GENERALIZED QUASIDISKS AND CONFORMALITY
IT

CHANG-YU GUO

ABSTRACT. We introduce a weaker variant of the concept of three
point property, which is equivalent to a non-linear local connec-
tivity condition introduced in [12], sufficient to guarantee the ex-
tendability of a conformal map f: D — Q to the entire plane as a
homeomorphism of locally exponentially integrable distortion. Suf-
ficient conditions for extendability to a homeomorphism of locally
p-integrable distortion are also given.

1. INTRODUCTION

One calls a Jordan domain Q C R? a quasidisk if it is the image of
the unit disk D under a quasiconformal mapping f: R? — R? of the
entire plane. If f is K-quasiconformal, we say that €2 is a K-quasidisk.
Another possibility is to require that f is additionally conformal in the
unit disk D. It is essentially due to Kiithnau [17] that € is a K-quasidisk
if and only if € is the image of D under a K2-quasiconformal mapping
f : R? — R? that is conformal in D, see [9]. The concept of a quasidisk
is central in the theory of planar quasiconformal mappings; see, for
example, [2, 4, 8, 21].

A substantial part of the theory of quasiconformal mappings has
recently been shown to extend in a natural form to the setting of map-
pings of locally exponentially integrable distortion [3, 4, 7, 13, 14, 16,
23, 26]. See Section 2 below for the definition of this class of mappings.
Thus one could say that Q C R? is a generalized quasidisk if it is the
image of the unit disk D under a homeomorphism f: R? — R? of the
entire plane with locally exponentially integrable distortion. However,
requiring that f is additionally conformal in the unit disk I leads to
different classes of domains, see [12, Theorem 1.1]. In this paper, a Jor-
dan domain Q C R? is termed a generalized quasidisk if the additional
conformality requirement is satisfied.

For a quasidisk 2 C R2, there are several equivalent characteriza-
tions. One of the simplest is Ahlfors [1] three point property. Recall
that a Jordan domain € C R? has the three point property if there
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exists a constant C' > 1 such that for each pair of distinct points
Py, P, € 09,

(1.1) min diam(y;) < C[Py — Py,
where 71, y2 are components of IQ\{P;, P»}. In order to understand
the geometry of generalized quasidisks, one naturally has to weaken
the three point property. A Jordan domain € C R? is said to have the
three point property with a control function v if there exists a constant
C > 1 and an increasing function ¢ : [0,00) — [0,00) such that for
each pair of distinct points Py, P, € 050,

(1.2) min diam(y;) < w(cypl - pgy).

A closely related concept is the following -local connectivity, which
was introduced in [12]. A domain 2 C R? is said to be t-locally
connected if for each x and all » > 0,

e each pair of points in B(z,r) N ) can be joined by an arc in
B(z,v~(r))NQ, and
e cach pair of points in Q\B(z,r) can be joined by an arc in
QN B(,9(r)).
If we were to choose 1(t) = Ct, then this would reduce to the usual
linear local connectivity condition. In Lemma 3.1 below, we show that
that a Jordan domain 2 C R? has the three point property with a
control function 1 if and only if Q is ¢y~ !-locally connected.
In [12, Theorem 1.2], it was proved that if a Jordan domain Q C R?

is 1)-locally connected with ¢ (t) = logscvf(t)gl for some positive constant
t

C and some s € (0, 1), then  is a generalized quasidisk. However, the
result is not sharp regarding well-studied examples, see [12]. In fact, the
previous studies in [12, 19, 20, 24] suggest that the critical case should

be ¥(t) = locgt% . By the equivalence of local connectivity and generalized

three point property mentioned in the end of the previous paragraph,
for a domain satisfying the three point property with a control function
¢, the critical case (essentially) becomes 1)(t) = Ctlog 1. Our first main
result approaches this critical case and improves on [12, Theorem 1.2].

Theorem 1.1. If a Jordan domain Q C R? has the three point property

with the control function ¢(t) = Ct log% % for some positive constant
C, then € is a generalized quasidisk.

Equivalently, Theorem 1.1 provides a general sufficient condition for
extendability of a conformal mapping f : D — € to a homeomor-
phism of locally exponentially integrable distortion. It was pointed out
in [12] that this is essentially equivalent to extending the corresponding
conformal welding to the whole plane as a homeomorphism of locally
exponentially integrable distortion, see also Section 4 below.
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Our second main result asserts that if we relax the control function
1 to be a root in Theorem 1.1, then we end up with a homeomorphism
of the whole plane with locally p-integrable distortion.

