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Introduction

Optimal transport theory, as first formulated by Monge in [43], involves finding the “optimal way”
to move an initial configuration of material (“déblais”) to build a castle (“remblais”), minimizing the
total “effort”. In the Monge formulation, there are given Polish spaces (X,µ) and (Y, ν) endowed
with Borel probability measures µ, ν, and a cost function c : X × Y −→ [0,∞]. The goal is to
minimize ∫

X
c(x, T (x))dµ(x)

among all Borel maps T : X −→ Y satisfying T]µ = ν.
As this formulation has several undesirable properties, Kantorovich proposed in [28] a relaxed

problem: given Polish spaces (X,µ) and (Y, ν) endowed with Borel probability measures µ, ν, and
a cost function c : X × Y −→ [0,∞]. The goal is to minimize∫

X×Y
c(x, y)dγ(x, y)

among measures γ on X × Y satisfying πX]γ = µ, πY ]γ = ν where πX : X × Y −→ X and
πY : X × Y −→ Y denote the projections on X and Y respectively.

In this formulation both measures are probability measures, which can be relaxed to require
µ(X) = ν(Y ) <∞. Over the there has been great progress in understanding the Monge-Kantorovich
problem, (see for instance [21], [18] and [56] and references therein).

Average distance problem

A related problem is the transport in presence of “Dirichlet regions”, i.e. subsets on which the trans-
port is essentially “free”. Dirichlet regions will be assumed pathwise connected. Given a domain
Ω ⊆ Rn (n ≥ 2), a Dirichlet region Σ ⊆ Ω is such that for any points x, y ∈ Σ, then the “cost” to
transport x in y is 0. Thus instead of the path distance of Ω, which will be denoted with distΩ(·, ·),
one considers distΩ,Σ(·, ·) defined as

distΩ,Σ(x, y) := min{distΩ(x, y), min
z1∈Σ

distΩ(x, z1) + min
z2∈Σ

distΩ(z2, y)}.

Indeed, if x, y ∈ Σ, then the cost to transport x to y is 0, independently of distΩ(x, y).
Dirichlet regions considered here will always be compact, pathwise connected, Hausdorff one

dimensional sets with finite H1 measure (the notation H1 denotes the Hausdorff-1 measure). The
H1 measure of a set will be often referred as “length”.
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A natural problem here is to determine the “optimal” Dirichlet region, which in some sense best
“serves” the domain Ω, leading to the so-called average distance problem:

• Given a domain Ω, a measure µ, a function A : [0,diam Ω] −→ [0,∞) and a parameter L ≥ 0
solve

minFµ,A

where
Fµ,A(Σ) :=

∫
Ω
A(distΩ(x,Σ))dµ(x),

among all admissible Dirichlet regions Σ satisfyingH1(Σ) ≤ L.

This problem was first introduced in [14], and later studied in several articles (e.g. [16], [17]). A
variant (see for instance [13]) is to solve

min

∫
Ω
A(distΩ(x,Σ))dµ(x) + λH1(Σ)

among all admissible Σ, with λ > 0 a given parameter. These formulations are often referred as
“constrained” and “penalized” problem respectively. Such constraints are essential to the well-
posedness of this problem.

The average distance problem (in both formulations) can be used to model problems arising
from urban planning, or data cloud approximation.

In the constrained problem, if the length constraint is L = 0, connectedness imposes that all
admissible Dirichlet regions are single points. However, a related problem, referred in literature as
“location” problem, involves minimizing

min

∫
Ω
A(distΩ(x,K))dµ(x)

among K = {Pi}Ni=1 set of single points, where N is a given parameter.
Both problems have a quite simple formulation, yet even with simple geometry and stringent

conditions on Ω, µ,A, no explicit solution can be determined: indeed the average distance problem,
in both constrained and penalized formulation, cannot be solved for general L (or λ for the penal-
ized problem) even with Ω = B((0, 0), 1) ⊆ R2, µ = L2

|Ω and A = id. The location problem is easier
to solve, especially in highly regular and symmetric domains, but for general domains it cannot be
solved either.

Some link with the classic optimal transport problem will be explained in Chapter 3.

The average distance problem is also related to the so-called q-compliance problem: given a
domain Ω, consider {

−∆qu = 1 in Ω\Σ
u = 0 on Σ ∪ ∂Ω

(0.0.1)

where Σ verifies the same properties of Dirichlet regions, and ∆q denotes the q-Laplacian. The
energy associated is

Cq(Σ) := (1− 1

q
)

∫
Ω
uΣ(x)dx,



CONTENTS 7

with uΣ denoting a solution of (0.0.1), and given a parameter l > 0, the associated q-compliance
problem is solving

min
H1(Σ)≤l

Cq(Σ)

among Σ satisfying the same properties of Dirichlet regions. As proven in [15], passing to the limit
q →∞, the energy Cq(Σ) Γ-converges to∫

Ω
dist(x, ∂Ω ∪ Σ)dx.

Another related problem, which can be considered the “dual” problem, is the so called “maximal
distance problem”: given a domain Ω, and a parameter L ≥ 0, solve

min
Σ
F ∗(Σ),

where

F ∗(Σ) := max
y∈Ω

min
z∈Σ

distΩ(y, z).

Similarly to the average distance problem, the maximal distance problem is not possible to solve
explicitly in general.

Due to the impossibility to solve the average distance problem (in both formulations), qualita-
tive properties of minimizers have been studied. In particular, it has been proven that under mild
assumptions on Ω, µ,A (more details will be given in Chapter 3), such minimizers must verify:

• Absence of loops: if the Radon-Nykodim density of µ,
dµ

dLn
belongs to Lp with p ≥ 1, then any

minimizer Σopt cannot contain subsets homeomorphic to S1,

• Absence of crosses: if Ω is a two dimensional domain, and
dµ

dL2
belongs to Lp with p > 4/3

then any minimizer does not contain points with order greater than 3, and there are only a
finite number of order 3. Moreover, if a point has order 3, then all the three angles have value
2π/3. The term “cross” is used as using Menger n-Beinsatz (see [30]), a point P with order 4
will have at least 4 disjoint arcs {γi}4i=1 with endpoint (in all the thesis “endpoint” will refer
to a point with order 1, i.e. removing such point would preserve connectedness) in P and
disjoint outside P ,

• Ahlfors regularity: if
dµ

dLn
belongs to Lp with p > n/(n − 1) (p > 4/3 in two dimensional

domains), then any minimizer Σopt is Ahlfors regular, i.e. there exist constants c, C > 0 such
that

c ≤
H1(Σopt ∩B(P, ρ))

ρ
≤ C

for any P ∈ Σopt, ρ > 0,
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• in two dimensional domains, if
dµ

dL2
belongs to Lp with p > 4/3 then any minimizer is finite

union of Lipschitz curves.

These results where first proven in two dimension cases by Buttazzo, Oudet and Stepanov (see
for instance [16], [17]); then in [44], Paolini and Stepanov extended some of these results to higher

dimensional domains. The thesis proves that condition
dµ

dLn
∈ Lp with p ≥ 1 is optimal; moreover,

it is proven that if
dµ

dL2
/∈ L1 then the absence of crosses is false too.

An interesting problem concerning solutions of the average distance problem is the regularity
of minimizers: indeed Ahlfors regularity is a very weak property (nonetheless, it implies uniform
rectifiability).

Two results have given a partial answer:

• in [55], Tilli has proven that any C1,1 curve is minimizer under suitable choice of the domain
(indeed the bulk of the argument involves determining such domain),

• in [52], Slepčev has shown that C1 regularity can be false, by exhibiting an example of mini-
mizer which is not C1 regular.

These two results can be considered together with results by Santambrogio and Tilli, in [50], which
prove C1,1 regularity on certain points, and limit corners to points verifying specific conditions, i.e.
those on which positive mass is projected.

In Chapter 6, a new weak second order regularity has been proven for minimizers of the pe-
nalized problem: in collaboration with Slepčev, in [38] it has been proven that for the penalized
problem, any minimizer is finite union of curves {γk}hk=1, with

∑h
k=1 ‖γ′k‖BV uniformly bounded

from above.

Evolutions

An interesting problem is to extend results proven for minimizers of the average distance problem to
solutions of evolution schemes related to the average distance functional. Two important evolution
schemes will be analyzed.

Given Ω ⊆ RN , µ,A as in the average distance problem, and an initial datum S0, consider the
recursive sequence {

w(0) := S0

w(n) ∈ argminA(Ω)Fµ,A(·) + η(H1(·∆w(n− 1))),
(0.0.2)

where ∆ denotes the symmetric difference, and η is a given function. Some of the natural conditions
on η (which will be assumed) include η(0) = 0, and η non decreasing. However it will follow
from the arguments in Chapter 4 that the analysis when the penalization term has form η̃(t) = atb,
a > 0, b ≥ 1, can be easily reduced to the case η(t) = kt, with k > 0. The presence of symmetric
difference in the penalization term forces the evolution to be monotone w.r.t. set inclusion, i.e.
w(k1) ⊆ w(k2) whenever k1 ≤ k2. Here, given l ≥ 0, Al(Ω) denotes the collection of subsets Σ ⊂ Ω
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which are compact, path-wise connected, dimHΣ = 1 and H1(Σ) ≤ l. The union ∪j≥0Aj(Ω) will
be denoted with A(Ω). When Ω is the whole Euclidean space, A will be used instead of A(Ω). A
variant is {

w(0) := S0

w(n) ∈ argminAH1(S0)+nε(Ω)Fµ,A,
(0.0.3)

where ε > 0 is a time step. The first evolution scheme is related to the penalized problem, the latter
to the constrained problem. These schemes are often referred as “quasi static” evolution.

Another important class of evolutions are gradient flows related to the average distance func-
tional. The framework of gradient flows has been first developed in Hilbert spaces. Given a Hilbert
space (H, 〈·, ·〉), a functional φ : H −→ R ∪ {+∞} satisfying some weak properties (mainly λ-
convexity, lower semicontinuity, coercivity and compactness of sublevels), a “gradient flow” x is
essentially a curve which at each instant descends along the steepest descent direction, i.e.{

x0 := x̄

x′t ∈ −∂−φ(xt).

This construction is not reproducible in a purely metric space (X, d) due to the explicit involvement
of the scalar product. Moreover, the purely metric setting requires a definition for “gradient” and
“speed”: these will be replaced by the “slope” and “metric derivative”. In [3], Ambrosio, Gigli and
Savaré used an approach (based on approximation via time discretized evolutions), which is the
one we will use. A variant (actually, three different variants) of the “gradient flow” can be obtained
using the discrete approximation method: consider a sequence {τj}j∈N ↓ 0 and consider (here we
omit all the details about existence and passage to the limit, as in the metric setting such properties
are not guaranteed - a more detailed discussion can be found in Chapter 2){

w0 := x̄

wn+1 ∈ argminφ(·) + 1
2τj
d(·, wn)2

.

Here, in the generic framework φ and d can be quite general functional and distance. More details
about the choice of φ and d will be presented in Chapter 5. Then define the function

xj : I −→ X, xj(t) := w([t/τj ])

where I is a time interval, and [·] denotes the integer part mapping. Then under suitable assump-
tions for a subsequence (which will not be relabeled) there exists a limit function

x : I −→ X, x(t) = lim
j→∞

xj(t)

for any t ∈ I . This function x (often called “minimizing movement” in literature, see for instance
[3]) can be considered an analogous of the gradient flow from Hilbert context. In the metric setting,
discussed more in detail in Chapter 2, there are three formulations; the function x is:
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1. Gradient flow in the Energy Dissipation Inequality sense if:

E(x(s)) +
1

2

∫ s

t
|ẋ(r)|2dr +

1

2

∫ s

t
|∇E|2(x(r))dr ≤ E(x(t)) a.e. t > 0, ∀s ≥ t

E(x(s)) +
1

2

∫ s

0
|ẋ(r)|2dr +

1

2

∫ s

0
|∇E|2(x(r))dr ≤ E(x̄) ∀s ≥ 0,

2. Gradient flow in the Energy Dissipation Equality sense if:

E(x(s)) +
1

2

∫ s

t
|ẋ(r)|2dr +

1

2

∫ s

t
|∇E|2(x(r))dr = E(x(t)) a.e. t > 0, ∀s ≥ t

E(x(s)) +
1

2

∫ s

0
|ẋ(r)|2dr +

1

2

∫ s

0
|∇E|2(x(r))dr = E(x̄) ∀s ≥ 0,

3. Gradient flow in the Energy Variation Inequality sense if:

E(x(t)) +
1

2

d

dt
d(x(t), y)2 +

λ

2
d(x(t), y)2 ≤ E(y), ∀y ∈ X, a.e. t > 0.

The main goal of this thesis is to analyze whether solutions of these evolutions schemes (in-
cluding solutions of discrete evolution schemes) related to the average distance functional satisfy
properties similar to those proven for minimizers of the average distance problem.

In particular it will be proven:

• Absence of loops: if the Radon-Nykodim density of µ,
dµ

dLn
belongs to Lp with p ≥ 1, and

the initial datum does not contain loops, then solutions of both quasi static and gradient flow
evolution schemes, in the discrete case, do not contain loops

• Absence of crosses: if Ω is a two dimensional domain, and
dµ

dL2
belongs toLp with p > 4/3, and

the initial datum does not contain crosses, then solutions of gradient flow evolution schemes,
in the discrete case, do not contain crosses

• Ahlfors regularity: if
dµ

dLn
belongs to Lp with p > n/(n − 1) (p > 4/3 in two dimensional

domains), and the initial datum is Ahlfors regular, then solutions of both quasi static and
gradient flow evolution schemes, in the discrete case, are Ahlfors regular.

These results are proven for the discrete evolutions, by adapting techniques used to prove similar
results for solutions of the classic average distance problem.

An important subclass of these evolution schemes is the irreversible evolution, i.e. when the
additional condition of monotonicity w.r.t. set inclusion is imposed. This comes free for some type
of quasi static evolution. This condition is useful to model physical processes involving some kind
of irreversibility, e.g. fracture propagation and membrane debonding, or in urban planning where
removing the old network it is not advantageous, e.g. when planning to extend an existing subway
network. The irreversibility condition can alter qualitative properties of solutions, as the absence
of points with order at least 4 is not true anymore even if the initial datum does not contain points
with order at least 4. In other words, one can say that solutions exhibit a “branching behavior” at
some positive time, and one result of this thesis is to construct an example where an upper bound
for such time can be determined.
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Average distance problem with density penalization

The average distance problem, especially in the penalized formulation

min

∫
dist(x, ·)dµ+ λH1(·) (0.0.4)

can be used to approximate data distributions, which in this case would be represented by µ. Dif-
ferently from the classic formulation in [14], it is not required that µ is absolutely continuous w.r.t.
Lebesgue measure.

In data approximation it is often more convenient to work with parameterized curves instead
of elements of A, due to computational costs. The main result of Chapter 7 will be proving that the
average distance problem is still well posed if restricted to parameterized curves (an ad hoc notion
of convergence on the space of parameterized curves will be introduced), and injectivity is true for
minimizers.

However, as proven in [52], even under strong assumptions on µ (indeed in [52] the counterex-
ample was with µ ∈ L∞), minimizers of (0.0.4) can fail to be C1 regular simple curves, with the
second (distributional) derivative having an atom of positive mass.

In data approximation, this is equivalent to a strong loss of injectivity, as much data (a positive
fraction of the data) is projected onto one single point. In order to overcome this issue, a term
penalizing the density on Σ is introduced, and to avoid excessive geometric rigidity caused by
projecting each point onto one of the closest points on Σ, a relaxed version of (0.0.5) is introduced:

Problem 0.0.1. Given probability measure µ on Rd with compact support, and parameters λ, η > 0, α, q > 1,
solve

min

∫
Rd×Σ

|x− y|αdΠ(x, y) + λH1(Σ) + ε

∫
Σ
νqdL1, (0.0.5)

among triples (Σ, ν,Π), where Σ varies among parameterized curves, ν among probability measure on Σ, and
Π among measures on Rd × Σ having first marginal µ and second marginal ν.

The term
∫

Σ ν
qdL1 is to be interpreted as +∞ if ν⊥L1 6= 0, and

∫
Σ

(
dν
dL1

)q
dL1 if ν � L1. This

choice stems from Proposition 8.1.3. Injectivity is not guaranteed anymore, as the average distance
functional has been replaced by a different functional, but still desirable. Thus a term penalized non
injectivity will be introduced. The main result of Chapter 8 (Theorem 8.2.1) deals with regularity
properties of ν, when (Σ, ν,Π) is a minimizer.

Outline

This thesis will be structured as follows:

• Chapter 1 will present a general overview of the optimal transport problem, in the classic
Kantorovich formulation,

• Chapter 2 will recall notions from the theory of gradient flows in a purely metric spaces,

• Chapter 3 will recall results about solutions of the average distance problem,
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• Chapter 4 (based on [33, 35]) will analyze solutions of the quasi static evolution,

• Chapter 5 (based on [34, 35]) will analyze solutions of gradient flow evolutions,

• Chapter 6 (based on [38]) will prove a weak second order regularity for minimizers of the
average distance problem in the penalized formulation, i.e. BV regularity of the derivative,
and a sort of “topological lower semicontinuity”,

• Chapter 7 (based on [37]) will analyze the average distance problem restricted among param-
eterized curves. The main result is to prove injectivity of minimizers,

• Chapter 8 (based on [36]) will analyze some regularity of ν when (Σ, ν,Π) is a minimizer.

Chapters 1 and 2, along with most of Chapter 3 are not original results, but intended to recall
preliminary notions; Chapters 4, 5, 6, 7 and 8 contain new results.

Aknowledgments. The author wants to express his gratitude to Luigi De Pascale, Christopher
Larsen, Filippo Santambrogio, Eugene Stepanov, Bozhidar Velichkov for useful discussions about
the arguments analyzed in the thesis.

A special thank goes to Professor Luigi Ambrosio, who has been crucial in the academic forma-
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as candidate’s mentor and main collaborator at Carnegie Mellon University.

Finally there are no words to thank his PhD advisor, Professor Giuseppe Buttazzo, without
whose patience, suggestions, and continuous help, very little of this thesis could have been done.



Chapter 1

Optimal Transport Theory

1.1 Introduction

The optimal transport theory was introduced in 1781 by Monge in [43], who proposed the follow-
ing optimization problem: given an initial deposit of rock (“déblais”), one wants to build a castle
(“remblais”) from it, with the minimum “effort”.

This chapter is dedicated to recall previous results concerning optimal transport theory. Sections
1.1, 1.2 and 1.3 are based on the work of several authors (see for instance [4], [18], [21], [24], [29], [56]
among others) during the last decade, while Section 1.4 (based on a work by Brenier) deals with the
quadratic cost penalization case.

The mathematical formulation, referred as Monge formulation, can be given in the following way:

Problem 1.1.1. Given Polish spaces (X,µ), (Y, ν), with µ, ν probability measures, and a cost function
c : X × Y −→ [0,∞] define

T (µ, ν) := {f : X −→ Y : f]µ = ν}

and consider the minimization problem

min
T∈T (µ,ν)

∫
X
c(x, T (x))dµ(x).

For the original formulation proposed by Monge in [43], data wereX = Y = Rd, c(x, y) := |x−y|,
µ and ν denoted the “déblais” and the “remblais” respectively.

Elements of T are often referred as transport maps, between µ and ν. This formulation presents
several undesirable problems:

1. T (µ, ν) 6= ∅ it is not guaranteed: a very easy example is X = Y := R, c(x, y) := |x− y|, µ := δ0,

ν :=
δ−1 + δ1

2
;

2. existence may not occur, i.e. (1.1.1) can admit no minima: an easy counterexample is X =
Y := B((0, 0), 1)\{(0, 0)} ⊆ R2, µ = δ(1/2,0), ν := δ(−1/2,0);

13
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3. condition f]µ = ν is not weakly sequentially closed: a counterexample is Tn : R −→ R,
Tn(x) := T (nx) with T : R −→ R a 1-periodic function equal to 1 on [0, 1/2) and -1 on [1/2, 1),
µ := L|[0,1], ν := 1

2(δ−1 + δ1). For every n equality Tn]µ = ν is true, but passing to the limit this
becomes O]µ = ν (O denoting the null function on R), clearly false.

A way to overcome these difficulties is provided by the Kantorovich formulation, first proposed
in [28]:

Problem 1.1.2. Given Polish spaces (X,µ), (Y, ν), with µ, ν probability measures, and a cost function
c : X × Y −→ [0,∞], define Adm(µ, ν) := {ξ ∈ M(X × Y ) : πX]ξ = µ, πY ]ξ = ν} whereM(X × Y )
denotes the set of probability measures on X × Y , πX : X × Y −→ X and πy : X × Y −→ Y the natural
projections, and consider the minimization problem

min
ξ∈Adm(µ,ν)

∫
X×Y

c(x, y)dξ(x, y).

Elements of Adm(µ, ν) are often referred as “transport plans”. This formulation provides several
advantages over formulation 1.1.1:

• Adm(µ, ν) 3 µ× ν, while T (µ, ν) can be empty,

• there exists a natural injection

i : T (µ, ν) −→ Adm(µ, ν), i(T ) := (id× T )]µ,

• Adm(µ, ν) is convex and compact with respect to the narrow convergence, and

ξ 7→
∫
X×Y

c(x, y)dξ(x, y)

is linear,

• importantly, as proven in [24], [4] and [46], under some additional conditions the infimum of
Monge problem is equal to the minimum of Kantorovich problem, which effectively renders
the latter a relaxation of the former.

Existence is not guaranteed in general, but requires very mild conditions:

Theorem 1.1.3. Problem 1.1.2 admits a solution if the cost function c : X×Y −→ R is lower semicontinuous
and bounded from below.

Proof. From inequality

ξ((X × Y )\(K1 ×K2)) ≤ µ(X\K1) + ν(Y \K2)

for any ξ ∈ Adm(µ, ν) one gets that if K1 ⊆ M(X),K2 ⊆ M(Y ) are tight, then {η : πX]η ∈
K1, πY ]η ∈ K2} is tight too. Combined with Ulam theorem, this givesAdm(µ, ν) tight inM(X×Y ),
and by Prokhorov theorem, relatively compact.
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Given a sequence {ξn}∞n=0 converging to ξ narrowly, and φ ∈ Cb(X), equality

∫
X
φdπX]ξ=

∫
X×Y

φ(x)dξ(x, y)

= lim
n→∞

∫
X×Y

φ(x)dξn(x, y)

= lim
n→∞

∫
X
φdπX]ξn

=

∫
X
φdµ

holds, which gives compactness with respect to the narrow topology.

Assumptions on cost function c give the existence of a non decreasing sequence {cn} : X×Y −→
R of continuous bounded functions verifying c(x, y) = supn cn(x, y), and by monotone convergence
theorem ∫

X×Y
cdξ = sup

n

∫
X×Y

cndξ

holds, which concludes the proof.

The set of measures belonging to argminξ∈Adm(µ,ν)

∫
X×Y c(x, y)dξ(x, y) will be denoted byOpt(µ, ν),

and referred as “optimal plans” from µ to ν with respect to the cost function c (this dependence will
be omitted if there is no risk of confusion).

In the following, unless explicitly specified, the cost function c will always be considered lower
semicontinuous and bounded from below. A natural connection between optimal maps and plans
is provided by the following result:

Lemma 1.1.4. Given Polish measure spaces (X,µ), (Y, ν), a transport plan ξ ∈ Adm(µ, ν) is induced by a
map if and only if supp(ξ) ⊆ X × Y is the graph of a function T . In this case ξ = (id× T )]µ.

Proof. If a plan ξ ∈ Adm(µ, ν) is induced by a map T ∈ T (µ, ν), then obviously ξ = (id× T )]µ.
For the converse implication, define Γ := supp(ξ), and upon ξ-negligible sets, assume Γ is the

graph of a function T . Due to inner regularity of measures it is possible to assume Γ =

∞⋃
n=0

Γn σ-

compact, thus πX(Γ) (the domain of T ) is σ-compact, and T|πX(Γn) is continuous, yielding T Borel
map. Since (x, y) ∈ Γ implies y = T (x), given a test function φ : X × Y −→ R:∫

X×Y
φ(x, y)dξ(x, y) =

∫
X×Y

φ(x, T (x))dξ(x, y)

=

∫
X
φ(x, T (x))dµ(x)

and the proof is complete.
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1.2 Optimality conditions

This section is aimed to discuss optimality of transport plans; several preliminary notions are re-
quired.

Definition 1.2.1. Given Polish spacesX,Y , a cost function c : X×Y −→ R, a set Γ ∈ X×Y is c-cyclically
monotone if for any N -ple {(xi, yi)}Ni=1 ⊆ Γ inequality

N∑
i=1

c(xi, yi) ≤
N∑
i=1

c(xi, yσ(i))

holds for any permutation σ.

Definition 1.2.2. Given Polish spaces X,Y , a cost function c : X × Y −→ R, a function ψ : Y −→ R:

• its c+-transform is
ψc+ : X −→ R, ψc+(x) = inf

y∈Y
c(x, y)− ψ(y);

• its c−-transform is
ψc− : X −→ R, ψc−(x) = sup

y∈Y
−c(x, y)− ψ(y).

The c+ and c−-transform for functions on X are defined in a similar way.

Definition 1.2.3. Given Polish spaces X,Y , a cost function c : X × Y −→ R, a function ψ : Y −→ R:

• is c-concave if there exists ϕ : X −→ R such that ψ = φc+ ;

• is c-convex if there exists ϕ : X −→ R such that ψ = φc− .

For functions on X notions of c-concavity and c-convexity are defined in a similar way.

Definition 1.2.4. Given Polish spaces X,Y , a cost function c : X × Y −→ R, and a c- concave function
ϕ : X −→ R, the c-superdifferential is

∂c+ϕ := {(x, y) ∈ X × Y : ϕ(x) + ϕc+(y) = c(x, y)}.

Given a c-convex function ψ : X −→ R, the c-subdifferential is

∂c−ϕ := {(x, y) ∈ X × Y : ϕ(x) + ϕc−(y) = −c(x, y)}.

The next result, first studied in [47], is crucial in characterizing optimal transport plans:

Theorem 1.2.5. Given Polish spaces X,Y , a cost function c : X × Y −→ R, continuous and bounded from
below, assume there exist µ ∈M(X), ν ∈M(Y ) such that

c(x, y) ≤ f(x) + g(y)

for some f ∈ L1(X,µ), g ∈ L1(Y, ν). Then given any measure ξ ∈ Adm(µ, ν) the following statements are
equivalent:
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1. ξ ∈ Opt(µ, ν);

2. supp(ξ) ⊆ X × Y is cyclically monotone;

3. there exists ϕ : X −→ R c-concave such that ϕ ∨ 0 ∈ L1(X,µ) and supp(ξ) ∈ ∂c+ϕ.

Proof. Integrating c(x, y) ≤ f(x) + g(y) yields∫
X×Y

c(x, y)dη(x, y) ≤
∫
X×Y

f(x) + g(y)dη(x, y)

=

∫
X
f(x)dµ(x) +

∫
Y
g(y)dν(y) <∞

for any η ∈ Adm(µ, ν); using c bounded from below, this yields c ∈ L1(X × Y, η) for any η ∈
Adm(µ, ν).

(1) =⇒ (2).
Assume there exists ξ ∈ Opt(µ, ν) not cyclically monotone, thus there exists a N -ple {(xi, yi)}Ni=1 ⊆
X × Y and a permutation σ on {1, · · · , N} such that

N∑
i=1

c(xi, yi) >

N∑
i=1

c(xi, yσ(i)).

Arguing by continuity, for any i = 1, · · · , N there exists neighborhoods Ui 3 xi, Vi 3 yi such that

N∑
i=1

c(ui, vi) >

N∑
i=1

c(ui, vσ(i))

for any ui ∈ Ui, vi ∈ Vi. Define

Ω :=

N∏
i=1

(Ui × Vi)

and

η :=

N∏
i=1

1

ξ(Ui × Vi)ξ|Ui×Vi
.

Denoting πUi and πVi projections of Ω on Ui and Vi, define

ζ :=
1

N
min

1≤i≤N
ξ(Ui × Vi)

N∑
i=1

((πUi − πVσ(i)
)]η − (πUi − πVi)]η)

and consider the competitor ξ′ := ξ + ζ: ζ verifies

• ζ− ≤ ξ and has null first and second marginal;

•
∫
X×Y

c(x, y)dζ(z, y) < 0.
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Thus the optimality of ξ is contradicted.

(2) =⇒ (3).
Fix (x̄, ȳ) ∈ X × Y , as the goal is to determine a c-concave function ϕ such that Γ ⊆ ∂c+ϕ, for any
N -ple {(xi, yi)}Ni=1

ϕ(x) ≤ c(x, y1)− ϕc+(y1) = c(x1, y1) + ϕ(x1)

≤ (c(x, y1)− c(x1, y1)) + c(x1, y1)− ϕc+(y1)

≤ (c(x, y1)− c(x1, y1)) + (c(x1, y2)− c(x2, y2)) + ϕ(x2)

...
≤ (c(x, y1)− c(x1, y1)) + (c(x1, y2)− c(x2, y2)) + · · ·+ ϕ(x̄)

Define

ϕ(x) := inf
N≥1,(xi,yi)∈Γ

(c(x, y1)− c(x1, y1)) + (c(x1, y2)− c(x2, y2)) + · · ·+ (c(xN , ȳ)− c(x̄, ȳ)).

This function is c-concave. As Γ is c-cyclically monotone, ϕ(x̄) ≥ 0 follows, and choosing N = 1, i.e.
(x1, y1) = (x̄, ȳ), ϕ(x̄) = 0 follows.

Apart from the definition, another (equivalent) characterization of c-superdifferential is

y ∈ ∂c+φ(x)⇐⇒ ϕ(x)− c(x, y) ≥ ϕ(z)− c(z, x) ∀z ∈ X.

Choosing again N = 1, (x1, y1) = (x̄, ȳ), inequality

ϕ(x) ≤ c(x, ȳ)− c(x̄, ȳ) < f(x) + g(ȳ)− c(x̄, ȳ)

follows, yielding ϕ ∨ 0 ∈ L1(X,µ).
To prove Γ ⊆ ∂c+ϕ, choose an arbitrary (x̄, ȳ) ∈ Γ, impose (x1, y1) = (x̄, ȳ) and

ϕ(x) ≤ c(x, ȳ)− c(x̄, ȳ) + inf(c(x̄, y2)− c(x2, y2)) + · · ·+ (c(xN , ȳ)− c(x̄, ȳ))
= c(x, ȳ)− c(x̄, ȳ) + ϕ(x̄).

(3) =⇒ (1).
Given an arbitrary η ∈ Adm(µ, ν), as ϕ is c-concave, ϕ(x) + ϕc+(y) ≤ c(x, y) for any x ∈ X , y ∈ Y ,
with equality holding if and only if (x, y) ∈ supp(ξ). Integrating on X × Y we have∫

X×Y
c(x, y)dξ(x, y)=

∫
X×Y

ϕ(x) + ϕc+(y)dξ(x, y)

=

∫
X
ϕ(x)dµ(x) +

∫
Y
ϕc+(y)dν(y)

=

∫
X×Y

ϕ(x) + ϕc+(y)dη(x, y)

≤
∫
X×Y

c(x, y)dη(x, y),

and the proof is complete.
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A similar argument holds for transport maps: if for a map T : X −→ Y there exists a c-concave
function ϕ such that T (x) ∈ ∂c+ϕ for any x, then for any measure µ ∈ T (X) such that there exists
f ∈ L1(X,µ), g ∈ L1(Y, T]µ) such that

c(x, y) ≤ f(x) + g(y) (x, y) ∈ X × Y,

we have T ∈ Opt(µ, T]µ).
This consequence allows to somewhat break the dependence between transport maps and ref-

erence measures.

1.3 Duality

The Kantorovich formulation of optimal transport problems involves minimizing a linear map with
affine constraints. This kind of problem has often an associated dual problem; for Problem 1.1.2 this
is:

Problem 1.3.1. Given Polish measure spaces (X,µ), (Y, ν), and a cost functionC : X×Y −→ R, maximize∫
X
ϕ(x)dµ(x) +

∫
Y
ψ(y)dν(y)

among ϕ ∈ L1(X,µ), ψ ∈ L1(Y, ν), ϕ(x) + ψ(y) ≤ c(x, y) for any (x, y) ∈ X × Y .

Under some additional hypothesis, Problems 1.1.2 and 1.3.1 are related by

inf
ξ∈Adm(µ,ν)

∫
X×Y

c(x, y)dξ(x, y) = sup
ϕ∈L1(X,µ),ψ∈L1(Y,ν),ϕ+ψ≤c

∫
X
ϕ(x)dµ(x) +

∫
Y
ψ(y)dν(y).

Before proving the main result, observe that Problem 1.3.1 admits an equivalent formulation: indeed

inf
ξ∈Adm(µ,nu)

∫
cdξ = inf

η

∫
cdη + χ(η),

where η varies among non negative probability measures on X × Y , and χ is defined as

χ(η) :=

{
0 if η ∈ Adm(µ, ν)
∞ ifη /∈ Adm(µ, ν)

.

We claim

• the function χ can be written as

χ(ξ) := sup
ϕ,ψ

{∫
X
ϕdµ+

∫
Y
ψdν −

∫
X×Y

(ϕ(x) + ψ(y))dξ(x, y)

}
where πX]ξ = µ, πY ]ξ = ν and (ϕ,ψ) varies in Cb(X)× Cb(Y ).
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Indeed if ξ ∈ Adm(µ, ν) then χ(ξ) = 0, while if ξ /∈ Adm(µ, ν) then χ(ξ) = ∞, that is the argument
of the supremum is greater than 0, thus multiplying (ϕ,ψ) by a suitable real number the supremum
goes to∞.

Thus it holds:

inf
ξ∈Adm(µ,ν)

∫
X×Y

cdξ = inf
ξ∈M+(X×Y )

sup
ϕ,ψ

{∫
X×Y

cdξ

+

∫
X
ϕdµ+

∫
Y
ψdν −

∫
X×Y

ϕ(x) + ψ(y)dξ(x, y)

}

whereM+(X × Y ) denotes the set of non negative probability measures on X × Y , and ϕ,ψ vary
in Cb(X)× Cb(Y ) (Cb(·) denotes the set of continuous bounded functions). Define

Φ(ξ, ϕ, ψ) :=

∫
X×Y

cdξ +

∫
X
ϕdµ+

∫
Y
ψdν −

∫
X×Y

ϕ(x) + ψ(y)dξ(x, y),

and notice that ξ 7→ Φ(ξ, ϕ, ψ) and (ϕ,ψ) 7→ Φ(ξ, ϕ, ψ) are convex and concave respectively, then
from the min-max principle it holds

inf
ξ∈Adm(µ,ν)

sup
ϕ,ψ

Φ(ξ, ϕ, ψ) = sup
ϕ,ψ

inf
ξ∈M+(X×Y )

Φ(ξ, ϕ, ψ)

which yields

inf
ξ∈Adm(µ,ν)

∫
X×Y

cdξ = sup
ϕ,ψ

inf
ξ∈M+(X×Y )

{∫
X×Y

cdξ +

∫
X
ϕdµ

+

∫
Y
ψdν −

∫
X×Y

ϕ(x) + ψ(y)dξ(x, y)

}
= sup

ϕ,ψ

{∫
X
ϕdµ+

∫
Y
ψdν + inf

ξ∈M+(X×Y )

{∫
X×Y

c(x, y)− ϕ(x)− ψ(y)dξ(x, y)

}}
.

The integrand in the quantity

inf
ξ∈M+(X×Y )

{∫
X×Y

c(x, y)− ϕ(x)− ψ(y)dξ(x, y)

}
is non negative and has infimum 0 if c(x, y) ≥ ϕ(x) + ψ(y) for any (x, y) ∈ X × Y , while conversely
if there exists (x, y) ∈ X×Y such that c(x, y) < ϕ(x)+ψ(y) then define ξn := nδ(x,y), and for n→∞
the infimum is −∞. Thus it holds

inf
ξ∈Adm(µ,ν)

∫
X×Y

cdξ = sup
ϕ,ψ

∫
X
ϕdµ+

∫
Y
ψdν

with (ϕ,ψ) varying in Cb(X)×Cb(Y ), ϕ(x)+ψ(y) ≤ c(x, y) for any (x, y) ∈ X×Y . Thus in Problem
1.3.1 it is possible to impose the additional condition (ϕ,ψ) ∈ Cb(X)× Cb(Y ). The following result
is crucial for the dual problem:
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Theorem 1.3.2. Given Polish measure spaces (X,µ), (Y, ν), a cost function c : X × Y −→ R continuous
and bounded from below, and assume there exist µ ∈ M(X), ν ∈ M(Y ), and f ∈ L1(X,µ), g ∈ L1(Y, ν)
such that

c(x, y) ≤ f(x) + g(y) ∀(x, y) ∈ X × Y.

Then the following results hold:

• the supremum of problem 1.3.1 is attained for some (ϕ,ϕc+) with ϕ : X −→ R c-concave;

• the supremum of problem 1.3.1 and infimum of problem 1.1.2 are equal.

Proof. Choose an arbitrary ξ ∈ Adm(µ, ν): by hypothesis there exist f ∈ L1(X,µ), g ∈ L1(Y, ν) such
that

c(x, y) ≥ f(x) + g(y) ∀(x, y) ∈ X × Y,

and integrating on X × Y yields∫
X×Y

c(x, y)dξ(x, y) ≥
∫
X×Y

f(x) + g(y)dξ(x, y)

=

∫
X
f(x)dµ(x) +

∫
X
g(y)dν(y)

.

This gives

inf
η∈Adm(µ,ν)

∫
X×Y

c(x, y)dη(x, y) ≥ sup
ϕ∈L1(X,µ),ψ∈L1(Y,ν)

∫
X
ϕ(x)dµ(x) +

∫
Y
ψ(y)dν(y).

For the converse inequality, choose an arbitrary ξ ∈ Opt(µ, ν) and by Theorem 1.2.5 there exists
ϕ : X −→ R c-concave such that supp(ξ) ⊆ ∂c+ϕ. This yields, using the argument found in the
proof of Theorem 1.2.5,∫

X×Y
c(x, y)dξ(x, y) =

∫
X×Y

ϕ(x) + ϕc+(y)dξ(x, y)

=

∫
X
ϕ(x)dµ(x) +

∫
Y
ϕc+(y)dν(y)

and c ∈ L1(X×Y, ξ), implying ϕ ∈ L1(X,µ), ϕc+ ∈ L1(Y, ν), thus (ϕ,ϕc+) is admissible solution for
Problem 1.3.1, and the proof is complete.

This result shows that c-concave functions ϕ : X −→ R belonging to L1(X,µ), such that (ϕ,ϕc+)
is a point where

sup
ϕ∈L1(X,µ),ψ∈L1(Y,ν)

∫
X
ϕ(x)dµ(x) +

∫
Y
ψ(y)dν(y)

is attained, have a “special” role:
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Definition 1.3.3. Given Polish measure spaces (X,µ), (Y, ν), a cost function c : X×Y −→ R, a “c-concave
Kantorovich potential” is a function ϕ : X −→ R belonging to L1(X,µ) such that (ϕ,ϕc+) maximizes∫

X
ϕ(x)dµ(x) +

∫
Y
ψ(y)dν(y).

1.4 Quadratic cost function case

In this Section our goal is to analyze some properties of optimal transport maps when the cost
function is quadratic. As seen previously even existence can be not true, as in the counterexample

X = Y := [0, 1], µ := δ0, ν :=
1

2
(δ−1/2 + δ1/2) and c(x, y) := |x − y|; similarly we cannot expect

neither uniqueness nor continuity in the general case. We restrict the discussion to the special case:

• X = Y = Rd, d ≥ 1 with cost function c(x, y) := |x− y|2/2.

In this case the following result provides a simple characterization of c-concavity and c-superdifferential:

Proposition 1.4.1. Given an arbitrary function ϕ : Rd −→ R ∪ {∞}, d ≥ 1, ϕ is c-concave if and only

if x 7→ ϕ∗(x) :=
|x|2

2
− ϕ(x) is convex and lower semicontinuous. In this case y ∈ ∂c+ϕ(x) if and only if

y ∈ ∂−ϕ∗(x).

Proof. For the first part observe that

ϕ(x) = inf
y

|x− y|2

2
− ψ(y)⇐⇒ ϕ(x) = inf

y

|x|2

2
+ 〈x,−y〉+

|y|2

2
− ψ(y)

⇐⇒ ϕ(x)− |x|
2

2
= inf

y
〈x,−y〉+ (

|y|2

2
− ψ(y))

⇐⇒ ϕ∗(x) = sup
y
〈x, y〉 − (

|y|2

2
− ψ(y)).

For the second part observe that

y ∈ ∂c+ϕ(x)⇐⇒ ϕ(x) =
|x− y|2

2
− ϕc+(y), ϕ(z) ≤ |z − y|

2

2
− ϕc+(y) ∀z ∈ Rd

⇐⇒ ϕ(x)− |x|
2

2
= 〈x,−y〉+

|y|2

2
− ϕc+(y),

ϕ(z)− |z|
2

2
≤ 〈z,−y〉+

|y|2

2
− ϕc+(y), ∀z ∈ Rd

⇐⇒ ϕ(z)− |z|
2

2
≤ ϕ(x)− |x|

2

2
+ 〈z − x,−y〉, ∀z ∈ Rd

⇐⇒ −y ∈ ∂+(ϕ− | · |
2

2
)(x)

⇐⇒ y ∈ ∂−ϕ∗(x),

and the proof is complete.
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This result essentially transforms the problem of existence of optimal transport maps to the
(better understood) one of understanding how the set of non differentiability points of a convex
map is made. Some preliminary discussion is required:

Definition 1.4.2. A set E ⊆ Rd is a c− c (“convex minus convex”) hypersurface if in a suitable coordinate
system there exist convex functions f, g : Rd−1 −→ R such that

E = {(y, t) ∈ Rd : y ∈ Rd−1, t = f(y)− g(y)}.

The following convex analysis result (whose proof will be skipped, see [3] for more details)
holds:

Theorem 1.4.3. Given an arbitrary set A ⊆ Rd, there exists a convex function ϕ : Rd −→ R such that A
is contained in the set of non differentiability points of ϕ if and only if A can be covered by countably many
c− c hypersurfaces.

Definition 1.4.4. A probability measure µ ∈M(Rd) is “regular” if any c− c hypersurface is µ-negligible.

The next result is an important one concerning existence and uniqueness of optimal transport
maps:

Theorem 1.4.5. Given an arbitrary µ ∈ M(Rd) with
∫
Rd |x|

2dµ(x) < ∞, the following statements are
equivalent:

1. for any ν ∈ M(Rd) with
∫
Rd |x|

2dν(x) < ∞, there exists a unique optimal transport plan from µ to
ν, and this plan is induced by a transport map T ,

2. µ is regular.

In this case the map T is the gradient of a convex function.

Proof. (1) =⇒ (2).
It is obvious that

c(x, y) :=
|x− y|2

2
≤ |x|

2

2
+
|y|2

2
;

define a(x) := |x|2/2, and by hypothesis a ∈ L1(Rd, µ). Thus we are under hypothesis of Theorems
1.2.5 and 1.3.2, and for any c-concave Kantorovich potential ϕ and any optimal plan ξ it holds
supp(ξ) ⊆ ∂c+ϕ. From Proposition 1.4.1 the map ϕ∗ := | · |2 − ϕ is convex and ∂c+ϕ = ∂−ϕ∗. Since
ϕ∗ is convex, ∇ϕ∗ is well defined µ-a.e., as the set of its non differentiability points must be a c − c
hypersurface, and every optimal plan must be concentrated on its graph. Hence the optimal plan is
unique and induced by∇ϕ∗.
(2) =⇒ (1).
Assume there exists a convex function ϕ∗ : Rd −→ R such that the set E of non differentiability
points is not µ-negligible. Upon modifying ϕ∗ outside a compact set, assume it has linear growth at
infinity, and define T (x) and S(x) the element with smallest and biggest norm in ∂−ϕ∗(x) respec-
tively, and the plan
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ξ :=
1

2
((id, T )]µ+ (id, S)]µ).

The linear growth at infinity implies that ν := πY ]ξ has compact support, hence
∫
Y |x|

2dν(x) <
∞. Then ξ ∈ Adm(µ, ν) is c-cyclically monotone, thus optimal, but it is not induced by a map,
contradiction.

An interesting consequence is the following result about factorization of vector fields in Rd:

given a compact domain Ω ⊆ Rd, define µd :=
1

Ld(Ω)
Ld|Ω, and

S(Ω) := {s : Ω −→ Ω : s Borel, s]µΩ = µΩ}.

The following result holds:

Proposition 1.4.6. Given an arbitrary S ∈ L2(µΩ,Rn) such that ν := S]µΩ is regular, then there exists
unique s ∈ S(Ω) and ∇ϕ with ϕ convex such that S = (∇ϕ) ◦ s. Moreover, s is the unique minimizer of∫

Ω
|S − f |2dµ

among f ∈ S(Ω).

Proof. By hypothesis both µΩ and ν are regular with finite second moment. The claim

inf
f∈S(Ω)

∫
Ω
|S − f |dµ = min

ξ∈Adm(µ,ν)

∫
Rd×Rd

|x− y|2dξ(x, y) (1.4.1)

would conclude the proof except for uniqueness.
Associate to each f ∈ S(Ω) a plan ξf := (f, S)]µ ∈ Adm(µ, ν), yielding

inf
f∈S(Ω)

∫
Ω
|S − f |dµ ≥ min

ξ∈Adm(µ,ν)

∫
Rd×Rd

|x− y|2dξ(x, y).

Denote with ξ∗ the unique optimal plan, and applying Theorem 1.4.5 twice yields

ξ∗ = (id,∇ϕ)]µΩ = (∇ϕ∗, id)]ν

for suitable convex functions ϕ,ϕ∗, which therefore satisfy∇ϕ◦∇ϕ∗ = id µ-a.e.. Define s := ∇ϕ∗◦S,
and s]µΩ = µΩ. Also S = ∇ϕ ◦ s, which proves the existence part. Identity

∫
Rd×Rd

|x− y|2dξf (x, y) =

∫
Rd×Rd

|f − S|2dµΩ =

∫
Rd×Rd

|∇ϕ∗ ◦ S − S|2dµΩ

=

∫
Rd×Rd

|∇ϕ∗ − id|2dν = min
ξ∈Adm(µ,ν)

∫
Rd×Rd

|x− y|2dξ(x, y)
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proves the converse inequality in (1.4.1), and uniqueness of optimal plan ensures uniqueness of
such minimizer.

To prove the uniqueness of such factorization, assume S = (∇ϕ′) ◦ s′ is another polar factor-
ization, and notice that ∇ϕ′]µΩ = ν. Thus ∇ϕ′ is a transport map from µΩ to ν, and gradient of a
convex function, thus optimal map and∇ϕ′ = ∇ϕ follows.
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Chapter 2

Gradient flows

In this chapter we present the gradient flow theory, first in the Hilbertian context, and then in a
metric setting. Recall that given a Riemannian manifold M , a point x̄ ∈ M and a smooth function
F : M −→ R, the gradient flow starting from x̄ is a differentiable curve x : R+

0 −→M verifying{
x(0) := x̄

x′(t) = −∇F (x(t))

An interpretation of this formulation is that the curve x is forced at each time to descend along the
steepest descent direction, i.e. along the opposite of the direction of the gradient.

Section 2.1 will briefly recall the Hilbertian case (based on the work [8] by Brézis), while the
remaining sections mainly deal with the purely metric setting (mainly based on [3] by Ambrosio,
Gigli and Savaré, but including ideas of other authors).

2.1 Hilbertian theory

Let us quickly recall some notions about gradient flows in Hilbert spaces. The following extension
of convexity will be useful:

Definition 2.1.1. Given a Hilbert spaceH , a parameter λ > 0, a functional F : H −→ R∪{∞} is λ-convex
if for any x, y ∈ H , t ∈ [0, 1] inequality

F ((1− t)x+ ty) ≤ (1− t)F (x) + tF (y)− λ

2
t(1− t)|x− y|2

holds.

