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ABSTRACT. We introduce a new method to prove the isoperimetric property of the ball for the
first eigenvalue of the Robin-Laplacian. Our technique applies to a full range of Faber-Krahn
inequalities in a nonlinear setting and for non smooth domains, including the open case of the
torsional rigidity. The analysis is based on regularity issues for free discontinuity problems in
spaces of functions of bounded variation. As a byproduct, we obtain the best constants for a
class of Poincaré inequalities with trace terms in R™V.
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1. INTRODUCTION

The isoperimetric property of the ball concerning the first eigenvalue of the Dirichlet-Laplacian,
conjectured for plane domains by Lord RAYLEIGH in 1877, and proved independently by FABER
and KRAHN in the 1920’s, states that if 2 C RY is open and bounded, then
(1.1) AP(B) < AP(),
where B is a ball such that |B| = [§2|. Here A\ (§2) is defined as the lowest value for which the
problem

~Au=AP(2)u in 0
u=20 on 02
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admits a non trivial solution. Following the review paper [25] (see also [3]), Lord RAYLEIGH was
motivated in his conjecture by the study of the principal frequency of vibration of a plane elastic
membrane fixed at its boundary, stating that the circular shape has the lowest mode of vibration
(and giving some evidence of it).

Inequality (1.1) is usually referred to as the Faber-Krahn inequality for the first eigenvalue
of the Dirichlet-Laplacian. When {2 has irregular boundary, the eigenvalue problem should be
interpreted in the weak sense of Sobolev functions VVO1 2(9) vanishing at the boundary.

The modern approach to the proof of the Faber-Krahn inequality is due to POLYA and SZEGO
and it is described in their book [26]. It relies on the spherically symmetric decreasing rearrange-
ment technique applied to the expression of A”(£2) as the Rayleigh quotient

Vul|?d
MNP () = mln 7f9 | Z' *
uEW 2(£2),uz0 fQ u? dx

Considering the first eigenfunction u € WO’ (£2), one obtains a radial symmetric decreasing func-
tion u, € W, *(B) equimeasurable with u (so that LP-norms are preserved) such that

/\Vu*\ da:</ |Vu|? d,

so that inequality (1.1) readily follows since A (B) is lower than the Rayleigh quotient of u*. The
properties of the spherically symmetric decreasing rearrangement show moreover that equality
holds in (1.1) if and only if §2 is equivalent to a ball up to negligible sets.

Such an approach provides easily the validity of a whole family of Faber-Krahn inequalities:
setting for 1 < ¢ < %

Vul?d
(1.2) 2@ = i delVeldr
u€W, 2 (2),u#0 (f_() |u|q dm) q

then again

A (B) <27 (2)
where B is a ball such that 2| = |B|, and equality holds if and only if {2 is a ball up to negligible
sets.

For plane domains, the case ¢ = 1 is relevant in the elasticity theory of beams, and goes
under the name of torsion rigidity problem (see e.g. [27, Section 35]): the inverse of AP (£2) is
proportional to the torsional rigidity of a beam with cross section {2 (here u has the meaning of a
stress function, its derivatives being connected with the elastic forces inside the beam). That the
shape of the cross section which provides the greatest torsional rigidity (under an area constraint)
should be a circle was conjectured by SAINT VENANT in 1856.

The problem is completely different if we consider Robin boundary conditions (the case of
Neumann conditions being trivial, with infimum equal to 0). Given 8 > 0 and 2 C R¥ open,
bounded and with a sufficiently smooth boundary, )\g(()) = A3(f2) (we omit the superscript R,
since this case is the main concern of the paper) is defined as the lowest value for which the
following problem

di,j + pfu =0 on 012,
admits a non trivial solution, v being the exterior normal. In the plane case, A\g is proportional
to the square of the principal frequency of vibration of an elastically supported membrane, since
the constraint of vanishing displacement at the boundary is replaced by that of a restoring force
of elastic type (with elastic constant f3).
In terms of Rayleigh quotients, we can write
Jo |Vul?dz+ 8 [, u? dHN

1.3 As(£2) = i ,
( ) ﬁ( ) uEWlI:gl(lg),uio fguzdx

{Au = As(2)u in 2

where HV~! denotes the Hausdorff (N — 1)-dimensional measure (which coincides with the usual
area measure on 0f2 in view of the regularity of the domain).
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The presence of the boundary term in (1.3) entails that Ag has a completely different behaviour
with respect to AP. For instance, being the term of area type, rescaling properties under dilations
are not available; moreover, since the competing functions are not necessarily zero at the boundary,
As does not enjoy the natural monotonicity properties of AP (see [19]).

The Faber-Krahn inequality

(1.4) As(B) < Ag(£2)

where B is a ball with |B| = |£2], conjectured by POLYA in 1951, has been established only quite
recently by BOSSEL in 1986 for two dimensional smooth domains [5], and by DANERS for N-
dimensional Lipschitz regular domains [12]. Equality still holds if and only if (2 is a ball, as proved
by DANERS and KENNEDY [13], at least for domains of class C2.

The validity of (1.4) cannot be established using the arguments of the Dirichlet case. Indeed
the symmetric decreasing rearrangement technique requires the functions involved to vanish at the
boundary, while for Ag({2) the trace term plays an essential role. Up to our knowledge, the only
result in the literature concerning rearrangements in presence of trace terms (treated as jumps) is
due to C1aNCHI and Fusco [8], and requires a linear growth in the gradient term of the functional,
which is not the case for (1.3).

A direct comparison between 2 and B is obtained in the method of proof by BOSSEL and
DANERS by means of a level set representation for Ag together with a dearrangement of the ball’s
eigenfunction onto the domain {2. Unfortunately such an approach is specifically tailored on the
linear case, so that an adaptation of the method in order to study the analogue of (1.2) under
Robin conditions

2 2 j2/N—1
(1.5) Npo(2) = min L2V d“ﬁfang LU NQNQ
uEW;S(Q) (fg ‘u|q dl‘)q -

u

seems prohibitive. In terms of differential equations, Agq(f2) and the associated (non trivial)

function w are such that
2—gq

—Au=Xg4(2) ([puldr) © u?™! in 02
(1.6) % +pBu=0 on 012
u >0 in 2.

Starting from the results in [6], the aim of the present paper is to formulate a different approach
to the proof of the Faber-Krahn inequality (1.4) which is completely variational in character, and
which is not confined to the linear case.

Our analysis is composed of two parts.

(A) Firstly we identify a class of domains A(RY) (see (1.9) below) containing the Lipschitz
regular ones for which the map

2= Ag4(2)

achieves a minimum under a volume constraint (Ag 4 is suitably defined if {2 is not regular,
see (1.10)). The class A(RY) is sufficiently large to be stable under intersections and
reflections across hyperplanes.

(B) Given an optimal domain, we use optimality to show that it is necessarily equivalent to a
ball.

Our approach parallels under several aspects the DE GIORGI’s proof of the classical isoperi-
metric inequality [14]. In that paper, DE GIORGI shows that the isoperimetric property of the
ball still holds among the family of sets with finite perimeter (named also Caccioppoli sets). This
class provides a natural framework in order to get the existence of sets with minimal perimeter
under a volume constraint, thanks to the compactness and lower semicontinuity properties of the
perimeter. Given an optimal domain, DE GIORGI uses the classical (and intuitive) symmetriza-
tion argument due to STEINER in order to show that the minimizers coincide up to negligible sets
with a ball. Consequently, the class of sets with finite perimeter is a natural framework in which
Steiner’s arguments, emended from the critic he received by his contemporaries concerning the



4 D. BUCUR AND A. GIACOMINI

unclear assumption of the existence of an optimal domain, provide indeed a stronger minimality
property of the ball.

Something similar occurs in our problem, with the choice of the family A(RY) of domains and
the extension of the notion of the first eigenvalue, leading to a stronger form of the minimality
property of the ball.

The first main result of our paper is the following, restricting to the case ¢ € [1, 2].

Theorem 1.1 (The Faber-Krahn inequality). Let g € [1,2]. Then for every domain (2 €
A(RN)

(L.7) Ag.q(B) < Ap,q(£2),

where B is a ball such that |B| = |2|. Moreover, equality holds if and only if 2 is a ball up to a
HN 1 negligible set.

In particular the Faber-Krahn inequality is established for the torsion rigidity case ¢ = 1 also
for Robin boundary conditions, substantiating several hints present in the literature concerning
the optimality of the ball (see e.g. the paper by BANDLE and WAGNER [4], where the second order
volume preserving shape derivative of Az 1 is shown to be strictly positive on a ball).

Our approach provides also some results when ¢ > 2, replacing the volume constraint by a
volume penalization.

Theorem 1.2 (Volume-penalized Faber-Krahn inequality). Let k > 0 and 1 < ¢ < %
Then there exists a ball B such that for every 2 € A(RY)

Ag.q(B) + K[B| < g q(£2) + k[ £2].
Moreover, equality holds if and only if £2 coincides with a ball up to a HN ~'-negligible set.

Here the threshold 2N/ (N —1), strictly lower than the Sobolev critical exponent, arises naturally
in connection with monotonicity properties of the eigenvalue under dilations, see Lemma 3.1.

While point (A) of our analysis, involving the definition of A(RY) and the existence of an
optimal domain in this class of domains is very delicate, point (B), i.e. to show that optimal
domains are equivalent to balls is relatively simple.

In order to grasp the main ideas, it suffices to consider for the moment A(RY) as a family of
domains with possibly irregular boundary (for example admitting cusps) but for which a trace
operator is defined, in such a way that formula (1.5) for Ag 4 is still available (with associated
function satisfying (1.6)). Referring to Theorem 1.1, let us assume that Ag, can be minimized
among the domains of A(RY) under a volume constraint, and that the optimal domains are
connected (for regular disconnected domains, it is not difficult to see that one connected component
is more convenient than the whole set).

Let (2,,: be an optimal domain. In order to see that (2, is a ball, the first step consists in
proving that the associated function w is radial (Theorem 4.4). This can be obtained by means of
symmetrization arguments of the following type. By considering an hyperplane = which divides
£2opt in two parts Qg;t with equal volume, and employing the inequality

) 2a 2b a+b
(1.8) 1rn1n{(2c)2/q7 (2d)2/‘1’} < cr a,bye,d>0, 1<qg<2,
we can construct by reflection of one of the two parts an optimal domain symmetric with respect
to m. By symmetrizing in succession with respect to hyperplanes parallel to the coordinate axis,
we end up with a domain onpt € A(RY) with a center of symmetry, which we may assume as the
new origin of our coordinate system.

The domain §2,,; is thus connected (by optimality), with Ag,(2) achieved on an function
which is given by successive reflections of the original u associated to §2. Now, every hyperplane
7w through the origin divides f?opt in two parts with equal volume, so that the symmetrization
of at least one of them leads again to a new minimizer of the problem, with associated function
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given by the reflection of @ across m. Since this function should satisfy (1.6), we get that for every
T € opt andn € RY withn-z=0
ot
—(z) =0.
7, )
Being analytic on the connected domain fZOpt, we conclude that u is radial. The same holds also
for w which is itself analytic and coincides with % on a portion of the connected domain (2.
In view of the radiality of u, we can write u(z) = ¢ (|x|) with ¢ : I —]0, +00[ maximal positive
solution of the ordinary differential equation
N -1
—" = =1 = Ag ()97,
r

and derive the Robin boundary condition (Theorem 4.7)
V' (|2]) - er(@) + Bu(jz[) =0 =€ dL,

where e,.(x) := x/|z|. This condition imposes severe restrictions on the form of (2, entailing for
example that the boundary of {2 is contained in the region

/
{xERN : ‘w(ll‘)‘ 25}'
P(lz)
This represents a great simplification of the problem: the proof that the domain is a ball is nearly
straightforward.

Indeed, if 0 € f2, one sees that 1 is defined up to the origin with 1’ < 0 on I. This entails that
{2 contains a ball centered at the origin. Denoting by B’ the maximal ball contained in {2, one
shows (Proposition 4.10) that if £2 does not coincides with B’, then the ball itself (if ¢ = 2) or the
ball B” having the same volume of {2 are more convenient for Ag ,4: the eigenvalues g ,(B’) and
Ag,q(B") are easily estimated by restricting 1(|x|) on these balls.

The case 0 ¢ 2 leads with similar arguments (Proposition 4.12) to the conclusion that (2
coincides with an annulus.

Finally, a direct comparison shows that the ball is more convenient than an annulus (the
comparison being much simpler in view of the particular geometry of the sets).

Let us now come back to the precise definition of the class A(RY) and to the extension of the
notion of Ag 4, i.e., to point (A) of our analysis.

In order to highlight the main geometrical properties we should expect for this class in order to
be suitable for a variational analysis, let us consider a minimizing sequence (§2,,)nen for Ag 4 given
by Lipschitz domains of bounded volume. If we assume that they converge to a limit domain {2,
and that the associated first eigenfunctions converge to a function u, we immediately realize that
{2 could admit in principle inner boundaries,

and that the limit of the eigenvalues is connected to an expression of the type
Jo IVul?dz+ 8 [,(u™)? + (u™)? dHN !
5 .
([ lula da) @

The values u® should be the traces of u from both sides of 9£2: on the external boundary, one of
the two traces will be zero, while on the inner boundaries they could be different, in general. In
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view of this simple observation, and trying to preserve some weak regularity for the boundary, at
least in the sense of geometric measure theory, we are led to set

(1.9) ARYN):= {2 CRY : Q2 is open with || < +o0,
and 012 is rectifiable with H¥ ~1(942) < 400}

and define
(1.10) Agg(£2) = inf JoVul?de + B [oowh)? + (u”)? dH
: N} = 2 .
RO S ([ luladz) e

The rectifiability of 52 (see Subection 2.3) means that it is contained, up to H~ ~!-negligible sets,
into the union of a countable family of C'-regular manifolds. This weak regularity requirement is
readily seen to be stable under intersections and reflections. Moreover a normal vector field v on
012 can be defined (and this is important for the Robin condition). Finally domains in A(RY) have
finite perimeter, so that a weak form of the integration by parts is still available (see Subsection
2.4).

The traces in (1.10) are well defined since, after extending by zero outside {2, u belongs to the
space of functions of bounded variation BV (RY) (see Subsection 2.5). Recall that v € BV (RY) if
v € L*(RY) and the integration by parts formula

Vo € C=(RY) : 7/

Udiv(ga)dz:/ pdDv
RN

RN
holds for a suitable finite measure Dv with values in RY. In our case, viewing u as a BV function
on RV, Du is composed of a part supported on 2, absolutely continuous with respect to the
volume Lebesgue measure with density Vu, and of a part of “jump type” supported on the jump
set .J, C 0f2 and absolutely continuous with respect to HV 1.

In view of the fine properties of BV functions, at H~ ~!-a.e. point of x € 92 with normal v(x),
the two values

+ — lim ;
o) = i @) B (a(2))N2

are well defined, where B (z,v(z)) := {y € B.(z) : (y —z)-v(z) = 0}.

To deal variationally with the Faber-Krahn inequality, we are thus naturally led to the shape
optimization problem

u(y) dy

1.11 min Mg .q(£2).

