 5. In this case the presence of H}, is not detected by the minimality
condition of E}, in Cy, so that Ej turns out to be a (1/2A, 1)-minimizer of ®, in (Cy, R™). This
time we apply Theorem 2.9 with the degenerate half-space R™ and we find a contradiction with
(4.8) by the same argument used in dealing with case one.

Step two: We now prove that neither (4.9) nor (4.10) can hold for infinitely many h. Once
again, we argue by contradiction, and assume for example that (4.9) holds true for infinitely
many values of h. Since we know by step one that

CﬂHhﬂaE}lCDX[fU,O’], Vh eN,
this assumption, combined with basic properties of the distributional derivative, implies that
CnH,NE,N{qr >0} =CNH,N{qz > o}, Vh € N.

By exploiting the compactness theorem for almost-minimizers as in step one, we see however
that Ej, is converging to {qx < 0} (up to horizontal translations and inside of C), thus reaching
a contradiction. O

The following lemma can be proved by a simple application of the divergence theorem to
vector fields of the form ¢(px) e, for ¢ € CL(D,, ). We refer to [Magl2, Lemma 22.11], and
leave the details to the reader.

Lemma 4.2. If H = {x1 > b} for some b€ R and E C H is a set of finite perimeter with
lgz| < o9, Ve e CNHNsptug,
{xGCﬂH:qx<—Uo}CEOCQHC{xECﬂH:qx<JO},

for some o € (0,1), then the set function
C(G)=PE;p HG)NCNH)-H"YGnH), G cD,

defines a positive finite Radon measure on D concentrated on H with
v — eal®

/ dH™ L, VGCD.
p~1(G)NCNHNO*E 2

((G) =

In particular, ((D) = excl (E,0,1).
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4.2. Lipschitz approximation. The next key ingredient in the proof of Lemma 3.4 is the
construction of a Lipschitz approximation of 0F.

Lemma 4.3 (Lipschitz approximation). For every A\ > 1 and o € (0,1/4) there exist positive
constants €ip = €lip(n, A, 0), Co = Ca(n, A), and 61 = d1(n, \) with the following property. If
H = {x1 > b} for somebeR, xy € cl(H), and

OIS 8(Cx0,167‘ N H7 )\76) )

E is a (A, ro)-minimizer of ® in (Cyy16r, H) with 0 < 4r <19,

xo € cl(H NsptOE)

(BAM+40)r <1,

exc,{{(E,xo, 8r) < elip ,
then there exists a Lipschitz function u : R*™1 — R such that, on setting,

M = Cu,,NHNsptoF,

My = {y e M: sup excl(E,y,s) < 61},
0<s<4r

r = {(z,u(z)) : 2 € Dpgor QH},

we have
sup P=9%0l iy <1 My MAT, (4.13)
Rn—1 T
and
H LY (MAT)
SR < CyexcH(E,x,87), (4.14)
1
) / |Vul> < CyexcH (E, xq,87). (4.15)
Dypag,rNH
Finally, iof
either xo € OH and V®(xg,e,) - €1 =0, (4.16)
or dist(zg,0H) > r, (4.17)

then we also have that

1
/ (V2@(0,€0)(V,0)) - (Vp, 0) < Co | Vpllow (exel! (B, 0,87) + (A + ) 7).
Dy, rNH

rn—l
(4.18)
for every p € C! (Dpao,r) with o =0 on HNODpy, ». (Notice that this implies ¢ = 0 on 0Dpg r
when (4.17) holds true.)

Proof. Step one: By (3.1) and Remark 2.2 we may directly assume that zo = 0, r = 1 and
H = {x; > —t} with t > 0. With ep(n, A, 0) defined as in Lemma 4.1, we shall assume that

Elip(nﬂ >\7 U) S Ehb(n7 )\7 U) . (419)

Since E is a (A, 4)-minimizer of ® in (Cig, H), with ® € E(Cis N H, A\, ¢), 0 € cl(H N IE),
excll (E,0,8) < e)p, and 8 AA +4/¢ <1, by (4.19) we can apply Lemma 4.1 to get that

sup{!qy\ :yecmHﬂaE} <o; (4.20)

moreover,

((G)=PE;p HG)NCyNH)-H"H(GNDyNH), GCDy,
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defines a positive finite Radon measure ¢ on D4 N H. We now notice that if y € My, x € M and
s = max{|p(z — y)|, |q(z — y)|}, then s < 2 and by definition of My, we have

Cy,4s C Cl6 ) EXC,I.L{(E, Y, 25) < 51 s (2/\A + f)s <1.
Up to assume that
51(n, )\) < €hp (TL, )\, é) ,

and since, by construction, x € cl(Cy s NOE) N H, we can thus apply Lemma 4.1 at the point y
at scale s to infer

lay — qz| <

|l ®»

which in turn implies
[Pz — py|

5 .
In particular, p is invertible on My, so that we can define a function u : p(My) — R with the
property that u(pz) = qz for every x € My (thus |u(z)| < o for every z € p(Mp) by (4.20)),
and

laz — qy| <

ulpy) —u(pr)| < PLPT gy ey
We may thus extend u as a Lipschitz function on R"~! with the properties that
1
sup |u| <o, Lip(u)gg, MOCF:{(z,u(z)):zEDﬂH}.
Rn—1

This proves (4.13). We now prove (4.14) by a standard application of Besicovitch’s covering
theorem (that we detail just for the sake of completeness). We start noticing that, if z € M\ My,
then there exists s, € (0,4) such that

2
(51 Sn—l < / ‘I/E — en’ dHn—l
o < _— .
HNCy o, NO*E 2

If £(n) is the Besicovitch covering constant, then (see for instance [Magl2, Corollary 5.2]) we
can find a countable disjoint family of balls B(xy,v/2 sp,) with 2, € M \ My, s, = 54, € (0,4),

lve *en|2

513;;—1§/ =gt YheN,
HNCuyy 5,00 E 2

and
H M\ Mo) < §(n) S H™! ((M \ Mo) N Bz, ﬂsh)) .
heN
By (2.47), H" 1 (M N B(zp,vV2s1)) < C(n, \) sp ! for every h € N, so that, by combining these
last three inequalities,

A _ 2
Hn_l(M \ MO) < C(TL, ) Z/ ‘VE en‘ dHn—l
01 = JHNCy, 5,007 B 2
0r  Juncsnorr 2 7
where in the last identity we have used the fact that the cylinders C,, s, are disjoint (as they

are contained in the disjoint balls B(xy,v/253)), as well as the fact that their union is contained
in Cg. Recalling that M \T' C M \ My, we have proved that

H LM \T) < C(n, \) exc(E,0,8).

A
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The proof of (4.14) is then completed by noticing that, since Lip(u) < 1,
HHT N\ M) < V2R (p(T\ M))
<V2H"H (M Np~'p(T\ M)) < V2H" 1 (M\T),
where in the last inequality we have used that
0 < C(p(T\ M)) = H (M 1 p~'p(1\ M)) — H* (p(I'\ M),
and that M Np~tp(I'\ M) C M \T. We finally prove (4.15). We first notice that

(=Vu(pz),1)

e for H" tae z € MNT. (4.21)
u(pz

vp(z) =

Since |vg — en|? > |pre|? and Lip(u) < 1, by the area formula and by (4.21) we get

- 1 1 |Vu(pz)|? _
8" lexc(E,0,8) > / prel? = / e dH" !
" 2 Jmnr 2 Junr 1+ [Vu(pz)?

Vul?,

L L
2 Jpunr) /14 [Vu2 ~ 2v2 Jpunr)

as well as fp(MAF) |Vu?2 < H Y p(MAT)) < H* Y (MAT), so that (4.15) follows from (4.14).
We now devote the next two steps of the proof to show the validity of (4.18).

Step two: We start showing that, setting ®o(v) = ®(0,v),
[ V) (Vepe0.0) () U < OVl (A0, (122)
CNHNO*E

whenever ¢ € C1(D N H) with ¢ = 0 on 9D N H. In showing this, we can assume without loss
of generality that ||Vy|lo = 1, and notice that, correspondingly, suppnz, [¢| < 1. Let us now
fix a € C2°([-1,1];[0,1]) with & =1 on [0,1/2] and |&/| < 3, and consider the family of maps

fi(z) =z + ta(qzr) p(pz) en , x € R"™.
For ¢ small enough, f; is a diffeomorphisms of R", with
f(B)CH, — [(E)AECCCs,  |f(E)AB| < C(n) |t P(E;Cs),
(see [Magl2, Lemma 17.9] for the last inequality). Hence, by minimality of £ and by (2.47),
®(E,HNCy) <®(fi(F),HNCy)+ A|fi(E)AE|

< ®(fi(E),HNCy) +C(n,\)Alt|. (4.23)
By (2.9), (1.8), |fi(z) — x| < C|t|, and, again, by (2.47), we find
®(f1(E),HNCy) = / ®(fi(x), (cof V fi(z))vp(z))dH
HNC2Nd*E (4.24)

g/ Bz, (cof V fi(x) (@) dH™ + Cln, \) €]t
HNC2NO*E

By (2.38), (cof Vf)vg = vg +t((div T)vg — (VT)*vg), with T(z) = a(qz) p(px)e,. Since
a(qz) =1 for x in a neighborhood of 9*F, we have

(cof Vi )vg =ve —t(en-ve) (Vp,0) on O*FE.
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Thus, by (4.24),
®(fi(E), HNCy) — ®(E,HNCy)

< / [ (. (cof Vi)vg) — Bz, vi) | dH" " + C(n, X) 4]
HNC2No*
< —t/ Vo(z,vr) - (Vb,0)(en - vg)dH™ ! + C(n, \) (e It] + t2)
HNCoyNoO*E

< —t / VO(vE) - (Vp,0) (v - en) dH" ™"+ Cn, ) (18] + 12)
HNCyNo*
(4.25)

where in the second inequality we have used (1.9) and that P(F,Cz) < C(n, )\) (by (2.47)) while
in the third one we have used (1.8) (and again that P(E,C3) < C(n,))). We combine (4.23)
and (4.25) to find that

/ V(i) - (Vi 0) (v - en) ™| < O, 3) (1] + (A +0)
HNCyNo*
We prove (4.22) by letting choosing ¢ — 0.
Step three: We conclude the proof of (4.18). We start by showing that

[ 9= Tu(2),1) - (Ve(2),0) dz| < C | Velloe (excll (E,0,8) + (A+0)),  (4.26)
DNnH

whenever ¢ € C1(D N H) with ¢ = 0 on H N 9dD. Indeed, let us set

Flz{xeF:uE(x):

1+ |Vu(pz)|?
By (4.21), if x € T'\ T'y, then |vg — e,|? > 1. Hence, by (4.14),
HH(MAT,) < 8" lexc (E,0,8) + H" Y(MAT) < Cexcl(E,0,8), (4.27)

and thus, by (4.22),
| / V(i) - (Ve(pe),0) (ve - en) AH"!| < C [Vl (exell (B,0,8) + (A + 1)), (4.28)
HNI'

where C = C(n, \). By taking into account the definition of I'y and the formula for the area of
a graph of a Lipschitz function we thus find

‘/Hmpr vcbo((—vu,m-(w,O)‘gcnwuoo(excg(E,o,g)HAM)),

V14 |Vul?
By , for every G Cc DN H, we have
V<I> —Vu,1 Vo,
/ T D V2D [ 920((=u,1) - (V)| < o) Vil [ V02,
V1 +|Vaul? el G

and thus by (4.15) we find
(/ Vao((~Vu 1) - (V. 0)] < O [Vl (exel(B,0.8)+ (A +0) . (4.20)
Hﬁp I'y
At the same time, by (1.9) and again by (4.27) we have

| / V(- Vu,1)- (Ve,0)| < Al Veplloo B (MATY)
HN(DAp(T'1))