Obviously a λ-convex function is convex too. As the functional F can take value the∞, we will
denote with D(F ) the set F−1(R).

The subdifferential of a λ-convex function F at a point x ∈ D(F ) is defined as:

∂−F (x) := {v ∈ H : F (x) + 〈v, y − x〉+
λ

2
|x− y|2 ≤ F (y) for any y ∈ H}.

27
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The set ∂−F (x) is closed and convex, independently of the point x. Thus if ∂−F (x) 6= ∅, then ∂F (x)
has an element of minimal norm, which we will denote with∇F (x).

Moreover, given arbitrary points x, y ∈ D(F ), the “monotonicity inequality”

〈v − w, x− y〉 ≥ λ|x− y|2 ∀v ∈ ∂F (x), w ∈ ∂−F (y)

holds. A natural generalization of gradient flow in this context is:

Definition 2.1.2. Given a Hilbert space H , an element x̄ ∈ H , a λ-convex functional F : H −→ R, a
gradient flow starting from x̄ is a curve x : R+

0 −→ H , locally absolutely continuous in R+, verifying{
x(0) := x̄

x′(t) ∈ −∂−F (x(t))
. (2.1.1)

The following result (see for instance [8] and [9]) is crucial in dealing with existence and unique-
ness in the Hilbertian case:

Theorem 2.1.3. Given a Hilbert spaceH , a λ-convex, lower semicontinuous functional F : H −→ R∪{∞},
the following results hold:

1. for any x̄ ∈ D(F ) the curve defined in (2.1.1) exists and is unique;

2. for every time t > 0 the right derivative, i.e. the derivative computed considering only times s → t+,

which will be denoted with
d+

dt
, exists, and it hold

• d+

dt
x(t) = −∇F (x(t));

• d+

dt
F (x(t)) = −|∇F |2(x(t)), with |∇F | denoting the slope;

• F (x(t)) ≤ inf
v∈D(F )

{
F (v) +

1

2t
|v − x̄|2

}
;

• |∇F |2(x(t)) ≤ inf
v∈D(∂F )

{
|∇F |2(v) +

1

t2
|v − x̄|2

}
.

3. |x′(t)|, |∇F |(x(t)) are in L2
loc(R+), F (x(t)) ∈ AC(R+) (AC(·) denotes the set of absolutely continu-

ous functions), and the “Energy Dissipation Equality”

F (x(t))− F (x(s)) =
1

2

∫ s

t
|∇F |2(x(r))dr +

1

2

∫ s

t
|x′(r)|2dr

holds for any 0 < t ≤ s <∞;

4. x : R+
0 −→ H is the unique solution of the “Evolution Variational Inequality”

1

2

d

dt
|x̄(t)− y|2 + F (x(t)) +

λ

2
|x̄(t)− y|2 ≤ F (y) y ∈ H, a.e. t
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with x̄(t) varying in AC(R+) and converging to x̄ for t → 0. Moreover, given another element
ȳ ∈ D(F ), denoting by y : R+

0 −→ H the unique solution of (2.1.1) starting from ȳ, inequality

|x(t)− y(t)| ≤ e−λt|x̄− ȳ|

holds for any t;

5. there exists a unique minimum xmin of F and inequality

F (x(t))− F (xmin) ≤ (F (x̄)− F (xmin))e−2λt

holds. Then this gives

F (x) ≥ F (xmin) +
λ

2
|x− xmin|2 ∀x ∈ H

and

|x(t)− xmin| ≤
√

2(F (x(t))− F (xmin))

λ
e−λt.

2.2 Metric space setting

In the previous Section we have given an introduction, with some results, about gradient flow the-
ory in Hilbert spaces. As derivatives can be defined in a purely metric space, without requiring
neither norms nor scalar products, the gradient flow theory can be extended to this context too.

Notice that in (2.1.1) the subdifferential is explicitly involved, i.e. a scalar product is required,
thus cannot be extended to the metric context in this form. As we will see in the following, there are
several analogous of (2.1.1) in the metric setting. Firstly, we need to define the notions of “gradient”
and “speed” in the metric context:

Definition 2.2.1. Given a metric space (X, d), a functional E : X −→ R∪{+∞}, a point x ∈ X such that
E(x) <∞, the “slope” of E in x is

|∇E|(x) := lim sup
y→x

(E(x)− E(y))+

d(x, y)
.

Definition 2.2.2. Given a metric space (X, d), a curve x : [0, 1] −→ X , the “speed” of x at a time t ∈ [0, 1]
is

|x′(t)| := lim
s→t

d(x(s), x(t))

|s− t|
.

This gives three different formulations of gradient flow:
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Definition 2.2.3. Given a metric space (X, d), a functional E : X −→ R∪{+∞}, a point x̄ ∈ X such that
E(x̄) < ∞. Then the curve x : [0,∞) −→ X is gradient flow in the Energy Dissipation Inequality (EDI)
sense starting in x̄ if x is absolutely continuous, x(0) = x̄ and

E(x(s)) +
1

2

∫ s

t
|ẋ(r)|2dr +

1

2

∫ s

t
|∇E|2(x(r))dr ≤ E(x(t)) a.e. t > 0, ∀s ≥ t

E(x(s)) +
1

2

∫ s

0
|ẋ(r)|2dr +

1

2

∫ s

0
|∇E|2(x(r))dr ≤ E(x̄) ∀s ≥ 0

Definition 2.2.4. Given a metric space (X, d), a functional E : X −→ R∪{+∞}, a point x̄ ∈ X such that
E(x̄) < ∞. Then the curve x : [0,∞) −→ X is gradient flow in the Energy Dissipation Equality (EDE)
sense starting in x̄ if x is absolutely continuous, x(0) = x̄ and

E(x(s)) +
1

2

∫ s

t
|ẋ(r)|2dr +

1

2

∫ s

t
|∇E|2(x(r))dr = E(x(t)) a.e. t > 0, ∀s ≥ t

E(x(s)) +
1

2

∫ s

0
|ẋ(r)|2dr +

1

2

∫ s

0
|∇E|2(x(r))dr = E(x̄) ∀s ≥ 0

Definition 2.2.5. Given a metric space (X, d), a parameter λ > 0, a functional E : X −→ R ∪ {+∞}, a
point x̄ ∈ X such that E(x̄) <∞. Then the curve x : [0,∞) −→ X is gradient flow with respect to λ in the
Evolution Variation Inequality (EVI) sense starting in x̄ if x is absolutely continuous, x(0) = x̄ and

E(x(t)) +
1

2

d

dt
d(x(t), y)2 +

λ

2
d(x(t), y)2 ≤ E(y), ∀y ∈ X, a.e. t > 0. (2.2.1)

In the Hilbert context all these formulations are equivalent, while in the metric setting

EV I =⇒ EDE =⇒ EDI

holds, with no converse implication holding true.

Proposition 2.2.6. Given a metric space (X, d), a parameter λ > 0, a lower semicontinuous functional
E : X −→ R ∪ {+∞}, a point x̄ ∈ X , and assume x : [0,∞) −→ X is gradient flow in EVI sense with
respect to λ. Then x : [0,∞) −→ X is gradient flow in EDE sense too.

Proof. We will first assume that x : [0,∞) −→ X is locally Lipschitz. From triangular inequality

1

2

d

dt
d(x(t), y)2 ≥ −|ẋ(t)|d(x(t), y), a.e. t > 0, ∀y ∈ X

holds, and combining with inequality (2.2.1) we get

−|ẋ(t)|d(x(t), y) +
λ

2
d(x(t), y)2 + E(x(t)) ≤ E(y), a.e. t > 0, ∀y ∈ X

and then

|∇E|(x(t)) = lim sup
y→x(t)

(E(x(t))− E(y))+

d(x(t), y)
≤ |ẋ(t)|, a.e. t > 0.
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Fix an interval [a, b] ⊆ (0,∞), let L be the Lipschitz constant of x in [a, b], and for any y ∈ X

d

dt
d(x(t), y)2 ≥ −|ẋ(t)|d(x(t), y) ≥ −Ld(x(t), y)

holds for a.e. t ∈ [a, b]. Combining with inequality (2.2.1)

−Ld(x(t), y) +
λ

2
d(x(t), y)2 + E(x(t)) ≤ E(y), a.e. t ∈ [a, b], ∀y ∈ X

follows, and by lower semicontinuity of t 7→ E(x(t)) this holds for every t ∈ [a, b]. Choosing
y = x(s) yields

|E(x(s))−E(x(t))| ≤ Ld(x(t), x(s))− λ

2
d(x(t), x(s))2 ≤ L|t− s|

(
L+

|λ|
2
L|t− s|

)
, ∀t, s ∈ [a, b]

implying t 7→ E(x(t)) locally Lipschitz. Moreover

− d

dt
E(x(t))= lim

h→0

E(x(t))− E(x(t+ h))

h

= lim
h→0

E(x(t))− E(x(t+ h))

d(x(t+ h), x(t))

d(x(t+ h), x(t))

h

≤ |∇E|(x(t))|ẋ(t)|

≤ 1

2
|∇E|2(x(t)) +

1

2
|ẋ(t)|2, a.e. t > 0.

The opposite inequality remains: integrating inequality (2.2.1) from t to t+ h we get

d(x(t+ h), y)2 − d(x(t), y)2

2
+

∫ t+h

t
E(x(s))ds+

λ

2

∫ t+h

t
d(x(s), y)2ds ≤ hE(y).

Putting y = x(t) this reads

d(x(t+ h), x(t))2

2
+

∫ t+h

t
E(x(s))ds+

λ

2

∫ t+h

t
d(x(s), x(t))2ds ≤ hE(x(t))

thus

d(x(t+ h), x(t))2

2
≤
∫ t+h

t
E(x(t))− E(x(s))ds+

|λ|
6
L2h3 (2.2.2)

= h

∫ 1

0
E(x(t))− E(x(t+ hr))dr +

|λ|
6
L2h3. (2.2.3)

Let A be the set of differentiability points of t 7→ E(x(t)) and where |ẋ(t)| exists, choose t ∈ A ∩
(0,∞), inequality (2.2.2) yields

d(x(t+ h), x(t))2

2h2
≤ 1

h

∫ 1

0
E(x(t))− E(x(t+ hr))dr +

|λ|
6
L2h,
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taking the limit h→ 0 this reads

1

2
|ẋ(t)|2 ≤ lim

h→0

∫ 1

0

E(x(t))E(x(t+ hr))

r
dr = − d

dt
E(x(t))

∫ 1

0
rdr = −1

2

d

dr
E(x(t)),

and combining with
|∇E|(x(t)) ≤ |ẋ(t)|,

we finally get

− d

dt
E(x(t)) ≥ |ẋ(t)|2 +

1

2
|∇E|2(x(t)), a.e. t > 0.

Lastly, we have to prove the local Lipschitz continuity of x. It is immediate to verify that t 7→ x(t+h)
is gradient flow in EVI sense starting in x(h) for any h > 0. The last point of Theorem 2.1.3 gives
that distance between two such curves is contractive up to an exponential factor, thus we have

d(x(s), x(s+ h)) ≤ exp(−λ(s− t))d(x(t), x(t+ h)), ∀s > t.

Let B the set where the metric derivative of x exists, choosing t ∈ B ∩ (0,∞) we get

1

h
d(x(s), x(s+ h)) ≤ exp(−λ(s− t)) 1

h
d(x(t), x(t+ h)), ∀s > t

and taking the limit h→ 0

|ẋ(s)|= lim
h→0

d(x(s), x(s+ h))

|h|
≤ exp(−λ(s− t))|ẋ(t)|

for any B 3 s > t, thus the curve x is locally Lipschitz in (0,∞).

2.2.1 Discrete evolution

In this subsection we will present a “discretized” version of gradient flow evolutions: let (X, 〈·, ·〉)
be a Hilbert space, and F a convex and lower semicontinuous function. Fix x̄ ∈ D(F ) and τ > 0,
we can define recursively the sequence

N 3 n 7→ wτ (n)

as
wτ (0) := x̄

and wτ (n+ 1) chosen among the minimizers of

X 3 x 7→ F (x) +
|x− wτ (n)|2

2τ
.

Existence and uniqueness of such minimizer is easy in the Hilbertian case, thus the sequence {wτ (n)}n∈N
is well defined; the Euler-Lagrange equation of wτ (n+ 1) is

wτ (n+ 1)− wτ (n)

τ
∈ −∂−F (wτ (n+ 1)),
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and this is a time discretization of (2.1.1). Here it is natural to consider the curve

x : [0,∞) −→ X, x(t) := wτ

([
t

τ

])
with [·] denoting the integer part mapping.

The same construction can be done in a purely metric setting: given a metric space (X, d), a lower
semicontinuous functional F , τ > 0, and an element x̄ ∈ D(F ), consider the sequence {wτ (n)}n∈N
defined recursively as wτ (0) := x̄′

wτ (n+ 1) ∈ argminy∈Y F (y) +
d(y, wτ (n))2

2τ

, (2.2.4)

and similarly the curve

y : [0,∞) −→ Y, y(t) := wτ

([
t

τ

])
can be associated. This construction is often referred as “implicit Euler scheme”.

Definition 2.2.7. Let (X, d) be a metric space, E : X −→ R ∪ {+∞} a lower semicontinuous functional,
x̄ ∈ D(E) a given point, and τ > 0 a given parameter. A “discrete solution” is a map x : [0,∞) −→ X
defined by

x(t) := w

([
t

τ

])
where w(·) is defined as in (2.2.4).

Differently from the Hilbertian case, in the purely metric context neither existence nor unique-
ness is guaranteed, and without further assumptions, neither of them is true; two sets of assump-
tions, one ensuring existence and the other allowing the passage to the limit as τ → 0, are required.
We will first assume existence:

Assumption 2.2.8. Let (X, d) be a metric space, E : X −→ R ∪ {+∞} a lower semicontinuous function,
bounded from below. We will assume that there exists τ̄ such that for every τ ∈ [0, τ̄ ] and x̄ ∈ D(E) the map

x 7→ E(x) +
d(x, x̄)2

2τ

has at least a minimum.

This assumption ensures that for any point x̄, discrete solutions exist for an uniform interval of
time steps, with length not depending on x̄. The key problem here is to prove that these solutions
verify a discrete variant of Energy Dissipation Inequality, which passes to the limit τ → 0. The next
result is crucial:
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Theorem 2.2.9. Given a metric space (X, d), and a lower semicontinuous function E : X −→ R ∪ {+∞}
bounded from below verifying Assumption 2.2.8, fix a point x̄ ∈ D(E) and consider the function

x : [0, τ̄ ] −→ X

such that for any τ ∈ [0, τ̄ ], x(τ) is a minimizer of

x 7→ E(x) +
d(x, x̄)2

2τ
.

Then the map

[0, τ̄ ] 3 τ 7→ E(x(τ)) +
d(x(τ), x̄)2

2τ

is locally Lipschitz in (0, τ̄), and

d

dτ
(E(x(τ)) +

d(x(τ), x̄)2

2τ
) = −d(x(τ), x̄)2

2τ2
(2.2.5)

holds for a.e. τ ∈ (0, τ̄).

Proof. Fix τ0 ∈ (0, τ̄), due to minimality properties of x(τ0) inequality

E(x(τ0)) +
d(x(τ0), x̄)2

2τ
≤ E(x(τ1)) +

d(x(τ1), x̄)2

2τ

holds for any τ1 ∈ (0, τ̄), thus

E(x(τ0)) +
d(x(τ0), x̄)2

2τ
−E(x(τ1)) +

d(x(τ1), x̄)2

2τ
≤
(

1

2τ0
− 1

2τ1

)
d(x(τ1), x̄)2 =

τ1 − τ0

2τ0τ1
d(x(τ1), x̄)2.

With a symmetrical argument

E(x(τ0)) +
d(x(τ0), x̄)2

2τ
− E(x(τ1)) +

d(x(τ1), x̄)2

2τ
≥ τ1 − τ0

2τ0τ1
d(x(τ1), x̄)2,

thus τ 7→ E(x(τ)) +
d(x(τ), x̄)2

2τ
is locally Lipschitz, and the proof is complete by taking the limit

τ1 → τ0, which gives immediately (2.2.5).

Lemma 2.2.10. In the context of Theorem 2.2.9, using the same notations, the following properties hold:

1. τ 7→ d(x(τ), x̄)2

2τ
is non decreasing,

2. τ 7→ E(x(τ)) is non increasing,

3. |∇E|(x(τ)) ≤ d(x(τ), x̄)

τ
.
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Proof. Let τ0, τ1 ∈ (0, τ̄), τ0 < τ1, and from minimality properties of x : [0, τ̄ ] −→ X ∪ {+∞} the
following inequalities hold:

E(x(τ0)) +
d(x(τ0), x̄)2

2τ0
≤ E(x(τ1)) +

d(x(τ1), x̄)2

2τ0

E(x(τ1)) +
d(x(τ1), x̄)2

2τ1
≤ E(x(τ0)) +

d(x(τ0), x̄)2

2τ1

and using τ0 < τ1, summing side by side yields d(x(τ0), x̄) ≤ d(x(τ1), x̄), i.e. τ 7→ d(x(τ), x̄) non
decreasing. This leads to

E(x(τ1)) +
d(x(τ0), x̄)2

2τ1
≤ E(x(τ1)) +

d(x(τ1), x̄)2

2τ1

and combined with the minimality of x(τ1) we have

E(x(τ1)) +
d(x(τ0), x̄)2

2τ1
≤ E(x(τ1)) +

d(x(τ1), x̄)2

2τ1
≤ E(x(τ0)) +

d(x(τ0), x̄)2

2τ1

which implies τ 7→ E(x(τ)) non increasing.
For the last point, fix τ ∈ (0, τ̄), and from minimality properties of x(τ) we have

E(x(τ)) +
d(x(τ), x̄)2

2τ
≤ E(y) +

d(y, x̄)2

2τ
, ∀y ∈ X

which leads to

E(x(τ))− E(y)

d(x(τ), y)
≤ d(y, x̄)2 − d(x(τ), x̄)2

2τd(x(τ), y)
≤ d(x(τ), x̄) + d(y, x̄)

2τ

and

|∇E|(x(τ))= lim sup
y→x(τ)

(E(x(τ))− E(y))+

d(x(τ), y)

≤ lim sup
y→x(τ)

d(x(τ), x̄) + d(y, x̄)

2τ
=
d(x(τ), x̄)

τ
,

completing the proof.

Another definition is useful:

Definition 2.2.11. In a metric space (X, d), given an initial datum x̄, a sequence {τj}j∈N ↓ 0, and implicit
Euler schemes as defined in (2.2.4){

wj(0) := x̄

wj(k + 1) ∈ argmin E(·) + 1
2τj
d(·, wj(k))2

with associated functions (where I is a given interval)

xj : I −→ X, xj(t) := wj([t/τj ]),
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a function x : I −→ X is a minimizing movement with initial datum x̄ if there exists subsequence {τjh}h∈N
such that

x(t) lim
h→∞

xjh(t)

for any t.

In view of these results it is natural to introduce another time-discretized variant in the mini-
mizing movement scheme, the “variational interpolation”:

Definition 2.2.12. Given a metric space (X, d) and a lower semicontinuous functionalE : X −→ R∪{+∞}
bounded from below, satisfying Assumption 2.2.8, fix a point x̄ ∈ D(E). The map

[0,∞) 3 t 7→ xτ (t)

defined by

• xτ (0) := x̄,

• xτ ((n+ 1)τ) chosen among minimizers of (2.2.4) with x̄ replaced by xτ (nτ),

• xτ (t), t ∈ (nτ, (n + 1)τ) chosen among minimizers of (2.2.4) with x̄ and τ replaced by xτ (nτ) and
t− nτ respectively.

In the context of variational interpolation, we are able to extend notions of speed and slope here.
Using notations from Definition 2.2.12:

1. the “discrete speed” is the map

Dspτ : [0,∞) −→ [0,∞), Dspτ (t) :=
d(xτ (nτ), xτ ((n+ 1)τ))

τ
, t ∈ (nτ, (n+ 1)τ),

2. the “discrete slope” is the map

Dslτ : [0,∞) −→ [0,∞), Dslτ (t) :=
d(xτ (nτ), xτ (t)

t− nτ
, t ∈ (nτ, (n+ 1)τ).

Despite this definition of discrete slope seems unrelated to Definition 2.2.1, from Lemma 2.2.10 it
holds |∇E|(xτ (t)) ≤ Dslτ (t), and passing to the limit as τ ↓ 0 will produce the slope from Definition
2.2.1 (see the proof of Theorem 2.2.14).

With these definitions, and notations from Theorem 2.2.9, equation (2.2.5) can be rewritten as

E(xτ (s)) +
1

2

∫ s

t
|Dspτ (r)|2dr+

1

2

∫ s

t
|Dslτ (r)|2dr = E(xτ (t)), ∀t = nτ, s = mτ, n < m ∈ N. (2.2.6)

Assumption 2.2.8 is quite general, and guarantees existence of discrete solutions. Our next goal
will be to pass to the limit for τ → 0, and stronger assumptions are required:
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Assumption 2.2.13. Let (X, d) be a metric space, E : X −→ R∪{+∞} a functional, assume the following
conditions hold:

1. E is bounded from below, and its sublevels are boundedly compact, i.e. {E ≤ c} ∩ B(x, r) is compact
for any c ∈ R, r > 0 and x ∈ X ,

2. the slope |∇E| : D(E) −→ [0,∞] is lower semicontinuous,

3. for any sequence {xn}n∈N converging to x, implication

sup
n∈N
{|∇E|(xn), E(xn)} <∞ =⇒ E(xn)→ E(x)

is true.

Under these assumptions the following result holds:

Theorem 2.2.14. Let (X, d) be a metric space andE : X −→ R∪{+∞} a functional satisfying Assumption
2.2.13 and equation (2.2.5). Fix x̄ ∈ D(E), τ ∈ (0, τ̄), and consider a discrete solution x : [0, τ̄ ] −→ X
defined via variational interpolation. Then the following results hold:

• the set {xτ (t)}τ is relatively compact in the set of curves in X with respect to the uniform local conver-
gence,

• any limit curve is a gradient flow in the EDI sense.

Proof. The proof is divided in two parts: the first deals with compactness, while the second concerns
the passage to the limit τ → 0.

Compactness: from inequality (2.2.6) we have

d(xτ (t), x̄) ≤
(∫ T

0
|Dspτ (r)|dr

)2

≤ T
∫ T

0
|Dspτ (r)|2dr ≤ 2T (E(x̄)− inf E)

for any t ≤ T , T = nτ with n ∈ N. Therefore for any T > 0 the set {xτ (t)}t≤T is uniformly bounded
in τ ; as it is also contained in {E ≤ E(x̄)}, it is relatively compact. Using an Ascoli-Arzelà like
argument on inequality

d(xτ (t), xτ (s)) ≤
(∫ t

s
|Dspτ (r)|dr

)2

≤ 2(s− t)(E(x̄)− inf E), ∀t = nτ, s = mτ, n < m ∈ N

relative compactness with respect to local uniform convergence follows.

Limit τ → 0: consider a sequence {τn}n∈N → 0 such that {xτn(t)} converges (locally uniformly) to
a limit curve x : [0,∞) −→ X . It is not difficult to check that t 7→ x(t) is absolutely continuous and
satisfies ∫ s

t
|ẋ(r)|2dr ≤ lim inf

n→∞

∫ s

t
|Dspτn(r)|2dr ∀0 ≤ t < s.
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By lower semicontinuity of |∇E| and Lemma 2.2.10 inequality

|∇E|(x(t)) ≤ lim inf
n→∞

|∇E|(xτn(t)) ≤ lim inf
n→∞

Dslτn(t)

holds, and Fatou’s lemma gives that for any t < s

∫ s

t
|∇E|2(x(r))dr ≤

∫ s

t
lim inf
n→∞

|∇E|2(xτn(d))dr ≤ lim inf
n→∞

|Dslτn(r)|2dr ≤ 2T (E(x̄)− inf E).

From this follows that the L2 norm of

f(t) := lim inf
n→∞

|∇E|(xτn(t))

on [0,∞) is finite, thus {f < ∞} has full Lebesgue measure, and for each t ∈ {f < ∞} there ex-
ists a subsequence {tnk}k∈N → 0 such that supk∈N |∇E|(xτn(t)) < ∞. Thus by Assumption 2.2.13
E(xτnk (t))→ E(x(t)) and the lower semicontinuity ofE guaranteesE(x(s)) ≤ lim infk→∞E(xτnk (s))
for every s ≥ t. Thus passing to the limit k →∞ in (2.2.6) gives

E(x(s)) +
1

2

∫ s

t
|ẋ(r)|2dr +

1

2

∫ s

t
|∇E|2(x(r))dr ≤ E(x(t)) ∀t ∈ {f <∞},∀s ≥ t.

Finally, passing to the limit k →∞ in equation (2.2.6) with t = 0 gives

E(x(s)) +
1

2

∫ s

0
|ẋ(r)|2dr +

1

2

∫ s

0
|∇E|2(x(r))dr ≤ E(x̄)∀s ≥ 0,

and the proof is complete.

In this generality equality in EDI is false, as the main problem is that the map τ 7→ E(x(τ)) can
fail to be absolutely continuous. Consider the following counterexample:

• Choose C ⊆ [0, 1] the Cantor set, endowed with Euclidean distance, and a function

C0 ∩ L1 3 f : [0, 1] −→ [1,∞], f|C = +∞, f|[0,1]\C ∈ C∞;

let g : [0, 1] −→ [0,∞) be the “devil staircase” built over C (i.e. g is a continuous function with
g|C = [0, 1], g(0) = 0, g(1) = 1 and constant on every connected component of [0, 1]\C). Define
E, Ẽ : [0, 1] −→ by

E(x) := −g(x)−
∫ x

0
f(y)dy, Ẽ(x) := −

∫ x

0
f(y)dy

and Assumptions 2.2.8 and 2.2.13 are easily verified by both E and Ẽ.

Build a gradient flow starting from 0, and it is possible to check that in both cases the mini-
mizing movement scheme converges to absolutely continuous curves x, x̃ : [0,∞) −→ [0, 1]
satisfying

x′(t) = −|∇E|(x(t)), a.e. t
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x̃′(t) = −|∇Ẽ|(x̃(t)), a.e. t

respectively.

For any x ∈ [0, 1] equality |∇E|(x(t)) = |∇Ẽ|(x̃(t)) = f(x) hold, and combined with the fact
f ≥ 1 gives that both equations admit a unique solution, thus x = x̃. The effect of g is not
evident on these solutions, and it is easy to check that EDE holds for Ẽ, but not for E.

2.2.2 Geodesically convex case

Geodesically convex functions are generalization to metric spaces of convex functions on linear
spaces:

Definition 2.2.15. Given a metric space (X, d), a functional E : X −→ R ∪ {+∞}, and λ > 0, E is
“λ-geodesically convex” if for any x, y ∈ X there exists a constant speed geodesic γ : [0, 1] −→ X , γ(0) = x,
γ(1) = y such that

E(γ(t)) ≤ (1− t)E(x) + tE(y)− λ

2
t(1− t)d(x, y)2. (2.2.7)

In this subsection we will analyze gradient flows by assuming that the function E will be
geodesically convex:

Assumption 2.2.16. Let (X, d) be a metric space, E : X −→ R ∪ {+∞}, assume that E is lower semi-
continuous, λ-geodesically convex for some λ ∈ R; moreover assume that the sublevels of E are boundedly
compact.

Under this hypothesis the main goal is to prove the existence of gradient flows in EDE sense.

Lemma 2.2.17. Let (X, d) be a metric space, E : X −→ R ∪ {+∞} verifying Assumption 2.2.16, then for
any x ∈ D(E)

|∇E|(x) = sup
y 6=x

(
E(x)− E(y)

d(x, y)
+
λ

2
d(x, y)

)+

. (2.2.8)

Proof. It is easy to observe that

|∇E|(x) = lim sup
y→x

(
E(x)− E(y)

d(x, y)
+
λ

2
d(x, y)

)+

≤ sup
y 6=x

(
E(x)− E(y)

d(x, y)
+
λ

2
d(x, y)

)+

.

For the converse inequality, fix y 6= x, and let γ : [0, 1] −→ X a constant speed geodesic with
γ(0) = x, γ(1) = y, and due to Assumption 2.2.16, inequality (2.2.7) is satisfied with some λ. Then

|∇E|(x) ≤ lim sup
t→0

(
E(x)− E(γ(t))

d(x, γ(t))

)+

=

(
lim sup
t→0

E(x)− E(γ(t))

d(x, γ(t))

)+

≤
(

lim sup
t→0

(
E(x)− E(y)

d(x, y)
+
λ

2
(1− t)d(x, y)

))+

=

(
E(x)− E(y)

d(x, y)
+
λ

2
d(x, y)

)+

and the proof is complete.
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It is possible to prove that Assumption 2.2.16 implies Assumptions 2.2.8 and 2.2.13, thus exis-
tence of gradient flows in EDI sense is achieved. In order to get existence in EDE sense, the following
result is useful:

Proposition 2.2.18. Let (X, d) be a metric space, E : X −→ R ∪ {+∞} a λ-geodesically convex and
lower semicontinuous functional. Then for any absolute continuous curve x : [0,∞) −→ X such that
E(x(t)) <∞ for any t it holds

|E(x(s))− E(x(t))| ≤
∫ s

t
|ẋ(r)||∇|E(x(r))dr, ∀t < s. (2.2.9)

Proof. Assume that the right hand side is finite, otherwise the claim is trivial. Upon reparametriza-
tion, assume |ẋ(t)| = 1 for a.e. t, thus x is 1-Lipschitz, and t 7→ |∇E|(x(t)) is L1 function.

It suffices to prove that t 7→ E(x(t)) is absolutely continuous, and use inequality

lim sup
h→0

E(x(t+ h))− E(x(t))

h
≤ lim sup

h→0

E(x(t))− E(x(t+ h))+

|h|

≤ lim sup
h→0

E(x(t))− E(x(t+ h))+

d(x(t), x(t+ h))
· lim sup

h→0

d(x(t), x(t+ h))

|h|
≤ |∇E(x(t))||ẋ(t)|

valid for any t ∈ [0, 1]. Define functions f, g : [0, 1] −→ R by

f(t) := E(x(t)), g(t) := sup
s 6=t

(f(t)− f(s))+

|s− t|
;

let D be the diameter of the compact set {x(t)}t∈[0,1], and combining the 1-Lipschitz property with
(2.2.8) yields

g(t) ≤ sup
s 6=t

(E(x(t))− E(x(s)))+

d(x(s), x(t))
≤ |∇E|(x(t)) +

λ ∧ 0

2
D.

Therefore the thesis follows if implication

g ∈ L1 =⇒ |f(s)− f(t)| ≤
∫ s

t
g(r)dr, ∀t < s

holds.
Fix M > 0 and define fM := f ∧M . Fix ε > 0, let ρε : R −→ R be a mollifier with support in

[−ε, ε], and define

fMε : [ε, 1− ε] −→ R, fMε (t) := fM ∗ ρε(t),

gMε : [ε, 1− ε] −→ R, gMε (t) := sup
s 6=t

(fMε (t)− fMε (s))+

|s− t|
.

From smoothness of fMε and the fact gMε ≥ (fMε )′ it holds
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|fMε (s)− fMε (t)| ≤
∫
−tsgMε (r)dr,

and then

gMε (t)≤ sup
s

1

|s− t|

∫
R

(fM (t− r)− fM (s− r))+ρε(r)dr ≤ sup
s

1

|s− t|

∫
R

(f(t− r)− f(s− r))+ρε(r)dr

= sup
s

∫
R

(f(t− r)− f(s− r))+

|(s− r)− (t− r)|
ρε(r)dr

≤
∫
R
g(t− r)ρε(r)dr = g ∗ ρε(t)

which implies that the family {gMε }ε is dominated in L1(0, 1), and the family {fMε }ε converges
uniformly to some f̃M as ε→ 0. For the limit function it holds

|f̃M (s)− f̃M (t)| ≤
∫ s

t
g(r)dr.

We know that fM = f̃M on some A ⊆ [0, 1] with L1([0, 1]\A) = 0 and the goal is to prove that
equality holds on [0, 1]\A too. As fM is lower semicontinuous, fM ≤ f̃M is guaranteed. If it holds
fM (t0) < c < C < f̃M (t0) for some t0, then there exists δ > 0 such that f̃M|[t0−δ,t0+δ]∩A > C, and∫ 1

0
g(t)dt ≥

∫
[t0−δ,t0+δ]∩A

g(t)dt ≥
∫

[t0−δ,t0+δ]∩A

C − c
|t− t0|

dt =∞

which is a contradiction. Thus if g ∈ L1(0, 1), then

|fM (t)− fM (s)| ≤
∫ s

t
g(r)dr, ∀t < s ∈ [0, 1],M > 0

and taking the limit M →∞ concludes the proof.

The next result allows to pass from existence in EDI sense to the one in EDE sense.

Theorem 2.2.19. Let (X, d) be a metric space, E : X −→ R ∪ {+∞} verifying Assumption 2.2.16, and
x̄ ∈ D(E). Then all results of Theorem 2.2.14 are valid. Moreover, any gradient flow in EDI sense is gradient
flow in EDE sense too.

Proof. All results of Theorem 2.2.14 are valid as Assumption 2.2.16 implies both Assumptions 2.2.8
and 2.2.13.

By Theorem 2.2.14 the limit curve is absolutely continuous, and satisfies

E(x(s)) +
1

2

∫ s

0
|ẋ(r)|dr +

1

2

∫ s

0
|∇E|2(x(r))dr ≤ E(x̄), s ≥ 0.

In particular t 7→ |ẋ(t)| and t 7→ |∇E|(x(t)) belong to L2
loc(0,+∞); using Proposition 2.2.9
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|E(x̄)− E(x(s))| ≤
∫ s

0
|ẋ(r)||∇E|(x(r))dr ≤ 1

2

∫ s

0
|ẋ(r)|2dr +

1

2

∫ s

0
|∇E|2(x(r))dr,

thus t 7→ E(x(t)) is locally absolutely continuous and it holds

E(x(s)) +
1

2

∫ s

0
|ẋ(r)|2dr +

1

2

∫ s

0
|∇E|2(x(r))dr = E(x̄), s ≥ 0;

the same equation written with t in place of s is

E(x(t)) +
1

2

∫ t

0
|ẋ(r)|2dr +

1

2

∫ t

0
|∇E|2(x(r))dr = E(x̄), t ≥ 0;

and subtracting the last two equations the thesis follows.

Geodesic convexity ensures more regularity properties, listed in the following result (see [3] for
more details):

Proposition 2.2.20. Let (X, d) be a metric space, E : X −→ R ∪ {+∞} satisfying Assumption 2.2.16 for
some λ ∈ R, and x : [0,∞) −→ X limit of a sequence of discrete solutions. Then

1. for every t > 0 the limit

|ẋ+(t)| := lim
h→0

d(x(t+ h), x(t))

h

exists,

2. for every t > 0 it holds

d+

dt
E(x(t)) = −|∇E|2(x(t)) = −|ẋ+(t)||∇E|(x(t)),

3. the map t 7→ exp(−2λ−t)E(x(t)) is convex; t 7→ eλt|∇E|(x(t)) is non increasing, right continuous
and satisfies

1

2
|∇E|2(x(t)) ≤ exp(−2λ−t)E(x(t))(E(x(0))− Et(x(0))),

t|∇E|2(x(t)) ≤ (1 + 2λ+t)e2−λt(E(x(0))− inf E)

with Et : X −→ R defined as

Et(x) := inf
y∈X

E(y) +
d(x, y)2

2t
,

4. if λ > 0, then E admits a unique minimum xmin and it holds

λ

2
d(x(t), xmin)2 ≤ E(x(t))− E(xmin) ≤ e−2λt(E(x(0))− E(xmin)).
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Similarly to the EDI context, uniqueness is generally not true, as shown by the following coun-
terexample:

• Consider R2 endowed with the L∞ norm, E : R2 −→ R defined by E(x1, x2) := x1, and
x̄ := (0, 0). Then |∇E| = 1 and any Lipschitz curve t 7→ x(t) = (x1(t), x2(t)) satisfying{

x1(t) = −t ∀t
|x2(t)|′ ≤ 1 a.e. t > 0

satisfies also

E(x(t)) = −t, |ẋ(t)| = 1

thus such curve satisfies EDE too.

2.2.3 Limit of discrete solutions as n→∞

In this subsection our goal is to analyze limit sets of discrete solutions, as defined in (2.2.4). Given
a metric space (X, d), a functional E, an initial datum x̄ ∈ D(E) and a time step τ > 0 consider the
sequence {

x(0) := x̄

x(n+ 1) ∈ argminE(·) + d(·,x(n))2

2τ

and our goal is to investigate properties of x(k) as k → ∞. We will assume that Assumption 2.2.8
holds. However without further hypothesis on the metric space existence of such limits is generally
false, and we will assume (X, d) sequentially compact.

Under these assumptions the following result holds:

Proposition 2.2.21. Let (X, d) be a compact metric space, E : X −→ R lower semicontinuous and bounded
from below, and suppose Assumption 2.2.8 holds. Consider a the recursive sequence{

x(0) := x̄

x(n+ 1) ∈ argminE(·) + d(·,x(n))2

2τ

.

Then every x∗ such that there exists a subsequence {x(a(h))}h∈N ⊆ {x(k)}k∈N converging to x∗ is station-
ary, i.e. |∇E|(x∗) = 0.

Proof. The proof is done by contradiction: suppose there exists a subsequence {x(a(h))}h∈N con-
verging to some point x∗ not stationary. Thus there exists c > 0 and a sequence {yk}k∈N converging
to x∗ such that

E(x∗)− E(yk) ≥ cd(x∗, yk) > 0 ∀k ∈ N. (2.2.10)

It is easy to observe that {E(x(k))}k∈N is decreasing, thus x(k) 6= yh for any k, h ∈ N. Consider an
index a(h): from minimality properties it must hold
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E(x(a(h) + 1)) +
d(x(a(h) + 1), x(a(h)))2

2τ
≤ E(yk) +

d(x(a(h)), yk)
2

2τ
∀h ∈ N,

thus combining with (2.2.10) yields

E(x(a(h) + 1)) +
d(x(a(h) + 1), x(a(h)))2

2τ
≤ E(yk) +

d(x(a(h)), yk)
2

2τ

≤ E(x∗)− cd(x∗, yk) +
d(x(a(h)), yk)

2

2τ

for any h. Note that the distance between x(a(h)) and x(a(h) + 1) goes to 0, thus in the following
estimates the role of such points are somewhat interchangeable. Then passing to the limit h → 0
and using the lower semicontinuity of E concludes the proof.

Notice that in the proof τ > 0 fixed is crucial: indeed passing to the limit as τ ↓ 0 this result
can be false; however, if E is also convex, then passing to the limit τ ↓ 0 this result can be proven.
Moreover using the same argument the following stronger result can be proven:

Proposition 2.2.22. Let (X, d) be a sequentially compact metric space, E : X −→ R lower semicontinuous
and bounded from below, and suppose Assumption 2.2.8 holds. Consider a the recursive sequence{

x(0) := x̄

x(n+ 1) ∈ argminE(·) + d(·,x(n))2

2τ

.

Then for every set x∗ such that there exists a subsequence {x(a(h))}h∈N ⊆ {x(k)}k∈N converging to x∗ it
holds

lim sup
y→x∗

(E(x∗)− E(y))+

d(x∗, y)α
= 0

for any α < 2.



Chapter 3

Maximal and average distance problems

In the previous chapter we have presented a review of gradient flow theory in a general metric
setting, with weak assumptions on both functional and distance. In this chapter we will introduce
the “average distance” and the “maximal distance” functionals, and discuss associated problems. The
main focus will be on the average distance problem.

Section 3.1 will recall basic properties first proven by Buttazzo, Oudet and Stepanov. Section
3.2 will recall some geometric properties of solutions, and Section 3.3 will recall results concerning
asymptotic behavior (for large and small length constraints) and regularity. Most results from these
three sections were proven by Buttazzo, Oudet and Stepanov in several works (see for instance
[14], [16], [17]), but include contributions from other authors (including Santambrogio, Tilli and
Slepčev, mainly in the part concerning regularity). Section 3.4 deals with similar properties in higher
dimension cases (results are mainly from [44] by Paolini and Stepanov). Section 3.5 presents some
side notes by the author, about cases in which the total mass is infinite.

3.1 Maximal and average distance functional

The average distance problem was first introduced in [14] and [16], where some geometric and
analytic properties were studied.

We present first the main objects analyzed in this chapter: given N 3 N ≥ 2 and a domain
Ω ⊆ RN , denote with A(Ω) the set of compact, pathwise connected subsets X ⊆ Ω with dimHX = 1
andH1(X ) <∞. Moreover, given l > 0, define

Al(Ω) := {X ∈ A(Ω) : H1(X ) ≤ l}.

Finally denote with distΩ(·, ·) the geodesic distance in Ω, and to simplify notation, “distΩ(x,K)”
(where x is a point and K a closed set) will be used instead of “miny∈K distΩ(x, y)”.

In all the chapter we will assume that the domain Ω is closure of a connected, bounded and open
set.

Now we can present the “average distance problem”:

45
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Problem 3.1.1. Given quantities N 3 N ≥ 2, l > 0, a measure µ on Ω and a function A : [0, diam Ω] −→
[0,∞), solve

min
X∈Al(Ω)

FΩ,µ,A(X ),

where
FΩ,µ,A : A(Ω) −→ [0,∞), FΩ,µ,A(X ) :=

∫
Ω
A(distΩ(x,X ))dµ(x).

This formulation is often referred as “constrained problem”, and was originally introduced in [14]
. An alternative formulation (see for instance [13] and [31]) is

Problem 3.1.2. Given quantities N 3 N ≥ 2, l > 0, a measure µ on Ω, a function A : [0, diam Ω] −→
[0,∞), and a parameter λ > 0, solve

min
X∈Al(Ω)

FΩ,µ,A(X ) + λH1(X ).

This formulation is often refereed as “penalized problem”, in which the length constraintH1(X ) ≤
l is replaced by the penalization term λH1(X ). Both formulations exhibit little difference in most
arguments, thus unless explicitly stated, or made clear in the context, the expression “average distance
problem” will refer to both of them.

The average distance problem has several interpretations. An easy one arises from urban plan-
ning:

• Ω is a city, with population distribution given by µ,

• X is a transport network to be built,

• A gives the relation between the distance from the transport network and the cost to reach it.

Thus FΩ,µ,A(X ) is the total cost to reach the transport network, which coincided with the average
cost if µ is a probability measure. The constraint/penalization on length accounts for the cost to
build the network. Solving Problem 3.1.1 is equivalent to find the “best” network satisfying length
constraints, which minimizes the average cost (or upon multiplying for a constant, the total cost)
for the whole citizenship to reach it.

An alternative interpretation is found in the field of cloud data approximation:

• Ω a region of the space, with data distribution given by µ,

• X is an one dimension set used to approximate the entire data cloud,

In this case, FΩ,µ,A(X ) represents the error of such approximation, while λH1(X ) represents the
cost due to its complexity.

Thus solving Problem 3.1.2 is equivalent to find the “best” approximation which minimizes the
sum of approximation error and complexity cost. Despite the rather simple formulation, actually
solving the average distance problem (in both constrained and penalized formulation) is extremely
difficult, generally not possible without strong hypothesis on the domain, and computationally not
feasible.

A related problem is the “maximal distance problem”:
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Problem 3.1.3. Given quantities N 3 N ≥ 2 and l > 0, the “maximal distance problem” is solving

min
X∈Al(Ω)

F ∗(X ),

where
F ∗Ω(X ) := max

Ω
distΩ(x,X )).

Similarly to the average distance problem, the maximal distance problem has an easy interpre-
tation from urban planning to:

• Ω is a city, with population distribution given by µ,

• X is a transport network to be built,

• A gives the relation between the distance from the transport network and the cost to reach it.

Solving Problem 3.1.3 is equivalent to find the “best” network satisfying length constraints
which minimizes the maximal cost (considered among all citizens) to reach it.

For the maximal distance functional, the role of both µ and A is less relevant: indeed Problem
3.1.3 does not involve any measure, and it is a more geometric problem. The functionA plays no role
as long as it is increasing. Thus in the following, when discussing the maximal distance problem,
the measure and the function will be assumed Lebesgue measure and identity function respectively.
Notice that while both functionals have dependence on the domain Ω, in the following we will omit
writing it explicitly when no risk of confusion arises, i.e “Fµ,A” instead of “FΩ,µ,A” and “F ∗” instead
of “F ∗Ω”. Moreover, when Ω, µ,A are given, the expression “solution of the average/maximal distance
problem” will be used to denote a set solution of minAl(Ω) Fµ,A or minAl(Ω) F

∗ for some l (or λ for
Problem 3.1.2).

In this generality little can be said about such solutions, thus some restriction on the measure
µ and function A is required. The first condition is that the measures µ does not charge ridges, i.e.
given an arbitrary W ∈ A(Ω), the set

RW := {x ∈ Ω : there exist distinct y1, y2 ∈W such that distΩ(x, y1) = distΩ(x, y2) = dist(x,W )}

is µ-negligible. This is a quite weak condition, as from [39] these ridges are (H1, 1)-rectifiable. Thus
any measure absolutely continuous with respect to the Lebesgue measure does not charge ridges.

Some restrictions on the function A must be imposed too. As done in [14] and [44] assume:

(α1) A : [0,diam Ω] −→ R is Lipschitz continuous with Lipschitz constant Λ, A(0) = 0, monotone
increasing,

(α2) for any c > 0 there exists λ = λ(c) > 0 such that |A(x) − A(y)| ≥ λ|x − y| whenever |x − y| ∈
[c,diam Ω].

From the above conditions (satisfied by several regular functions, like A(x) := xp for any p ≥ 1)
follows A injective on [c′,diam Ω] for any c′ ∈ (0,diam Ω). In most cases, if a result is true with
A = id, then it is true with A satisfying above conditions.
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3.1.1 Link with optimal transport problem

Problem 3.1.1, albeit having a very different formulation with optimal transport problem, can be
seen as a Kantorovich problem in presence of “free regions”:

Definition 3.1.4. Given a domain Ω, a cost function c : Ω × Ω −→ [0,∞], a subset Σ ⊆ Ω is a “Dirichlet
region” (for the cost c) if for any points x, y ∈ Σ such that there exists a path α : [0, 1] −→ Σ, x, y ∈ α([0, 1]),
c(x, y) = 0 holds.

In other words, a Dirichlet region is s subset where “transport is free”. In this context, geodesic
distance distΩ(·, ·) is not significant as it does not consider Dirichlet regions, and a natural modifi-
cation is the semi-distance

distΩ,Σ : Ω× Ω −→ [0,∞], distΩ,Σ(x, y) := inf
ξ1,ξ2∈Σ

distΩ(x, ξ1) + distΩ(y, ξ2).

A natural generalization of optimal plans in presence of non empty Dirichlet regions Σ ⊆ Ω can
be given:

Definition 3.1.5. Given a domain Ω, a Dirichlet region Σ ⊆ Ω, Borel measures µ, ν, a Borel measure γ on
Ω× Ω is a transport plan between µ and ν if

π+
] γ − π

−
] γ = µ− ν on Ω\Σ,

where π± denotes the projection on the first and the second component respectively.

Combining this definition with the semi-distance distΩ,Σ yields the new Kantorovich problem

min

{∫
Ω×Ω

A(distΩΣ(x, y))dγ(x, y)

}
(3.1.1)

where A : [0,diam Ω] −→ [0,∞] is a given function, and the minimum is taken for γ varying among
transport plans (as in Definition 3.1.5) between µ and ν.

In this formulation it is not required µ(Ω) = ν(Ω): indeed denoting with µ the restriction of
Lebesgue measure on Ω, and ν = 0 (3.1.1) becomes Problem 3.1.1. The following definition will be
useful:

Definition 3.1.6. Given a domain Ω, Σ ⊆ Ω, let Ω′ ⊆ Ω be the set of points with unique projection on Σ.
Then given x ∈ Ω′ there exists an unique z ∈ Σ such that distΩ(x,Σ) = distΩ(x, z), and the “transport
ray” passing through x is the set

{y ∈ Ω′ : distΩ(y,Σ) = distΩ(y, z)} 3 x.