(1.11) peadim o 8.4(12)
Unfortunately, the existence of a minimizer is not clear, because compactness properties for a
minimizing sequence (§2;,)nen seem difficult to be derived: for example, a bound on the perimeter
cannot be obtained by controlling the surface term

B (uh)? 4 (uy)? dHY Y,
02,
since no uniform bound from below is available on the associated (almost first eigenfunctions) u,.
On the contrary, as pointed out in [6], some compactness is available for u,. Indeed, at least
if 2, is regular, extending by zero outside the domain, it turns out that u? € BV(RY) with
uniformly bounded total variation. More precisely, in view of the preceding considerations, u2
belongs to the space SBV (RN) of special functions of bounded variation introduced by DE GIORGI

and AMBROSIO [15] and defined as
SBV(RY) := {u € BV(RY) : Du is absolutely continuous w.r.t. dz +HY"'|.J,}.

In addition, as w, is bounded from below on (2, by a strictly positive constant in view of the
Robin condition and of Hopf lemma, we have J, = 02, and

)\[37{1((2") = Rﬁ,q(un)7
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where
Jon [Vul?da + 8 [ () + (u™)2dHN

2
(Jpn wt dz) ®
So instead of studying the shape optimization problem (1.11) directly, we turn our attention to

the free discontinuity problem
(1.13) min Rg 4(u),

1
u€SBV 2 (RN),|supp(u)| <y

(1.12) Rp 4(u) =

where the space SBV 2 (RY), introduced in [6], is given by
SBVE(RY) :={u e L*RY) : u>0ae. in RN and v € SBV(RV)}.
The existence of a minimizer  for (1.13) can be derived in a standard way from the compactness
and lower semicontinuity properties of the space SBV 2. The link with problem (1.11) is an issue

of regularity: if the support of u is an open set £2 belonging to A(RY), then the optimality of u
entails the optimality {2 (Subsection 6.5). We prove the regularity of the support by showing that

(1.14) HN M, < +oo  and  HNTN(T,\ Ju) =0,

i.e., the jump set of u has finite length and is essentially closed.
Essential closedness of the jump set of SBV-minimizers is known to hold for the Mumford-Shah
functional

(1.15) MS(u) ::/ |Vu|2dx+7-lN_1(Ju)+/ lu—g|?dez, g€ L>®(A),
A A

thanks to the result of DE GIORGI, CARRIERO and LEACI [16]. In view of this fact, the minimizers
of (1.15) provide solutions to the original problem proposed by MUMFORD and SHAH [24] in the
context of image segmentation (in dimension two, see also the paper by DAL MAso, MOREL and
SOLIMINI [10]).

Our free discontinuity problem (1.13) can be seen as a weak formulation of the shape optimiza-
tion problem (1.11) in much the same way (1.15) is a weak form of the original Mumford-Shah
image segmentation functional. The key difference between the two functionals is that the surface
term depends on the traces of u. However, thanks to its particular dependence (involving the sum
of the squares of u*), we prove that minimizers of (1.13) belong to L (RY) (Theorem 6.11), and
more importantly (Theorem 6.13), using a key result of [7], that

u>a>0 a.e. on supp(u).

This entails immediately that #~Y~1(.J,) < 400, and that the surface term of our functional can
be estimated from above and below by the area of the jump set. Then it turns out (Theorem 6.14)
that minimizers of (1.13) are indeed in SBV (RY), and are almost local quasi-minimizers of the
Mumford Shah functional (see Definition 6.2), so that their jump set is essentially closed thanks
to the results of [7]. Then (1.14) is established, and the support of u provides an optimal domain
for (1.11).

The arguments of point (B) of our approach explained above can be adapted to the optimal
domains in A(RY), showing that they coincide with balls up to H¥~!-negligible sets: this notion
of equivalence is natural in our context, since if we remove a point from a ball, we remain in
A(RYM) and not modify the eigenvalue.

A byproduct of our analysis of the free discontinuity problem (1.13) is the following Poincaré
inequality in SBV (RV).

Corollary 1.3 (Poincaré inequality with trace term in SBV(RY)). Let ¢ € [1,2] and
B,m > 0. For every u € SBV(RY) such that |{u # 0} <m

/ |Vu\2dx+/3/ (ut)? 4 (u™)2dHN 1 > N 4(B) (/ |uqu>q,
RN Ju RN

where B is a ball of measure m, the constant Ag,q(B) being optimal. Equality holds if and only if
u is the first eigenfunction associated to B according to (1.5).
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In fact, this corollary encodes the Faber-Krahn inequality for the first eigenvalue of the Robin-
Laplacian on arbitrary domains, including the non smooth setting of the class A(RY) (and so the
family of Lipschitz sets) and even the case of arbitrary open sets for which the eigenvalues are
defined through the Mazja space [11, 6].

The reflection argument which is essential for the analysis of point (B) cannot be used in the
case ¢ > 2, since inequality (1.8) does not hold true. However, replacing the volume constraint by
a volume penalization term, the method can be adapted to yield the inequality of Theorem 1.2
concerning the case 1 < g < %

The volume penalized inequality can lead to a classical Faber-Krahn inequality as (1.7) provided
that, given a domain {2, we can tune k in such a way that the associated optimal ball has volume
precisely given by [§2|. We show (Theorem 5.3) that this can be done for a family of volumes
which is infinite, accumulating at zero and at infinity. In general, a sufficient condition if order to
get rid of the penalization term is that the function r — Mg 4(B,) is convex (Theorem 5.4): this
seems difficult to prove, but it holds true for the most relevant cases ¢ = 2 and ¢ = 1, i.e., for the
linear eigenvalue and the torsion rigidity problem.

The paper is organized as follows. In Section 2 we fix the notation and recall some basic facts
concerning sets with finite perimeter and functions of bounded variation. Section 3 contains the
definition of the admissible class of domains A(R") together with the associated eigenvalue. The
proof of the Faber-Krahn inequality for the cases 1 < ¢ < 2 and 1 < ¢ < 2N/(N — 1) (in its
volume penalized version) are contained in Section 4 and Section 5 respectively. They are based
on the existence of an optimal domain for \g , in A(RY), which is established by means of a free
discontinuity approach in Section 6.

2. NOTATION AND PRELIMINARIES

In this section we fix the basic notation employed throughout the paper, and recall some notions
concerning sets with finite perimeter and functions of bounded variation. The main references are
[18, 2, 17].

2.1. Basic notation. Given £ C RY, we will denote by |E| its Lebesgue measure, and by E its
topological closure. Sometimes the Lebesgue measure will be denoted by £V, while the associate
integration will be indicated by dz. We will use also the Hausdorff (N — 1)-dimensional measure
HN=L (see [17, Chapter 2]), which coincides on piecewise regular hypersurfaces with the usual
area measure. If y is a Borel measure on RY and A C RY is Borel regular, we will denote by p| A
the restriction of p to A.

For A,B C R", we will write A cC B if A is compact and A C B. For t > 0, we set
tA:={tx : x € A}.

For € RY and r > 0, B,(z) stands for the ball of center z and radius . If x = 0, we will
write simply B,. The volume of the unit ball is denoted by wy. Given v € SN~!, where SVN—!
denotes the unit sphere in RY, we set

B (a,v) = {y € B.(a) : (y—)-v 2 0}

We say that an open set 2 C RN has a Lipschitz boundary if for every « € 942, there exist a
neighborhood U of x and a Lipschitz function f : RV~1 — R such that, up to a rotation,

QNU={y=w yn) €U : yn > f(¥)}.

Given 2 C RN open and 1 < p < 400, LP(£2; R¥) stands for the usual space of (classes of) p-
summable R¥-valued functions on {2, while W' (£2) will denote the Sobolev space of p-summable
functions whose gradient in the sense of distributions is also p-summable. The localized version
of the previous spaces will be indicated by L¥ (£2;R*) and W,57(£2).

If u e L}, ,(RY), we will denote by supp(u) its support: this set turns out to be well defined
up to negligible sets by the relation u = 0 almost everywhere on R™ \ supp(u). We will say that
supp(u) C 2 with 2 C RY open if u = 0 a.e. on RY \ £2. We will write supp(u) CC §2 if u is zero

a.e. outside a compact subset of f2.
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2.2. Densities and approximate limits. For £ C RY and z € RV we denote by D(E,z) and
D(E, x) the lower and upper densities of the set E at the point x (see [18, Section 2.9.12])

.. ENB(z — . ENB,.(z
D(E,x) := 114rg(1)2f ||Br(ac§|)| and D(E,z) := hrni,%lip |Br(x§)|
We say that E has density « € [0,1] at z if
D(z,E)=D(E,x) = D(E,r) =
and set
E@ .= {zeR" : D(z,E) =a}.
The essential boundary of F is defined as
O°E =RV \ {EW U RN\ B)V}.
Given f:RY — R and x € RY we denote by f*(z) the approzimate lower and upper limits of f
at x
f(x) :==sup{D({f < t},x) =0} and fH(z):=inf{t e R : D({f > t},z) =0}.
When f+(z) = f~(z) = f(x), we say that f is approzimately continuous at x with value f(z).

2.3. Rectifiable sets. We say that E C RY is (H¥~!-countably) rectifiable (see [2, Section 2.9])
if there exists a sequence of C''-regular submanifolds (M,,)nen of RY such that

HN <E\ U /\/ln) =0,
neN
or equivalently
E=EyU U K,
neN

where HV~1(Ey) = 0, and the sets K,, are disjoint and such that K, C M,,. A Borel measurable
normal vector field on E (up to a H~ ~l-negligible set) is defined by considering the normals to
M., on the disjoint sets K.

If By, By C RY are rectifiable, with vy, v, associated normal vector fields, then v (z) = £y (z)
for HN"lae. z € E; N E;.

An important class of rectifiable sets is given by the image of Lipschitz functions: if A C RN~!
is open, and f : A — R¥ is Lipschitz continuous, then f(A) is rectifiable in R. In particular, if
2 C R¥ has Lipschitz boundary, then 92 is rectifiable.

2.4. Sets with finite perimeter. For the general theory of sets with finite perimeter, we refer
the reader to [2, Section 3.3]. Here we recall some basic facts in a form which is suitable to our
analysis.

Given £ C RN measurable and £2 C RY open, the perimeter of E in 2 is defined as

P(E, ) :=sup {/ div(e)dx = o € C(2;RY), [l¢lloe < 1} ,
E

and E is said to have finite perimeter in §2 if P(E,2) < +oco. When 2 = R¥, we write simply
P(E).
If E C RY has finite perimeter, then 9°F turns out to be rectifiable with
P(E)=H""Y8°E) and HNY9°E\EY?)=o.

Moreover there exists a Borel exterior normal vector fieldvg : 0°F — SN -1 guch that the following
integration by parts formula holds true:

Vo € C(RY) / div(gp)dac:/ o -vgdHN L
E °E

In terms of densities, vg(x) is characterized for H¥ ~1-a.e. z € 9°F as

J’_ —
o EOBr @) L BN Bi @) 1
r—0+ | B, ()] r—0+ | B, ()| 2
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2.5. Functions of bounded variation. Let us briefly recall the definition of functions of bounded
variation: we refer the reader to [2, Chapter 3] or to [17, Chapter 5] for more details.

Let 2 C RY be an open set. We say that u € BV (£2) if u € L'(£2) and its derivative in the
sense of distributions is a finite Radon measure on 2. BV ({2) is called the space of functions of
bounded variation on (2 and it is a Banach space under the norm

lullBv 2y = lullr(e) + [[Dul],

the last term denoting the mass of the measure Du. By Sobolev inequality it turns out that
BV (RY) is continuously embedded in LN/N=1(RN),
The measure Du admits the following representation for every Borel set B C (2:

(2.1) Du(B) = /Bvu dx +/J ﬁB(u+ — U )y dHN ! 4+ Du(B).

Here Vu € L'(£2;RY) is the density of the absolutely continuous part of Du, and it is called the
absolutely continuous gradient of u.
The set J, is the jump set of u and is defined as

Jyi={z € :u (z) <ut(x)},

where u™ () are the approximate upper and lower limits of u at . It turns out that .J, is rectifiable
and that v, : J, — SV~ is a Borel normal vector field such that for XV~ l-a.e. z € J,

1 N
lim ——— lu(y) — u(x)| 71 dy = 0.
r—0+ |Bri(.13,l/u(x))| BE (2,04 (2))N02

In particular for H¥~!-a.e. 2 € J, we have

1
4 .
v (z)= lim —/——— u(y) dy,
r=0+ | B (2, vu(2))] /B @ (@)ne

so that u® can be considered as the traces of u on J,,.
For = ¢ J,, we have ut(2) = v~ (2) = @(x) and for HN"l-ae. x € 2\ J,

1 _ N
|u(y) — a(z)[¥=1 dy =0,

lim ———
r=0+ | B (2)] JB, (2)ne

so that HV~!-a.e. z € {2 turns out to be a Lebesgue point for .
The measure Du in (2.1) is singular with respect to the Lebesgue measure with

Du(E) =0

for every rectifiable set E C 2. So D is in a certain sense intermediate between £V and
HN~1, and is referred to as the Cantor part of Du (the one dimensional Cantor-Vitali function
has bounded variation, its derivative being of Cantor type).

The link between sets with finite perimeter and functions of bounded variation is the following:
if E C RY has finite perimeter and |E| < +oo, it turns out that 1z € BV (RY) with associated
measure of jump type given by

Dlg = —vgHVN 1 0°E,

where vg is the exterior normal.
Finally we will use several times the following result (see [2, Theorem 3.96]).

Theorem 2.1 (Chain rule in BV). Let 2 CRY be an open set, u € BV(2) and let f : R — R
be Lipschitz and piecewise C1 (with f(0) = 0 if |2| = +o0). Then fou € BV (£2) with

D(fou) = f'(w)Vudze + [f(u®) = f(u)a HY 7 [Ty + f'(@) D u.
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3. NONLINEAR EIGENVALUE PROBLEMS FOR THE ROBIN-LAPLACIAN

Let £2 C RN be an open bounded set with Lipschitz boundary. Given 1 < ¢ < 5—5 and 8 >0,
let us consider the nonlinear eigenvalue problem

\V4 2d 2deN71
(3.1) Nog(2) = min JelVUTdrE B p0u

wew e (J;y lulo dz)

where the integral on the boundary involves the trace of the function w in the sense of Sobolev
spaces.

For ¢ = 2 the eigenvalue Ag2(f2) coincides with the first eigenvalue of the Laplace operator
under Robin boundary conditions. The case ¢ = 1 is usually referred to as the torsion rigidity
problem with Robin conditions.

For the sequel, it will be important to extend the definition of the principal frequency Ag 4 to a
larger class of domains, with possibly irregular boundary. Let us consider the class

(3.2) ARY):= {2 CRY : 2 is open with |2| < 400,
and 042 is rectifiable with H¥ =1 (002) < 400},

which contains that of Lipschitz regular domains. Rectifiable sets are defined in Subsection 2.3.

In order to extend the notion of A\g, to domains in A(RY), we proceed in the following way.
Since domains in A(RY) have boundary of finite H™¥~'-measure, by [2, Proposition 4.4] every
u € WH2(£2) N L*>(§2) is such that

ulg € BV(RY).

In particular, thanks to the fine properties of functions of bounded variation (see Subsection 2.5),
for HVN"1-a.e. x € 912 the function u admits two “traces” v~ (z) < uT () in the following sense:
if v(z) € RY is a normal vector to 32, up to a change in sign for v, the values

3.3 *(z) = lim / d
(3.3) u™(x) Jim, |Bi @ @) ey u(y) dy

are well defined and finite.