IN

CHV(pHooexc (E,0,8).
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We combine this last inequality with (4.29) to prove (4.26). We now notice that, by (1.9),
VO (—Vu, 1) — V&o(en) — V2P (en) - (=Vu,0)| < C(A) [Vul?.
This, together with (4.15) and (4.26), gives

]/Dm{ (V@o(en) + P Bo(en)(~Vu, 0)).(w,0)\ < OVl (excll (£,0,8)+(A+0)) . (4.30)

We finally notice that, by Gauss—Green theorem,

Vo (en) - (Vio, 0) = Vbo(en) - / ovD — (Vo(en) - e1) / v,
DNH HNoD DNOH

where the first term vanishes as ¢ = 0 on H N9dD, and the second term vanishes as either (4.16)
is in force (and thus V®y(e,) - €1 = 0 by assumption) or (4.17) holds true, and then one simply
has DN OH = (). This completes the proof of (4.18), thus of the lemma. O

4.3. Caccioppoli inequality. The third tool used in the proof of Lemma 3.4 is the Caccioppoli
inequality of Lemma 4.4 below. This result, also known as reverse Poincaré inequality, is morally
analogous to its well-known counterpart in elliptic regularity theory, and shall be used here to
translate decay estimates for the flatness of almost-minimizers into decay estimates for their
excess. Here, given an open set A and an open half-space H in R", a set £ C H of locally finite
perimeter in A, and z € ANcl(H), v € S"! and r > 0 such that C,(z,r) CC A, we define the
flatness of E at x, at scale r, in the direction v, relative to H as

— ). —c|?
flat? (E,z,r) = inf — / Iy —2) 5 v—d dH™ L.
ceR T HNC, (z,r)N0*E r

As usual, we set flat? (E, z,r) = flat? (E, z,r) when v = e,, and notice that flatness enjoys
analogous scaling properties to the one of excess, see (3.1).

Lemma 4.4 (Caccioppoli inequality). For every A > 1 there exist positive constants ec, =
eca(n,A) and C3 = Cs(n, ) with the following property. If H = {x1 > b} for some b € R,
xg € cl(H), and

P e 8(09507167« N H, )\,E) ,

E is a (A, ro)-minimizer of ® in (Cyy 16, H) with 0 < 8r <19,

xo € cl(HNOE)

(16 AMA+80)r <1,

excl(E, x0,87) < eca,

with
either xo € OH and V®(xg,e,) €1 =0, (4.31)
or dist(zo,0H) > 167, (4.32)

then
exc (E,xg,r) < C3 (ﬂatg(E, xo,4r) + (A + 1) 7') . (4.33)

The proof is based on the construction of “interior” and “exterior” competitors in arbitrary
cylinders, that is detailed in Lemma 4.5 below, and originates from [Alm68]; see also [Bom8&2,
Section V] and [DS02, Section 4]. We shall need the following terminology and notation: first,
we shall say that £ C R" is a polyhedron if E is open and OF is contained in finitely many
hyperplanes (in this case, H" 2(OE \ 0*E) = 0, and vg(z) agrees with the elementarily defined
outer unit normal to E at every x € 0*E); second, given z € R*~! and r > 0, we shall set

K., = {SC ER": |px—z| <r,|qz| < 1} : (4.34)
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r=1 ... JR— e e e
..................... qr=1/4
Y N /

- N\ 7
.................... qr=-=1/4 | ... ... ...
E P Fo
.................... qr = —1

FIGURE 4.1. The construction of the the competitors F}, and F,,; in Lemma 4.5.
The picture is relative to the case when z € 9H. The bold lines represent the surfaces
in the boundaries of Fj, and Fy,; that are obtained by affine interpolation between
{qz = ¢} NOJK, r and OE N 0K, s in the case of Fj,, and between OE N JK, s and
{qz = ¢} NOK, 1 in the case of Fyy.

Referring to Figure 4.1 for an illustration of the considered construction, we now state and prove
the following lemma.

Lemma 4.5. If H = {1 > b} for some b€ R, 0 < R< S < T, |c|] <1/4, 2z € R NH,
E C H is a polyhedron, and

lvE(x) - en| <1 for everyx € HNK, 7 NO*E, (4.35)
1
lqz| < 1’ Vee K, 7rNHNOE, (4.36)
1 1
{a:GKZ7TﬁH:qx< _Z} CENK,rC {a; ceK.rNH:qx< Z}’ (4.37)
and if
either z € OH or dist(z,0H) > T, (4.38)

then there exist open sets of finite perimeter Fi, and Foyu such that Fi, C K, g N H with

HNoK,sNcl(Fin,) = HNIK,sNE, 4.39)
HNK.rNE, = HNK,rN{qz <c}, 4.40)
1 1
{xEKZ’SﬂH:qx<—Z}CFmC{xEKZ,SﬂH:qx<Z}, (4.41)
and
P(FyK,sNH) < H"YD,rnH) (4.42)
Snfl _ Rnfl . 2
I A s
(n—1)8 HNOK, sNIE S—R
while Fowy C K, 7 N H with
HNOK, 1 Ncl(Fou) HNoK,rN{qz <c}, (4.43)
HNK,sNFyw = HNK,sNE, 4.44)
1 1
{:C ceK.rNH:qzr< —1} C Fout C {a: eK.rNH:qr< Z}’ (4.45)
and
P(Fou; K, 7NH) < PE;K,sNH) (4.46)

Tn—1 _ gn—-1 qzr —c
+n?/ 1+ (
(n—1)8 HNOK, sNOE -5

)2 A2
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Proof. Without loss of generality we may assume that z = 0, and write K, in place of Kg, for
every r > 0. Moreover, we shall set G = G N H for every G C R™. By (4.35) there exists a
partition (modulo H"~!) of D, by finitely many open Lipschitz sets {Q;}Y ;,

N
Di =1 [, HTHQUNQ) =0 if1<i<i <N,
=1

and finitely many affine functions {fm}jvz( and {g”} - ) with fij < gij < fijs1 for every i
and j, such that

N N(i)
KiNE=y» U {x € xR: fii(pr) <qz< gi,j(px)} . (4.47)
=1 j=1
By (4.36) and (4.37) we have
1 1 .
fi,lz_la gi,12_17 gz,N(z)§17 Vlzl,...,N,
and, moreover,
N N(%) N N(%)
K+ NOE =3 U U graph(f; j, ) U U U graph(g; j, %) .
i=1 j=2 i=1j=1
Construction of Fy,. For every i = 1,..., N, we can define an open set X; such that
i =qn—1 {y € (Dg\DgR)": S9N (8D5)+} , where ¢= %

Thanks to (4.38), {3;}Y, is a partition modulo H"~! of (Dg\ Dg)". We then define functions

+; and g7, on ¥; by joining the values of f;; and g;; on ;N (0Dg)™ to the constant value

lc| < 1/4 via affine interpolation along radial directions: precisely, we set

firly) = -1, (4.48)
S —

fijy) = ‘y| fz,J( 0+ 3 _% ¢, j=2,...,N(@)), (4.49)

9i5(y) = |g 7 (5 9) + i:'g ¢, j=1,...,N(). (4.50)

where § = y/|y|. Finally, we define
N N(3)
Fy, = (Kjg N{qz < c}) U U U {:U €Xi xR: fi(pr) < qr < g;j(px)}.
i=1 j=1

Trivially, Fl, C K¢ is an open set of finite perimeter, and (4.39), (4.40) and (4.41) hold true.
In order to prove (4.42), we start noticing that

P(Fu; K&) = H"H(D}) +ZZ/ 1+‘sz*]‘2+22/ V1tV

i=1 j=2 i=1 j=1
Now, if Lpfj : (0Dg)"T — R is defined as the restriction of f; ; to (Dg)™, then for every y € 3;,
* Yy ~ ~\ A~ fi,'(Sg)_CA
sz‘,j(y) = ‘S’ R ‘ | (Vfw( 9) — (Vfi,j(Sy) ) y)y) + ﬁy
\y| Ri s ij(sﬁ —C .

)
= T .. SA 2 5
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where V. is the tangential gradient along (9Dg)". Since VTLpfj(Sf/) - = 0 for every y € ¥;
and

lyl —
0< —<1 for R< |yl <S5,
S—R |yl vl

we obtain that

V151 < IVa0f (7)1 +

(PSP eyt ey,

S—R

Hence by the co area formula and by the elementary inequality v/1 + a2 + b2 < V1 + a2v/1 + b2
we find

s
J14+ Vfi*.Q—/ dr/ 1+ V2 AR
/Ei | ’J‘ R ;N (6D,)+ | ’J‘
1 /S L / \/ 0P (S9) —ene
S Y T'n dr —|— V’T'SOZ Sy 2 Y R df}_[n
5n=2 Jr 2,N(8Dg)+ | J( P+ ( S—R )

Ssn—1 _ Rn—l — C\ 2
<= " 1+ |V, 24/1 dH"?
~ (n— 1)5"_2 /Qm(aDS)+ + ‘ (,0”‘ \/ + S R )

9 -1 _ Rnfl / Tr—cC
-2 " 1+
(n =152 Jgraph(f, ,)n(@0K )+ (5 - R

where in the last step we have used the area formula. Since similar inequalities apply to g; j» by
(4.47) we deduce the validity of (4.42).

) dH™ 2

Construction of Fyy. In this case we use affine interpolation along radial directions above
the annulus (D7 \ Dg)™. More precisely, this time setting I'; = {y € (Dr \ Dg)" : S¢ €
Q; N (0Dg) "}, we let, for every y € T,

w1(y) = —1, (4.51)
" — lyl lyl — .- ,
f5w) = g fii(S9) + T_Sc, j=2,...,N(i), (4.52)
-5
9i5 (W) = 77— |g|g (S@>+“JT|_Sc, j=1,...,N(), (4.53)

and correspondingly define
N N(®%)
Fout = (Kg N E) U U U {x el xR: f(pzr) < qz < g,*j(px)} .
i=1 j=1
One checks the validity of (4.43), (4.44), (4.45) and (4.46) by arguing as above. O

Proof of Lemma 4.4. By (3.1) and Remark 2.2 we can assume that 29 = 0 and » = 1. By
requiring that ec, < epp(n, A, 1/8), we can apply Lemma 4.1 to find that

1
lqz| < 3’ Ve e C4NOE, (4.54)
1 1
{xeC4mH:qx<—§}cEﬂC4ﬂHc{weC4mH:qx<§}, (4.55)

and to have that
C(G)=PE;p HG)NCyNH)-H"Y(GNH), GcCDy, (4.56)
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defines a finite positive Radon measure on Dy, concentrated on D4 N H, and such that

¢(Dy) = 4" texc?(E,0,4) < 2" 'eca, (4.57)

((G) =

lve _en|2

/ , VG C Dy.
p~HG)NC4NHNO*E 2

We now divide the argument in two steps, setting G = G N H for every G C R™.