Moreover, z will be referred as the endpoint of such transport ray.
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3.1.2 Link with q-compliance problem

In this subsection we analyse the link between Problem 3.1.1 and the q-compliance problem, in two
dimension case.

Given a domain Ω ⊆ R2, for any Σ ∈ A(Ω) and q > 0 denote uΣ the solution of problem{
−∆qu = 1 in Ω\Σ
u = 0 on ∂Ω ∪ Σ

where ∆q denotes the q-Laplacian (i.e. ∆qu := div(|∇u|q−2∇u)). For given Σ the solution uΣ can be
obtained by minimizing

Eq,Σ(u) :=
1

q

∫
Ω\Σ
|∇u|qdx−

∫
Ω
udx

among u ∈W 1,q
0 (Ω\Σ).

The q-compliance energy is defined as

Cq(Σ) := (1− 1

q
)

∫
Ω
uΣ(x)dx,

and given a parameter l > 0, the associated q-compliance problem is

min
Σ∈Al(Ω)

Cq(Σ). (3.1.2)

The link with Problem 3.1.1 is stated in the following result:

Theorem 3.1.7. In the metric space (A(Ω), dH) taking the limit q → ∞, the q-compliance energy Cq Γ-
converges to

F : A(Ω) −→ [0,∞), F(Σ) :=

∫
Ω

dist(x, ∂Ω ∪ Σ)dx.

For the proof we refer to [15].

3.1.3 Basic properties

Problem 3.1.1 explicitly involves finding minimum of certain functionals, and the first problem is
existence of such minimum. This is rather easy, and mainly consequence of Golab theorem:

Theorem 3.1.8. Given a domain Ω ⊆ RN (N ≥ 2), a parameter l ≥ 0, and non negative measures µ, ν
consider the average distance problem

min
Σ∈Al(Ω)

∫
Ω
A(distΩ(x,Σ))dx. (3.1.3)

If A is continuous, then (3.1.3) admits solutions.
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Proof. Consider a minimizing sequence {Σn}n∈N ⊆ Al(Ω) for the average distance functional: ac-
cording to Blaschke theorem, upon subsequence (for simplicity we do not relabel), Σn → Σ ∈ A(Ω)
in the sense of Hausdorff convergence, and Golab theorem yieldsH1(Σ) ≤ l.

As Hausdorff convergence implies distΩ(x,Σn)→ distΩ(x,Σ) for any x ∈ Ω, we obtain

distΩ,Σn(x, y)→ distΩ,Σ(x, y) ∀x, y ∈ Ω;

since distΩ,Σn(·, ·) are Lipschitz continuous with respect to the Euclidean distance, with the same
Lipschitz constant, the convergence is uniform.

Denote {γn}n∈N the associated transport plans, i.e. for any n ∈ N it holds∫
Ω
A(dist(x,Σn))dx =

∫
Ω×Ω

A(distΩ,Σn(x, y))dγn(x, y)

and

π+
] γn − π

−
] γn = µ− ν in Ω\Σn.

The sequence {γn}n∈N can be assumed bounded, and upon subsequence (again without relabeling)
γn ⇀ γ ∗-weakly in the space of Borel measures over Ω, thus

π+
] γ − π

−
] γ = µ− ν in Ω\Σ.

Indeed for every test function ψ it holds∫
Ω
ψd(π+

] γ − π
−
] γ) = lim

n→∞
ψd(π+

] γn − π
−
] γn) =

∫
Ω
ψd(µ− ν),

Finally from

∫
Ω
A(dist(x,Σ))dx ≤

∫
Ω×Ω

A(distΩ,Σ(x, y))dγ(x, y) = lim
n→∞

∫
Ω×Ω

A(distΩ,Σn(x, y))dγn(x, y)

follows the minimality of Σ.

Existence of solutions for the penalized formulation is proven with similar argument.
Another basic property of solutions of the average distance functional is that they attain the

maximum length allowed:

Lemma 3.1.9. Given a domain Ω ⊆ RN , a non negative measure µ, a function A : [0, diam Ω] −→ R, for
any elements Σ1,Σ2 ∈ A(Ω) with Σ1 ⊆ Σ2 inequality

Fµ,A(Σ2) ≤ Fµ,A(Σ1)

holds. In other words, Fµ,A is not decreasing with respect to the inclusion.
Moreover, supposeH1(Σ2\Σ1) > 0. Then inequality

Fµ,A(Σ2) < Fµ,A(Σ1)

holds.
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Proof. The proof is very simple: Σ1 ⊆ Σ2 gives

distΩ(x,Σ2) ≤ distΩ(x,Σ1) ∀x ∈ Ω,

thus
A(distΩ(x,Σ2)) ≤ A(distΩ(x,Σ1)) ∀x ∈ Ω,

and integrating on Ω∫
Ω
A(distΩ(x,Σ2))df(x) ≤

∫
Ω
A(distΩ(x,Σ1))df(x) ∀x ∈ Ω.

For the second part, Σ1 ( Σ2 implies there exists an open set B such that for any z ∈ B the in-
equality distΩ(z,Σ1) > distΩ(z,Σ2) holds, so using the strict monotonicity of A and integrating on
Ω concludes the proof.

This result has a first consequence: under these hypothesis on Ω, µ,A, for any l > 0

argminAl(Ω)Fµ,A ⊆ Al(Ω)\
⋃

0≤j<l
Aj(Ω).

3.2 Geometric properties

In the previous section we have proven that existence of solutions for the average distance problem
is quite simple, and requires very little assumption. In this section our goal is to analyse geometric
properties of such solutions in two dimension case. Some preliminary definition is useful:

Definition 3.2.1. Let S ⊆ Rn be a given set, S is a “loop” if it is homeomorphic to S1 ⊆ R2.

Definition 3.2.2. Let S ⊆ Rn be a set, x ∈ S an arbitrary point, the “multiplicity” (or “order”) of x does
not exceed the cardinal number n if for ε → 0 the set (S ∩ B(x, ε))\{x} has not more than n connected
components. Denoted with N the set of cardinal numbers n for which the order of x does not exceed n, the
minimum element of N will be referred as “multiplicity” (or “order”) of x, and denoted with ordxS.

Moreover, it is convenient to distinguish the following class of points:

Definition 3.2.3. Let Ω be a given domain, S ∈ A(Ω) a given element, the point x ∈ S is “noncut” point if
S\{x} is connected by arc.

It is easy to observe that endpoints are always noncut points; moreover, if a non endpoint point
is noncut, then the set S must contain a loop.

Given a domain Ω ⊆ Rn, n ≥ 2 a function A, a measure µ ∈ Lp with p ≥ 1 (in order to simplify

notations in the following the expression “µ ∈ Lp” will mean that the Radon density
dµ

dLn
belongs

to Lp(Ω,Ln)), and l > 0 we will prove that any solution

Σopt ∈ argminΣ∈Al(Ω)

∫
Ω
A(distΩ(x,Σ))dµ(x)

satisfies:
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1. Absence of loops: there are no subsets E ⊆ Σopt homeomorphic to S1 ⊆ R2.

2. Absence of crosses: if p ≥ 4/3 and n = 2, then for every point x ∈ Σopt, the multiplicity of x is
at most 3, and their number is finite.

3. Ahlfors regularity: if p ≥ 2 (if n ≥ 3), or p ≥ 4/3 (if n = 2), then there exists c−, c+ ∈ (0,∞)
such that

c− ≤
H1(Σopt ∩B(x, ρ))

ρ
≤ c+

for any x ∈ Σopt, ρ > 0.

Some further properties will be discussed later in this Chapter.

3.2.1 Absence of loops

The first property is the absence of loops, i.e. any solution Σopt of the average distance problem
does not contain subsets homeomorphic to S1. The proof is done by contradiction, and consists of
two parts:

• first, if there exists E ⊆ Σopt homeomorphic to S1, a suitable set Iε ∈ Aε(Ω) ⊆ E is removed,
and the difference

Fµ,A(Σopt\Iε)− Fµ,A(Σopt) (3.2.1)

estimated,

• then a suitable Jε with H1(Jε) = H1(Iε) is added at a suitable point of Σopt\Iε and the differ-
ence

Fµ,A(Σopt\Iε)− Fµ,A(Σopt\Iε ∪ Jε) (3.2.2)

estimated.

A preliminary result from [16] is required:

Lemma 3.2.4. Given a domain Ω ⊆ R2, Σ ∈ A(Ω) consisting of more than one point, let x ∈ Σ be a noncut
point of Σ. Then there exists a sequence of open sets {Dk}k∈N ⊆ Σ such that:

• x ∈ Dk for k sufficiently large,

• Σ\Dk is connected for any k,

• diam Dk ↓ 0 for k →∞,

• Dk is connected for any k.
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Proof. Fix x, and consider z ∈ Σ\{x}; two points y, y′ are said to be connected through Γ (compact)
in Σ if {y, y′} ⊆ Γ. Define the sets

Xk := {y : y connected toz through some Γ ⊆ Σ\B(x, 1/k)},

Ok := Σ\Xk.

Observe that Xk are closed by construction, as given yk → y with {yk} ⊆ Xk, denoting with Γk a
set connecting yk to z, upon subsequence Γk → Γ, connecting y to z. Thus Ok are open. As z 6= x, it
follows x ∈ Ok for k sufficiently large.

It remains to prove that diam Ok → 0 as k → ∞. Assume the contrary holds, i.e. there exists a
sequnce {yk} for which for any set Γk connecting yk to z it holds

Γk ∩B(x, 1/k) 6= ∅.

Choose an arbitrary accumulation point y of {yk}. Local connectedness implies that there exists Ck
connecting yk to y with Ck ∩ B(x, r/2) = ∅, for some r > 0, thus for any set Γ connecting y to z it
holds x ∈ Γ. Recall that y /∈ B(x, r), thus x ∈ Σ\{x}, with the latter space being locally pathwise
connected, as it is open and completely metrizable. But every such arc connecting y and z must pass
through x thus leading to a contradiction.

Denote with Dk the connected component of Ok containing x, and simple topological consider-
ations yield that Dk is relatively open in Σ. Thus all the points follow quite straightforward, from
properties proven for Ok, except for “Σ\Dk is connected for any k”.

To prove the latter, assume the contrary holds, i.e. for some y ∈ Ok\Dk for any set Γ connecting
y to z it holds Γ ∩ Dk 6= ∅. Let γ an arbitrary arc connecting y to z, with γ(0) = y, γ(1) = z and
denote with

t̄ := sup{t ∈ [0, 1] : γ(s) /∈ Dk ∀s ∈ [0, t)}, x̄ := γt̄.

Consider an arc [y, x̄] ⊆ γ and [y, x̄) := [y, x̄]\{x̄}. It is straightforward to check [y, x̄) ⊆ Ok. Using
a similar argument, it can be checked that x̄ ∈ Ok, thus giving γ([0, t̄]). Since Ok open, there exists
t′ > t̄ such that γ([0, t′]) ⊆ Ok, thus belongs to the same coonected component of Ok, and since
by definition one has γ([0, t′]) ⊆ Ok 6= ∅, this gives that this said connected component is Dk, and
y ∈ Dk, which is a contradiction.

Lemma 3.2.5. Given a domain Ω ⊆ R2, a measure µ ∈ Lp(Ω), a function A : [0, diam Ω] −→ [0,∞),
Σ ∈ A(Ω) containing a subset E homeomorphic to S1 ⊆ R2. Then for H1-a.e. point x ∈ Σ there exists
Iε(x) 3 x contained in Σ such that

Fµ,A(Σ\Iε(x))− Fµ,A(Σ) ≤ Kε1+ 1
q

for some K > 0 not dependent on ε, with q denoting the conjugate exponent of p.

Proof. Define

E∗ :=

{
x ∈ E : lim

r→0+

H1(Σ ∩B(x, r))

2r
= 1

}
,
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and as Σ is (H1, 1)-rectifiable, by Besicovitch-Marstrand-Mattila theorem (see [2] for more details)
H1(E∗) = H1(E) follows. For every x ∈ E∗ and ε > 0 denote with T (x, ε) the union of transport rays
of the Monge-Kantorovich problem of transporting L2

|Ω on its projection over Σ which end in Σ ∩
B(x, ε). As E is homeomorphic to S1, clearly Σ\B(x, ε) is connected, and satisfiesH1(Σ\B(x, ε)) ≤
H1(Σ). The following estimate holds:

∫
Ω

dist(x,Σ\B(x, ε))dµ(x) =

∫
Ω\T (x,ε)

dist(x,Σ\B(x, ε))dµ(x) +

∫
T (x,ε)

dist(x,Σ\B(x, ε))dµ(x)

≤
∫

Ω\T (x,ε)
dist(x,Σ)dµ(x) +

∫
T (x,ε)

dist(x,Σ) + εdµ(x)

=

∫
Ω

dist(x,Σ)dµ(x) + εµ(T (x, ε))

.

Moreover, denoting with ψ the projection of µ to Σ, one has

lim sup
ε→0+

ψ(B(x, ε))

ε
<∞

forH1-a.e. x ∈ Σ, and
L2(T (x, ε)) = ψ(B(x, ε))

which implies

L2(T (x, ε)) ≤ Kε

for some K = K(x) not dependent on ε. Then applying Hölder inequality yields

µ(T (x, ε)) ≤ ||µ||1/pLp(T (x,ε))(L
2(T (x, ε)))1/q ≤ Kε1/q,

and combining with
distΩ(x,Σ\B(x, ε)) ≤ distΩ(x,Σ) + ε ∀x ∈ Ω

the proof is complete.

Lemma 3.2.5 can be further generalized:

Lemma 3.2.6. Using the same notations of Lemma 3.2.5, with the only modification of µ ∈ L1(Ω) (instead
of µ ∈ Lp(Ω) as in Lemma 3.2.5), there exists x ∈ Σ and ε0 > 0 such that for any ε < ε0 inequality

Fµ,A(Σ\Tε(x))− Fµ,A(Σ) ≤ C∗ε2

where Tε(x) ⊆ Σ is some suitable neighborhood of x (with respect to the induced topology) and C > 0 a
constant not dependent on ε.

Proof. As Ω is compact, it is clear that Ls1(Ω) ⊆ Ls2(Ω) if s1 ≤ s2, thus Lemma 3.2.5 is sufficient to
yield the thesis if µ ∈ Lp(Ω) for some p ≥ 2.
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Denote with Ω′ the set of points of Ω with unique projection on Σ, and since Ωk is the set of
differentiable points of x 7→ distΩ(x,Σ) then Ln(Ω′) = Ln(Ω), and condition µ � Ln allows to
consider Ω′ instead of Ω without loss of generality.

Choose an arbitrary point X ∈ E (not influential for the rest of the proof), and define

φ : [0, 1] −→ S1, ψ : S1 −→ E, (3.2.3)

thus ϕ := φ ◦ ψ : [0, 1] −→ E is a parameterization, with ϕ(0) = ϕ(1) = X ; then choose an arbitrary
µ ∈ L1(Ω), and for any x ∈ E denote with Jε(x) := {y ∈ E : dE(y, x) < ε/2}, with dE denoting the
path distance on E, and

Uε(x) := {z ∈ Ω′ : dist(z,Σ) = dist(z, Jε(x))}.

Then, define Nε :=

[
H1(E)

ε

]
+ 1, and for any ε there exists a finite set of points {xj,ε}Nεj=1 ⊆ E such

that

Nε⋃
j=1

Jε(xj) = E;

define U :=
⋃Nε
j=1 Uε(x), and by definition U is the set of points with projection on E. Now two

configurations may arise:

1. µ(U) = 0, which implies that the set of points projecting on E is µ-negligible, thus Fµ,A(Σ) =
Fµ,A(Σ\E). From topological considerations there exists j̄ ∈ {1, · · · , Nε} such that Σ\Jε(xj̄) is
connected for ε sufficiently small, thus the competitor Σ′ := Σ\Jε(xj̄) satisfies

H1(Σ′) ≤ H1(Σ)− ε, Fµ,A(Σ) = Fµ,A(Σ′);

2. µ(U) > 0: as the projection om Σ of any point in Ω′ is unique, for k 6= h sets Jε(xk) and Jε(xh)
are disjoint, yielding

µ(U) = µ(

Nε⋃
j=1

Uε(xj)) =

Nε∑
j=1

Uε(xj) ≥ Nε min
1≤j≤Nε

µ(Uε(xj)).

This implies

min
1≤j≤Nε

µ(Uε(xj)) ≤ µ(U)(

[
H1(E)

ε

]
+ 1)−1,

or equivalently there exists j∗ such that µ(Uε(xj∗)) ≤ C∗ε for some constant C∗ > 0 not
dependent on ε. Then

distΩ(z,Σ) = distΩ(z,Σ\Jε(xj∗))⇐⇒ z /∈ Uε(xj∗)
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and considering that the difference distΩ(z,Σ) = distΩ(z,Σ\Jε(xj∗)) is at most ε, it holds

Fµ,A(Σ\Jε(xj∗)) ≤ Fµ,A(Σ) + C∗ε2.

Finally, while generally Σ\Jε(xj∗) /∈ A(Ω), denote with J0
ε (xj∗) the interior part of Jε(xj∗),

and Σ\J0
ε (xj∗) verifies

Σ\J0
ε (xj∗) ∈ A(Ω), Fµ,A(Σ\J0

ε (xj∗)) ≤ Fµ,A(Σ) + C∗ε2,

thus the proof is complete.

The next result, first proven in [16], is useful in estimating (3.2.2)

Lemma 3.2.7. Given a domain Ω, a Borel measure µ � Ln (n ≥ 2), a function A : [0, diam Ω] −→ [0,∞)
and a sequence of closed sets {Σk}k∈N. Assume there exists a Borel set B ⊆ Ω such that Σ := Σk ∩ B is
independent of k. Denote

T ′ := {x ∈ Ω : ∃k0 = k0(x) such that 0 < distΩ(x,Σ) < distΩ(x,Σk\Σ) for any k ≥ k0}

and assume µ(T ′) > 0. Then for any ε > 0 there exists a closed segment Iε ∈ Aε(Ω) such that Σ ∩ Iε 6= ∅
and there exists constants C, ε > 0 not dependent on ε for which inequality

Fµ,A(Σk ∪ Iε) ≤ Fµ,A(Σn)− Cε(n+1)/2

holds for any ε < ε0.

Notice that this result is useful only for n = 2, as for n ≥ 3 a stronger estimate holds (see Lemma
3.4.6 for more details).

Proof. Denote with Ωk the set of points with unique projection on Σk, and let kk : Ωk −→ Σk be the
projection map. Again, similar to the argument found in the proof of Lemma 3.2.6, since Ωk is the
set of differentiable points of x 7→ distΩ(x,Σk) then Ln(Ωk) = Ln(Ω), and condition µ � Ln allows
to consider Ω′ :=

⋂
k∈N Ωk instead of Ω without loss of generality.

Choose an arbitrary point x ∈ T ′ ∩ Ω′, and consider the transport ray RK(x) of x on Σk, and
put lk := H1(Rk(x)). By hypothesis this ray ends on Σ for any k ≥ k0, and Rk(x) ⊆ Rh(x) for any
h ≥ k ≥ k0; denote with R(x) the transport ray of x on Σ, Rk(x) ↑ R(x), and lk ↑ l := H1(R(x)).
Denote with Ok the endpoint of Rk(x) not belonging to Σ, then

Σk ∩B(Ok, lk) 6= ∅.

Without loss of generality impose a coordinate system with origin in Ok, with xn-axis directed
along R(x), and such that the endpoint P of R(x) on Σ has coordinates P := (0, · · · , 0,−lk). Define
Pε := (0, · · · , 0,−lk + εlk), Iε := [P, Pε], the segment between P and Pε. For each m ∈ N and ε < lm
define
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Λm,ε := {(Y, xn) ∈ B(0, lm) : xn ≤ 0,distΩ((Y, xn), Pε)− distΩ((Y, xn), ∂B(0, lm)) ≤ −εlm/4}.

If there exists a choice of x such that

µ(Λk,ε) ≥ Cε(n+1)/2 (3.2.4)

for some constant C > 0 not dependent on ε and for any ε sufficiently small then the thesis follows:
indeed if this is the case consider an arbitrary j ≥ j(x) ≥ k0 such that

lh ≥ l/2 ∀h ≥ j

and for z ∈ Λh,ε inequality

distΩ(z,Σh ∪ Iε) ≤ distΩ(z, ∂B(0, lh))− εlh/4 ≤ dist(z,Σ)− εl/8

holds, which implies

Fµ,A(Σh ∪ Iε)− Fµ,A(Σ) ≤ −εlµ(Λh,ε)/8

for any h ≥ j. Thus (3.2.4) need to be proven. Choose m ∈ (0.1/2) and define

Πm,k,ε := {z = (Y, xn) ∈ B(0, lk) : |xn + lk/2| ≤ lk(1− 4m2)1/2/2, |Y | ≤ mlkε1/2.}

For every z = (Y, xn) ∈ Πm,k,ε it holds

distΩ(z, Pε)− distΩ(z, ∂B(0, lk)) ≤ (|Y |2 + (xn + lk − εlk)1/2)− lk + (x2
n + |Y |2)1/2

≤ (m2l2kε+ (xn + lk − εlk)2)1/2 − lk + (m2lkε+ x2
n)1/2

≤ −lk + |xn|+
m2l2kε

2|xn|
+ (xn + lk) +

ε(m2l2k − 2l(xn + lk))

2(xn + lk)
+ αε2

= ε
2(

m2l2k
xn + lk

− 2lk +
m2l2k
|xn|

) + αε2

where α = α(m, l) > 0 is a constant not dependent on k. It easy to verify

m2l2k
xn + lk

− 2lk +
m2l2k
|xn|

≤ −lk ∀z ∈ Πm,k,ε

and assuming k ≥ j it holds

distΩ(z, Pε)− distΩ(z, ∂B(0, lk)) ≤ εlk/4

whenever ε < l/8α, implying Πm,k,ε ⊆ Λk,ε for such ε.

Assume now x is chosen in such way that H1-a.e. z ∈ Rk(x) is a Lebesgue point of
dµ

dLn
(which

is true for µ-a.e. x ∈ T ′ ∩ Ω′ in view of [17]). Fixed an arbitrary k ≥ j,
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lim inf
ε→0+

µ(Πm,k,ε)

ε(n−1)/2
≥ Cm(Rk(x)) := C

∫ l+k,m

l−k,m

dµ

dLn
(Y, xn)dH1(xn) (3.2.5)

holds, with l±k,m :=
lk
2
± lk(1−4m2)1/2

2 and C > 0 is a constant not dependent on k. Indeed this steers
from

µ(Πm,k,ε) =

∫ l+k,m

l−k,m

dH1(x,n )

∫
|Y |<mlkε1/2

dµ

dLn
(Y, xn)dHn−1(Y )

=
1

2ε1/2

∫ ε1/2

−ε1/2
dh

∫ l

0
dH1(xn)

∫
|Y |<mlkε1/2

fk(Y, xn + h)dHn−1(xn)(Y )

=

∫ l

0
fk,ε(xn)dH1(xn)

where

fk(Y, xn) :=
dµ

dLn
(Y, xn)χ[l−k,m,l

+
k,m](xn),

fk,ε(xn) :=
1

2ε1/2

∫ xn+ε1/2

xn−ε1/2
)

∫
|Y |<mlkε1/2

fk(Y, s)dHn−1(Y )dH1(s),

then in view of assumptions on R(x), forH1-a.e. on R(x) the convergence

fk(xn)

ε(n−1)/2
→ Cn(mlk)

n−1f(0, xn)

holds, where Cn > 0 is a constant depending only on n. Using Fatou’s lemma and lk ≥ l/2 estimate
(3.2.5) follows.

Observe Cm(Rk(x)) > 0 for some x, then choose k̄ ≥ j and m̄ = m̄(k̄) ∈ (0, 1/2) such that
Cm(Rk(x)) > 0. Then (3.2.5) implies

µ(Πm̄,k̄,ε) ≥ Cm̄(Rk̄(x))ε(n−1)/2

for any ε < ε0, with ε0 > 0 dependent only on k̄.
In view of lk ≥ lk̄ inclusion Πm̄,k̄,ε ⊆ Πm,k,ε holds whenever

l+k,m ≥ l
+
k̄,m̄

, l−k,m ≤ l
−
k̄,m̄

m̄lk̄ ≤ mlk. (3.2.6)

Denoting

δk := lk̄/lk

the inequalities (3.2.6) can be written as

4m̄2δ2
k ≤ ≤ 1− (δk(1− 4m̄2)1/2 + 1− δk)

= δk(1− (1− 4m̄2)1/2)(2 + δk(1− 4m̄2)1/2 − δk)
. (3.2.7)
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If this system has to be solvable,

δk(1 + (1− 4m̄2)1/2) ≤ 2 + δk(1− 4m̄2)1/2 − δk (3.2.8)

must hold, which is equivalent to δk ≤ 1, always valid since lk is non decreasing in k. Therefore
there exists m = m(k) satisfying (3.2.4).

Finally combining

Πm̄,k̄,ε ⊆ Πm,k,ε

and µ(Πm̄,k̄,ε) ≥ Cm̄(Rk̄(x))ε(n−1)/2 yields

µ(Πm,k,ε) ≥ Cm̄(Rk̄(x))ε(n−1)/2 ≥ Cε(n−1)/2

for some constant C = C(k̄) > 0 not dependent on k and ε and valid for any ε < ε0. At last

µ(Πm,k,ε) ⊆ Λm,k,ε

yields

µ(Λm,k,ε) ≥ Cε(n−1)/2

for the same C and ε, and the proof is complete.

Now we are able to prove that solutions of the average distance problem do not contain loops:

Theorem 3.2.8. Given a domain Ω ⊆ R2, a measure µ ∈ L1(Ω), a function A : [0, diam Ω] −→ [0,∞), let
Σopt be an arbitrary solution of the average distance problem. Then no subsets S ⊆ Σopt can be homeomorphic
to S1.

Proof. The proof is now simple: if there existsE ⊆ Σopt homeomorphic to S1, then applying Lemma
3.2.6 yields the existence of a competitor Σ′ ∈ A(Ω) satisfying

H1(Σ′) ≤ H1(Σ)− ε, Fµ,A(Σ′) ≤ Fµ,A(Σ) + C∗ε2

for any ε sufficiently small, and some constant C∗ > 0 not dependent on ε.
Then applying Lemma 3.2.7 yields the existence of Σ′′ ∈ A(Ω) satisfying

H1(Σ′′) ≤ H1(Σ′) + ε, Fµ,A(Σ′′) ≤ Fµ,A(Σ′)− C∗ε3/2,

for some C∗ > 0 not dependent on ε, thus for ε sufficiently small it holds

H1(Σ′′) ≤ H1(Σopt), Fµ,A(Σ′′) < Fµ,A(Σopt)

contradicting the optimality of Σopt.

For similar results in higher dimensional domains we refer to Section 3.4 later in this Chapter.
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3.2.2 Triple points and endpoints

In two dimensional domains, another property satisfied by solutions of the average distance prob-
lem, under particular hypothesis on the measure, is that they have only a finite number of endpoints.
Considering that a non endpoint cannot be a noncut point unless a loop is present, this is equivalent
to state that the number of noncut points is finite. All domains considered in this subsection will be
two dimension domains.

Proposition 3.2.9. Given a domain Ω, a measure µ ∈ Lp(Ω) with p > 4/3, a function A : [0, diam Ω] −→
[0,∞), let Σopt be a solution of the average distance problem. Assume there exists y ∈ Σopt such that
µ(V (y)) > 0. Then there exists C > 0 such that for every noncut point x ∈ Σopt it holds µ(V (x)) ≥ C, and
the number for noncut points is finite.

Proof. The first part would follow from the following claim:

• let x ∈ Σopt be a noncut point, then

µ(V (x)) ≥ sup
y∈Σopt

µ(V (y))

2π
.

Choose an arbitrary point y ∈ Σopt and let {Dk}k∈N a sequence satisfying conditions of Lemma
3.2.4, with Dk 3 x for any k. Without loss of generality suppose εk := diam Dk sufficiently small
such that y /∈ Dk for any k. ObviouslyH1(Dk) ≥ εk, and in the following the index k will be omitted,
as this does not generate confusion.

Define Σ′ε := Σopt\Dk, Σ′′ε := Σ′ε ∪ ∂B(y, ε/2π), clearly Σ′ε,Σ
′′
ε ∈ A(Ω) and H1(Σopt) ≥ H1(Σ′′ε).

Then

Fµ,A(Σ′ε) ≤ Fµ,A(Σopt) + εµ(V (Dk)) ∀k ∈ N

and

Fµ,A(Σ′′ε) ≤ Fµ,A(Σ′ε)− ε(µ(V (y))− µ(B(y, ε/2π))),

yielding

Fµ,A(Σ′′ε) ≤ Fµ,A(Σopt) + εµ(V (Dk))− ε(µ(V (y))− µ(B(y, ε/2π))) ∀k ∈ N.

As ε →, Dk → {x} and µ(B(y, ε/2π)) → 0 as k → ∞, the minimality of Σopt forces µ(V (x)) ≥
µ(V (y))/2π.

For the second part, i.e. finiteness of noncut points, consider x1, x2 noncut points, from the first
claim it holds

µ(V (x1)) ≤ 2πµ(V (x2)), µ(V (x2)) ≤ 2πµ(V (x1))

thus

µ(V (x1)) ≤ 2πµ(V (x2)) ≤ 4π2µ(V (x1)).
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As by hypothesis there exists y ∈ Σopt with µ(V (y)) > 0, the first claim yields µ(V (x1)) ≥ µ(V (y))/2π >
0, and µ(V (x2)) ≥ µ(V (y)) follows. From the arbitrariness of x1, x2 follows that fro any noncut point
x it holds µ(V (x)) ≥ µ(V (y))/2π thus there are at most

2πµ(Ω)

µ(V (y))

noncut points, and the proof is complete.

Proposition 3.2.9 states that there exists a finite number of noncut points if there exists y ∈ Σopt
with µ(V (y)) > 0: the next result deal with this existence problem:

Proposition 3.2.10. Given a domain Ω, a measure µ ∈ Lp(Ω) with p > 4/3, a function A : [0, diam Ω] −→
[0,∞), and Σ ∈ A(Ω), there exists y ∈ Σ such that µ(V (y)) > 0.

Notice that combining Proposition 3.2.9 and 3.2.10 yields:

Theorem 3.2.11. Given a domain Ω, a measure µ ∈ Lp(Ω) with p > 4/3, and Σopt ∈ A(Ω) solution of the
average distance problem, then Σopt has finite endpoints.

The proof of Proposition 3.2.10 requires auxiliary construction. Given a domain Ω, and Σ ∈
A(Ω), for any couple of points x, z ∈ Σ define

D(x, z) := {y ∈ Σ : y is connected through a pathγ to x and z /∈ γ}.

If Σ does not contain loops, then every couple of points on Σ is connected by a unique arc, thus the
following order can be imposed: given x ∈ Σ, and an arc γ ⊆ Σ starting in x, z1, z2 ∈ γ

z1 ≤γ,x z2

if [x, z1] ⊆ [x, z2], where [x, z] denotes the arc connecting x and z.
Similarly, z1 <γ,x z2 if z1 ≤γ,x z2 and z1 6= z2. In this context a new natural distance can be

introduced:

dΣ : Σ× Σ −→ [0,H1(Σ)], dΣ(x1, x2) := H1([x1, x2]).

The set D(x, z) satisfies several properties:

Proposition 3.2.12. Given a domain Ω, Σ ∈ A(Ω) consisting of more than one point, let x ∈ Σ be arbitrary
point. Then for all z ∈ Σ\{x} it holds:

• D(x, z) is connected and contains x,

• Σ\D(x, z) is connected and closed.

Assume that Σ does not contain loops, then for any arc γ starting in x it holds:

• D(x, z1) ⊆ D(x, z2) andH1(D(x, z1)) < H1(D(x, z2)) whenever z1 <γ,x z2,
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•
⋂
k∈ND(x, zk) = {x} whenever zk → x as k →∞ and x is and endpoint.

The proof is from [16].

Proof. The proof will be split in several passages.

• To prove: D(x, z) is connected and contains x.

This follows from the definition of D(x, z).

• To prove: Σ\D(x, z) is connected and closed.

Notice that z /∈ D(x, z); let γ be an arc connecting y ∈ Σ\D(x, z) to z. It follows γ ⊆ Σ\D(x, z)
as the contrary would give the existence of v connected to x by some arc γ′ not passing through z.
Denoting with [y, v] ⊆ γ an arc connecting y to v, [y, v]◦γ′ is an arc connecting y to z without passing
through z, contradicting the choice of y.

It remains to prove that Σ\D(x, z) is closed. Consider a sequence {yh} → y and suppose by
contradiction that y /∈ Σ\D(x, z), i.e. y is connected to x by some arc γ not containing z, and
assume y 6= z, as otherwise there is nothing to prove. Let ε > 0 such that z /∈ B(y, ε) and for
any h sufficiently large one has yh ∈ B(y, ε), and arcwise connectedness gives the existence of
γh ⊆ Σ ∩ B(y, ε) connecting yh to y and clearly not containing z. Thus yh is connected to x through
an arc not containing z, which contradicts yh /∈ D(x, z).

• To prove: D(x, z1) ⊆ D(x, z2) andH1(D(x, z1)) < H1(D(x, z2)) whenever z1 <γ,x z2,

Let γ ⊆ Σ be an arc through x and choose z1 ≤γ,x z2; consider an arbitrary y ∈ D(x, z1) and
consider an arc γ′ connecting x to y. The set γ ∩ γ′ is such that if v ∈ γ ∩ γ′ then for any u, if it
holds u <γ,x v or u <γ′,x v, then u ∈ γ ∩ γ′. Thus either γ ∩ γ′ = {x} ot it is an arc [x, y′] ⊆ γ.
Clearly y′ <γ,x z1 for some z1 ∈ γ, hence y′ <γ,x z2 and z2 /∈ γ′. The arbitrariness of y gives
D(x, z1) ⊆ D(x, z2).

Denote with ∆ := [z1, z2], and by construction it is a piece of γ between z1 and z2. Consider an
arbitrary z ∈ ∆, and z ∈ D(x, z2); suppose z ∈ D(x, z1), i.e. there exists an arc γ1 ⊆ Σ connecting z
and x and not containing z1, which is a contradiction, as there would exist two arcs between z and
x. Thus z /∈ D(x, z1),H1(∆) > 0 and the thesis is proven.

• To prove:
⋂
k∈ND(x, zk) = {x}whenever zk → x as k →∞ and x is and endpoint.

Assume x is an endpoint, and consider a sequence zk → x, and assume by contradiction that there
exists y ∈

⋂
k∈ND(x, zk)\{x}. Let γ′ := [x, y], and γ∩γ′ 6= {x} since this would give ordxΣ ≥ 2, thus

γ∩γ′ is an arc, and this implies y /∈ D(x, zk) for any k sufficiently large, which is a contradiction.

Some auxiliary results concerning solutions of average distance problem are required. The next
two results are from [16].
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Lemma 3.2.13. Let Σopt be a solution of the average distance problem, and {xk}k∈N ⊆ Σopt a sequence
of noncut points and {zk}k∈N ⊆ Σopt such that εk := diam D(xk, zk) → 0 as k → ∞. Then for any
σ > (n− 1)/2 it holds

lim
k→∞

µ(V (D(xk, zk)))

εσk
=∞.

Proof. Denote with ψ(·) := µ(V (·)). Upon subsequecne (which will not be relabeled) assume xk →
x ∈ Σopt for the sake of brevity denote with Dk := D(xk, zk) and the index in εk := diam Dk will
be omitted. Denote with Σε := Σ\Dk, and recall that Σε is compact in view of Proposition 3.2.12.
Moreover it holds ∫

Ω̄
dist(x,Σε)dϕs ≤

∫
Ω̄

dist(x,Σopt)dϕs + εψ(Dk).

On the other hand one has ψ(Ω̄) > ψ(B(x, r)) for some r, as otherwise it would mean that a single
point is optimal, which is not the case. Thus there exists Σ′ε such that

H1(Σ′ε) = H1(Σopt),

and ∫
Ω̄

dist(x,Σ′ε)dϕs ≤
∫

Ω̄
dist(x,Σε)dϕs − Cε(n+1)/2

for some C independent of k for any ε sufficiently small (independently of k). Arguing by contra-
diction yields εψ(Dk) = o(ε(n+1)/2), which contradicts the optimality of Σopt.

Lemma 3.2.14. Given a domain Ω ⊆ Rn, measures µ, ν ∈ Lp(Ω) with p > 2n/(n + 1), a solution Σopt of
the average distance functional, and an endpoint x ∈ Σopt, let γ be an injective arc in Σ starting at x. Then
there exists σ > 1 such that (n− 1)qσ/2n < 1 (q is the conjugate exponent of p) and for all z ∈ γ the set H ′

of points y ∈ D(x, z) for which there exists z′ ∈ γ such that y ∈ D(x, z′) and

ly ≥ (H1((D(x, z′))))(n−1)qσ/2n

where ly denotes the maximum length of transport ray ending in y, satisfies µ(V (H)) > 0.

Proof. Due to the assumptions on p one has q < 2n/(n − 1) and there exists σ > 1 such that (n −
1)qσ/2n < 1. Suppose the statement does not hold with this σ, i.e. there exists z ∈ γ such that
ψ(Bz) = ψ(D(x, z)) where

Bz := {y ∈ D(x, z) : ly < (H1(D(x, z′)))(n−1)qσ/2n∀z′ ∈ γ, y ∈ D(x, z′)}.

In this case theere exist z′ ∈ γ ∩ D(x, z) and y ∈ D(x, z′). Denote with ε := H1(D(x, z′)) and the
arbitrariness of z′ allows to make ε as small as required. Consideran arbitrary v with y = k(v) (this
notation means that v belongs to the closure of some transport ray endpint in y), and it holds

|v − z′| ≤ |v − y|+ |y − z′| ≤ ly + ε < ε(n−1)qσ/2n + ε.
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Condition (n− 1)qσ/2n < 1 givces that in the above inequality the addend ε is negligible for ε� 1.
Therefore

ψ(D(x, z′)) = ψ(D(x, z′) ∩Bz)
= ϕs({v : k(v) ∈ D(x, z′) ∩Bz})
≤ ϕs(B(z′, (n− 1)qσ/2n))

and using Hölder inequality gives

ψ(D(x, z′)) ≤ C‖ϕs‖Lpε(n−1)]σ/2

contradicting Lemma 3.2.13, thus concluding the proof.

Another construction, valid only in the two dimension case, is required: endow R2 with a coor-
dinate system, let be given Ω, the domain and a set Σ ∈ A(Ω). Consider the Monge-Kantorovich
problem of transporting L2

|Ω on H1
|Σ. Let T be the transport set (union of transport rays without

endpoints) and define

T+ := {x ∈ T : π1(x) > π1(k(x)) or π1(x) = π1(k(x)), π2(x) > π2(k(x)}

T− := T\T+

where πi : R2 −→ R is the projection on the i-th coordinate, and k(x) is the projection of x on Σ,
uniquely defined if x ∈ T . Let y ∈ Σopt be an endpoint of some transport ray, such that any point
projecting on y belongs to the same line l, and denote with θ(y) ∈ [0, π/2] the angle between l and
e2, the second unit coordinate vector.

Moreover, the following notations will be used:

ψ±(·) := µ(k−1(·) ∩ T±), ψ(·) := µ(V (·)).

Lemma 3.2.15. Given a domain Ω ⊆ R2, ΣoptA(Ω) solution of the average distance problem, let x ∈ Σopt
be a noncut point, and letD ⊆ Ω be and open set such that for ψ-a.e. point y ∈ D∩Σopt, θ(y) is well defined,
while x /∈ D and ψ+(D) ≥ ψ−(D). Then for every f ∈ C1

0 (D), 1-Lipschitz and vanishing on Σopt, it holds∫
D
f sin θd(ψ+ − ψ−) ≤ ψ({x}).

The proof is from [16].

Proof. Denote with Dk the sets from Lemma 3.2.4, and suppose εk := diam Dk (in the following
the index will be omitted for the sake of brevity) to be sufficiently small such that D ∩Dk = ∅. Let
Σε := Σopt\Dk, then ∫

Ω̄
dist(z,Σε)dϕs ≤

∫
Ω

dist(z,Σ)dϕs + εψ(Dk).

Assume without loss of generality that
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c̄o(supp(ϕ+) ∪ supp(ϕ−)) ⊆⊆ Ω.

Consider a smooth function f ∈ C1
0 (D) as in the hypothesis and define the diffeomorphism

Φδ : Ω̄ −→ Ω̄, Φδ(x1, x2) := (x1 − δf(x1, x2), x2),

for δ sufficiently small. Then
H1(Φδ(Σε)) ≤ H1(Σε) + Cfδ

for some constant Cf > 0, and choose δ := ε/Cf . Define Σε := Φδ(Σε) and it follows

H1(Σ′ε) ≤ H1(Σε) + Cfδ ≤ H1(Σopt)− ε+ Cfδ = H1(Σopt),

asH1(Dk)] ≥ ε. For the average distance term it holds∫
Ω̄

dist(z,Σ′ε)dϕs ≤
∫

Ω̄
dist(z,Σ′ε)dϕs − Cε+ o(ε)∫

Ω̄
dist(z,Σopt)dϕs − Cε+ o(ε) + εψ(Dk)

with
C :=

∫
D
f sin θd(ψ+ − ψ−).

The optimality of Σopt forces C ≤ ψ(Dk), and passing to the limit k →∞ the proof is complete.

Now it is possible to prove Proposition 3.2.10:

Proof. (of Proposition 3.2.10).
The proof is done by contradiction, and is split in several steps. Define ψ(·) := µ(V (·)), and

suppose the opposite, i.e. ψ(x) = 0 for any x ∈ Σopt.

Step 1:
From assumptions on the measure, one has that θ is ψ-a.e. well defined: indeed denote with E the
set on which θ is not defined, and it is possible to decompose E into

E = E0 ∪ E1

where E0 is the set of points Σopt which are not endpoints of any transport ray (i.e. the set of
points for which no point of Ω\Σopt projects onto), and E1 is the set of points which are endpoints
of multiple non collinear transport rays. Thus V (E0) ⊆ Σopt, forcing ψ(E0) = 0; E1 is at most
countable and assumption ψ(y) = 0 for any y ∈ Σopt implies ψ(E1) = 0.

In view of Lemma 3.2.15 it holds sin θψ+(e) = sin θψ−(e) for every Borel set e ⊆ Σopt, which
implies

ψ+(e ∩ {θ 6= 0}) = ψ−(e ∩ {θ 6= 0})

and exchanging the coordinates yields
ψ+ = ψ−.
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Step 2:
Fix an arbitrary endpoint x ∈ Σopt and an arbitrary point z ∈ Σopt; since θ is well defined onD(x, z),
and combining Lemma 3.2.14 and ψ+ = ψ− yields that for a non ψ negligible set of y ∈ D(x, z)
the angle θ(y) is defined and y is endpoint of exactly two transport rays R±y ⊆ T± belonging to the
same line l, which satisfies

l±y ≥ (H1(D(x, z)))qσ/4

for some σ > 1, where l±y := H1(R±y ), and qσ/4 < 1. Denote with Cz the set of such y ∈ D(x, z). It
holds:

• for ψ-a.e. y ∈ Cz are not endpoints of Σopt onceH1(D(x, z)) is sufficiently small.

To prove the claim above, define

C(y′) := {y ∈ D(x, z) endpoint : [x, y] ∩ [x, z] = [x, y′]}

for every y′ ∈ [x, z] with order at least 3. Clearly every endpoint of D(x, z) belongs to a C(y′) for
some y′ ∈ [x, z]; moreover C(y′1) 6= C(y′2) whenever y′1 6= y′2, as Σopt does not contains loops.

If it holds

|{y ∈ C(y′) : l±y ≥ (H1(D(x, z′)))qσ/4 for some z′ ∈ [x, z], y ∈ D(x, z′)}| ≤ 1,

for z′ sufficiently close to x, then the claim is proven. Indeed the set of points with order at least
3 is at most countable, since Σopt does not contain loops. This would imply that the set Cendz of
endpoints of Cz is at most countable, and due to assumptions on ψ, ψ(Cendz ) = 0.
Denote

δ(y) := inf{H1(D(x, z)) : z′ ∈ [x, z], y ∈ D(x, z′)}

and it is clear that if y ∈ C(y′) then

δ(y) := inf{H1(D(x, z′)) : y′ <γ,x z
′ ∈ [x, z]}

and thus for any y ∈ C(y′) δ(y) is equal to a constant δ. Let y1 ∈ C(y′)∩Cz , without loss of generality
assume that the origin of the coordinate system is at y1 the x axis coincides with the line of transport
rays R±y1

. Then

Σopt ∩ (B((0, δqσ/4), δqσ/4) ∪B((0,−δqσ/4), δqσ/4)) = ∅.

Let z′ ≥γ,x y′ such thatH1(D(x, z′)) ≤ 2δ, then for any ξ ∈ D(x, z′) it holds

|ξ − y1| ≤ diam D(x, z′) ≤ H1(D(x, z′)) ≤ 2δ

and hence D(x, z′) ⊆ B(y1, 2δ). Assume z is close to y so that δ ≤ H1(D(x, z′)) can be as small as
required and 2δ � δqσ/4. Moreover, without loss of generality suppose x ∈ {x2 < 0} which yields
D(x, z′) ⊆ x2 < 0.

Suppose there exists another y2 ∈ C(y′) ∩ Cz distinct from y1. Then Σopt must be outside the
union of balls centred in R±y2

with radii δqσ/4 and touching y2. Since y ∈ B(y1, 2δ) then x must be
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y1

y2

Figure 3.2.1: This is a schematic representation of the configuration.

inside the shaded region in Figure 3.2.1, as otherwise the arc [x, y1] must pass through y2, which is
assumed an endpoint.

Then Σopt must belong to this region as otherwise there exists x′ ∈ Σopt outside, and arc [x, x′]
must pass through y1 or y2 which are assumed be endpoints. The diameter of this region cannot
exceed 2δ, thus diam Σopt ≤ δ. Letting z →γ x δ → 0 therefore diam Σopt = 0, which would mean
Σopt consists of one point, contradiction.

Step 3:
Let x ∈ Σopt be an endpoint, γ ⊆ Σopt be an arc starting at x, using results from Step 2 it follows that
for any sequence {z′h}h∈N ⊆ γ with xh →γ x there exists a sequence {yh}h∈N satisfying

• yh ∈ D(x, z′h) and are not endpoints,

• θ(yh) is defined and yh is endpoint of exactly two transport rays belonging to the same line l
starting from outside B(yh, rh) where

rh := (H1(D(x, h′h)))qσ/4.

Then for any h there exists an endpoint xh of Σopt such that D(xh, yh) ⊆ D(x, z′h): indeed either
yh ∈ γ, in which case xh := z is acceptable choice, or y /∈ γ, in which case γ ∩ [0, y′h] = [x, y′h] for
some y′h <γ,x z

′
h and xh can be taken any of the endpoints of Σopt belonging to D(yh, y

′
h).

Denote Dh := D(xh, yh), and εh := diam Dh, omitting the index h when no risk of confusion
arises. Note that

εh = diam Dh ≤ H1(Dh) ≤ H1(D(x, z′h))→ 0
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as h→∞. Without loss of generality assume the coordinate system is placed with axis x1 coinciding
with lh and the origin at yh. Denote rε := ε

qσ/4
h ≤ rh and consider points P±ε := (±rε, 0). Clearly

Σopt ∩ (B(P+
ε , rε) ∪B(P−ε , rε)) = ∅

while Dh ⊆ B(yh, ε), thus

Dh ⊆ B(yh, ε)\(B(P+
ε , rε) ∪B(P−ε , rε)).