If (2 is Lipschitz regular, then ¥ ~!-a.e. on 0f2 one trace is zero and the other coincides with
the usual trace in the sense of Sobolev spaces. If {2 is not regular, for example it admits inner
cracks, it could be the case that both traces are non zero and different.

In view of the preceding arguments, the definition of Ag, can be generalized to a domain
2 € ARY) by setting

(3.4) Agg(£2) = inf Jo [Vl d 4 B fp () + (u7)? dHN

vew2(s0ue e ([, lule dx)%

Using a simple truncation argument, it is readily seen that A 4(§2) coincides with the value given

in (3.1) when {2 is Lipschitz regular. Clearly, in the Rayleigh quotient above, one can replace the

minimizer u by its absolute value. As a consequence, we can assume that the minimization is

carried in the family of nonnegative functions. Throughout the paper, this is implicitly assumed.
The following rescaling property will be useful.

Lemma 3.1. Let 2 € A(RN). Then for every t > 1
A q(t92) <tV TN L (92).

Proof. Let u € W12(£2) N L>(£2) be admissible for the computation of Az ,(2). Then
x
v(z) == u (7>

t
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is an admissible function for the computation of Ag 4(¢f2). We get

Jio |VO|? da + /Bfa(m) [vH]2 + )2 dHN L

Ag,q(t62) < (fm o] dx)Q/q
2 fio VUl (§) do+ B foo)[w™? (F) + w7 (§) dHV !
(el () 1)
7 {—2+N Jo |Vu|? dz + gtV 1 fan[qu]Z + [u"]2dHN L
) £ (o fult dz)
_ th%flt_l Jo |VulPde+ 8 [ o[ut]? + [u ]2 dHN !
([ lule dx)z/q
o -2 Jo |Vu|? do + ﬁfaﬂ[uﬂQ + [um]2dHN L
) (f lule d)™”
so that the result follows by taking the infimum on wu. O

The rescaling property entails the following result.
Corollary 3.2. For every 1 < g < % and 8> 0, the map
= Agq(Br)

is strictly decreasing on |0, +00].

4. THE FABER-KRAHN INEQUALITY

The present section is devoted to the proof of the Faber-Krahn inequality for the principal
frequency Mg, given in (3.4) when 1 < ¢ < 2 among the class A(RY) defined in (3.2). The result
entails the validity of the inequality among the class of Lipschitz regular domains, on which Ag
reduces to the usual eigenvalue given in (3.1).

Theorem 4.1 (Faber-Krahn inequality: the case 1 < ¢ <2). Letq € [1,2] and 8 > 0. Then
for every domain 2 € A(RY)

(4‘1) Aﬁ,q(ﬁ) > )‘ﬂyq(B)a

where B is a ball such that |B| = |2|. Moreover, equality holds if and only if 2 is a ball up to a
HN 1 negligible set.

The starting point of our analysis is given by the following result.

Theorem 4.2 (Existence of an optimal domain). Let 8,7 >0 and 1 < ¢ < % Then the
minimum problem
(4.2) min Ag,q(£2)

QEARN),[02|<~

admits a solution. Moreover every minimizer 2 € ARYN) coincides up to a HN~'-negligible set

with an open connected set such that Mg 4(§2) is achieved on an analytic and positive function
u € WH2(02) N L>(2) with

(4.3) —Au = Ag o (2)ui™! on 2, / uldr =1,
i)
and such that

(4.4) u>a on {2

for some a > 0. Finally if we extend u to zero outside (2 (still denoted by u), we have

(4.5) ue€ BVRY),  00=1],, and  HNH00\ J,) =0.
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The previous theorem is a particular case of Theorem 6.1 of Section 6: its proof is obtained by
studying a free discontinuity problem for a suitable space of functions of bounded variation, and
exploiting the regularity properties of the associated minimizers.

Remark 4.3. Note that the upper bound for ¢ in Theorem 4.2 is not given by the Sobolev
critical exponent 2N /(N — 2) which naturally arises in the study of Ag, on Lipschitz domains :
this is related to the monotonicity of the eigenvlaue under dilations (see Lemma 3.1) and also to
our technique which is based on the interpretation of u? as a BV function on RY, so that the
associated critical exponent is given precisely by 2N/(N — 1).

Theorem 4.1 follows readily if we show that every minimizer of problem (4.2) coincides up to
a HN~l-negligible set with a ball. Indeed, given 2 € A(RY) and setting v := |§2|, if a ball B is
optimal for (4.2), then |B| =« in view of Corollary 3.2, so that (4.1) follows.

In the following we thus fix 2 € A(RY) minimum of problem (4.2) and we let u be the
associated function on which Ag 4(2) is achieved according to Theorem 4.2. Our aim is to show
that £2 coincides up to a H~ ~!-negligible set with a ball: this will be obtained in Theorem 4.14
after an analysis based on the optimality of 2.

The first step consists in proving that the function u is radial: we use some reflection techniques
considered in [21] and [22].

Theorem 4.4 (The function v is radial). Up to a translation, the function u is the restriction
on 2 of an analytic positive radial function (still denoted by u) defined on an open neighborhood
A of 0 which satisfies

(4.6) —Au = Ag 4 (2)ui™! on A.

Proof. Let us consider an hyperplane m; parallel to 21 = 0 which splits §2 in two parts 2% such
that
2% =127,
Note that the term
[ an
oN2Nmy

which (eventually) appears in the surface part of the Rayleigh quotient defining Ag 4(£2) can be
reinterpreted, since the normal v involved in the definition of u® coincides HN '-a.e. with that
of my, as

/ (us)? + (u_)? MV,
oN2Nmy

where uy are the traces of up+ on m (defined as in (3.3)).
Up to a switch between the two open sets, we can assume (denoting with 7r1i the two half-spaces
determined by )

Joi IVul?dz + 8 fanmﬁ (ut)? + (™ )2 dHN "+ B [y on, (g )2 dHN !
(fo ue dx)z/q
- Jo- IVul? dz + ﬁfamﬂ; ()2 + (@ )2 dHN " 4 B [ o (ug)? dHN !

B (fo- uqu)2/q
Since 1 < ¢ < 2, the convexity of  — 22/ yields that for every a,b,c,d > 0

1) win | G e | = ey

Then, denoting with 2% the reflection of 2% across 71, let

(4.8) O = int (m Um U fz+) e ARM).

Since |£1] = |£2|, and in view of inequality (4.7), {21 is a minimizer for problem (4.2) which is

symmetric with respect to m;: the associated Ag 4(f21) is achieved on the function uq given by the
reflection of u, which is thus symmetric with respect to 7.
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If we consider now a hyperplane 7o parallel to x5 = 0, and proceed as before reasoning on
21, we obtain a minimizer 2, € A(RY) which is symmetric with respect to 7 and 7y together
with the associated function uy. Proceeding in this way using hyperplanes parallel to x; = 0 with
3 < i < N, and putting the origin at their intersection, we end up with a minimizer {25 which is
symmetric with respect to 0 together with its associated function uy. By Theorem 4.2 we have
that {2 is connected.

If x € 2y, and 7 is a hyperplane through z and the origin, we can reflect {25 across m (see
(4.8)) and get a solution Qn of the problem which symmetric with respect to 7 together with
associated function @y: indeed the previous arguments can be applied since by the symmetry
properties of {2y, the hyperplane 7 splits {2 in two parts Q]j\[, such that

12| = 192x]-

Notice that B,(z) C On N2y with 7 >0 suitably small. Since @y is analytic in N (since it
realizes \g 4(f2n) and so it satisfies the Euler Lagrange equation (4.3)), hence smooth, we get

DVﬂN (a:) = 0,

where v denotes the normal to 7 at z. But also uy is analytic on 2y, so that uy = @y on B,(x),
which yields
Dyun(xz) =0.

Since {2y is connected, this means that uy depends only on r. Recall that uy coincides with our
original u on a part of 2N 2x: since also u is analytic, and {2 is connected, we get immediately
that there exists ¢ : I — R* where I C]0, +oo[ such that

(4.9) Ve e 2\ {0} : u(z) = (|z|).
1) is a maximal positive solution of the ordinary differential equation

N -1
(4.10) —" — TW = Agq(2)y??

which follows readily from (4.3).

In order to conclude, we have to show that u is defined on an open set containing 2. If 0 & (2,
the conclusion follows from (4.9) and the fact that u > a > 0 on (2.

Let 0 € 2. Then I is of the form ]0,a[ with @ > 0. Since u is bounded on {2, it turns out that
1 is bounded near 0 and v(z) := 9 (|x|) is smooth, bounded and satisfies

(4.11) —Av = g ()00t
on B, \ {0} for some r; > 0. Testing the equation with v on B, \ B. we get
(4.12) / Vol dr = (r) Y (r)wnrd T+ 9 (€)(e)wneN T = Ag o (2) / ~ vlda.
By \B: By \B:
From equation (4.10) we immediately deduce that for r € T
=@/ ()T = X g () ()N

which entails that ¢’(r)r™ =1 is bounded near r = 0. From (4.12), letting ¢ — 0 we infer v €
W12(B,,). As a consequence v can be extended smoothly to 0 satisfying again (4.11). The
conclusion follows again from (4.13) and the fact that « > « > 0 on (2. g

According to the previous theorem, we perform (eventually) a translation of the axis in order
to write

(4.13) Vo e 2\ {0} : u(z) = ¥(|z|)

where 9 : I — RT.
The following result shows that {2 does not admit inner boundaries.
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Proposition 4.5 (2 does not have inner boundaries). We have
HN 1902\ 0°02) =0

where 0°§2 denotes the essential boundary of §2 (see Subsection 2.4). In particular, H™ '-a.e.
point of 082 has density 1/2 with respect to 2.

Proof. By Theorem 4.4, u is the restriction to {2 of a radial bounded positive analytic function ¢
defined on an open set A such that 2 C A. In view of Theorem 4.2, extending u to zero outside
2, we obtain a function in BV (RY) with 02 = J, and HV~1(02\ J,) = 0. Since this function
coincides on A with ¢1p, by the chain rule in BV (see Theorem 2.1) we get

Déu = pD?%1g on A.
Since D?®1g, is supported on 9°f2, this entails that up to H¥ ~'-negligible sets
Ju CO°0 CI12,
so that the result follows. O

Remark 4.6. Since HY~!-a.e. point of 92 has density 1/2 with respect to §2, for every v €
W2(02) N L*°(2) with v > 0 we have

v () =0 for HN"tae. x € 992.

Thanks to the absence of inner boundaries, we can derive a weak form of the Robin condition
on 0°f2.

Theorem 4.7 (The Robin condition). The following Robin condition holds true (recall that u
is smooth on a neighborhood of (2):

0
(4.14) a—u + pfu =0 for HN1oq.e. x € 0°0,
v
where v is an external normal vector field to §2 on 0°§2. Equivalently, recalling (4.13)
(4.15) ' (|z|)eq(z) - v(x) + BY(|z]) =0 for HN"1a.e. x € 0°0,

where e () = x/|z|.

Proof. Tt suffices to work out the Euler-Lagrange equation satisfied by u. If ¢ € C°(RY), for
€ > 0 small enough the function u + e¢ is an admissible function for the computation of Ag 4(2).
Since u is bounded from below on {2 by a strictly positive constant, taking into account that
HN=1(002\ 0°02) = 0 and in view also of Remark 4.6, we deduce that

/Vu~V<pdx—|—ﬁ/ up dHN 1 :)\ﬂ,q(Q)/ ul ' da.
Q e 2

Since u is smooth on an open set containing (2, integration by parts on 2, together with equation

(4.3) yields
/ <3u + Bu) edHN"t =0.
oen BV

Since ¢ is arbitrary, the conclusion follows. O

Remark 4.8. The Robin condition (4.15) imposes severe restrictions on the domain £2: indeed
¥’ (l=])
b(ll)
so that points for which [’ /)| < 3 are, up to HV ! negligible sets, points of density 1 or 0 for (2.

‘ >p  for HVlae. x € 0°02,

Remark 4.9. In the sequel, we will make use of the following property. Let € > 0, and let
E cCc RN \ B. be a set with finite perimeter and finite volume. Then

HN "L {x € O°F : e (x)-v(z) <0}) >0 and
HN L {z € O°F : eq(z) - v(z) > 0}) >0,
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where v denotes the exterior normal to F, while e.(z) := z/|z|. Indeed, by considering the

divergence free vector field
x

V(z) = EL x #0,

we can write (multiply firstly V by a cut-off function n € C2°(R") and then let n 1)
1
0= / div(V)dx = / VovdHN T = / g er(T) - v(o) dHN
E o°F oo ||
from which the result follows.

The Robin condition of Theorem 4.7 is the key property to show that the optimal domain {2 is
either a ball or an annulus.

Proposition 4.10. Assume that 0 € 2. Then (2 coincides up to a HN ~'-negligible set with B,
for some r > 0.

Proof. If 0 € {2, then by Theorem 4.4
u(z) = ¥(|z)
where ¢ : I — [0, +0o0[ is smooth with 0 € I and ¢'(0) = 0. From (4.10) we get
VY)Y = A g (2N )
which entails that » — V=14 (r) is strictly decreasing on I. In particular we get that 1)’ < 0, so
that v is strictly decreasing on I. In particular ¢ (0) > 0.
We claim that
(4.16) B.C 0 up to a HY "lnegligible set

for some £ > 0. Indeed let € > 0 small enough be such that
!/

—B<E§O on [0,¢].

In view of Remark 4.8 we deduce that
(4.17) HN 192N B.) =0
which entails that

Dlgnp, =0 on B..

Then 1onp. is constant on B,, that is

19035 =1 or 1QmBE :O

almost everywhere on B..
In the second case we have 2N B. = () ({2 is open), so that by Remark 4.9 we deduce that

HN L ({z € 0°0 : ep(2) - v(z) < 0}) > 0.

Since ¢’ < 0 on I, while ¢(|z)| > 0 for x € 9°§2, we conclude that (4.15) is violated on a set of
positive HY~!-measure, a contradiction.

In the first case, we get 2°N B. = 02 N Be, so that, since HV~1(02\ 9°2) = 0 and in view
of (4.17), claim (4.16) follows.

Let € < r,n < +o0 be the last radius such that B
the Robin condition (4.14) we have

C 2 up to a HNl-negligible set. By

Tmin —

Y’ (Tmin)

(4.18) < -B.
¢(T’min)

Moreover by construction, for ¥ > r;,;, we have

(4.19) [2°N Bz| > 0.

Assume by contradiction that

2 \ Brmin 7£ @
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Let us treat firstly the case 1 < ¢ < 2. Select r > 7,,;, such that |B,| = |{2|. Notice that

(4.20) |2\ B,| > 0.
We claim

V)
(4.21) o) B < —p.