Step one: We prove that for every £ € (1,2) there exist positive constants C, = Cy(n, A, ) and
0, = 0,(£) such that if z € R"1, s >0, D,¢s C Dy (ie., |2| +&s < 4), |¢] < 1/4 and either
z € OH or dist(z,0H) > { s, then

z,€s

P(B;K{,) - H"}(Df,) < C*{9<P(E; K )- %"—1(D;§S)) (4.58)

1
+/ ]q:r—c|2d7-£”1} + C(A+0),
0 Jxt, nove

for every 0 € (0,6,). This follows by testing the minimality of E against the competitors
constructed in Lemma 4.5 and by exploiting the ellipticity of ® to compare these competitors
with half-spaces through Proposition 2.6. Precisely, with the end of exploiting Lemma 4.5, let
us consider a sequence { Fj }ren of open subsets of H with polyhedral boundaries such that

lvE, - en| <1 on 0Ey, (4.59)
Ey — Ein L. (Cis) and  |ug | H > |pp| H, (4.60)
1
lqz| < 1 Ve e C4.NHNIE, (4.61)
1 1
{xEC4ﬂH:qm<—Z} CE,NCyNHC {zeC4mH:qm< 1}. (4.62)

Note that the existence of a sequence {Fj }ren satisfying the above properties can be obtained
by trivial modifications of the classical polyhedral approximation of sets of finite perimeter,
see e.g. [Magl2, Theorem 13.8]. In particular, since the normal of a polyhedron takes finitely
many values, (4.59) can be achieved by performing arbitrary small rotations. Recalling that
Dﬁ,s C D47 by (456)7
P(E; K \KI) —H" (DI, \DJ,) = ((D.¢s \ D.)
< C(Dz,ﬁs) = P(E; K:—,gs) - Hn_l(Dj,gs) )

moreover, by (4.61), (4.62) and Lemma 4.2, an analogous inequality holds true with Ej in place
of E. By a slicing argument based on coarea formula, there exists o € (1, &) with

2 ¢ 1 2
l<-+2<a<-+=2< 4.63
gty <a<gztg<§ (4.63)
such that, up to extracting a not relabeled subsequence in k, one has

C
H'2((OK s 0) 1 0By) = H'(0Das) ) < = (PBEsKL,) - \(DE,)),  (464)
/ (qr —¢)?dH" 2 < ¢ (qr —¢)?dH" !, (4.65)

(0K 0s) T NOE) § JKI, noE

for every k € N and for a suitable constant C' = C(&), and
lim K" ((EkAE(l)) N (aKmﬁ) —0, (4.66)

k—o00

P(E; (0Kas5)T) =0. (4.67)
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Next, we choose any 6, = 0,(&) such that

1<a-0)(2+%),

373 <%+§><5(1_9*)’

so to entail that,

s<(l—-fas<as<

Finally, we set

R=(1-0)as, S=as, T= (4.68)

sothat s < R< S <T <&s.
Since we are assuming that either z € 0H or dist(z,0H) > & s, by (4.59), (4.61), and (4.62)

we can apply Lemma 4.5 to find sequences of sets {F} },cn and {F%, }ren corresponding to the
values of R, S and T defined in (4.68). Let us now define

F = (Elfl N st) U(E\ K;js) :

By exploiting the minimality of F, by (2.5), (2.6), and (2.7) (that shall be repeatedly used in
the sequel), and by taking into account (4.39) and (4.40), we thus find that for every k € N,

(B K ) < @(FL;KIg) + AN ((E“)AEw N (aKz,sﬁ) +A|EAFL],  (4.69)

where (1.7) was also taken into account. Since |[EAFF| < |Kf| < |Cy|, and, by (4.60), (4.67),
and Reshetnyak continuity theorem [GMS98, Theorem 1, section 3.4] ®(Ey; K ) — ®(E; K )
as k — 0o, we deduce from (4.66) and (4.69) that

® (B Kl o) < ®(FLKg) +er+ CA, (4.70)

Z, mn»

where C'= C(n) and € — 0 as k — oo. We now notice that by (4.44) we can apply Lemma 4.2
to F% on the cylinder K. to see that

Ck(G) = P(Ffut; p_l(G) N K:T) - Hn_1<G N DZT) ) G C Dz,Ta

defines a positive Radon measure on D, 7 with

P(By;Kig) —H" ' (Dfgy) = P(FhL:Klg)—H'"'(Dl) = G(Dly)
L enl®
S Ck(D::T) = /I<+ X % dHn—l
z,TmaFout
1

< —{@(FhiKEy) — @olea) KT (DI} (A7)

K1

where in the last inequality we have applied either (2.30) or (2.28) (depending on whether

z € OH and thus V®(0,e,) - e; = 0, or dist(z,0H) > £s > T) to the autonomous elliptic

integrand ®o(v) = ®(0,v). By (4.44) and (4.67) we find (with obvious notations)
Bo(Fh K y) = @B KoL) + @(Fh K \Kig) + (@0 — @) (FhKD,) . (472)

out» out?
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Thus, we may combine (4.60), (4.70), (4.71), and (4.72) to get
P(E;K]4) —H" 1(DIy)
< P(BiKg) —H" 7 (Dlg) + e
< C{‘I’O(Ffut; K1) — ®olen) anl(DZT)} + ek
< C{@(B K g) + ®(Fh Kip \ Kig) - @ole,) K"~} (DF )
+ (@0 — @) (Fhyi Kl p) + 1}

< C{®(Fk;

m?

KTg) + @(Fl K \ Kl g) — ®olen) H" (D7)

(B0 — )(Fli Kip) + A+

= C{®(FY K7 ) — @olen) K (DLy) + (@0 — @) (Fh K p) + A+ 5k} .
(4.73)

where ¢, — 0 as k — oo, C' = C(n, ), and we have set
FF = (FEnK o) U (Fo N (K \KE)). (4.74)

(Notice that, thanks to (4.39), (4.43), and (4.67) one has P(F*; (0K, s)T) = 0.) By applying
(2.30) or (2.28) to the set F*  we see that

®(F"; K 1) — ®o(en) Hnil(Dj,T)
— ®(F5 K ) — Bolen) KU (DY) + (@ — @0)(FH K ) (4.75)
<o (P(F" K ) = H' (DI ) + (@ — @0)(F5 K ).

By combining (4.73) and (4.75) and by recalling the definition of F*, (4.74), we then obtain
P(E;K!g) —H" (D)

< c{<1>(Fk; K ) — Bolen) H' (D) + (B0 — ®)(Fh K o) + A+ Ek}

4.76
< Ol (P(F* Ky) — H" (D) 7o
(@ — )(Fii Kg) + (0~ ®)(Bu Kig) + At ey}

Let us now notice that since K, g C Cy, thanks to (1.8), (4.60) and the density estimates (2.47)
we have

(@ — ®0)(Ew; K] 5)| < CLP(Ey, Cf) < CLP(E,CY) + &), < Cl + ¢y, (4.77)
Moreover, since H"_I(DZS) < C(n) (by S <&s <4),

(@ — &) (Fii; KT g)| < CLP(F;

m? m?

Kg) < Co{P(FE,KIg) —H""(DIg)}+Cl.  (4.78)
Finally , by (4.39), (4.43), and (4.67),

P(Fka KjT) - /Hn_l(Dj,T) = P(F'k

>’

+ P(EF

out?

Klg) - ’H”‘I(DZS)

3 (4.79)
K/ \Kfg) - H" (DI \Dig).
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Hence, by combining (4.76), (4.77), (4.78) and (4.79) and taking into account that ¢ < 1 and
that both terms in the right hand side of (4.79) are non-negative (by Lemma 4.2), we obtain:

P(B;K ) —H" (D)
< c{P(RLKg) - H"—1<Djs> (4.80)

P( outr K T\K —H" 1(D+T\D+ )+ (A+€)+gk}.

We now observe that both in the case z € 0H and in the case dist(z,0H) > £ s we have

Snfl _ Rnfl
H' (D g\ D) = gy A" ((0D2s)7)
28\ (n—1)Sm2 ’
L1 g (4.81)
7‘[” 1(D+T \ D ) W?‘ln_z((aDzs)—‘r) .

By (4.42), by (4.81) and since V1 + 12 < 1 + 2, we find
P(Fy Kl g) —H" (D)
n—1 _ pn—1 _
+H"H(0K,.5)T NOE}) — 'H“((anz,s)ﬂ}

o) s — Rt / qr —c 1 N s
T s (n=1)8"2 |k, rom, <S - R) dH P(Er K e,) = H" (Dyes

where in the last inequality we have used (4.64) and (4.65). Since S = asand R = (1 —f)as
we have that

Sn—l _ Rn—l
S—R=abs and D2 = Cn)fas

Thus, by also taking into account that « € (1,2) by (4.63), we conclude that
P(F K g) —H" (D)

L qr—¢ 2 n—1 + n—1 +
<Cy3 d 0( P(E; K D 4.82
_0{9/@@8@( ) a4 0(P(Eg K, ~ H' (DY) by (482)

S

for some C' = C(n,§). By an entirely similar argument we exploit (4.46), (4.64), and (4.65) to
show that

P(Fo: K \Klg) = H" (DI \ D} )

L ar—c n—1 + n—1/m+
<C{-= , _ .
_0{9/@98@.( ) dH +9<P(Ek7Kz7£s) " (D£S)> . (4.83)

S

)}
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for some C' = C(n,§). By combining (4.80), (4.82) and (4.83) and by letting k& — oo, taking
also into account (4.60), we finally get

P(E;K!g) —H" (D)

1 qr —c¢ 2 1 1 N
C{H/I(igsmaE< S ) dH +9( ( KZ&S) H ( zgs))+( +£) )
(4.84)

for some C' = C(n, \,§). By (4.56) and since S > s, the left-hand side of (4.84) is an upper
bound to P(E; KT ,) — H"1(D},), so that (4.84) implies (4.58).

Step two: We finally deduce (4.33) from the weaker inequality (4.58) through a covering argu-
ment, see [Sim96]. We start noticing that, as a consequence of (4.58), for every & € (1,2) there
exist Cy = Cy(n, A\, &) and 6, = 6,(§) such that

h
$2¢(D..) < C, {952 ((Dag) + 5+ (A+ e)} . Voe (0,6, (4.85)
whenever z € R"™! 5 > 0, D. ¢, C Dy with either z € 0H or dist(z,0H) > s, ( is given by
(4.56) and
h = inf / lqz — ¢|* dH" L. (4.86)
lel<1/4 Je,nHNO*E

We now conclude the proof of the lemma under the assumption (4.31), that is 0 € 0H and
V&(0,ep) - e = 0 (recall that we have set g = 0 and r = 1). A simpler, analogous argument
covers the case when (4.32) holds true. We start by showing that if £ € (1, 2) is sufficiently close
to 1, then there there exist C' = C(n, A, ) such that

(D) < C{02((D- ) + g a0}, (4.87)

for every € (0,0,] and D, 45 C Dy. Indeed, let 2 € R"! and s > 0 satisfy D, 45 C Dy. If
dist(z,0H) > &s then (4.87) follows immediately from (4.85) by the trivial inclusion D, ¢, C
D. 45 (recall that & < 2). If, instead, dist(z,0H) < &s, then we consider the projection Z of z
on OH; since D, s C D3 (¢41)s, we have (D, s) < ((Ds,(¢41)s); at the same time, since z € OH
with Dz ee1ys C D geq2)s C Dzas C Dy, we can apply (4.58) at z at the scale (§ + 1) s, to
conclude that
h
$C(D.s) € 55((Dsern)s) < C{055(Ds g ) + 5+ (A0}, Vo€ (0,60,

If we choose & such that {(£ +2) < 4, then Dz (c21¢)5 C D, (¢29¢) 5 C D245 and we deduce the
validity of (4.87). Let us now define

Q = sup {52 C(Dz,s) : Dz,4s - D4} )
so that @ < oo by (4.57). We now notice that, if D, 4 C D2, then there exists a family of points

{2k N(n CD,ssuchthat D, C U D., s/16- Since, trivially D, s C Dy, by applying (4.87)
at each zj, at scale s/16 we find that

N(n
#¢(D.) < 2562(%)2<<D2k,5/m>

N(n)
< CZ{( s zk,s/4)+Z+(A+€)}
< 0{9Q+g+(A+£)}, V0 € (0,0,
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where C' = C(n, A, §). In other words,

h
Q< 0{9Q+5+(A+6)}, Vo € (0,6,].
Keeping ¢ fixed, we choose 6 < 0, such that C'6 < 1/2 in order to conclude that
Q<2C(h+A+20)r).

