Noname manuscript No.
(will be inserted by the editor)

A structure property of “vertical” integral currents,
with an application to the distributional determinant

Domenico Mucci

Received: date / Accepted: date

Abstract We deal with integral currents in Cartesian products of Euclidean spaces
that satisfy a “verticality” assumption. The main example is the boundary of the
graph of some classes vector-valued and non-smooth Sobolev maps, provided that
the boundary current has finite mass. In fact, the action of such currents is non-
zero only on forms with a high number (depending on the Sobolev regularity)
of differentials in the direction of the vertical space. We prove that such vertical
currents live on a set that projects on the horizontal space into a nice set with
integer dimension. The dimension of the concentration set is related to the level of
verticality that is assumed. Therefore, for boundary of graphs of Sobolev maps, this
dimension decreases as the Sobolev exponent increases. As an application, we then
prove a concentration property concerning the singular part of the distributional
determinant and minors.
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1 Introduction

In this paper we discuss some structure properties concerning “vertical” integral
currents. Roughly speaking, since we consider currents 7' in the product R" x RN
of a “horizontal” and “vertical” Euclidean space, the adjective “vertical” refers to
the property that the action of 7' is null on forms that contain a bounded number
of differentials in the vertical directions.

More precisely, denoting by # and y the variables in R” and R, respectively,
for any integers 0 < h < k <n+ N, we define by T(;) the restriction of a current
T in Dy(R" xRY) to the k-forms in R"™ x RV that contain exactly h differentials
dy’ in the vertical directions y, compare formula (2.3) below.
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Referring to Sec. 2 for the standard notation of Geometric Measure Theory, we
now simply observe that the component T(;) makes sense only if max{0,k—n} <
h < min{k, N}. Therefore, for simplicity we shall possibly denote Ty := 0 for h
strictly lower than max{0,k — n} or strictly larger than min{k, N}.

A STRUCTURE PROPERTY. We first consider “completely vertical” currents T,
i.e., satisfying
Tgy=0  for h=0,....,k—1. (1.1)

By the previous remark, if 7' € Dy, (R" x RY) satisfies (1.1), one automatically has
T =0 if N <k — 1. Therefore, in the following result we assume N > k.

Theorem 1.1 (Structure property I) Let n > 1 and N > k > 1 integers. Let
T € Ri(R™ x RY) be an i.m. rectifiable current satisfying M(T) 4+ M(8T) < oo and
the “verticality” property (1.1). Then there exists an at most countable set of points
{a;}; CR"™ and of i.m. rectifiable currents X; € Rk(RN) such that

T:iéai x X, M(T):iM(Zi) < o0. (1.2)
1=0 =0

If in particular T is an integral cycle, i.e., OT = 0, then 0X; = 0 for each i, and
T =0 in the case N =k.

A GENERAL STRUCTURE PROPERTY. We now replace the “verticality” as-
sumption (1.1) with the following more general one:

Tgy=0  for h=0,...,q-1, (1.3)

where q is any positive integer such that 1 < q < k. As before, if a current
T € Dy(R"™ x RY) satisfies (1.3), in low dimension N < q one automatically has
T =0, so that we assume N > q. We shall then prove:

Theorem 1.2 (Structure property II) Let n > 1 and N > q integers, with 1 <
qQ<k. Let T € Ri,(R" xRY) an i.m. rectifiable current satisfying M(T)+M(dT) <
0o and the “verticality” property (1.3). Then there exists a countably H*~9-rectifiable
subset Si_q of R" such that

set(T) C Sk_q ¥ RV .
If in particular T is an integral cycle, i.e., OT =0, then T =0 in the case N = q.

Remark 1.3 In the structure theorems we do not assume that the current T is
compactly supported. We now see that this generality allows us to apply such
results to the boundary of the current carried by the “graph” of Sobolev maps.

BOUNDARY OF GRAPHS. In fact, if u : R® — R”Y is smooth, the current Gy
carried by the graph of u is well-defined by the integration of compactly supported
smooth n-forms w in R™ x RY over the naturally oriented n-manifold given by
the graph G, of u:

Clu(w) ;:/ w,  weD"R"xRV). (1.4)

u
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Moreover, Gy is locally i.m. rectifiable in R joc(R" X RY), and denoting by
(Idg» < u)(z) := (z,u(z)) the graph map, the area formula yields

Gu(w) = /n(Ian Mu)tw Ve D'R® xRY). (1.5)

Assume now that u is a Sobolev map in WIIOC1 (R™,RY) such that each minor of
the Jacobian matriz Vu is in Li (R™). Following the theory by Giaquinta-Modica-
Soucek [9], see also [10], the above definition (1.4) holds true in a measure-theoretic
sense, and (1.5) is obtained by means of the approximate gradient Vu.*

Now, if u is smooth, by Stokes’ theorem the current G, has null boundary.?
Moreover, by a density argument, the null-boundary condition G, = 0 extends to
maps in Wlt’f (R",R"), where p = min{n, N}. However, in general dG., # 0, as the
example 1.5 below taken from [9, Sec. 3.2.2] shows. Arguing as in [9, Sec. 3.2.3] or
[10, Prop. 4.22], it turns out that a summability assumption yields to a verticality
property of the boundary current 8G.,, namely:3

Proposition 1.4 Let 1 < p < n and q the integer part of p. If in addition u €
WEP(R™,RY), the boundary current T := 0Gy, satisfies the verticality property (1.3).

loc

Assume now that u is smooth outside some compact set K of R™, and that
M(0G4) < oo. Then by the boundary rectifiability theorem 2.4, the boundary
current T = G, is i.m. rectifiable in R,_1(R™ x RY), with support sptdG, C
K x RN, whereas 9T = 9(8Gy) = 0. Therefore, if in addition u satisfies the
summability hypothesis of Proposition 1.4 we can apply Theorem 1.2, with k =
n — 1, and obtain the existence of a countably H" 19 rectifiable subset Sn—1-q
of K such that

set(dGy) C Sp—1-q x R (1.6)

Ezample 1.5 Let q > 2 integer and u : RY — R given by u(z) := z/|z|, so that
u € Wﬁ)’cq for each ¢ < q. We have G, = —dox[S2!], where 8y is the unit Dirac
mass at the origin and [S?7'] in the (q—1)-current integration on the (positively
oriented) unit (q — 1)-sphere in the target space. Notice that det Vu =0 a.e., but
u ¢ Wi}’cq. By adding n — q dumb z-variables to the map in previous example, one
easily infers that (1.6) fails to hold for maps u outside the Sobolev class Wlﬁ’:‘.

Therefore, the Sobolev regularity in Proposition 1.4 is optimal for q > 2,
whereas for g =1 the optimality follows from [9, Sec. 3.2.3, Prop. 1].

DISTRIBUTIONAL DETERMINANT. As an application, in Sec. 8 below we shall
discuss some new properties concerning the singular part of the distributional de-
terminant Det Vu, first introduced by J.M. Ball [5].

Let n=N and u € L ﬂWé’f(R”Jﬁ") for some exponents ¢ and p satisfy-

loc

ing n—1<p<n and 1/¢+ (n—1)/p < 1. Then the distributional determinant

1 The countably H"-rectifiable set G,, is the subset of R™ x RY given by the points (z, u(z)),
where z is a Lebesgue point of both u and Vu and u(z) is the Lebesgue value of u. Recall that
for I/Vlt’cl-maps the approximate gradient Vu agrees with the distributional derivative Du.

2 We have 0G4 (1) := Gy (dn) = Jg, dn= [y, n=0 for every n € DL R™ x RY).

3 In fact, (1.5) yields that for any n € D" 1(R™ x RN) the integral representing
3G, (M) == Gy (d(n™)) involves minors of Vu of order at most h + 1. Choosing a se-
quence {uj} C C*° (R™,RY) converging to u strongly in Wlil:q’ by dominated convergence
Gu; (d(nM)) = Gu(d(n™)) if h < q—1.Since dGy,; =0 for each j, one obtains (1.3).
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is well-defined by the formula (8.1) below. De Lellis-Ghiraldin [6] extended a de-
composition property first obtained by S. Miiller [16], and conjectured by Ball [5],
showing that if in addition the pointwise determinant det Vu is locally summable,
then Det Vu is a signed Radon measure, the density w.r.t. the Lebesgue measure
L" being det Vu. With the above assumptions, if u is smooth outside some com-
pact set K C R"”, and M(8Gu) < oo, we have seen that (1.6) holds, where N =n
and g =n — 1, so that Sy in (1.6) is a countable set. By means of Theorem 1.1
we shall then prove, Theorem 8.1, that the singular part of Det Vu is concentrated
on an at most countable set of points, namely on Sp.