Then integrating by parts and using the equation (4.6) we get in view of (4.18)

Mon(Br) < I5, |Vul? dz + B [y5 w2 dHN 1
sq r) —= 2

(fBT ud dx) K

_ fBT(—AU'U) dz + (=8 +B) faBT w2 dHN 1

(fB,,» ud dx)

Ag,q(£2) [5 uldx 1
< () —————

(fBTuqu)a (fBTuqdac)E

Since 1) is strictly decreasing on I and taking into account (4.20), we get

/ uqu>/uqu:1.
B, 2

Since 1 < ¢ < 2 we deduce Ag 4(B,) < Ag4(£2), a contradiction.
The proof of claim (4.21) is as follows. If

Y'(r)
Y(r)
then thanks to Remark 4.8 and since {2 is connected we deduce that

Bris\ Br_s C 2 up to a HY ~L-negligible set

Qo

> 7ﬁa

for some ¢ > 0. Let us consider
E = 0° n [B»,u,.g \ BE/Q}'
We have that E CC RY\ {0} has finite perimeter and |E| > 0 thanks to (4.19). In view of Remark
4.9 we deduce
HN Y {z € 0°F : e.(z) - vp(zx) > 0}) >0,

which contradicts the Robin condition (4.15) since 9°FE C 9°f2 and vy = —v (recall that ¢’ <0
on I).

Let us come to the case ¢ = 2. We have in view of (4.18) and integrating by parts
Js  IVuPde+8 [, wdHNT' [ (—Au-u)dx

Tmin Tmin <

Tmin

= Mg a2 (92).
I u? dx - I} u? dx 5.2(%2)

Tmin Tmin

)‘572(BTmm) <
Since |By,,,,. | < |£2|, this is against the optimality of 2 in view of the rescaling property for A\g 4
of Lemma 3.1. O

Remark 4.11. For future reference, we note that the computation done for ¢ = 2 can indeed be
extended to ¢ > 2 as follows:

fBT _ |Vu|2dx+6faBT _ w2 dHN -1 fBT (—Au-u)de
A8.q(Brin) < - e < min

Us.,,, wdr)” (Us....

17
= Ag,q(12) </ u? dx)
B""min

Qo

Tmin

ud dac)

2
a
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/ uqu</uqu:1,
B o)

Tmin

If ¢ > 2 and since

we deduce Ag q(Br,.;.) < Agq(£2), against the optimality of £2.
Similar arguments show that {2 can be an annulus.

Proposition 4.12. Assume that 0 & 2. Then up to a HN '-negligible set, 2 is an annulus of
the form

2= B, \ B,

for some 0 < 11 < r9. Moreover u(z) = (|z|) with ¢ strictly increasing on [r1,ro] and strictly
decreasing on [ro, 2|, where ro €|ry,raf.

Proof. Notice that 1)’ has to change sign on the interval associated to the points of §2: this is a
consequence of the Robin condition (4.15) and of Remark 4.9, since 0 ¢ {2.
Let 79 > 0 be such that ¢’(ro) = 0. From (4.10) we get

=N (1) = Mg g ()N T (1),
which entails that r +— ¥V ~1¢/(r) is strictly decreasing on I. Then we deduce

' (r) >0 forr <rg and ' (r) <0 for r > ro.

‘W
v

The Robin condition (4.15) together with the connectedness of {2 entails

Let § > 0 be so small that

<p on [rg — d,r9 + 0]

Byt \ Bry—s C 12 up to a HY l-negligible set.
Let B,, \ B,, be the maximal annulus with 0 < r; < ro < ro such that

B,,\ B,, C 2 up to a H¥ ~l-negligible set.

We have
Y'(ry) Y'(r2)

4.22 = and = —4.
(422) W) W)
By construction, for every 7 > 7o
(4.23) 12°N B\ Br,]| > 0,

and similarly for 7 < rq

|2°N [By, \ Br]| > 0.
Assume by contradiction that
02\ [Br, \ Br,] # 0.
Let us treat firstly the case 1 < ¢ < 2. Choose p; < r; and py > ro such that

| B, \Bipl| =192N B, and |Bp2 \37T2| = |2\ B,,|.

Notice that one of the previous inequality is strict: let us assume without loss of generality that
p1 < rp and py > ry. Then by (4.23) we have

(4.24) 12\ B,,| > 0.

We claim that

(4.25)
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Let us consider the annulus C,, ,, := B,, \ B,,. By construction we have |C,, ,,| = [£2]. Inte-
grating by parts and using equation (4.6) we get in view of (4.25)

2 2 3/ N—1
fcpl,m |Vul dz+ﬂf63p2u83pl u? dH

2/
(fcp ) uqu) !
—Au-udx + (_ﬁ// +ﬁ) faBP? u2 dHN_l + (_B/ +B) fBBpl u2 deN—l

(fcpl - o dx) 2/q

)\57‘1(CP1;P2) <

N

P1:P2

< )\67‘1(0)

= 2 _ 1°
(Je,, ,, ude)

Since 1 is strictly increasing on IN]0, 79[ and strictly decreasing on IN|rg, +o00[, taking into account

(4.24) and (4.23) we get
/ uqu>/uqd:c:1.
c 10)

P1:P2
Since 1 < ¢ < 2 we deduce Ag q(Cp, p,) < Ag,q(§2), a contradiction.

Claim (4.25) can be proved as follows. Let us show the second inequality, the first one be-
ing similar. If ¥/ (p2)/¥(p2) €] — B8,0[, then the Robin condition (4.15), relation (4.24) and the
connectedness of {2 entail that there exists § > 0 such that

By, 45\ Bp,—5 C 12 up to a H¥ ~L-negligible set.

Let us consider

E:=0°N [BP2+5 \BTD]'
We have that £ cC RV \ {0} has finite perimeter and |E| > 0 thanks to (4.23). In view of Remark
4.9 we deduce
HN Y ({z € 0°F : e.(x) - vp(z) > 0}) >0, er(z) == z/|x|,

which contradicts the Robin condition (4.15) since 9°F C 9°2 and vy = —v (recall that ¢/(r) <0
for r > rg).

Let us consider the case ¢ = 2. Thanks to (4.22) we have setting C,., ., := By, \ By,
I VulPde+ 8 [,5 Lop. u2dHN"Y [, —Au - udx

r1,72 ) r1 — T1,72 <\ ).

Jo  utdx Jo w?de T 5.2(42)

71,72

Aﬁ,Q(Chﬂ"z) <
Since |Cy, r,| < [£2|, this is against the optimality of 2 in view of the rescaling property for Ag 4
of Lemma 3.1. O

Remark 4.13. For future reference, we note that the computation done for ¢ = 2 can indeed be
extended to ¢ > 2 as follows:

2 2 N-1
)\ﬂ (C ) < fCTl*W |VU,| dz + ﬁfaBrzuaBﬁ u”dH
sq 1,72/ —

fc —Au-udzx -3
= 71,79 2/q S A,B,q(g) / uq dx .

/ uqda:</uqu:1,
c I?)

1,72

we deduce Ag q(Cr, ry) < A q(§2), against the optimality of (2.

If ¢ > 2 and since

The following result concludes the analysis of the optimal set {2, proving the validity of the
Faber-Krahn inequality of Theorem 4.1
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Theorem 4.14 (2 is a ball). §2 coincides with a ball up to a HN~'-negligible set.

Proof. In view of Propositions 4.10 and 4.12, it suffices to exclude that 2 is an annulus.
Assume by contradiction that according to Proposition 4.12.

2 =DB,,\B,, up to a H¥ ~!-negligible set
for some 0 < r1 < ro, and u(z) = ¥ (|x|) with ¢ strictly increasing on [rq, ro] and strictly decreasing

on [rg,re], where g €]rq,ra][.
We claim that

(4.26) P(ry) < (ra).

Let r* € [rq, ro[ be such that ¢(r*) = ¢(re). We perform a spherically decreasing rearrangement
of the restriction of u to the annulus B, \ B,-, and then extend the function with the value ¥ (r2)
to the entire ball B, with |B,| = |{2|. Let us denote by v this new function. We have in view of
the properties of the spherically decreasing rearrangement

/ |VU\2dz§/ |Vul? de,
B 2

r

while concerning the surface part, since r < rg,

/ v2de < / u? dx.
0B, Xe;
/ vidr > / uwl dz
B, 7]

Vo2 dz + S v dHN 1
fBT‘ | faBT2 < Asg(2),

(IB,, vl dw)E

Finally

so that

against the optimality of 2.
Claim (4.26) follows in view of the optimality of {2. Let us consider indeed the function
2 (p)* NanpN =t dp + B (po) Nawnpy '+ B*(p1) Nwnpy
9(p1, p2) = 5 :

( 2 pa(p)NwypN 1 dp) !

Let us vary ps and consequently p; in such a way to preserve the volume of the annulus, i.e., such
that

The optimality of {2 entails that

(4.27) 99

Since
T2
/ ¢4 (p)Nwnp™ " dp =1,
T
and taking into account the Robin conditions
Y(r2) = =PP(r2)  and  P'(r1) = BY(r1),
a straight-forward computation shows that (4.27) amounts in requiring that
_ _ 2 _
— B2Y%(ra) Nwnry '+ B2 (r2) N(N — Dwyry % — 5A5,Q(Q)wq(T2)NriéV !

N—-1
2
G2 Nawrd ™4 BN ~ Dt ()4 2 (w0
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so that

B2 Nunrd L [p2(r) — 93(r1)] + zm,qm)szmév 1 (ry) — ()]

N-1
= BY*(r)N(N = Dwonry 2 + By’ (r) N(N = Dwnr' (:2) > 0.
1

This entails ¢ (ry) > 1(r1), and claim (4.26) follows. O

Remark 4.15. We can summarize the proof of the Faber-Krahn inequality of Theorem 4.1 in the
following way.

(a) Theorem 4.2 provides the existence of an optimal domain {2 with associated optimal
function wu.

(b) Theorem 4.4 shows that up to a translation, w is the restriction to {2 of a radial and
analytic function. The proof is based on a reflection technique which requires ¢ € [1, 2]
together with the analysis of the Euler Lagrange equation satisfied by u.

(¢) As a consequence of the radiality of « and of the properties (4.3), (4.4) and (4.5) given by
Theorem 4.2, it is shown in Theorem 4.7 that a Robin boundary condition is satisfied on
the essential boundary 0¢f2.

(d) Proposition 4.10 and Proposition 4.12 show that 2 is either a ball or an annulus up to
HN L negligible sets: the proof is obtained by comparing {2 with suitable balls and annuli
with lower or equal volume. In view of Remark 4.11 and of Remark 4.13, the computations
can be formally extended to cover also the case ¢ > 2.

(e) Finally, the possibility that {2 coincides with an annulus is excluded in Theorem 4.14
by showing that the ball with equal volume is more convenient (also a comparison with
suitable annuli with the same volume is used).

5. VOLUME PENALIZED FABER-KRAHN INEQUALITIES

In this section we establish a Faber-Krahn inequality for the eigenvalue Ag, with a volume
penalization. The class of domains under consideration is again given by A(RY) defined in (3.2)
which contains the family of Lipschitz regular domains. The volume penalized inequality provides
new information about the minimality of balls for the parameter g belonging to the interval
[1,2N/(N —1)[.

The following result holds.

Theorem 5.1 (Volume-penalized Faber-Krahn inequality). Let k,8 >0 and1 < g < %
Then there exists a ball B such that for every 2 € ARY)

(5.1) Ag.q(B) + KIB| < g q(£2) + k[£2].
Moreover, equality holds if and only if £2 coincides with a ball up to a HN ~'-negligible set.

Proof. The starting point is again the existence of an optimal domain. Thanks to Theorem 6.1 in
Section 6, the minimum problem

5.2 N Agq(02) + k|2
(5.2) L 8,q(12) + k| 12|

admits a solution. Moroever every minimizer 2 € A(RY) coincides up to a H™¥ ~-negligible set

with an open connected set such that Ag 4({2) is achieved on an analytic and positive function
u € WH2(02) N L*°(£2) with

—Au = Mg o(2)u?t on {2, / ulder =1,
7

and such that
u> o on {2

for some « > 0. Finally if we extend u to zero outside {2, we have

we BVRY), aR=17, and HNY0N\J,) =0.
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In order to prove (5.1), we need simply to show that an optimal domain {2 is necessarily a ball up
to HY ~l-negligible sets.

We will follow the strategy of the proof of Theorem 4.1 developed in Section 4 and summarized
in Remark 4.15. In order to cover the new setting, we need just to adapt the proof of Theorem
4.4 concerning the radiality of the function w, which employed a reflection technique specifically
tailored to the case ¢ € [1,2]. This can be done as follows.

Let us consider an hyperplane 7, parallel to 21 = 0 which splits {2 in two parts 2% such that

1
/ uqdz:/ wldr = =.
o+ - 2

/ (u+)2 + (7_[,7)2 dHN71
o02Nmy

which (eventually) appears in the surface part of the Rayleigh quotient defining Ag 4(£2) can be
reinterpreted, since the normal v involved in the definition of u* coincides HN ~'-a.e. with that
of mq, as

Note that the term

/ () + (u_)? dHN Y,
oN2Nmy

where uy are the traces of up+ on 7 (defined as in (3.3))
Up to a switch between the two open sets, we can assume (denoting with ﬂ'li the two half-spaces
determined by )

/ Vul? dr + 8 W4 w2 18 [ (2R 4 k2
o+ anmy o02Nm

g/ \Vu|? dz + 3 (w2 + (u)2dH N 48 (u_ )2 dHN 7+ k[0
- onNm 02N,

Denoting with 27 the reflection of 2% across my, let us consider
2, :=int ((ﬁ Uru f)*) € ARM).

2, is a minimizer for problem (5.2) which is symmetric with respect to m;: the associated Ag 4(£21)
is achieved on the function u; given by the reflection of u, which is thus symmetric with respect

to .
The rest of the proof of Theorem 4.4, based on reflections with respect to the other coordinate
hyperplanes, can be adapted analogously, yielding the radiality of u. The proof is thus concluded.
O

In the rest of the section, as mentioned above, we derive some consequences of the volume
penalized Faber-Krahn inequality (5.1). The following technical result will be useful.

Lemma 5.2. For k, >0 and 1 < q < 2N/(N — 1), let B = B, be an optimal ball given by
Theorem 5.1. Then

(5.3) lim r(k)=0 and lim r(k) = +oo0.

k——+oo k—0t+

Proof. Since
(5.4) Ag.a(Br(ry) + k[ Briiy | < As,q(£2) + K| 02|
for every 2 € A(RY), by letting k — 0 we have

lim sup Ag,q(Br(x)) = 0.
k—0+
The second relation in (5.3) follows recalling that r — Ag 4(B,) is decreasing in view of Corollary
3.2. Dividing by k in (5.4) and sending k — 400 we deduce the first relation in (5.3), so that the
proof is concluded. O
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A first consequence of inequality (5.1) is the fact that the classical Faber-Krahn inequality

for Ag,q holds in the case g €]2, %[ at least among domains whose volume can range in a set

accumulating at zero and at infinity.
Theorem 5.3. Let >0 and g €)2,2N/(N — 1)[. There exists a set M CJ0, +oo[ with
inf M =0 and sup M = 400
such that following holds: for every domain 2 € A(RN) with |2| € M, we have
A5,q(£2) = Apq(B),

where B is a ball such that |B| = |2|. Moreover equality holds if and only if 2 coincides up to a
HN=L negligible set with a ball.