Without loss of generality assume Dh ⊆ {x2 < 0}. Consider points

A±ε := ∂B(yh, ε) ∩ ∂B(P±ε , rε) ∩Q±

where Q± are respectively the fourth and the third quadrant in the coordinate system. Then Dh

belongs to the curvilinear triangle with vertexes yh and A±ε . By direct computation

A±ε = (±ε2/2r, ε(1− ε2/4r2
ε)

1/2) = (o(ε), ε+ o(ε))

due to the choice of rε and assumptions on p.
Denote with R± the transport rays starting at P±ε and passing through A±ε , and with C±ε the

cones with vertexes P±ε and formed by axis x1 and rays R±; define also

D±ε := C±ε \B(yh, rε)

D0
ε := x2 < 0\(D+

ε ∪D−ε ∪B(yh, rε)).

Define the measures

µ±ε := µ|k−1(Dh)∩T± , µε := µ+
ε + µ−ε = µ|k−1(Dh).

Disintegrating the measures yields

µ±ε (e) =

∫
Dh

(µ±ε )′(t, e)dψ±(t),

where Dh 3 t 7→ (µ±ε )′(t, ·) is measurable and probability measures (µ±ε )′(t, ·) are concentrated
on k−1(t) ∩ T± for ψ±-a.e. and in view of results from Step 1, for ψ-a.e. t ∈ Dh.

Note that

µε(D
0
ε) ≤ µε(B(yh, rε)).

Indeed for ψ-a.e. e ∈ Dh the set k−1(t) is contained in a line lt. It is clear that if lt passes through
D0
ε then both l±t := lt ∩ T± intersect the horizontal segment (P−ε , P

+
ε ). Suppose without loss of

generality l+t ∩ (P−ε , yh] 6= ∅. Then k−1(t) ∩ T± ⊆ (Pt, t), where {Pt} := l=t ∩ (P−ε , yh]. Since µ±ε (t, ·)
are concentrated on l±t , then

(µ+
ε )′(t, l+t ) = (µ+

ε )′(t, (Tt, t)) = (µ+
ε )′(t, B(yh, rε)) = 1

while
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(µ−ε )′(t, l−t ) = (µ−ε )′(t,D0
ε) = (µ−ε )′(t, B(yh, rε)) = 1,

therefore (µ−ε )′(t,D0
ε) ≤ (µ+

ε )′(t, B(yh, rε)) and symmetrically (µ+
ε )′(t,D0

ε) ≤ (µ−ε )′(t, B(yh, rε)).
Now construct the set Σε in the following way: remove Dh from Σopt, then add a segment Iε

centred at yh along x1 axis and having length ε. Σε ∈ A(Ω) and satisfies H1(Σε) ≤ H1(Σopt), and
observe that

distΩ(·,Σε) ≤ distΩ(·,Σopt) + ε.

On the other hand by direct computation

distΩ(z,Σε) = distΩ(z, z±ε ) ≤ distΩ(z,Dh)− ε/4

for any z ∈ D+
ε ∪D−ε , where z±ε are the endpoints of Iε in Q± respectively. Therefore

Fµ,A(Σε) ≤ Fµ,A(z,Σopt) + εµε(D
0
ε ∪B(yh, rε))− εµε(D+

ε ∪D − ε−)/4.

Considering that

µε(D
+
ε ∪D − ε−) + µε(D

0
ε ∪B(yh, rε))− ψ(Dh),

it holds

Fµ,A(Σε) < Fµ,A(Σopt),

contradicting the optimality of Σopt.

In two dimensional domain, under suitable assumptions on measure and function, another
property satisfied by solutions of the average distance problem is that any point has multiplicity
at most 3, and only a finite number of points can have multiplicity 3. The proof is similar to that
done for the absence of loops, but more stringent conditions on the measure are required.

Lemma 3.2.16. Given a domain Ω, a measure µ ∈ Lp(Ω) with p > 4/3, a function A : [0, diam Ω] −→
[0,∞), let Σopt be a solution of the average distance problem. Then it holds:

1. |{x ∈ Σopt : ordxΣopt ≥ 3}| <∞,

2. for any z ∈ Σopt, ordzΣopt ≤ 3.

Before the proof, the notion of “depth” of a point is required:

Definition 3.2.17. Given a domain Ω and a set X ∈ A(Ω), the “depth” of a point z ∈ X is not exceeding
the cardinal number n if there exists an arc connecting z to an endpoint l containing not more than n points
with order at least 3; the “depth” of z is n if n is the minimal cardinal for which the depth of z does not exceed
n.

Another result is useful:
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Theorem 3.2.18. Given a domain Ω, an elementX ∈ A(Ω) a constant L > 0, and a point P ∈ X with order
ordPX ≥ L, then there exists arcs {γi}Li=1 with positive length and an endpoint in P and γi ∩ γj = {P}
whenever i 6= j.

This result is known as “Menger n-Beinsatz”. The proof can be found in [30].

Proof. (of Lemma 3.2.16)
As Σopt is connected, no point has order 0. Let k be the number of endpoints of Σopt, and the first
claim is:

• for any x ∈ Σopt, the depth of x is at most k − 1.

Consider an arbitrary point x0 ∈ Σopt, and an arc γ0 connecting it to an arbitrary endpoint, and let
{xi}i≥1 be the set of points with order at least 3. From Menger n-Beinsatz for any xi there exists an
arc γi starting in x1 and intersecting γ0 only in xi. Pick an arbitrary internal point x′i on this arc, and
consider the connected component of Σopt\{xi} containing x′i. Choose an arbitrary endpoint li on
Σopt\{xi}, and from Theorem 3.2.8 li 6= l0. Using the same argument lj 6= li whenever j 6= i, thus
the depth of x0 does not exceed k − 1.

Denote with Bj the set of points of Σopt with depth j, and with B the number of points with
order at least 3,

B =

k−1⋃
j=0

Bj

and considering that B0 ≤ k, Bi+1 ≤ Bi for any i, |B| <∞.

The second claim is:

• every point has finite order, not exceeding k.

Consider an arbitrary point x ∈ Σopt, and suppose the contrary i.e. the order of x is at least k+1.
From Menger n-Beinsatz there exist k + 1 distinct arcs {γi}k+1

i=1 starting at x and pairwise disjoint
outside of x. Taking an arbitrary internal point xi ∈ γi, the connected component of Σopt\{x}
containing {xi}must contain another endpoint li, and using the same argument found before, li 6= lj
whenever i 6= j. This implies there exist at least k + 1 endpoints, contradiction.

Now the second point of the thesis can be proven. Suppose the contrary i.e. there exists x ∈ Σopt
with ordxΣopt ≥ 4. From Menger n-Beinsatz there exist arcs {γi}4i=1 starting at x and disjoint outside
x. Choose ε > 0 sufficiently small such that γi ∩ ∂B(x, ε) 6= ∅ for i = 1, · · · , 4, and choose points
a1, · · · , a4 such that ai ∈ γi ∩ ∂B(x, ε).

Without loss of generality there exist two points ai′ , aj′ such that the minimum arc of ∂B(x, ε)
between them has length at most επ/2. Then define St(ai′ , aj′ , x, ε) the Steiner graph connecting ai′ ,
aj′ and x in B(x, ε), and by direct computation H1(St(ai′ , aj′ , x, ε)) = ε(2 − β), where β > 0 does
not depend on any other parameter.

Then the competitor
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Σ′ := Σopt\(γi′ ∪ γj′(∂B(x, ε))) ∪ St(ai′ , aj′ , x, ε)

clearly satisfies Σ′ ∈ AH1(Σopt)−εβ(Ω), and the points z for which distΩ(z,Σopt) 6= distΩ(z,Σ′) are
those projecting on Σopt ∩ ∂B(x, ε). Denoting with Γε(x) this set, for ε → 0, Ln(Γε) → 0, thus
µ(Γε)→ 0.

Combining with the fact that the difference |distΩ(z,Σopt) − distΩ(z,Σ′)| is at most ε, the thesis
follows.

Notice that Proposition 3.2.9 is crucial: indeed its proof relies on geometric properties specific
to R2, which cannot be extended to higher dimensions without significantly changing the proof.
Such possible extension (for the constrained problem) is listed as one of the most interesting open
questions concerning the average distance problem in the review paper [31]. A partial answer has
been given in a work in progress of the author in collaboration with Slepčev,:

Theorem 3.2.19. Given a domain Ω ⊆ RN withN ≥ 2, a probability measure µ� LN , there exists a closed
set A ⊆ [0,∞) with minA = 0, supA =∞ such that for any L ∈ A, for any solution Σopt of

min
AL(Ω)

Fµ(·),

the number of endpoints of Σopt is at most 1/λ for some λ = λ(L) > 0. As consequence the number of triple
points is at most 1/λ.

However very little is known about such set A.

3.3 Regularity and asymptotic behavior

In the previous Section we have shown that solutions of the average distance problem, under suit-
able assumptions on the measure (and for some of them, on the dimension), must satisfy certain
geometric properties. In this Section we will investigate regularity of such solutions, and their dis-
tance from the border. Only a weak regularity property is proven (see for instance [14]) in this
case.

3.3.1 Ahlfors regularity

The main analytic property satisfied by solutions of the average distance problem, is the “Ahlfors
regularity”:

Definition 3.3.1. A set S ⊆ Rn with dimHS = 1 is Ahlfors regular if there exists c, C, ρ0 > 0 such that

c ≤ H
1(S ∩B(x, ρ))

ρ
≤ C

for any x ∈ S, ρ ∈ (0, ρ0).
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This is a weak regularity property, but an interesting property is that Ahlfors regular sets are
uniform rectifiable.

The proof of Ahlfors regularity is split in two parts: lower bound estimates and upper bound
estimates. Notice immediately that the former is almost trivial: indeed given a domain Ω ⊆ Rn

with n ≥ 2, a solution Σopt of the average distance problem belongs to A(Ω) by definition, and for
any x ∈ Σopt, ρ < diam Σopt/2 there exists y ∈ Σopt ∩ (Ω\B(x, ρ)), and since Σopt is connected,
Σopt ∩ ∂B(x, ρ) 6= ∅. Choose a point z ∈ Σopt ∩ ∂B(x, ρ) such that z is connected to x by an arc
γ ⊆ Σopt ∩B(x, ρ), and clearlyH1(Σopt ∩ ∂B(x, ρ)) ≥ H1(γ) ≥ distΩ(x, z) ≥ ρ, thus

1 ≤
H1(Σopt ∩B(x, ρ))

ρ
∀x ∈ Σopt, ρ ∈ (0,diam Σopt/2). (3.3.1)

Notice that lower bound estimate relies only on Σopt ∈ A(Ω). The upper bound estimate will require
more stringent conditions:

Proposition 3.3.2. Given a domain Ω ⊆ R2, a measure µ ∈ Lp(Ω) with p > 4/3, a function A :
[0, diam Ω] −→ [0,∞), let Σopt be a solution of the average distance problem. Then there exists C, ρ0 > 0
such that

H1(Σopt ∩B(x, ρ))

ρ
≤ C ∀x ∈ Σopt, ρ ∈ (0, ρ0).

Proof. The proof is achieved by contradiction: suppose there exists x ∈ Σopt and {ρj}j∈N ↓ 0 such
that

lim
j→∞

H1(Σopt ∩B(x, ρj))

ρj
≥ 2π + 2.

Without loss of generality suppose that for any j it holds

H1(Σopt ∩B(x, ρj))

ρj
> 2π + 1. (3.3.2)

The goal is to find a competitor Σ′ ∈ AH1(Σopt)(Ω) satisfying Fµ,A(Σ′) < Fµ,A(Σopt). Denote Σ′j :=
Σopt\(Σopt ∩B(x, ρj)) ∪ ∂B(x, ρj), and from (3.3.2) it follows

H1(Σopt ∩B(x, ρj)) > (2π + 1)ρj .

As clearlyH1(∂B(x, ρj)) = 2πρj , this impliesH1(Σ′j) ≤ H1(Σopt)− ρ′j for any j.
Choose an arbitrary point y ∈ Ω, without loss of generality suppose y belongs to the set Ω′ of

points having unique projection on Σopt and Σ′j for any j ∈ N, as such set has full measure. Denote
with k : Ω′ −→ Σopt the projection on Σopt, and the following cases are possible:

• if k(y) /∈ Σopt ∩B(x, ρj) then k(y) ∈ Σ′j , thus distΩ(y,Σopt) ≥ distΩ(y,Σ′j),

• if k(y) ∈ Σopt ∩ B(x, ρj) and y /∈ B(x, ρj) then the transport ray passing through y must
intersect ∂B(x, ρ′j), thus distΩ(y,Σopt) ≥ distΩ(y,Σ′j),
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• if k(y) ∈ Σopt ∩B(x, ρj) and y ∈ B(x, ρj) then distΩ(y,Σopt) + ρ′j ≥ distΩ(y,Σ′j).

Thus using Hölder inequality we have

Fµ,A(Σ′j) ≤ Fµ,A(Σopt) + ρ′jµ(B(x, ρ′j))

= Fµ,A(Σopt) + ρ′j ||µ||
1/p
Lp(B(x,ρ′j))

(π(ρ′j)
2)1/q

= Fµ,A(Σopt) + (||µ||1/p
Lp(B(x,ρ′j))

π1/q)(ρ′j)
1+2/q

where q is the conjugate exponent of p. From Lemma 3.2.7 there exists Σ′′j ∈ AH1(Σ′j)+ρ
′
j
(Ω) such that

Fµ,A(Σ′′j ) ≤ Fµ,A(Σ′j)−K(ρ′j)
3/2

once ρ′j is sufficiently small, where K is a constant not dependent on ρ′j . As by hypothesis p > 4/3,
i.e. q < 4, thus

Fµ,A(Σ′′j ) ≤ Fµ,A(Σ′j)−K(ρ′j)
3/2

≤ Fµ,A(Σopt) + (||µ||1/p
Lp(B(x,ρ′j))

π1/q)(ρ′j)
1+2/q −K(ρ′j)

3/2

and for all j sufficiently large it holds Fµ,A(Σ′′j ) < F (Σopt). Thus Ahlfors regularity is proven, being
2π + 2 an admissible upper bound.

Combining (3.3.1) and Proposition 3.3.2 it follows:

Theorem 3.3.3. Given a domain Ω ⊆ R2, a measure µ ∈ Lp(Ω) with p > 4/3, a functionA : [0, diam Ω] −→
[0,∞), let Σopt be solution of the average distance problem. Then Σopt is Ahlfors regular.

3.3.2 Asymptotic behavior forH1(Σopt)→∞

In this subsection our goal is to analyze some asymptotic behavior of solutions of the average dis-
tance problem when the allowed length goes to infinity.

The first result concerns the asymptotic behavior of the average distance functional:

Proposition 3.3.4. Given a domain Σ ⊆ Rn with n ≥ 2, define

V (l) := min
Al(Ω)

FLn,id.

Then there exist constants c, C > 0 such that

c ≤ V (l)l
1

n−1 ≤ C

for all l sufficiently large.

A preliminary lemma is required:
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Lemma 3.3.5. Let Q ⊆ Rn (n ≥ 2) be a cube, divided by a uniform grid parallel to its edges into small
cubes with side ε. Let β be a Lipschitz curve of length l intersecting exactly k such cubes. Then there exist
c1, c2 > 0 not dependent on ε and l for which

k ≤ c1l/ε+ c2.

Proof. Notice that in a union of 2n + 1 cubes with side ε there exist two cubes for which the distance
between them is at least ε, thus if β intersects k cubes, then

l ≥ [k/(2n + 1)]ε

where [·] denotes the integer part mapping.

Proof. (of Proposition 3.3.4). The proof is split into two steps.

Step 1:
Let Q ⊆ Ω be a cube, and divide Q with an uniform grid parallel to its sides, such that each small
cube of the grid has side ε. Clearly for any l > 0∫

Ω
distΩ(x,Σl

opt)dx ≥
∫
Q

distΩ(x,Σl
opt)dx

where Σl
opt is an arbitrary element of argminAl(Ω)FLn,id.

Fix an arbitrary l > 0, if Σopt ∈ argminAl(Ω)FLn,id, then H1(Σopt) = l. For each such cube Qε
with side ε not intersecting Σopt the following estimate holds:∫

Qε

distΩ(x,Σopt)dx ≥ αn(1− α)εLn(Qε)

for any α ∈ [0, 1]. Maximizing in α yields∫
Qε

distΩ(x,Σopt)dx ≥ Cεn+1

where C > 0 is a constant not depending on ε.
Denote with k the number of cubes with side ε intersecting Σopt, since clearlyQ containsLn(Q)ε−n

cubes with side ε, there exists Ln(Q)ε−n − k such cubes not intersecting Σopt, thus∫
Ω

distΩ(x,Σopt)dx ≥ C(Ln(Q)ε−n − k)εn+1.

From Lemma 3.3.5 we have
l ≥ [k/(2n + 1)]ε,

and it holds ∫
Ω

distΩ(x,Σopt)dx ≥ c1ε− c2ε
nl − c3ε

n+1
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where ci, i = 1, 2, 3 are constants not dependent on ε and l. Choosing ε := kl1/(1−n) with C ∈
(0, (c1/c2)1/(n−1)) yields ∫

Ω
distΩ(x,Σopt)dx ≥ cl1/(1−n)

for some constant c > 0 not dependent on ε and l.

Step 2:
Consider an (n−1)-hyperplane π intersecting Ω by an open set T . Impose an uniform grid parallel to
coordinate axis directions on T , with each “cell” (n−1 dimension cubes) having edge length ε. Thus
the total length of the grid is at most C/ε, with some C > 0 not dependent on ε. Let Σ be the union
of this grid with line segments perpendicular to π passing through nodes of T and staying in Ω. The
total length of all such segments is at most K/εn−1, thus for small ε it holds H1(Σ) ≤ K1/ε

n−1. In
this construction distΩ(x,Σ) ≤ K2ε for any x ∈ Ω, where K2 > 0 is independent of ε, thus∫

Ω
distΩ(x,Σ)dx ≤ K2ε.

Finally putting l := 1/εn−1 concludes the proof.

Another interesting property of solutions of the average distance problem is that under regu-
larity conditions on the domain’s border, the distance between Σopt and ∂Ω can be bounded from
below, when the length constraint on Σopt goes to 0.

Proposition 3.3.6. Given a domain Ω ⊆ Rn with ∂Ω C2 regular, there exist l,d0 > 0 depending only on Ω
and n such that for any l < l0 any element Σl

opt ∈ argminAl(Ω)FLn,id satisfies dH(Σl
opt, ∂Ω) > d0.

Proof. The functionals

F lLn,id(X ) :=


∫

Ω
distΩ(x,X )dx if H1(X ) ≤ l

∞ otherwise

Γ-converges to

F 0
Ln,id(X ) :=


∫

Ω
distΩ(x, P )dx if X = {P} consists of one point

∞ otherwise

for l ↓ 0. Indeed for any sequence {Σk}k∈N −→ Σ in the Hausdorff sense, and lk := H1(Σk) ↓ 0, then
Σ consists of one point, and

F 0
Ln,id(Σ) = lim

k→∞
F lkLn,id(Σk).

Suppose the thesis is false, i.e. there exists {Σk}k∈N withH1(Σk)→ 0 and dH(Σk, ∂Ω)→ 0. Upon
subsequence, assume {Σk}k∈N → {P} ∈ ∂Ω, thus P is optimal for the functional
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F (Q) :=

∫
Ω
|x−Q|dx.

Endow Ω with a coordinate system with origin at P , xn axis directed in such way that all points
of Ω have positive xn coordinate, and (x1, · · · , xn−1) are in the supporting hyperplane of Ω at P .
Then for each i = 1, · · · , n it holds

∂

∂xi
F (0, · · · , 0) = −

∫
Ω

xi
|x− P |

dx < 0,

contradiction.

3.3.3 Maximal regularity

A rather difficult problem for solutions of the average distance problem is the regularity: indeed
very little is known, apart from being countable union of Lipschitz curves (finite union of Lipschitz
curves in two dimension case, or when considering the penalized problem). Thus it would be in-
teresting to determine the “maximal regularity”, i.e. the most stringent regularity property satisfied
by any solution. Two results impose an upper bound on this: first in [55] it has been proven that
for some C1,1 regular curve γ there exists a domain Ωγ such that γ is a minimizer of the average
distance problem, with µ := L2. This leaves the question if such minimizers must be C1 regular. In
[52] an example of minimizer which is not C1 regular has been constructed.

1. the “maximal regularity” cannot exceed C1,1 (from [55]).

Proposition 3.3.7. Given a C1,1 regular curve γ : [0, l] −→ R2 (endowed with the measure L2), parameter-
ized w.r.t. arclength, for any l ∈ (0, R) with R > 0 satisfying

• |γ′′(t)| ≤ 1/R for L1-a.e. t ∈ [0, l].

• l ≤ πR, which implies γ injective,

there exists a domain Ω for which
γ([0, l]) ∈ argminAl(Ω)FL2 .

Proof. Define Σγ := γ([0, l]) and

Ω := {x ∈ R2 : distΩ(x,Σγ ≤ λ)}.

The proof relies on two important facts:

L2({x ∈ R2 : 0 < distΩ(x,Σγ) < s}) = 2ls+ πs2 ∀s

and

L2({x ∈ R2 : 0 < distΩ(x,Σ) < s}) ≤ 2ls+ πs2 ∀s
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for any Σ ∈ Al(Ω) (see [55], and [51] for a proof of the last two estimates). Define D := diam Ω, and
for any competitor Σ ∈ Al(Ω) it holds∫

Ω
distΩ(x,Σ) =

∫ D

0
L2({x ∈ R2 : distΩ(x,Σ) > s})ds

= DL1(Ω)−
∫ D

0
L2({x ∈ R2 : 0 < distΩ(x,Σγ) < s})ds

≥ DL1(Ω)−
∫ D

0
min{L1(Ω), 2ls+ πs2}ds

and equality holds if Σ = Σγ , i.e. Σγ is a minimizer.

2. The “maximal regularity” is weaker than C1 (from [52]).

The construction starts from a discrete configuration.

1. Basic configuration: in R2, define parameters m1 = m3 := 0.38, m2 := 0.24, λ := 0.36 (a
posteriori we can replace this 0.36 with any value in (0.24, 0.38), to guarantee that the two
“heavier” masses still attract the minimizer, while the “lighter” mass will not generate another
branch), points x1 := (−1, 0), x2 := (0, 1), x3 := (1, 0), and the probability measure

µ̄ :=
3∑
i=1

miδxi .

The first step proves that the minimizer of

Eµ(·) :=

∫
R2

dist(x, ·)dµ̄(x) + λH1(·)

is the set
Σ̄opt := {t ∈ [0, 1] : (1− t)x1 + tv2} ∪ {t ∈ [0, 1] : (1− t)x3 + tv2},

where v2 :=

(
0,

1

2
√

2

)
.

2. Counterexample: let η be a mollifier, i.e. smooth, radially symmetric, positive on B(0, 1), null

outside, η(0, 0) = 1 and
∫
R2

ηdx = 1. For δ > 0 define ηδ(x) := δ−2η(x/δ), ρi,δ(·) := miηδ(·−xi),

and the measure µδ := (ρ1,δ + ρ2,δ + ρ3,δ) · L2.

A background measure µ̃ := η3/2 · L2 is required, and consider the smooth measure

µq,δ := (1− q)µδ + qµ̃.

The following result holds:
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Σ̄opt

γ (graph of)

Figure 3.3.1: The colored balls denote the area on which µδ is supported. The red set Σ̄opt is the min-
imizer when the considered measure is µ̄, while the green set is a minimizer when the considered
measure is µq,δ, for q, δ small.

Theorem 3.3.8. There exist q, δ > 0 for which one of the minimizers of

E(·) :=

∫
R2

dH(x, ·)dµq,δ + 0.36H1(·)

is a simple curve. Denoting with γ : [0, 1] −→ R2 a constant speed parameterization, γ′ : [0, 1] −→ R2 is
BV , and γ′′ is a measure with an atom of size at least 1 at some point s ∈ (0, 1).

The value 0.36 as constant multiplyingH1(·) can be replaced by any value in (1/3,m1 ∧m3), as this
guarantees that the minimizer is a simple curve. For the proof we refer to [52].

Notice that these two results can be considered in view of the following, proven in [50] for the
two dimensional case (as it involves using Proposition 3.2.9, not yet proven for higher dimensional
domains), stating that given a minimizer Σ, C1,1 holds near triple points, while corners may arise
only near atoms, i.e.:

• if x ∈ Σ is a triple point, then using Menger n-Beinsatz there exist (locally) three curves
γ1, γ2, γ3 intersecting only in x, which are C1,1 regular,

• if x ∈ Σ is such that the mass projecting on it is zero, then it cannot be a corner.

In ([38]) it has been proven a stronger regularity result:

Proposition 3.3.9. Given a domain Ω ⊆ RN with N ≥ 2, a probability measure µ � LN , a parameter
λ > 0, any solution Σopt of the penalized problem

min
A(Ω)

Fµ(·) + λH1(·)
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is a finite union of curves {γk}jk=1 (without loss of generality assume γk parameterized by arclength), with
j = j(µ, λ,Ω), such that for any k the BV norm ‖γ′k‖BV ≤ C = C(µ, λ,Ω).

For the proof we refer to Theorem 6.4.1, in Chapter 6.

3.4 Higher dimension case

In the previous Section we have discussed geometric properties of solutions of the average distance
functional, with some results proven only in the two dimension case. In particular, the proof of the
absence of loops, absence of crosses and Ahlfors regularity relied on construction specific to two
dimension case.

In this Section our goal is to generalize those results to higher dimension domains, imposing
more stringent conditions if necessary. Moreover, we will prove that (similarly to the two dimension
case) solutions of the maximal distance problem do not contain loops, and satisfy Ahlfors regularity.

3.4.1 Average distance functional solutions

The absence of loops can be generalized to higher dimension cases with minimal modifications. The
idea of the proof is the same as in two dimension case, but estimates differ. The main results were
developed in [44].

The next five results are from [44].

Lemma 3.4.1. Given ρ > 0, define the set

Kρ :=
n⋃
k=1

{tek : t ∈ [−ρ, ρ]},

where {ek}nk=1 is a standard orthonormal base of Rn. Then it hold:

• Kρ is connected and contains 0 ∈ Rn,

• H1(Kρ) = 2nρ,

• given y ∈ Rn with |y| ≥ n1/2ρ then it holds

dH({y},Kρ) ≤ |y| − ρ/(2n1/2).

Proof. Claims “Kρ is connected and contains 0 ∈ Rn” and “H1(Kρ) = 2nρ” are very easy to check.

• To prove: given y ∈ Rn with |y| ≥ n1/2ρ then it holds

dH({y},Kρ) ≤ |y| − ρ/(2n1/2).
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Upon scaling in ρ, assume ρ = 1, y = (y1, · · · , yn) with all coordinates nonnegative and y1 = maxi yj .
Then

dH({y},Kρ) ≤ ((y1 − 1)2 + y2
2 + · · ·+ y2

n)1/2

= (|y|2 + 1− 2y1)1/2 ≤ (|y|2 + 1− 2|y|/n1/2)1/2

Using Lemma 3.4.2 concludes the proof.

Lemma 3.4.2. Given α, β > 0 with α2 ≤ 4β, and x ≥ 2β/α, then it holds

(x2 − αx+ β)1/2 ≤ x− α/4.

Proof. It suffices to notice that under such hypothesis, f(x) := x−(x2−αx+β)1/2 is non decreasing,
and it holds (by direct computation) f(2β/α) ≥ 2β/α− (2β/α− α/4) = α/4.

Lemma 3.4.3. Let ρ > 0, β ∈ [0, 1], r ≥ 9nρ, and a, b ∈ [0, ρ] be given. Let Rn = R× Rn−1 and consider
R := [a, b]×B((0, 0), βρ). Then there exists a set X = X+ ∪X− such that

1. (−a, 0) ∈ X−, (b, 0) ∈ X+,

2. X± are compact and connected,

3. if y ∈ Rn is such that |y| ≥ 2r, then it holds

dH({y}, X) ≤ dH({y}, R)− βρ/2− 3ρ2/(2r),

4. H1(X±) ≤ 8n3/2(β + ρ/r)ρ,

5. X ⊆ B((0, 0), r/n1/2).

Proof. Statements 1 and 2 are clearly true, while 4 and 5 are straightforward to check, being 4 a direct
consequence of Lemma 3.4.1, and 5 a consequence of the estimate

ρ+ λ <
r

9n
+ 8
√
nρ ≤ r

9n
+

8n

9
√
n
≤ r√

n
.

It remains to prove

• if y ∈ Rn is such that |y| ≥ 2r, then it holds

dH({y}, X) ≤ dH({y}, R)− βρ/2− 3ρ2/(2r).

Let y := (y1, y
′) ∈ R× Rn−1 satisfying |y| > 2r. There are two cases to consider.

CASE 1. Assume y1 ∈ [0, ρ] (the case y1 ∈ [−ρ, 0] is symmetric). Then it holds
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dist(y,Kλ(b, 0)) ≤ (|y1 − b|2 + dist2(y′,Kλ))1/2

≤ (ρ2 + dist2(y′,Kλ))1/2.

Since |y| ≥ 2r ≥ 18nρ, while |y1| ≤ ρ, it follows |y′| ≥ 17nρ ≥
√
nλ, and using Lemma 3.4.1 it holds

dist(y,Kλ(b, 0)) ≤ (ρ2 + (|y′| − λ

2
√
n

)2)1/2

= (ρ2 + (|y′| − 2βρ− 2ρ2/r)2)1/2.

Let t := |y′| − βρ− ρ2/r so that

dist(y,Kλ(b, 0)) ≤ (ρ2 + (t− βρ− ρ2/r)2)1/2

= (t− 2(βρ+ ρ2/r)t+ ρ2 + (βρ+ ρ2/r)2)1/2.

Applying Lemma 3.4.2 gives

dist(y,Kλ(b, 0)) ≤ t− βρ+ ρ2/r

2
= |y′| − 3

2
(βρ+ ρ2/r)

whenever

t ≥ ρ2 + (βρ+ ρ2/r)2

βρ+ ρ2/r
.

This is true, since |y| ≥ 2r it follows (by direct computation)

t ≥ 6nρ+ r ≥ 2ρ+ r,

and
ρ2 + (βρ+ ρ2/r)2

βρ+ ρ2/r
≤ 2ρ+ r.

Since |y′| = dist(y,R) + βρ, then we obtain

dist(y,Kλ(0, b)) ≤ dist(y,R)− 1

2
βρ− 3

2
ρ2/r.

CASE 2. Consider the case y1 ≥ ρ (y1 ≤ −ρ is symmetric). Since |y| ≥ ρ we have

|y − (b, 0)| ≥ |y| − ρ ≥ r − ρ ≥ 8nρ

≥ 4n(βρ+ ρ2/r) =
√
nλ,
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so using Lemma 3.4.1 gives

dist(y,Kλ(b, 0)) ≤ dist(y,R)− 1

2
βρ− 3

2
ρ2/r,

concluding the proof.

Lemma 3.4.4. Given Σ ∈ A(Ω) containing a loop E, then H1-a.e. x ∈ E is a noncut point (i.e. E\{x} is
connected).

Proof. If x is not a noncut point, then there exists Lx 3 x with Lx ∩ E = {x}, Lx 6= {x} and
H1(Lx) > 0. Moreover Lx ∩ Ly = ∅ whenever x 6= y. Using H1(Σ) < ∞, it follows that for at most
countably many x such Lx can exist.

Lemma 3.4.5. Let Ω ⊆ Rn be the domain, µ a given measure, Σ ∈ A(Ω) containing a loop E ⊆ Σ. Then
given β ∈ (0, 1], forH1-almost any point x ∈ E, for any r > 0 there exists ρ ∈ (0, r) and Σ′ ∈ A such that:

• H1(Σ′) ≤ H1(Σ)− ρ/2 + (16n3/2 + 2)βρ,

• Σ\Σ′ ⊆ B(x, ρ), Σ′\Σ ⊆ B(x, 32nρ),

• distΩ(y,Σ′) ≤ distΩ(y,Σ) for any y /∈ B(x, 64n3/2ρ),

• distΩ(y,Σ′) ≤ distΩ(y,Σ) + ρ for any y ∈ B(x, 64n3/2ρ).

Proof. Let γ : [0, 1] −→ Σ be a Lipschitz parameterization of E, and x̄ := γ(t̄) with t̄ ∈ (0, t) and
γ differentiable in t̄, x̄ a noncut point (i.e Σ\{x} is connected), and limρ→0 βΣ(x̄, ρ) = 0, where
βΣ(x̄, ρ) := infΠ βΣ,Π(x̄, ρ), with the infimum taken among straight lines Π passing through x̄, and
βΣ,Π(x̄, ρ) := supy∈Σ∩B(x̄,ρ) dist(y,Π)/ρ. Existence of such βΣ and βΣ,Π has been proven in [40].

In view of Lemma 3.4.4, it follows thatH1-a.e. x ∈ E has such property. Endow the configuration
with an orthogonal coordinate system (on Rn = R× Rn−1) with x̄ = (0, 0) and γ′(t̄) = (|γ′(t̄)|, 0).

Let γ(t) = (γ1(t), γ2(t)), choose ρ0 ∈ (0, r) such that

β(x̄, ρ) ≤ β ∀ρ ≤ ρ0.

Denote with Dk a neighborhood of x in Σ such that diam Dk ≤ ρ0, and let ρ > 0 be such that B(x̄, ρ)
is the smallest ball containing Dk. Hence Dk ⊆ B(x̄, ρ) ∩ Σ ⊆ [−ρ, ρ]×B(0, βρ).

Denote with a, b the smallest number such that Dk ⊆ [−a, b] × B(0, βρ) and choose x1 ∈ Σ ∩
B((−a, 0), βρ), x2 ∈ Σ ∩ B((b, 0), βρ); choose r′ := 32n3/2ρ and in view of Lemma 3.4.3 there exist
such X = X+ ∪ X− (given by Lemma 3.4.3). Let S− be the segment connecting x1 to (−a, 0), and
S+ the segment connecting x2 to (b, 0) respectively. Define

Σ′ := Σ\Dk ∪X ∪ S− ∪ S+.

By construction it follows Σ′ connected, Σ\Σ′ ⊆ Dk ⊆ B(x̄, ρ). On the other hand Σ\Σ′ ⊆ B(x̄, 32nρ),
by Lemma 3.4.3, while S± ⊆ B(x̄, (1 + β)ρ).

Observing thatH1(S±) ≤ βρ,H1(Dk) ≥ ρ, it follows

H1(Σ′) ≤ H1(Σ)− ρ/2 + C2βρ
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where C2 := 16n3/2 + 2.
Finally the statements on distΩ(y,Σ′) follow from Lemma 3.4.3 and Σ\Σ′ ⊆ B(x̄, ρ) respectively.

Another result estimating the “gain” for the average distance functional is required. While
Lemma 3.2.7 is valid for the higher dimension cases, a sharper estimate holds:

Lemma 3.4.6. Let Ω ⊆ Rn be a given domain, l > 0 a given value, µ a given measure, Borel sets H,K ⊆ Ω
such that µ(K) > 0 and

r := inf{distΩ(x,H) : x ∈ K} > 0.

Then for any compact set Σ ⊆ H with H1(Σ) ≤ l there exists for any ε sufficiently small a set Σ′ ⊇ Σ such
that

H1(Σ′) ≤ H1(Σ) + 2nε, Fµ,A(Σ′) ≤ Fµ,A(Σ)− λ(r)µ(K)

32nl
ε2,

where λ(·) is the constant for which

|A(x)−A(y)| ≥ λ(c)|x− y|

for any x, y with |x− y| ∈ [c, diam Ω].

For the proof we refer to [44].
These preliminary results are sufficient to prove the absence of loops:

Theorem 3.4.7. Given a domain Ω ∈ Rn with n ≥ 3, a measure µ ∈ L1(Ω), a function A : [0, diam Ω] −→
[0,∞), any solution Σopt of the average distance problem does not contain loops.

Proof. Choose an arbitrary Σopt solution of the average distance problem, and define l := H1(Σopt).
Suppose l > 0, otherwise Σopt would consist of only one point. Since µ(Σopt) = 0, there exists a
compact set K not intersecting Σopt such that µ(K) > 0. Define

R :=
1

2
min{distΩ(y,Σopt) : y ∈ K} > 0

and

H := {z ∈ Ω : distΩ(z,Σopt) < R}.

Suppose there exists a subsetE ⊆ Σopt homeomorphic to S1 ⊆ R2. Put β := 4(16n3/2 +2)−1; it holds
(see [2] for further details)

lim
ρ→0+

µ(B(x, ρ))

ρ
= 0 H1 − a.e. x ∈ E.

Choose r > 0 (the exact value will be determined later): from Lemma 3.4.5 there exists x′ ∈ E with
µ(B(x′,t))

t → 0 as t→ 0+, and ρ ∈ (0, r) such that there exists Σ′ ∈ A(Ω) satisfying

H1(Σ′) ≤ H1(Σopt)− ρ/2 + 4(16n3/2 + 2)βρ = H1(Σopt)− ρ/4 (3.4.1)
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and

Fµ,A(Σ′) ≤ Fµ,A(Σopt) +

∫
B(x′,64n3/2ρ)

A(distΩ(y,Σopt) + ρ)−A(distΩ(y,Σopt))dµ(y)

≤ Fµ,A(Σopt) + 64n3/2Λρ2µ(B(x′, 64n3/2ρ))

64n3/2ρ
,

where Λ denotes the Lipschitz constant of A.
Applying Lemma 3.4.6 yields the existence of Σ′′ ∈ A(Ω) satisfying

H1(Σ′′) ≤ H1(Σ′) + 2nε ≤ H1(Σopt)

and

Fµ,A(Σ′′) ≤ Fµ,A(Σ′)− C1ε
2

≤ Fµ,A(Σopt) + 64n3/2Λρ2µ(B(x′, 64n3/2ρ))

64n3/2ρ
− C1

16n2
ρ2

where C1 :=
λ(r)µ(K)

32nl
, and λ(·) denoted the function for which

|A(x)−A(y)| ≥ λ(c)|x− y| ∀c > 0, ∀x, y ∈ Ω : |x− y| ∈ [c,diam Ω].

Then choosing r > 0 satisfying

64n3/2Λ
µ(B(x′, 64n3/2ρ))

64n3/2ρ
<

C1

16n2
∀ρ ∈ (0, r)

and passing to the limit ρ→ 0 yields

H1(Σ′′) ≤ H1(Σopt), Fµ,A(Σ′′) < Fµ,A(Σopt),

which is a contradiction.

Theorem 3.3.3 proves that in the two dimension case, under summability conditions on the
measure, solutions of the average distance problem are Ahlfors regular. This can be generalized to
higher dimensions, under slightly different conditions on the measure. Some preliminary results
are required. All the proofs can be found in [44].

Lemma 3.4.8. Let Ω ⊆ Rn (n ≥ 3) be a given domain, Σ ∈ A(Ω), then for any x ∈ Σ there exists Σ′ ∈ A(Ω)
such that for any ρ > 0

• H1(Σ′) ≤ H1(Σ)−H1(Σ ∩B(x, ρ)) + C(

(
H1(Σ ∩B(x, 2ρ))

2ρ

)n−1
n

+ 1)ρ,

• Σ\Σ′ ⊆ B(x, 2ρ), Σ′\Σ ⊆ B(x, 8
√
nρ),

• distΩ(z,Σ′) < distΩ(z,Σ) for any z /∈ B(x, 4nρ),
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• distΩ(z,Σ′) ≤ distΩ(z,Σ) + ρ for any z ∈ B(x, 4nρ).

where C is a positive constant depending only on n.

Lemma 3.4.9. Let Ω ⊆ Rn (n ≥ 3) be a given domain, Σ ∈ A(Ω) and suppose there exists r > 0 such that
for any x ∈ Σ, 0 < ρ < r the inequality

H1(Σ ∩B(x, ρ))

ρ
≤ aH

1(Σ ∩B(x, 2ρ))

2ρ

α

+ b

holds for some fixed a > 0, b ≥ 0, α ∈ (0, 1). Then there exists a constant K = K(a, b, α, r,H1(Σ)) such
that

H1(Σ ∩B(x, ρ))

ρ
≤ K.

Now it is possible to prove that solutions of the average distance problem are Ahlfors regular,
under suitable conditions on the measure.

Theorem 3.4.10. Let be Ω ⊆ Rn (n ≥ 3) a given domain, µ ∈ Lp, p ≥ n

n− 1
a given measure, A :

[0, diam Ω] −→ [0,∞) a given function, and Σopt ∈ argminAL(Ω)Fµ,A for some L ≥ 0. Then Σopt is Ahlfors
regular.

Proof. First suppose L > 0, otherwise Σopt is a single point.

1. µ(Σopt) = 0, thus there exists a compact set K with µ(K) > 0 and K ∩ Σopt = ∅. This can be
chosen as K := Ω\(Σopt)2c, with c ∈ (0,diam Σopt) and (Σopt)2c := {y ∈ Ω : distΩ(y,Σopt) <
2c}; choose a small ρ > 0;

2. let be Σ′ the competitor given in Lemma 3.4.8, and using Hölder inequality yields

Fµ,A(Σ′) ≤ Fµ,A(Σopt) + 2Λρµ(B(x, 4nρ)) ≤ Fµ,A(Σopt) + 2Λρ||µ||1/pLp L
n(B(x, 4nρ))1/q

where Ln(B(x, 4nρ)) clearly has order O(ρn),

3. inequality

H1(Σ′) ≥ H1(Σopt ∩B(x, ρ))− ρH(
H1(Σopt ∩B(x, 2ρ))

2ρ
+ 1) (3.4.2)

holds, and two cases arise:

(a) if

H1(Σopt ∩B(x, ρ))− ρH(
Σopt ∩B(x, 2ρ)

2ρ
+ 1) ≤ 0

Lemma 3.4.9 concludes
H1(Σopt ∩B(x, ρ))

ρ
≤ K ′ for some K ′ > 0.
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(b) ifH1(Σopt ∩B(x, ρ))− ρH(
Σopt ∩B(x, 2ρ)

2ρ
+ 1) > 0 then for ρ sufficiently small inclusion

Σ′ ⊆ {z ∈ Ω : distΩ(x,Σopt) < c} holds. Applying Lemma 3.4.6 yields to the existence of
a set Σ′′ ∈ A(Ω) such that

Fµ,A(Σ′′) ≤ Fµ,A(Σ′)−H ′(H1(Σ′∩B(x, ρ))−ρH ′′(
(
H1(Σ′ ∩B(x, 2ρ))

2ρ

)n−1
n

+1))2 (3.4.3)

where H ′, H ′′ are positive constants not dependent on ρ and x. Combining

Fµ,A(Σ′) ≤ Fµ,A(Σopt) +O(ρ
n
q

+1
) (3.4.4)

with (3.4.3) and the optimality of Σopt (i.e. Fµ,A(Σopt) ≤ Fµ,A(Σ′′)) yields

H1(Σ′ ∩B(x, ρ))− ρH ′′(
(
H1(Σ′ ∩B(x, 2ρ))

2ρ

)n−1
n

+ 1) ≤ H∗ρ
n
2q
− 1

2 ≤ H∗(diam Σopt)
n
2q
− 1

2

with H∗ independent of x and ρ, and applying Lemma 3.4.9 yields the thesis.

Thus the proof is complete.

3.4.2 Maximal distance functional solutions

As presented at the beginning of this Chapter, a problem related to the average distance problem is
the “maximal distance problem”, in which the maximum displacement from a set with prescribed
maximum length is to be minimized. Solutions of this problem exhibit some similar properties. The
maximal distance problem will be discussed only marginally. The absence of loops, under suitable
hypothesis, holds too, and has simpler proof:

Theorem 3.4.11. Given a domain Ω ∈ Rn with n ≥ 3, any solution Σ∗opt of the maximal distance problem
does not contain loops.

Proof. The proof is done by contradiction: suppose there exists a solution Σ∗opt containing a loop E;
define r := F ∗(Σ∗opt)/(65n3/2), β := 1/(4(16n3/2 + 2)), and consider a point x∗ ∈ Σ∗opt and ρ < r for
which Lemma 3.4.5 yields the existence of Σ′ satisfying:

• H1(Σ′) ≤ H1(Σ∗opt)− ρ/2 + (16n3/2 + 2)βρ,

• distΩ(y,Σ′) ≤ distΩ(y,Σ∗opt) for any y /∈ B(x∗, 64n3/2ρ),

• distΩ(y,Σ′) ≤ distΩ(y,Σ∗opt) + ρ for any y ∈ B(x∗, 64n3/2ρ).

Then from choices for r, β,H1(Σ′) < H1(Σ∗opt) and

• if distΩ(y, x∗) ≥ 64n3/2ρ then distΩ(y,Σ′) ≤ distΩ(y,Σ∗opt),
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• if distΩ(y, x∗) < 64n3/2ρ then

distΩ(y,Σ′) ≤ distΩ(y,Σ∗opt) + ρ ≤ 64n3/2ρ+ ρ ≤ 65n3/2r ≤ F ∗(Σ∗opt),

and the proof is complete.

Solutions of the maximal distance problem exhibit Ahlfors regularity too:

Theorem 3.4.12. Let be Ω ⊆ Rn (n ≥ 3) a given domain, and Σ∗opt ∈ argminAL(Ω)F
∗ for some L ≥ 0.

Then Σ∗opt is Ahlfors regular.

Proof. Define r := F ∗(Σ∗opt)/6n, and consider a point x∗ ∈ Σ∗opt and ρ < r for which Lemma 3.4.8
gives the existence of Σ′ satisfying those conditions:

• if y /∈ B(x∗, 4nρ) then it holds

distΩ(y,Σ′) ≤ distΩ(y,Σ∗opt) ≤ F ∗(Σopt),

• if y ∈ B(x∗, 4nρ) then it holds

distΩ(y,Σ′) ≤ distΩ(y,Σ∗opt) + 2ρ ≤ 6nρ ≤ 6nr = F ∗(Σopt),

thus

F ∗(Σ′) ≤ F ∗(Σ∗opt)

and the optimality of Σ∗opt yields

H1(Σ′) ≤ H1(Σ∗opt).

Using Lemma 3.4.8 gives

H1(Σ∗opt ∩B(x∗, ρ))

ρ
− C(

H1(Σ∗opt ∩B(x∗, 2ρ))

2ρ

α

+ 1) ≤ 0

for some constant C > 0 not depending on x∗, ρ, and Lemma 3.4.9 gives the existence ofK such that

H1(Σ∗opt ∩B(x∗, ρ))

ρ
≤ K,

concluding the proof.
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3.5 Counterexamples

In this Section we will present counterexamples to results about geometric properties of solutions of
the average distance problem, when key summability properties on the measure are not assumed.
In particular, Theorem 3.2.8 and Lemma 3.2.16 will be shown to be false if more general measures
are considered.

In Theorem 3.4.7 we have proven that given a domain Ω and a measure µ ∈ L1(Ω), no opti-
mal set can contain a loop. In this subsection we will prove that without such assumption on the
measure, this result does not hold. A counterexample will be constructed by exploiting this lack of
summability.

Let Ω := B̄((0, 0), 2) ⊆ R2 be the domain, µ := f · L2 the measure, where (in polar coordinates)

f(r, θ) :=
1

|r − 1|
,

and A := id the identity function.
First, clearly f /∈ L1(B̄((0, 0), 2)):∫

B̄((0,0),2)
f(x)dx ≥ 2π

∫ 1

1/2

r

|r − 1|
dr ≥ π

∫ 1

1/2

1

|r − 1|
dr =∞.

Then consider Σopt := {(r, θ) ∈ B̄((0, 0), 2) : r = 1} the unit circle, and it holds∫
B̄((0,0),2)

distΩ(x,Σopt)f(x)dx = 2π

∫ 2

0
|r − 1| r

|r − 1|
dr <∞

Consider the family

Gδ,η(β) := {(r, θ) ∈ B̄((0, 0), 2) : r ∈ [1− δ, 1 + δ], θ ∈ [β − η, β + η]},

where δ ∈ [0, 1], η ∈ [0, π], β ∈ [0, 2π].
Clearly for any δ, η, β, ∫

Gδ,η(β)
f(x)dx ≥ η

∫ 1+δ

1−δ

ρ

|ρ− 1|
dρ =∞

Thus given anyX ∈ A(Ω), if there exists ε > 0, δ, η, β such that distΩ(Gδ,η(β),X ) ≥ ε, then inevitably
Ff ·L2,id(X ) =∞.