We also deal with the distributional minors of order m. For m = N < n, they
agree with the components of the distributional Jacobian, first studied by Jerrard-
Soner [12]. An interesting review concerning the distributional Jacobian and sin-
gularities of Sobolev maps into spheres can be found in [1]. In Theorem 8.2, under
suitable (and optimal) summability hypotheses, see (8.9), as a consequence of The-
orem 1.2 we shall prove that the singular part of each distributional minors of order
m is concentrated on a countably rectifiable set of codimension m.

Remark 1.6 Condition M(0G,) < oo is necessary to the validity of Theorems 8.1
and 8.2. In fact, S. Miiller [17] showed that for n = N = 2 the singular part of
the distributional determinant may in general concentrate on a set of Hausdorff
dimension «, for any prescribed 0 < o < 1. More precisely, there exist bounded
Hoélder continuous Sobolev functions w in Wl’p(Q7R2) for every p < 2, where
2 = (0,1)2 ¢ R?, such that detVu = 0 and |Vu!'||Vu?| = 0 a.e. in 2, but
DetVu = V' ® V/, where V is the Cantor-Vitali function. Therefore, the distri-
butional determinant has a “Cantor-type” part and the role played by V' in the
Cantor set C is here played by Det Vu in C' x C.

The “graph” of u is very similar to the graph of the Cantor-Vitali function V'
and, actually, has infinitely many holes. In fact, in [9, Sec. 4.2.5] it is shown that
in such an example one has M(9Gy) = oco.

PLAN OF THE PAPER. Sec. 2 contains some notation and preliminary results.
In Sec. 3, we extend the isoperimetric inequality from [15, Prop. 2.1]. In Sec. 4,
we consider a projection argument that allows to recover the action of a current in
terms of the projected currents onto suitable coordinate subspaces. These results
are used in Sec. 5 to prove Theorem 1.1 in the case of integral currents, i.e., when
OT = 0. Sec. 6 contains the proof of Theorem 1.2, whereas in Sec. 7 we deal
with the more general case of normal currents, i.e., when M(9T) < oco. Finally,
in Sec. 8 we shall prove the already mentioned concentration property concerning
the singular part of the distributional determinant and minors.

2 Notation and preliminary results

In this section we collect some notation and preliminary results. We refer to [2,7,9,
13,18] for general facts about Geometric Measure Theory, whereas further details
concerning currents carried by graphs can be found in [9] or [10].

RECTIFIABLE SETS. Let U an open set in R” and ‘H* the k-dimensional
Hausdorff measure on RP. For 1 < k < D integer, a set M C U is said to be
countably H* -rectifiable if it is H*-measurable and H*-almost all of M is contained
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in the union of the images of countably many Lipschitz functions from R* to U,
compare [7, 3.2.14]. The set M is said to be k-rectifiable if in addition H*(M) < cc.

Remark 2.1 The rectifiability criterium by Besicovitch-Marstrand-Mattila, see [7]
or [4, Thm. 2.63], states that if A C RP is a Borel set satisfying H*(A) < oo, then
A is k-rectifiable if and only if the k-dimensional density ©F(HF, A, z) is equal to
one for H*-a.e. z € A. This yields that k-rectifiable sets can be “fractured”.

GENERAL AREA-COAREA FORMULA. The following theorem by Federer [7,
3.2.2] subsumes both the area and coarea formulas, compare [13, 3.13].

Theorem 2.2 Let M C RP' ¢ k-rectifiable set and N a p-rectifiable subset of ]RD2,
where D1 > D2 > 1 and k> . Let f: RPT  RP2 ¢ Lipschitz function such that
f(M) = N. Then, for any H* L M-integrable function ¢ : M — R we have

/M J’M(w) v(w) de(w) - /N </Mmf—1({z}> wde_M) )

In this formula, J}M denotes the k-dimensional tangential Jacobian of fixq :
M — RP2 compare e.g. [9, Sec. 2.1.5].%

RECTIFIABLE CURRENTS. We shall denote by £*(U), &F(U), and D*(U) the
spaces of smooth, bounded smooth, and compactly supported smooth k-forms
in U, respectively. The (strong) dual space to DF(U) is the class of k-currents
D;.(U).? For each open set V C U the mass of a current T € Dy,(U) in V is®

My (T) := sup{T(w) | w € D*(U), |jw|| < 1, sptw C V},

and M(T) := My(T) denotes the mass of T. If a current T € Di(U) has locally
finite mass, i.e., My (T) < co for each open set V cC U, then

T(w) = /M (), E(2)0(z) dH*(z)  YweDF(U)

where M C U is a countably HP-rectifiable set, the multiplicity 6 : M —]0, +0o0]
is H"*-measurable and locally (Hk L M)-summable, and ? ‘M — AR™ is HE-
measurable with \?\ =1 (H* L M)-a.e.. In this case, one writes T = 7(M, 9, ?)

A current T is said to be an integer multiplicity (i.m) rectifiable current, T €
R (U), if in addition T has finite mass, the density 6 takes integer values, and
for H*-a.e. z € M the unit k-vector ?(z) € A R™ provides an orientation to the
approximate tangent space to M at z. Moreover, set(T) denotes the set of positive
multiplicity 0 in M, so that H*(set(T)) < M(T) < oo for every T € Ry (U), and
M(T) = [,,0 dH*. Notice that for such currents the support of T agrees with the
closure of set(T), and in general H*(sptT) < oc.

If T € Di(U) has finite mass, by dominated convergence the action of T
extends to forms w € El’f(U ), or even to k-forms with bounded Borel coefficients
in U. In particular, the restriction T'L B is well-defined for each Borel set B €
B(U). Since we shall work with currents with no compact support,” we shall use the

4 For k =y one has J}M(w) = (det[(dM fu)* (dM fu)])) /2 for HF-ae. w € M.
5 Therefore, Do(U) is the usual space of distributions in U.

6 Here we have denoted by ||w|| the comass norm of w. Using the standard Euclidean norm
of w, one obtains an equivalent notion of mass that agrees with the previous one for i.m.
rectifiable currents.

7 The support of T is defined exactly as for distributions.
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symbol “.” when referring to subclasses of currents with compact support. Also,
R joc(U) denotes the class of currents T' with locally finite mass and such that
TL K € R 10c(U) for each compact set K C U. Moreover, a current T € Ry (U)
is a normal current if in addition M((8T)L_U) < o0,® and T is an integral cycle
if (0T)L U = 0. Finally, the subclass P (U) of integral polyhedral chains is the
abelian group (with integer coefficients) generated by oriented k-simplices in U.

MAIN PROPERTIES. The fundamental theorem by Federer-Fleming [8] makes
i.m. rectifiable currents very natural and important, especially in connection with
the calculus of variations:®

Theorem 2.3 (Closure-compactness) Let {T;} C R(U) a sequence of i.m. rec-
tifiable currents satisfying sup; [M(T; L V) + M((9T;) L V)] < oo for each open set
V cC U. If T; weakly converges to some current T € D(U), then T € Ry(U).
Otherwise, there exists a subsequence {Tj'} of {T;} and an i.m. rectifiable current
T € Ri(U) such that Tjr —T.

Since the Deformation theorem holds true for normal currents T € Dy (U), not
necessarily with compact support, compare [2, 1.16], one obtains:

Theorem 2.4 (Boundary rectifiability) Let T € Ry (U) satisfy M((0T)LU) <
00. Then the boundary of T is i.m. rectifiable too, i.e., (0T)_U € Ry_1(U).

As a consequence, compare [2, 2.11], arguing as in [7, 4.2.20] one also proves:

Theorem 2.5 (Strong polyhedral approximation) Let T € Ry(U) such that
M((8T) L U) < oco. Then for each j € NT we can find an integral polyhedral chain
P?- € 7i;§(U) and aql-diﬁeomorphism g; of U onto itself such that Lip(gj) <1+1/7,
Lip(g; ") < 141/, and M(g;#T — P;) + M(0(g;»T — P;) LU) < 1/j.