Theorem 1.2. Let Q C R? be a Jordan domain that has the three point
property with the control function ¥ (t) = t*, 0 < s < 1. Then any
conformal mapping f: D — Q can be extended to the entire plane as a
homeomorphism of locally p-integrable distortion for all p € (0, 2(1%232))

As pointed out in [12], (polynomial) interior cusps are more dan-
gerous than (polynomial) exterior cusps in the locally exponentially
integrable distortion case. Thus one expects that this is still the case
for extensions with locally p-integrable distortion. Our next result con-
firms this expectation.

Theorem 1.3. Let Q@ C R? be a LLC-1 Jordan domain. Then any
conformal mapping f: D — Q can be extended to the entire plane as a
homeomorphism of locally p-integrable distortion for some p > 0.

This paper is organized as follows. Section 2 contains the basic def-
initions and Section 3 some auxiliary results. In Section 4, we study
the relation of extending a Riemann mapping and the corresponding
conformal welding. We prove our main results in Section 5. In the final
section, Section 6, we make some concluding remarks.

2. NOTATION AND DEFINITIONS

We sometimes associate the plane R? with the complex plane C for
convenience and denote by C the extended complex plane. The closure
of a set U C R? is denoted U and the boundary OU. The open disk
of radius 7 > 0 centered at € R? is denoted by B(z,r) and we
simply write D for the unit disk. The boundary of B(x,r) will be
denoted by S(z,r) and the boundary of the unit disk I is written as
OD. The symbol 2 always refers to a domain, i.e. a connected and
open subset of R?. We call a homeomorphism f: Q — f(2) C R? a
homeomorphism of finite distortion if f € W,"'(Q; R?) and

(2.1) |Df(2)]]* < K(x)Js(x) a.e. in Q,

for some measurable function K(z) > 1 that is finite almost every-
where. Recall here that J; € L},.(Q) for each homeomorphism f €

loc

WAL (Q;R?)(cf. [4]). In the distortion inequality (2.1), Df(z) is the

formal differential of f at the point z and J¢(x) := det Df(x) is the
Jacobian. The norm of D f(x) is defined as

IDf(2)]| := max |Df(z)el.

For a homeomorphism of finite distortion it is convenient to write Ky for
the optimal distortion function. This is obtained by setting Ky(x) =
|Df(x)||?/J;(z) when Df(x) exists and J;(z) > 0, and Kp(z) = 1
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otherwise. The distortion of f is said to be locally A-exponentially
integrable if exp(AK(z)) € Li.(Q), for some A > 0. Note that if
we assume Kf(x) to be bounded, Ky < K, we recover the class of
K-quasiconformal mappings, see [4] for the theory of quasiconformal
mappings.

Recall that a domain €2 is said to be linearly locally connected (LLC)
if there is a constant C' > 1 so that

e (LLC-1) each pair of points in B(z,r) N can be joined by an
arc in B(z,Cr) N, and

e (LLC-2) each pair of points in Q\B(z,r) can be joined by an
arc in Q\ B(z,C~'r).

We need a weaker version of this condition, defined as follows. We say
that Q is (¢, 1)-locally connected ((¢,)-LC) if

e (p-LC-1) each pair of points in B(x,r) N {2 can be joined by an
arc in B(z, ¢(r)) NQ, and

e (¢-LC-2) each pair of points in Q\B(z,r) can be joined by an
arc in Q\ B(z,¥(r)),

where ¢, : [0,00) — [0, 00) are smooth increasing functions such that
©(0) = ¢(0) =0, p(r) > r and ¥(r) < r for all » > 0. For technical
reasons, we assume that the function ¢t +— V+(t)2 is decreasing and

that there exist constants Cy, Cy so that Cio(t) < ¢(2t) < Cop(t) and
Ci(t) < (2t) < Corp(t) for all t > 0. If o' = 9 above, as in the
introduction, €2 will simply be called ¥-LC. One could relax joinability
by an arc above to joinability by a continuum, but this leads to the same
concept; see [15, Theorem 3-17]. Notice that if  is simply connected
and bounded, then ¢-LC-1 guarantees that €2 is a Jordan domain.