Thus in order to achieve Ff ·L2,id(X ) < ∞, for any ε > 0, δ, η, β, X should have distance from
Gδ,η(β) not more than ε. As X is connected and compact, it should intersect Gδ,η(β) for any δ, η, β,
thus it must intersect ⋃

β∈[0,2π]

⋂
δ∈[0,1]

⋂
η∈[0,π]

Gδ,η(β),

which ultimately leads to Σopt ⊆ X .
From this we can see that Al(Ω) does not contain any set S with finite energy for any l < 2π,

while for l ≥ 2π any set with finite energy should contain Σopt.
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It has been proven that in the two dimension case a cross cannot be present in optimal sets if the
measure µ ∈ Lp(Ω), p > 4/3. In this subsection we will construct a counterexample showing that
the same result does not hold when µ /∈ L1(Ω).

The case f ∈ Lp with p ∈ [1, 4/3] remains not clear.
Let Ω := [−1, 1]× [−1, 1] be the domain, and defineX := ({0}× [−1/2, 1/2])∪([−1/2, 1/2]×{0}).

Then consider the measure µ := f · L2, where

f : [−1, 1]× [−1, 1] −→ [0,∞), f(x, y) :=
1

dist((x, y), X)
,

and A := id the identity function.
Again, it holds ∫ 1

−1

∫ 1

−1

1

distΩ((x, y), X)
dxdy =∞,

while ∫ 1

−1

∫ 1

−1
distΩ((x, y), X)

1

distΩ((x, y), X)
dxdy <∞.

Given a ∈ [−1/2, 1/2], ε ∈ [0, 1/4] consider the family

Lε(a) := {(x, y) ∈ [−1, 1]× [−1, 1] : x ∈ [(a− ε) ∨ −1/2, (a+ ε) ∧ 1/2], y ∈ [−ε, ε])},

Hε(a) := {(x, y) ∈ [−1, 1]× [−1, 1] : y ∈ [(a− ε) ∨ −1/2, (a+ ε) ∧ 1/2], x ∈ [−ε, ε])},

and clearly for any a, ε we have Ff ·L2,id(Lε(a)) = Ff ·L2,id(Hε(a)) =∞.
So, similarly to the previous subsection, if some set X ∈ A satisfies Ff ·L2,id(X ) < ∞, then for

any η > 0, a, ε, X must have distance from Lε(a) not more than η, which translates to⋃
a∈[−1/2,1/2]

⋂
ε∈[0,1/4]

Lε(a) = [−1/2, 1/2]× {0} ⊆ X ;

with the same argument applied to Hε(a) leads to {0} × [−1/2, 1/2] ⊆ X , and thus X ⊆ X .
Then any set with finite energy should contain X , which is homeomorphic to a cross.
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Chapter 4

Quasi static evolutions

In this chapter we study the evolution for a class of problems, the minimizing movement problems
associated to the average distance functional. Similarly to the average distance problem, they arise
from urban planning/network optimization problems, when some additional variables (frequently
a time variable is present) and constraints are considered. Given Ω ⊆ RN , µ,A as in the average
distance problem, and an initial datum S0 ∈ A(Ω), consider the recursive sequence{

w(0) := S0

w(n) ∈ argminA(Ω)Fµ,A(·) + λH1(·∆w(n− 1))
, (4.0.1)

where λ > 0 is a given constant. Here ∆ denotes the symmetric difference. The choice of using the
penalization λH1(·∆w(n−1)) may seem arbitrary, as a priori one can use more general penalization
terms like η(H1(·∆w(n− 1))), where η is a given function satisfying natural conditions like:

• η(0) = 0,

• η non decreasing.

However, as will emerge from the arguments used in the proofs, the arguments used for functions
η of the form η(t) = λt can be easily generalized to functions of the form η̃(t) = kth (k > 0, h ≥ 1).

An important variant is (given a time step ε > 0){
w(0) := S0

w(n) ∈ argminAH1(S0)+nε(Ω)Fµ,A
. (4.0.2)

The main difference between formulations (4.0.2) and (4.0.1) is in the constraints: in the former the
length is prescribed at any step, while in the latter no constraints on the length are imposed, but the
“penalization term” λH1(·∆w(n − 1)) interdicts optimality for sets with large length. Most results
proven for one case hold for the other too, and proofs for both cases often use the same argument.
Thus unless otherwise specified, results proven for one case will be valid for the other formulation
too.

In the following, when we will write “X ∈ argmin G”, where X is an element and G a functional,
we will mean that X is an arbitrary element of argmin G (]argmin G > 1 is possible in general).

91
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An important sub-class, are the “irreversible” evolutions:
w(0) := S0

w(n) ∈ argminA(Ω)Fµ,A(·) + λH1(·∆w(n− 1))

w(n) ⊇ w(n− 1),

(4.0.3)

and 
w(0) := S0

w(n) ∈ argminAH1(S0)+nε(Ω)Fµ,A

w(n) ⊇ w(n− 1)

. (4.0.4)

In this case it is explicitly stated that every set in the evolution must contain all previous sets: this
property will be called “irreversibility” in the following. This property can be used to model irre-
versible physical phenomena, like fracture propagation or membrane debonding (see for instance
[11] and [10]), or transportation network expansion where removing existing network is highly un-
economical. As seen in the following this property, can significantly alter qualitative properties of
solutions.

For both problems (4.0.2) and (4.0.1) a solution will be a sequence {w(k)}∞k=0 of elements of
A(Ω), verifying the constraints and minimality properties imposed. In this chapter our goal is to
extend geometric/regularity properties satisfied by solutions of the average distance functional. In
particular we will prove that the absence of loops is valid even in higher dimensions, along with
some weak analytic regularity (Ahlfors regularity).

The main results are in Section 4.1, in which results from the static case are adapted to the evo-
lutionary case (most results concerning evolutions, in particular those stating some geometric prop-
erties, are from works by the author). Moreover it presents a counterexample (from a paper by the
author), when key properties are not assumed. Section 4.2 contains some side observations.

4.1 Evolution of solutions of the average distance problem

In this Section our goal is to study solutions of the quasi static evolution related to the average
distance problem. We will prove that many properties satisfied by solutions of the average distance
problem can be retrieved.

4.1.1 Geometric and analytic properties

Theorems 3.2.8 and 3.4.7 proved the absence of loops for solutions of the average distance problem.
In this subsection the proof will be adapted to prove absence of loops for solutions of (4.0.2) and
(4.0.1). These results have been discussed in [33] for the two dimension case, and [35] for higher
dimension case.

As we are considering evolutions like (4.0.2) or (4.0.1), it may be possible that at some step k the
difference w(k)\w(k − 1) is not connected.

If this is the case, it holds
w(k)\w(k − 1) =

⋃
i∈J
Ci
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where Ci are its connected components and J is a suitable set of indices. AsH1(w(k)\w(k−1)) <∞,
for at most countable indexes h ∈ J the component Ch verifies H1(Ch) > 0, thus we can split the
passage (here the arrow does not indicate any sort of convergence, the expression w(k − 1)→ w(k)
just says “passing from configuration w(k − 1) to configuration w(k)”)

w(k − 1)→ w(k)

in
w(k − 1)→ w(k − 1) ∪ Ci1 → w(k − 1) ∪ Ci1 ∪ Ci2 → w(k − 1) ∪ Ci1 ∪ Ci2 ∪ Ci3 → · · ·

where {is}∞s=1 are indexes for whichH1(Cis) > 0, and analyze each single passage separately, i.e.

Fµ,A(w(k − 1))− Fµ,A(w(k)) = Fµ,A(w(k − 1))− Fµ,A(w(k − 1) ∪ Ci1)

+
∞∑
j=1

(
Fµ,A(w(k − 1) ∪

j⋃
r=1

Cir)− Fµ,A(w(k − 1) ∪
j+1⋃
r=1

Cir)

)
.

Notice that by construction w(k − 1) ∪
⋃j
r=1Cir → w(k) as sets, thus in this way it is possible to

analyze each passage

Fµ,A(w(k − 1) ∪
j⋃
r=1

Cir)− Fµ,A(w(k − 1) ∪
j+1⋃
r=1

Cir),

and sum all such terms in order to compute

Fµ,A(w(k − 1))− Fµ,A(w(k)).

Thus if w(k)\w(k− 1) is not connected, i.e. the passage from w(k− 1) to w(k) is obtained by adding
a non connected set, then it is possible to split it into at most countably many steps, in which a
connected set is added at each step. Notice that unlike w(k), which by definition is chosen among
minimizers of some energy (this will be explained later), “intermediate” steps are not required to
satisfy any minimality property.

The absence of loops for solutions of (4.0.2) was first proven in two dimension case (see [33]
for more details), then generalized to higher dimension cases (see [35] for more details). The proof
reported here deals with the general case.

Lemma 4.1.1. Let Ω ⊆ Rn be a given domain, µ a given measure, A a given function, S0 ∈ A(Ω) with
Fµ,A(S0) <∞ and not containing loops, and h > 0 a given positive value. Then any element

Σopt ∈ {S ∈ argminAH1(S0)+h(Ω)Fµ,A : S ⊇ S0}

is such that Σopt\S0 does not contain loops.

Proof. Suppose there exists an element

Σopt ∈ {S ∈ argminAH1(S0)+h(Ω)Fµ,A : S ⊇ S0}
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such that the difference I := Σopt\S0 contains a loop E ⊆ I . From Lemma 3.1.9 follows that such
Σopt must verify H1(Σopt) = H1(S0) + h. The goal will be finding a competitor Σ′ ∈ AH1(S0)+h(Ω)
satisfying Fµ,A(Σ′) < Fµ,A(Σopt).

The idea used here is similar to that used in [44] to prove the absence of loops in minimizers of
the average distance problem (and in [33] for the two dimension case).

As µ(Σopt) = 0 by hypothesis, there exists a not µ-negligible compact set K such that Σopt∩K =
∅, and put

R :=
1

2
min{dist(y,Σopt) : y ∈ K} > 0.

We have supposed the existence of loop E ⊆ Σopt, thus µ(E) = 0, and

lim
r→0+

µ(B(x, r))

r
= 0

forH1-almost every x ∈ E (see [2] for further details).

Let be β :=
1

64n3/2 + 8
, and t a free parameter for now. Applying Lemma 3.4.5 yields the exis-

tence of:

• ρ ∈ (0, t) and Σ′ ∈ A(Ω) such that

H1(Σ′) ≤ H1(Σopt)− ρ/4.

Choose x∗ ∈ E such that lim
r→0+

µ(B(x∗, r))

r
= 0, this leads to

Fµ,A(Σ′) ≤ Fµ,A(Σopt) +

∫
B(x∗,64n3/2ρ)

(A(distΩ(w,Σopt) + ρ)−A(distΩ(w,Σopt)))dµ(w)

≤ Fµ,A(Σopt) + ρµ(B(x∗, 64n3/2ρ))Λ

= Fµ,A(Σopt) + 64n3/2ρ2µ(B(x∗, 64n3/2ρ))

64n3/2ρ
Λ.

(4.1.1)

Lemma 3.4.6 applied to Σ′ gives the existence of a competitor Σ′′ verifying

H1(Σ′′) ≤ H1(Σ′) + 2nε ≤ H1(Σopt) + 2nε− ρ/4

and choosing ε := ρ/8n this yields

H1(Σ′′) ≤ H1(Σopt).

For the average distance functional

Fµ,A(Σ′′) ≤ Fµ,A(Σ′)− λ(R)µ(K)

32nH1(Σ′)

ρ2

64n2
(4.1.2)

holds. Combining (4.1.1) and (4.1.2), for ρ sufficiently small, Σ′′ satisfies H1(Σ′′) ≤ H1(Σopt) and
Fµ,A(Σ′′) < Fµ,A(Σopt). Finally, the competitor Σ′′ contains S0, thus is admissible.
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Lemma 4.1.2. Let Ω be a given domain, µ a given measure,A a given function, S0 ∈ A(Ω) with Fµ,A(S0) <
∞ and not containing loops, and h > 0 a given positive value. Consider an arbitrary element

Σopt ∈ {S ∈ argminAH1(S0)+h(Ω)Fµ,A : S ⊇ S0}.

Suppose there exists a loop E ∈ Σopt, and let ϕ : R2 ⊃ S1 −→ E be an arbitrary homeomorphism. Then the
set V := ϕ−1(E ∩ (Σopt\S0)) has non empty interior.

Proof. From Lemma 4.1.1 it follows that E * Σopt\S0. As by hypothesis E * S0, then both E ∩ S0

and E ∩Σopt\S0 are non empty. So V := ϕ−1(E ∩ (Σopt\S0)) 6= ∅. Without loss of generality we can
work with another homeomorphism φ satisfying:

1. φ : [0, 1] −→ E, φ(0) = φ(1) = P ∈ E ∩ S0,

2. φ|(0,1) : (0, 1) −→ E\{P} is an homeomorphism.

This choice is due to technical reasons only, as it is easier to work with φ. Proving that V has non
empty interior is equivalent to prove W := φ−1(E ∩ (Σopt\S0)) has non empty interior. Suppose the
opposite, i.e. W has empty interior (that is, as both φ and φ−1 are homeomorphism, E ∩ (Σopt\S0)
has empty interior). From assumption (2) on φ this means (E ∩ (Σopt\S0))\{P} has empty interior
in E\{P}, or equivalently (E ∩ S0)\{P} dense in E\{P}.

Since E\{P} dense in E, this leads to

(E ∩ S0)\{P} = E\{P} = E

which ultimately yields
E ∩ S0 = E

and considering that E,S0 are closed sets, E ∩ S0 = E follows, contradicting the hypothesis.

Now we can prove the absence of loops for solutions of (4.0.2) and (4.0.1):

Theorem 4.1.3. Let Ω ⊆ RN be a given domain, µ a given measure, A a given function, ε > 0 a given time
step S0 ∈ A(Ω) an initial datum with Fµ,A(S0) <∞ and not containing loops, and consider

w(0) := S0

w(n+ 1) ∈ argminAH1(S0)+(n+1)ε(Ω)Fµ,A

w(n+ 1) ⊇ w(n)

. (4.1.3)

Then for any n ≥ 0 the set w(n) does not contain loops. Similarly solutions of (4.0.2) with the same initial
datum S0 do not contain loops.

Proof. The proof is done by induction on n:

• by hypothesis w(0) := S0 does not contain loops,

• suppose w(n) does not contain loops.
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The goal is to prove that w(n + 1) does not contain loops. Suppose the contrary, i.e. there exists a
loop S ⊆ w(n+ 1): this may lead to two possibilities:

1. S ⊆ w(n+ 1)\w(n),

or

2. S ∩ w(n+ 1)\w(n) and S ∩ w(n) are non empty,

with the third possibility S ⊆ w(n) excluded by inductive hypothesis.
Notice that by construction w(n+ 1) ⊇ w(n), and

w(n+ 1) ∈ {X ∈ argminAH1(w(n))+ε
Ff : X ⊇ w(n)},

so hypothesis of Lemma 4.1.1 and 4.1.2 are applicable to both possibility (1) and (2). Applying
Lemma 4.1.1 would lead immediately S * w(n+ 1)\w(n), thus possibility (1) is excluded.

Let be φ : [0, 1] −→ S an homeomorphism like that chosen in the proof of Lemma 4.1.2; applying
the latter, φ−1(E ∩ (w(n + 1)\w(n))) is not empty, thus contains an open ball (t∗ − ρ, t∗ + ρ) ⊆
φ−1(E ∩ (w(n + 1)\w(n))), with ρ > 0. The image φ((t∗ − ρ, t∗ + ρ)) is an open connected arc in
E ∩ (w(n + 1)\w(n)). Then it is possible to apply Lemmas 3.4.5 and 3.4.6, similarly to what done
in [44], and construct a competitor Σ′ ∈ {X ∈ AH1(w(n))+ε(Ω) : X ⊇ w(n)} with Fµ,A(Σ′) <
Fµ,A(w(n+ 1)), contradicting the optimality of w(n+ 1).

The proof for solutions of (4.0.2), (4.0.1) and (4.0.3) use the same argument, with very small
modifications.

In [44] it has been proven that minimizers of the average distance functional exhibit Ahlfors
regularity, when the considered measure verifies some summability properties. In this section we
aim to extend these results to solutions of (4.0.2) and (4.0.4), by adapting the proof. We present now
some preliminary results about Ahlfors regularity.

The following condition regarding the domain will be assumed through the Chapter:

Assumption 4.1.4. The domain Ω satisfies: for any point x ∈ Ω (where Ω is the domain being considered)
there exists δ > 0 such that:

• B(x, δ) ⊆ Ω if x is in the interior,

• B(x, δ) ∩ Ω is convex, and there exists a constant η > 0 such that L2(B(x, δ) ∩ Ω) ≥ ηδ2 for any
x ∈ ∂Ω.

Lemma 4.1.5. Given natural numbers n and k, x ∈ Rn, ρ > 0, points {zi}ki=1 ⊆ B(x, ρ), there exists
Σ ∈ A(B(x, ρ)) such that

• zi ∈ Σ for i = 1, · · · , k,

• H1(Σ) ≤ C∗k
n−1
n ρ, where C∗ depends only on n.

The proof can be found in [44].
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Proof. Upon translation and rescaling suppose x = (0, · · · , 0), ρ = 1/2 and {zi}ki=1 ⊆ [0, 1]n. Let Γj
be a uniform one dimensional grid with step j ({(x1, · · · , xn) : jxi ∈ N for at least n − 1 indexes}):
it holds

H1(Γj) ≤ n(j + 1)n−1, max
y∈[0,1]n

dist(y,Γj) ≤
√
n

2j
. (4.1.4)

Let zi,j be an arbitrary projection of zi on Γj for j = 1, · · · , k, and put

Γ∗j := Γj ∪
k⋃
i=1

{szi + (1− s)zi,j : s ∈ [0, 1]}. (4.1.5)

It is obvious that zi ∈ Γ∗j for any i, j; from (4.1.4) inequality

H1(Γ∗j ) ≤ n(j + 1)n−1 +
k
√
n

2j

follows, and the choice j := [k1/n] gives

H1(Γ∗
[k1/n]

) ≤ n([k1/n] + 1)n−1 +
k
√
n

2[k1/n]
,

which concludes the proof.

Remark 4.1.6. Let M ⊆ Rn be a convex set, and assume there exists a homeomorphism ϕ : M −→ B(x, ρ)
verifying:

• there exists m1,m2 > 0 such that

m1distRn(ϕ(z1), ϕ(z2)) ≤ distM (z1, z2) ≤ m2distRn(ϕ(z1), ϕ(z2)) (4.1.6)

for any z1, z2 ∈M .

Notice that (4.1.6) implies a bi-Lipschitz behavior.
Then the conclusion of Lemma 4.1.5 can be applied for points {yi}Ki=1 ⊆M : indeed given k points {zi}ki=1

of M , upon translation and rescaling, we can apply Lemma 4.1.5 to points {ϕ(zi)}ki=1 in the domain [0, 1]n.
Using the same construction, let Γj be the same set defined in the proof of Lemma 4.1.5, and define

Γ′j := Γj ∪
k⋃
i=1

{sϕ(zi) + (1− s)zϕ,i,j : s ∈ [0, 1]}

where zϕ,i,j denote an arbitrary projection of ϕ(zi) on Γj .
Now it is clear that ϕ−1(Γj) ⊆ M , as well ϕ−1({sϕ(zi) + (1 − s)zϕ,i,j : s ∈ [0, 1]}) ⊆ M for any

i = 1, · · · , k. From (4.1.6) there exists m′1,m
′
2 such that

m′1H1(Γj) ≤ H1(ϕ−1(Γj)) ≤ m′2H1(Γj)

and
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m′1(distRn(ϕ(zi), zϕ,i,j)) ≤ distM (zi, ϕ
−1(zϕ,i,j)) ≤ m′2(distRn(ϕ(zi), zϕ,i,j))

thus the same conclusion of Lemma 4.1.5 holds for points {zi}ki=1 ⊆M .

The next two (technical) results are from [44].

Lemma 4.1.7. Let Ω ⊆ Rn be a given domain, Σ ∈ A(Ω), then for any x ∈ Σ there exists Σ′ ∈ A(Ω) such
that for any ρ > 0

• H1(Σ′) ≤ H1(Σ)−H1(Σ ∩B(x, ρ)) + C(

(
H1(Σ ∩B(x, 2ρ))

2ρ

)n−1
n

+ 1)ρ,

• Σ\Σ′ ⊆ B(x, 2ρ), Σ′\Σ ⊆ B(x, 8
√
nρ),

• distΩ(z,Σ′) < dist(z,Σ) for any z /∈ B(x, 4nρ),

• distΩ(z,Σ′) ≤ dist(z,Σ) + ρ for any z ∈ B(x, 4nρ).

where C is a positive constant depending only on n.

Lemma 4.1.8. Let Ω ⊆ Rn be a given domain, Σ ∈ A(Ω) and suppose there exists r > 0 such that for any
x ∈ Σ, 0 < ρ < r the inequality

H1(Σ ∩B(x, ρ))

ρ
≤ aH

1(Σ ∩B(x, 2ρ))

2ρ

α

+ b

holds for some fixed a > 0, b ≥ 0, α ∈ (0, 1). Then there exists a constant K = K(a, b, α, r,H1(Σ)) such
that

H1(Σ ∩B(x, ρ))

ρ
≤ K.

Lemma 4.1.7 cannot be used when irreversibility condition is added. A slightly different result
is required.

Lemma 4.1.9. Let Ω ⊆ Rn be a given domain, Σ∗ ∈ A(Ω) Ahlfors regular, Σ ⊇ Σ∗, then for any x ∈ Σ
there exists Σ′ ∈ A(Ω), Σ′ ⊇ Σ∗, such that for any ρ > 0

• H1(Σ′) ≤ H1(Σ)−H1(Σ ∩B(x, ρ)) + C(

(
H1(Σ ∩B(x, 2ρ))

2ρ

)n−1
n

+ 1)ρ,

• Σ\Σ′ ⊆ B(x, 2ρ), Σ′\Σ ⊆ B(x, 8
√
nρ),

• distΩ(z,Σ′) < dist(z,Σ) for any z /∈ B(x, 4nρ),

• distΩ(z,Σ′) ≤ dist(z,Σ) + ρ for any z ∈ B(x, 4nρ).

where C is a positive constant depending only on n and Σ∗.
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Proof. The proof uses an idea similar to that found for Lemma 4.1.7 (see [44] for instance), with
corrections due to irreversibility condition.

Given a point x ∈ Σ, ρ ∈ (0, δ) (δ given by Assumption 4.1.4), put k(x, ρ) := ]{Σ ∩ ∂B(x, ρ)};
from coarea formula

H1(Σ ∩B(x, 2ρ)) ≥
∫ 2ρ

0
k(x, t)dx ≥

∫ 2ρ

ρ
k(x, t)dt

which implies there exists t ∈ [ρ, 2ρ] such that

k(x, t) ≤ 2
H1(Σ ∩B(x, 2ρ))

ρ
.

Lemma 4.1.5, with Assumption 4.1.4 and Remark 4.1.6 guarantees the existence of Σ0(t) ∈ A(Ω)

such that {Σ ∩B(x, t)} ⊆ Σ0(t), andH1(Σ0(t)) ≤ C∗(n)k(x, t)
n−1
n t.

Let be Σ1(t) := x+ ∪nj=1{sej : s ∈ [−t, t]}, where ej denotes the j-th unit vector
(ej = (0, · · · , 0, 1, 0, · · · , 0), with the only “1” occupying the j-th place). This set mainly serves to
preserve connectedness for Σ′, which will be constructed in the following.

Some discussion about Σ1(t) is required, as we have only Σ1(t) ⊆ B(x, t) but not Σ1(t) ⊆ Ω, thus
we should prove Σ1(t) ∩ Ω is connected first. Thus given an arbitrary point z0 ∈ (Σ1(t)\{x}) ∩ Ω,
there exists t(z0) ∈ [−t, t] and j(z0) ∈ {1, · · · , n} such that z0 = x+ t(z0)ej(z0), and since B(x, t) ∩ Ω
is convex by Assumption 4.1.4, {x+ uej(z0) : u ∈ [0, t(z0)]} ⊆ Ω follows. This guarantees that every
point z ∈ Σ1(t) ∩ Ω is connected by a path (as {x + uej(z0) : u ∈ [0, t(z0)]} ⊆ Ω) to x ∈ Ω, thus
Σ1(t) ∩ Ω is connected. In the following we will write Σ1(t) instead of Σ1(t) ∩ Ω.

Upon a rotation Σ0(t) ∩ Σ1(t) 6= ∅. Put

Σ′ := Σ\B(x, t) ∪ (Σ∗ ∩B(x, t)) ∪ Σ0(t) ∪ Σ1(t),

and inequality

H1(Σ′) ≤ H1(Σ)−H1(Σ ∩B(x, t)) +H1(Σ∗ ∩B(x, t)) +H1(Σ0(t)) +H1(Σ1(t))

follows.
By constructionH1(Σ1(t)) ≤ 4n3/2t; combining

H1(Σ0(t)) ≤ C∗(n)k(x, t)
n−1
n

given by Lemma 4.1.5 and

k(x, t) ≤ 2
H1(Σ ∩B(x, 2ρ))

ρ
,

inequality

H1(Σ0(t)) ≤ 2C∗(n)

(
H1(Σ ∩B(x, 2ρ))

2ρ

)n−1
n

t
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follows, yielding

H1(Σ′) ≤ H1(Σ)−H1(Σ ∩B(x, t)) +H1(Σ∗ ∩B(x, t)) + 2C∗(n)

(
H1(Σ ∩B(x, 2ρ))

2ρ

)n−1
n

t+ 4n3/2t

≤ H1(Σ)−H1(Σ ∩B(x, t)) +H1(Σ∗ ∩B(x, t)) + 4C∗(n)

(
H1(Σ ∩B(x, 2ρ))

2ρ

)n−1
n

ρ+ 8n3/2ρ

= H1(Σ)−H1(Σ ∩B(x, ρ)) +H1(Σ∗ ∩B(x, t)) +

(
4C∗(n)

(
H1(Σ ∩B(x, 2ρ))

2ρ

)n−1
n

+ 8n3/2

)
ρ.

As Σ∗ is Ahlfors regular by hypothesis, there exists K > 0 such that

H1(Σ∗ ∩B(x, t))

t
≤ K,

thus

H1(Σ′) ≤ H1(Σ)−H1(Σ ∩B(x, ρ)) +Kt

(
4C∗(n)

(
H1(Σ ∩B(x, 2ρ))

2ρ

)n−1
n

+ 8n3/2

)
ρ

≤ H1(Σ)−H1(Σ ∩B(x, ρ)) +

(
2K + 4C∗(n)

(
H1(Σ ∩B(x, 2ρ))

2ρ

)n−1
n

+ 8n3/2

)
ρ

and putting C := 2K + 4C∗(n)

(
H1(Σ ∩B(x, 2ρ))

2ρ

)n−1
n

+ 8n3/2 concludes the proof.

Now we can present the result about evolution cases:

Theorem 4.1.10. Let be Ω ⊆ RN (N ≥ 2) a given domain, µ ∈ Lp(Ω) with p >
N

N − 1
a given measure,

A : [0, diam Ω] −→ [0,∞) a given function, S0 ∈ A(Ω) an Ahlfors regular initial datum, ε > 0 a given time
step, and consider 

w(0) := S0

w(n+ 1) ∈ argminAH1(S0)+(n+1)ε(Ω)Fµ,A

w(n+ 1) ⊇ w(n).

(4.1.7)

Then for any n the set w(n) is Ahlfors regular. Similarly solutions of (4.0.1) with the same initial datum S0

are Ahlfors regular.

Proof. The proof is done by induction. By hypothesis w(0) := S0 is Ahlfors regular. Suppose that
w(n) is Ahlfors regular, the goal is to prove w(n+ 1) is Ahlfors regular too.

First notice that µ(w(n + 1)) = 0 forces the existence of a compact set K ⊆ Ω with µ(K) > 0
(similarly to what done in the proof of Theorem 3.4.10, available in [44], the choice K := Ω\{ω ∈ Ω :
distΩ(ω,w(n+ 1)) < 2c} is acceptable for some c ∈ (0,diam w(n+ 1)).

Consider a point y ∈ w(n + 1). Applying Lemma 4.1.9 (with Σ∗ = w(n)) yields the existence of
Σ′ ∈ A(Ω) verifying
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• Σ′ ⊇ w(n),

• inequality

H1(Σ′) ≤ H1(w(n+ 1))−H1(w(n+ 1) ∩B(y, ρ)) + C((
H1(w(n+ 1) ∩B(y, 2ρ))

2ρ
)
N−1
N + 1)ρ

for some C > 0 depending on N and w(n).

Moreover

Fµ,A(Σ′) ≤ Fµ,A(w(n+ 1)) + 2Λρµ(B(y, 4Nρ))

≤ Fµ,A(w(n+ 1)) + 2Λ‖µ‖1/pLp(B(y,4Nρ))L
2(B(y, 4Nρ))1/q

= Fµ,A(w(n+ 1)) + C ′ρ
N
q

+1

(4.1.8)

for ρ sufficiently small, with Λ denoting the Lipschitz constant of A, q the conjugate exponent of p
and C ′ > 0 a constant not dependent on y and ρ.

Then from the argument found in Theorem 3.4.10 follows:

H1(w(n+ 1))−H1(Σ′) ≥ H1(w(n+ 1) ∩B(y, ρ))− ρC((
H1(w(n+ 1) ∩B(y, 2ρ))

2ρ
)
N−1
N + 1)

and if

H1(w(n+ 1) ∩B(y, ρ))− ρC((
H1(w(n+ 1) ∩B(y, 2ρ))

2ρ
)
N−1
N + 1) ≤ 0

Lemma 4.1.8 (applied with a = C, α = N−1
N , b = C, r = diam w(n+ 1),Σ = w(n+ 1)) concludes the

proof. If

H1(w(n+ 1) ∩B(y, ρ))− ρC((
H1(w(n+ 1) ∩B(y, 2ρ))

2ρ
)
N−1
N + 1) > 0

then put

ξ := (H1(w(n+ 1) ∩B(y, ρ))− ρC((
H1(w(n+ 1) ∩B(y, 2ρ))

2ρ
)
N−1
N + 1))/2N ;

using Lemma 3.4.6 there exists Σ′′ ∈ A(Ω), Σ′′ ⊇ Σ′, such that

Fµ,A(Σ′′) ≤ Fµ,A(Σ′)− C1ξ
2, H1(Σ′′) ≤ H1(Σ′) + 2Nξ (4.1.9)

with C1 > 0 not dependent on y and ρ, thus combined withH1(w(n+ 1))−H1(Σ′) ≥ 2Nξ gives

H1(Σ′′) ≤ H1(w(n+ 1)). (4.1.10)

Combining Σ′′ ⊇ Σ′ ⊇ w(n), (4.1.10) and minimality property of w(n + 1), we get Fµ,A(Σ′′) ≥
Fµ,A(w(n+ 1)),

Thus the competitor Σ′′ verifies Fµ,A(Σ′′) ≥ Fµ,A(w(n + 1)), and from now the proof returns to
be valid in both cases. Combining (4.1.8) and Fµ,A(Σ′′) ≥ Fµ,A(w(n+ 1)) leads to

H1(Σ′′) ≤ H1(Σ′) + 2Nξ, Fµ,A(w(n+ 1)) + C ′ρ
N
q

+1 − C1ξ
2 ≥ Fµ,A(Σ′′) ≥ Fµ,A(w(n+ 1)).
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By direct computation we get

(H1(w(n+ 1) ∩B(y, ρ))− ρC((
H1(w(n+ 1) ∩B(y, 2ρ))

2ρ
)
N−1
N + 1))2 ≤ C ′ρ

N
q

+1
,

thus

H1(w(n+ 1) ∩B(y, ρ))− ρC((
H1(w(n+ 1) ∩B(y, 2ρ))

2ρ
)
N−1
N + 1) ≤ C ′ρ

N
2q
− 1

2 .

By hypothesis N
2q ≥

1
2 , thus forcing

ρ
N
2q
− 1

2 ≤ (diam w(n+ 1))
N
2q
− 1

2 ,

and Lemma 4.1.8 concludes the proof.

In the proof of Ahlfors regularity a crucial role is played by Assumption 4.1.4: indeed an explicit
example shows that without this condition, Ahlfors regularity can be false.

4.1.2 Counterexample to Ahlfors regularity

Now we present an example of domain which is not convex, and the results concerning Ahlfors
regularity do not hold. In all this subsection the notation dist(·, ·) will denote the geodesic distance
on the domain (which we will construct).

Given α ∈ (1, 2) (and this α will be fixed in all the subsection), k ∈ N, impose a cartesian
coordinate system in R2 (see Figure 4.1.1), and define sets

Ck :=

{
(x, y) ∈ R2 :

√
x2 + y2 ∈

[
1

kα
,

1

kα
+ 4−k

]}
and Lk the rectangle of R2 with vertices:

•
(

1

kα
, 0

)
,
(

1

kα
,

1

4k+1

)
,
(

1

(k + 1)α
, 0

)
,
(

1

(k + 1)α
,

1

4k+1

)
if k even,

•
(
− 1

kα
, 0

)
,
(
− 1

kα
,− 1

4k+1

)
,
(
− 1

(k + 1)α
, 0

)
,
(
− 1

(k + 1)α
,− 1

4k+1

)
if k odd.

Let

Ω :=

∞⋃
k=1

Ck ∪ {(0, 0)} ∪
∞⋃
k=1

Lk

be our domain, endowed with the geodesic distance (i.e. the distance between two points x1, x2 ∈ Ω
is given by the length of the shortest path β : [0, 1] −→ Ω, β(0) = x1, β(1) = x2).

Lemma 4.1.11. The set Ω is sequentially compact.
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Ω

Figure 4.1.1: This domain Ω does not satisfy Assumption 4.1.4. Note that non convexity (actually
this domain is not even simply connected) is strongly used in this counterexample.

Proof. The proof is straightforward, using basic topological considerations. Let {xj}∞j=0 ⊆ Ω be an
arbitrary sequence. If I := {i : xi = (0, 0)} verifies ]I =∞ then {xi}i∈I is a converging sequence.

If ]I <∞, we can consider the sequence {xj}∞j=0\{xi}i∈I since removing finitely many elements
from a sequence has no influence on the Cauchy condition. Thus without loss of generality we will
assume I = ∅. The following dichotomy holds:

1. if there exists M > 0 such that {xj}∞j=0 ⊆
M⋃
i=1

(Ci ∪ Li), then {xj}∞j=0 admits a converging sub-

sequence, since
M⋃
i=1

(Ci ∪ Li) is a finite union of compact sets,

2. if a similar M does not exist, then for any K > 0 we have

{xj}∞j=0\
K⋃
s=0

(Cs ∪ Ls) 6= ∅,

or equivalently

{xj}∞j=0 ∩
∞⋃

s=K+1

(Cs ∪ Ls) 6= ∅,

and as
∞⋃

s=K+1

(Cs ∪ Ls) ⊆ B((0, 0),K−α) for any K > 0,

{xj}∞j=0 ∩B((0, 0),K−α) 6= ∅.
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Thus there exists a subsequence {xjg}∞g=0 ⊆ {xj}∞j=0 converging to (0, 0).

Thus Ω is sequentially compact.

Now we provide some estimate on the distance between two points in Ω.

Lemma 4.1.12. Given arbitrary a, b ∈ N, a < b, for any couple of points x1 ∈ Ca, x2 ∈ Cb inequality

2

3
π

b−2∑
j=a+1

1

jα
≤ dist(x1, x2) ≤ 4

3
π

b∑
j=a−1

1

jα
(4.1.11)

holds.

Proof. The proof is split on several passages:

• We first estimate distΩ(Ck, Ck+1) for a given k ∈ N.

By construction for any k ∈ N we have

distΩ(Ck, Ck+1) ≥ 1

kα
− 1

(k + 1)α
− 1

4k+1

.
On the other hand:

• if k even, there exists γ : [0, 1] −→ Ω, γ(0) = (k−α, 0) ∈ Ck ∩ Lk, γ(1) = ((k + 1)−α, 0) ∈
Ck+1 ∩ Lk, as γ(s) := (1− s)(k−α, 0) + s((k + 1)−α, 0) is admissible due to convexity of Lk

• if k odd there exists γ′ : [0, 1] −→ Ω, γ′(0) = (−k−α, 0) ∈ Ck, γ′(1) = (−(k + 1)−α, 0) ∈ Ck+1,
as γ′(s) := (1− s)(−k−α, 0) + s(−(k + 1)−α, 0) is admissible due to convexity of Lk.

thus in both cases distΩ(Ck, Ck+1) ≤ k−α − (k + 1)−α, and

1

kα
− 1

(k + 1)α
− 1

4k+1
≤ distΩ(Ck, Ck+1) ≤ 1

kα
− 1

(k + 1)−α
(4.1.12)

holds.

• Now we have to estimate distΩ(Lk, Lk+1) for a given k ∈ N.

By construction the only way to connect arbitrary points p0 ∈ Lk and p1 ∈ Lk+1 is through a
path β : [0, 1] −→ Ω verifying β([0, 1])∩Lk ⊇ {p0}, β([0, 1])∩Lk+1 ⊇ {p1}, and this path must “pass
through” Ck+1.

As p0 and p1 are almost antipodal (i.e. dist(p0,−p1) ≤ 2 · 4−(k+1), where −p1 denotes the point
symmetric to p1 with respect to (0, 0)), any such path β′ must verify

2π

3(k + 1)α
≤ π

(k + 1)−α
− 2

4k+1
≤ H1(β([0, 1])).
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On the other hand, as both p0, p1 ∈ Ck+1, the path β can be chosen verifying

H1(β([0, 1])) ≤ π

(k + 1)α
+

2

4k+1
≤ 4π

3(k + 1)α
,

thus
2π

3(k + 1)α
≤ dist(Lk, Lk+1) ≤ 4π

3(k + 1)α
(4.1.13)

Similarly, given x1 ∈ Ca, x2 ∈ Cb, we have distΩ(x1, La) ≤
4π

3aα
and dist(x2, Lb−1) ≤ 4π

3bα
. Combin-

ing with (4.1.12) and (4.1.13), with simple algebraic passages, leads to

2

3

 1

aα
− 1

bα
+ π

b−1∑
j=a+1

1

jα

 ≤ distΩ(x1, x2) ≤ 4

3

 1

aα
− 1

bα
+ π

b∑
j=a

1

jα


and the thesis follows with simple estimates.

If we let b→∞, point x2 converges to (0, 0), and (4.1.11) reads

2

3
π

∞∑
j=a+1

1

jα
≤ distΩ(x1, (0, 0)) ≤ 4

3
π

∞∑
j=a−1

1

jα
. (4.1.14)

Notice that although we had better estimates for (4.1.13), the less accurate one is sufficient for our
goals.

Before proceeding with the main result, another important lemma is required.

Lemma 4.1.13. Any element of A(Ω)\A0(Ω) containing (0, 0) is not Ahlfors regular.

Proof. LetW ∈ A(Ω)\A0(Ω) be an arbitrary element, andH the smallest index for whichW∩CH 6= ∅
(if such H does not exist, i.e. W ∩ Cg = ∅ for any g ∈ N, would lead W = {(0, 0)} contradicting
H1(W ) > 0), and choose X ∈ W ∩ CH : as W ⊇ (0, 0), there exists a path ϕ : [0, 1] −→ W with
ϕ(0) = X , ϕ(1) = (0, 0). From (4.1.14) we have

2

3
π

∞∑
j=H+1

1

jα
≤ dist(X, (0, 0)) ≤ 4

3
π

∞∑
j=H−1

1

jα
,

and using
∞∑
i=n

1

iα
≥ 1

α− 1

1

(n+ 1)α−1
, (4.1.15)

we get
2

3
π

1

α− 1

1

(H + 2)α−1
≤ dist(X, (0, 0)).

From the construction of Ω, for any n ≥ 0 there exists Xn ∈ ϕ([0, 1]) ∩ CH+n. From (4.1.14) and
(4.1.15) we have that

2

3
π

1

α− 1

1

(H + n+ 2)α−1
≤ distΩ(Xn, (0, 0)),
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holds for any n ≥ 1.

Define rs :=
1

sα
: for any k ≥ 1 it holds

H1(W ∩B((0, 0), rH+k))

rH+k
≥ H

1(ϕ([0, 1]) ∩B((0, 0), rH+k))

rH+k

≥ distΩ(Xk, (0, 0))

rH+k

≥ 1

rH+k

2

3
π

1

α− 1

1

(H + k + 2)α−1

=
2

3
π

1

α− 1

(H + k)α

(H + k + 2)α−1
,

leading do

lim
k→∞

H1(W ∩B((0, 0), rH+k))

rH+k
≥ lim

k→∞

2

3
π

1

α− 1

(H + k)α

(H + k + 2)α−1
=∞,

thus W cannot be Ahlfors regular.

Given a parameter ε > 0 consider the evolution
w(0) := {(0, 0)}
w(n+ 1) ∈ argminA(Ω)(n+1)ε

F

w(n+ 1) ⊇ w(n)

(4.1.16)

where

F : A(Ω) −→ (0,∞), F (S) :=

∫
Ω

distΩ(x, S)dx.

Proposition 4.1.14. For any parameter ε > 0, any solution {w(j)}∞j=0 of (4.1.16) is such that w(1) is not
Ahlfors regular.

Proof. From
distΩ(x, (0, 0)) ≤ distΩ(x,w(1)) + max

y∈w(1)
distΩ(y, (0, 0)),

integrating on Ω leads to

F ({(0, 0)})− F (w(1)) =

∫
Ω

distΩ(x, (0, 0))dx−
∫

Ω
distΩ(x,w(1))dx

≤
∫

Ω
distΩ(x,w(1)) + max

y∈w(1)
distΩ(y, (0, 0))dx−

∫
Ω

distΩ(x,w(1))dx

≤ max
y∈w(1)

distΩ(y, (0, 0))L2(Ω).

AsH1(w(1)) = ε is admissible, we can choose S ∈ Aε containing (0, 0) such that maxy∈S distΩ(S, (0, 0)) =
ε, with {z ∈ Ω : distΩ(z, (0, 0)) = ε} is not empty as t 7→ distΩ(t, (0, 0)) is continuous on Ω. Let H be
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the smallest index for which S ∩ CH 6= ∅: this forces S ∩ LH 6= ∅; moreover, as S intersects both CH

and CH+1, diam(S ∩ LH) ≥ 1

2

(
1

Hα
− 1

(H + 1)α

)
, thus the set

{w ∈ Ω : distΩ(w, (0, 0)) < dist(w, S))}

contains at least {w ∈ LH : distΩ(w, S) ≤ 1

2
distΩ(CH+2, (0, 0))}, which has positive measure.

Thus F (S) < F ({(0, 0)}), and w(1) 6= {(0, 0)} as by definition w(1) ∈ argminS′⊇(0,0), H1(S′)≤εF (S′).
Lemma 4.1.13 concludes the proof.

4.1.3 Branching and high order points

In this subsection we will restrict the discussion to two dimensional domains, endowed with the
Lebesgue measure. Moreover, irreversibility will be imposed, i.e. we will analyze only non de-
creasing solutions with respect to inclusion. Irreversibility will be crucial for this argument. Our
main goal is to analyze topological properties of solutions of Euler schemes, in particular condi-
tions related to branching behaviors, i.e. when a non endpoint increases its order, or an endpoint
increases its order by at least 2. The measure and function A considered will be Lebesgue measure
and identity function respectively. Although these restrictions actually lead to a loss of generality,
the arguments presented analyze the main properties leading to such topology changing, and give
a good explanation of the causes leading to such behavior.

Definition 4.1.15. Given a domain Ω ⊆ R2, an initial datum Σ0 a time step ε > 0, consider a sequence
{w(k)}∞k=0 solution of (4.0.4), with time step ε > 0, measure µ := L2 and function A := id. Then we say
w(k) exhibits a branching behavior if

• there exists a non endpoint y ∈ w(k − 1) such that ordyw(k − 1) < ordyw(k),

or

• there exists an endpoint y ∈ w(k − 1) such that ordyw(k − 1) ≤ ordyw(k)− 2.

Thus an easy interpretation (valid when all points have finite order) branching behavior appears
if a non endpoint increases its order, or an endpoint increases its order from 1 to at least 3.

The next result is a crucial estimate (from below) for the gain for the average distance functional
in configurations containing points with non negligible Voronoi cell.

Proposition 4.1.16. Given a domain Ω, let Σ ∈ A(Ω), with a point P satisfying:

(α3) there exists ξ > 0 such that Σ ∩ B(P, ξ) is contained in the circular sector with center P and arc γ,
with length strictly less than πξ.

Then it holds:

(1) there exist ρ > 0 and θ > 0 and a isosceles triangle T ′ ⊂ V (P ) with a vertex in P , two sides with
length ρ and angle X̂1PX2 measuring θ not intersecting Σ\{P},
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Σ
P

X2

X1

Figure 4.1.2: Condition (α3) guarantees the existence of such triangle X1PX2 ⊆ V (P ).

(2) there exists ε0 > 0 such for any ε < ε0 adding a segment λε in P , withH1(λε) = ε in yields

FL2,id(Σ)− FL2,id(Σ ∪ λε) ≥ Kε,

where K > 0 is a constant not depending on ε.

Proof. For statement (1) (Figure 4.1.2 is a schematic representation) is a simple consequence of the
fact that by construction, triangle X1PX2, with X1P = X2P = ρ/2, is contained in V (P ).

Now pass to statement (2): choose a small ε > 0, adding a the segment λε := {(1 − t)P + tP ∗ :
t ∈ [0, ε]} (P ∗ is the projection of P on X1X2, see Figure 4.1.2), by direct computation any point
z ∈ X1PX2 with distance at least ρ/4 from P satisfies

distΩ(z,Σ)− distΩ(z,Σ∪ λε) ≥ distΩ(z, P )− (distΩ(z, P )2 + ε2 − 2ε cos(
X̂1PX2

2
)) = K(ρ, X̂1PX2)ε

(4.1.17)
Therefore

FL2,id(Σ)− FL2,id(Σ ∪ λε) ≥ K(ρ, X̂1PX2)εL2(X1PX2\B(P, ρ/4)),

and the proof is complete.

Theorem 4.1.17. Given a domain Ω, let Σ0 ∈ A(Ω) be a generic element, T a positive time and ε > 0 a
positive time step, and consider the Euler scheme
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{
w(0) := Σ0

w(k) ∈ argminH1(S′)≤H1(Σ
)
0+kε, w(k−1)⊆S′FL2,id(S ′)

in the time interval [0, T ]. Suppose that there exist P0 ∈ Σ0 verifying condition (α2) of Proposition 4.1.16,
and suppose there exists η > 0 such that B(P0, η) ∩ (w(k)\w(0)) = ∅ for any k. Then there is an upper
bound T εmax such that for any T > T εmax, a branching behavior is necessary.

Proof. Applying Proposition 4.1.16 to P0, there exists a constant K(P0) > 0 (not depending on ε)
such that for any j

min
H1(S′)≤S1(w(j−1))+ε, w(j−1)⊆S′

FL2,id(S ′) ≤ FL2,id(w(j − 1))−K(P0)ε,

as this gain is achieved by simple adding a segment Segε ⊂ TP (H1(Segε) = ε) along the bisector of
P̂0, as in the proof of Proposition 4.1.16, which would imply a branching behavior.

If this is avoided, then for any k, w(k) must be obtained from w(d − 1) by adding length at
endpoints of w(k − 1), and it must hold

FL2,id(w(k)) ≤ FL2,id(w(k − 1))−K(P0)ε ∀k = 1, · · · ,
[
T

ε

]
,

which leads to

FL2,id(w(k)) ≤ FL2,id(w(0))− kK(P0)ε ∀k = 1, · · · ,
[
T

ε

]
and finally, for k =

[
T

ε

]
,

FL2,id(

[
T

ε

]
) ≤ FL2,id(w(0))−

[
T

ε

]
K(P0)ε.