INTEGRAL CYCLES. We shall need the following

Lemma 2.6 Let T € Ry(U) satisfy (0T)LU = 0. Then we have T(dn) = 0 for
every (k — 1)-form n with Lipschitz coefficients and support contained in U.

ProOOF For R > 0, we choose a cut-off function xr € C°([0,+00)) such that
xr(t) =1 for 0<t<R, xg(() =0 for t > R+ 1, 0 < xr <1 and |xg| < 2.
Since xr(|z|)n is compactly supported in U, condition (87)L U = 0 yields that
T(d[xr(lyl)n]) = 0, whence

T(dn) = T(d[(1 = xr(y)))nl) - (2.1)

Set Up :={z€U : |z| > R} and W, :=U; \Ujy1, for j € N. Since T has finite
mass, one has

lim M(TLUg)=0,  liminfj - M(TLW;)=0. (2.2)

R—o00 J—0o0

8 If k > 1 the boundary current 9T € Dy_1(U) is defined by duality for any T € Dy (U)
through the formula 8T (n) := T'(dn) for every n € D*—1(U).

9 The weak convergence T; = T in Dy (U) is defined in the dual sense by requiring that
Tj(w) — T(w) for every test form w € D*(U), so that the mass is sequentially weakly lower
semicontinuous. Therefore if a sequence {T;} C Dy (U) satisfies sup; M(7}) < oo, there exists
a subsequence {7/} of {T;} and a current T € Dy (U) with finite mass such that Tj, — T.
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Moreover,

d[(1 = xr(l2l)) n] = =xr(I2]) dlz| An + (1 = xRr(l2]) dn.
Therefore, taking R = j, by (2.1) we estimate for each j

1T (dn)| < clinlloc,w; M(T LW;) + [ldnljoc M(T L U;) .

Since n has Lipschitz coefficients and support contained in U, we get

IMlloo,w; < c1(L+ llzlloo,w;) < e2(M+35),  ldnl < es
for some absolute constants ¢; > 0. Hence for each j

IT(dn)| < c2(1+ §) M(T L W;) + c3 M(T L Uj)

and the claim follows by taking a subsequence according to (2.2). ad

NOTATION FOR MULTI-INDICES. Recall that # and y denote the variables in
the horizontal and vertical spaces R" and R, respectively. If o = (a,...,ap),
where 1 < a1 < -+ < ap < n, is a multi-index of length |a| = p < n, we set
Za = (Tay, .-, %a,) and da® = dz** A---Adz®?, where @ = (x1,...,2n). We also
say that the positive integer i belongs to « if it is one of the indices a1, ..., ap. If
i € a we denote by a—i the multi-index of length p—1 obtained by removing i from
a. Also, @ is the complement of « in (1,...,n), weset 0:= (1,...,n), and o(a,@)
is the sign of the permutation which reorders a and @, e.g., o(a,a@) = (—1)""! if
a =1. For a =1 we finally set 7; := xz and gc-c\l := dz®. A similar notation holds
for 8 and dyﬂ, with n replaced by N. Moreover, we shall denote by (e1,...,en)
and (e1,...,ey) the canonical bases in R"™ and RN, respectively, so that e.g.
€a ‘= €q; /\w-/\eap.

SPLITTING OF CURRENTS. Assume now U = R" x RY. Every k-form 7 €
DF(R” x RY) splits as a sum w = >h w™  where the w™’s are the components
that contain exactly h differentials in the vertical y-variables.'® Therefore, the
above summation is restricted to max{0,n — k} < h < min{k, N}.

Every current T € Dy (R™ x RY) then splits as

min{k,N}
T = > Ty,  where Ty (w) :=T(w™). (2.3)
h=max{0,n—k}

HOMOTOPY FORMULA. Let f,g:U — V be two smooth maps defined between
open sets U C RP and V C R¥, and let h : U x [0,1] — V denote the affine
homotopy map

h(z,t) =t f(z)+ (1 -t)g(z), =2€U, te[0,1].

10 We thus have for some wq g € CZ°(R™ x RY)

wh = Z wa,g dz™ A dy® if w= Z wa,g dz® A dy” .
la|+]8|=Fk | +[B]=k
|Bl=h
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If a current T € Dy(U) has finite mass, by dominated convergence the action
of T is well-defined on smooth forms w € Sf(U) with bounded coefficients, e.g.
for w = f#n for any n € D¥(V) and for f as above. Hence the image current
faT € Dp(V) is well-defined by fxT(n) := T(f*n), for n € D¥(V). Moreover,
if T is a normal current, i.e., M(T) + M((0T)LU) < oo, the image currents
hu(T x [0,1]) and hyx(0T x [0,1]) are both well defined provided that f and
g are bounded or the restriction of h to the support of T x [0,1] is proper. In
particular, if T' has compact support, the homotopy formula [18, 26.22] yields

Ohy (T x [0,1]) = hsu (0T x [0,1]) + (=) (f 2T — g4 T). (2.4)

To our purposes, assume now U = V = R" x R, Dealing with currents that
are not compactly supported, in general (2.4) fails to hold. However, for suitable
choices of f and g (the identity and a projection map, respectively) we overcome
this problem by restricting the range of ¢ to intervals of the type [e,1].

Proposition 2.7 Let £ €]0,1] and he : (R™ x RY) x [¢,1] — R™ x RN denote the
affine homotopy map

he(z,y,t) :=t(z,9) + (L — t)(2,0), (2,9) eER" xRY, tele1]. (2.5)

If T € Dp(R™ x RY) has finite mass, the image current hew (T % [e,1]) is well-
defined in Dy4q (R™ x RYN) and it has locally finite mass, i.e., for every compact set
K CR" xRN

M((hex(T x [€,1])) LK) < c0.
Similarly, if M(0T) < oo the image current h.x (0T X [&,1]) is well defined in
Dp(R"™ x RY) and it has locally finite mass. Finally, setting f=(x,y) = (x,ey), if
M(T) + M(0T) < oo, the following homotopy formula holds:

Oheys (T % [€,1]) = ket (OT x [&,1]) + (—1)k(T — fexT) . (2.6)

Proor Since T has finite mass, we deduce that hey(T x [e,1]) is well-defined
provided that thu)” < oo for every w € D]”l(R" x R™). To prove this property,
by a density argument we may and do assume that w is a linear combinations
of forms of the type ¢(z)¢(y) dz® A dy®, where ¢ € C(R™), ¢ € CZ(RYN), and
lal + 18| = k+ 1. If || > 0, we have

hE (p(x) P(y)da® A dy”) = p(z) de® A (he(y,1) B dy”
where he : RN x [¢,1] = RY is given by he(y,t) = ty, and we compute

REdy? = ay? —(-1)P Ggndt, where Gg =" o(j,5—j)y;dy? I € EFITTRY).
JjEB
Since moreover ¥ € C(RY), there exists R > 0 such that (y) = 0 if |y| > R,

hence (he(y,t)) =0 for every (y,t) € RN x [, 1] provided that |y| > R/e. Using
that |@g(y)| < |y|, this yields

R
112 (o) ¥ ()da® Ady”)| < e lglloolllloo s <00 on R xRV x[e,1].

If 8] = 0, we have |[hZ (¢(2) ¥ (y) da®)I| = lo(z) % (he (y, 1)) dz®]| < l[olloo ]|t ]loo-
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In particular, denoting by §R the closed ball in RY centered at the origin
and with radius R, we deduce that for each R > 1

M((heyt (T x [£,1])) LR" x Bg) < c- §M(T) < 0,

and hence that hey(T X [&,1]) has locally finite mass. The second assertion is
proved in a similar way. As a consequence, if M(T) + M(9T) < oo, property (2.6)
follows from the standard homotopy formula (2.4), with 0 replaced by e, using the
dominated convergence theorem. o

Remark 2.8 In general the image currents hex(T x [&,1]) and h.x (0T x [¢,1])
from Proposition 2.7 do not have finite mass, if T" does not have compact support.