Finally we define the central tool for us — the modulus of a path
family. A Borel function p: R? — [0, 00] is said to be admissible for
a path family I' if f,y pds > 1 for each locally rectifiable v € I". The
modulus of the path family I' is then

mod(I") := inf { / p*(z) dx : p is admissible for I'}.
Q

For subsets E and F of Q we write I'(E, F, ) for the path family con-
sisting of all locally rectifiable paths joining E to F'in €2 and abbreviate
mod(['(E, F,Q)) to mod(F, F,2). In what follows, v(z,y) refers to a
curve or an arc from z to y.

When we write f(z) < g(x), we mean that f(z) < Cg(z) is satisfied
for all z with some fixed constant C' > 1. Similarly, the expression
f(x) Z g(x) means that f(z) > C'g(z) is satisfied for all x with some
fixed constant C' > 1. We write f(z) ~ g(z) whenever f(z) < g(z)

and f(z) 2 g().
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3. AUXILIARY RESULTS

We begin this section by showing the equivalence of the generalized
three point property and generalized local connectivity mentioned in
the introduction.

Lemma 3.1. Let Q C R? be a Jordan domain. Then Q0 has the three
point property with the control function v if and only if 0 is ¢ ~t-locally
connected.

Proof. For the proof we need the following duality result from [11,
Theorem 1.3]: for a Jordan domain Q C R?, Q is ¢-LC-2 if and only if
R\ Q is 1-LC-1.

First, suppose that {2 has the three point property with the control
function ¥. We want to show that ) is ¥-LC-1. To this end, let
x,y € B(z,7)N{. We may assume that there exist 2/, 3y’ € B(z,r) N0
such that

d(z,2') = d(z,09),d(y,y") = d(y,00)
and that = can be connected to 2’ by an arc 3, in QN B(z,r) and y
can be connected to y' by an arc 3, in Q N B(z,7). Let a; and ay be
the components of IQ\{z',y'}. We may assume that oy < ay. Then
diam(en) < (2’ = yf]) < 6(2r).

Hence, v = 31 U a; U 35 is a curve that connects z and y in Q with
diameter less than 2¢(2r). Then the Jordan assumption for 2 implies
that we may connect x to y in {2 by a curve with diameter no more than
3t(2r). This together with Lemma 3.2 below implies that € is ¢-LC-1.
Similarly, one can prove that R?\Q) is ¢-LC-1. Then the duality result
recalled in the beginning of the proof implies that € is ¢-LC.

Next, we assume that  is ¥/ ~!-LC. Then, again by the duality result,
we know that both Q and R?\Q are -LC-1. Let x,y € 9Q and let ay,
as be the components of 00\ {z,y}. We may assume that diam(a;) <
diam(aw). Let z = £ and r = |z — y|. Then z,y € B(z,7). We may
choose two points 2’ and y' in QN B(z,r) such that = can be connected
to 2/ by an arc 3, in QN B(z,7) and y can be connected to ' by an
arc B, in QN B(z,7). Then we may connect 2’ to 3 by an arc 7 in
QN B(z,2¢(r)). Then the curve n = B; U~y U By forms a crosscut of 2
with diameter no more than 4t (r). Similarly, we may form a crosscut
7' of R?\Q with diameter no more than 4¢(r). Thus n U7’ is a Jordan
curve which contains the Jordan arc aq. Therefore, the diameter of a;
is no more than 8¢ (r). This together with Lemma 3.2 below implies
that € has the three point property with the control function ¢. [

Lemma 3.2 (Lemma 3.5, [11]). Let C; > 1, Cy > 1, and C3 > 1 be
giwen. There exists a constant C, depending only on Cy, Cy, Cy and
Cs, such that

(3.1) Crp(Cat) + Cst < p(Ct)
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for allt > 0. Above, Cy is the doubling constant of 1.
The following two modulus estimates are standard, see e.g. [25].

Lemma 3.3. Let E, F be disjoint nondegenerate continua in B(x, R).

Then

1 1
3.2 Cit———>mod(E, F,B(z,R)) > Co———
( ) 0 log(1+t) < Mo ( y 47y (ZE, )) = Olog(l—i—t)’
where t = dist(E,F) and Cy is an absolute constant.

min{diam F,diam F'}

Lemma 3.4. Let " be a curve family such that for allt € (r, R), the
circle |z — z1| =t contains a curve vy € I'. Then

1
(3.3) mod(I") > o log?.

Next, we recall the following result on the modulus of continuity of a
quasiconformal mapping. The proof can be found in [18]; also see [10].