As
T

ε
− 1 ≤

[
T

ε

]
≤ T

ε
, this leads to

0 ≤ FL2,id(

[
T

ε

]
) ≤ FL2,id(w(0))− (T − ε)K(P0),

which forces

T ≤ ε+
FL2,id(Σ0)

K(P0)

and the choice T εmax := ε+
FL2,id(Σ0)

K(P0)
completes the proof.

Note that the dependency of T εmax on ε is very weak, and can be easily removed by considering
only ε sufficiently small, and replacing T εmax with

Tmax := 1 +
FL2,id(Σ0)

K(P0)
.
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Next we present an application of this result to determine an upper bound estimate for the
branching behavior, in a discrete irreversible evolution scheme. Some preliminary results are useful
to obtain sharper estimates.

Lemma 4.1.18. Given a domain Ω, an element Σ1 ∈ A(Ω), and suppose that there exists Q ∈ Ω and R > 0
such that the ball B(Q,R) ∩ Σ1 = ∅. Then

FL2,id(Σ1) ≥ 4πR3

27
.

Proof. As B(Q,R) ∩ Σ1 = ∅, for any r < R all points x ∈ B(Q, r) verify distΩ(x,Σ1) ≥ R− r, so

FL2,id(Σ1) =

∫
Ω

distΩ(x,Σ1)dx ≥
∫
B(Q,r)

distΩ(x,Σ1)dx ≥ (R− r)πr2.

Differentiating the expression (R − r)πr2, its maximum value is attained by r =
2

3
R, which corre-

sponds to

FL2,id(Σ1) ≥ 4π

27
R3

and the proof is complete.

Lemma 4.1.19. Given a domain Ω, an element Σ2 ∈ A(Ω), a point Q′ ∈ Σ2 and suppose that its Voronoi

cell V (Q′) has L2(V (Q′)) > 0. Then there exists Q̄ ∈ Ω such that B(Q̄,
1

2
diam (V (Q′))) ∩ Σ2 = ∅.

Proof. From V (Q′) ⊆ B(Q′,diam (V (Q′))) it follows L2(V (Q′)) ≤ π

4
diam (V (Q′))2. Let be X1, X2 ∈

V (Q′) points such that distΩ(X1, X2) = diam (V (Q′)):

distΩ(X1, X2) = diam (V (Q′)) ≤ distΩ(X1, Q
′) + distΩ(Q′, X2)

so min{distΩ(X1, Q
′),distΩ(Q′, X2)} ≥ 1

2
diam (V (Q′)).

Assume that distΩ(X1, Q
′) ≥ 1

2
diam (V (Q′)): X1 ∈ V (Q′) implies that for any s <

1

2
diam (V (Q′)),

B(X1, s) ∩ Σ2 = ∅ to avoid distΩ(X1, B(X1, s) ∩ Σ2) ≤ s < 1

2
diam (V (Q′)).

Choose Q̄ := X1, and considering that diam (V (Q′)) ≥
√

4

π
|V (Q′)|, the proof is complete.

Consider the following configuration: given a domain Ω, let Σdat
0 be the initial datum, and sup-

pose there exist

• a closed injective path γ∗ : [0, 1] −→ Ω such that γ∗([0, 1]) ⊆ Σdat
0 : the domain Ω is now divided

in two regions, Ω+ and Ω− with Ω = Ω+ ∪ Ω− (they are the two connected components of
Ω\γ∗([0, 1]), and correspond to the “interior” and the “exterior” part of γ∗([0, 1]) – the order is
not relevant – given by the Jordan Curve Theorem);
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Σdat
0

P ′0

Ω+

Ω−

Figure 4.1.3: This is an example of possible set Σdat
0 ; in this case the only point verifying the required

conditions is P ′0, and Ω+ is the part “outside” the curve, while Ω− is the part “inside” the curve.

• P ′0 ∈ Σdat
0 and a triangle TP ′0 ⊂ V (P ′0) ∩B(P ′0, ξ

′) with |TP ′0 ∩ Ω+| > 0, and ext(Sdat0 ) ⊂ Ω−.

In the rest of this subsection suppose that Ω− is large enough (both in diameter and in measure)
so that all computations can be done without considering constraints imposed by diam (Ω−),L2(Ω−).
This because such constraints, in the following discussion, can only diminish the mass projecting
on endpoints of w(k), thus can only decrease the time at which a branching behavior becomes nec-
essary, and we are looking for an upper bound for such time.

Consider 
w(0) = w(0) := Σdat

0

w(k) ∈ argminH1(X ′′)≤H1(Σdat0 )+kε′F (X ′′)
w(k) ⊇ w(k − 1),

where ε′ is a given (small) parameter, and

uε′ : [0, T ] −→ A, uε′(t) := w

([
t

ε′

])
.

The main estimate here is Theorem 4.1.20.
Notice first that the only way to exclude a branching behavior is that the differencew(k)\w(k−1)

is always contained in Ω−.
The notations introduced (except mute counters like k and n) will have the same meaning in the

following of this subsection. There exists a positive constant K(P ′0) (depending only on geometric
quantities, not on ε′ and estimable with the same argument found in Proposition 4.1.16) such that
for any k

min
H1(X ′′)≤w(k−1)+kε′, w(k−1)⊂X ′′

FL2,id(X ′′) ≤ FL2,id(w(k − 1))−K(P ′0)ε′,
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thus
FL2,id(w(k)) ≤ FL2,id(w(0))− kK(P ′0)ε′ (4.1.18)

i.e. ∀t ∈ [0, T ]

FL2,id(uε′(t)) := FL2,id(w(

[
t

ε′

]
)) ≤ FL2,id(Σ

dat
0 )−

[
t

ε′

]
K(P ′0)ε′ ≤ FL2,id(Σ

dat
0 )− (

t

ε′
− 1)K(P ′0)ε′.

But obviously

FL2,id(uε′(t)) ≥ 0

and combining the above inequalities gives

0 ≤ FL2,id(uε′(t)) ≤ FL2,id(Σ
dat
0 )− (

t

ε′
− 1)K(P ′0)ε′

which forces
FL2,id(Σ

dat
0 ) ≥ (t− 1)K(P ′0).

Theorem 4.1.20. For this configuration, with the above notations, an upper bound for the branching time is
given by

Tmax := 1 +
FL2,id(Σ

dat
0 )

K(P ′0)
.

Notice that the partition Ω+ ∪ Ω− is crucial as it is not possible to “pass” from one region to
another without intersecting γ([0, 1]), so it prevents u(t) from visiting T (P ′0)∩Ω+ without exhibiting
branching behaviors.

A very similar result is easily obtained for the penalized case:

Theorem 4.1.21. Under the same configuration consider
w(0) := Σdat

0

w(k) ∈ argminH1(X ′′)≤H1(Σdat0 )+kε′FL2,id(X ′′) + λ(X ′′\w(k − 1))

w(k) ⊇ w(k − 1),

and define

uε′ : [0, T ] −→ A, uε′(t) := w

([
t

ε′

])
.

Then there exists λ0 > 0 such that for any λ < λ0 there exists an upper bound Tmax with dependence on λ
for the branching time.

For the penalized problem an upper bound on the number of endpoints can be given too. Con-
sider the evolution

w(0) = w(0) := Σdat
0

w(k) ∈ argminH1(X ′′)≤H1(Σdat0 )+kε′FL2,id(X ′′) + λ(X ′′\w(k − 1))

w(k) ⊇ w(k − 1),
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where λ > 0 is a given parameter. Choose arbitrary k ∈ N and endpoint P ∈ w(k)\w(k− 1). Denote
with TM(P,w(k)) the total mass projecting on P ; it is known (see for instance [14], [16] and [17])
that there exists r0 > 0 such that w(k)\B(P, r) is connected for any r ∈ (0, r), and obviously

distΩ(z, w(k)) ≤ distΩ(z, w(k)\B(P, r)) + r

for any point z, thus using the arbitrariness of r

F (w(k)\B(P, r))− F (w(k)) ≤ rTM(P,w(k))

which combined with

F (w(1)) + λ(w(k)\w(k − 1)) ≤ F (w(k)\B(P, r)) + λ(w(k)\B(P, r)\w(k − 1))

yields TM(P,w(k)) ≥ λ. Thus each “new” endpoint (i.e. endpoint of w(k) not present in w(k − 1))
has an uniform positive lower bound for the mass projecting on it, and the total number of such
“new” endpoints (i.e the number of endpoints present in w(k) for some k but not present in Σdat

0 )
cannot exceed L2(Ω)/λ.

4.2 Limit sets

In this Section our goal is to analyze limit sets of quasi static evolutions related to the average
distance functional. The first problem to deal is existence of such limit sets: indeed given a domain
Ω ⊆ Rn, n ≥ 2, the space (A(Ω), d) where d(·, ·) := H1(·∆·) is not sequentially compact, while
(Al(Ω), d) is sequentially compact for any l. Thus a natural way to retrieve sequential compactness
is to restrict the evolution to sets with limited length, but a priori such choice can cause loss of
generality. Fortunately for the average distance functional this does not happen. Indeed consider
arbitrary domain Ω ⊆ Rn, measure µ ∈ L1, function A : [0,diam Ω] −→ [0,∞), initial datum
Σ0 ∈ A(Ω), and the evolution{

w(0) := Σ0

w(k + 1) ∈ argminA(Ω)Fµ,A(·) + λH1(·∆w(k))

with λ > 0 a given constant. From minimality properties of w(j + 1) it follows

Fµ,A(w(j)) ≥ Fµ,A(w(j + 1)) + λH1(w(j)∆w(j + 1)),

and thus

Fµ,A(w(j1))− Fµ,A(w(j2)) ≥ λ
j2−1∑
i=j1

H1(w(i)∆w(i+ 1)).

Choosing j1 = 0 it follows

Fµ,A(Σ0)− Fµ,A(w(j2)) ≥ λ
j2−1∑
i=0

H1(w(i)∆w(i+ 1)) ≥ λH1(Σ0∆w(j2)),
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yielding

H1(Σ0∆w(j2)) ≤
Fµ,A(Σ0)

λ
,

effectively providing an upper bound for H1(w(j2)) independent of j2 (but depending on λ). Thus
sequential compactness is proven true for this kind of evolution.

The following result holds:

Proposition 4.2.1. Fix a domain Ω ⊆ Rn, a measure µ ∈ L1, a function A : [0, diam Ω] −→ [0,∞), an
initial datum Σ0 ∈ A(Ω), and consider the evolution{

w(0) := Σ0

w(k + 1) ∈ argminA(Ω)Fµ,A(·) + λH1(·∆w(k))

with λ > 0 a given constant. Then it holds:

• if |∇Fµ,A|(Σ0) ≥ λ, then for any limit set Σ∗ it holds |∇Fµ,A|(Σ∗) ≤ λ,

Proof. Assume for the sake of contradiction that there exists a limit set Σ∗, a constant η > 0 and a
sequence yk such that

Fµ,A(Σ∗)− Fµ,A(yk) ≥ (λ+ η)H1(Σ∗∆yk) ∀k.

Choose w(h) with h large, then it holds

Fµ,A(w(h+ 1)) + λH1(w(h)∆w(h+ 1)) ≤ Fµ,A(ys) + λH1(w(h)∆ys) ∀s.

As
Fµ,A(yk) ≤ Fµ,A(Σ∗)− (λ+ η)H1(yk∆Σ∗) ∀k,

this yields

Fµ,A(w(h+ 1)) + λH1(w(h)∆w(h+ 1)) ≤ Fµ,A(ys) + λH1(w(h)∆ys)

≤ Fµ,A(Σ∗)− (λ+ η)H1(ys∆Σ∗) + λ(H1(w(h)∆Σ∗) +H1(ys∆Σ∗))

= Fµ,A(Σ∗)− ηH1(ys∆Σ∗) + λH1(w(h)∆Σ∗),

or equivalently

ηH1(ys∆Σ∗) ≤ |Fµ,A(w(h+ 1))− Fµ,A(Σ∗)|+ λ|H1(w(h)∆Σ∗)−H1(w(h)∆w(h+ 1))| ∀s,

which is false once h is chosen sufficiently large as the right hand side goes to 0 as h→∞.

Limit sets of quasi static evolution inherits Ahlfors regularity, but the proof is surprisingly diffi-
cult. This is being studied in a work in progress by the author. Here is an idea of the proof.
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Proposition 4.2.2. Let Ω ⊆ RN be a given domain, an Ahlfors regular initial datum Σ0 ∈ A(Ω), and
consider {

w(0) := S0

w(n+ 1) ∈ argminX∈A(Ω)Fµ,A(X ) + λH1(X∆w(n))
.

Then any accumulation point of {w(k)}k∈N belonging to A(Ω) is Ahlfors regular.

Proof. (Sketch) The lower bound estimate follow from the fact of being in A(Ω). For the upper
bound estimate, fix arbitrary, k ∈ N and consider a point P ∈ w(k). Denote with ξ(1, ρ) := ((w(k +
1)\w(k)) ∩ B(P, ρ)), i.e. the set added in B(P, ρ)) at step k + 1, which can be empty. Denoting with
w′1 := w(k + 1)\ξ(1, ρ). It holds

H1(w′1∆w(k)) = H1(w(k + 1)∆w(k))−H1(ξ(1, ρ))

as ξ(1, ρ) does not intersect w(k). Thus it must hold

F (w′1)− F (w(k + 1)) ≥ λH1(ξ(1, ρ)),

as the contrary would contradict the optimality of w(k + 1). This argument can be repeated for all
steps: indeed denote with ξ(j, ρ) := ((w(k + j)\w(k + j − 1)) ∩B(P, ρ)) and w′j := w(k + j)\ξ(j, ρ).
It holds

H1(w′j∆w(k + j − 1)) = H1(w(k + j)∆w(k + j − 1))−H1(ξ(j, ρ))

and
F (w′j)− F (w(k + j)) ≥ λH1(ξ(j, ρ)).

Summing over j, and considering that ξ(j, ρ) ⊆ B(P, ρ) for any j, yields

λ
∞∑
j=1

H1(ξ(j, ρ)) ≤ ρL2(Ω)

which implies
∞∑
j=1

H1(ξ(j, ρ)) ≤ ρL2(Ω)/λ.

Using the arbitrariness of k and P ∈ w(k), this is sufficient to prove Ahlfors regularity.

Notice that this is only an idea of the proof: indeed here we have omitted several details, in
particular the discussion about connectedness of the competitor w′j , as a priori it cannot be assured
that removing ξ(j, ρ) will preserve connectedness.
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Chapter 5

Gradient flow evolutions

In Chapter 4 we have analyzed the quasi static evolution related to the average distance functional,
mainly focusing on geometric and analytic properties. Another important class is the gradient flow
evolution, discussed in the abstract metric context in Chapter 2.

This chapter’s structure is similar to that of Chapter 4, with main results about geometric and
regularity properties presented in Section 4.1, and some side notes in Section 4.2.

The discrete form of the gradient flow will be{
w(0) := Σ0 ∈ A(Ω)

w(n+ 1) ∈ argmin
∫

Ω dist(x, ·)dµ+ 1
2τ d

2(·, w(n))

where Ω, µ are respectively a given domain and measure, Σ0 is a given initial datum, and τ > 0
is a fixed (small) parameter. Note that here we have not specified which distance d is considered.
This will be determined later (and will be theH1-measure of the symmetric difference), and requires
some care to guarantee the well-posedness of such problem.

The two sets of assumptions (Assumptions 2.2.8 and 2.2.13) must be checked.
Given a domain Ω ⊆ Rn (n ≥ 2), a measure µ and a function A : [0,diam Ω] −→ [0,∞),

Assumption 2.2.8 from Chapter 2 about existence of minimizers becomes:

Assumption 5.0.3. Let (A(Ω), d) be the metric space, and Fµ,A a nonnegative functional continuous with
respect to d. Assume that there exists τ̄ such that for every τ ∈ [0, τ̄ ] and Σ0 ∈ D(Fµ,A) the map

Σ 7→ Fµ,A(Σ) +
d(Σ,Σ0)2

2τ

has at least a minimum.

We leave the distance d undefined for now, as the exact choice will be made later, but suppose
that (A(Ω), d) is sequentially compact (which will be the case for all cases considered in this Chap-
ter). The first goal is to check if Assumption 5.0.3 holds for the average distance functional: fix the
domain Ω ⊆ Rn, n ≥ 2, the measure µ � Ln and the function A : [0,diam Ω] −→ [0,∞). Given
arbitrary τ ∈ (0,∞), Σ∗ ∈ A(Ω), consider the map

117
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Σ 7→ Fµ,A(Σ) +
d(Σ,Σ∗)2

2τ
.

Consider a minimizing sequence {Σk}k∈N ⊆ A(Ω) converging to Σ∞ ∈ A(Ω) (it has been assumed
that (A(Ω), d) is sequentially compact, and for the sake of simplicity we avoided renaming indexes)
with respect to d: this implies

distΩ(z,Σ∞) = lim
k→∞

distΩ(z,Σk)

thus

Fµ,A(Σ∞) = lim
k→∞

Fµ,A(Σk);

obviously (from triangular inequality)

d(Σk,Σ
∗) ≤ d(Σ∞,Σ

∗) + d(Σk,Σ∞)

d(Σ∞,Σ
∗) ≤ d(Σk,Σ

∗) + d(Σk,Σ∞)

implying d(Σk,Σ
∗)→ d(Σ∞,Σ

∗) and

d(Σ∞,Σ
∗)2

2τ
= lim

k→∞

d(Σk,Σ
∗)2

2τ
.

Thus

Fµ,A(Σ∞) +
d(Σ∞,Σ

∗)2

2τ
= lim

k→∞
Fµ,A(Σk) +

d(Σk,Σ
∗)2

2τ
,

and Assumption 5.0.3 is proven valid. From arbitrariness of τ we conclude that interval [0, τ̄ ] (using
notations from Assumption 5.0.3) can be chosen [0,∞).

5.1 Piecewise constant time discretization

In this Section we consider the discrete gradient flow evolution (see Definition 2.2.4) related to the
average distance functional. The distance d appearing in Assumption 5.0.3 has still to be determined
yet: in our context, where the main object of analysis are Hausdorff one dimensional sets with finite
length, the natural distances are dH(·, ·) and H1(·∆·). The former will be proven unsuitable in the
following, as Assumption 5.0.3 does not hold in (A(Ω), dH), where sequential compactness is not
true.

Given a domain Ω ⊆ Rn (n ≥ 2), a measure µ ∈ L1(Ω), a function A : [0,diam Ω] −→ [0,∞), an
initial datum Σ0 ∈ A(Ω), a parameter τ > 0, consider the following discrete evolution{

w(0) := Σ0

w(k) ∈ argminA(Ω)Fµ,A(·) + d(·,w(k−1))2

2τ

. (5.1.1)
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The first problem is existence of such minimum, which can be not true in the general case. Consider
for instance the following example: Ω := B(0, 1) ⊆ R2, µ := L2

|Ω, A := id, Σ0 := {(0, 0)}, τ ∈ (0, 1/2)

an arbitrary value, and d := dH.
By definition a set w(1) must satisfy

w(1) ∈ argminA(Ω)Fµ,A(·) +
dH(·,Σ0)2

2τ
,

thus unless w(1) = w(0) (which would lead w(0) = w(1) = · · · , i.e. there is no evolution at all), it
must hold dH(w(1), w(0)) > 0.

It is clear that w(1) ⊆ B((0, 0), dH(w(1), w(0))), and∫
Ω

distΩ(z, w(1))dz >

∫
Ω

distΩ(x,B((0, 0), dH(w(1), w(0))))dz.

Thus let {Σ′k}k∈N ⊆ A(Ω) a sequence of elements satisfying

• Σ′k ⊆ B((0, 0), dH(w(1), w(0))) for any k,

• Σ′k ⊇ w(1) for any k,

• Σ′k is strictly increasing (i.e. Σ′k ⊇ Σ′k−1 andH1(Σ′k\Σ′k−1) > 0 for any k),

• for k →∞ the sequence converges to a Hausdorff one dimensional set Σ′ dense inB((0, 0), dH(w(1), w(0))).

Clearly

{Fµ,A(Σ′k)} ↓
∫

Ω
distΩ(z,B((0, 0), dH(w(1), w(0))))dz,

thus existence of minimizers does not hold.

Therefore the distance considered in this Chapter will be

d(X1,X2) := H1(X1∆X2),

with ∆ denoting the symmetric difference. From here, unless otherwise stated, the notation d(·, ·)
will always refer to this specific distance.

Then the evolutions will have form{
w(0) := Σ0

w(k) ∈ argminX∈A(Ω)Fµ,A(X ) + H1(X∆w(k−1))2

2τ

Several properties from the discrete quasi static case can be retrieved:

• if Σ0 does not contain loops, then w(k) does not contain loops for any k,

• in two dimension case, if the measure µ ∈ Lp(Ω) for some p > 4/3 and Σ0 contains a finite
number of endpoints, then w(k) has a finite number of endpoints for any k,
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• in two dimension case, if the measure µ ∈ Lp(Ω) for some p > 4/3 and Σ0 contains only points
with order at most 3, then w(k) contains points with order at most 3 for any k,

• if the measure µ ∈ Lp(Ω) for some p > n/(n− 1) (or p > 4/3 in two dimension case) and Σ0 is
Ahlfors regular, then w(k) is Ahlfors regular for any k.

5.1.1 Geometric properties

In this subsection our goal is to analyze geometric and regularity properties of solutions of (5.1.1), in
the discrete case (i.e. with τ > 0 being given). Apart from the absence of loops, the two dimension
case is significantly simpler than higher dimension cases, and will be discussed separately.

Theorem 5.1.1. Given a domain Ω ⊆ Rn (n ≥ 2), a measure µ ∈ L1(Ω), a function A : [0, diam Ω] −→
[0,∞), an initial datum Σ0 ∈ A(Ω) not containing loops, a time step τ > 0, consider the following evolutionw(0) := Σ0

w(k) ∈ argminA(Ω)Fµ,A(·) +
d(·, w(k − 1))2

2τ

. (5.1.2)

Then for any k the set w(k) does not contain loops.

Proof. The proof is done by induction: for k = 0 the set w(0) = Σ0 does not contain loops. Suppose
that for some k, w(k − 1) does not contain loops, but w(k) contains a loop E ⊆ w(k).

Choose r > 0 as in the proof of Theorem 3.4.7: from Lemma 3.4.5 there exists x′ ∈ E with
µ(B(x′,t))

t → 0 as t→ 0+, and ρ ∈ (0, r) such that there exists Σ′ ∈ A(Ω) satisfying

H1(Σ′) ≤ H1(w(k))− ρ/4, Fµ,A(Σ′) ≤ Fµ,A(w(k)) + 64n3/2Λρ2µ(B(x′, 64n3/2ρ))

64n3/2ρ
(5.1.3)

where Λ denotes the Lipschitz constant of A. Moreover, it holds w(k)∆Σ′ ⊆ B(x′, 32nρ).
Then the proof continues as in Theorem 3.4.7: for any ε > 0 sufficiently small, applying Lemma

3.4.6 yields the existence of a competitor A(Ω) 3 Σ′′ ⊇ Σ′ satisfying

H1(Σ′′) ≤ H1(Σ′) + 2nε, Fµ,A(Σ′′) ≤ Fµ,A(Σ′)− Cε2,

with C depending only on geometric quantities. ClearlyH1(Σ′′\Σ′) ≤ 2nε.
Thus Σ′′ satisfies

H1(Σ′′) ≤ H1(w(k)), Fµ,A(Σ′′) < Fµ,A(w(k)).

Notice that Theorem 3.4.5 states that for H1-a.e. x ∈ E there exists such set Σ′, thus x′ can be
assumed chosen in E ∩ (w(k)\w(k − 1)), which must contain an open set (in the induced topology)
as bothw(k) andw(k−1) are compact. Thus for r sufficiently small it holdsB(x′, 32nρ)∩w(k−1) = ∅
for any ρ ∈ (0, r). Using Σ′∆w(k) ⊆ B(x′, 32nρ) yields

H1(Σ′∆w(k − 1)) ≤ H1(w(k)∆w(k − 1))−H1(w(k) ∩B(x′, 32nρ))

and considering that x′ ∈ w(k), it holdsH1(w(k) ∩B(x′, 32nρ)) ≥ 32nρ, thus
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H1(Σ′∆w(k − 1)) ≤ H1(w(k)∆w(k − 1))− 32nρ.

Using Σ′′ ⊇ Σ′ andH1(Σ′′\Σ′) ≤ 2nε it holds

d(Σ′′, w(k − 1)) ≤ d(Σ′, w(k − 1)) + 2nε.

Choose ε = ρ: this yields

d(Σ′′, w(k − 1)) ≤ d(Σ′, w(k − 1)) + 2nε ≤ d(w(k), w(k − 1))− 32nε+ 2nε.

By hypothesis it holds

w(k) ∈ argminA(Ω)Fµ,A(·) +
d(·, w(k − 1))2

2τ
,

while for Σ′′ it holds

Fµ,A(Σ′′) ≤ Fµ,A(Σ′)− Cε2 ≤ Fµ,A(w(k)) + 64n3/2Λε2µ(B(x′, 64n3/2ε2))

64n3/2ε2
− Cε2

thus Fµ,A(Σ′′) < Fµ,A(w(k)) as µ(B(x′,64n3/2ε))

64n3/2ε
→ 0 for any ε sufficiently small.

Combined with
d(Σ′′, w(k − 1)) ≤ d(w(k), w(k − 1))

the minimality property of w(k) is contradicted, concluding the proof.

Notice that in the proof inductive hypothesis on w(k − 1) is crucial as it serves to apply Lemma
3.4.5 and yielding the existence of a point x′ ∈ w(k)\w(k − 1) satisfying (5.1.3). This result has
important consequences: under such hypothesis, any solution {w(k)}k∈N of (5.1.1) does not contain
loops. This implies that for any k the set w(k) has endpoints (and potentially an infinite number of
endpoints).

Ahlfors regularity can be extended too, and the proof is quite different for two dimension case
and higher dimension case:

Proposition 5.1.2. Given a domain Ω ⊆ R2, a measure µ ∈ Lp(Ω) with p > 4/3, a function A :
[0, diam Ω] −→ [0,∞), an arbitrary Ahlfors regular set Σ0 ∈ A(Ω), consider the following minimization
problem:

min
A(Ω)

Fµ,A(·) + d(·,Σ0)2. (5.1.4)

Then any solution is Ahlfors regular.

Proof. By hypothesis Σ0 is Ahlfors regular, thus there exists c1, c2 > 0 such that

c1 ≤
H1(Σ0 ∩B(x, ρ))

ρ
≤ c2

for any x ∈ Σ0, ρ > 0.
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Choose an arbitrary
Σopt ∈ argminA(Ω)Fµ,A(·) + d(·,Σ0)2.

The lower bound estimate is obvious, and follows from Σopt ∈ A(Ω). For the upper bound estimate,
consider an arbitrary point z ∈ Σopt and suppose there exists ρ∗ such that

H1(Σopt ∩B(x, ρ∗))

ρ∗
= k > 2π ∨ c2.

For any j define

Σ′ := Σopt\(Σopt ∩B(z, ρ∗))

and

Σ′′ := Σ′ ∪ ∂B(z, ρ∗).

Clearly |d(Σopt,Σ0) − d(Σ′,Σ0)| ≤ kρ∗, and |d(Σ′′,Σ0) − d(Σ′,Σ0)| ≤ 2πρ∗ thus |d(Σopt,Σ0) −
d(Σ′′,Σ0)| ≤ (2π + k)ρ∗.

Using Lemma 3.2.7 yields the existence of A(Ω) 3 Σ′′′ ⊇ Σ′′ such that

H1(Σ′′′) ≤ H1(Σ′′) + ε, Fµ,A(Σ′′′) ≤ Fµ,A(Σ′′)− Cε3/2

for any ε sufficiently small, where C > 0 is a constant not dependent on ε. Choosing ε := ρ∗ and
considering that distΩ(y,Σ′′′) ≤ distΩ(y,Σopt)+ρ∗ for y ∈ B(x, ρ∗), and distΩ(y,Σ′′′) ≤ distΩ(y,Σopt)
elsewhere, yields

Fµ,A(Σ′′′) ≤ Fµ,A(Σopt) +

∫
B(x,ρ∗)

A(distΩ(y,Σopt) + ρ∗)−A(distΩ(y,Σopt))dµ(y)− Cε3/2

≤ Fµ,A(Σopt) +K(ρ∗)
2
q

+1 − C(ρ∗)3/2

where K > 0 is a constant not dependent on ρ∗, and q is the conjugate exponent of p. Using
hypothesis p > 4/3 yields K(ρ∗)

2
q

+1 � C(ρ∗)3/2, i.e. limρ∗→0K(ρ∗)
2
q

+1
/C(ρ∗)3/2 = 0.

Consider the difference:

(Fµ,A(Σopt)− Fµ,A(Σ′′′)) + (d(Σopt,Σ0)2 − d(Σ′′′,Σ0)2).

The term Fµ,A(Σopt) − Fµ,A(Σ′′′) is comparable with (ρ∗)3/2, while (d(Σopt,Σ0)2 − d(Σ′′′,Σ0)2) is
comparable with (ρ∗)2, and using arbitrariness of ρ∗ concludes the proof.

Thus the following result follows:

Theorem 5.1.3. Given a domain Ω ⊆ R2, a measure µ ∈ Lp(Ω) with p > 4/3, a functionA : [0, diam Ω] −→
[0,∞), an Ahlfors regular initial datum Σ0 ∈ A(Ω), and a time step τ > 0, consider the following evolutionw(0) := Σ0

w(k) ∈ argminA(Ω)Fµ,A(·) +
d(·, w(k − 1))2

2τ

. (5.1.5)

Then for any k the set w(k) is Ahlfors regular.
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Proof. The proof is done by induction: w(0) = Σ0 is Ahlfors regular by hypothesis, and suppose
w(k − 1) is Ahlfors regular, but w(k) is not. Using the construction in the proof of Proposition 5.1.2
yields a competitor Σ′ satisfying

Fµ,A(Σ′) ≤ Fµ,A(w(k))− C1ε
3/2,

|d(Σ′, w(k − 1))2 − d(w(k), w(k − 1))2| ≤ C2ε.

In the difference

(Fµ,A(w(k))− Fµ,A(Σ′)) +
1

2τ
(d(w(k), w(k − 1))2 − d(Σ′, w(k − 1))2)

and choosing ε sufficiently small yields

Fµ,A(w(k))− Fµ,A(Σ′) = O(ε3/2)

and
1

2τ
d(w(k), w(k − 1))2 − d(Σ′, w(k − 1))2 = O(ε2).

Thus it follows

Fµ,A(Σ′) +
d(Σ′, w(k − 1))2

2τ
< Fµ,A(w(k)) +

d(w(k), w(k − 1))2

2τ
,

contradicting the optimality of w(k).

The absence of points having order greater than 3 in two dimension case can be extended too:

Theorem 5.1.4. Given a domain Ω ⊆ R2, a measure µ ∈ Lp(Ω) with p > 4/3, a functionA : [0, diam Ω] −→
[0,∞), an initial datum Σ0 ∈ A(Ω), and a time step τ > 0, consider the following evolutionw(0) := Σ0

w(k) ∈ argminA(Ω)Fµ,A(·) +
d(·, w(k − 1))2

2τ

. (5.1.6)

Then for any k ≥ 1 the set w(k) is does not contain points with order greater then 3.

Similar to results about Ahlfors regularity, this stems from the more general results too:

Proposition 5.1.5. Given a domain Ω ⊆ R2, a measure µ ∈ Lp(Ω) with p > 4/3, a function A :
[0, diam Ω] −→ [0,∞), an arbitrary set Σ0 ∈ A(Ω) not containing points with order greater than 3, consider
the following minimization problem:

min
A(Ω)

Fµ,A(·) + d(·,Σ0)2. (5.1.7)

Then any solution does not contain points with order greater then 3.
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Proof. The proof is done by contradiction: suppose the contrary, i.e. there exists

Σopt ∈ argminA(Ω)Fµ,A(·) + d(·,Σ0)2

containing a point x ∈ Σopt with ordxΣopt ≥ 4. Thus from Menger n-Beinsatz there exists arcs
γ1, · · · , γ4 starting in x and mutually disjoint outside x.

Using a construction similar to that used for the proof of Lemma 3.2.16, choose r > 0 (the
exact value is not relevant), and define xi := γi ∩ ∂B(x, r) for i = 1, · · · , 4. There exists at least a
couple xj1 , xj2 such that the angle x̂j1xxj2 has value at most π/2. Upon renaming indexes, suppose
x̂1xx2 ≤ π/2. Let St(x1, x, x2) be a Steiner graph connecting those points, and by direct computation

H1(St(x1, x, x2)) ≤ 2r ≤ H1(γ1 ∩B(x, r)) +H1(γ2 ∩B(x, r)).

Then define
Σ′ := Σopt\((γ1 ∪ γ2) ∩B(x, r)) ∪ St(x1, x, x2))

and applying Lemma 3.2.7 yields the existence of A(Ω) 3 Σ′′ ⊇ Σ′ such that

H1(Σ′′) ≤ H1(Σ′) + ε, Fµ,A(Σ′′) ≤ Fµ,A(Σ′)− Cε3/2

for any ε sufficiently small, where C > 0 is a constant not dependent on ε.
For any point z ∈ Ω it holds distΩ(z,Σopt) ≤ distΩ(z,Σopt) + 2r, and such points belong to a set

Γr with L2(Γr) ≤ 2rdiam Ω, thus using hypothesis p > 4/3 yields

Fµ,A(Σ′) ≤ Fµ,A(Σopt)−Kr3/2

for some K > 0 not dependent on r. Combined with

|d(Σopt,Σ0)− d(Σ′,Σ0)| ≤ (2 + θ)r

this yields
Fµ,A(Σ′) + d(Σ′,Σ0)2 < Fµ,A(Σopt) + d(Σopt,Σ0)2,

and the proof follows from the arbitrariness of r.

Now this result can be easily used to prove Theorem 5.1.4:

Proof. (of Theorem 5.1.4). The proof is done by induction. By hypothesisw(0) = Σ0 does not contain
points with order at least 4; suppose this is true for w(k − 1), but not for w(k). Let x ∈ w(k) a point
with ordxw(k) ≥ 4, and choose r > 0 sufficiently small. Applying Proposition 5.1.5 yields the
existence of Σ′ ∈ A(Ω) such that

Fµ,A(Σ′) ≤ Fµ,A(w(k))−Kr3/2

with K > 0 no dependent on r, and Σ′∆w(k) ⊆ B(x, r) ∪ B(x′, r) for some x′ ∈ Ω. Moreover
H1(Σ′) ≤ H1(w(k)), and |H1(Σ′)−H1(w(k))| ≤ (2+θ)r where θ > 0 is dependent only on geometric
quantities and not on r. Thus it holds

|d(w(k),Σ0)− d(Σ′,Σ0)| ≤ (2 + θ)r,
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thus

Fµ,A(Σ′) ≤ Fµ,A(w(k))−Kr
3
2 ,

1

2τ
|d(w(k), w(k − 1))− d(Σ′, w(k − 1))| = O(r2).

Therefore for any r sufficiently small it holds

Fµ,A(Σ′) +
1

2τ
d(Σ′, w(k − 1))2 < Fµ,A(w(k)) +

1

2τ
d(w(k), w(k − 1))2,

contradicting the minimality of w(k).

The proofs of Theorems 5.1.1 and 5.1.3 can be easily extended to irreversible evolutions, while
the construction used in the proof of Proposition 5.1.5 strongly relies on the absence of irreversibility:
indeed Theorem 5.1.4 is false if irreversibility is imposed. Moreover, it is not known how to extend
this result to higher dimensional domains.

Theorem 5.1.3 can be extended to higher dimensions, but in this case the proof is significantly
different: for instance a key element was Lemma 3.2.7, which is valid only in R2; for higher dimen-
sions Lemma 3.4.6 holds, but provides a less sharp estimate.

An even more important problem is that the construction used in the proof for two dimen-
sional domains is inherently non reproducible in higher dimensions: indeed the proof in the former
strongly relies on the fact that a closed curve can separate the space in two connected components
(Jordan curve theorem), which is not the case for higher dimensional domains.

Theorem 5.1.6. Given a domain Ω ⊆ Rn (n ≥ 3), a measure µ ∈ Lp(Ω) with p > n/(n − 1), a function
A : [0, diam Ω] −→ [0,∞), an Ahlfors regular initial datum Σ0 ∈ A(Ω), and a time step τ > 0, consider the
following evolution w(0) := Σ0

w(k) ∈ argminA(Ω)Fµ,A(·) +
d(·, w(k − 1))2

2τ

. (5.1.8)

Then for any k the set w(k) is Ahlfors regular.

The proof can be found in [35], and it uses an argument similar to that used to prove Ahlfors
regularity for the quasi static case: the main difference is the penalization term, but since all the

constructions are local (i.e. d(·, w(k − 1)) is small), the term
d(·, w(k − 1))2

2τ
is well approximated

with a linear term in d(·, w(k − 1)). Then the estimates (and arguments) used in Theorem 4.1.10
follow (upon non influent constants).

5.1.2 Discrete variational interpolation

In the previous Section we have analyzed some geometric properties of solutions of piecewise con-
stant discrete evolutions, first introduced in Definition 2.2.4 in a general context. As discussed in
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Chapter 2, in view of results as Theorem 2.2.9 and Lemma 2.2.10 another class of discrete evolution
is naturally introduced, the “variational interpolations” (see Definition 2.2.12 for instance).

Given a domain Ω ⊆ Rn (n ≥ 2), a measure µ, a function A : [0,diam Ω] −→ [0,∞), an initial da-
tum Σ0 ∈ A(Ω) and a time step τ > 0, a variational interpolated evolution (as defined in Definition
2.2.12) is a function

xτ : [0,∞) −→ A(Ω)

defined as

xτ (0) := Σ0

xτ ((n+ 1)τ) ∈ argminA(Ω)Fµ,A(·) +
d(·, xτ (nτ))2

2τ
∀n ∈ N

xτ (t) ∈ argminA(Ω)Fµ,A(·) +
d(·, xτ (nτ))2

2(t− nτ)
∀t ∈ (nτ, (n+ 1)τ)

.

Results from piecewise constant time discretized solutions are all proven valid:

Theorem 5.1.7. Given a domain Ω ⊆ Rn (n ≥ 2), a measure µ ∈ L1(Ω), a function A : [0, diam Ω] −→
[0,∞), an initial datum Σ0 ∈ A(Ω) not containing loops, consider the function x : [0,∞) −→ A(Ω) defined
as

xτ (0) := Σ0

x((h+ 1)τ) ∈ argminA(Ω)Fµ,A(·) +
d(·, x(hτ))2

2τ
∀h ∈ N

x(t) ∈ argminA(Ω)Fµ,A(·) +
d(·, x(hτ))2

2(t− hτ)
∀t ∈ (hτ, (h+ 1)τ)

. (5.1.9)

Then for any t ∈ [0,∞) the set x(t) does not contain loops.

Ahlfors regularity is true too:

Theorem 5.1.8. Given a domain Ω ⊆ R2, a measure µ ∈ Lp(Ω) with p > 4/3, a functionA : [0, diam Ω] −→
[0,∞), an Ahlfors regular initial datum Σ0 ∈ A(Ω), and a time step τ > 0, consider the function x :
[0,∞) −→ A(Ω) defined by

x(0) := Σ0

x(jτ) ∈ argminA(Ω)Fµ,A(·) +
d(·, x((j − 1)τ))2

2τ
∀j ∈ N

x(t) ∈ argminA(Ω)Fµ,A(·) +
d(·, x(jτ))2

2(t− jτ)
∀t ∈ (jτ, (j + 1)τ)

. (5.1.10)

Then for any t the set x(t) is Ahlfors regular.

Similarly the absence of points having order greater than 3 can be proven:

Theorem 5.1.9. Given a domain Ω ⊆ R2, a measure µ ∈ Lp(Ω) with p > 4/3, a functionA : [0, diam Ω] −→
[0,∞), an initial datum Σ0 ∈ A(Ω) not containing points with order greater than 3, and a time step τ > 0,
consider the function x : [0,∞) −→ A(Ω) defined by
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x(0) := Σ0

x(jτ) ∈ argminA(Ω)Fµ,A(·) +
d(·, x((j − 1)τ))2

2τ
∀j ∈ N

x(t) ∈ argminA(Ω)Fµ,A(·) +
d(·, x(jτ))2

2(t− jτ)
∀t ∈ (jτ, (j + 1)τ)

. (5.1.11)

Then for any t the set x(t) does not contain points with order greater than 3.

5.1.3 Topology

For solutions of the quasi static evolution, under irreversibility condition, we have discussed branch-
ing behavoirs, and presented an explicit example where branching is expected to occur after a given
time. The discussion for this case is quite similar: indeed all arguments used in the quasi static case
apply, with slight modification.

Consider the configuration from the quasi static case: given a domain Ω, let Σdat
0 be the initial

datum, and suppose there exist

• a closed injective path γ∗ : [0, 1] −→ Ω such that γ∗([0, 1]) ⊆ Σdat
0 : the domain Ω is now divided

in two regions, Ω+ and Ω− with Ω = Ω+ ∪ Ω− (they are the two connected components of
Ω\γ∗([0, 1]), and correspond to the “interior” and the “exterior” part of γ ∗ ([0, 1]) – the order
is not relevant – given by the Jordan Curve Theorem);

• P ′0 ∈ Σdat
0 and a triangle TP ′0 ⊂ V (P ′0) ∩B(P ′0, ξ

′) with |TP ′0 ∩ Ω+| > 0, and ext(Sdat0 ) ⊂ Ω−.

Similarly suppose that Ω− is large enough (both in diameter and in measure) so that all compu-
tations can be done without considering constraints imposed by diam (Ω−), |Ω−|.

Consider 
w(0) = w(0) := Σdat

0

w(k) ∈ argminA(Ω)F (X ′′) + 1
2τ d(X ′′, w(k − 1))

w(k) ⊇ w(k − 1)

,

where τ > 0 is a given parameter, and define

uτ : [0,∞) −→ A(Ω), uτ (t) := w

([
t

τ

])
.

Using the same argument from the quasi static case, with slight modifications due to the different
penalization on the distance term, it can be proven that F (Sdat0 )/K(P ′0) + 1 is an upper bound for
branching time, where K(P ′0) can be computed using Proposition 4.1.16.

Moreover, notice that if a branching arises in the point (0, 0), then this point must have order
at least 4, thus contradicting the absence of crosses in two dimensional domains (Theorem 5.1.4).
Notice that irreversibility is the crucial condition here, as it does not allow the argument used in the
proof of Theorem 5.1.4 where the “cross” is replaced by a Steiner graph.
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Σdat
0

P ′0

Ω+

Ω−

Figure 5.1.1: The same example of configurations exhibiting a branching behavior works for this
kind of evolution too. The same example also provides a counterexample to the absence of crosses
under irreversibility condition.

5.2 Limit τ → 0+

Results from the previous Section are all about “discrete” evolutions, where the time discretization
had step τ > 0. In this Section our goal is to pass to the “continuous” case, i.e. τ → 0+. From the
discussion about gradient flow in Chapter 2, in the purely metric space (X,m) neither existence nor
uniqueness is guaranteed; two sets of assumptions, one ensuring existence (already proven true in
the previous Section) and the other allowing the passage to the limit τ → 0, were required.

Given a domain Ω ⊆ Rn (n ≥ 2), a measure µ and a function A : [0,diam Ω] −→ [0,∞),
Assumption 2.2.13 from Chapter 2 becomes:

Assumption 5.2.1. Let (A(Ω), d) (d(X1,X2) := H1(X1∆X2)) be the metric space, Fµ,A the average dis-
tance functional (with given measure µ and function A), assume the following conditions hold:

1. Fµ,A is bounded from below, and its sublevels are boundedly compact, i.e. {Fµ,A ≤ c} ∩ B(X , r) is
compact for any c ∈ R, r > 0 and X ∈ A(Ω),

2. the slope |∇Fµ,A| : D(Fµ,A) −→ [0,∞] is lower semicontinuous,

3. for any sequence {Σk}k∈N converging to Σ∞, implication

sup
k∈N
{|∇Fµ,A|(Σk), Fµ,A(Σk)} <∞ =⇒ Fµ,A(Σk)→ Fµ,A(Σ∞)

is true.

The first goal is to check these assumptions.
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1. Fµ,A is obviously bounded from below. To prove its sublevels are boundedly compact, con-
sider arbitrary Σ∗ ∈ A(Ω), r > 0, c ∈ R and a sequence {Σk}k∈N ⊆ {Fµ,A ≤ c} ∩ B(Σ∗, r).
Condition {Σk}k∈N ⊆ B(Σ∗, r) implies H1(Σk) ≤ H1(Σ∗) + r < ∞. Thus upon passing to
subsequence we can assume Σk → Σ∞ ∈ B(Σ∗, r). This implies Fµ,A(Σk)→ Fµ,A(Σ∞) which
combined with {Σk}k∈N ⊆ {Fµ,A ≤ c}, yields Fµ,A(Σ∞) ≤ c. Thus Σ∞ ∈ {Fµ,A ≤ c}∩B(Σ∗, r),
proving boundedly compactness,

2. the slope |∇Fµ,A| : D(Fµ,A) −→ [0,∞] is defined as

|∇Fµ,A(Σ)| := lim sup
X→Σk

(Fµ,A(Σ)− Fµ,A(X ))+

d(X ,Σ)
.

However very little is knows about slopes. In particular we are not able to prove lower semi-
continuity.

3. for any sequence {Σk}k∈N converging to Σ∞ it always holds Fµ,A(Σk)→ Fµ,A(Σ∞).

Now we are able to prove the following result:

Theorem 5.2.2. Let Ω ⊆ Rn, n ≥ 2 a given domain, µ � Ln a given measure and A : [0, diam Ω] −→
[0,∞) a given function. Fix Σ0 ∈ A(Ω), τ > 0, and consider a discrete solution x : [0,∞) −→ A(Ω)
defined via variational interpolation. Then the following results hold:

• the set {xτ (t)}τ is relatively compact in the set of curves in X with respect to the uniform local conver-
gence,

• any limit curve is a gradient flow in the EDI sense, but with the slope replaced |∇Fµ,A| by the relaxed
slope |∂−Fµ,A| (for the definition see [3]).

Proof. The proof is based on Theorem 2.2.14, and it is sufficient to check if its hypothesis are satisfied:
we recall that for Theorem 2.2.14 it is sufficient that Assumption 2.2.13.

For the average distance functional we have checked that Assumption 5.2.1, without the lower
semicontinuity part, which is Assumption 2.2.13 formulated for this specific case, holds. Thus we
can apply the same argument used in the proof of Theorem 2.2.14, and the proof is complete.

Finally we discuss briefly some open problems regarding properties of solutions of evolutions
schemes related to the average distance functional when the time step goes to 0.

Differently from the time-discretized version, results concerning geometric and analytic proper-
ties for minimizing movements are surprisingly hard to prove.

There are mainly two problems in passing to the limit: first, no argument used in the discrete
case applies, as they rely on the fact that the set added at each step has positive length, and the esti-
mates used for discrete solutions always exhibit a dependence on the time step, and lack uniformity
when the time step goes to 0. Moreover, the argument used for Ahlfors regularity for limit sets of
the quasi static case cannot be applied here.
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The basic idea is quite simple, and involves constructing a competitor contradicting the minimal-
ity of some wj(k), but many surprisingly difficult problems arise when dealing with connectedness
of such competitor.

Similar properties can be expected:

1. Absence of loops:
Given a domain Ω ⊆ Rn (n ≥ 2), a measure µ ∈ L1(Ω), a functionA : [0,diam Ω] −→ [0,∞), an
initial datum Σ0 ∈ A(Ω) not containing loops, a sequence of time steps {τk}k∈N ↓ 0, consider
the following family of evolutions:


wj(0) := Σ0

wj(k) ∈ argminA(Ω)Fµ,A(·) +
d(·, wj(k − 1))2

2τj


j∈N

.

Given T > 0, define functions

xj : [0, T ] −→ A(Ω), xj(t) := wj([t/τj ])

and suppose there exists the limit function

x : [0, T ] −→ A(Ω), x(t) := lim
j→∞

xj(t).