ORTHOGONAL PROJECTIONS. We shall denote by 7 : R" x RY — R™ and 7 :
R*"xRY — RV the orthogonal projections onto the x and y coordinates, respectively.
Let T € D(R™ x RY) a current with finite mass, M(T) < co. Let h denote an
integer with max{0,k—n} < h < min{k, N}. For any w € D"(R"), we shall denote
by m4(TL7%w) the current in Dy_;(R™) such that

(g (TLF? W), @) = TEFw AT ) = T(wAp), 1! o e DR,

Similarly, for ¢ € D*~"(R™), we shall denote by ﬁ#(TLW#¢) the current in
Dy, (RY) such that

GE(TLr%0),w) = T(rF e AT7FW) = T(p Aw), we D"RY).

3 An isoperimetric inequality

In this section we extend the isoperimetric inequality from [15, Prop. 2.1]. It will
be used in the case k = N — 1 of the proof of Theorem 1.1. The main difficulty is
due to the fact that we do not require the current T in Proposition 3.1 below to
have compact support.

Any form w e PN 1 (RN) is identified by a compactly supported smooth vector
field g € C°(RN,RY) via the formula

N

wo(v) =3 (W, g=(a" 0™, (3.1)

where Ey\ﬂ =dyt A Ady TEAdYTTEA A dyN, so that dwy = div gdy, where
dy :=dy' A AdyN. Tf T € Ry_1(R" x RY), we let gy correspondingly denote
the signed measure given on Borel sets B € B(R") by

(g, B) i= (=1)V " Hmp (T L 77 wy), B),
so that for functions ¢ € CZ°(R"™)
(_1)N_1<N97 )= (T L%#W.q)(ﬂ‘;t%’) =T(p Awg).

We shall denote by B;-(zo) the open ball in R of radius r and centered at xo € R".

11 We shall often omit to write the action of the pull-back by = and 7.
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Proposition 3.1 Let N > 2 and T € Ry_1(R" X ]RN) an i.m. rectifiable current
satisfying the property Ty _2y = 0 and the null-boundary condition 0T = 0. Then
for every xo € R" and a.e. 7 > 0 we have

(g Br(0))| < e || div glloc M(T' L By (o) x RN/ (N1 (32)

for all g € C° (RNJRN), where ¢y > 0 is an absolute constant, not depending on g.
ProoF Fix ¢ €]0,1[, define he : R" xRY x [¢,1] — R" xR as in (2.5) and denote
Hf :=hoyu(T x [,1]) € Dy(R™ x RY). (3.3)

By Proposition 2.7, we may and do introduce for k = 0,...,min{n, N} and 7 €
D¥(R™) the (N — k)-current

HfLn:=7x(H7L 71'#7]) € DN_k(]RN) .
Setting he(y,t) ==ty for (y,t) € RY x [, 1], we thus equivalently have:
H5Ln(w) == (T x [e,1])(n AhZw),  weDVF®RY), (3.4)

where we have omitted to write the pull-back of the orthogonal projection maps.
Even if in general the current H7 from (3.3) does not have finite mass, see Re-
mark 2.8, by Proposition 2.7 we deduce that for every n € D¥(R™), the current
H5 L7 in Dy_i(RY) has locally finite mass. Choosing k = 1, we shall make use
of the following extension of [15, Lemma 2.3], the proof of which is postponed.

Lemma 3.2 Let T € Ry_1(R" x RY) be such that T(n—2) =0. Then HyLn =0
for every n € D'(R™).

Setting now fe(z,y) := (z,ey), we let pug denote for every g € C (RN, RM)
the signed measure given on Borel sets B € B(R™) by

(ug: B) = (-1 Hmp (Jep T L 77 wg), B,
so that for functions ¢ € Cg°(R™)
(DN N g, 0) = fep T Awg) -

Property 0T = 0 implies that h.4(0T x [e,1]) = 0. Therefore, using the above
definitions, the general homotopy formula (2.6) gives

(ng — pg,p) = Hp L dp(wg) + Hi L @(dwyg)

for every ¢ € CP(R") and g € C°(RY,RY), whereas Lemma 3.2 yields that
H% L do(wg) =0, so that

(g — pg, p) = Hp L p(dwg) = Hp L o(div g(y) dy) -

Therefore, taking a sequence {p;} C C°(R™) converging in L' to the char-
acteristic function x of the closed ball Br(z¢), and setting B, := Br(zo) for
simplicity, we deduce that

(ng — ng, Br) = Hy L xg (divg(y) dy) . (3.5)
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Also, setting f-(y) = ey and K, = spt o, since [jwg|| = ||lg]loc We estimate
— # N-1 N
[ferT (e Awg)l =T (p A f&wg)l < [l@lloo lglleo ™ ™ M(T'L Kp x RT ),
so that the measures pg and pg have finite total variation, as

19l (Br) < llgllow M(TL B, x BY) < o, 56
|ug|(Br) < ellgllo M(T L By x RY) < 00.

On the other hand, for each w € DV (RY), by (3.3) and (3.4) we have

Hy Lxg (w) = (T x [, 1]) (x5, Arfw) = (TLBr xRY) x [e,1])(hfw).

Therefore, since by Proposition 2.7 the current HT-L ¢ in Dy (RY) has locally
finite mass, and T is i.m. rectifiable in Ry_;(R™ x RY), we deduce that the
current Hf L xg, is locally i.m. rectifiable in RN’IOC(RN ). We then proceed in a
way similar to the second part of the proof of [14, Prop. 3.1].

More precisely, by using the degree theory from [9, Sec. 4.3.2], for a.e. r > 0 small
there exists an integer valued and locally summable function A% € Li (R, Z) such
that

i g (W) = [ A vwdy Ve e CERY).
By (3.5), this yields that for every g € C2°(RY,RY)
{1g — pig, Br) = /RN A% (y) divg(y) dy. (3.7)
Moreover, by (3.6) the measure pug — pg has finite total variation, and

(g — 165, Br)| < llglloo (1 + &) M(TL By x RY) < 00.

Therefore, A% is a function of bounded variation in R, with

IDAZ|(RYN) == sup As(y) divg(y) dy
lgllwg1 /RN - (3.8)
< e (g — 1G5, Br)| < (14 ) M(T L Br x RY) < o0.
gllec <1

By Sobolev embedding theorem, and by density of smooth maps in BVjo.(RY),
compare [4, Thm. 3.47], we can find a real constant m;. € R such that

N
A7 —mzllpv/ov-n @y < en [DAZ|(RT).

Since A% is integer-valued, the constant mjy € Z and hence we can estimate the
L'-norm of the integer-valued function y — (A%(y) —m$) by

_ N/(N—
[ 185w = mildy < [ 147 w) = miY D dy = 147 = mf PN e
Using that [z divg(y)dy =0, by (3.7) we thus obtain

g = 5. Bl < [ 1(A70) = m) divg()ldy < [ divall [ 147) = mS|dy

]RN|

< || div glloo en (|DAE|(RN )N/ (N=1)
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and definitively, by (3.8),
g — gy Br)| < |l divgllos en (14 )N N IMT LB, x RNN V- (3.9)

Finally, since |(ugBr)| < [{(1g — ng, Br)| + |{1g, Br)|, using the second line in
(3.6), the isoperimetric inequality (3.2) follows by letting ¢ — 0 in the above
formula (3.9). O

PROOF OF LEMMA 3.2 We have (3.4) with k = 1. Using (3.1), write w € DY ~1(RY)
as w = wy for some g € CX(RY,RY). By linearity, without loss of generality
we may and do assume that ¢/ = 0 for j > 1, and let ¢'(y) = f(y), so that
wg =w = f(y) d/y\l, where f e C(RY). We compute

o= fy)Y Tyt + (~1)N ot AN 2ad],

N -
where w! := Z(—l)l v dytY e eNTZRN). Since the form nA f(ty) tN " 1dy! does
1=2

not contain the differential dt, by definition of Cartesian product of currents and
the dominated convergence theorem we get (T x [¢,1])(n A f(ty) t?¥ ~tdy?) = 0
and hence

HiLn(w) = (~D)N(T x [e, 1])(n(z) A f(ty) w' AN ~2at])
= (-DNT(n(z) Aw' (y) Fe(y)),

1
where F:(y):= / f(ty) tN=2 4t. Arguing as in the proof of Proposition 2.7, using

g
that w! € EN"2(RY) satisfies |w'(y)| < |y, we deduce that
1 R n N
In(z) Aw™(y) Fe()ll < ellnll[Iflle = <00 on R"xRT,

where R > 0 is chosen so that f(y) =0 if |y| > R. Since M(T) < oo, property
T(n—2) =0 and the dominated convergence yield that T'(n(x) A wl(y) F=(y)) = 0,
as required. a

4 A projection argument

In this section we discuss a projection argument that will be used in the proof of
Theorem 1.1 in the case N > k + 1, see Step 2 in Sec. 5. We first introduce some
notation.