Proof. According to Theorem 5.1, for every k > 0 let B = B,(;) be a ball such that
V2 € ARY) 2 A g(Brk) + E|Brgiy | < Apq(92) + E|02].
By Lemma 5.2 we know that
lim r(k)=0 and lim r(k) = +o0.

k—+o00 k—0+

The conclusion follows by setting M := {wn7 (k)N }rs0. O

The following result shows that we can get rid of the volume term in (5.1), obtaining thus a
classical Faber-Krahn inequality for Az, provided that the map

T Ag,q(Br)

is convex on |0, +oo[. This is the case for example when ¢ = 2 (the linear case) and ¢ = 1 (the
torsion rigidity case) as shown in Remark 5.5 below, and it could suggest a unified approach to
the proof of the Faber-Krahn inequality for the whole range of parameters ¢ in [1,2N/(N — 1)[.
Unfortunately, despite of the simplicity of the property (it is a one dimensional problem), an
analytical justification seems at the moment out of reach.

Theorem 5.4 (Sufficient condition for the Faber-Krahn inequality). Let 8 > 0 and
1 <q < 2N/(N —1). If the decreasing map v — Ag 4(By) is also convex on |0,4o0[, then for
every domain 2 € ARY)

A5,q($2) = Agq(B),
where B is a ball such that |B| = |§2|. Moreover, equality holds if and only if 2 coincides with a
ball up to HN ~'-negligible sets.

Proof. According to Theorem 5.1, given k > 0 let r(k) > 0 be the radius of the optimal ball B,
such that

(5.5) V02 € ARY) : Xgo(Brry) + k| Briy| < Agq(£2) +k|£2].

Equality holds if and only if 2 coincides with a ball up to a #~ ~'-negligible set. By assumption
on 1 — Agq(By), the map

r = Agq(Br) + k| By
is strictly convex, so that the optimal radius r(k) is uniquely determined by k. This entails also
that k — r(k) is continuous on ]0, +oo[. By Lemma 5.2 we know that

lim r(k)=0  and lim r(k) = +oo.
k—0+

k—4o00

Consequently for every £2 € A(RY) we can tune k in such a way that |B,| = |12, so that (5.5)
entails

A3.a(Brx)) < Ag.q(£2)
and the proof is concluded. O



24 D. BUCUR AND A. GIACOMINI

Remark 5.5 (The linear and the torsion rigidity cases). As mentioned above, the require-
ment

T Ag,q(By) is convex

is verified in the most relevant cases ¢ = 1 (torsion rigidity) and ¢ = 2 (linear eigenvalue). For
q = 1, a direct computation shows that

1

@N N+1 wN__N12?
aNT + NNy

)‘B’I(BT) =

which is readily seen to be convex.

When ¢ = 2, the explicit form of Az 2(B,) involves Bessel functions, and so it is not easy to
handle. The convexity follows by adapting the arguments of [9, Section 5] to the case of Robin
boundary conditions.

6. THE SHAPE OPTIMIZATION PROBLEMS

This section is devoted to the proof of the shape optimization problems on the class A(RY)
defined in (3.2) which were pivotal in the analysis of Section 4 and Section 5.
We will say that a pair (k,~) is admissible if

(6.1) k €]0, +oo[ and v = 400 or k=0, €]0,4o0].
We can reformulate Theorem 4.2 and Theorem 5.1 in the following unified form.

Theorem 6.1 (The shape optimization problem). Let f > 0 and 1 < g < % For every
admissible pair (k,~) the minimum problem

6.2 min Ag.q(82) + K|£2

(62) e X g(82) + K2

admits a solution. Moreover every minimizer 2 € ARYN) coincides up to a HN~1-negligible set

with an open connected set such that \g4(f2) is achieved on an analytic and positive function
u € WH2(02) N L>(2) with

—Au = g o (2)ui™! on (2, / ulde =1,
Q

and such that

u >« on 2

for some a > 0. Finally if we extend u to zero outside {2, we have
wue BVRY), 9Q=17,  and HYN'0Q\J,) =0.

The strategy to prove Theorem 6.1 is the following. In Subsection 6.3 we relax the problem
on A(RM) to a free discontinuity problem on a class of functions of bounded variation, namely
the space SBVz(RY) introduced in [6]: we recall some results concerning special functions of
bounded variation and the space SBV 2 (RY ) in Subsection 6.1.

We prove the existence of minimizers of the free discontinuity problem through a concentration-
compactness argument, for which some results collected in Subsection 6.2 will be useful.

Regularity properties of the minimizers are exploited in Subsection 6.4. We show firstly that
they are in L°°, and then that they are bounded from below on their support by a strictly positive
constant. These facts entail that the minimizers are suitable local minimizers of the Mumford-
Shah functional [24] (see Subsection 6.1.1), so that, thanks to the regularity result of [7], their
jump set is essentially closed. It turns then out that the support of a minimizer is a connected
domain 2 € A(RY). In Subsection 6.5 we prove that such an {2 provides a solution to problem
(6.2).

6.1. Some preliminaries on free discontinuity problems.
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6.1.1. Special functions of bounded variation and the Mumford-Shah functional. The
space SBV of special functions of bounded variation was introduced in [15] and studied in detail in
[1] in order to deal variationally with the Mumford-Shah functional arising in image segmentation
[24].

Given 2 C RY open, we set

SBV(2) := {u € BV({2) : D°u is concentrated on .J,}.

Here J, denotes the jump set of u and D®u stands for the singular part with respect to the
Lebesgue measure of the finite Radon measure Du. The localized version of SBV will be denoted
by SBViec(£2).

The Mumford-Shah functional on SBV assumes the following form

MS(u) ::/Q|Vu|2dx+HN*1(Ju)+/Q|ufg|2d:c,

where g € L*({2) is a given function.

As a consequence of Ambrosio’s compactness and lower semicontinuity theorem [1], the
Mumford-Shah functional admits minimizers on SBV. Following DE GIORGI, CARRIERO and
LEACI [16], such minimizers turn out to enjoy regularity properties, namely the jump set J, is
essentially closed and the function u is regular (in dependence of g) outside J,.

For the purposes of our analysis, it is convenient to introduce the following local minimality
property formulated in [7].

Definition 6.2 (Almost quasi-minimality). We say that u € SBV,.(RY) is an almost-quasi
minimizer for the Mumford-Shah functional if there exist A > 1 and o, cq,r9 > 0 such that for
every ball B,.(y) C RY with center y € RN and radius 0 < r < ro and for every v € SBV,.(RY)
with {u # v} C B, (y)

/ |Vaul? dz +HN 1 (J, N B, (y)) < / \Vol? de + AHN 71T, N B, (y)) + cor¥ 71,
Br(y) Br(y)

Minimizers of the Mumford-Shah fuctional are easily shown to be almost quasi-minimizers in
the sense above. The following result has been proved in [7, Theorem 3.1].

Theorem 6.3 (Essential closedness of the jump set). Let u € SBVj,.(RY) be an almost
quasi-minimizer for the Mumford-Shah functional. Then the jump set of u is essentially closed,
i.e.,

HN YT\ ) = 0.

6.1.2. The space SBVz. In order to deal with the shape optimization problem (6.2), we resort
to the following space of functions introduced in [6]

(6.3) SBVY2RNY .= {u e L*(RY) : u >0 ae. in RN and u? € SBV(RY)}.
The first eigenfunction of a regular domain {2, extended to zero outside 2, belongs naturally to
SBVz(RN).

Fine properties of functions in SBV/2(RN) are detailed below (see [6, Lemma 1]).

Lemma 6.4. Let u € SBV%(RN). Then the following facts hold.

(a) w is a.e. approzimately differentiable (see [2, Definition 3.70]) with approzimate gradient
Vu such that
Vu? = 2uVu a.e. in RN,

(b) The jump set J,, is HN"'-rectifiable and a normal v, can be chosen in such a way that
DV (u?) = [(u™)? = ()} vy dHN 1L J,.

(c) For every e > 0 we have u V ¢ := max{u,c} € SBV(§2) for every bounded open set
Q2 CRN.

The main compactness and lower semicontinuity properties of SBV?: are contained in the
following result (see [6, Theorem 2]).
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Theorem 6.5. Let (uy)nen be a sequence in SBV2(RN) and let C > 0 be such that for every
neN

/ |Vun|2dx+/ (wh)? + (u, )2 dHN ! —|—/ u? dx < C.
RN wn RN

Then there exist u € SBV%(RN) and a subsequence (un, )ren such that the following facts hold.
(a) Compactness: uy, — u strongly in L _(RN).

loc
(b) Lower semicontinuity: for every open set A C RN we have

/|Vu\2dx§11minf/ |V, |? do
A k—o0 A

and

[ e <t [ P (a2
JuNA k=oco Jy, na

U

Finally, the following result proved in [7, Theorem 4.1] will be crucial in our analysis.

Theorem 6.6. Let 8,k > 0 and u € SBV2(RN) with |supp(u)| < +oo. Assume that there exist
go > 0 and C > 0 such that for a.e. 0 < 0 < e < gg the following inequality holds:

/ Vul? dz + BEPHN 1 (0°{5 < u < e} N 1) + kl{u < )]
{<u<e}

< CBEPHNH0u > e} \ Ju).
Then
u>« a.e. on supp(u)
for some a > 0.

6.2. Principal frequencies on SBV: (R™). In this section we deal with the main properties of
the Rayleigh quotient

2 2 —)2 N-1
(6.4) R g(u) o= S 1V 40+ B [, (1) + (u7)? A
(f]RN u? dw) ¢

on the set
{u€ SBVERY) : u#0, |supp(u)| < m},

where SBV 2 is defined in (6.3). The quotient is well defined (eventually with value +00) in view of
the fine properties of functions in SBV 2 (RN) recalled in Lemma 6.4, and since u € L2N/N=1(RN),
The following properties hold true.

Lemma 6.7. Given 1 <qg < % and B,m > 0, let us set
(6.5) Ag.q(m) :=nf{Rp 4(u) : u € SBVZ(RN), u 0, |supp(u)| < m}.

Then following items hold true.
(a) Ag,q(m) > 0.

(b) For everyt >0
_g_2N m
(6.6) Nowa(m) = "2 200, (1)
(¢) For everyt>1
_aN
(6.7 No.altm) < Y =HLng ().
(d) We have

lim inf M > 0.
t—0+ t
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Proof. Assume that there exists u, € SBV 2 (RN), u, # 0, with |supp(u,)| < m and such that
ngq(un) — 0.

We may assume that

(6.8) / ul dx =1,
RN
so that

/ |Vun|2dx+ﬁ/ (wh)? + (u, )2 dHN " = 0.
RN T

Using the embedding of BV(RY) into LN/N=1(RN) applied to u2, taking into account that
|supp(uy,)| < m, for every e > 0 there exists C.; > 0 such that

N—-1

2N N
(/ TR dx) <C
RN

ga/ uidw—l—%/ |Vun|2dac—|—0/ (wh)? + (u; )2 dHN !
RN € Jry J

Un,

[ wVulds+ [ |<u;t>2—<u;>2|dHN-1]
RN

Jup

N-—1

< clml* (/ uﬁ"dw) +%/ |vun\2dx+c/ () + (u )2 dHN 1,
RN € JrN J

Un

We thus infer
2N
lim up tdr=0
n—oo RN

which is against (6.8). Point (a) is thus proved.
Point (b) follows by simple rescaling arguments. If u € SBV 2 (RY) with |supp(u)| < m, setting

v(z) := u(tx) we obtain
/ \VU|2dx:t2_N/ \Vu|? de,
RN RN

/ ('U+)2 =+ (,U—)Q dHN_l _ tl_N/ (u+)2 + (u—)2 dHN_l

v u

and
/ uqdac:t_N/ u? dx
RN RN
so that
- (u) N2 IRN |V’U‘2 dx + thlﬂ f]u(v+)2 + (,07)2 d/HNfl
B9 = 2
(Y Jos 09 da)
_ ez Jn (VP de £ B, 0 4 AUy
) v v1 o) ) o
ry U

Since |supp(v)| = |supp(u)|/tY, the result easily follows.

The proof of point (c) is similar (compare also with the proof Lemma 3.1). Let us come to
point (d). For every t > 0 there exists u; € SBV 2 (RN) with |supp(u¢)| < 1, Ja~ uf dz =1 and
such that

2+ Mg g(1) > / |V, | dx + 615/ (u)? + (uy )2 dHN L.
RN Tuy

As a consequence

t—0+ t t—0+

hminf)\tﬁ’iq(l) > lim inf [1/ [Vuy)? da —i—ﬂ/ (u)? + (uy )2 dHN 1
RN Ju,



28 D. BUCUR AND A. GIACOMINI

Assume by contradiction that the right-hand side is zero. Then along a suitable t,, \, 0 we would
get

n—oo

lim |Vutn|2dx+ﬂ/ (i )? + (up )2 dHN 1 = 0.
RN Tu,

Following the arguments used to prove point (a) above, we get a contradiction. O

The following lemma will be useful in order to deal with exponents ¢ ranging in [1,2[. For
uw e SBVz(RN) with |supp(u)| < 400 let us set

1 1
(6.9) Tp.q(u) := 7/ |Vu|2dx+é/ (uh)?2 + (u™)2dHN ! —7/ u? d.
’ 2 RN 2 Ju q JrRN

Lemma 6.8. For1<q<2 and 3,m >0 let
tgq(m) :=inf{Ts4(u) : u e SBVE(RN), [supp(u)| < m}.
The following items hold true.
(a) If (un)nen is minimizing sequence for Rg , (see (6.4)) on
{u € SBV%(RN) su £ 0, [supp(u)] < m} )
then (cptn )nen with

_1

[Rp,q(un)]72

1
(Jin st der)”
is a minimizing sequence for Ty , on the same set with

fralentin) = (; - 1) (R q(un)77 .

q

In particular tg q(m) < 0.
(b) If 0 < my < ma, then
~tgq(m1) _ —tpq(m2)
1+ﬁ - m;fﬁ

Proof. For u € SBV=(RN) with u # 0 and |supp(u)| < m, we claim that

(6.10)

(6.11) Tp.q(u) > (; - i) (Rpqg(u)77
and

[Rog@]7= N (11 e
(6.12) Tﬁ,q<(fRN wrda) ) (2 q) (Rpq(u))i—2.

Since 1 < ¢ < 2, from (6.11) we get (recall that inf Rz, > 0 thanks to Lemma 6.7)
1

while from (6.12),
1 1 _a_ 1 1Y\, _a_
Taa(entn) = (5 = +) Waaun]% = (5= 1) (nf Ro,) 7.

q
In order to conclude the proof of point (a), we need to show claims (6.11) and (6.12). Notice that

min T o (tu) = Tp q(teu),

where
[ Jex IVuldr 4 B [, () + (u7)? dHY [Rp.q(w)

1
q—2
* o ( f]RN qufL' ) - (fRN uqu)l/q.
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We thus get

2

Toa(w) 2 Togtt) = 5 | [ 1VoPao s [ @i pan=| -2 [ i

q
q

11 e IVuPdo+ 8 [, )2+ @ 2an™ 1|70 g e
< ) (Jouw wt da) - (2 >[RB"‘( )

2 g
which proves (6.11). Equality (6.12) is now straight-forward.
Let us come to point (b). Let 0 < ¢ < 1, and let us consider for u € SBV2(RN) with u # 0
and |supp(u)| < m the function

v(x) = t%u(tx),

/ |Vv|2dx:t2°‘+2*N/ |Vul|? de,
RN RN

/ (’U+)2 + (U7)2 d,HN71 _ t2a+1fN/ (u+)2 + (u7)2 drHNfl’
Ty

where oo € R. We get

Ju
and

/ vide = to‘q_N/ ul dx.