Lemma 3.5. Suppose g: Q0 — D is a K-quasiconformal mapping from
a simply connected domain ) onto the unit disk. Then there exists a
positive constant C, (depending on f), such that for any w,§ € Q,

(3.4) lg(w) — g(&)] < Cdy(w, €)77,

where d(w,&) is defined as inf,, ¢)cq diam(y(w,§)). In particular, if
Q above is p-LC-1, then

(3.5) 19(w) = 9(©)] < Cipllw — &J)7F.
Finally, we need the following key estimate.

Lemma 3.6. Let Q C R? be a Jordan domain that has the three point
property with the control function 1. Let oy and oy be two disjoint arcs
in OS2 and let T and I be the family of curves which join oy and ag in
Q and R*\Q, respectively. If mod(T') < C, then

(3.6) min{diam(a;), diam(az)} < ¢ o Y (d(ay, as))

and hence

(3.7)

mod(T") < Cytlog™! (1 +

™1 o ¢~ (min{diam(a;), diam(ag)}))
min{diam(ay), diam(ay)} '

Proof. The idea of the proof is similar to that of the proof of Theorem
5.1 in [12]. Let oy and ay be two disjoint arcs in 992. Choose 21 € ay,
29 € Qg so that

|21 — 22| = d(aq, ) :=d.
Without loss of generality, we may assume that

r:= diam(a;) < diam(ay).

Our aim is to show that r < 2y 01(d). Thus we may clearly assume
that r > 21 o ¢)(d). Note that our assumption on ¢ implies that r >
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1 (d). Since € has the three point property with the control function
v,

min diam(v;) < ¢(d),

where 1, 7, are the components of 0Q\{z1, 22 }. Again, we may assume
that
diam(y1) < ¥(d).

Let (1, (B2 be the components of 9N\ (ag U ap), labeled so that 3; C ;.
Then 3 C 41 C B(z1,1%(d)). Choose zy € 3, and let §;, &5 denote the
components of 9Q\{zo, 21} labeled so that ay C dy. Then the fact 2
has the three point property with the control function v implies that

@{% diam(d;) < ¥(|z1 — 20l)-

Choose wi,ws € ay so that
r=|w —ws| = diam(ay).

Then w; € 71 U dy, and the fact that diam(y;) < ¢(d) < r implies that
not both of these points can lie in ;. If w; € 7, then

diam(d1) > |wa — 21| > |w1 — wa| — |21 — w1

> r —diam(y;) > r —¢(d) > g
If both lie in d;, then

diam(dy) > |wy; — we| = 1.
Thus

g < min diam(d;) < (|21 — 20))

It follows that

BN B v (5) = 0.
In particular, the circle |z — 21| = t separates (3, and [y for t €

(¥(d),v~'(%)) and hence must contain an arc 7 joining oy and oy

in 2. Thus Lemma 3.4 implies that

1 v

2 ¥(d)

from which the claim follows. The desired inequality (3.7) follows from
Lemma 3.3 directly.

<mod(I') < C

O
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4. EXTENSION OF A CONFORMAL WELDING

Before stating the main result of this section, let us describe the
standard way of extending a conformal map f: D — €, where 2 is a
Jordan domain, to a mapping of the entire plane. First of all, f can
be extended to a homeomorphism between D and Q. For simplicity,
we denote this extended homeomorphism also by f. It follows from
the Riemann Mapping Theorem that there exists a conformal mapping
g: R2\D — R?\Q such that the complement of the closed unit disk gets
mapped to the complement of Q. In this correspondence the boundary
curve [' = 09 is mapped homeomorphically onto the boundary circle
OD and hence the composed mapping G = g~ ! o f is a well-defined
circle homeomorphism, called conformal welding. Suppose we are able
to extend G to the exterior of the unit disk, with the extension still
denoted by G. Then the mapping G' = g o G will be well-defined
outside the unit disk and it coincides with f on the boundary circle
OD. Finally, if we define

o) = G'(z) if|z| >1
Fe) {f(x) ifaf <1,

then we obtain an extension of f to the entire plane. In the case
of a quasidisk, that is when € is linearly locally connected (LLC), the
extension GG can be chosen to be quasiconformal and hence the obtained
map I is also quasiconformal.