Let 8 an ordered multi-index in {1,...,N} of length |8| =k + 1, and define
the corresponding projection maps

N k k
IR —>Rﬂ+1:R +1 Hﬁ(y):yﬁ = (yﬁl,...,yﬁkﬂ),

4.1
W5 :R" x RY — R" x RZ+1 L s(x,y) i= (Idgn b I17) (2, y) = (z, T°(y)). (4.1)

For T € Ri(R" x RY), we let T° := w5, T € Di(R™ x RXT1) denote the corre-
B# 3
sponding image current, see Lemma 4.1 below.
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If T satisfies the hypotheses of Theorem 1.1, as in the case k = N — 1, see

Step 1 in Sec. 5, we deduce that set(T7) c Sg X ]Rgfl for an at most countable

set of points Sg C R™. Making use of the general area-coarea formula, we thus
aim at recovering the action of T in terms of the action of the currents 77 on
suitably related forms, see Proposition 4.4 below. This would allow to conclude
that set(T) C So x RY for an at most countable set of points Sy C R".

Unfortunately, this strategy may fail in general, due to the possible occurrence
of cancellations when projecting T to T°. However, denoting M := set(T), one
easily deduces that such a cancellation phenomenon is avoided provided that the
multiplicity function N(¥g|M;z) :=H(MN ng({z}) is equal to one for H"-a.e.
point z in the shadow ¥g(M).

We now see that this property is obtained by suitably rotating the target
space R™. To this purpose, we shall first consider the case of polyhedral chains,
Proposition 4.2.

PROJECTION OF CURRENTS. We first point out the following fact:

Lemma 4.1 Let T € Ri(R™ x RN) satisfying 0T = 0. Then the image current
T8 = UguT is i.m. rectifiable in Ry (R™ x Rk+1) and satisfies the null-boundary

B
condition TP = 0.

Proor Since T 1is i.m. rectifiable, the first assertion follows if we show that
M(T?) < oo. To prove this, observe that for every w € DF(R™ x RZ"H) the pull-

back form ﬁ;&w belongs to the class &F(R™ x RY) and satisfies ||!7§Ew|\ < |lwl].
Therefore, by dominated convergence we estimate

TP (w) = TWFw) < M(T) [#F wl| < M(T) |lw]

that gives M(T?) < M(T). As to the second assertion, for every n € D 1(R" x

]RZ"H ) we have

a1 (n) = T (dn) = T(W] dn) = T(dW} ) = T(dn),

where the smooth form 7 := W?n belongs to 5571(]1%" x RN). Since ||7]| + ||d7|| <
oo, Lemma 2.6 gives T'(dn) = 0, as required. o

PROJECTION OF POLYHEDRAL CHAINS. For N > k+1, denote by O*(N, k+1)
the set of orthogonal projections p of RV onto the (k4 1)-dimensional subspaces
of RY . There is a unique measure on O* (N, k+1) that is invariant under Euclidean
motions of RY and normalized to have total measure 1.

Proposition 4.2 Let N > k+1 and P € P,(R™ x RY) be an integral polyhedral
chain, and let M := set(P). Then for a.e. projection p € O*(N,k + 1) and for
HF-a.e. z € (Idgn > p)(M) we have

N(Idg» < p|M; z) ;= HO(M N (Idg- ap) ' ({2}) = 1.

Proor Every projection of the type Idg» > q, where q € O*(N, N — 1), is clearly
determined by a couple #v of opposite unit normals in R™ x RY, ie., +v €
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S"HN=1 where v is orthogonal to the “horizontal” space R"™ x {0} ¢ R™ x RN,

Hence, the couple +v belongs to the “vertical” (N — 1)-sphere
sVl i={(z,y) e SN cR" xRY |2 =0} .

Using this identification, we write Idg» Ixq = m+,.
Since P is a k-dimensional integral polyhedral chain, and k£ < N — 2, it is
readily checked that the property

N(mt,|M;2) = H Mnre, t({2}) =1 Vz € miy(M)

holds true for every choice of +v € SN=1 except for a “bad” set B c S~ of null
H* 1 -measure, H*T1(B)=0. This proves the claim for N =k+2.If N =k+m
with m > 3, it suffices to iterate m — 2 times the above argument. |

Remark 4.3 Proposition 4.2 is false for projections p € O* (N, k). If e.g. N =k+2,
it suffices to take P =&y x [Q], where @ is a k-dimensional cube in R*¥+2,

THE AREA-COAREA FORMULA ON CURRENTS. Let now T € Ry (R" x RY),
where N > k 4+ 1, and write T := T(M,G,?). Moreover, for any index (@ with
|8] = m, where 1 < m < N — 1, denote by {3 the component of the tangent
k-vector field ? corresponding to the base k-vectors ea A ey, where [ contains
all the entries of ~, i.e.,

—

€gi= > Eeahey i €= 3 €eahey.
la|+|v|=k || +|v|=k
YCB
Define
Mg = {(z,y) € M| &(z,y) # 0} (4.2)

and observe that the set Mg is k-rectifiable, see Remark 2.1. According to (4.1),
this yields that N3 := Wg(Mpg) is a k-rectifiable subset of R™ x RZH. Let C_é

denote an H* L Ng-measurable function such that q_@)(m,yﬁ) is a unit k-vector

orienting the approximate tangent space to Ng at HE-a.e. point (z,yg) € Ng. By
applying the general area-coarea formula, Theorem 2.2, we obtain:

Proposition 4.4 Let |f| =m € {1,...,N —1}. Let |a| + |y| = k, with v C 3. Let
nd € DPR™ x RY) given by

na = ¢(@) f(yz) 9(ys) d=“ Ndy”,

where ¢ € C°(R™), fe C® (Rg_m), g € C(R'). With the previous notation, we

have:
T08) = [ (0() Blous) oy do " Siwy)) @) (43)
8
where we have set

B(x,ys) = / o(2,) 1 (y3) 0, y) dH (2, ) (4.4)
M@ {(2,ys)})

for a suitable sign o(z,y) = 1, see formula (4.6) below.



A structure property of “vertical” integral currents 15

PROOF Since v C 3, we clearly have
1) = [ g oant. (4.5)
Mg

The function ¥z being an orthogonal projection, it is readily checked that the
k-dimensional tangential Jacobian of W3 agrees with the norm of the k-vector £3:

M
Jg,ﬁﬁ(m,y) = |¢5(z, )| for H*-a.e. (z,y) € Mg.
Furthermore, for H*-a.e. (z,y3) € Ng and (x,y) € Mg ﬂwﬂ_l({(:myg)}) we have

p(z,y)

1€5(z, y)l

We then apply Theorem 2.2, where M = Mg, N = N3, p=Fk, Di =n+ N,
Dy =n+m, f=¥g w=(z,y), z= (z,yg), to the HE L Mg-integrable function

=o(z,y) C_é(iv,y,g) , where o(z,y):==+1. (4.6)

P(w,y) = 0(z,y)(d(x) [ (yg) 9(yp) de® Ndy”, &5(x,9)) 1€s (2, ) -

Since (na,&3)0 = Jqﬁgﬁ - &, by (4.5) we then obtain
AR Meg k
70k) = [T @) By i (o)
s

:/ (/ ) @d?—[o(x,y)) de(;r,yg)
N MMzt ({(=,95)})

- /N (6(x) B, yp) 9yg) de® A dy”, T (. yg)) dHF (2, y5),
B

where @ is given by (4.4). |

GOOD PROJECTIONS. We now restrict to the case m = k + 1 of our interest.
Assume that 7 = P is an integral polyhedral chain in P} (R"™ x R™). On account
of Proposition 4.2, possibly slightly rotating the target space RY, and denoting
without loss of generality by (y1,...,yn) the rotated coordinates, using (4.2) we
may and do assume that

N(Zg|M; (z,5)) = HO(Mg N5 {(z,ys)}) =1 for H'-ae. (2,y5) € Njs.