RN RN
By imposing 2a+1—- N =aq — N, we get a = qflz and (since t < 1)

_ 2N |1 2 B 2 2 g N-1 L q
T3,4(v) =ta-2 |Vul® dx + (™) + (u™)°dH u? dx
2 RN 2 Ju q JrN
< tq%_NTM(U)-
Since |supp(v)| = ‘S“’t)%, we infer
m _a__
tp.q (tw) < 72Nty g (m).
1/N
The result now follows by putting m = m; and t = | 2t . O
mo

6.3. The free discontinuity problem: existence of a solution. In this section we consider
the following free discontinuity problem on SBV z (RN)

(6.13) g Jen VU da+ B [, (uh)? + (um)?dHN

2

T 2

weSBV 2 (RN) (f]RN ud d.’L‘) a
uZ0, [supp(u)| <y

+ k|supp(u)| |

where

(6.14) B>0, 1<gq<

N1 and (k,~y) satisfies (6.1).

Such a problem is a relazed version of the shape optimization problem (6.2), the attention being
now on the principal function rather than on the domain.

Proposition 6.9. Assuming (6.14), there exists a minimizing sequence (un)nen for the free dis-
continuity problem (6.13) bounded in L*N/N—1(RN), and such that

(6.15) [supp(un)| =m >0, and / ul de = 1.
RN

In particular the infimum is strictly positive.
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Proof. Let (vn)nen be a minimizing sequence. It is not restrictive to assume

(6.16) / vl dx = 1.
RN

Comparing with 15, where B denotes the unit ball in RY centred at the origin, we obtain

(6.17) / \an|2 dx + / (vf{)2 + (v;)2 dHN T+ klsupp(v,)| < C
RN J

Un

for some C' > 0. In particular we deduce that up to a subsequence
(6.18) |supp(vy,)| = m < +o0.

Indeed either k > 0, and we can invoke (6.17), or k = 0, but then [supp(v,)| < v < +o0.
We claim that m > 0. If by contradiction m = 0, by the Sobolev embedding of BV (R") into
LN/N=1(RN) applied to v2 we get for every & > 0

2N N
(/ v/f%iac) gs/ UZ-I-CE
RN RN

N-—1

2N N L
/ vt dx) [supp(v,)| ¥ + Ck

|an\2dx+/ (vﬁ)2+(vn)2dHN1]

vn

/ Vol da + / @;)u(v;ydw—l]
RN J

Un

where C. > 0 is a suitable constant, so that in view of (6.17)

(6.19) (/ v dx) <C,
RN

where C' > 0. Then by Holder inequality we get easily

/ vl dz — 0,
RN

against (6.16).
Let us consider t,, such that

Jsupp(va)| _
i

and set
Up (T) 1= v (tha).

A straight-forward calculation shows that
Jon [VunPdz + B [, (wh)? + (uy,)? dHN

(foun u da)?

+ k| supp(un)|

N Jo IVoa? de +07NB [ ()2 + (v)? dHN

:LQN/q (fRN U%)Q/q

and since t, — 1, in view of (6.16), (6.17) and (6.18), we get

+ km,

Jan [Vun?de+ 5 [, (uf)? + (u;)? dHN

lim inf = + k|supp(uy,)|
n—00 (fRN u% dCL‘) 7
Vo, |2de+ B8 [, (v))%+ (vy,)2dHN !
= lim inf o f]" = + k|supp(vy)|
o (Jaw v dz)®

Renormalizing in L4, we get that (u,)nen is a minimizing sequence satisfying (6.15). The bound
in L2N/N=1(RN) follows from (6.19).
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Finally the infimum is strictly positive. Indeed, if k& > 0, the result follows since m > 0. If
k = 0, then thanks to Lemma 6.7
o Ju [VuPdo ot B, )+ (R
m “ 5
. 2z
u 2 (RN) ud dx)?
uioejfu‘;p(inj)lﬁ"f <fRN )

Jon VunPde+ 8 [ (wf)? + (uy)? dHN
= lim inf tn

n— 00 (f]RN u% dl’)%

> )\g’q(m) > 0.

We are now in a position to prove the main result of the Subsection.

Theorem 6.10 (Existence of a solution). Assuming (6.14), the free discontinuity problem
(6.13) admits a solution.

Proof. Let (up)nen be a minimizing sequence for (6.13) according to Proposition 6.9, i.e.,
(6.20) |supp(un)| = m >0, / ul dr =1, and / NNl <
RN RN

for some C > 0. Note that in particular (u,)nen is @ minimizing sequence for the Rayleigh quotient
R, defined in (6.4) on {u € SBV2(RN) : u # 0, |supp(u)] < m}, so that in the notation of
Lemma 6.7

~ | Vu, |2 dz + B (uf)? + (uy; )2 dHN !
(6.21) lim e Jr, 5
" (fRN g, dx) !

We resort to a concentration-vanishing-compactness alternative. For every R € [0, +oo] let us
set

= Ag,q(m).

fn(R) := sup / ul dx,
yeRN Jy+Qr

where Qg =] — R/2, R/2[". In view of Helly’s theorem on sequences of increasing functions, up
to a subsequence we may assume that

fo— f pointwise on [0, +00[
for some increasing function f : [0, 4+o00[— [0, 1]. Let

o= REIJIrloo f(R)

The various alternatives are connected to the different possible values of a: vanishing (o = 0),
dichotomy (0 < « < 1), and compactness (o = 1).

Step 1: Vanishing cannot occur. By contradiction let « = 0. In view of (6.20), by interpolation
we get up to a subsequence

lim u? dx > 0.
n—oo RN

By [6, Lemma 4] we can find y,, € RY such that

(6.22) HY T (Ju, N0Q1(yn)) =0 and  [supp(un) N Q1 (yn)| =
for some ¢ €]0, m[ independent of n. Since
(6.23) / ul de < fr(1) =0,

Q1(yn)

so that by interpolation thanks to (6.20)

/ u? dr — 0,
Q1(yn)
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it is not restrictive, up to reducing the side of Q1 (yy,), to assume that

(6.24) lim y(u2)dHN "t =0,
n— o0 an(y")

where v(u?) is the trace on dQ1(y,) in the sense of BV -functions. Let us consider
U 1= UnLp @, ) € SBVE(RY).
Notice that in view of (6.22), (6.23) and (6.24) we have
Jan [V, |2 da + Bvan ()2 + (v )2 dHN T
(Ji v )"

Jemi@u [Vl de+ B [5 0 @) + () dHY T 4B [ () v (i) dHT

2/q

(Jers . vl
Jan [Vup|* dz + fJun (uf)? + (uy; )2 dHN !
) (s vt t2)”"

+€n7

where e,, — 0. Moreover
|supp(vy)| < m —c < m.
In view of (6.21) we deduce
Ag,q(m —¢) < Agq(m),
which is against the rescaling property (6.7) for the frequency Ag 4. The proof of the step is now
complete.

Step 2: Dichotomy cannot occur. By contradiction, let us assume that 0 < o« < 1. We can
find two radial cut off functions ¢, ¥, : RY — [0,1] with |[Ven|leo = 0, [|[Von]leo — 0,

lim dist(supp(¢n ), supp(l — ©,)) = 400,
n—oo
and we can find y,, € RY such that by setting
Up = ‘pn(' + yn)un and Wp 1= (1 - wn)( + yn)un

we have
0 <wv, +w, < uy, luf — vl —wk] L @yy — 0
and
(6.25) lim / vldr —a|=0 and lim / wide—(1-a)l=0.
n—oo | JpN n—oo | JpN

Moreover we have

(6.26) liminf/ |Vun|? — [Vou|* = [Vw, > dz > 0
RN

n—-+oo

and

(6.27) / (u)? + (uy)? aHN 1 > / (0% + (w2 dH 4 / (wh)? + (wy ) aHN 1.
J“,n J’un, J"Un
Clearly
|supp(vy)| + |supp(wy)| < |supp(uy,)|.

Moreover, thanks to (6.25) and (6.20), there exists n > 0 such that

(6.28) |supp(vy)| > n and [supp(wy)| > n.

Let us assume that 2 < g < % By employing the numerical inequality

a+b . a b
(629) (C—’_d)Q/quln{@/q,dQ/q}, a,bZO, C,d>0
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we deduce that there exists e,, N\, 0 such that
Jor [Vunl? da + B [, (ui)? + (uy)? dHY
(fRN ud dm)Q/q
> min { Jor IVoal?dz+ B [, (v7)* + (v)? dHN
) (f]RN U%)Q/q
Jox [VwnlP dz+ B [ (wii)? + (wy)? dHV ! } —en

(for )/

)

We can assume using the notation of Lemma 6.7
Jax Vunl?de+ B [ (uf)? + (u;)? dHN !
(Jgn uf dz) 2/
N Jan [Vun|?dz 4+ 8 van (V)2 + (v, )2 dHN T
(fiw v dar)**
so that passing to the limit and recalling (6.21) we obtain

Ag.q(m) > Agq(m —mn).

This is against the rescaling property (6.7) of Ag 4.
Let us come to the case 1 < ¢ < 2 for which the numerical inequality (6.29) is false. Let us
consider

—en = Agq(m —1n) = en,

Up 1= CplUn, Up = CpUn, Wy, = CpWn
where
73

Cp =

[ VP s [ ()2 ant
RN Jup

By considering the functional T, defined in (6.9), and taking into account (6.25), (6.26) and
(6.27), we get
Tp,q(tin) = Tp,q(Un) + Tp,q(twn) + €n

where e, — 0. According to point (a) of Lemma 6.8 we thus obtain

tgq(m) > tgq(min) +tsq(man) + én
with é,, — 0, where

mi,n = |supp(vy)| and Mo = |supp(wy,)|.

We deduce (recall that tg 4(m) < 0)

—tg,q(m) < —tg,q(Min) — tgq(man) +é
mTTON T (my, + may) TN

n

with é, — 0. Now recall that given €,7;,12 > 0, there exists § > 0 such that for every a,b > 0
and n; <c,d <19
a+b a b
Since thanks to (6.28)
n < min{mq ,, M2} and max{my n, Man} <m—mn,

in view of point (b) of Lemma 6.8 we deduce that

—1 —1 —t —1 —
< (1 oy § —tpalted ol g, < g )y,
m TN @=onN o TE=ON (m — 77) =N

1,n 2,n
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so that letting n — oo

—tg,q(m) < (1-90) —tg,qg(m —1n)

q q .
mitE=or (m —n)' T E=oN

This is against inequality (6.10), and the proof of the step is thus concluded.

Step 3: Compactness and conclusion. Let us assume that a =1, i.e.,

RETOO f(R) =1

There exists y,, € RY such that by setting
U (2) = up(z + yn),
up to a subsequence (not relabeled)
Up — U weakly in LI(R™)
with
lim sup/ vl dr < e(R),
RM\Qr

n—-+oo

where e(R) — 0 as R — +oo. Thanks to (6.20), by interpolation v,, is also bounded in L?(R%Y),
so that using the compactness property given in Theorem 6.5, we infer that u € SBV%(RN ).
Moreover we can assume that the convergence v,, — u is also strong in L}, (RY) and pointwise
almost everywhere. Then for every R > 0

/ uldr = lim vldx >1—¢e(R),
R

n—-+o0o Qr

/ wldr =1
RN

Up — U strongly in LY(R™).

so that we conclude

which entails

In particular |supp(u)| < m. By lower semicontinuity (see Theorem 6.5) we finally get
Jan [Vug|? do + ijun (uf)? + (uy )2 dHN 1
( (ot )"
Jan [V, | dz + ﬁfJM (W2 + (vy)2 dHN T
< (Jrn vit dz)Q/q
- Jon [VulPde + 8 [, (uF)? + (u™)? dHN 1
- (S u dz) 2

so that v is a minimum for problem (6.13). The proof is thus concluded. O

lim inf
n— oo

+ klswp(unﬂ)

= lim inf
n— oo

+ leUPP(%)I)

+ E|supp(u)|,

6.4. Regularity of the minimizers. This subsection is devoted to prove regularity results for
minimizers of (6.13). We start with the following L*-bound.

Theorem 6.11 (L®-bound). Assuming (6.14), let u € SBVz(RN) be a minimizer of problem
(6.13) according to Theorem 6.10. Then u € L= (RY).

Proof. Let us assume by contradiction that u ¢ L (R™). Notice that for every M > 0
wA M :=min{u, M} € SBVZ(RY).

Since
|supp(u A M)| < [supp(u),
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by comparing u with u A M we obtain
(6.30) / |Vu|? do + ﬁ/ (uh)? + (u™)2dHN !
RN Ju

< ( S~ ud da

2/q
_— Vul?dx + 8 ut)?2 4 (u)2dHN !
Jan (w A M) d35> [/{u<M}| | {u_<u+§M}( )
+ﬂ M2 + (uf)Q dHN71

{u=<M<ut}
By renormalization we may assume
uldr =1,
RN

so that we can write

( Jpn udx 1

2/q
fRN(U/\M)qu> B (1= (fan uquffRN(u/\M)qu))Q/q

:1+Z(/RNuqu—/RN(u/\M)qu)+6(M),

with
: e(M)
31 1 =0
(6.:31) M5 oo Jon uddr — [on (A M)7d
Since
/ \Vul? dz + 3 ()4 (u)?2dHN 1 + 8 M? + (u™)2dHN !
{usM} {um<ut<m} fum<M<ut}

§/ |Vu|2dﬂc+5/ (wh)? + (u)2dHN " < O,
RN T

inequality (6.30) together with (6.31) entails that for M > M, large enough
(6.32) / Vul? dz + 8 / ()2 + (u=)2 a1
RN Tu

< / IVl de + 8 (W2 + (w2 dHN 1 4+ 8 M2 4 (um)2 dHN
(u<) {u-<ut <M} fu-<M<u+}

+C’(/RNuqu—/RN(uAM)qu)

for some C' > 0.
Let us consider for a.e. M >0

upy = (u— M)y € SBV%(]RN).
Notice that

(6.33) / Vs |2 d = / Vul? de
RN {u>M}
and
(6.34) / (ui)?+ (uy)?dHN = / (ut — M)? 4+ (u= — M)?aH !
J M<u—<ut

uM

+/ (ut — M)? aHN L.
{u=<M<ut}
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Since

/ (U+)2 + (,uf)Q dHN71 +/ (u+)2 o M2 dHN71
{M<u—<ut} {u=<M<ut}

> / (ut — M)+ (u= — M)2dHN ! +/ (ut — M)? aHN 1,
{M<u—<ut} {u=<M<ut}

taking into account (6.33) and (6.34), we get from (6.32)

/ |Vuar)? dx—f—ﬁ/ (ui)? 4 (uy)2dHN 1 < C (/ uldz —/ (u/\M)qd:v> .
RN Turg RN RN

Setting
a(M) = |supp(unr)| > 0,
in view of Lemma 6.7 we have for every 1 < p < 2N/N — 1

3

[ vt [ a2 v a0 (

where Ag ,(a(M)) > 0 is defined by (6.5), so that we obtain

ull, d:c) ,

N

Mg p(a(M)) (/RN %m)z gé(/RN uqu—/RN(u/\M)qu>.

Thanks to the rescaling property (6.6) of Lemma 6.7 we obtain the inequality

</RN(UM)idx>§ gé(/RNuwx/RN(uAM)qu>

which can be rewritten in the form

2l
i1

)\Q(M)l/N,B,p(]-)a(M)l_

(6.35) g(M)a(M) v 3 </ (u— M), dx) e ut — M9 dx,
RN {u>M}
where \ )
a(M)V/NB,p
M) = ———F———
and M > My > 1. Recall that in view of point (d) of Lemma 6.7
(6.36) ]1\}[13332 g(M) > 0.