On the other hand, the extendability of a conformal mapping f :
D — Q to a homeomorphism f : R2 — R2 of locally integrable dis-
tortion is essentially equivalent to being able to extend the conformal
welding G’ above to this class. Indeed, if f extends f, then g~'o f
extends G to the exterior of D and has the same distortion as f . Re-
flecting (twice) with respect to the unit circle one then further obtains
an extension to D\ {0}. Hence, one obtains an extension G’ of G’ to
R?\ {0} with distortion that has the same local integrability degree
as the distortion of f . If the latter distortion is sufficiently nice in a
neighborhood of infinity (e.g. bounded), then this holds in all of R? as
well.

Given a sense-preserving homeomorphism f: 0D — 0D and 0 < ¢t <
5, set

[f(OD) — f(e)] [£(e7) — f(e")] }
[f(e) = f(e'@D)] [ f(e?) = feCr) ][]
Clearly d¢ is continuous in both variables, d; > 1 and 04(6 + 27, t) =
d¢(0,t). The scalewise distortion of f is defined as pg(t) = supy d¢(6, ).
In the following, we discuss a standard way of extending a confor-
mal welding G : 0D :— 9D to a global homeomorphism of the whole
plane with controlled distortion. More precisely, we want to present

41)  §;(0,t) = max{
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the following result, which is implicitly contained in [26, Section 2 and
Section 3.

Proposition 4.1. Given a conformal welding G : 0D :— 0D, there
exists a homeomorphism G : R? — R? with the following property:

e For some 0 € (0, 3), G(z) =z if|z| <6 or|z] > 3.

e The distortion ofé 15 bounded above by the scalewise distortion
of G, i.e.

(4.2) Ka(z) < Cpg(log|z|) =C s[up }5g(9,log 12]),
6€[0,2m

if 6 < |z| < 5 for some absolute constant C > 0.

Let us describe below the argument leading to Proposition 4.1. Given
a conformal welding G : JD — 9D, we first want to extend G to a
homeomorphism G : D — . We may represent GG in the form

G(627rix) _ eQm'h(x))

where h : R — R is a homeomorphism of the real line which commutes
with the unit translation z — x + 1. For simplicity, we may assume
that G(1) = 1 and hence h(0) = 0.

Next, we extend our mapping h to a homeomorphism H : H — H.
This can be done via the well-known Beurling-Ahlfors extension. To
be more precise, for 0 < y < 1, set
(4.3)

H(z+iy) = %/0 (h(x+ty)+h(x—ty))dt+i/0 (h(x+ty)—h(x—ty))dt.

Then H = h on the real axis and H is a C'-smooth homeomorphism
of H. Since h(z + 1) = h(z) + 1, fory =1

H(z+1i)=x+1i+ Cy,

where Cy = fol h(t)dt — 3 € [—3,3]. For 1 <y < 2 we extend H
linearly by setting

H(z)=2+2—-y)Cy, z=2x+1y.

Finally, we set H(z) = z if y = Im(z) > 2. It is easy to check that
H(z+ k)= H(z) + k for k € Z. We set

(4.4) G=eoHol,

where e : 2z — €™ is the lifting mapping and L : 2 — 82 is the

logarithmic mapping. We claim that G : D\{0} — D\{0} is a well-
defined homeomorphism. To see thisu|, let 2 = re” = re*™ be as
in Figure 1. We need to show that L is well-defined on the segment
P :={z:r <|z| <1}. Note that in Figure 1, the vertical line [0, L(z)]
corresponds to the image of P with argument 0 and the vertical line
[1, L(2) + 1] corresponds to the image of P with argument 2w under
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the mapping L. Note also that L(re%) = 187 and [(re?m) = leart2m

21 21

Since H satisfies that H(z +1) = H(z) + 1 and e is 1-periodic, the
mapping G is a homeomorphism in the annulus D\ B(0, 7). Moreover,

G
D .
L
| L(z) L(z)+1 H H(L(z)) H(L(z)+1)
e H \
R R

FIGURE 1. The homeomorphism G

G = G on dD and G(z) = z for 0 < |z| < § := e *". Thus G
is well- deﬁned homeomorphism of the unit disk if we additionally set
G(0

(0) =

Flnally, we may define our mapping G:R? — R? by setting

. $ i >
G(2) = G(z)~ %f |z| > 1
RoGoR(z) if|z] <1,

where R(z) = 1 is the inversion with respect to the unit circle. To com-
plete the proof of Proposition 4.1, we need to estimate the distortion
of G.