By recalling the definition of & (i.e., (4.86)), and by noticing that D is admissible in the definition
of @, we conclude that

excl(E,0,1) =¢(D) <Q < c{ inf / lgz — c|*dH™ 1 + (A +€)} : (4.88)
lcl<1/4 JeynHNO*E

Finally, if |¢| > 1/4, then by (4.54), (2.50) and since H"1((C16 N OF) \ 0*F) = 0 by Lemma
2.16, we find

n—1
/ az — > dH" ! > 61162 :
CunHNI*E 8

Hence, provided ec, < c1 (16)"!/64, we find

exc(E,0,1) < 8" texcH(E,0,8) < 8! / lqz — c[>dH" . (4.89)
C4NHNO*E

We combine (4.88) and (4.89) to deduce (4.33). O
4.4. Tilt lemma. We now combine the results from the previous three sections to obtain the

key estimate in the proof of Lemma 3.4. Indeed, Lemma 3.4 will follow by an iterated application
of the following lemma.

Lemma 4.6 (Tilt lemma). For every A > 1 and § € (0,1/64) there exist positive constants
ety = enie(n, A, B) and Cy = Cy(n, \) with the following properties. If H = {x1 > b} for some
beR, zg€cl(H),

O € £(Cyyr6r N H, L),
E is a (A, ro)-minimizer of ® in (Cyy 16, H) with 0 < 8r <19,
xo € cl(HNOE) ,
excl (E,x0,87) + (A + 0)r < ey
and
either zo € OH and V®(xg,e,) €1 =0, (4.90)
or dist(xg,0H) > r, (4.91)

then there exists an affine map L : R™ — R™ with Lxg = xo and L(H) = H, such that
IVE—1d|? < Cy(excl! (B,z0,8) + (A+0)7),

excll (L(E),z0,87) < Cu (5 excll (E,z0,8r) + 5 (A+0)r).

Moreover, if we set as usual ®F(z,v) = ®(L~1(z), (cof VL)"1v), then &L € £(Cyy 25N H, X, 0)

and L(E) is a (A, 7o)-minimizer of ®% on (Cyq2p:, H), where

A=Al =4l [0 = ro
A ’ 4 ’ To

max{ } <Cy (exc,lj(E, x0,87) + (A + ) r) is

Finally,
VCIDL(xo, en)-e1=0, if (4.90) holds.
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We premise the following lemma, usually known as a A-harmonic approximation lemma, that
in our setting just amounts to a remark in the theory of constant coefficients elliptic PDEs.

Lemma 4.7. For every A\ > 1 and 7 > 0 there exists a positive constant enay = Epar(T, A) with
the following property. If H = {x1 > b} for some b € R, A € Sym(n) with \™'1d < A < \1d
and v € WH2(D N H) is such that

/ Vul? <1, / (AV4) - Vo < parl| Volloo
DNH DNH

for every ¢ € CY(D) with ¢ =0 on H N 0D, then there exists v € WH2(D N H) such that

/ \u—v|2gT,/ Vv]2§1,/ (AVv) -V = 0,
DNH DNH DNH

for every ¢ € CY(DN H) with ¢ =0 on HNID.
Proof of Lemma 4.7. By contradiction; see, for example, [DM09, Lemma 2.1]. O

Proof of Lemma 4.6. Step one: By (3.1) and Remark 2.2, we may reduce to prove the following
statement (where H = {x1 > —t} for some t > 0, and G* = G N H for every G C R"). If

e &(CigNHNL,
E is a (A, rp)-minimizer of ® in (Cig, H) with ro > 8,
0 € cl(H NsptOF)

excl (E,0,8) + (A +4) < eu (4.92)

and
either 0 € OH and V®(0,e,)-e1 =0, (boundary case) (4.93)
or dist(0,0H) > 1, (interior case) (4.94)

then there exists a linear map L : R™ — R"™ with L(H) = H such that

IVL —1d |2 < Cy (exc{j(E,o,s) + (A+£)>, (4.95)
excH (L(E),0,8) < Cy (52 excH (E,0,8) + (A + E)) , (4.96)
oL € £(Cy, 0 0), (4.97)
L(E) is a (A, 7o)-minimizer of ®% on (Cag, H), (4.98)
A=Al [€=1] |fo— o " 1/2
<
max{ S A —— } < Cy (excn (E,0,8) 4+ (A + E)) , (4.99)
and
VoL(0,e,) e =0 if (4.93) holds. (4.100)

Step two: Given o € (0,1/4), let us consider the constant ey, = €jip(n, A, o) determined by
Lemma 4.3. We shall work under the assumption that

1
Etie < mMin {Ehp(n, A 0), 87)\} . (4.101)

Of course, this will be compatible with ey = egie(n, A, 8) as we shall fix (later on in the
argument) a definite (sufficiently small) value of o depending on n, A, and 8 only. This said, by
(4.92), we can apply Lemma 4.3 to find a Lipschitz function u : R*~! — R satisfying

sup |u] < o, Lip(u) <1,
Rn—1

- . ) . (4.102)
H"H(MAT) < Cyexc, (E,0,8), |Vu|* < Cyexc,, (E,0,8),
D+
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where Cy = Ca(n, \) (note in particular that Co does not depend on o), and
M=C"NoE C D' x (—0,0), I'={(zu(z):2€D*t}. (4.103)

Moreover, setting ®¢(v) = ®(0,v), we also know that
/ (V2®@0(en) (Ve,0)) - (Vip,0) < Co || Viplloo (exeff (B,0,8) + (A+0),  (4.104)
D+

for every ¢ € C*(D) with ¢ = 0 on (0D)*. (Notice that (OD)T is half D in the boundary
case, and it it actually coincides with the whole 0D in the interior case.) Let us set

x =0y (exc{j (E,0,8) + (A + z)) < Chen (4.105)
and let us define

w = —,  Aij=V?®(en)ei-e;  di,j=1...,n—1. (4.106)

BIE

If we require ey; < 1/C2(n, \), then x < 1, while A™'Id,,_; < A < MId,,_1 thanks to (1.9) and
(1.10). Moreover, by (4.102) and (4.104),

[vwk <1, [ aVu- Ve < [9el VR, (4.107)
D+ Dt

for every ¢ € C*(D) with ¢ = 0 on (9D)". Let us now introduce, in addition to o, an additional
parameter 7 > 0 to be fixed later on depending on n, A, and § only. In this way it makes sense
to require that ety < epar(n, A, 7)/C2(n, A). Correspondingly, (4.105) and (4.107) allows us to
apply Lemma 4.7 to find vg € W12(D¥) with

/ Vol < 1, / (AVwg) -V =0, (4.108)
D+ D+
for every ¢ € C*(D') with ¢ =0 on (D)", and
/ lug — wol® < 7. (4.109)
D+
By elliptic regularity, there exists a constant C' = C(n, \) > 1 such that if
wo(z) = vo(0) + Vup(0) - z, 2z€D, (4.110)
is the tangent map to vy at the origin, then we have
[Vwo| < C, (4.111)
(AVwp) - e1 =0, in the boundary case (4.93), (4.112)
as well as, for every s < 1/2,
wo(0) < /D: o, /D: —wl o, (4.113)
Let us now set
v = /X0, w = /X wo, V:M c:ﬁ (4.114)

V14 Vw2 V1+[Vw?

By (4.111), |[Vw| < C,/x and, provided ey is sufficiently small (with respect to a constant
depending on n and A only), we have

v —en| < C(n, N)|Vw| < C(n,A) /- (4.115)
We now claim that, if v —e,| < 1/4 and we are in the boundary case (4.93), then
IV®y(v)-e1] < C(n,A)x, (4.116)
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Indeed, by zero-homogeneity of V®q, one has V®q(v) = V®y(—,/x Vwo, 1), and then (4.93),
(4.106), (4.112), and a Taylor expansion (recall (1.9)) imply

‘V(I)o(l/) . 61| S }V(I)o(en) el + (V2(I>0(€n)(\/%vw0,0)) . 61| + C|\/§Vwo\2
= ClyX Vuwo|* < Cx,

for C' = C(n, ). Up to further decrease the value of ey depending on n and A only, (4.116)
enables us to apply Lemma 2.7 to deduce that, if we are in the boundary case (4.93), then there
exists vg € 8"~ ! such that

V(I)o(l/o) e = 0, (4.117)
vy —v| < C(n,A) x. (4.118)

In the interior case, (4.94), we simply set vy = v, so that (4.118) holds true in both cases. We
now notice that, by (4.109) and (4.113), if s < 1/2, then, for C' = C(n, \),

1 lu — wl|? 1 v — w|? TX 9 T
| /m = §C<Sn—1 /m 5 +s”+1) §C(s +sn+1)x' (4.119)

By taking into account the definition of ¢ in (4.114), and thanks to (4.113) and (4.109), we find

P <xu©@P<Ox [P <e(x [ o-uwf+ [ uP}<cbro), (4120)
D, oi, o,

for C'= C(n, \), and where we have also taken into account that v = \/xuo and |u| < o, as well
as that 0,7 < 1. Moreover, by (4.114) and (4.111), for some C' = C(n, \) we find

sup |z v < sup (|pz||Vw|+ ]qx|)2 <O(X+0)P<C(x+o), (4.121)
ze MUT zeMUT

where we have used that o,y < 1. Finally, setting K = DI x (—1,1) C C and using that we
have both 7 < 1 and x < 1,

1 / |z - vy — c|? < 2 / lz-v—cf]? +4P(E;C+)|1/—1/0\2
1 Jxrnoe B 52 = o JktroeB 52 gnt1

2 lz-v—cf]? X2
(by (2.47) and (4.118)) < o /K:ma*E 0
2 r-v—cl]? 2
= —1/ | 2 | +C = 1
"0 Jxinr s st
+ ¢ HL(MAT) (|c|2 + sup |x- 1/|2)
snt zeMUT
2 r-v—cl]? C
(by (4.102), (4.120), and (4.121)) < / | 5 i X (x+0)
& Kinr s s

(by (4.114)) _ 2 / [u—wl 1+ |Vuf? - C (x +0)
v sl pr $2/1+|Vw]? g XX

2v/2 lu — w|? C

(since Lip(u) < 1) < o1 Jos 2 + Gt X (X + 0’)
9  Xto+T
(by (4.119)) < Cx (8 + W) :
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where C' = C(n,\). We plug the value s = 325 < 1/2 into this estimate so that, recalling the

definition of y (4.105), we get
1 - v — ¢ o, XtOo+T H
< C(n,\) 87+ exc, (E£,0,8)+(A+7¢)).
pr-1 /I<3+2BQB*E B2 () ( prrt ) ( ( )+ )>

If we first choose 0 = 7 = 3713 and then ey, < "3, then the above estimate gives

. _ .2
Bnll /K+ i W < C(n, )5 (excn(E, 0,8) + (A +£)> : (4.122)
o

We notice that, by (4.115) and (4.118), one has
lvo —en| < C(n,\) VX - (4.123)

We now use Lemma 3.7 to construct the map L. More precisely, (4.123) ensures that |1y - e1] <
1/2, provided e is small enough. Then we can apply Lemma 3.7 to vy to construct a linear
map L : R" — R" with L(H) = H and

323

I _ (cof VL)
L(vy)=e€;,, sothat e,= (eof VL o] (4.124)
Vol(0,e,) -1 = V(1) - €1, (4.125)
[VL—-1d|| < C(n,\)/x,  det VL=1. (4.126)