This gives N 1= Wg(Mg) = set(P?), where PP := UguP € Pp(R™ x RZ"H), see

Lemma 4.1. Writing as before P := 7(M, ¥, ?), we also may and do choose the
—

orienting unit k-vector field (g is such a way that the sign o(z,y) = 1 in the

formula (4.4). We thus have P? = r(/\fg,aﬁ,g_ﬁ’), where the multiplicity function
0s(x,yg) = 0(x,y) for the unique point (z,y) € Mg such that ¥g(z,y) = (z,ys) €
Nj. Since (4.4) becomes

B(a,ys) = [

) (y5) 05(x,yp) dH" (w,y) ,
Mﬁﬂ(wﬁ H{(zy8)}H)

we conclude that (4.3) can be equivalently written as

P(nd) = P*(6(x) B(x,yg) 9(yp) da™ N dy"),
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where we have set
&(z, yg) = / ) f(yﬁ) dHO(x7y) . (4.7
Mpn(@s " ({(z,y8)})

PROJECTION OF INTEGRAL CURRENTS. We finally show the way to extend
the previous features to i.m. rectifiable currents with finite boundary mass.

Proposition 4.5 Assume N > k+1. Let T € R (R" xRY) such that M(9T) < oo.
Following the notation from Proposition 4.4, write for |8 =k + 1

T=r(M,0,€), WguT =7(N3,05Cs).

Then, possibly by slightly rotating the target space, for |a|+ |y| =k, with v C 3, we
have B
T(na) = YT (d(x) (2, yp) 9(yp) dz® Ady?), (4.8)

where 5(w,yg) is defined as in (4.7), with Mg given by (4.2).
ProoF By the strong polyhedral approximation theorem 2.5, for each j € NT we
find an integral polyhedral chain P; € Pp(R" x RY) and a C!-diffeomorphism
gj of R™ x RY onto itself such that Lip(g;) < 1+ 1/4, Lip(gj_l) <1+41/j, and
M(g;#T — Pj) + M(0(g;#T — F;)) < 1/j.

Denote M; = set(P;). By applying Proposition 4.2 to the sequence {P;};, we
deduce that for a.e. projection p € O*(N,k+ 1), for each j € Nt and for HF-a.e.
z € (Idgn > p)(M;)

N(Idgn 1 p|M;; 2) := H(M; N (Idg= < p) " ({2})) = 1.

As a consequence, possibly by slightly rotating the target space, we deduce that
for each multi-index 8 with |8| = k+ 1 the projections ¥g are “good” for each
P; in the above sense, i.e.,

N(#5lMj;2) == HO(M; N~ ({z}) = 1 (4.9)

for each j € NT and for H*-ae. z € w3(M;).

Define now P; := f;»P;, where f; = g{l, and write Jgj = T(Mvj,ej,gj),
where M, := set(P;). Formula (4.9) yields that for each j € NT and for H*-a.e.
2 € W5 0g;(M;)

N(W5 0 gj|Mj; 2) := HO(M; N (Fg0g;)  ({z}) =1.

By applying the general area-coarea formula, Theorem 2.2, we thus infer that

/M Tt (2)8)(2) dH (=) = M((W5 0 g,) 4. P)

By the strong convergence, and again by the area-coarea formula, we also have
lim M((Z 0 ;) 4P;) = M(pT) < /M T (2)0(2) dHE (2)

where, we recall, T = T(M,&?), imd we can assume without loss of generality
M = set(T). Since moreover M(P; — T) — 0, denoting by A the symmetric
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difference, we also infer that Hk(MvjAM) — 0 as j — oo. Using that Lip(g;) <
1+1/j and Lip(g;l) <1+ 1/j, we thus deduce that

/ I 0() a1t () < timinf [ g3 ()8 () drt(z)
M M;

J—0o0

and definitively that
M(ipuT) = /M T(2) 0(2) drt (2)
Using again the general area-coarea formula, this yields that for each 3
N(Wg|M; z) := HOM N ({2}) =1

for HF-a.e. z € Ww3(M). This means exactly that each Wy is a “good” projection
in the above sense. The claim follows from Proposition 4.4 and from the above
argument concerning “good” projections. O

Remark 4.6 For future use, we notice that the function & in (4.7) is bounded
and HF L\, 3-summable, hence it can be extended to a bounded Borel function &

on R" x RZJFI. Since moreover T7 has finite mass, the action of 77 is uniquely

extended to such class of forms w = ¢(z) &(x, yg) 9(yg) dz™ AN dy?.

5 The structure theorem I for integral cycles

In this section we prove the structure theorem 1.1 in the case of integral cycles,
i.e. satisfying 9T = 0. In Step 1, we deal with the easier case k = N — 1, where we
directly apply Proposition 3.1. In Step 2 we consider the case of higher codimension
N > k + 2, and make use of the projection argument from Sec. 4. In Step 3 we
conclude that T'=0 if N =k.

STEP 1: THE CASE k = N — 1. Since N = k+ 1 > 2, we follow the notation from
Sec. 3, and apply this concentration property:

Lemma 5.1 Let A and p be respectively a non-negative and a signed Radon measure
on R™, with finite total variation, such that for every xo € R" and a.e. r > 0 we have

|u(Br(z0)| < e A(Br(20))*

for some fized constants ¢ > 0 and o > 1. Then p is purely atomic, and it is
concentrated on the at most countable set of atoms of .

For a proof of Lemma 5.1, we refer to [14, Lemma 4.4] and also [11, Lemma 6.3],
where a gap (the absolute continuity of p with respect to \) is filled.

Now, by Proposition 3.1 we obtain the isoperimetric inequality (3.2). We can
thus apply Lemma 5.1 with a« = N/(N — 1), u= g, and A = X(T) given by

(\T),B):=M(TLBxR"Y), BeBR").
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Denoting by {a;}; C R™ the at most countable family of atoms of A(T"), we deduce
that for every ¢ there exists a signed Radon measure \; on RYN such that for
every ¢ € C°(R") and g € C°(RY RY)

T(¢ /\Wg) = (_1)N_1<:ug7¢> = Zéai((lb) “Xi(9),

where wy € DV 1(RYN) is given by (3.1). Also, forms of the type ¢ Awy are dense
in the space of forms n = n¥ =Y in DVHR" x RY), whereas T(n™) = 0 for
h < N —2, by the assumption (1.1) with £ = N. Define %; € DN_l(RN) by

Si(wg) == Nilg),  geCE®RY,RY).

Now, for every x € R” and for all but an at most countable set of “bad” radii
r > 0, the boundary 0B, (z) does not contain atoms of A(T'). Hence, by Lemma 5.1,
for any “good” radius we have (ug,dBr(z)) =0 for every g e C°(RY,RY). Tak-
ing a smooth sequence {¢;} € CZ°(R™) strongly converging in L' to the charac-
teristic function of By (x), we find that

lim T(¢; Awg) = Z{Ei(wg) | ¢ is such that a; € Br(z)}
J—00

for each g € C°(RY,RY). Since T € Ry_1(R" x RY) with 9T = 0, this yields
that (1.2) holds true, where ¥; € Ry_1(RY) satisfies 95; = 0 for each i.

STEP 2: THE CASE N > k + 1. For a multi-index 3 of length |3] = k + 1, let
W3 denote the projection map given by (4.1), and define T = V3,4 T. By the
assumption, Lemma 4.1 yields that 7% is i.m. rectifiable in R (R™ x Rg*l) and
satisfies 9T = 0. Moreover, by (1.1) it is readily checked that T7(n) = 77 (n®))
for every form 7 € DF(R™ x RZ""l). Then, by using the case N = k+ 1, we deduce

the existence of an at most countable subset Sg of R™ such that

set(T7) c S x RE™. (5.1)
It then remains to show that
set(T) C So x RY | where Sp:= U Sg. (5.2)
|Bl=k+1

To this purpose, possibly by slightly rotating the target space, we may and do

apply Proposition 4.5 with v = 38— j for some j € 3, so that |a] = 0. The current
—

T8 = 7(Ng,03,¢3) satisfies (5.1), whereas in (4.8) we have just obtained that

T(6(2) f(y5) 9(ys) dy”~7) = T7 (&) B, y5) 9(yp)dy” 7). (5:3)
with & given by (4.7). Moreover, linear combinations of forms of the type
() f(yz) 9(ys) dy” ™7, where ¢ € CZ(R"), fe CFX®RY "), ge CF @)

yield a dense subclass of forms n = n(®) € D* (R" xR™N), see Remark 4.6. Therefore,
we deduce that (5.2) follows from (5.1). In conclusion, the structure property (1.2)
is obtained by means of the same argument that is used at the end of Step 1.
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STEP 3: THE CASE N = k. We show that T'=0 if N = k. Recall that the claim is
trivial for N < k, by the verticality property (1.1).