It is clear that we only need to estimate the distortion of G. Since e
and L are conformal mappings, it follows that

Ka(2) = Kg(w), z=¢" weH.
So we reduce all distortion estimates for G to the corresponding ones
for H. Since H is conformal for y > 2 and linear for y € [1, 2], it suffices

to estimate Ky in the strip S = R x [0, 1]. The desired estimate

Ky(r +iy) < Copn(y), = +iy €S
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follows from the calculation in [6], where
pr(t) = sup 9, (6, 1)
0eR
h(0+t) —h(8)| |h(0@—1t)—h(8
=gpmaxy ;hE@ —Zzw —(t;}’ ;hgm —2<9+(t;: b
Note that if ¢ € [0, 1], then
6c(0,t) =~ 6,(0,1)

and hence
pc(t) = pu(t).

The proof of Proposition 4.1 is complete.

As an application of Proposition 4.1, we easily obtain the following
corollary.

Let 0 be as in Proposition 4.1 and let € < ¢ is sufficiently small such
that

log |2] < 2[r — 1

for 2 = re? € A := B(0,1+¢)\B(0,1 —¢). Proposition 4.1 implies
that

Ke(z) < Cpg(logz|) < Cpe(2|r — 1))
for z € A. If pg(t) < C't™* as t — 0, then
Kg(z) < Clr =177,

for z € A. Integrating in polar coordinates, we immediately obtain the
following corollary.

Corollary 4.2. Let G : 0D :— 0D be a conformal welding. If
1
pc(t) = O(log ;) as t—0,

then G extends to a homeomorphism of the entire plane of locally ex-
ponentially integrable distortion. Moreover, if
pct) =0t as t—0
for some o > 0, then G extends to a homeomorphism of the entire
plane of locally p-integrable distortion with any p € (0, é)
5. MAIN PROOFS

Theorem 1.1 follows from the following more general result.

Theorem 5.1. If Q C R? is a Jordan domain that has the three point
property with a control function v such that

!
5.1 li <
o L YT o) log T

for some constant C’, then Q is a generalized quasidisk.
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Proof of Theorem 5.1. The idea is similar to that used in [12, Theorem
5.1]. Since 2 is a Jordan domain, f extends to a homeomorphism be-
tween D and © and we denote also this extension by f. Let ¢/®=t) ¢
and e!®+") be three points on S. Since f is a sense-preserving homeo-
morphism, f(e'®?), f(e?) and f(e®**)) will be on the boundary of
Q) in order. Let g: R2\ D — R2?\ Q be a conformal mapping from
the Riemann Mapping Theorem. Then g extends to a homemorphism
between R? \ D and R?\ 2. As before, we still denote this extension
by g. Based on the discussion in the previous section, we only need to
estimate the scale-wise distortion of the conformal welding G := g~ 1o f.

Let P = €/®*™ be the anti-polar point of € on 9D and let (P, —t)
denote the arc from f(P) to f(e'®) on 9§ . There exists a t, small
enough such that diam(ys(—1,0 — t)) > diam(y¢(0,60 + t)) when ¢ €
[0,20). Let I'; be the family of curves in D joining v(P,e' ") and
v(e?, e Then Lemma 3.3 implies that

(5.2) mod(I';) < Cy

for some absolute constant C'; > 0. The conformal invariance of mod-
ulus gives us that

(5.3) mod(I") := mod(f(I';)) < Cb.

Thus, we may use Lemma 3.6 for aq = v¢(0,0+1) and ap = v¢(P,0—1)
and conclude that

diam(y4(0,0 +t)) < ¢ o)(d),

where d = d(ay, ) is the distance between these two arcs. Moreover,

P lo w_l(diam(al))> |

diam(a)

(5.4) mod(I") < C'log™" (1 +

where I" is the family of curves joining a; and ay in R?\Q. Again by
conformal invariance of modulus, we obtain that

1
5.5 log ' (1 4+ ———) < Cy ' mod(I”
( ) 0g ( +6g(‘9,t))_ 0 IIlO( )7
where Cj is the constant from Lemma 3.3. Note that
1 1
——x~— as t—0.
log(1+t) t
Combining (5.4) with (5.5) gives us the estimate
50(0.1) < C diam(ay) .