Thanks to Lemma 2.18, ®& € E£(L(Cis) N H,\,0), L(E) is a (A, 7o)-minimizer of &% on
(L(Clﬁ), H) and
X=Xl [0—¢ |70 —
max{’ | =4 1o m‘} < O, \) VX« (4.127)
A 14 To
Note that A = A in the application of Lemma 2.18, since det VL = 1. This proves (4.97), (4.98),
and (4.99). (Indeed Cop C L(Cip) as, trivially, Cos C C, and as one can make L close enough
to the identity to ensure C C L(Cig) by (4.126) and up to further tuning the value of eyt.)
Also, (4.125) implies (4.100) when we are in the boundary case. We are thus left to prove (4.96).
Up to further decrease ey, by (4.123) we can entail the inclusion Cy3 C L(K3gg), so that, if

~ c
‘= |(cof VL)’
then by the area formula we find that
2
2 n—1 (COf VL)I/O C n—1
T-enp—cldH §/ ‘ - — cof VL)vg|dH .
/CIHOL(a*E) | g " ENK 5 |(cof VL)vg|  [cof V Luy| I sl

(4.128)
Now, det L = 1 so that L*(cof VL) =1d (see (2.117)). Hence

Lz - (cof VL)vg = x - 1, Ve € R,
and thus, taking also into account that, by (4.126),
|(cof VL)vg|
<14 C L—-1d|| <C(n,\
Tty <1+ Cn) VL —Td] < Cln. ).
we deduce from (4.128) that

/ 2 - e, — ¢ dH"! < C(n, )x)/ z vy —cPdH L.
CH.NL(O*E)

0" ENK

Hence (4.122) implies that
fAat? (L(E),0,48) < C(n, \) 8 (exc{j (E,0,8) + (A + e)) . (4.129)
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We now want to apply Lemma 4.4 to L(F). To this end, we start noticing that, up to decrease
the value of e in order to entail Lil(Kgg) C Cg, and setting M = cof VL for the sake of

brevity, we have
2 n—1
v —en|"dH
(8p)" L /KJr no* L | ue) ~ enl

1
2exc/ (L(E),0,88) = )
1 Mv Muyy |2 _
- w/@ aenoes ] ™ ] MR
85

‘MI/E‘ ‘MV[)‘
+C(n,\) |[[VL —1d ||

: (88)n1 Cino*E v = vl
oy i) < SRV s ePa PG )
pr—t Cino*E
(by (2.47) and (4.123)) < CB(:;?) X < eca(n, 2)), (4.130)
provided e is small enough. In the same way, we can deduce from (4.127) that
XN<2\, (<2,  To>r10/2, (4.131)

and Cigs C L(Cq6), again provided ey, is small enough. In particular, since 5 < 1/64, ro > 8,
and (A + /) < 1/8)\ by (4.101), we find that

Le 8(0165,2)\,%),
L(E) is a (2A,7r9/2)-minimizer of ®% in (Ci6p, H) with 8 8 < 19/2,
16 (2NAB+8(20)p <1,

with exc(L(E),0,83) < eca (by (4.130)), 0 € cl(H NsptdE) N OH and, when we are in the
boundary case, with V®(0,e,) - e; = 0 (by (4.100)). We can thus apply Lemma 4.4 to L(E)
at scale 165 to deduce that

excll (L(E),0, 8) < Cy(fat,! (L(E),0,48) + B(A + 1))
We combine this estimate with (4.129) to obtain

exc (L(E),0,8) < C(n,\) <B2 exc(E,0,8) +5(A+€))

that is (4.96). This completes the proof of the lemma. O
4.5. Proof of Lemma 3.4. By scaling, see (3.1) and Remark 2.2, we can directly set r = 1.
With the notation G = GNH for G C R™, we thus want to prove that, setting ®¢(v) = ®(0,v)
if

® € E(ClHhg, A 0), (4.132)

E is a (A, rp)-minimizer of ® in (Cj9g, H) with rg > 64,

0€cl(HNOJOE),

[V®q(en) - e1| + exct (E,0,64) + (A +€) < ereq (4.133)
then there exists u € C1Y/2(cl(D1)) such that
[Vu(z) — Vu(y)|

sup |u(z)| + |Vu(z)| + 7 < C(n, A) \/Ereg » (4.134)
z,yeDt ‘ y‘
CTNOE = {wEH: |pz| < l,qx:u(px)}, (4.135)

Ve ((z,u(z)), (—Vu(z),1)) -e1 =0, Vze DNOH. (4.136)
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We divide the proof into four steps.

Step one: We claim that for every x € cl(H N OE) N 0H N Cyg there exists an affine map
L :R" — R" (depending on z) with L(z) =z, L(H) = H, and

IVL —1d||?> < Céereg,  excl(L(E),z,0) < Cergo,  VYo<16, (4.137)
where C' = C'(n, A). Firsy we notice that it suffices to prove this under the assumption that
e(z) = |V®(z,e,) - e1| + excH (B, x,32) + (A +¢) < g, (4.138)

for a suitably small positive constant €y = £¢(n, A). Indeed, by (4.132), (1.8), and (4.133), if
x € CigNOH, then

VO (z,e,) -e1] < |[VPg(en) - e1] + 320 < 326,
excl (E,2,32) < 2" lexcl (F,0,64) < 2" e,

so that e(z) < C(n)ereg for every z € Cig N JH; in particular, we can ensure the validity of
(4.138) at every x € cl(H NOFE) N 0H N Cyp provided we pick e,ey sufficiently small.

We now prove our claim, setting € in place of £(x) for the sake of brevity. By exploiting the
convergence of the geometric series, it will suffice to prove the following statement:

There exist positive constants e,, 3, < 1, K1 and K (depending on n and A only) such that,
if ¢ < g4, then for every k € N there exists an affine map Ly : R — R" with Li(z) = =,
Li(H) = H and

HVL]C—VL]{,1H2 SKlﬁfé, if k> 1,
{ IVLo—1d|P < K¢, (4.139)
such that,
P = ol ¢ s(cgm, Mo i) (4.140)
By = Li(E) is a (A, 7o) minimizer of ®, in (C, o3¢, H), (4.141)
Vole(z,e,)-e1 =0, (4.142)
excl (B, z, B¥) < KypFe . (4.143)
where Ao = 2X, by = 2(, 199 = 70/2, and
Me — M1 |k — e — Tk /
A 14 r0,k—1

We prove this statement by induction.
Base case: If ¢, is small enough, then by |V®(z,e,) - 1] < € we can apply Lemma 2.7 to find
vy € S" 1 such that

lvg —en] < C(n,\) e, V&(z,1p)-e1=0. (4.145)
Up to further decrease e, so to entail |e; - vp| < 1/2, we can apply Lemma 3.7 to vy to find
an affine map Ly : R" — R" with Lo(H) = H, Lo(z) = =, ||[VLy — 1d| < C(n, ) |en — o,
and V&L (x.e,) - e; = V®(z,10) - e1 (so that (4.139) and (4.142) hold true by (4.145)). The
validity of (4.140) and (4.141) is easily checked thanks to Lemma 2.18 and (4.139), up to further
decrease the value of ¢,. Finally, by exploiting (4.139) (with k¥ = 0) and (4.145) as in the proof
of (4.130), we see that, if e, is small enough (also to entail that Ly'(C,) C Cy64), then we have

exc (Lo(E),z,1) < C(n,\) (32)" texc (F,x,32) < C(n,\)e.

This proves the case k = 0 of our claim.
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Choice of e, B, K1 and Kso: Since e, By, K1 and Ks have to be chosen in a careful order, it
seems useful to fix their choice before entering into the inductive step. We shall pick S, = S«(n, A)
so that

1 1

where C4(n,3)) is defined by means of Lemma 4.4. By (4.146), it is possible to choose Ky =
Ks(n, A) so that
3 C4(7”L 3)\)

K 4.14
2*1—6404(71 3\) B (4.147)
Finally, we choose K1 = K(n,\) so that
M VE
K12304(n,3 ) VK2 +3 (4.148)

VB ’

and in such a way that the case &k = 0 of (4.139) and (4.144) holds true. Finally, ¢, shall be
chosen to be small enough with respect to other constants determined by n, A, 8, K1 and Kbs.

Inductive step: Let us assume our claim holds true for j < k and let us prove its validity for
j =k + 1. To this end, we notice that, by exploiting (4.144), and provided &, is small enough,
we can certainly ensure that

A0

MeSBA, <3 ok g (4.149)

Let us set 3 =8 S, € (0,1/64), so that we can consider the constant e (n, 3\, 88,) determined
by Lemma 4.6. By the inductive step on (4.143), by (4.149) and by definition of &, we see that

excl! (Ep, @, BY) + (A + ) B < Koe +3(A+0) < (K3 +3) e
so that, by (4.140), (4.141), (4.142) and provided we assume that
(K2 + 3)3* < 5tilt(n7 3)‘7 8/8*) ’

we can apply Lemma 4.6 with =, ®, Ei, 265, A\ < 3\, £, and ro,k in place of xg, ®, E,
167, A and ro respectively. (Notice that we have roy > 163% thanks to (4. 149) ro > 64, and
B, < 1/512.) Hence, there exists an affine map L : R® — R™ with L(z) = z, L(H) = H, and
constants \ >1, 0 > 0, and 79 > 0 such that

L(Ey) is a (A,To)—minimizer of i’% in (Cg gk /as H) (4.151)

V@%(z, en)-e1=0, (4.152)
H(7 B¢ k B

exc,; <L(Ek),a:,68> < C4(n,3)N) (6 exc (Ey,x, %) + == (A +€k)) , (4.153)

|>\ )\k\ 10—t \To—(TOk)\}

max 14 || L — Id ,
{IZ—1a, t—

(4.154)

< Cy(n.33) (exel (B 35+ (A + ) ).

We claim that by setting

Lit1=LoLy, N1 = A, b1 =4, Tok+1 = 70 (4.155)
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the proof of the inductive step is completed. First, by (4.155) and since 3 3F/4 = 25+ and

®L = @Llr+1 we see that (4.150), (4.151) and (4.142) immediately imply (4.140), (4.141), and
(4.152) with k + 1 in place of k respectively. Next we notice that, by (4.153) and by 5 = 8 S,

excH (L (B),z, BY) < Cu(n,3)) (64 32 excH (By, z, B%) + 851 (A + ek))
(by (4.143) and by (4.149)) < COy(n,3)) (64 Ko BF2e 4 385 (A + E))
< Oy(n, 3N (64 Ky By + 3) gF e, (4.156)

where in the last inequality we have used A+ ¢ < e. By the choice (4.147) of K>, (4.156) implies
the validity of (4.143) with k£ + 1 in place of k. Similarly, we notice that, by (4.143), by (4.149)
and by definition of

IN

1/2
Cu(n,3)) (K2 Bret3e 51:)

_ (”BAV”L ko (4.157)

Calm,33) ((exefl (B, 85 + (A +3) 85)

By (4.154), (4.155), (4.157) and (4.148) we deduce that (4.144) holds true with k& + 1 in place
of k. Finally, by exploiting the validity of (4.139) for j < k, we see that

k—1

A/ Ex
IVL|| <1+ VLo —Id[| + ) | VLj41 — VL[| < 1+ (1 + ) K, <3,
pr ~ VB

provided e, is small enough. Hence, by (4.154) and (4.157), we find

IVLger = VL < VL] |VL ~1d ||

3Cy(n,3)) \/7K2+ \/ﬁq{ \/Tﬂ

once again thanks to (4.148). This completes the proof of step one.