In order to reach a contradiction, we will manipulate the right-hand side of (6.35) and choose
conveniently the exponent p. Let us consider the cases 1 < ¢ < 2 and 2 < ¢ < 2N/N -1
separately.

Let us assume that 1 < ¢ < 2. Since for C >ganda > M > 1

a’ =M< C[(a—M)*+M(a—M)],
we may write choosing p = 2 in (6.35) and by setting C := C - C

g(M)oz(M)*W/RN(u—M)ideC’ (u—M)% + M(u— M), dz,

RN
so that
(g(M) — éa(M)l/N)/ (u—M)% dx < éMa(M)l/N/ (u— M)y da.
RN RN
Since )
/ (u— M)y dx < (/ (u—M)?% da:) (M2,
RN RN
we obtain

- CMao(M)“*+w
9(M) - Cal)™™ < Jan (u— M)y da’
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which can be rearranged as

(9(a) = Caany¥) ™ -
v < Cv+1 (M) (/ (u—M)+dx)
MN+T RN
Since a(M) — 0, thanks to (6.36) we get
+oo (9(M) = Ca(an) VN )™
(6.37) / . M = +o0,
Mo M7¥~+1

On the other hand, setting
fO0n) = [ (=M da
RN
and using the fact that f is absolutely continuous with f/(M) — (M), we obtain

/]\;;Ooa(M) </RN(UM)+dx>

which is against (6.37).
Let us consider now the case 2 < ¢ < 2N/N — 1. Since there exists C' > ¢ such that for a > M

al =M< C[(a—M)"+ M a— M),
choosing p = ¢ in (6.35) we deduce for C' := C.C

N1 +o0 N
dM:i& F(M) F(M) T M

= (N + 1) f(Mp) T < +00

g(Ma(M) v % (/RN (u— M)L dm) ‘<c » (u— M)L de + CMI™* /RN (u— M), da.
Notice that
1- 1z <0
N ¢ '

Since limps 400 [pn (u — M)% dz = 0 and 2/q < 1, taking into account (6.36) we obtain that for
M > M; > My with M; large enough

g(M) (/RN (u— M)? dx) ' < 20Mr () (-7 —3) /RN (u— M), da.

Since

we finally obtain

For € > 0 we may write

M) <2
9(M) = Jan (u— M)y dx
so that
1 _1

M € ~ 15 T 14e

(6.38) IMTE _ oi (Mr2=ca(an) ¥ =) " a(u) < / (u— M)+dz> .
M RN
If we choose ¢ < % such that also
¢-2-¢_ 2N
+—e N-1

ie.,

__N-1( N
N+i\n—-1_ %)
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L—g
—e < / UQN/N—I dx < (/ u2N/N—1 de) N < 400
{u>M} RN

sup Mq_Q_Ea(M)%_E < +o0.
M>1

we deduce

1
~—€

2|~

MI™2=¢a (M)

so that

Integrating now from M; to 4+o0o both sides in (6.38) and reasoning as in the case 1 < g < 2, we
get a contradiction. O

In order to prove a positive bound from below on the support for the minimizer, we need the
following lemma which proves that, also in the case k = 0 and v < 400, the minimality property
can be modified in order to involve directly the measure of the support of the competing functions.

Lemma 6.12. Assuming (6.14), let u € SBV2(RN) be a minimizer of problem (6.13) according
to Theorem 6.10. Let moreover k =0 and v < +00. Then the following items hold true.
(a) There exist e > 0 and k > 0 such that for every v € SBV 2 (RN) with

(6.39) [supp(u)| < |supp(v)| < |supp(u)| +¢,
then
v Vul2de+ 8 [, (wh)?+ (uw)2dHN-t
(6.40) e 1V o, 07) - ( + klsupp(u)|
(Jow ut d)®
~ Vo2 dz + )2 4+ (v)2dHN T L
< Jav [V J;,0F) - (v7) © Flsupp(o)].
(fan vidx)®
(b) There exist e >0 and k > 0 such that for every v € SBV = (RN) with
(6.41) [supp(u)| — & < |supp(v)| < [supp(u)],
then
~ |Vu|?dz + ut)?2 + (u)2dHN -t
(6.42) Jax [V L1 ()" + () + k|supp(u)]|

(f]RN ud d:ﬂ)%
. Jan V0P dz + B [, (vF)? 4 (v7)2 dHN !

(IRN v dx) i

Proof. Let us start with point (a). By contradiction, let us assume that for every ¢ > 0 and k>0
there exists v € SBV 2 (RY) satisfying (6.39) but for which (6.40) is violated. Let us consider
en \¢ 0 and k,, - +o00, and let us denote by v,, the associated function such that

+ fc|supp(v)|.

|supp(u)| < |supp(vn)| < |supp(u)| + en

and
Jen [VulPdz + 8 [, (u™)? + (u™)2dHN"
U 110) )
RN uddr)?
Jew VonPdz+ B [; (v)? + (v)2dHN
> . 5 + kn|supp(vn)|.
(f]RN Un dm) !

Let us set

. (ISUPp(vn)I)N

! |supp(u))|

Then t,, > 1 and t,, — 1 as n — oo. If we set

wp(x) := vy (tpx)
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we obtain since |supp(w,)| = |supp(u)]
Jan [Vul?do+ B [, (uh)? + (u)?dHN

(I]RN ud dl‘)%
fRNan\de—&-ﬂfJ (wn)2+(wn)2<i?-tN 1
< wn

(fan wh da)®
IV fon Vo2 de + 18 va" ()2 + (vy)2dHN !
(&) (fu vl )
_ ( 1 )N‘Q‘zév Jex Vo dz+ B [ (vi)er (v, )2 dHN !
(Jon vit d) *

so that
N-2-28 for [VulPde + 8 [; (u?)? + (u”)? dHN 1
: (Joo v )
B Jon [Vul?dz+ 8 [, (ut)? + (u™)? dHN !
(o wt o)
Since |supp(vy,)| = t& |supp(u)|, we infer
1— tf*‘% Jon [VulPdz+ 8 [, (ut)? + (u™)?dHN !
et (Jo o)’ |

Note that the right hand side is bounded as n — +oco: this is against k, — +00, a contradiction.
The proof of point (a) is thus concluded.

Let us pass to the proof of point (b), proceeding again by contradiction but considering this
time &, — 0, k, — 0, and the associated v,, € SBV 2(RY) satisfying (6.41) but violating (6.42).
Reasoning as above we get for ¢, < 1

No1-2 [ [Vul2de + B [, (ut)? + (u=)2 dHN !

: (o vt )
_ Jon [VulPde + 5 [} (u)? + (u™)?dHN "

+ k(| supp(u)| — |supp(vn)|).

ken|supp(u)| <

+ ke (1= 1)) [supp(u)

2
(Jpn ut d)
so that
Jon VU da+ B [, (uh)? + (w)?dHN T § N
3 < bp— = |supp(u)].
(fpn utdz)® tn T 1
As n — oo, we have t, — 1, and the right-hand side of the previous inequality tends to 0, a
contradiction. The proof is now complete. O

We are now in a position to derive the following bound from below on the support for the
minimizers.

Theorem 6.13 (Bound from below on the support). Assuming (6.14), let u € SBV 2 (RY)
be a minimizer of problem (6.13) according to Theorem 6.10. Then there exists a > 0 such that

u>a a.e. on supp(u).

Proof. Let us consider firstly the case £k > 0 and v = +o0. It is not restrictive to assume that
Jon u?dx = 1. Let € > 0 be such that

Ve 1= ulgy>ey € SBV%(IRN).
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Comparing v and v, we get

(6.43) /RN |Vl dz + 3 ’ () + (u )2 dHN T + k[{u < €}

2
1 q
- (f{u>s} ud dx)

1 ’ / 2 2 N-1
=770 |Vul|®dx + 8 (ut)?dH
(f{uzs} ul dl‘) [ {u>e} {u=<e<ut}

+B*HN "1 (0 u > e} \ Ju) + B (u™)? 4 (u™)? dHN‘ll .

{e<u—<ut}

A

/ |Vv5|2dx+ﬁ/ (vj)2+(vg)2d’HN1]
RN J.

Jug

Notice that there exist 0 < g9 < 1 such that for every € < gq

2

! ' ! RSN
— | =] <1+ =e%{u :
f{u28} ud dx 1-— f{u<5} ud dx q

/ Vul2dz + 8 (w2 dHN ! 4+ 8 ()2 4 (u= )2 dHN !
{u>e} {u—<e<ut}

{e<u—<ut}

Moreover

< / |Vul? derﬂ/ (ut)? + (u™)2dHN L.
RN Ju
We can thus write for a.e. 0 < § < e < &g

/ Vul? dz + BEPHN 1 (0°{5 < u < e} N 1) + kl{u < )]
{<u<e}

< <1 + 252|{u < €}|> B2 HNL(0{u > e} \ Jy) + Cell{u < £}
for some C > 0 independent of ey. Up to reducing eo, we get for a.e. 0 < 4§ < e < &g
k
/ \Vau|? do + BO*HN "1 (0{d <u< e} J,) + = [{u < e}
{s<u<e} 2

< 2B HN L0 u > e} \ Ju).

The result now follows from Theorem 6.6.
The proof can be adapted to the case k = 0. Indeed in view of point (b) of Lemma 6.12, for ¢
small enough inequality (6.43) holds with & in place of k. The proof is now concluded. O

As a consequence of the previous results, we obtain that minimizers are indeed in SBV with
jump set with finite measure and essentially closed.

Theorem 6.14 (The jump set of minimizers). Assuming (6.14), let u € SBVz(RN) be a
minimizer of problem (6.13) according to Theorem 6.10. Then the following items hold true.

(a) u e SBV(RN) N L>®(82) with HN ' (J.,) < +oo.
(b) J, is essentially closed, i.e., HN"*(J, \ J,) = 0.

Proof. By Theorem 6.11 we deduce that v € L>(R"), while by Theorem 6.13 there exists a > 0
such that

(6.44) u>a a.e. on supp(u).
This entails

a?HY (1) < / () + ()2 dHY L < oo
Ju

so that HN=1(J,) < +oo0.
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Let us prove that u € SBV(RY). If A is an open bounded set in RY by the chain rule in BV
(see Theorem 2.1), we get that for every € > 0

ue = (u? +¢)* € SBV(A)

and for e — 0
Us = U strongly in L'(A).
Since u € L= (RY) and

/ |Vue|? de +HN 1 (J,. N A) < / |Vu|?dz + HN1(J, N A),
A A
by Ambrosio’s theorem [1] we deduce that u € SBV(A). Since

| Dul(4) g/ V| dz + 2 ufl o HY 1 (Ju N A)
A

1/2
<lsup? ([ 1VuP ) 2l ),

we deduce that |Du|(RY) < +o00 so that u € SBV(RY). The proof of point (a) is concluded.
Let us come to point (b). It is not restrictive to assume that

/ uldx = 1.
]RN

We claim that there exists ¢ > 0 such that for every y € RY, r > 0, and v € SBV,.(RY) with
{u# v} C Br(y),
then

(6.45) / |Vu|? dz + Ba*HN (], N B, (y))
B,-(y)
< / |Vl dz + 28|ul 2 HY "1 (J, N B.(y)) + erlY.
Br(y

Then a suitable multiple of u (more precisely (8a2)~2u) is an almost-quasi minimizer for the
Mumford-Shah functional according to Definition 6.2, and point (b) follows by Theorem 6.3.

In order to complete the proof, we need to prove claim (6.45). Let us consider firstly the case
k >0 and v = +o00. It is not restrictive to assume that

(6.46)/ |Vv|2dx+2ﬁ||u\|§oHN_1(JvﬁBT(y))g/ IVl dz + Ba®HN 1 (Ju N Br(y)).
By (y) B

»(y)

By comparing u with
- . 1
7= |v| A J|ul|so := min{|v], |ul|} € SBVZ(RY)

we get

(6.47) /RN |Vu|? do + B/J ()2 + (u)2dHN 1 4 k|supp(u)|

2/q
1 -2 ~1N\2 ~—\2 19/N—1 ~
< ( )dx) l:/RN Vo dm+6/]ﬁ(v )+ (07)°dH + k|supp(v)].

L+ [p () (09 —ud
In view of (6.46) and of the definition of & we have
/ |Vo|* da +6/ ()2 + (@7 )2daHN <O
RN Js
where C' depends only on u and k. Since

|supp(®)] < |supp(u)| +wnr™
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and

< 2|luf|dwnr™,

/ (07 — u?) dx
Br(y)

for r small enough (depending only on u and k) we deduce from (6.47)

/ IVl de + 3 ()2 + ()2 dHN !
Br(y) JumBr(y)

< / \Vo|? dx + 6/ ()2 4 (07)2dHN 4 e
Br(y) JgﬂBT(y)

for some ¢ > 0 depending on u and k. Recalling (6.44) and the very definition of ¥, we can write
(6.48) / |Vaul? dz + Ba*HN =1 (J, N B, (y))
Br(y)

< / |Vo|? de + 28||ul| 2 HY 1 (J, N B.(y)) + er?Y.
Br(y)

Since the left-hand side of the previous inequality is bounded in 7 (since HN~1(.J,) < 4+00), then
up to increasing ¢ (still depending only on u and k), we obtain that the inequality holds for every
r > 0. Claim (6.45) is thus proved.

The previous arguments can be used to prove claim (6.45) also the case k = 0 and v < +o0.
Indeed, if €, k,k > 0 are as in Lemma 6.12, we start considering the case wyrY < e. It suffices
then to distinguish between the cases

[supp(v)] < |supp(u)] and |supp(u)| < |supp(v)],

for which inequality (6.47) holds with the constant k replaced by k and k respectively. Using the
previous arguments we thus obtain again inequality (6.48), with ¢ depending on u, k and k. Up
to increasing ¢, the inequality holds for every r > 0, and claim (6.45) follows. O

Thanks to the preceding results, we can now turn our attention towards the support of mini-
mizers.

Theorem 6.15 (The support of minimizers). Assuming (6.14), let u € SBV2(RYN) be a
minimizer of problem (6.13) according to Theorem 6.10. Then there exists an open connected set
2 € ARY) such that the following items hold true.

(a) 002 =J,, HN"1002\ J,) =0, and
u=0 a.e. on RV \ 2.
(b) u € WhH2(02) N L>(82) admits a smooth representative of 2 such that
u>a>0 on {2
and
(6.49) —Au = M\u?? on {2,

where
_ Jan |Vul|? dx + ﬁfJu (ut)? + (u™)2dHN 1

(Jpw u? dz)
In particular u is analytic on 2 and |supp(u)| = |£2].

Proof. By Theorem 6.14, we know that v € SBV(RY) N L>(RY) with J, such that HY~'(J,) <
+00 and HN~1(J, \ J.) = 0. Moreover, by Theorem 6.13 we have

Ay

(6.50) u>a>0 a.e. on supp(u)

for some « > 0.
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Decompose R \ J, into its connected components, select those on which u is not identically
zero, and let £2 denote their union. Since 92 = J, and HVN~1(J, \ J,) = 0, we get that 92 is
rectifiable with

HN L 002) =HNV(T,) =HN N (J,) <400 and  HNTHON\ J,) =0,

so that point (a) is proved.
Clearly the restriction of u to 2 belongs to W12(£2) N L>°(§2). Since u is not identically zero
on the connected components of 2, from (6.50) we deduce that

U > o a.e. on 2.