~ ¢l oy!(diam(ar))
On the other hand, by applying Lemma 3.5 and noticing that our
technical assumptions on ¢ implies that ¥ (t) > Ct* for some o > 0,
we obtain that

diam (o) > Cy(t?) > Ct**.
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is non-increasing, we obtain that

< Ot2a

T Tlog ()

Theorem 5.1 follows immediately from (5.1), (5.6) and Corollary 4.2.
U

i __t
Since o T

(5.6) dc(0,1)

Proof of Theorem 1.2. This is basically contained in the proof of The-
orem 5.1. In this case, the desired bound (5.6) reads as follows:

5c(0,t) < O3,
The claim follows directly from Corollary 4.2 with o = 2(%2 -1). O

Proof of Theorem 1.5. If 0 is LLC-1, then Lemma 3.5 implies that f~!
is uniformly Hoélder continuous. On the other hand, the duality result
implies that R?\Q is LLC-2, which is further equivalent to R*\Q be-
ing John by the results in [22]. Then by the results in [18], ¢ is also
Holder continuous. Hence G~! is uniformly Hélder continuous with
some exponent «. Therefore, for ¢ sufficiently small, we have

[G(e*Y) — G(e)] |G(e?) = G(e*1)]
|G(e?) = G(e=)]|G(e+0) — G(e“’)\}

dq(0,t) < max{
< t*l/a

The claim follows from Corollary 4.2. U

6. CONCLUDING REMARKS

6.1. Definition of generalized quasidisks. This was previously dis-
cussed briefly in the introduction. Recall that Q C R? is a generalized
quasidisk if it is the image of the unit disk ID under a homeomorphism
f: R? — R? of the entire plane with locally exponentially integrable
distortion and f is conformal in the unit disk ID. However, this is not
natural from the technical point of view since our extended mapping f
is the identity outside a compact disk.

On the other hand, from the point view of conformal welding, re-
quiring that f is identity at infinity is reasonable since it makes the
two extension problems equivalent as discussed in Section 4.

From the point view of finding a geometric characterization of gen-
eralized quasidisks, this additional requirement is also natural. More
precisely, the geometry of a generalized quasidisk 2 C R"™ should be
determined by the geometry of its boundary (at least this is the case if
Q) is a quasidisk). Intuitively the geometry of 92 should have nothing
to do with the behavior of the global homeomorphism f at infinity.

These observations suggest that it is better to require the global
homeomorphism f to be identity at co in the definition of a generalized
quasidisk.
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6.2. Inward pointing and outward pointing cusps. As we already
observed, (polynomial) interior cusps are more dangerous than (poly-
nomial) exterior cusps for our extension problems. This is not a big
surprise from the technical point of view since our aim is to estimate
the scalewise distortion of our conformal welding G. It is fairly easy
to observe that this is closely related to the modulus of continuity of
G~!. On the other hand, combining the duality results in [11] with the
global Holder continuity estimates of conformal mappings in [10, 18],
one can immediately see how the role of €2 being p-L.C-1 or y-LC-2 is
related the modulus of continuity of G and G~!. In fact, this is exactly
the way we proved [12, Theorem 4.4].

6.3. Open problems. To end the article, we put forward some open
problems, which appear reasonable.

Problem 6.1. In Theorem 1.1, can we further relax the control func-
tion ¢ to be of the form ¢(t) = Ct log% ? By the result in [12], we
know that the result fails for 1 (t) = Ct logH‘S% for any 6 > 0.

Problem 6.2. In Theorem 1.3, can we conclude that the extension has
better integrability for the distortion, say locally exponentially integrable
distortion, if we additionally assume that 2 is ¥-LC-2 for ¥ (t) = t°
with s > 17

Problem 6.3. If we require reasonable good moduli of continuity for
both f, g and their inverses, say both f and g are bi-Holder continuous
up to boundary, can we conclude that € is a generalized quasidisk ?

Acknowledgements
I wish to thank my supervisor Academy Professor Pekka Koskela for
many useful suggestions.

REFERENCES

[1] L.V.Ahlfors, Quasiconformal reflections, Acta Math. 109(1963), 291-301.

[2] L.V.Ahlfors, Lectures on quasiconformal mappings, Second edition, With sup-
plemental chapters by C. J. Earle, I. Kra, M. Shishikura and J. H. Hubbard.
University Lecture Series, 38. American Mathematical Society, Providence, RI,
2006.

[3] K.Astala, J.T.Gill, S.Rohde and E.Saksman, Optimal regularity for planar
mappings of finite distortion, Ann. Inst. H. Poincaré Anal. Non Linéaire 27
(2010 ), no. 1, 1-19.