IN

Step two: The argument used in step one, where now the interior case of Lemma 4.6 is used
in place of the boundary case at each step of the iteration, allows us to prove the following
statement: There exists £, = €..(n, A) such that, if z € cl(H NOFE) N H N Cyg with

e = excl! (B, z,2dist(z,0H)) + 2dist(z, 0H)(A + \) < €4s (4.158)
then there exists an affine map L : R — R" (depending on x) with L(z) =z, L(H) = H, and
IVL —1d || < C(n, \) e, exc(L(E),z,0) < C(n,Neo, Vo <dist(z,0H). (4.159)

This statement is an “interior” analogous to the “boundary” statement proved in step one,
with (4.138) playing the role of (4.158). The only difference is that (4.138) follows directly from
(4.133), while (4.158) cannot be so immediately deduced from it. Showing the validity of (4.158)
at every x € C;% N OF is, essentially, the content of the next step of the proof.

Step three: We now prove that for every = € cl(H NOFE) N C there exists an affine map L such
that L(H) = H and

VL —1Id ||* < C(n, ) €reg » (4.160)
exc,lj(L(E),L(x), 0) < C(n,A)éereg 05 Vo <8. (4.161)
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We start with the following simple observation: if €., is sufficiently small with respect to
enp(n, A, 1/32), then by applying Lemma 4.1 to E in Cg we have

1
sup {|ay| :y € CT NOE} < .

1
Hyecij:qy>3—2}(=o, (4.162)

Hye (CI\E):q< —3%}’ =0.
From this it follows that for every y € 9H N Csy there exists a point y' € OH such that
y €c(CoNIE)NOH  and  py =py. (4.163)
Indeed, thanks to (4.162), for every s € (0, 2)
Kpys NE| >0 Kpy,s \ E| >0,

where Ky, s is defined as in (4.34). This gives that sptug N Kpy s # 0, thus (4.163), since
OF = sptup by Lemma 2.16. Let now z € cl(H NOE) N C and z € 9H N Cy be such that

lpx — pz| = |z — z| = dist(x,0H) , (4.164)

Let 2/ € cl(C2 NIE) N OH be the corresponding point satisfying (4.163). By step one, there
exists an affine map Ly : R" — R" with L1(H) = H, L1(2') = 2/, and

IVLy —1d||? < C(n, A) €reg » (4.165)
excl (Li(E),z’,0) < C(n,\) éreg 0, Vo < 16. (4.166)
Since L1(2') = 2’ and L, is affine, by (4.165),
|Li(z) — x| = |VLi(z — 2') — (z — 2)| < C(n, \)\/Ereg |r — | (4.167)
and
(1= C\/fereg) | L1(z) — 2| < o — 2| < (1 + C\/fEreg) | L1 (z) — 2] (4.168)

In particular we can choose €, sufficiently small to ensure that L;(z) € Cy. We now claim
that, provided e,¢g is sufficiently small,

|Ly(x) — 2| < 2dist(Lq(z),0H). (4.169)
First notice that thanks to (4.167) and (4.168),
dist(z, 0H) < dist(Ly(z),0H) 4+ C\/Ereg |z — 2|

] , (4.170)
< dist(Ly(x),0H) + C\/ereg |L1(x) — 2’|
Moreover, thanks to Lemma 2.7,
ol e £(CF,., 21, 20),
(Ciar ) (4.171)

Li(E) is a (A,79/2)-minimizer of ®*1 on (Cia7, H) with 79/32 > 32.

By (4.166) and (4.167), if y¢g is small enough with respect to en,(n, 2X,1/8), we can thus apply
Lemma 4.1 to L1(E) on the cylinder C(z’,4|2" — L1(z)|), to deduce that

laLi(z) — az’| < |Li(z) —2'|/8.
By this, (4.167), (4.168), (4.164) and recalling that pa’ = pZ, we obtain
ULa(e) — /| < [PLs(2) ~ po'| < [PLa(x) ~ pr] + [pz — B
< |Li(x) — 2| + |pz — p7|
< C\/Ereg|Li(x) — 2’| + dist(z, OH)
< C\/Ereg|L1(z) — 2’| + dist(L(z), 0H),
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where in the last inequality we have used (4.170). Choosing ey suitably small we obtain (4.169).
By (4.169), if o > 2dist(Li(x),0H), then

C(Li(2),0) C C(2, 0 + | L1 (2) — 2'[) € C(a',20),
and thus
excll (L1(E), Li(z), 0) < 2" 'excl (Li(E),2', 20).
Hence, (4.166) implies
excll (Li(E), Li(z),0) < Cerego, Vo€ (2dist(Li(z),0H),8) ,

for a constant C' depending on n and A only. Of course up to suitably increase the constant C
we also have

exc//(L1(E), Li(z),0) < Cergo, Vo € (dist(Li(z), 0H),8) . (4.172)
We thus find
excll (L1(E), Li(z), dist(Li(z),0H)) < Ceyeq dist(Li(z),0H) . (4.173)

Since, by (4.133),
dist(L1(x),0H) (A + ¢) < dist(Li(x), 0H) €reg

by choosing &g sufficiently small we can exploit (4.171) to apply step two to Li(FE) at Ly (x), and
deduce the existence of an affine map Lo : R™ — R” such that La(L1(z)) = Li(x), Lo(H) = H
and

VLo —1d ||? < Ceyeg dist(Ly(z),0H), (4.174)
excl (Ly(L1(E)), L1(x), 0) < Cereg dist(Ly(x),0H) o, Vo < dist(Ly(x),0H). (4.175)
We now claim that the map L = Ly o L; satisfies (4.160) and (4.161). Indeed, clearly L(H) = H

while (4.160) follows from (4.165) and (4.174). Let us now prove that
exc?(L(E),L(z),0) < Cereg0, Vo€ (dist(Li(z),0H),8). (4.176)

For, let us set My = cof Vs, so that
VL(E) = 7M2 ) )
’MQVLl(E)|

and consider 7 € S"~! such that
Mop
en=—"-.
| MaD|
Since La(L1(x)) = Li(x) we can choose ;g suitably small to ensure that (L)™' (C(L1(z), 0)) C
C(Li(x),20), hence we get (compare with (4.130))

1
zexcll(L(E), L().0) = - | Ve — eal?
0 L(0*E)NC(L1(z),0)NH
1 / Myvy, (g Mopr |?
< — - —| |Mavp, (gl
0"V L B)nCL (@), 2008 | | Mave, ()| | MaD| 1)

C /

|V — e

vy — 9

< Cexcl(Li(E), Li(x),20)

Qn—l

< Cerego + Ceregdist(Ly(z),0H) .
(4.177)
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Where in the last inequality we have used (2.47), as well as the fact that

2
< Ceregdist(Ly (), 0H),

A

Moi
|V — €n|2 = 2V 2,

—
| MoD|

since || My —Id ||? < Ceyegdist(Ly (x), 0H) by (4.174). Since (4.177) immediately implies (4.176),
and (4.176) together with (4.175) gives (4.161), the proof of this step is complete.

Step four: We finally prove (4.134), (4.135) and (4.136). For z € cl(0E N H) N C let us define

cof (VL 1) e,

= 4.178
Y(2) = (VT el (4.178)
where L is the affine map appearing in (4.161) (which, of course, depends on z). In this
way, provided e,¢q is sufficiently small to ensure that C(z,9) C L™Y(C(L(z),20)), the same

computations done in (4.177) give

1 _ 2
~ / lve —v@)” _ Cexcl(L(E),L(z),20) < Cerego,  Vo<4.  (4.179)
0 8*ENCY, 2

Moreover thanks to (4.160) and the definition of v(z), (4.178), |v(z)—en|* < Céyeg. By exploiting
the upper density estimates (2.47) we get

0" ! JoEnct, 2 ~ 0" Jormnct, o1 (4.180)
< Cereg0 + Cereg < Cereg Yo<4.

Now, (4.179) and (4.180) imply (4.134) and (4.135) by a classical argument. For the sake of
completeness we give below a sketch of the proof. First, if we choose e small enough, then we
can apply Lemma 4.3 to find a Lipschitz function u : R*~! — R such that, if we set

My = {l‘ € CTNIE: sup exc(E, x,s) < 51(n,)\)},
0<s<4

and I' = {(z,u(2)) : z € D}, then My C I'. By (4.180), up to further decrease the value of ¢,¢g,
we have that My = CT NOE C I'. This easily implies, see for instance [Magl2, Theorem 23.1],
that

C'WW@Ez{a:EH: |pz| <1,qx:u(px)},

and this proves (4.135). We now notice that (4.135) and 0 € OF imply «(0) = 0, while (4.15)
gives

/ \Vu|2 < Céreg
D

so that (4.134) will follow by interpolation up to bound (in terms of a constant depending on n
and A only) the C%1/2 semi-norm of Vu on DT. To this end, let us set

v(z) = —zzgg , rec(HNIE)NC,

(which is well-defined since |v(z)—e,| < 1). Since the map ¥(€) = (=¢,1)/(1+|¢]*)Y/? (¢ e R*1)
satisfies Lip(¢) < 1, by (4.179) we get

1
/ Vu —v|* < — / IVu —v((z,u(2)))]? < Cerego,
Dz,g Q Dz,g

inf
veRn—1 anl
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for every z € DT and ¢ < 4. By Campanato’s criterion, see for instance [Giu03, Theorem 2.9],
the C%Y/2 semi-norm of Vu on D* is bounded by some C' = C(n, ). Finally (4.136) can be
obtained by a simple first variation argument since the map u satisfies

/D+ ®(z,u(z), (—Vu(z),1)) dz < / ®(z,w(z), (—Vw(z),1)) dz + CA /D+ |w — ul

D+
for every w € Lip(D) such that w = u on (0D)*, where C' = C(n, ). This completes the proof
of Lemma 3.4.

5. ON THE SIZE OF THE BOUNDARY SINGULAR SET

In this section we estimate the size of the set where Theorem 3.1 does not apply. More
precisely, let us recall from Remark 3.3 that, if F is a (A, 7p)-minimizer of ® in (A, H) for
some & € E(AN H,\, (), then the boundary singular set X 4(E;0H) (i.e., the set of those
x € Doy (OF NOH) N A such that AN cl(H NOE) is not a C/2 manifold with boundary at )
is characterized in the terms of the spherical excess of E at x as

YA(E;0H) = {x € 0gg(OENOH)N A : lirrg(i)ljrlfexcH(E,x,r) > O} . (5.1)

This identity provides a particularly useful starting point in the study of ¥ 4 (E; 0H ) undertaken
in this section, and leading to the following result.

Theorem 5.1. If A and H are an open set and an open half-space in R", ® € E(AN H,\,{),
and E is a (A, ro)-minimizer of ® on (A, H), then for every x € 05, (0E N OH) we have

lim exc (E,z,7) = 0.
r—0

In particular,
YA(E;0H) = (0gu(OENOH) N A) \ 055 (0ENOH), (5.2)
and thus H"2(XA(E;0H)) = 0.

The proof of Theorem 5.1 is based on the study of blow-ups of E at points xg € Jy(OENIH).
We first show that such blow-ups always exist and are non-trivial (i.e., they are neither empty
nor equal to H), and that, if x € 05, (0F NOH), then there exists a half-space inside 0H that
is the trace on JH of every such blow-up; see Lemma 5.2. Then, we show that if a blow-up F' of
FE has the same trace on 0H as that left by a half-space, then H NJF is actually contained into
a “wedge” of universal amplitude; see Lemma 5.3. At this point we follow some ideas of Hardt
[Har77] to show that this wedge property forces a blow-up G of F' (at the origin) to coincide
with a half-space also inside of H; see Lemma 5.4. Since G is also a blow-up of E at x, Theorem
3.1 now implies that H N JE is a CYY/2 manifold with boundary locally at z, and thus that
x & YA(F;0H). We premise to the proof of these lemmas the following useful definition:
Given a set E of locally finite perimeter in A and z¢ € A, we denote by B, (F) the family of
blow-ups of E at xg, that is

(5.3)

B, (E) = {F CR": there exists 7, — 0 as h — oo such that } |

E®™n — Fin L (R™) as h — oo
ioe(R™), and that
Bo(F) C By, (E), VF e B, (E). (5.4)

We now start to implement the strategy described above.