Then there exists T0 > 0 such that for any t ∈ [0, T0) the set x(t) does not contain loops.

2. Ahlfors regularity:
Given a domain Ω ⊆ Rn (n ≥ 2), a measure µ ∈ L1(Ω), a function A : [0,diam Ω] −→ [0,∞),
an Ahlfors regular initial datum Σ0 ∈ A(Ω), a sequence of time steps {τk}k∈N ↓ 0, consider the
following family of evolutions:



wj(0) := Σ0

wj(k) ∈ argminA(Ω)Fµ,A(·) +
d(·, wj(k − 1))2

2τj
wj(k) ⊇ wj(k − 1)


j∈N

.

Given T > 0, define functions

xj : [0, T ] −→ A(Ω), xj(t) := wj([t/τj ])

and suppose there exists the limit function

x : [0, T ] −→ A(Ω), x(t) := lim
j→∞

xj(t).

Moreover assume there exists λ > 0 such that |∇F (xj(t))|, |∇F (x(t))| ≥ λ for any t ∈ [0, T ]
and j ∈ N. Then for any t ∈ [0, T ] the set x(t) is Ahlfors regular.
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3. Absence of crosses:
It is expected that a similar result holds for the continuous case, without irreversibility condi-
tion, as Theorem 5.1.4 is proven false under irreversibility condition.

However, without very strong assumptions (e.g. in the irreversible evolution, assuming the ex-
istence of some sort of uniformly controllable set Ak containing w(k), such that w(j)\w(k) never
intersects Ak whenever j > k), no similar result can be proven actually.
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Chapter 6

BV regularity of derivatives and
“topological lower semicontinuity”

This chapter aims to extend regularity results, and prove that minimizers are finite unions of Lip-
schitz curves with BV derivatives. More precisely we show that given an arbitrary nonnegative
finite measure with compact support, µ, and λ > 0, any solution Σ ∈ argmin Eλµ (in all this chapter
the symbolEλµ(·) will denote the sum

∫
d(x, ·)dµ+λH1(·)) is finite union of Lipschitz curves {γk}Nk=1

(without loss of generality assume that all γk are arc-length parameterized), such that it holds∑
k

‖γ′k‖TV ≤
1

λ
|µ(Rd)|, (6.0.1)

where ‖ · ‖TV denotes the total variation.
In other words we provide an estimate on the total curvature of the curves that make up Σ,

where the curvature, κ = γ′′k is understood as the signed measure. The fact the the total mass (times
1/λ) bounds the curvature is not surprising. To motivate it let us assume that the minimizer Σ is a
single smooth curve and that µ is absolutely continuous with respect to the Lebesgue measure. Let
Π be the projection onto Σ (it is known from [39] that Π has unique value almost everywhere). Then
the first variation for the Problem 8.1.2 gives that for any smooth vector field v : Σ→ Rd supported
away from the endpoints of Σ

−
∫

Σ
κ · vdH1(Σ) =

1

λ

∫
Rd

(x−Π(x))

|x−Π(x)|
· v((Π(x))dµ(x).

Taking supremum over all v, as above, with |v| ≤ 1 implies (6.0.1).
The difficulties one faces in applying the reasoning above are that Σ is not regular, nor even a

curve in general, and that µ is not assumed to be absolutely continuous with respect to the Lebesgue
measure.

The approach we use is based on approximating a measure µ by a sequence of discrete measures
{µn}

∗
⇀µ, and analyzing the minimizers of Problem 8.1.2 with µ replaced by µn. In addition to the

estimate on the BV norm, we prove a topological relation between minimizers of the approximating
problem and the minimizers of the limiting problem.

133
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This chapter is structured as follows:

• In Section 6.1 we recall the known results on the average-distance problem, introduce the
discrete approximations and prove a couple of preliminary results.

• In Section 6.2 we prove an upper bound on the number endpoints of minimizers and analyze
the behavior of endpoints in the approximation process. In particular we prove in Theorem
6.2.6 that if µn are discrete approximations of µ and Σn are minimizers of Eλµn which converge
to Σ, a minimizer of Eλµ , then each endpoint of Σ is a limit of endpoints of Σn. This result
(obtained in collaboration with Slepčev) will be crucial for the following sections.

• Section 6.3 (whose results are mainly obtained in collaboration with Slepčev) is devoted to the
topological comparison between minimizers for the approximate problem and the minimizer
corresponding to µ.

• In Section 6.4 (whose results are mainly obtained in collaboration with Slepčev) we prove
prove that minimizers of the average-distance problem are finite union of Lipschitz curves
with BV derivatives, and prove an a priori estimates on BV norms in Theorem 6.4.1.

6.1 Preliminary results

We restrict our attention to probability measures, µ, purely for notational simplicity. Given a com-
pactly supported probability measure, µ, and a compact set, Σ, we need to find a "projection" of the
measure µ onto Σ. The issue is that for x ∈ Rd, the minimizer of |x− y| over y ∈ Σ is in general not
unique. In fact it has been proven by the authors in [39] that the ridge of Σ (points having nonunique
projection on Σ) is anHd−1-rectifiable set. If µ is absolutely continuous with respect to the Lebesgue
measure, µ � Ld, then the ridge is µ-negligible and thus the projection Π : x 7→ argminy∈Σ|x − y|
is unique µ-a.e. and one can define the projection of µ onto Σ by σ = Π]µ (the push-forward of the
measure).

However if µ is not absolutely continuous with respect to Lebesgue measure then more care is
needed. In particular we define the "projection" as a second marginal of a coupling (i.e. a trans-
portation plan) rather than the push forward by a projection map.

Lemma 6.1.1. Let µ be a probability measure and Σ a compact set. There exists a probability measure π on
Rd×Σ such that the first marginal of π is µ (that is π(A×Σ) = µ(A) for any Borel set A) and that for π-a.e.
(x, y), |x− y| = minz∈Σ |x− z|.

We define σ, the projection of µ onto Σ, to be the second marginal of π. Finally we note that π and σ may
be nonunique.

Remark 6.1.2. While, for given µ and Σ, the measures π and σ may be nonunique, all of the subsequent
statements in this chapter hold for any π (and associated σ) chosen, unless explicitly stated otherwise.

Proof. Let PΣ be the set of Borel probability measures on Σ. Consider the functional σ 7→ dW (µ, σ)
on PΣ, where dW is the Wasserstein distance. Since Σ is compact, PΣ is sequentially compact with
respect to the weak-∗ convergence of measures. Given that dW (µ, · ) is continuous on PΣ with
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respect to the weak-∗ convergence of measures we conclude that there exists σ̄ ∈ PΣ minimizing
the Wasserstein distance to µ. Let π be the optimal transportation plan (for the quadratic cost)
between µ and σ̄. We claim that π has the desired properties.

Since, by definition, the first marginal of π is µ we only need to verify that for π-a.e. (x, y),
|x− y| = minz∈Σ |x− z|. Assume that this is not the case, that is that there exists (x, y) ∈ suppπ and
z ∈ Σ such that |x− y| > |x− z|. Let δ = (|x− y| − |x− z|)/3 and U = B(x, δ)× (B(y, δ) ∩Σ). Since
(x, y) ∈ suppπ, ε := π(U) > 0. Let πnew = π − πxU+εδ(x,z) and let σnew the the second marginal of
πnew. Then σnew ∈ PΣ and dW (µ, σnew) < dW (µ, σ̄) which contradicts the fact that σ̄ is a minimizer.

To see that π an σ may not be unique consider µ = δ0 and Σ = ∂B(0, 1). Then any Borel measure
σ on Σ can be obtained as a "projection" by choosing π to be any coupling between µ and σ (for
example the product measure µ× σ).

We introduce some notation and terminology:

• The measure σ defined in Lemma 6.1.1 can have atoms. For simplicity for y ∈ Σ we write σ(y)
to mean σ({y}).

• Sometimes it is important to emphasize which µ and Σ the measure σ corresponds to. Then
we write σ(µ,Σ, A) for σ(A), where A is a measurable subset of Σ.

• The order of a point y ∈ Σ is defined to be the supremum of the number of connected subsets
of Σ which contain y and are mutually disjoint on Σ\{y}. If Σ is a minimizer of Eλµ then
all points on Σ are of order 1,2, or 3 (see Lemma 6.2.5). Also, if Σ is a minimizer then it is
topologically a tree (Lemma 6.2.2) and thus the order of a point is equal to the number of
connected components of Σ\{y}.

• Point y ∈ Σ of order one is called an endpoint. We show in Lemma 6.2.1 that for any endpoint
σ(µ,Σ, y) ≥ λ. We denote the set of endpoints of Σ by ∃(Σ). A point of order three is called a
triple junction. A point y ∈ Σ is called a corner if it is of order two and σ(µ,Σ, y) > 0.

We note that there is a simple bound on the length of the minimizers of Eλµ . Namely if Σ is a
minimizer of Eλµ then

H1(Σ) ≤ 1

λ
diam supp(µ). (6.1.1)

The reason is that for any z ∈ suppµ the minimality of Σ implies

λH1(Σ) ≤ Eλµ(Σ) ≤ Eλµ({z})

=

∫
Rd
d(y, {z})dµ(y) =

∫
supp(µ)

d(y, {z})dµ(y) ≤ diam supp(µ).

We also remark that if λ > 1
2 then the only minimizer of Eλµ is a single point; see Corollary 6.2.4.

We recall the following facts on the average-distance problem. We refer to [52] for further details.
Let Pr be the set of probability measures supported in B(0, r).
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(i) For any µ ∈ Pr and λ > 0, the functionalEλµ is lower semicontinuous w.r.t. Hausdorff distance,
dH.

(ii) Given Σ ∈ A, and λ > 0, the mapping µ 7→ Eλµ(Σ) is continuous on Pr w.r.t. weak-∗ conver-
gence of measures.

(iii) If {µn}
∗
⇀µ on Pr then for any λ > 0, Eλµn Γ-converges to Eλµ w.r.t. Hausdorff convergence of

sets of A.

(iv) Consider a sequence {µn}
∗
⇀µ in Pr. For any n choose Σn ∈ argmin Eλµn . Then along a subse-

quence Σn
dH→Σ for some Σ ∈ argmin Eλµ .

(v) Given R > 0, consider a sequence {γn} : [0, 1] −→ B(0, R) of Lipschitz curves with constant-
speed parameterization, satisfying supH1(γn) < ∞ and sup ‖γ′n‖BV < ∞. Then upon subse-
quence there exists a Lipschitz curve γ such that:

• {γn} → γ in Cα for any α ∈ [0, 1),

• {γ′n} → γ′ in Lp for any p ∈ [1,∞),

• {γ′′n} → γ′′ weakly in the space of signed finite Borel measures on Rd.

We also need a basic result on the nature of path connectedness of Σ. Given points p, q ∈ Σ, we
use the following terminology:

• a “curve between p and q” is a continuous (not necessarily injective) mapping γ : [0, 1] −→ Σ
with γ(0) = p, γ(1) = q.

• a “path between p and q” is the image of a curve γ : [0, 1] −→ Σ with γ(0) = p, γ(1) = q.

Lemma 6.1.3. Consider an arbitrary element X ∈ A. Given distinct points p, q ∈ X there exists a minimal
(w.r.t. set inclusion) path connecting them. Moreover such path is a geodesic (in the metric sense), and as
such can be parameterized by an injective curve.

For the proof we refer to the general result about the existence of geodesics in metric spaces
(Theorem 4.3.2 in [6]).

We refer to such, minimal (w.r.t. inclusion), compact, injective paths as the “minimal paths”.
Notice that nothing is claimed about uniqueness of such minimal paths. The, well known, result
which we state below shows that if the minimal path is not unique then the set contains a loop.

Lemma 6.1.4. Assume X ∈ A, and p, q ∈ X are distinct points. If there exist distinct minimal paths, L1

and L2, parameterized by

γ1, γ2 : [0, 1] −→ X, γ1(0) = γ2(0) = p, γ1(1) = γ2(1) = q,

then X contains a loop.
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Proof. Since the roles of L1 and L2 are symmetric, we can assume that there exists t ∈ (0, 1) such
that γ1(t) ∈ L1\L2. Define

t1 := inf{τ ∈ [0, t] : γ1((τ, t)) ∩ L2 = ∅},

t2 := sup{τ ∈ [t, 1] : γ1((t, τ)) ∩ L2 = ∅}.

Since L1∩L2 is closed, γ1(t1) and γ1(t2) belong to L2. We also note that γ1(t1) and γ1(t2) are distinct
since otherwise L1 is not a minimal path. By Lemma 6.1.3 there exists a minimal path L̃2 ⊆ L2

connecting the points. It follows that γ1([t1, t2]) ∪ L̃2 is a loop.

Since the minimizers of Eλµ cannot contain loops (Lemma 6.2.2), Lemmas 6.1.3 and 6.1.4 imply
that for minimizers the minimal path between any two or their points is unique.

6.1.1 Discrete approximations

We first recall the setup and some results from [52].

Definition 6.1.5. Given points y1, . . . , yn ∈ Rd, a Steiner graph St(y1, . . . , yn) is a set of minimal length
containing y1, . . . , yn.

We note that in general Steiner graphs for the given set of points are not unique in general. Here
we list a few basic properties of Steiner graphs, their proofs and more on Steiner graphs can be
found in [26] and [27].

Proposition 6.1.6. Let G be a Steiner graph.

(i) G is a tree with straight edges,

(ii) The order of any point of G does not exceed 3,

(iii) If v ∈ G\{y1, · · · , yn} has order 3, then the edges intersecting in v are coplanar, forming 3 angles
measuring 2π/3 each.

The next definition is similar to the notion of curvature:

Definition 6.1.7. Given a graph with straight edges Σ and a vertex v ∈ Σ with degree 2, denote by w1, w2

its neighbors. The turning angle at v is

TA(v) := π − ∠w1vw2.

The turning angle for a subset A ⊆ Σ is defined to be the sum of all turning angles at vertices of degree 2
which belong to A.

The following facts were established in [52]:

(i) If µ is a discrete probability measure, then for any λ > 0, any Σ ∈ argmin Eλµ is a Steiner graph
for a set of points (which in general are not the points in the support of µ). More precisely there
exists a projection, σ, of µ onto Σ (as defined in Lemma 6.1.1) such that Σ is a Steiner graph for
the support of σ.
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(ii) Given a discrete probability measure, µ, λ > 0, and Σ ∈ argmin Eλµ , for any endpoint v ∈ Σ it
holds that

σ(µ,Σ, v) ≥ λ. (6.1.2)

(iii) Given a discrete probability measure, µ, λ > 0, Σ ∈ argmin Eλµ , for any A ⊆ Σ measurable

TA(A) ≤ π

2λ
σ(µ,Σ, A).

6.2 Endpoint estimates

We first establish an upper bound on the number of endpoints by proving a lower bound on the
mass that projects on each endpoint.

Lemma 6.2.1. Let µ be a finite, compactly supported, measure, let λ > 0, and let Σ ∈ argmin Eλµ . If Σ is not
a single point then σ(µ,Σ, v) ≥ λ for any endpoint v ∈ Σ.

For discrete measures µ this is the statement (6.1.2) we mentioned above; here we prove it for
general measures.

Proof. Choose an arbitrary endpoint v ∈ Σ. In [16] it has been proven that there exists r0 > 0 such
that Σ\B(v, r) ∈ A for all r ≤ r0. Let π be a coupling between µ and σ defined in Lemma 6.1.1. Let
l(r) = H1(Σ ∩B(v, r)).

Note that for π-a.e. (x, y) ∈ suppπ and y ∈ B(v, r)

d(x,Σ\B(v, r))− d(x, y) ≤ l(r).

Furthermore if y ∈ Σ\B(v, r) then

d(x,Σ\B(v, r)) = d(x, y).

Therefore

Fµ(Σ\B(v, r))− Fµ(Σ) =

∫
Rd×Σ

d(x,Σ\B(v, r))− d(x, y)dπ

≤ l(r)π(Rd ×B(v, r)) = l(r)σ(µ,Σ,Σ ∩B(v, r)).

Combining this with the fact that H1(Σ\B(v, r)) = H1(Σ) − l(r), and using the minimality of Σ
implies

Fµ(Σ) + λH1(Σ) ≤ Fµ(Σ\B(v, r)) + λH1(Σ\B(v, r))

≤ Fµ(Σ) + l(r)σ(µ,Σ,Σ ∩B(v, r)) + λ(H1(Σ)− l(r)).

Passing to the limit r → 0+ gives σ(µ,Σ, v) ≥ λ.

We show that minimizers of the average-distance problem cannot contain loops. A similar result
was shown in [14] for µ absolutely continuous with respect to Lebesgue measure.
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Lemma 6.2.2. Given a finite compactly supported measure µ, a parameter λ > 0, and Σ ∈ argmin Eλµ , the
set Σ does not contain a loop.

Proof. Suppose that Σ contains a loop, E, and let ϕ : [0, 1] −→ E be a constant speed parameteri-
zation, with ϕ(0) = ϕ(1) and injective in (0, 1). Choose an arbitrary (large) N ∈ N, and partition
E into N mutually disjoint measurable sets I1, · · · , IN , with Ij := ϕ([(j − 1)/N, j/N)). Clearly
H1(Ij) = H1(E)/N for any j.

Denote with {Ckj }k∈Jj the set of connected components of Σ\Ij which do not intersect E, where
Jj is a suitable set of indexes. Choosing N > 2/λ guarantees that there exists index j such that

σ
(
Ij ∪ ∪k∈JjC

k
j

)
< λ/2.

Consider the competitor Σ′ defined in the following way:

(i) remove Ij from Σ,

(ii) for all k ∈ Jj , choose pk ∈ Ckj ∩ Īj (such pk exists since Σ is connected). Noticing that ϕ(j/N) ∈
Σ\Ij , consider Tk(x) := x+(ϕ(j/N)−pk) the translation by the vector ϕ(j/N)−pk, and replace
Ckj by Tk(Ckj ) in Σ\Ij .

By construction Σ′ ∈ A. As σ(Ij) < λ/2, and each Tk is a translation by a vector ϕ(j/N) − pk, and
|ϕ(j/N) − pk| ≤ H1(E)/N , it follows Fµ(Σ′) ≤ Fµ(Σ) + λ

2
H1(E)
N . Since by construction H1(Σ′) ≤

H1(Σ)−H1(E)/N , this contradicts the minimality of Σ.

Lemma 6.2.3. Let X be a minimizer of Eλµ with H1(X) > 0. For any point p ∈ X , each connected
component of X\{p} must contain an endpoint of X .

Proof. Choose an arbitrary connected component of X\{p}, and denote it by C. Let dC be the path
distance on C. Choose an arbitrary point q ∈ argmaxz∈C∪{p} dC(z, p), which exists by compactness
of C ∪ {p}. Note that since C is nonempty, q 6= p. We claim that q is an endpoint. For if q is not
an endpoint, then choose q′ belonging to the component of C\{q} which does not contain p. Due
to the absence of loops, dC(q′, p) > dC(q, p), as each path connecting p and q′ must contain q. This
contradicts the construction of q.

Combining with Lemma 6.2.1 we establish the following corollary:

Corollary 6.2.4. Let µ be a finitely supported probability measure. If λ > 1
2 the only minimizer of Σ of Eλµ

is a singleton Σ = {p}.

Proof. If Σ is not a singleton then, by Lemma 6.2.3, it must have at least two endpoints. But each
endpoint has at least mass λ projecting to it. Hence σ(Σ) > 1. Contradiction.

Another property of minimizers is that they do not contain crosses, i.e. points with order at least
4. This result was proved in two dimensions in [14]. We use a similar construction here.

Lemma 6.2.5. Let µ be a finite compactly supported measure and let λ > 0. No minimizer, Σ, ofEλµ contains
points of order 4 or more.
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Proof. Assume for the sake of contradiction that there exists a point z in a minimizer Σ which has
order at least 4. Menger n-Beinsatz gives the existence of ε0 > 0 and curves (which we assume to be
parameterized by arclength) ξi : [0, ε0) −→ Σ ∩B(z, ε0), i = 1, · · · , 4 such that

(∀i) ξi(0) = z, (∀i 6= j) ξi((0, δi)) ∩ ξj((0, δj)) = ∅.

Moreover upon choosing r0 > 0 sufficiently small it can be guaranteed that ξi([0, δi))∩{w : |z−w| =
r} 6= ∅ for any index i and radius 0 < r ≤ r0.

Given 0 < r < r0, denote for by pri , the intersections ξ([0, δi)) ∩ B(z, r). Denote by θri,j the
angle between vectors pri − z and prj − z. To apply the construction from [14] we need to prove that
lim infr→0 mini 6=j θ

r
i,j < 2π/3. This is a consequence of the following:

Claim: Given k ≥ 4 unit vectors v1, · · · , vk, denote with βi,j the angle between vi and vj . Then
β := mini 6=j βi,j < 2π/3.

To prove the claim note

0 ≤

(
k∑
i=1

vi

)
·

 k∑
j=1

vj

 =
k∑

i,j=1

vi · vj = k +
k∑
i=1

∑
j 6=i

cosβi,j ≤ k + k(k − 1) cosβ.

Hence
−k ≤ k(k − 1) cosβ,

and consequently

β ≤ arccos

(
− 1

k − 1

)
≤ arccos

(
−1

3

)
=: β <

2

3
π.

Thus for any r ∈ (0, r0) there exists i, j such that angle θri,j =: θr ≤ β. Let us write xr = pri and
yr = prj . Now we can use the construction from the proof of absence of crosses in [14].

The competitor Σr is constructed by replacing the paths [xr, z]Σ and [yr, z]Σ (the parts of ξi and ξj
between xr and z, and yr and z, respectively; see Figure 6.2.1) with the Steiner graph for {xr, yr, z}
(i.e. the union of line segments between xr and zr, yr and zr, and z and zr, where zr is such that the
angles between the segments are 120o). More formally, the competitor Σr is defined as

Σr := Σ\([xr, z]Σ ∪ [yr, z]Σ) ∪ {(1− t)xr + tzr : t ∈ [0, 1]}
∪ {(1− t)yr + tzr : t ∈ [0, 1]}
∪ {(1− t)zr + tz : t ∈ [0, 1]}.

Note that by construction, the only points w for which d(w,Σr) > d(w,Σ), are those for which
argminy∈Σ|w− y| ⊆ Ir := [xr, z]Σ ∪ [yr, z]Σ\{xr, yr, z} holds. The diameter of Ir is less than or equal
to 2r which implies

Fµ(Σr) ≤ Fµ(Σ) + 2rσ(µ,Σ, Ir).

Since by construction ∩r>0Ir = ∅, σ(µ,Σ, Ir)→ 0 as r → 0. Elementary geometry gives

H1(Σr) ≤ H1(Σ)−
(

2−
√

3 sin
θr
2
− cos

θr
2

)
r,
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θr/2

θr/2

[yr, z]Σ

[xr, z]Σ

120o

120o
zr z

xr

yr

Figure 6.2.1: The modification of Σ: The paths [xr, z] and [yr, z] (continuous curves) are replaced by
the union of line segments xrzr, yrzr, and zr z. The distances from xr to z and from yr to z are both
equal to r.

and since β
2 <

π
3 , the quantity 2−

√
3 sin θr

2 − cos θr2 is positive. Thus

Eλµ(Σr) ≤ Eλµ(Σ)− λ
(

2−
√

3 sin
θr
2
− cos

θr
2

)
r + 2rσ(µ,Σ, Ir),

which contradicts the minimality of Σ for r sufficiently small.

The main result of this section deals with the relation of endpoints of minimizers corresponding
to discrete approximation of µ and the endpoints of a minimizer, Σ, corresponding to µ. Recall that
by ∃(Σ) we denote the set of endpoints of Σ.

Theorem 6.2.6. Let µ be a compactly supported probability measure. Given a sequence of probability mea-
sures {µn}

∗
⇀µ, with uniformly bounded supports, for any n choose an element

Σn ∈ argmin Eλµn .

Then along a subsequence {Σn}
dH→Σ for some Σ ∈ argmin Eλµ .

By relabeling the indices we can assume that the subsequence is the whole sequence. Then for any endpoint
z ∈ ∃(Σ) there exists a sequence of endpoints zn ∈ exp(Σn) such that zn → z as n→∞. This in particular
implies

lim inf
n→∞

]∃(Σn) ≥ ]∃(Σ).
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xn

vn

v
w

qn

pn

Σn

Σ

Figure 6.2.2: Σ is an example of a double line.

This estimate is crucial in the next section, when we discuss the topological relation between
minimizers of Eλµ and minimizers of Eλµn , where µn is a discrete approximation to µ.

The proof requires us to introduce the notion of a double line and prove a preliminary technical
result.

Definition 6.2.7. Consider a sequence of probability measures with uniformly bounded supports, {µn},
converging to a probability measure µw.r.t. weak-∗ topology, and a sequence of minimizers Σn ∈ argminEλµn
converging to Σ ∈ argmin Eλµ w.r.t. dH. A closed subset L ⊆ Σ is a double line if it is a minimal path
connecting distinct points v and w (in Σ) and there exist points {vn, xn, pn, qn} ⊆ Σn, satisfying

• vn → v, xn → v, pn → w, qn → w as n→∞,

• For any n, the minimal paths between pn and vn, and between xn and qn are disjoint.

Lemma 6.2.8. Assume the setting of the Definition 6.2.7. Σ cannot contain any double lines.

Proof. Assume there exists a double line L ⊆ Σ. The aim is to find, for some n, a competitor Σ̃n

contradicting the optimality of Σn.
By considering a subsequence we can assume that the minimal pathsL′n andL′′n in Σn connecting

pn to vn, and qn to xn respectively converge in the Hausdorff distance to L′ ⊂ Σ and L′′ ⊂ Σ.
Since v, w ∈ L′ ∩ L′′ and L is the minimal path between v and w it follows that L ⊆ L′ ∩ L′′.
Let Ln := L′n ∪ L′′n. It also holds that (Σn\Ln) ∪ L′ ∪ L′′ → Σ w.r.t. dH as n → ∞. By the lower
semicontinuity ofH1 it follows that lim infn→∞H1(L′n) ≥ H1(L′) and lim infn→∞H1(L′′n) ≥ H1(L′′).
We note that

H1(L′) +H1(L′′)−H1(L′ ∪ L′′) ≥ H1(L) ≥ dL(v, w) =: a > 0,

where dL denotes the path distance on L. It follows that for n sufficiently large

H1(Ln) ≥ H1(L′ ∪ L′′) + 0.9H1(L).
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Choose ε > 0, and n sufficiently large such that max{|pn−w|, |qn−w|, |vn− v|, |xn− v|} < ε and
max{dH(Σn,Σ), dH(Ln, L

′ ∪ L′′), dH(Σn\Ln ∪ L′ ∪ L′′,Σ)} < ε. Denote by xy the line segment with
endpoints in x and y. Define

An := (Σn\Ln) ∪ pnw ∪ qnw ∪ vnv ∪ xnv ∪ L′ ∪ L′′,

i.e. An is obtained from Σn by first removingLn and then replacing it with line segments pnw, qnw vnv, xnv
and L′ ∪ L′′. For any sets A,B ⊂ Rd we define

daH(A,B) = sup
b∈B

inf
a∈A
|a− b|.

Note that dH(A,B) = max{daH(A,B), daH(B,A)}. Then daH(Σn, pnw) ≤ |pn−w| < ε, and similarly
daH(Σn, qnw) < ε, daH(Σn, vnv) < ε, daH(Σn, xnv) < ε. Combining with dH(Σn\Ln ∪L′ ∪L′′,Σ) < ε
gives daH(An,Σn) < ε. Moreover it holds

H1(An) ≤ H1(Σn)−H1(Ln) + |pn − w|+ |qn − w|+ |vn − v|+ |xn − v|+H1(L′ ∪ L′′)
≤ H1(Σn)− 0.9H1(L) + 4ε

≤ H1(Σn)− 0.9a+ 4ε.

(6.2.1)

The issue we still face is thatAn may not belong toA. NamelyAn may be disconnected (for example
if Ln contains triple junctions). Let Cn0 be the connected component of An containing L′ ∪ L′′. Let
Fn := {Cnj }j∈In be the family of connected components of An, other than Cn0 . Since each connected
component must contain an endpoint of Σn, by Lemma 6.2.1, In must be finite. We now translate
these components so that they connect to L′ ∪L′′. Consider an arbitrary Cnj ∈ Fn. As Ln is the only
set present in Σn but not present in An, there exists a point snj ∈ Ln ∩ Cnj . Define

Tθ : Rd −→ Rd, Tθ(x) := x+ θ

the translation by a vector θ, and let Π be the projection on L′ ∪ L′′, i.e. for any x the point Π(x)
satisfies |x − Π(x)| = d(x, L′ ∪ L′′) (if there is more than one minimizer, then Π(x) can be chosen
arbitrarily among these). Define

Σ̃n :=
(
An\

⋃
j∈In

Cnj

)
∪
⋃
j∈In

TΠ(snj )−snj (Cnj ).

It is pathwise connected and compact by construction. Notice that dH(Ln, L
′∪L′′) < ε implies |snj −

Π(snj )| < ε. Therefore daH(Σ̃n, An) ≤ ε, which combined with daH(An,Σn) < ε gives daH(Σ̃n,Σn) ≤
2ε. From |d(x, Σ̃n)− d(x,Σn)| ≤ daH(Σ̃n,Σn) ≤ 2ε, integrating on Rd yields∣∣∣∣∫ d(x, Σ̃n)dµn −

∫
d(x,Σn)dµn

∣∣∣∣ ≤ µn(Rd)dH(Σ̃n,Σn) ≤ 2ε. (6.2.2)

The last step involves estimating H1(Σ̃n): by construction Σ̃n is obtained from An by first remov-
ing

⋃
j∈In C

n
j , then adding

⋃
j∈In TΠ(snj )−snj (Cnj ). Since TΠ(snj )−snj (Cnj ) is the image of Cnj through a
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translation H1(TΠ(snj )−snj (Cnj )) = H1(Cnj ) for any j. Using that by definition Cnj ∩ Cns = ∅ if j 6= s it
follows that

H1

⋃
j∈In

TΠ(snj )−snj (Cnj )

 ≤∑
j∈In

H1(Cnj ) = H1
( ⋃
j∈In

Cnj

)
≤ H1(Σn).

Using (6.2.1) this gives
H1(Σ̃n) ≤ H1(An) ≤ H1(Σn)− 0.9a+ 4ε.

Combining with (6.2.2) we conclude

Eλµn(Σ̃n) ≤ Eλµn(Σn) + 2ε− 0.9λa+ 4ελ,

which for ε sufficiently small contradicts the minimality of Σn.

Proof. [of Theorem 6.2.6] By our assumptions there exists R > 0 such that for all n, suppµn ⊆
B(0, R). Note that then Σn ⊆ B(0, R). Let us also note that by (6.1.1) the lengths H1(Σn) are

uniformly bounded. By Blaschke’s theorem, along a subsequence Σn
dH→Σ as n → ∞. By relabeling

the subsequence we can assume that it is the whole sequence. The lower-semicontinuity of the
H1 with respect to Hausdorff metric proved by Golab and the continuity of Fµ(Σ) in both µ (with
respect to weak-∗ topology) and Σ (with respect to Hausdorff metric) implies that Σ is a minimizer
of Eλµ . Furthermore for any endpoint z of Σ the convergence Σn to Σ in Hausdorff metric implies
that there exists a sequence zn ∈ Σn such that zn → z as n→∞.

If zn are all endpoints then there is nothing to prove. We start the discussion by assuming that zn
has a subsequence of points of order 2 (triple junctions are considered later). By relabeling we can
assume that all of zn ∈ Σn are of order 2. We denote by Σ′n and Σ′′n the two connected components of
Σn\{zn}. We also choose sequences {vn}, {xn} both converging to z and such that vn ∈ Σ′n, xn ∈ Σ′′n
for any n.

For any set X ⊂ Rd let r(X) = supy∈X |y − z|. The following dichotomy applies:

(]) lim supn→∞min{r(Σ′n), r(Σ′′n)} = 0.

(∗) There exists β > 0 and a subsequence {nk}k=1,2,... such that for all k large enough min{r(Σ′nk), r(Σ′′nk)} ≥
β.

If (]) holds then, since by Lemma 6.2.3 both Σ′n and Σ′′n contain at least one endpoint, there exists
an endpoint, z̃n, at distance at most min{r(Σ′), r(Σ”)} to zn. Then z̃n → z as n → ∞ and thus z is a
limit of endpoints as desired.

What remains is to show that the case (∗) is impossible. If (∗) holds then, from Blaschke’s com-
pactness theorem, follows that along a further subsequence, which we relabel to be the whole se-
quence, both connected components converge in dH, to sets with positive length. More precisely

Σ′ := lim
n→∞

Σ′n ∪ {zn}, Σ′′ := lim
n→∞

Σ′′n ∪ {zn}

We observe that z ∈ Σ′ ∩ Σ′′ and that r(Σ′) ≥ β and r(Σ′′) ≥ β. Therefore H1(Σ′) ≥ β and
H1(Σ′′) ≥ β.
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We claim that there exists a point besides z in Σ′ ∩ Σ′′. The reason is that, if Σ′ ∩ Σ′′ = {z} then
the order of z is at least two, so it cannot be an endpoint, which would contradict the assumption
on z. So let w ∈ Σ′ ∩ Σ′′\{z}. Denote by Σ′z,w, Σ′′z,w the minimal paths connecting z and w in Σ′ and
Σ′′ respectively. As Σ′z,w 6= Σ′′z,w would imply the existence of a loop in Σ (in view of Lemma 6.1.4),
Σ′z,w = Σ′′z,w must hold.

There exist sequences {pn}, {qn} with pn ∈ Σ′n, qn ∈ Σ′′n, both converging to w. Let L = Σ′z,w be
the minimal path in Σ between z and w. The above shows that L is a double line. This contradicts
the claim of Lemma 6.2.8.

It remains to consider the case that an endpoint z ∈ ∃(Σ) is a limit of points zn ∈ Σn of order 3.
We note that arbitrarily close to any point of order 3 there exists a point of order 2. Thus z can be
obtained as a limit of points of order 2, which is the case considered above.

6.3 Topological "lower semicontinuity"

6.3.1 Topological relation

Given λ > 0 and a compactly supported probability measure µ, consider a sequence of probability
measures {µn}

∗
⇀µ, and for any n choose a minimizer Σn ∈ argminEλµn . Then upon subsequence

Σn
dH→Σ ∈ argminEλµ . The aim of the this section is to analyze topological relation between Σn (for n

sufficiently large) and Σ.
The main result is:

Theorem 6.3.1. Given λ > 0 and a compactly supported probability measure µ, consider a sequence of
probability measures {µn}

∗
⇀µ, with uniformly bounded support, and for any n choose a minimizer Σn ∈

argmin Eλµn . Then, along a subsequence, Σn
dH→Σ ∈ argmin Eλµ . For all sufficiently large n along the

subsequence, there exists a homeomorphism ϕn : Σ −→ Sn, for some Sn ⊆ Σn.

Proof. We note that the statement is trivial if Σ is a singleton. Thus we assume that Σ is not a single
point. The convergence of Σn along a subsequence follows from Theorem 6.2.6. We again assume
that the subsequence is the whole sequence. Let V be the set of all endpoints and triple junctions of
Σ. By Theorem 6.2.6, Σ and Σn contain at most 1/λ endpoints. By induction on the number of triple
junctions, it is easy to prove that in any tree the number of endpoints is greater than the number of
triple junctions. Thus the number of triple junctions is also bounded by 1/λ. Hence V is a finite set.
Thus there exists c > 0 such that

c ≤ min
v,ṽ∈V,v 6=ṽ

|v − ṽ|. (6.3.1)

Choose n sufficiently large such that dH(Σn,Σ) < c/2. From Theorem 6.2.6 it follows that any
endpoint v of Σ is limit of a sequence of endpoints {vn} of Σn. Such a sequence may be not unique;
we fix one for each endpoint of Σ. By relabeling the sequence, it can be assumed that for all end-
points v of Σ and the corresponding sequence of endpoints vn of Σn, it holds that |v− vn| < c/2 and
all n.

To continue the proof we need the following lemma:
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R

ϕ−1
n

Σn

Σ

ϕn

Figure 6.3.1: ϕn is an example of homeomorphism between Σ and a (proper) subset of Σn. The part
within the dashed rectangle R is not involved in the homeomorphism.

Lemma 6.3.2. Let Σn and Σ be as above. If some sequences {yn} and {wn} in Σn converge to distinct points
y, w ∈ Σ then the sequence of minimal paths [yn, wn]Σn converges in dH to the minimal path [y, w]Σ.

Here [y, w]Σ is the minimal path in Σ containing y and w. The existence of such minimal path is
ensured by Lemma 6.1.3.

Proof. Assume that this is not the case. Then there exists ε > 0 and a subsequence of [yn, wn]Σn such
that all paths in the subsequence are at distance at least ε from [y, w]Σ. By relabeling we can assume
that this is the whole sequence. To obtain a contradiction it is enough to find a (further) subsequence
which does converge to [y, w]Σ. By compactness we know [yn, wn]Σn converges along a subsequence
to some connected set A ⊂ Σ which contains y and w. Since Σ is a tree, [y, w]Σ ⊆ A. Let us assume
that L := A\[y, w]Σ 6= ∅. Then there exists a sequence xn ∈ [yn, wn]Σn such that xn → x ∈ L as
n→∞. Let L′ be the connected component of L containing x. If L′ ∩ [y, w]Σ has two or more points
then Σ contains a loop, which contradicts the fact that Σ is a tree. Hence L′∩ [y, w]Σ is a single point,
denote it by p. Then p ∈ [y, x]Σ and p ∈ [x,w]Σ. Thus there exist sequences pn ∈ [yn, xn]Σn and
qn ∈ [xn, wn]Σn such that pn → p and qn → p as n → ∞. Consequently Σ contains a double line
which contradicts Lemma 6.2.8.

We return to the proof of the theorem.
Claim 1. Any triple junction z ∈ Σ can be obtained as limit of a sequence of triple junctions

zn ∈ Σn. If this is not the case, there exists a triple junction z ∈ Σ which cannot be obtained as limit
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of triple junctions. Then there exists ε > 0 such that no point in Σ ∩ B(z, ε) is a limit of a sequence
of triple junctions. Since z is a triple junction, there exist paths Γi ⊂ B(z, ε), for i = 1, 2, 3 such
that z ∈ Γi and except for z, the paths are mutually disjoint. Choose, for i = 1, 2, 3, wi ∈ Γi\{z}.
Then there exist sequences win ∈ Σn for i = 1, 2, 3 such that win → wi as n → ∞. By Lemma
6.3.2, for i, j ∈ {1, 2, 3} distinct, [win, w

j
n]Σn → [wi, wj ]Σ as n → ∞. Since [wi, wj ]Σ ⊂ B(z, ε), none

of [win, w
j
n]Σn contain a triple junction (for n large enough). Hence one of the points has to lie on

the minimal path connecting the other two, say w2
n ∈ [w1

n, w
3
n]Σn for all n large enough (along a

subsequence). Thus w2 ∈ [w1, w3]Σ, which contradicts the facts that w2 ∈ Γ2\{z}, [w1, w3] ⊂ Γ1 ∪ Γ3

and (Γ1 ∪ Γ3) ∩ Γ2\{z} = ∅.

Similarly to the argument made for endpoints, we can assume that any triple junction z ∈ Σ,
is a limit of a sequence of triple junctions {zn} such that |z − zn| < c/2 for all n. This sequence
may be nonunique, but we select one. From (6.3.1) follows that sequences converging to distinct
endpoints/triple junctions have no overlapping elements. Let Vn be the set of endpoints and triple
junctions of Σn which are in the sequences (selected above) converging to elements of V .

Claim 2. Ifw1, w2 ∈ V are such that [w1, w2]Σ does not contain endpoints/triple junctions besides
w1 and w2 then for all n large enough [w1

n, w
2
n]Σn does not contain any elements of Vn besides w1

n

and w2
n. Assume that this is not the case: that along a subsequence Vn ∩ [w1

n, w
2
n]Σn contains an

element of Vn other than w1
n and w2

n. By considering a further subsequence we can assume that it
is always from the same sequence, say {w3

n}. That is w3
n ∈ [w1

n, w
2
n]Σn for all n along a subsequence.

As before we can assume that the subsequence is the whole sequence. From Lemma 6.3.2 it follows
that w3 ∈ [w1, w2]Σ. Contradiction.

We are finally ready to define the desired homeomorphism. Choose a function ϕn : Σ −→
ϕn(Σ) ⊆ Σn such that:

(i) if an endpoint v ∈ Σ is limit of a sequence of endpoints {vn}with vn ∈ Vn then ϕn(v) = vn,

(ii) if a triple junction z ∈ Σ is limit of a sequence of triple junctions {zn} with zn ∈ Vn, then
ϕn(z) = zn,

(iii) if w1, w2 ∈ V are such that [w1, w2]Σ does not contain endpoints/triple junctions besides
w1, w2, then defineϕn|[w1,w2]Σ as an arbitrary homeomorphism between [w1, w2]Σ and [w1

n, w
2
n]Σn ,

where w1
n, w

2
n ∈ Vn and {w1

n} → w1, {w2
n} → w2, as n→∞.

The function ϕn : Σ→ ϕn(Σ) ⊆ Σn is well defined, for n large enough, by Claim 2. It is injective
and continuous by construction. Since Σ is compact and ϕn is a bijection, ϕ−1

n is continuous. Thus
ϕn is a homeomorphism.

6.4 BV estimates

The aim of this section is to prove a regularity result about minimizers of Problem 8.1.2. In [14], [16]
and [17] is has been proven that any minimizer Σ of Problem 8.1.2 is a countable union of Lipschitz
curves or a single point. Given that, by Theorem 6.2.6, the total mass arriving at each endpoint is at
least λ there exists at most 1/λ endpoints. Since the number of triple junctions in a tree is less than
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the number of endpoints the number of curves, forming the tree, is bounded by 1/λ. Thus Σ is a
finite union of Lipschitz curves or a single point. We recall that by Corollary 6.2.4 if λ > 1/2 then
the only minimizer is a singleton.

The main objective of this section is to prove the following regularity result:

Theorem 6.4.1. Given a compactly supported finite measure µ, and λ > 0, any Σ ∈ argmin Eλµ , which is
not a single point, is finite union of Lipschitz curves {γk}Nk=1 (without loss of generality assume that all γk
are arc-length parameterized), such that ∑

k

‖γ′k‖TV ≤
1

λ
|µ(Rd)|,

where ‖ · ‖TV denotes the total variation.

Note that we do not assume that µ is a probability measure.
The proof uses a discrete approximation of µ; thus we start by proving the result for discrete

measures.

Lemma 6.4.2. Given an arbitrary positive discrete measure µ, and λ > 0, any Σ ∈ argmin Eλµ is either a
single point or a finite union of Lipschitz curves {γk}Nk=1 (without loss of generality assume γk are arc-length
parameterized), such that

‖γ′k‖TV ≤
1

λ
σ(µ,Σ, γk)

where σ is defined in Lemma 6.1.1.

Proof. Let µ be a probability measure. The result for general measures follows by scaling (See Section
2.1 in [52]). Consider an arbitrary minimizer Σ ∈ argmin Eλµ which is not a single point. As we
mentioned in Subsection 2.1(i) the minimizer Σ is a Steiner graph with finitely many vertices. As
Steiner graphs are trees, it follows that Σ is finite union of arc-length parameterized Lipschitz curves
{γk}Nk=1, where each of these curves is union of line segments. Moreover, the number of curves, N ,
is bounded by 1/λ. Choose an arbitrary k ∈ {1, · · · , N}. To simplify notation set γ := γk and
L := H1(γ). Let s1 < s2 < · · · < sm be the values in [0, L] for which γ(si) is a corner.

From definition of total variation and the fact that the curve is piecewise linear

‖γ′‖TV ([0,L]) := sup
0=t0<t1<···<tM−1<tM=L

M−1∑
i=0

|γ′(ti+1)− γ′(ti)| =
m∑
j=1

|γ′(sj−)− γ′(sj+)|

where γ′(·−) and γ′(·+) denote the left and the right derivative respectively.
From the proof of Lemma 11 in [52] follows that

m∑
j=1

|γ′(sj−)− γ′(sj+)| ≤ 1

λ
σ(µ,Σ, γ).

The inequalities above imply the desired estimate on total variation.
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We remark that combining the estimate on the total variation above and the estimate (6.1.1) on
H1(Σ) we obtain an estimate on the BV norm

N∑
k=1

‖γ′k‖BV ≤
1

λ
(|µ(Rd)|+ diam suppµ).

Proof. (of Theorem 6.4.1) As in the proof of the Lemma 6.4.2, we assume that µ is a probability
measure, as the general result follows by scaling. In [14], [16] and [17] (to which we refer for further
details) it has been proven that minimizers of the average-distance functional are at most countable
unions of Lipschitz curves, for the constrained formulation. It easy to notice that each minimizer
Σ ∈ argmin Eλµ is a minimizer of minH1(X )≤H1(Σ) Fµ(X ) too. In Lemma 6.2.1 it has been proven that
minimizer Σ ∈ argmin Eλµ has at most 1/λ endpoints, thus Σ is finite union of Lipschitz curves.

For BV regularity, consider an arbitrary minimizer Σ ∈ argmin Eλµ . If we consider a sequence
of discrete approximations of µ and denote the corresponding minimizers by Σ̃n then Σ̃n converge
along a subsequence to some Σ̃ ∈ argmin Eλµ . The problem, we need to overcome, is that Σ̃ may be
different from Σ, as the minimizers are not unique in general. Note that if Σ ⊆ Σ̃ then there is no
problem since the regularity of Σ̃ implies the regularity of Σ.

Thus we modify the measure µ in such a way that Σ is still a minimizer of the energy correspond-
ing to the modified measure, but that ensures that any minimizer of the energy corresponding to
the modified measure contains Σ. This is one of the key ideas of the chapter. Thus we introduce a
perturbation µε of the original measure µ: let ε > 0 and

µε := µ+ ε
1

H1(Σ)
H1xΣ.

The key advantage is that, for any ε > 0, Σ is the minimal (w.r.t. set inclusion) minimizer of Eλµε
i.e. every minimizer Σ′ ∈ argmin Eλµε contains Σ. Indeed, as Σ is already a minimizer of Eλµ , given
an arbitrary element Σ′ ∈ A it holds that Eλµ(Σ) ≤ Eλµ(Σ′). Hence if Σ′ is a minimizer of Eλµε then∫

Σ d(x,Σ′)dH1xΣ= 0 and thus Σ ⊆ Σ′.
The strategy would be the following:

• we first fix ε, and consider a discrete approximation of the perturbed measure via a sequence
{µn}

∗
⇀µε,

• then we apply the same argument used for discrete measures, which follow without modifi-
cations,

• finally we pass to the limit ε → 0, and prove that such estimates obtained at the second point
are kept.

Fix ε > 0, and choose an approximating sequence {µn}
∗
⇀µε, where µn is a discrete measure with

µn(Rd) = µε(Rd) = 1 + ε. For any n choose Σn ∈ argmin Eλµn . Along a subsequence (which we can

assume to be the whole sequence), Σn
dH→Σ∗ ∈ argmin Eλµε . Thus Σ ⊆ Σ∗.
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We know that Σ∗ is a union of Lipschitz curves {γ∗,i : i = 1, . . . , N} such that endpoints of all
curves are either endpoints or triple junctions of Σ∗. By Lemma 6.3.2 and the proof of Theorem 6.3.1
for each n large enough there exist curves, {γni : i = 1, . . . , N, n ≥ n0}, with disjoint interiors in Σn

such that for each i, γni → γ∗,i in dH as n→∞. Note that Lemma 6.4.2 gives

N∑
i=1

‖(γni )′‖TV ≤
1 + ε

λ
. (6.4.1)

Since the H1(Σn) are uniformly bounded
∑N

i=1 ‖(γni )′‖BV are also uniformly bounded. The es-
timates of Lemma 6.4.2 and fact (v) from the introduction (which relies on the fact that BV is com-
pactly embedded in L1) imply that along a subsequence (γni )′ → γ′∗,i in L1 as n→∞.