Assume then N = k, and consider the injection map i : R® x RF — R"™ x
RF*+1 such that i(z,y) := (z,y,0). On account of Lemma 2.6, it is readily checked
that the current 7T := ixT satisfies the hypotheses of Theorem 1.1. However, the
corresponding currents %; € Ry (R¥*1) in (1.2) are supported in R* x {0} and
satisfy 0X; = 0. By the Constancy theorem, see [18, 26.27], any integral k-cycle
with finite mass in R x {0} is equal to zero. Therefore, >; = 0 for all ¢, hence
ixT =0 and finally T = 0.

6 The structure theorem II for integral cycles

In this section we prove the more general structure theorem 1.2 for the subclass
of integral currents, i.e., satisfying 0T = 0. The proof relies on some arguments
from slicing theory, for which we refer to [18, Sec. 28] and [9, Sec. 2.5].

We make use of an induction argument on p € N in order to deal with the
case q =k —p in (1.3), for any choice of the dimensions n, N of the domain and
target spaces, respectively, and k of the current T'. Notice that for p = 0 the claim
has been proved in Theorem 1.1.

We thus fix p a positive integer, and assume that we have proved the claim if
T satisfies (1.3) with q =k — v for each natural v =0,1,...,p — 1.

In Step 1, using a slicing argument we easily solve the case N < k. In Step 2,
we assume N = k and exploit the assumption 8T = 0. In Steps 3 and 4, the
hardest part of the proof, we deal with the case N = k + 1. In Step 5, using the
projection argument from Sec. 4, we readily recover the case N >k + 1.

Let T € Ri(R™ x RY) satisfying 0T = 0 and property Ty = 0 for h =
0,...,q9— 1, where q =k — p. Since k — q = p, we have show the existence of a
countably HP-rectifiable subset Sp of R™ such that

set(T) C Sp x RY . (6.1)

Now, every form 7 € DF(R"™ x RY) decomposes as 1 = > 7™, where
max{0,k —n} <m < min{k, N} and

n(m) = Z Na s Ne 1= Z na’ﬁ(m,y) dyﬁ A dz® (6.2)

jal=k—m 1Bl=m

for some n%? e C°(R™ x RY). Since (1.3) gives T(n™)) =0 for m < q, we shall
analyze the action of T" on the components n(m), where we assume m > q.

STEP 1: THE CASE N < k. According to (6.2), denote by ma : R™ — R¥™™ the
orthogonal projection onto the a-components of z, i.e., mo(z) = za, and by I,
the (n + m — k)-plane 75 *({za}). Notice that m < k if N < k. For H¥ "™-a.e.
2o € R¥™™ we thus define the sliced current

Teo := (T, 7o > Idgn, za), (7o > Idpn ) (2, y) == (za,y) -
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Remark 6.1 Recall that a dense sub-class of smooth forms is given by linear combi-
nations of forms with coefficients of the type n%?(z,y) = ¢(z5) #(za) ¥(y), where
p e COMR™F) e C®RF™), and ¢ € CRN).

By assumption, and using that the slicing map is an orthogonal projection only
involving the “horizontal” coordinates z, for H* -a.e. zo € R*™™ the following
properties hold:

1. Ty, belongs to R (I, x RY);

2. the boundary of the slice agrees (up to the sign) with the slice of the boundary,
hence condition 8T =0 yields 9Tz, =0;

3. T, (n™) =0 for every h < q and 5 € D™ (I, x RY).

This yields that the sliced m-current T, satisfies the hypothesis of Theo-
rem 1.2. Moreover, we have k —p = q = m — v, where v := p — (k —m), and by
the assumptions 0 < ¥ —m < p, hence 0 < v < p. Therefore, by the inductive
hypothesis, and since m — q = p — (kK — m), we find the existence of a countably
HP~ (k=) _rectifiable subset Sp—(k—m) Of Iz, such that

Set(Tm(’) (- Spf(kfm) X RN . (63)

Now, the slicing formula gives

T(p(em) Baa) b i £ de®) = [ (Ta(plaw) 6(w) dy™)) Flaa) do

REk—m
therefore the property (6.1) follows from (6.3), on account of Remark 6.1.

Remark 6.2 If N = q, i.e. p =k — N, we thus obtain that T = 0. This property
follows from the argument in Step 3 from Sec. 5 in the case p = 0, whereas for
p > 0, whence N < k, it is an immediate consequence of the previous slicing
argument.

STEP 2: THE CASE N = k. Since the previous slicing argument holds for m < k, in
this case it suffices to consider the action of T' on forms of the type n = n®*).

We have n'®) = ¢(z,y) dy for some ¢ € C°(R™ x R¥), where dy :=dy' A---A
dy*. By linearity and density, we may and do assume ¢(z,y) = o(z) f(y1) 9(71),
where ¢ € CZ(R"), f € CZ(R), and g € C°(RF™1). We thus denote by F a
primitive of f, and set

€= o(x) F(y1) g(1) dy' € &) (R" x R¥).

Using the usual convention of summation on the repeated indices, we compute

dé = 0, (x) Fly1) g(71) da* Ady' + o(x) f(y1) 9(51) dy -

Since ¢ has bounded Lipschitz coefficients, property 97 = 0 and Lemma 2.6 yield
that T'(d¢) = 0, hence

T(p(z) f(y1) 9(51) dy) = ~T (., (x) F(y1) g(51) dz* A dy?).

Therefore, the argument that we used for the component n(k_l), applied this

time to the k-form ¢ 4, (z) F(y1) g(71) dz* A dy?, yields the assertion, thanks to the
dominated convergence theorem.



A structure property of “vertical” integral currents 21

STEP 3: THE CASE N =k + 1. Fix je€ {1,...,k+ 1}. For ¢1 < t2, denote
{t1 < y; < to} = {(z,y) € R" x R+ |t <y; < ta}.

For a.e. choice of t; < t3 it turns out that the sliced current T'L {t1 <y; < t2} is

i.m. rectifiable and with boundary of finite mass. Write as usual T = 7(M, 6, ?),
where we may and do assume M = set(T). In Step 4, we shall prove the following

Proposition 6.3 For a.e. real numbers t1 < ta there exists a k-rectifiable set MV C
R™ x R¥L with M C set(T L {t; < yj < ta2}), and a countably HP-rectifiable subset
Sp of R™ satisfying

Mc Sp X RFF?

such that for every k-form w of the type w := ¢(x,7;) d/y7, where ¢ € CZ°(R™ x jo),
- k
TL {t <yj < t2}(w) = /~<w, £)0dH" . (6.4)
M

Now, any completely vertical k-form in Dk(R” X Rk'H) can be written as

k+1
n=n" ="y y)dy, ¢ € R xR
j=1

Fix j € {1,...,n}. By a density argument, we may and do assume that ¢;(z,y) =
¢(w,7;) f(y;) for some ¢ € CZ(R" x Rf ) and f € C°(R).

For v € N and h € Z, denote t¢; := h27". Possibly by slightly moving the
points ¢y, we may and do assume that for each v and h we can apply Proposi-
tion 6.3 to the restricted current T'L {t] <y; <t} ,}. We then find a k-rectifiable

set MY C R" x RFF! with MY c M, where M = set(T), and a countably HP-
rectifiable subset Sp(v,h) of R™ satisfying

MY C Sp(v,h) x RFF?

and such that (the sliced currents having finite mass) for every ¢ € C2°(R™ x jo)
- PN
TL Aty <yj <th} (e, T5) dy?) = /ﬂv (¢, 5y) dyi, €) 0 dH" .
h

Since moreover f € CZ°(R), there exists a sequence {f}, of piecewise constant
and bounded functions f, : R — R satisfying:

i) fv is constant on Iy :=]ty,ty [ for each h;
ii) f, has compact support contained in the support of f;
iii) fu — f uniformly as v — co.