By a diagonal argument, one immediately checks that B, (E) is closed in L{

Lemma 5.2. If A is an open set, H = {x1 > 0}, ® € E(ANH, A\, ), and E is a (A, r9)-minimizer
of ® in (A, H), then for every xo € Ogg(OENIH) N A

By, (E) #0, 0,H ¢ By, (E), (5.5)
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and every F € By, (E) is a minimizer of ®,, in (R", H) for ®,, = ®(zo,-) € E.(N\). Moreover,
for every xo € 8% (OE N OH) there exists ey, € S ' Nei such that

7—[”*1<(6F NOH)A{zx € OH : 3+ e4 < o}) —0, VYEFeBy,(E). (5.6)

Proof. Let xg € Opg(OE NOH) N A. Given 1, — 0 as h — oo, by Remark 2.2 E*0"™ is a
(Arp,ro/ry)-minimizer of ®*0-"r in (A*0"™ H), with ®*0"n ¢ £(A*™ N H, A\, r, {) (note that
since xg € OH, H*" = H). By Theorem 2.9, up to extracting a not relabeled subsequence,
E®0"n — Fin LL (R") as h — oo, where F is a minimizer of ®,, on (R", H). Moreover, by
(2.59), as h — oo,

Trog (E*0™) — Trog (F), in LL (0H). (5.7)
Since, by (2.107), dgg(OENOH)N A = cl(0EN H)NOH N A, we can apply both (2.48) and

(2.49) to E at xg, to find that
c1 ‘BlﬁH’ < \Exo”"hﬁHﬁBll < (1—01)‘B1QH‘,

where ¢; = ¢1(n,\) € (0,1). By letting h — oo in these inequalities, we thus find that |F||H \
F| > 0, and prove (5.5). Let us now assume that xg € 9;,(0E N 0H). By De Giorgi’s
rectifiability theorem (applied to the set of finite perimeter OE N OH at the point xg), there

exists e, € S"" ! Nef such that
(OENOH)*™" — {x € OH : x - ey, <0}, in Ll _(0H) asr — 0% (5.8)

Now, for every r > 0, (OENJOH)™" = J(E*")NOH, where (E*") N OH =yn—1 Trog(E*T)
and OF NOH =41 Trag(F') by statement (ii) in Lemma 2.16. Therefore (5.6) follows by (5.7)
and (5.8). O

We now prove a (universal) wedge property for global minimizers with half-spaces as traces.

Lemma 5.3 (Wedge property). For ever A > 1 there exists a positive constant L = L(n, ) with

the following property. If H = {x1 > 0}, ® € £,(N\), E is a minimizer of ® in (R", H) and, for

some e € S" "I Nef,

H"‘1<(8Eﬁ OH)A{w € OH :z-e < o}) ~0,
then

T - e1

sup{kc'e‘ :xe@EﬂH}SL.

Proof. We argue by contradiction, and thus assume that for every h € N there exist &), € £,(\)
and a minimizer Ej;, of ®; in (R", H) with

H”*l((aEh NOH)A{z € OH : x- e, < o}) ~0, (5.9)
and xp € H N JFE}, such that, up to a rotation (keeping e; fixed),
lim [Zhenl _ 4o (5.10)

Up to translating each set along a suitable direction in e N e} (note that both (5.9) and
(5.10) are unaffected by such an operation), we can assume that x; = (z, - €1,0,...,0, 2 - €y,).
Furthermore, up to changing Ej with H \ E}, and to reflect along {z, = 0}, we can assume
that x, - e, > 0 for every h € N. We now look at the sets Fj, = E}?’xh'E". By Remark 2.2, F}, is
a minimizer of ®; in (R", H), with

1 ((0F N OH)A{w € 9H s @ - e, <0}) =0, (5.11)
Tp - €1
(mh'en,o,...,o,l)eth, (5.12)
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thanks to xj, - e, > 0. By Theorem 2.9, up to extracting a not relabeled subsequence, Fj, — F
in Ll _(H) as h — oo, where Fy is a minimizer of ®, in (R", H) and ®, € £.()\). By (2.59)

and (5.11), we have
31 ((BFOO NOH)A{w € OH :z - e, <0}) =0. (5.13)

However, (2.60), (5.10) and (5.12) imply that p = (0,...,0,1) € dF, NOH, so that, by Lemma
2.15, H" Y(OFs NOH N B,1/2) > 0. This is a contradiction to (5.13), and the lemma is
proved. [l

The following lemma, which is the analogous of [Har77, Lemma 4.5], shows that for every
point in the reduced boundary of the trace of a minimizer it is possible to find a blow-up given
by the intersection of H with a half-space.

Lemma 5.4. If A is an open set, H = {x1 > 0}, ® € E(ANH, A\, ), and E is a (A, r9)-minimizer
of ® in (A, H), then for every xo € 0} (OE NOH) there exists v € S with

Hn{v -z <0} e B, (E), V&(zg,v)-e1=0. (5.14)

Proof. Without loss of generality we take g = 0, and then set ®¢(v) = ®(0,v), so that &y €
E.(N). As usual, we shall set Gt = G N H for every G C R". By Lemma 5.2, By(F) is a
non-empty family of minimizers of ®( in (R", H). By Theorem 2.9, By(E) is also a compact
subset of Li (R™). By (5.6), there exists a vector e € S"~! Ne; such that

loc
7—[”_1<(8F NOH)A{z € OH : z- e < o}) —0, VFeBy(E). (5.15)

Up to a rotation, we can assume that e = e,, so that Lemma 5.3 ensures that
T-e
sup [ - enl <L, VF € By(E),
(OF)+ T - ex

where L = L(n, A). Let us now define /31 : By(E) — [—L, L] by setting

Bi(F) = sup F € By(E). (5.16)
(BF)+ T €1

We notice that 3; is lower semicontinuous on By(E) with respect to the LL (R™) convergence.

Indeed, if Fj,, F C By(FE) and F, — F in L} _(R"), then, by (2.60), for every z € H N OF there
exist xp, € H NOF}y, h € N, such that x, — = as h — oco. Hence,

T i TR < liminf By (F),
T -eq h—oco Tp, - €1 h—o0

as claimed. Since $3; is lower semicontinuous and By(E) is a compact subset of L{. (R™), we can
find Fy € By(F) such that

Bu(F1) < Bu(F),  VF e Bo(E). (5.17)
Correspondingly, we define a; € (—7/2,7/2) so that tana; = f1(F1) and set
v =cosaj e, —sinaje; € S"L, le{a:EH::c-u1§0}.
We now claim that
(O0H)* C (oFy)T. (5.18)
To prove (5.18), we first take into account the definition of 51 to find
(OF)" C Hy. (5.19)



ON THE VALIDITY OF YOUNG’S LAW 67

OH /'qx:Lx-el
O0H,

1

FI1GURE 5.1. Failure of (5.18).

By (5.15) and (5.19), the upper semicontinuous function wg, : R’ — [—o00, +00) defined by
setting

wFl(z):sup{teR:(z,t)E(?Fl}, ze R

(here R% = {z € R""!: z; > 0}) satisfies

Fy C {ZE €H:qr< wFl(p:z)} , (5.20)
wr, (2) < Bi1(F1) z - ex, Vz e RTL, (5.21)

Now, if (5.18) fails, see Figure 5.1, then there exists z, € (0F1)" such that
wr, (Prs) < B1(F1) Ty - €1 . (5.22)

By (5.21) and (5.22), if we set 7, = |pz.| and z, = pzs, then we can find ¢ € C11(9(D}})) such
that

wr (2) < p(z) < Bi(FL) z-er, Vz € d(D,, NH) (5.23)

©(2e) < P1(F1) 24 - €71 . (5.24)

In particular, ¢ = 0 on D,,, N 0H. By part two of Lemma 2.11, there exists ug € Cl’l(fo*) N
Lip(cl(D; )) such that, if we set @#(5) = ®p(&,—1) for £ € R*71 then

div (Ve®f (Vu)) =0, in D}t
U=, on 9(D;),
with
|Vu(0)| = |[Vu(0) - e1] < B1(F) . (5.25)

By (5.20) and (5.23) we can apply Lemma 2.12 to infer that
<ﬂﬂ®zxMCw{@ﬁeDiij§M@} (5.26)

If we now pick a sequence {s;}ren such that s, — 0 as b — oo and (F7)%% — F in Llloc(R”)7
then, by (5.26) and «(0) = 0, we find that

F C {(z,t) 2t < (Vup(0)-e1) (z- el)}a

so that, thanks to (5.25), 1(Fy) < B1(F}). Since Fy € Bo(F1) C Bo(E), this contradicts (5.17),
and completes the proof of (5.18). By (5.15), (5.18), and (5.19),

8H1 Cyn—1 8F1 and Fy C Hy. (5.27)
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Since F} is a minimizer of ®y on (R™, H), by (5.27) and by Proposition 2.5 we find that H; is
a superminimizer of ®y on (R", H). Hence, by Proposition 2.6,

V(I)()(l/l) - €1 2 0. (528)

In order to prove the lemma, we now take a further blow-up of F} at 0. Precisely, we consider
B2 : Bo(F1) — [—L, L] to be defined as

F)= inf
52( ) (5%)*%"617

T-e,

F € By(Fy). (5.29)

Since [y is upper semicontinuous and By(F}) is a compact subset of L%OC(R”), we can find
Fy € By(F1) such that

,BQ(F) < ,BQ(FQ) R VF € Bo(Fl) . (5.30)
If we now define ap € (—m/2,7/2) so that tan ay = f2(F2), and set

vy = cosag e, —sinage; € SV ng{er::U-VQSO},

then, by arguing as in the proof of (5.18) we find that 0Hs Cyn-1 OFy and Hy C Fy. By
Proposition 2.5 Hs is a subminimizer and hence Proposition 2.6 implies

Vg (12) €1 <0. (5.31)

Note now that the second inclusion in (5.27) implies F' C H; for every F' € By(F}). In particular,
F> C Hy and thus Ba(Fy) < S1(Fz) = f1(F1), that is, as < ay. If we set, as in Lemma 2.7,

f(a) = V®y(cosae, —sinaey) - €1, a€[-nm/2,7/2],

then (5.28) and (5.31) give f(a1) > 0 and f(az) < 0, and since f/'(a) < 0 by (2.46), we must
conclude that a1 = ag. In particular, Hy = F5 € By(F) and V®y(12) - e; = 0, as required. [

Proof of Theorem 5.1. By (3.5) it is clear that if zg € (AN g (OH NOE)) \ ¥ a(E;0H), then
xg € 04y (OE N OH). This proves the inclusion D in (5.2). To complete the proof of (5.2) we
are going to show that if xy € 95, (0E NOH), then

lim inf exc (B, zg,7) = 0. (5.32)

r—0+

To this end, we exploit Lemma 5.4 to find a sequence {r }nen with r, — 0 as h — oo, such that
E*™ » F=Hn{v -z <0} in L'(R"),
as h — oco. By scale invariance of exc! and by arguing as in Remark 3.6 we thus find

lim exc(E,zg,r) = lim exc (E®™, 0,1) = exc!(HN{v -z <0},0,1) =0,
h—00 h—o0
that is (5.32). This proves (5.2), and then H" 2($4(E,0H)) = 0 follows by (2.106). O

6. PROOFS OF THEOREMS 1.2 AND 1.10

In this section Theorem 1.2, Corollary 1.4, and Theorem 1.10 are finally deduced from Theo-
rems 3.1 and 5.1. The key step is of course getting rid of the relative adhesion coefficient o, as
we do in the following lemma.