[4] K. Astala, T. Iwaniec and G. Martin, Elliptic partial differential equations and
quasiconformal mappings in the plane, Princeton University Press, Princeton,
NJ, 2009.

[5] A.Beurling and L.V.Ahlfors, The boundary correspondence under quasiconfor-
mal mappings, Acta Math. 96 (1956), 125-142.

[6] J.Chen, Z.Chen and C.He, Boundary correspondence under pu(z)-
homeomorphisms, Michigan Math. J. 43 (1996), no. 2, 211-220.

[7] G.David, Solutions de 1’equation de Beltrami avec ||u||cc=1, Ann Acad. Sci.
Fenn. Ser.A T Math. 13, 25-70(1988).



GENERALIZED QUASIDISKS AND CONFORMALITY II 15

[8] F.W.Gehring, Characteristic properties of quasidisks, Séminaire de Mathéma-
tiques Supérieures, 84. Presses de 'Université de Montréal, Montreal, 1982.

[9] F.W.Gehring and K.Hag, Reflections on reflections in quasidisks, Papers on
analysis, 81-90, Rep. Univ. Jyviskyld Dep. Math. Stat., 83, Univ. Jyviskyla ,
Jyviskyla , 2001.

[10] C.Y.Guo, Uniform continuity of quasiconformal mappings onto generalized
John domains, preprint.

[11] C.Y.Guo and P.Koskela, Generalized John disks, Cent. Eur. J. Math., 12(2):
349-361, 2014.

[12] C.Y.Guo, P.Koskela and J.Takkinen, Generalized quasidisks and conformality,
Publ.Mat., 58(1):193-212, 2014

[13] S.Hencl and P.Koskela, Regularity of the inverse of a planar Sobolev homeo-
morphism, Arch. Ration. Mech. Anal. 180 (2006), no. 1, 75-95.

[14] D.A.Herron and P.Koskela, Mappings of finite distortion: gauge dimension of
generalized quasicircles, Ilinois J. Math. 47 (2003), no. 4, 1243-1259.

[15] J.G.Hocking and G.S.Young, Topology, Second edition. Dover Publications,
Inc., New York, 1988. x+374 pp.

[16] T.Iwaniec, P.Koskela and J.Onninen, Mappings of finite distortion: compact-
ness, Ann. Acad. Sci. Fenn. Math. 27 (2002), no. 2, 391-417.

[17] R.Kiihnau, Mdglichst konforme Spiegelung an einer Jordankurve, Jahresber.
Deutsch. Math.-Verein 90 (1988), 90-109.

[18] P.Koskela, J.Onninen and J.T.Tyson, Quasihyperbolic boundary conditions
and capacity: Holder continuity of quasiconformal mappings, Comment. Math.
Helv. 76 (2001), no. 3, 416-435.

[19] P.Koskela and J.Takkinen, Mappings of finite distortion: formation of cusps,
Publ. Mat. 51 (2007), no. 1, 223-242.

[20] P.Koskela and J.Takkinen, A note to “Mappings of finite distortion: formation
of cusps II”, Conform. Geom. Dyn. 14 (2010), 184-189.

[21] O.Lehto and K.I.Virtanen, Quasiconformal mappings in the plane, second ed.,
Springer-Verlag, New York, 1973.

[22] R.N&kki and J.Viisild, John disks. Exposition. Math. 9 (1991), no. 1, 3-43.

[23] J.Onninen and X.Zhong, A note on mappings of finite distortion: the sharp
modulus of continuity, Michigan Math. J. 53 (2005), no. 2, 329-335.

[24] J.Takkinen, Mappings of finite distortion: formation of cusps II, Conform.
Geom. Dyn. 11 (2007), 207-218.

[25] M.Vuorinen, Conformal geometry and quasiregular mappings, Lecture Notes
in Mathematics, 1319. Springer-Verlag, Berlin, 1988.

[26] S.Zakeri, On boundary homeomorphisms of trans-quasiconformal maps of the
disk, Ann.Acad.Sci.Fenn.Math.33(2008), no.1, 241-260.

(Chang-Yu Guo) DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVER-
SITY OF JYVASKYLA, P.O. Box 35, FI-40014 UNIVERSITY OF JYVASKYLA, FIN-
LAND

E-mail address: changyu.c.guo@jyu.fi