As a consequence |2| = |supp(u)| < 400, so that in particular 2 € ARY).

By comparing u with u + tp with ¢ € C°(§2) and ¢ € R small enough, we get that u is a weak
solution of the elliptic equation (6.49). Thanks to elliptic regularity we infer that « has a smooth
representative on {2, and that the equation is satisfied in a classical sense. The analyticity of u
follows from [23, Theorem 5.8.6] or [20]. Point (b) is thus proved.

In order to conclude the proof of the theorem, we need to show that {2 is connected. By
contradiction, let us assume that

2=020U8

with 21,25 open sets such that 27 # 0, 25 # 0, and 21 N 2y = . Note that §2; has finite
perimeter for ¢ = 1,2, since 3§2; C 9f2. Let us set

u; = ulg, 1 =1,2.

)

Since u € L= (RY), by [2, Theorem 3.84] we get u; € SBV (RY) with
(6.51) Du; = Du 2" — upe o, @ v, HN 1002,

where Ql-(l) denotes the point of density 1 of 2;, while for XV l-a.e. x € 9°12;

1

o (2) = lim ——— dy,
Uoee: (37) 7'—1>I61+ |B77 (fl%VQi) /BT(I,I/Qi (z)) U(y) Y

where vq, denotes the exterior normal to (2; (see Subsection 2.2). Notice that supp(u;) = £2;.
We claim that the following additivity relation concerning the surface energy holds true:

(6.52) /J (w2 + (u)2dHN ! = /J (ui )+ (up )2 dHN  + /J (ud)? + (uy )2 dHN 1

Let us consider firstly the case 2 < ¢ < % Using the inequality

a+b . a b
(c_|_d)2/qzmln{62/q’d2/q}’ CL,bZO,C7d>O,

we may thus assume that
Jon [VulPde+ 5 [} (u)? + (u™)?dHN "

(oot dr)
fRN ‘VU1|2 dx + /B‘[Jul (UT)Q + (UI)Q dAHN-1 + f]RN |vu2|2 do + /BfJuQ (u;)Q + (u5)2 dHN-1

2
(f]RN uf dr + [on uf dz)
N Jan [V do + 5117” (u)? + (uy )2 dHN 1

(fIRN uf dx) ;

)
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so that, using the notation of Lemma 6.7, and setting |£2| = m and [21| = m;
Jen~ |Vu|? dx + B fJu (ut)? 4+ (u™)2 dHN L

(ﬁRN ud dm)“
ﬁRNWUl‘QdI' BIJ (uf )2+(U1 )Qd”N !
> w

(f]RN uf dx) ‘

Agq(m) =

> )‘ﬂ’q(ml)v

against the rescaling property (6.7).
Let us consider the case 1 < ¢ < 2. By Lemma 6.8 we know that a suitable multiple cu of u is
a minimizer of the functional Ty , defined in (6.9) on

{v e SBVE(RYN) : [supp(v)| < m},
where m = |£2|. For simplicity of notation, let us assume that ¢ = 1. In view of (6.52) we get
Tp,q(u) = Tp,q(u1) + T q(u2).
Now recall that given €,7 > 0, there exists § > 0 such that for every a,b6 >0 and n <c¢,d<m

a+b a b
(c+®Hf§(1&nmx{&ﬂ’mﬁ}'

We thus obtain, if n = min{|(2], |{22|} and € := 1 + ﬁ

Do) _ ~Tg(m) = Tpaluz) _ g g { ~Tg(un)  —Tpq(uz) }

2T (] 2] T | ey |

for some § > 0. If we assume that the maximum is realized by w1, we obtain using the notation
of Lemma 6.8 and letting mq = |2

_tﬂ’Q(m) <(1-9) _tﬁ,q(ml)

Im|' @y Iy |\ @R

against inequality (6.10).
In order to complete the proof, we need to show the additivity relation (6.52). Notice that for
i=1,2

(6.53) Ju, = 082 up to HY ~L-negligible sets.

Indeed this is a consequence of (6.51), of the regularity of u, and of the lower bound of point (b).
Since J,,, € 92 = J,, and HN~1(J, \ J.) = 0, we obtain that up to H¥ ~-negligible sets

Ju = Juy U dy, = (Jul \ Ju2) U (JU2 \Ju1) U (Ju1 N Juz)-
In view of (6.53), for HN"l-ae. x € Jy, \ Ju,
w05\ 02,

Since §21 N 25 = ), x has necessarily zero density with respect to 25, so that ug (v) = u; () =0
and

(6.54) (uh(2))? + (u™ (2))* = (uf ())* + (u1 (2))*.
Similarly, for HV"!-a.e. 2 € J,, \ Ju, we obtain u] (z) = u] (z) = 0 and
(6.55) (uh(2))? + (u™ (2))* = (uz (2))* + (uz (2))*.

Let now z € Jy,, N Jy,. In view of (6.53), up to H~ ~l-negligible sets, we have
(6.56) ze QM Al

Then

uy (z) = uy (z) =0.
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Moreover, by the properties of rectifiable sets, it is not restrictive (again up to HV~! negligible

sets) to assume that J,, and J,, have the same normal v, = —vgp, at . Then using (6.56) we
get that
. . 1
uf (@) = lm —— u(y) dy

r—0+ |Br_ (JI,Z/QI (Z‘))| B; (z,va, (z))N82

1
= B e @) /B(Q ) uly) dy
and
uér(w = lim ;/ u(y) dy
r=0+ | B (z,v0,(2))] B} (2va, (2))n2

. 1
= B @ v @) it e oy "
Then we deduce v, (z) = £vo, (z) and
(' (), u”(2)) = (uy (@), uz (@) or  (u'(2),u”(2)) = (uz (), uf (z)).
In any case
(6.57) (u™(2))* + (u™(2))* = (uf ())” + (uz ())* = (uf (2))* + (uy (2))* + (uz (2))* + (uz (2))*.
By collecting (6.54), (6.55) and (6.57), claim (6.52) follows. O

6.5. Existence of optimal domains. This subsection contains the proof of Theorem 6.1. Recall
that for 2 € ARY) and u € W12(2) N L>°(£2), the extension of u to RY by zero outside 2, still
denoted by u, is such that u € SBV (RY) with

D% = Vudx| 2 and D7u absolutely continuous w.r.t. H" 1 [912.
In particular J,, C 92 up to HY ~!-negligible sets. The following lemma will be useful.

Lemma 6.16. Let 2 € ARY) and let (un)nen be a sequence of positive functions in W12(2) N
L*>°(02) such that

/ |Vun\2dac+/ (W2 + ()2 dHY 1 < ¢
0 o

for some C' > 0. Then there exists u € SBV=(RN) with u =0 a.e. on RN\ 12, uj € WH2(12),
and such that up to a subsequence

(6.58) Vu, = Vu  weakly in L*(2),
(6.59) / (wh)?2 + (u)2dHN ! <liminf | (uh)? + (u, )2 dHN 1,
o012 n o1
with
) 2N
(6.60) Up — U strongly in L(02) for every 1 < g < N1

Proof. Since u,, € SBV (RY) N L*°(RY), by the chain rule in BV (see Theorem 2.1) we get that
u? € SBV(RY). Thanks to the embedding of BV (RY) into LN/N=1(RN), it is easily seen that
(tn)nen is bounded in L2N/N=1(RM) and consequently also in L?(R™) since |2| < +o00. We can
now apply Theorem 6.5 to get the existence of u € SBV%(]RN) such that, up to a subsequence,
(6.60) holds true. Clearly u;p € W2(£2) and (6.58) is satisfied.

Let us prove (6.59). We proceed using a slicing technique, taking advantage of the fact that
012 is rectifiable with HV~1(92) < 4+oc. Let v denote a normal vector field on 92.

For every ¢ € RY with [¢] =1, let

= {z cRY : z.-£ =0},
and for £ C RY let
E¢:={yen®:y+tfcE for somet € R} and Eg::{tER:ert{GE}.
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In view of the rectifiability of 042, the following area formula holds true (see [2, Theorem 2.71]):
for every positive Borel function g : 92 — [0, +00]

(6.61) /8 s(@)lv(z) - €l aH> (@) = /

(892)¢

V gy + &) d"HO(t)] dHN " (y).
(092)5

Notice that since HN~1(9£2) < +o0, this formula entails that for H¥ " l-a.e. y € ¢ we have
(6.62) 1O ((an)g) < too.

Since u,, € SBV(RY), thanks to the slicing theory of BV functions (see [2, Section 3.11]), we
have that for HV¥ " l-a.e. y € 7€

(un)5(t) = un(y + t&) € SBV(R)
with
(6.63) [(un)$)'(t) = Vun(y +t§)  and Tunye = (Ju)5-

Moreover for t € J(un)g

(6.64) ()2 (y +£€) + (un)*(y + 6) = [(wn) 51 (t=) + [(wn)§1* (t4)-

Since J,,, € 042 up to HN"l-negligible sets, in view of (6.63) and (6.60), for HNl-ae. y € 7¢
we infer that

(un)y € WHA(R\ (992)F)
with

(un)i N Uf, weakly in W3R\ ((‘*)Q)g)

Thanks to (6.62) and (6.64), by the trace theory of one-dimensional Sobolev functions we deduce
that for every A C RN open

im Y () )+ (w) Py +t€) =lim Y [(wa)§IP(0) + ()5 ()

n

te(8NA)S te(902nA)S
= Y (WP P = D @Ay +18) + (w) (y+£8).
te(00NA)S te(902nA)S

Using the area formula (6.61) we infer

lim inf (u)? + (u; )2 dHN ™1 > lim inf [(u,)? + (uy)?|v - €| dHN T

n n
n ANNA n ANNA

>
(80N A)E

:/ V (u*)Q(y+t£)+(u)2(y+t£)d’H0(t)1 dH" " (y)
(092nA)¢ |J(@0nA)

lim inf () (y + 18) + (1) (y + £8) cm%)] dHN " (y)
n (002nA4)5

- / ()2 + ()] € MV,
ONNA

Since A and £ are arbitrary, we deduce that

liminf / (uh)? + (uy)? aHN 1 > / (@) + (u)?) sup |v- €] dHN !
n an an l€|=1

- / (u)? + ()2 dHY
o9
so that (6.59) follows, and the proof is concluded. O

We are now in a position to prove the main result of this section.
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Proof of Theorem 6.1. In view of Theorem 6.15, every minimizer of problem (6.13) is of the form
ulg where 2 € A(RY) is connected, while u € C°°(£2) N L*°(2) with u > a > 0 on 2 solves
(6.49). In particular u belongs to W12(2) N L (£2) and is analytic on (2.
Since 92 = J,, and HV~1(J, \ J,) = 0, the minimal value of (6.13) associated to u is given by
Jo IVulrdz+ 8 [,,(u™)? + (u™)2dHN !
2
(Jouidz)®

Since u is admissible for the evaluation of Ag ,(£2) we get

+ k|92,

< Jo |Vu|? do + Bfan(UJr)Q + (u™)2dHN ! '
) (Jgur da)®

Let A € A(RY) be admissible for problem (6.2), and let w € W1H2(A) N L*°(A). Since @ :=
lwl1s € SBV 2 (RN) with Jg C A up to HN ~L-negligible sets, we have

(6.65) Ag,q(£2)

Jo IVulPde+ 8 [,,w)? + (u)2dHN !

5 + k[£2|
(fQuqu)E
Va|? dx + w2 + (0 )2dHN T
SfRN| | B, ( )Z( ) kAl
(I]RN ﬁ’qu)q
- S IVw|?dz+ 8 [, ,(wh)? + (w™)? dHN 1 kAl
) (f, lwlo dar)® |

where in the last line w® denote the traces of w on OA as defined in (3.3). By taking the infimum
over w we obtain in view of (6.65)

Jo IVulrde+ 8 [,,(w)? + (u™)2dHN !
(frz ud dw)a

We conclude that the shape optimization problem (6.2) admits 2 as a solution. If A = 2, we
immediately deduce that

Aq(£2) +K|62] < +EI2 < Agq(A) + KA

_ Jo IVul?de+ 8 [, (u)? + (u™)? dHN-1
(fn ud di’j)E

so that Ag 4(£2) is achieved on a bounded, analytic and positive function u satisfying the properties
of Theorem 6.1. Moreover, the minimum values of the shape optimization problem (6.2) and of
the free discontinuity problem (6.13) are equal.

In order to conclude the proof, we have to show that any minimizer 2 € A(RY) of problem
(6.2) coincides up to a HYN ~l-negligible set with a domain {2 of the type above. In view of the
preceding considerations we get

)‘ﬂ,q(Q)

Jon [VoPde+ B [, (vF)? + (v7)? dHN !
(Jn v7 d2)

for every v € SB‘{% (RM) admissible for the free discontinuity problem (6.13).
If @, € WH2(02) N L>(£2) with @, > 0 is a minimizing sequence for the principal frequency

Ag.q(£2) with
/ ad dr =1,
7

Ag.q(£2) + K| £2] <

+ k[supp(v)|

2o
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by Lemma 6.16 there exists @ € SBV 2 (RY) with @ = 0 a.e. on RV \ 2, U € W2(£2), and such
that
[oIVal? dz + B [q(a")? 4 (a7)? dHN !

(Jo i de)*

5 in | d _(5+)2 )2 dyN-1
< lim inf Jo IVl dz + 5 [ 5(ay) ; (U, ) dH
" (ff) INI,% de) a
We infer that for every v € SBV 2 (RV) admissible for the free discontinuity problem (6.13)

Jen [Vl dz + 8 [, (a+)? + (a7)? MV

= )\ﬂ,q(é)-

—— + k[supp(w)|

(Jpn a2 ) ?

\val? d ()2 4 (5-)2 YN -1 5 5 N
< Jo VP dw B Jog @) + @7 dHTTL ooy, () + K19

(Jp @2 dx)
NV'{)?d(L'-i-B U+2_’_,072d/HN71
S fR | | f‘]“( ) 5 ( ) +k|8upp(v)|a
(Jrn v9dz)

which entails

Jon IVal?de+ 5 [, (a)? + (a™)? dHN "

(6.66) 2
(fRN uf da:) !
_ JolVilde & B lppl)" ¥ (VAT _ | ()
(Jpn @ dz)
and
(6.67) |supp(i)| = [£2].

Notice that @ is a minimizer for the free discontinuity problem (6.13). Let therefore 2 € A(RN)
be the open and connected set associated to u according to Theorem 6.15.

Since |20 = |£2|, @ is bounded a.e. from below by a strictly positive constant also on £2. Since
@i realizes g 4(£2), we deduce that @ has a smooth representative on 2, so that thanks to (6.66)

02 =T C02 and  HNLON\ Jz) = 0.

We conclude that 2 C 2: indeed, if z € 2\ 2, then = ¢ :(70 so that @ = 0 a.e. on B,(z) C 0
for some r > 0, which is against (6.67). Finally, if € 2y \ {2, we get x € 912 so that

HN Y020\ 2) <HN 1002 N Q) < HY YTz N 2) =0,
and the proof is thus concluded. O
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