Lemma 6.1. Given A\ > 1 and A, £, L > 0, there exist constants £y, A\g > 0 depending on n,
A, A, ¢ and L only, with the following property. If A is an open set in R", H = {x; > 0},
®ecE(ANH,\Y), o € Lip(ANIJH) with Lip(o) < L and

—®(z,e1) < 0o(2) < P(2,—e1), Vze ANOH, (6.1)
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E is a (A, ro)-minimizer of (®,0) in (A, H) and x9g € ANOH, then there exist A, > 1 and
0« > 0 and ¥ € E(Byy o, N H, A\, ly) such that E is a (Ao, ro)-minimizer of ¥ in (By, ., H).
Moreover, for every x € By, ,NOH and v € S*~! one has

VU(z,v)-e1 =0 if and only if Vo(z,v) (—e1) =o(x). (6.2)

Proof. Let us assume, without loss of generality, that o = 0. We set ®o(r) = ®(0,v) and
Gt = GN H for every G C R®. We want to prove the existence of o, > 0, A\, > 1, and
W € E(BJ., A\, lo) such that

U(E;WH) <W(F;WT) + Ay |EAF], (6.3)

whenever F' C H with EAF CC W and W is an open set with W CC B,, and diam(WW) < 2.
To this end, let us fix such a competitor F', with the requirement that o, < dist(0,0A), and, in
correspondence to F', let Wy be an open set with smooth boundary such that FAF CC Wy CC
B,,, diam(Wy) < 219, and

H L OWoNO*E) = H" 1 (OWoNI*F) = 0. (6.4)
Since E is a (A, rg)-minimizer of (®,0) in (A, H), we certainly have
S(E; W) +/ cdH" < ®(F; W) +/ odH" ' + A|EAF|. (6.5)
WonNOHNO*E WonNOHNO* F
Next we define a Lipschitz vector field T : B,, — R" by setting, for every x € B,,,
o(hx) )
T(x)=— V&y(er), if 0(0) <0,
(@) =~ g o V(e 0)
o(hz) .
T(x) = ————=V®y(—eq), if 6(0) >0,
(@) = g ey V0le1) 0)

where h : R" — 0H = {z1 = 0} denotes the projection over dH. (The definition is well-posed
since 0 € OH, and thus haz € ANJH whenever x € B,, C A.) Notice that, in both cases, since
V®g(e) - e = ®g(e) for every e € S"~ 1, one has

—T(x)-e1 =0(x), Vo € B,, NOH . (6.6)
Since £ C H, by (2.12), by (6.6) and by applying the divergence theorem to T" over E N Wy,

/ divT = / T-vgdH" ' + / odH" ! +/ T - vy, dH" T,
ENW, Wirno*E WoNdHNO*E EMNaW,

and an analogous relation holds true with F' in place of E. By plugging these relations into
(6.5), and taking also into account that EV nowy, = FO N oW, since EAF cC Wy, one finds

®(E; W) —/ T-vgdH"! (6.7)
WonOHNO*E

< B(FW) - / T vpdH"" + (A+sup|divT|) |EAF].
WondHNd* F Bo,
Thus, if we set
U(z,v) =®(x,v) —T(z)- v, (z,v) € By, x R",

then E is a (Ag, 70)-minimizer of ¥ in (B,,, H), with Ag = A+n L\? (as [VT| < L A\?) provided
we can check that ¥ € &€ (Bgt,)\*,&)) for suitable values of A, and #y;. A quick inspection of
Definition 1.1 shows that indeed (1.9), (1.8), (1.10) and the upper bound in (1.7) hold true with
suitable values of A, and ¢y depending on A, £ and L only. (In checking this, it is useful notice
that |o] < A on ANOH by (6.1).) One has to be more careful in the verification of the lower
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bound in (1.7), and indeed this is the place where the values of A, and g, has to be chosen in
dependence of the positivity of

o(0) .
1+ , if 0(0) <0,
or in dependence of the positivity of
a(0) :
1—-— if 6(0) > 0.
@0(—61) ( )

(Of course, both positivity properties descend from (6.1).) Precisely, let us first consider the
case when ¢(0) < 0, and notice that by (1.7) and (1.9) (applied to ®) one has

a(0)
(1)0(61)

for every x € By, and v € S"~1. Let us now introduce a parameter 79 > 0 and let us consider
the following two cases:

(a) V(I)o(v) - €1 S 70,

(b) V@o(v) -e1 > T0-
Case (a) We notice that, by (6.8), (1.7) ( applied to ®), and |o(0)| < A, then

1 |o(0)]
\I/(ib‘, V) 2 X B (I)g(el)

provided 19 and g, are small enough with respect to A\, L and ¢.

U(x,v) > Oo(v) + V®g(er) v — (£ + LX\?) s, (6.8)

1 1
To—(€+L)\2)Q*ZX—)\QTO—(f—I—L)\Q)Q*Zﬁ, (6.9)

Case (b) By convexity and one-homogeneity ®o(v) > V®g(e1) - v, hence (6.8) and the positivity
of 1+ (c(0)/®g(e1)) implies that

Uy > (14 qj;((‘z)) Vg(er) v — (LN +0) 0> (14 q;(((z))m— (LN 1 0) g
a(0) \ 7
= <1 + @0(61)) 50 ’ (610)

provided g, is small enough depending on the size of 1 + (¢(0)/®g(e1)), A, L, ¢ and on the
value of 7y chosen to ensure the validity of (6.9). By combining (6.9) and (6.10), we find that
U satisfies the lower bound in (1.7) for some value of A\, depending on A, L, ¢, and the size
of 1+ (6(0)/®p(e1)). In the case that o(0) > 0 one can check the validity for ¥ of the lower
bound in (1.7) by an entirely analogous argument. This proves that ¥ € £(BJ, A« fo), while
the validity of (6.2) is immediate from the definition of W. O

Proof of Theorem 1.10. According to Lemma 6.1, we can cover A N 0H with countably many
balls { B} nen with the property that, for every h € N, By, C A, E is a (Ag, ro)-minimizer of ®y,
in (B, H) for some ®;, € £(By, N H, A, {o) such that, if x € B, NOH and v € S !, then

Vo, (z,v) vg =0 if and only if ~ V®(z,v) vy =o(z). (6.11)
Setting M = cl(H N OF), by Lemma 2.16, for every h € N,

FE N By, is an open set ,
OF N OH is of locally finite perimeter in By, N 9H ,
maf)aH(f)Eﬂc‘)H) =B, NMNOH.

Let us define A’ = Uy By, so that
A'NOH = ANOH , MNOHNA=MNOHNA and OENOHNA=0ENOHNA.
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Since By, covers A’ we see by the previous properties that £ N A’ is (equivalent to) an open set,
OF N OH is of locally finite perimeter in A’ NJH = ANOH, and sy (OENIJH) = M N OH.
Moreover

EA/(E;E?H) N By = ZA(E; 3H) N By = ZBh(E; 8H),
so that by Theorem 3.1 and Theorem 5.1, we find that H" 2(X4(E;0H)) = 0, as well as that

M is a C*Y/2-manifold with boundary in a neighborhood of

with V& (z,vg(z)) -vg =0,
for every x € Opg(OE NOH) \ X 4(E;0H). This complete the proof of the theorem. O
Proof of Theorem 1.2. The existence of a minimizer E of (1.3) follows by applying the direct
methods of the calculus of variation, see for instance [Magl2, Section 19.1] for the case ®(z,v) =

|v|. By a“volume-fixing variation” argument, [Magl2, Example 21.3], we see that E satisfies the
volume-constraint-free minimality property

®(E;Q) +/ cdH"! < ®(F;Q) +/ odH" ' + A|EAF], (6.12)
9*ENoQ O* FNoQ)

whenever F' C Q and diam(EAF) < ry, where ry and A are constants depending on E, €2, and
l9llLo () Let us now fix xg € 9€: by assumption, there exist > 0, an open neighborhood A
of the origin and a C1!'-diffeomorphism f between B, N and ANH, and between B, , N OS2
and ANOH, where H = {z; > 0}. If we set A/ = A|det V || oo(B(ao,r))s and, for z € AN H
and v € "1,

Ol (z,v) = @(f7(x),cof (V7! (2))v),

of(x) = o(f 7 @))|eot (V/7 (@) ex

then we can find r, > 0, A, > 1, and ¢, > 0 such that, by (6.12), (2.9), and by arguing as in
Lemma 2.18,

@/ ((ExH) + [
“ f(B)NOH
whenever G C H, diam(f(E)AG) < 27, and f(E)AG CcC A, with ® € £(AN H,\,, /). In
particular, f(E) is a (A7, r,)-minimizer of (®f,0f) in (A, H), while

L1y ol (V5 ) (o)
o) = e (e

and (1.11) imply that
—0/(z,e1) < 0/ (z) < B (z,—e1), Vee ANOH.

Hence, we can apply Theorem 1.10 to discuss the boundary regularity of f(F) in A, and conclude
the proof of the theorem by a covering argument and by a change of variables. O

)

of dH" 1 < ®/(G; H) +/ ol dH" L+ M| f(E)AG],
0*GNOH

Vee ANOH ,

Proof of Corollary 1.4. Step one: We start showing that X N 9Q = 0 if n = 3. We argue by
contradiction, and assume the existence of zg € ¥ N 9. Since Q has boundary of class C11,
we can find r > 0, an open neighborhood A of the origin, and a C1! diffeomorphism f between
B,,NQ and AN H, and between B, , N0Q and ANOH such that f(xg) =0 and V f(zo) = 1d.
In particular, in the notation used in the proof of Theorem 1.2, we have
o/(0,v)=v],  o7(0)=a(x0).

By arguing as in Lemma 5.2 we thus see that every blow-up Es of E1 = f(F) at 0 satisfies the
minimality inequality

P(Ey; H) + o) P(E2; 0H) < P(F; H) + o(x0) P(F;0H)
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whenever F' C H and EsAF CC R™. Given r > 0, if we plug into this inequality the cone-like
comparison set F. defined by

FT:(EQ\BT)U{ta:EBT:OStSl,erﬁEél)ﬂaBr},

then, by arguing for example as in [Magl2, Theorem 28.4], we find that the function
o(r) P(Es; HN By) + o(xo)P(E2;0H N By)
T =

r2

is increasing on (0, 00), with a(r) = const if and only if Es is a cone: in particular, every blow-up
Es5 of E5 at the origin is a cone. (Alternatively, we could have directly shown Es to be a cone by
using almost-monotonicity formulas.) By interior regularity theory, 9E3N H is a smooth surface
in R? with zero mean curvature. Since this surface is also a cone, and 0E3 N 0B, N H must be a
finite union of non-intersecting geodesics, we conclude that 0F3 N H is a finite union of planes
meeting along a common line v C 0H with 0 € . Since 0 € X(FE3;0H) and Fj3 is a cone, it
must be v C 3 (F3;0H), and thus

HY(Z(E3;0H)) = +0.
However H!(32(FE3;0H)) = 0 by Theorem 1.10, and we have thus reached a contradiction.

, r>0,

Step two: By combining step one with the classical dimension reduction argument by Federer
(see, [Sim83, Appendix A| or [Magl2, Sections 28.4-28.5]), one shows that X(E;0) is discrete
if n =4, and that H*(3(E;0Q)) = 0 for every s >n —4 if n > 5. O
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