Since total variation is lower semicontinuous with respect to L1 convergence we conclude that
for all i = 1, . . . , N

lim inf
n→∞

‖(γni )′‖TV ≥ ‖γ′∗,i‖TV .

Combining with (6.4.1), we obtain

N∑
i=1

‖(γ∗,i)′‖TV ≤
1 + ε

λ
.

Since the curves that make up Σ are subsets of the curves that make up Σ∗ we conclude:

N∑
i=1

‖(γi)′‖TV ≤
1 + ε

λ
.

Taking ε→ 0 yields the desired result.

Again by combining the estimate on the total variation above and the estimate (6.1.1) on H1(Σ)
one obtains

N∑
k=1

‖γk‖BV ≤
1

λ
(|µ(Rd)|+ diam suppµ).



Chapter 7

Average distance minimization among
parameterized curves

This chapter (entirely based on [37]) is mainly aimed to discuss the average distance problem (in the
penalized formulation) considered among parameterized curves. This mainly arises from applied
fields, e.g. data parameterization, where working with parameterized curves is computationally
significantly more convenient than working with more general elements (as elements of A, which
can be very expensive computationally).

A widely used concept in some applied fields, e.g. data approximation and machine learning, is
the notion of “principal curves”, and it bears strong resemblance with the average distance problem.
The main difference is that for principal curves it is required for the curve to be “self-consistent”. For
further reference about the principal curves we refer to [22], [23], [19], [54], [20]. However almost
no connection between this and the average distance problem has been brought in literature.

The formulation is the following:

Problem 7.0.3. Given a probability measure µ ≥ 0 on Rd with compact support, λ > 0, solve

min
C
Eλµ

where
C := {γ : I −→ Rd : I ⊂ R compact interval}.

Also the symbol Eλµ will denote (in Chapters 7 and 8) the sum between the average distance
functional and λ times the length of the parameterized curve. A precise notation of length of pa-
rameterized curve will be introduced later. Note that here we have not specified which topology is
C endowed with. This, along with other basic issues concerning the formulation of Problem 7.0.3,
will be discussed in Section 7.1. Section 7.2 will be dedicated to this issue, and contains the main
results of this chapter, i.e. to prove that minimizers of Problem 7.0.3 are injective.

Note that the formulation of Problem 7.0.3 exhibits some similarity with the formulation of the
problem known as “lazy traveling salesman problem” (abbreviated LTSP in [45]). However there are
still significant differences, e.g. the minimizer of LTSP studied in [45] is imposed to be a closed
curve, and it is easily proven to be a convex polygon, while in our case this is not required.
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Moreover the techniques we use in this Chapter are quite different, and more based on tools
developed to study some geometric properties of solutions of the average distance problem.

In the following, we will consider only measures of R2 which are nonnegative and compactly
supported. The choice to work in R2 is dictated by the fact that Lemma 7.2.2 heavily relies on its
properties, and for higher dimensions there is too little geometric rigidity to achieve similar results
with our arguments. Moreover, we will often identify a curve with its parameterization function,
i.e. given a curve γ : I −→ R2 (with I being the domain), we will writeH1(γ), Fµ(γ), Eλµ(γ) instead
ofH1(γ(I)), Fµ(γ(I)), Eλµ(γ(I)).

Section 7.1 will present some basic facts concerning solutions, while Section 7.2 (work in collab-
oration with Slepčev) is mainly dedicated to prove injectivity of solutions.

7.1 Preliminaries

The main aim of this Section is to present some preliminary arguments concerning Problem 7.0.3.
The first step is to endow C with a suitable topology.

First we recall that given a parameterized curve, there is a natural way to define its length using
total variation. Note that in this chapter, the length of the curve can be different from theH1 measure
of its graphs. We will endow C with the uniform convergence of parameterizations (upon time
inversion), i.e. a sequence {γn : [0, ln] −→ R2} ⊆ C, parameterized by arclength, converges to an
element γ : [0, l] −→ R2 if

• ln → l,

• upon time inversion, i.e. replacing γn with γ̃n defined as γ̃n(t) := γn(ln− t), the sequence {γn}
converges to γ uniformly.

The first problem is existence of minimizers: note that if given a minimizing sequence {γn :
[0, ln] → R2}, the union

⋃
n≥n0

γ([0, ln]) are contained in a compact set (for some n0 ∈ N), then it
is possible to apply Ascoli-Arzelà theorem to get existence of an accumulation point γ, which is
clearly a minimizer.

Lemma 7.1.1. Given a measure µ, a parameter λ > 0, then for any minimizing sequence {γn : [0, ln]→ R2}
there exists a compact set K ⊂ R2 such that γ([0, ln]) ⊂ K for any n sufficiently large.

Proof. It suffices to prove that given a minimizing sequence {γn : [0, ln] → R2}, parameterized
by arclength, then lim supn→∞ ln < ∞. Note that the opposite, i.e. there exists a subsequence
{γnk : [0, lnk ]→ R2}with lnk →∞, would imply

Eλµ(γnk) := Fµ(γnk) + λlnk →∞,

contradicting the fact that {γn : [0, ln]→ R2} is a minimizing sequence.
Then using the fact that µ is compactly supported, such curves cannot escape to infinity, due to

the uniformly bounded length, as the opposite would imply supn{Fµ(γn)} = ∞ contradicting the
fact that {γn} is a minimizing sequence.
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Thus we have proven:

Theorem 7.1.2. Given a measure µ and a parameter λ > 0, then Problem 7.0.3 admits minimizers.

7.2 Injectivity

The main aim of this section is to prove that minimizers of Problem 7.0.3 are injective curves, in two
dimension case. For convenience, given a parameterized curve γ : I −→ R2, the notation N(γ) will
be used to denote the set of non injectivity of γ, i.e.

t ∈ N(γ)⇐⇒ ∃s 6= t : γ(s) = γ(t).

For convenience the image (through γ) of any subset A ⊆ N(γ) will be called “double part”. Our
goal is to prove that it is empty whenever γ ∈ argmin Eλµ .

Lemma 7.2.1. Given a measure µ, a parameter λ > 0 and a minimizer γ ∈ argmin Eλµ , assume there exists
a point p = γ(t) = γ(s), for some t < s. Then for any sequence {s−n } → s−, {s+

n } → s+, the angle
∠γ(s−n )γ(s)γ(s+

n ) converges to 0 as n→∞.

Proof. Suppose by contradiction that there exist sequences {s−n } → s−, {s+
n } → s+, such that the

angle ∠γ(s−n )γ(s)γ(s+
n ) converges to α 6= 0 as n→∞.

γ(s−n )γ(s+
n )

γ(s) = γ(t)

α

Figure 7.2.1: This is a schematic representation of the variation. The black lines belong to the (graph
of) γ, while the red dotted line belong to the (graph of) competitor γ̃n. Time increases along the
direction of those arrows.

Consider the competitor γ̃n obtained from γ by replacing γ([s−n , s
+
n ]) with a straight segment

between γ(s−n ) and γ(s+
n ). The fact that ∠γ(s−n )γ(s)γ(s+

n ) converges to α 6= 0 as n→∞ implies that
denoting with δn := |γ(s−n )− γ(s+

n )|, it holds

|s+
n − s−n | − δn ≥ k|s+

n − s−n |,
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for some k > 0 independent of n, or equivalently

H1(γ) ≥ H1(γ̃n) + k|s+
n − s−n |. (7.2.1)

Notice that if a point z verifies
d(z, γ) < d(z, γ̃n)

then argminy∈γ([0,Lγ ])|z − y| ⊆ γ((s−n , s
+
n )\{s}), which yields

Fµ(γ̃n)− Fµ(γ) ≤ µ({z : argminy∈γ([0,Lγ ])|z − y| ⊆ γ((s−n , s
+
n )\{s})})|s+

n − s−n |.

Since µ({z : argminy∈γ([0,Lγ ])|z−y| ⊆ γ((s−n , s
+
n )\{s})})→ 0 as n→∞, combining with (7.2.2) gives

that the minimality of γ is contradicted by γ̃n for n sufficiently large.

Thus the tangent line in any such point p ∈ γ(N(γ)) must be well defined. The next result deals
with this case.

Lemma 7.2.2. Given a measure µ, a parameter λ > 0 and a curve γ, assume N(γ) contains a point p =
γ(t) = γ(s), for some t < s. Assume moreover that the tangent line is well defined in p. Then γ is not a
minimizer of Problem 7.0.3.

Before proving the Lemma 7.2.2, we recall an auxiliary result, which is a similar from [52] but
applied to parameterized curves:

Lemma 7.2.3. Given a measure µ, a parameter λ, and an arbitrary minimizer Σ ∈ argminA E
λ
µ , consider

an arbitrary a curve γ : [0, 1] −→ Σ such that γ([0, 1]) does not contain points with order at least 3. Then it
holds:

1. if for a time s the tangent line is not well defined at γ(s), i.e. γ(s) is a corner point, then denoting with
θ the angle between the left and right tangent direction, it holds

π − θ ≤ Cψ({γ(s)})

where ψ(A) denotes the mass projecting on the set A, and C is a positive constant.

2. For any times 0 ≤ s < t ≤ 1 such that the tangent lines at γ(s) and γ(t) are well defined, then
denoting with θ the angle between these two tangent lines it holds

π − θ ≤ Cψ(γ([s, t])).

Notice that as Σ is finite union (see for instance [38]) of curves each of which not containing
points with order at least 3, the first point of Lemma 7.2.3 implies that the number of corner points
is at most countable.

Proof. The proof is based on a (local) perturbation argument: given a corner γ(s) in first order
approximation the behavior of γ near this point can be approximated by its left and right tangent
lines. Thus upon scaling (of an arbitrarily small neighborhood of γ(s)) it suffices to compare the
following configurations:
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1. X0 := {(1 − t)(−a, 0) + t(0, 1) : t ∈ [0, 1]} ∪ {(1 − t)(a, 0) + t(0, 1) : t ∈ [0, 1]} where a > 0 is
clearly depending on θ (this is how the configuration near γ(s), say γ([s− ε1, s+ ε2]) for some
ε1, ε2 > 0, looks in first order approximation after scaling, with γ(s) being mapped into (0, 1)),

2. Xh := {(1 − t)(−a, 0) + t(0, 1 − h) : t ∈ [0, 1]} ∪ {(1 − t)(a, 0) + t(0, 1 − h) : t ∈ [0, 1]}, where
h > 0 is a free (small) parameter.

If X0 is replaced by Xh the mass projecting on (0, 1), which we call M , can go on (0, 1− h), thus
the loss for the average distance functional is at most Mh. On the other side by directly computing
(using cosine theorem) the difference between the length of the configuration Xh and the length of
X0, using the minimality of γ, one obtains the desired lower bound on M .

Proof. (of Lemma 7.2.2) Upon scaling and translation, the configuration can be mapped into that in
Figure 7.2.2.

p = (px, py)

p′ = (p′x, p
′
y)

π/2

γ1

γ2

y

x(0, 0)

Figure 7.2.2: This is a schematic representation of the configuration.

The point p′ is the intersection between the graph of the curve γ2 the the orthogonal line to (the
graph of) γ1 at p. Using Lemma 7.2.3 it follows that a necessary condition is

py
px
≤ C|p||p− p′|,

i.e. |py| � |p′y|, where C is the (positive, but whose precise value is not influent) constant arising
from the proof of Lemma 7.2.3. Using the same construction, i.e. denoting with p′′ the intersection
between the orthogonal line to (the graph of) γ2 at p′ and (the graph of) γ1, it follows |p′y| � |p′′y|. But
as the tangent line at (0, 0) is well defined, and coincides with the x-axis, py and p′′y tend to coincide
as the point p goes to (0, 0), i.e.

p→ (0, 0) =⇒ |py|/|p′′y| → 1.
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Thus the proof is complete.

The key idea behind this result is quite simple: if such configuration arises, then morally “there is
not enough mass to pull it to compensate for the penalization from the additional length”. Note that
even if there exists a segment visited on two disjoint time intervals, on which no mass is projected
(i.e. its function is merely to preserve the parameterization), we can apply the previous two lemmas
on its endpoints (of the segment, not of the whole graph, if the minimizer is itself a straight segment,
then it is clearly injective) and achieve a similar contradiction. Thus injectivity has been proven.

Now we investigate some more geometric properties. The next result proves some geometric
properties on the graph of the curves. In particular it will prove that any minimizer γ maps end-
points of the set of times into endpoints of its graph, and the number of endpoints of its graph is
finite.

Lemma 7.2.4. Given a minimizer γ ∈ argmin Eλµ , assume wlog γ : [0, 1] −→ R2 parameterized by constant
speed, then γ(0) and γ(1) are endpoints of the graph Γγ .

Proof. Assume for the sake of contradiction that γ(0) is not an endpoint. Thus there exists a sequence
{tn} ⊂ [c, 1] for some c > 0 such that γ(tn)→ γ(0). Fix ε > 0 and consider the competitor defined as

γε : [0, 1− ε] −→ R2, γε(t) := γ(t+ ε).

By construction it holds
Γγε ⊇ Γγ\γ([0, ε)).

Note that the only points z ∈ R2 which can potentially satisfy

d(z,Γγε) > d(z,Γγ)

are those satisfying

argminy∈Γγ
|z − y| ⊆ γ((0, ε)),

in view of the contradiction assumption. Clearly for any such z it holds

d(z,Γγε) ≤ d(z,Γγ) + |γ̇|ε,

with |γ̇| denoting the speed of the parameterization, and

H1(γε) = H1(γ)− |γ̇|ε. (7.2.2)

Note that the set γ((0, ε))→ ∅ as ε→ 0, thus

lim
ε→0

µ({z : argminy∈Γγ
|z − y| ⊆ γ((0, ε)), }) = 0,

and integrating w.r.t. µ gives

Fµ(γε)− Fµ(γ) ≤ εµ({z : argminy∈Γγ
|z − y| ⊆ γ((0, ε))}),

which combined with (7.2.2) gives that γε contradicts the minimality of γ for ε sufficiently small.
The proof for γ(1) is completely analogous.
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The next result proves that for any minimizer, its graph may have only finitely many endpoints,
and (independently of the parameterization) each of those endpoints is visited only finitely many
times.

Lemma 7.2.5. Given a minimizer γ ∈ argmin Eλµ , the graph Γγ has at most 1/λ endpoints. Moreover, for
any such endpoint v the set γ−1(v) is finite.

Proof. First we prove that for any endpoint v, the set γ−1(v) is finite. As γ is parameterized by
constant speed, there exist no intervals (a, b) such that γ((a, b)) = v. Assume for the sake of contra-
diction that there exists a sequence {tn} such that γ(tn) = v for any n. As v is an endpoint, for each
time tn with γ(tn) = v, it must hold

lim
s→t−n

γ̇(s) = lim
s′→t+n

γ̇(s′),

i.e. the velocity vector reverts its direction in tn, thus increasing |γ̇|TV by π. Thus having infinitely
many times tn such that γ(tn) = v yields

‖γ̇‖TV =∞,

while in [38] it has been proven that for any minimizer the quantity ‖γ̇‖TV is bounded from above
by a constant depending only on µ and λ, which is a contradiction.

To prove that the set of endpoints is finite, it suffices to find a lower bound for the mass projecting
on each endpoint.

Consider an arbitrary endpoint v of Γγ , and choose an arbitrary time t ∈ γ−1(v). Fix ε > 0, as v
is an endpoint there exist times t−ε < t < t+ε such that

t+ε − t−ε ≤ ε, γ(t+ε ) = γ(t−ε ).

Consider the competitor γε defined as

γε : [0,H1(γ)− (t+ε − t−ε )] −→ R2, γε(t) :=

{
γ(t) if t ≤ t−ε
γ(t+ (t+ε − t−ε )) if t ≥ t+ε

Denote with ψ(v) the mass projecting on v, it holds

Fµ(γε) ≤ Fµ(γ) + εψ(v),

and Eλµ(γ) ≤ Eλµ(γε) yields ψ(v) ≥ λ. Thus the number of endpoints is at most 1/λ.

This result has a very important consequence: as the number of endpoints is finite, the number
of points with order at least 3 is also finite.

Recall that we have already proven

1. Lemma 7.2.4: the graph Γγ contains at least 2 endpoints,

2. Lemma 7.2.5: the graph Γγ has a finite number of endpoints,
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The last result of this chapter would be

1. there exists a neighborhood of the form [0, ε) such that [0, ε) ( N(γ).

Lemma 7.2.6. Given a measure µ, and a parameter λ > 0, then for any minimizer γ ∈ argminCE
λ
µ , the set

N(γ) does not coincide with the domain of γ.

Proof. It suffices to prove that N(γ) does not coincide with the whole set of times, i.e. there exists a
time t such that γ(t) 6= γ(s) for any s 6= t. Assume by contradiction that the opposite holds, i.e. N(γ)
coincides with the whole set of times, or equivalently, each point of the graph of γ is visited at least
twice. Then choose an interval of the form [0, ξ) with ξ arbitrary. By (contradiction) assumption
[0, ξ) ⊂ N(γ).

Using Lemma 7.2.5 gives that there exist only finitely many points with order at least 3, i.e. if ξ
is chosen sufficiently small, the set γ([0, ξ)) is homeomorphic to [0, ξ). Thus it is possible to choose
a parameterization γ∗ : [0,H1(γ([0, ξ)))) −→ γ([0, ξ)). Define the competitor γξ as follows:

γξ(t) :=

{
γ∗(t) if t < ξ
γ(t) if t ≥ ξ

As [0, ξ) ⊆ N(γ), it follows H1(γξ) < H1(γ), and since Γγξ = Γγ by construction, the minimality of
γ is contradicted.



Chapter 8

A relaxed and penalized formulation

As mentioned before, the formulation of Problem 7.0.3 could be potentially used in data parameter-
ization, but there are several issues:

• as proven in [52], even with very regular measures µ (such that the Radon-Nykodim deriva-

tive
dµ

dLn
is C∞), there may exist minimizers which are not C1 regular,

• the formulation of Problem 7.0.3 imposes strong geometric rigidity on the minimizers.

More details about such issues will be described in the next section, where additional penalization
terms will be introduced to take account for such issues.

Finally, even if we have proven injectivity for minimizers for Problem 7.0.3 in the previous chap-
ter, by adding such additional terms, injectivity is not guaranteed anymore (as relaxing the problem
would impose less geometric rigidity, making the arguments used in the previous chapter unus-
able). Nonetheless it is heavily desired, as we will discuss in the following, thus a penalization term
will be added to penalize lack of injectivity.

The main aim of this chapter (entirely based on [36], within a broader research project in data
approximation by Slepčev) is to introduce appropriate penalization terms, and to analyze some
regularity properties of densities of mass distribution on minimizers.

Some word about notations: in this chapter we will work with parameterized injective curves.
Thus given a curve γ : [0, l] −→ Rd, where [0, l] is a suitable domain, it is natural to identify a point of
the graph of γ with its counterimage through γ−1. So even if ν will be a measure concentrated on the
graph of γ, when no risk of confusion arises (and ν � H1

|γ([0,l])) we can identify it with the function
ν̃ : [0, l] −→ [0,∞) such that the value of ν̃(t) coincides with the value of the density dν/dH1

|γ([0,l]) in
γ(t). With further abuse of notation, we will write ν � L1 (as we will assume sufficient regularity
such that ν̃ � L1

|[0,l]), and use the notation dν/dL1.

Section 8.1 provides a background and some motivations leading to the introduction of penal-
ization terms, while Section 8.2 presents some regularity results. The main results are fro a work by
the author.
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8.1 Penalization terms

As described in the Introduction, an undesirable property of solutions of Problem 7.0.3 is that its
minimizers can be injective but not C1 regular, even if µ is sufficiently regular: indeed it has been
proven in [52] that there exist measures µ� Ld (with dµ/dLd ∈ C∞) for which there exists a curve
γopt ∈ argminCpar E

λ
µ which is not C1-regular, and the measure γ′′opt contains a Dirac mass with

positive measure. In this case a set with positive µ measure is projected on a single point, which is
not desirable in data approximation, as this corresponds to some loss of information.

γopt (graph of)

p

B

µ

Figure 8.1.1: In this example from [52], the set B with positive µ measure is projected on the single point p.
Thus γ′′opt(γ

−1
opt(p)) is an atom of positive measure. The dashed lines denote the orthogonal lines to the left and

right tangent line to γopt in p. Notice that in the original example from [52] there was mass projecting on the
endpoints of γopt, but we omitted representing these as not influent to our argument.

The above configuration is an extreme case of a more general issue: indeed in the formulation
of Problem 7.0.3 there is no penalization for high data concentration on the graph of γ.

Denote with

C := {γ : [0, Lγ ] −→ Rd : γ parameterized arc-length and injective},

endowed with the convergence inherited from Cpar.
Notice also that in Problem 7.0.3 the very definition of Fµ forces any point to project to (one of)

the closest points on the graph of γ, imposing strong geometric rigidity. A relaxed formulation will
be used.
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Problem 8.1.1. Given a probability measure µ on Rd with compact support, and parameters λ, ε > 0, q > 1,
solve

min

∫
Rd×γ([0,Lγ ])

|x− y|dΠ(x, y) + λLγ + ε

∫ Lγ

0
νqds,

among triples (γ, ν,Π), where γ : [0, Lγ ] −→ Rd varies in C, ν among probability measures on γ([0, Lγ ]),
and Π among transport plans between µ and ν.

The term
∫ Lγ

0
νq(s)ds is to be interpreted as

• +∞ if ν⊥L1 6= 0,

•
∫ Lγ

0

(
dν

dL1
(s)

)q
ds otherwise.

This choice is justified in view of Proposition 8.1.3.
Notice that in this case, differently from Problem 7.0.3, it is not required that each x is projected

to (one of) the nearest point on the graph of γ.
However there is another undesirable issue, mainly arising from lack of injectivity. Given a

data cloud (represented by µ), and a triple (γ, ν,Π) solving Problem 8.1.1, there are essentially two
notions of distances:

• for data points of µ, the Euclidean distance is the natural choice,

• for the projections on the parameterization γ, however the natural distance to consider is the
path distance on γ, i.e. the distance between γ(s) and γ(t) is |s − t| as γ is parameterized by
arc-length.

Clearly, if γ is not injective, then there exist s < t with γ(s) = γ(t), and these two distances
are non equivalent. This means that data points that are “close” (w.r.t. Euclidean distance) can be
projected on points which are “far away” w.r.t. path distance on γ (although “close” w.r.t. Euclidean
distance). Figure 8.1.2 is a possible example of this situation. This is not desirable.

Moreover, if γ(s) = γ(t), then
dν

dL1
(s) (and

dν

dL1
(t)) is not well defined.

This undesirable issue is strongly related to non injectivity. To overcome this issue, a term pe-
nalizing non injectivity will be introduced. Define

η(γ) :=

∫ Lγ

0

∫ Lγ

0

(
|t− s|

|γ(t)− γ(s)|

)2

dtds,

and consider the problem

Problem 8.1.2. Given probability measure µ on Rd with compact support, and parameters λ, ε, ε′ > 0,
q > 1, solve

min

∫
Rd×γ([0,L])

|x− y|dΠ(x, y) + λL+ ε

∫ Lγ

0
νqds+ εη(γ).
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γ (graph of)
γ(t) = γ(s)

γ(It) γ(Is)

time increases in this direction

µ

Figure 8.1.2: In this configuration, assuming t < s, points belonging to the red part are projected on γ(Is),
while points belonging to the green part of the ball B are projected on γ(It). The dashed line separates the
two parts ofB. The sets γ(Is) and γ(It) not close in the intrinsic distance of the parameterization. The colored
area is part of supp(µ).

To simplify notations, denote with

Eλ,ε,ε
′

µ (γ, ν,Π) :=

∫
Rd×γ([0,Lγ ])

|x− y|dΠ(x, y) + λL+ ε

∫ Lγ

0
νq(s)ds+ ε′η(γ).

The dependence on q will be omitted if no risk of confusion arises. The set C endowed with the
convergence from Cpar is not sequentially compact, thus the first problem is existence of minimizers
for Problem 8.1.2. A preliminary result is required.

Lemma 8.1.3. Given µ and parameters λ, ε, ε′ > 0, q > 1 if a triple (γ, ν,Π) satisfies Eλ,ε,ε
′

µ (γ, ν,Π) <∞,
then ν � L1.

Notice that the set {Eλ,ε,ε
′

µ <∞} is clearly non empty for any choice of µ, λ, ε, ε′, q: indeed choose
x ∈ supp(µ), y with |x− y| = 1, and the element

γ : [0, 1] −→ Rd, γ(t) := (1− t)x+ ty, ν := L1
|[0,1]

and Π an optimal plan between µ and γ]ν. The element (µ, ν,Π) belongs to {Eλ,ε,ε
′

µ <∞}.
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Proof. Decompose ν = νa + νs where νa � L1, νs⊥L1. Suppose by contradiction νs 6= 0, i.e. there
exists a L1- negligible set A ⊆ [0, Lγ ] such that νs(A) = a > 0.

Let An be a sequence of open sets satisfying An ↓ A, and L1(An) = 1/n. Then it holds:∫
An

νqsds ≥
∫
An

(
a

1/n

)q
ds =

aq

1/nq
1/n = aqnq−1

and passing to the limit n→∞ concludes the proof.

Now it is possible to prove existence.

Proposition 8.1.4. For any choice of µ, λ, ε, ε′, q, Problem 8.1.2 admits minimizers.

Proof. Consider a minimizing sequence (γn, νn,Πn). Upon subsequence γn → γ (the convergence is
intended in the topology of Cpar, and notice that a priori is not guaranteed γ ∈ C, but only γ ∈ Cpar),
and {γ]νn} is tight in view of Lemma 8.2.2. It is not restrictive to assume Πn is an optimal plan
between µ and γn]νn, as otherwise replacing Πn with Π′n optimal plan between µ and γn]νn would
yield a sequence (γn, νn,Π

′
n) with Eλ,ε,ε

′
µ (γn, νn,Π

′
n) ≤ Eλ,ε,ε

′
µ (γn, νn,Πn), i.e.(γn, νn,Π′n) is also a

minimizing sequence.
Using Prokorov theorem gives the existence of ν such that upon subsequence (which will not be

relabeled) νn → ν narrowly, and endow γ([0, Lγ ]) with probability measure γ]ν. It is straightforward
to check γn]νn → γ]ν narrowly. Choose an optimal transport plan Πopt between µ and γ]ν. Denoting
with Π a narrow limit of {Πn} (again we do not relabel subsequences), it holds

lim
n

∫
Rd×γn([0,1])

|x− y|dΠn(x, y) =

∫
Rd×γ([0,1])

|x− y|dΠ(x, y)

≥
∫
Rd×γ([0,1])

|x− y|dΠopt(x, y).

Being a minimizing sequence, it holds supn
∫ Lγn

0 νqnds <∞; thus the convergence νn
∗
⇀ν implies

ν � L1 and ∫ Lγ

0
νqds ≤ lim inf

n

∫ Lγn

0
νqds,

and recall that
Lγ ≤ lim inf

n→∞
Lγn .

Thus it remains to consider the term ε′η(·). First, being a minimizing sequence it must hold

sup
n
η(γn) <∞. (8.1.1)

Convergence in Cpar implies

|γ(t)− γ(s)| ≤ lim inf
n
|γn(t)− γn(s)|

for any t, s ∈ [0, 1], thus η(γn)→ η(γ). The final step is to prove that γ is effectively injective.
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Suppose the opposite holds, i.e. there exist t, s ∈ [0, 1] with γ(t) = γ(s). Notice that in this case

the integrand of η(γ),
(

|s− t|
|γ(s)− γ(t)|

)2

, would have an asymptote comparable with x−2 in 0, thus

not integrable, and the proof is complete.

The next result imposes a very weak connection between Problem 8.1.2 and the classic average
distance problem.

Lemma 8.1.5. Given µ, λ, q as in the formulation of Problem 8.1.2, and an arbitrary sequences {εn}, {ε′n} ↓
0, then it holds:

• for any (γ, ν,Π), for any sequence {γn, νn,Πn}, with γn → γ, νn
∗
⇀ν and Πn

∗
⇀Π, then

lim inf
n→∞

Eλ,εn,ε
′
n

µ (γn, νn,Πn) ≥ Eλ,0,0µ (γ, ν,Π);

Proof. Consider an arbitrary triple (γ, ν,Π), and an arbitrary sequence {(γn, νn,Πn)} satisfying {γn} →
γ, νn

∗
⇀ν and Πn

∗
⇀Π. It holds

lim inf
n→∞

∫
|x− y|dΠn(x, y) + λLγn + εn

∫ Lγn

0
νqnds+ ε′nη(γn)

≥ lim inf
n→∞

∫
|x− y|dΠn(x, y) + λLγn

≥
∫
|x− y|dΠ(x, y) + λLγ .

The next goal is to analyze some regularity properties of densities ν when (γ, ν,Π) is a minimizer
of Problem 8.1.2. This will be the main objective of the next section.

8.2 Regularity of densities

In Proposition 8.1.3 it has been proven that whenever (γ, ν,Π) is a minimizer of Problem 8.1.2 then
the measure ν � L1. In this section some further regularity of such measure will be analyzed.
Notice that as the term η(γ) depends only on geometric properties of the curve, and any construction
not modifying the curve γ (but alters ν and Π) does not change the value of η(γ).

The main result is:

Theorem 8.2.1. Given a measure µ, parameters λ, ε, ε′ > 0, and a minimizer (γ, ν,Π) of Problem 8.1.2,
then it holds:

• dν

dL1
is essentially bounded (Proposition 8.2.3),

• dν

dL1
satisfies a very weak form of continuity (Proposition 8.2.4),
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• if
dν

dL1
is continuous, then it is Lipschitz continuous (Proposition 8.2.5).

The proof of Theorem 8.2.1 will be split into several passages, and with the arguments used in
this chapter, the results must be proven in this order.

We prove first some easy (but nevertheless useful) estimates.

Lemma 8.2.2. Given a measure µ, parameters λ, ε, ε′ > 0, and a minimizer (γ, ν,Π), then the following
properties hold:

• there exist c1, c2 > 0 such that
c1 ≤ Lγ ≤ c2

with c1, c2 independent of γ,

• there exist z ∈ supp(µ) and constant Q such that supp(µ)∪γ([0, Lγ ]) is contained in a ball B(z,Q).

Proof. Choose an arbitrary such z ∈ supp(µ), and an arbitrary z′ with |z − z′| = 1. Consider the
triple (γ′, ν ′,Π′) where

γ′ : [0, 1] −→ Rd, γ′(t) := (1− t)z + tz′, ν ′ := L1
|[0,1]

and Π′ is an optimal transport plan between µ and γ′]ν
′. Clearly it holds

|x− z| ≤ diam supp(µ) ∀x ∈ supp(µ),

thus ∫
Rd×γ′([0,1])

|x− y|dΠ′(x, y) ≤ diam supp(µ).

Moreover by construction Lγ′ = 1, and
∫ 1

0

(
dν ′

dL1

)
dH1 = 1, η(γ′) = 1. Using the minimality of

(γ, ν,Π) against (γ′, ν ′,Π′) gives∫
Rd×γ([0,Lγ ])

|x− y|dΠ(x, y) + λLγ + ε

∫ Lγ

0

(
dν

dL1

)q
dL1 + ε′η(γ)

≤ diam supp(µ) + λ+ ε+ ε′, (8.2.1)

i.e.
λLγ ≤ diam supp(µ) + λ+ ε+ ε′, (8.2.2)

and

ε

∫ Lγ

0

(
dν

dL1

)q
dL1 ≤ diam supp(µ) + λ+ ε+ ε′. (8.2.3)

Inequality (8.2.2) is an upper bound on the length of γ. Combining the easy fact∫ Lγ

0

(
dν

dL1

)q
dL1 ≥

∫ Lγ

0

(
1

Lγ

)q
dL1
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with (8.2.3) gives
L1−q
γ ≤ diam supp(µ) + λ+ ε+ ε′,

which in view of hypothesis q > 1, represents a lower bound on the length of γ.
Combining (8.2.2) with diam supp(µ) < ∞, as by hypothesis µ is compactly supported, and

using the estimate

inf
x∈supp(µ),y∈γ([0,Lγ ])

|x− y| ≤
∫
Rd×γ([0,Lγ ])

|x− y|dΠ(x, y) <∞

gives that supp(µ) ∪ γ([0, Lγ ]) is contained in the ball B(z,Q) for some Q > 0, concluding the
proof.

The first result deals with essential boundedness.

Proposition 8.2.3. Given a measure µ, parameters λ, ε, ε′ > 0, and a minimizer (γ, ν,Π), then
dν

dL1
∈ L∞.

Proof. Notice first that as the term η(γ) depends only on the geometric properties of the curve, and
not on ν or Π. As the following construction does not alter the curve, η(γ) does not change.

Choose an arbitrary M � 1, and denote with AM := {M ≤ dν

dL1
≤M4/3}. Clearly L1(AM )M ≤

1. Assume first

• L1(AM ) > 0.

The goal is to find a suitable competitor (γ, ν ′,Π′) (notice that the curve γ has not been modified),
with ν ′ and Π′ eventually depending on M , and use the minimality of (γ, ν,Π) (compared against
(γ, ν ′,Π′)) to retrieve a necessary condition.

Using Lemma 8.2.2 there exists c, C > 0 such that C ≥ Lγ ≥ c. Thus the set B := { dν
dL1 ≤ 2/c} ⊆

[0, Lγ ] has L1 measure at least c/2. Consider ν ′ defined as

ν ′ := ν − ν|AM +
ν(AM )

L1(B)
L1
|B.

Choose an optimal plan Π′ between µ and γ]ν
′: thus the mass transported by Π on γ(AM ) is now

transported on γ(B) by Π′. Thus

W1(ν, ν ′) ≤ H1(L)ν(γ(AM ))

with W1 denoting the 1-Wasserstein distance and consequently∣∣∣∣∣
∫
Rd×γ([0,Lγ ])

|x− y|dΠ(x, y)−
∫
Rd×γ([0,Lγ ])

|x− y|dΠ′(x, y)

∣∣∣∣∣ ≤ Lγν(γ(AM ))

≤ CM4/3L1(AM ). (8.2.4)
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Moreover it holds∫
B

(
dν ′

dL1

)2

dL1 −
∫
B

(
dν

dL1

)2

dL1 =

∫
B

(
dν

dL1
+
ν(AM )

L1(B)

)2

dL1 −
∫
B

(
dν

dL1

)2

dL1

=
2ν(AM )

L1(B)
ν(B) +

(
ν(AM )

L1(B)

)2

L1(B)

≤ 2ν(B)

L1(B)
M4/3L1(AM ) +

M8/3L1(AM )2

L1(B)
. (8.2.5)

Recalling that by construction
dν ′

dL1
= 0 on AM , it holds

∫
AM

(
dν

dL1

)2

dL1 −
∫
AM

(
dν ′

dL1

)2

dL1 ≥M2L1(AM ). (8.2.6)

Combining (8.2.4), (8.2.6) and the minimality of (γ, ν,Π) (compared against (γ, ν ′,Π′)) gives a nec-
essary condition

CM4/3L1(AM ) + ε
2ν(B)

L1(B)
M4/3L1(AM ) +

M8/3L1(AM )2

L1(B)
≥ εM2L1(AM ). (8.2.7)

Notice that for M sufficiently large, CM4/3L1(AM ) is negligible w.r.t. M2L1(AM ). Similarly, recall

that H1(B) ≥ c/2, thus the term
2ν(B)

L1(B)
M4/3L1(AM ) has order M4/3H1(AM ), again negligible w.r.t.

M2H1(AM ).

The term
M8/3L1(AM )2

L1(B)
has order M8/3H1(AM )2: clearly

M8/3L1(AM )2

M2L1(AM )
= M2/3L1(AM ) ≤M−1/3 � 1.

Thus for M sufficiently large, condition (8.2.7) cannot hold, and the minimality of (γ, ν,Π) is con-
tradicted by (γ, ν ′,Π′).

All this argument has been done under the assumption L1(AM ) > 0. But if
dν

dL1
/∈ L∞, then it is

always possible to find a sequenceMj → +∞ such that L1(AMj ) > 0 and AMj ∩AMj′ = ∅whenever
j 6= j′. Thus the construction described above would give a competitor (γ, ν ′,Π′) contradicting the

minimality of (γ, ν,Π). The only possibility is thus
dν

dL1
∈ L∞, and the proof is complete.

The next result proves a weaker variant of continuity for such densities ν. In the following

assume that the exponent q appearing in the term
∫ Lγ

0
νqdL1 will be assumed q = 2. This mainly

due to a technical fact, as noted in Remark I in the following.
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Proposition 8.2.4. Given a measure µ, parameters λ, ε, ε′ > 0, and a minimizer (γ, ν,Π), with γ :
[0, Lγ ] −→ Rd parameterized by arc-length, then for any t ∈ [0, Lγ ] there exist no sequences of Borel
sets {An} ↓ {t}, {Bn} ↓ {t} (the convergence is intended as set convergence), and c1, c2 > 0 such that

L1(An) > 0, L1(Bn) > 0 and
dν

dL1

∣∣∣∣
An

≥ c1 > c2 ≥
dν

dL1

∣∣∣∣
Bn

for any n.

Proof. Suppose by contradiction there exist such {An} ↓ {t}, {Bn} ↓ {t} and c1, c2 > 0 such that
dν

dL1

∣∣∣∣
An

≥ c1 > c2 ≥
dν

dL1

∣∣∣∣
Bn

for any n. Clearly such {An}, {Bn} are disjoint for any n, and it can

be assumed L1(An) = L1(Bn) (simply, if L1(An) > L1(Bn), replace An with A′n ⊆ An satisfying
L1(A′n) = L1(Bn)), and t ∈ An ∩Bn; denote with dn := max{diam An,diam Bn}, and c := c1 − c2.

Denote with ln := L1(An) = L1(Bn); the goal is to construct ν̃ such that (Σ, ν̃, Π̃) (with Π̃ an
optimal plan between µ and γ]ν̃) contradicts the minimality of (Σ, ν,Π).

Denote with
V (An) :=

∫
An

dν

dL1
dL1, V (Bn) :=

∫
Bn

dν

dL1
dL1

the total mass transported (by Π) on γ(An) and γ(Bn) respectively.
Consider the following modifications:

1. choose C ⊆ An such that ν(C) = (V (An) + V (Bn))/2, and an arbitrary z ∈ Bn. Define the
measure

ν ′ := ν − ν|C +
1

2
(V (An)− V (Bn))δz.

Direct computation gives W1(ν, ν ′) ≤ dn(V (An)− V (Bn)).

2. Define the measure

ν̃ := ν ′ − 1

2
(V (An)− V (Bn))δz +

V (An)− V (Bn)

2L1(Bn)
L1
Bn .

Direct computation gives W1(ν̃, ν ′) ≤ 1

2
(V (An) − V (Bn))dn, and W1(ν̃, ν) ≤ 3

2
(V (An) −

V (Bn))dn.

Choose a new optimal transport plan Π̃ between µ and γ]ν̃. The dependence on n has been omitted

for the sake of brevity. Using W1(ν̃, ν) ≤ 3

2
(V (An)− V (Bn))dn it holds∣∣∣∣∣

∫
Rd×γ([0,Lγ ])

|x− y|dΠ(x, y)−
∫
Rd×γ([0,Lγ ])

|x− y|dΠ̃(x, y)

∣∣∣∣∣ ≤ 3

2
(V (An)− V (Bn))dn.

By direct computation it holds∫
An∪Bn

(
dν

dL1

)2

dL1 −
∫
An∪Bn

(
dν̃

dL1

)2

dL1

≥ V (An)2 + V (Bn)2

ln
− (V (An) + V (Bn))2

2ln

≥ (V (An)− V (Bn))2

2ln
. (8.2.8)
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Combining the above inequality with the minimality of (γ, ν,Π) against (γ, ν̃, Π̃) gives the necessary
condition

ε
(V (An)− V (Bn))2

2ln
≤ 2dnV (An), (8.2.9)

i.e.
(V (An)− V (Bn))2

ln
≤ 4dnV (An)

ε
,

and recalling that

V (An)− V (Bn) =

∫
An

dν

dL1
dL1 −

∫
Bn

dν

dL1
dL1 ≥ cln,

this gives

c2ln ≤
4dnV (An)

ε
.

From Proposition 8.2.3 it is known that
dν

dL1
∈ L∞, thus V (An) ≤

∥∥∥∥ dνdL1

∥∥∥∥
L∞

ln, and

c2ln ≤
4dnV (An)

ε
≤ 4dnln

ε

∥∥∥∥ dνdL1

∥∥∥∥
L∞

,

which finally yields

c2 ≤ 4dn
ε

∥∥∥∥ dνdL1

∥∥∥∥
L∞

which is false for n sufficiently large, as by hypothesis {An} ↓ {t}, {Bn} ↓ {t}, thus dn ↓ 0. This
concludes the proof.

Remark I. The choice q = 2 is dictated by technical reasons, as the passage (8.2.8) involves comput-
ing the difference

V (An)q + V (Bn)q

2
−
(
V (An) + V (Bn)

2

)q
. (8.2.10)

However, we are unable to prove that for any q > 1 there exists a constant Mq > 0 depending only
on q such that

V (An)q + V (Bn)q

2
−
(
V (An) + V (Bn)

2

)q
≥Mq

(
V (An)− V (Bn)

2

)q
.

This would allow to extend the result for any q > 1 (or for any q > 1 for which a similar estimate
holds), by using the same argument found in the proof of Proposition 8.2.4. The next result proves

that continuity of
dν

dL1
implies Lipschitz continuity.

Proposition 8.2.5. Given a measure µ, parameters λ, ε, ε′ > 0, a minimizer (γ, ν,Π), with γ : [0, Lγ ] −→

Rd parameterized by arc-length. Assume the function
dν

dL1
is continuous, then it is

2

ε
-Lipschitz continuous,

thus L1-a.e. differentiable with
(
dν

dL1

)′
∈ L∞.
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Proof. Consider an arbitrary t, and two sequences {tn} → t, {sn} → t with empty mutual intersec-

tion; from Proposition 8.2.4 it can be assumed
dν

dL1
continuous. For any n choose a sufficiently small

δn, and define In := (tn − δn, tn + δn), Jn := (sn − δn, sn + δn), and clearly choosing δn sufficiently
small it can be assumed In ∩ Jn = ∅ for any n. To simplify notations, in the following we will write
δ instead of δn.

Denote with V (In) :=

∫
In

dν

dL1
dL1 and V (Jn) :=

∫
Jn

dν

dL1
dL1 the mass transported (by Π) on

γ(In) and γ(Jn) respectively. Assume (by symmetry, and the case
dν

dL1
(t) =

dν

dL1
(s) is trivial for

the purposes of this proposition)
dν

dL1
(t) >

dν

dL1
(s), which implies V (In) > V (Jn) for δ sufficiently

small. Consider the following modifications:

1. choose C ⊆ In such that ν(C) = (V (In) + V (Jn))/2, and an arbitrary z ∈ Jn. Define the
measure

ν ′ := ν − ν|C +
1

2
(V (In)− V (Jn))δz.

Direct computation gives W1(ν, ν ′) ≤ 1
2(V (In)− V (Jn))(|tn − sn|+ 2δ.

2. Define the measure

ν̃ := ν ′ − 1

2
(V (In)− V (Jn))δz +

V (In)− V (Jn)

2L1(Jn)
L1
Jn .

Direct computation givesW1(ν̃, ν ′) ≤ 1

2
(V (In)−V (Jn))dn, thusW1(ν̃, ν) ≤ 3

2
(V (In)−V (Jn))dn.

Choose new optimal transport plan Π̃ between µ and γ]ν̃. Thus it holds∫
Rd×γ([0,Lγ ])

|x− y|dΠ̃(x, y)−
∫
Rd×γ([0,Lγ ])

|x− y|dΠ(x, y) (8.2.11)

≤ 1

2
(V (In)− V (Jn))(|tn − sn|+ 2δ) + (V (In) + V (Jn))δ. (8.2.12)

Moreover, the term ∫
In∪Jn

(
dν

dL1

)2

dL1 ≥ V (In)2 + V (Jn)2

δ

decreases to
2

δ

(
V (In) + V (Jn)

2

)2

,

thus the difference satisfies∫
In∪Jn

(
dν

dL1

)2

dL1 − 2

δ

(
V (In) + V (Jn)

2

)2

≥ V (In)2 + V (Jn)2

δ
− 2

δ

(
V (In) + V (Jn)

2

)2

≥ 1

δ

(
V (In)− V (Jn)

2

)2

. (8.2.13)
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Combining (8.2.11), (8.2.13) and the minimality of (Σ, ν,Π) against (Σ, ν̃, Π̃) gives the necessary
condition

1

2
(V (In)− V (Jn))(|tn − sn|+ 2δ) + (V (In) + V (Jn))δ ≥ ε1

δ

(
V (In)− V (Jn)

2

)2

(8.2.14)

for any choice of δ sufficiently small. Using the arbitrariness of δ, and passing to the limit δ ↓ 0,
(8.2.14) becomes

2

(
dν

dL1
(tn)− dν

dL1
(sn)

)
|tn − sn| ≥ ε

(
dν

dL1
(tn)− dν

dL1
(sn)

)2

, (8.2.15)

which implies
2

ε
|tn − sn| ≥

dν

dL1
(tn)− dν

dL1
(sn).

The other case
dν

dL1
(t) <

dν

dL1
(s) is solved using the same argument, as the role of t and s are

symmetric. This proves
2

ε
-Lipschitz continuity along curves. Using Rademacher’s theorem gives

that
dν

dL1
is L1-a.e. differentiable, and

∥∥∥∥( dν

dL1

)′∥∥∥∥
L∞
≤ 2

ε
.

Remark II. In all the discussion, including the main result in Theorem 8.2.1, the average distance
term was imposed to be ∫

|x− y|dΠ(x, y).

In general one can consider a slightly more general case, in which the average distance term is
replaced by ∫

|x− y|αdΠ(x, y), α ≥ 1.

All the arguments, and the proofs, can be adapted straightforwardly: indeed in all the proofs we
had to estimate the change for the average distance term when some mass is moved by some δn,
with δn → 0. More precisely, for δn sufficiently small we have constructed a competitor (γ, ν̃, Π̃)
where the Wasserstein-1 distance between Π and Π̃ was bounded from above by

mass moved× distance.

The latter was estimated to be δn, using triangular inequality. If the integrand becomes |x − y|α
(instead of |x− y|), then a very similar argument follows: indeed if α is integer, then for any l, ε > 0
it holds

|l + ε|α − lα = αlε+ o(ε).

Notice that the proof of Lemma 8.2.2 follows straightforwardly with the same arguments. For
generic α it suffices to notice that the map

α 7→ |l + ε|α − lα
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is nondecreasing. This shows that for any α ≥ 1, using the same constructions, the change for∫
|x− y|αdΠ(x, y) has (at most) the same order as for

∫
|x− y|dΠ(x, y). Thus the same arguments

from the proofs can be repeated straightforwardly, and the properties from Theorem 8.2.1 are proven

true even if the average distance term is replaced by
∫
|x− y|αdΠ(x, y). Thus it holds:

Theorem 8.2.6. Given a measure µ, parameters λ, ε, ε′ > 0, α ≥ 1 and a solution (γ, ν,Π) of

min

∫
Rd×γ([0,Lγ ])

|x− y|αdΠ(x, y) + λLγ + ε

∫ Lγ

0

(
dν

dL1

)2

ds+ ε′η(γ),

with γ, ν and Π varying in the same sets as in Problem 8.1.2, then it holds:

• dν

dL1
is essentially bounded (Proposition 8.2.3),

• dν

dL1
satisfies a very weak form of continuity i.e.

– for any t ∈ [0, Lγ ] there exist no sequences of Borel sets {An} ↓ {t}, {Bn} ↓ {t} (the conver-
gence is intended as set convergence), and c1, c2 > 0 such that L1(An) > 0, L1(Bn) > 0 and
dν

dL1

∣∣∣∣
An

≥ c1 > c2 ≥
dν

dL1

∣∣∣∣
Bn

for any n.,

• if
dν

dL1
is continuous, then it is Lipschitz continuous.
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