As a consequence, using that T' = 7(M, 6, Z)) is i.m. rectifiable, we have
T(f(y;) ¢(x,75) dy?) = Tim T(fu(y;) o(, ) dy?) - (6.5)
Since moreover fy(y;) =aj € R for each y; € I and each h, we have

T(fuly;) dla,G;) dyd) = > af - TUAth < yj < thia (2, 5;) dy)
h
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where the sum in & is finite for each f,. Setting M” := U MY and Sp(v) :=
Uy Sp(v, k), then MY is a k-rectifiable subset of M, and Sp(r) a countably
HP-rectifiable subset of R" satisfying M” C Sp(v) x RET! and such that

T(fulyy) 6.5 df) = [ (o) o) . €) oart

Therefore, setting M) := U, M” and Sg =, Sp(v), again M) s a k-
rectifiable subset of M, and S}, a countably HP-rectifiable subset of R™ satisfying
M) ¢ 5) x R¥+1 and such that

T(fu(y;) (2. 3;) dgd) = /N o) S ) dgd, €)0dHE VweN.
M)
By (6.5), we thus obtain

T LT >
T(f ) 6.5 d7) = [ (1) ol 5) i, €) 0
J
By linearity and density, letting M = UjMv(j) and Sp :=J; S{,, we have just
shown that
() = [ €0 art
M
where M is a k-rectifiable subset of M, and Sp a countably HP-rectifiable subset
of R™ satisfying M C Sp x R¥*1. Arguing as in Step 1 for the components 7™,
where m < k, the claim (6.1) follows.

STEP 4: PROOF OF PROPOSITION 6.3. By slicing theory, for a.e. radius R > 0 the
i.m. rectifiable current

TIR .= T {(z,y) e R" x R*! | |yy| < R for any h # j}
satisfies M(9T7F) < oo. Moreover, for any such “good” radius R the current
R n k+1 .
T s, =TL{(z,y) eR" xR | s1 <yj <s2, |lyn| <R for any h#j}

satisfies M(@Tﬁ;fﬁz) < oo for a.e. s1 < s2. Therefore, for a.e. t; < to we can find
an increasing sequence of good radii Rj /" co such that the compactly supported
i.m. rectifiable current Tgf,lf: € Rp.o(R" x RF1) satisfies M(@Tt]llf:) < oo for
each h.

Consider the affine homotopy map h7%r : (R™ x RF+1) x [0,1] — R™ x RFH!

thRh (1:7 y,t) =t (:By y) + (1 - t) fj’Rh (‘T’y) ?

where 3 (2 y) ;= (z,R, +1,..., Ry + 1L,y;,Rp +1,...,Rp + 1). The current
h;’ER’L (thl’f;" x [0,1]) is compactly supported in Rpiq.(R" X R¥*+1). Similarly,
both the currents

j, Ry . __ k 173, Rn j, R j, Ry (g, R
Sfl,tZ = (-1) h;e ! (athl,t: X ﬂO,l]) - f;]ge ! (thl,t:):

T Be . i, Re g, Rn
T ey = Ty, + 5i t

(6.6)
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are compactly supported in Ry (R" x RF*1). Moreover, using that Ofi;R" (Tgllf;‘)

agrees with f#Rh (aTg';f};), the homotopy formula (2.4) gives a'fg;f}; =0.
We claim that ' 4
H* (set(T) M) Aset(S3)) = 0. (6.7)

iR i Rnay . . o . .

In fact, set(fg% ")) s contamed‘m {(z,y) | yn = R, + 1 if h# 4}, hence
it is H*-essentially disjoint with set(thl’IZ’). Since moreover M(E)thl’lfz") < o0, by
our construction we also get

H (set(T], 57 ) Aset (™ (0T}, % [0,1]))) = 0.

By (6.7) we thus infer that there is no cancellation in the sum in the second
line of the definition (6.6), i.e.,

iRy R ‘R
M(T} 1)) = M(T3) ) + M(ST ) -
Therefore, writing as usual
. — ~ ~ —
TP =1 (My,0,€), TP =1(NG. 6, C), (6.8)

and assuming without loss of generality that 8 # 0 on M, and 6 # 0 on Ny,
this yields that
HE(NR) = HE(My) + HE (N \ My) (6.9)
If eg. 7 # 1, setting y := Yy by a density argument we may and do
choose ¢(z,7;) = ¢(x) f(y1) 9(¥) in (6.4), where ¢ € C°(R"), f € C°(R), and
g € C(RF™1). Denote by F a primitive of f, and let

€= p(2) Fiy) @) dg,  dj:=dy™,

so that £ € 55_1(11{" X jo) satisfies d¢ = w + @, where

wi= (@) ) g@) dyi , &= ¢, (@) Fly1) 9(@) da’ A df.

Condition 87~“tjlfzh =0 yields thl’f: (d¢) = 0, whence thl’lz‘ (w) = —Tg;f; @).
Now, in the formulas (6.8) we denote

(2) = Z fo"ﬁ(z)ea/\sﬁ, z € My,
| +18]=k
z

(2) = Z ga’ﬁ(z)ea/\sg, z e N,
la|+18]|=k

€
<

and correspondingly define

My = Mp\{z €My | £9P(z) =0 for each o and 8 s.t. =7 or (1,5)

B= }
N =Ny \{z €N, | ¢(*P(2) =0 foreach o and 8 st. B=7 or 8= (1,5) }.

~—

On account or Remark 2.1, the set A}, is k-rectifiable and moreover

=i R N _ =\ Gk A Rn =y _ ok
thl,tzh(‘*’) = /ﬁ (w, ¢C)YOdH", thl,t: (@) = /~ (@, ¢CYOdH" .
h
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Since @ “contains” the differentials dz?, and (’ﬂN“tJlIfzh = 0, by applying to the
term thllfzh (@) the slicing argument that we used in Step 1 for the component
n(k 1), we thus deduce the existence of a countably HP-rectifiable subset SI},L of

R"™ such that N, C 5’1}; x R¥+1. Since moreover the property (6.9) yields
HE (W) = HE (M) +HE (N \ My)

we also obtain that MV;L C S{)L x RFFL,

Finally, since T'L {t1 < y; < t2} has finite mass, we deduce that Tgllf: —
T {t1 <y; <t2} weakly in DF(R™ xR¥T1) as h — oco. Therefore, Proposition 6.3
follows by taking M= Uh/\/lh and Sp := UhSh

STEP 5: THE CASE N > k + 1. Exactly as in Step 2 of the proof of Theorem 1.1
from Sec. 5, we make use of the projection argument from Sec. 4. We thus fix a
multi-index 3 of length |3| = k 4 1, consider the projection map Wz given by
(4.1), and on account of Lemma 4.1 define

k+1
TP = Wg,T € REy(R" x RS).

By the assumption, we deduce that T° satisfies the hypotheses of Theorem 1.2,
with q = k — p. Then, by using the case N = k + 1, we find a countably HP-
rectifiable subset Sg of R™ such that

set(17) C Sp xR, RETT RN (6.10)
It then remains to show that

set(T) C Sp xRY, where Sp:= |]J Sp. (6.11)
|B|=k+1

To this purpose, possibly by slightly rotatlng the target space, we again apply
Proposition 4.5. The current TP = 7(Ng, 08, Cﬁ) satisfies (6.10), whereas (4.8)

holds true, with & given by (4.7). By Remark 4.6, we conclude that (6.11) follows
from (6.10), as required.

7 The structure theorems for normal currents

In this section we prove Theorems 1.1 and 1.2 for the wider classes of currents
T € Ri(R" x RY) satisfying M(AT) < co. We thus assume that

T(h):O for ]1:(),‘..7(31—17 (71)

where 1 < q < k, and show that set(T) C Sp_q X RY for some countably HE—a
rectifiable subset S;_q of R"™.

To this purpose, consider the injection map i: R" x RY - R" xRN ! given by
i(z,y) := (2,4,0). Let Bg C R"xRY denote the open ball of radius R > 0 centered
at the origin. By slicing theory, for a.e. R > 0, the restriction Tp := TL Bp
is a compactly supported i.m. rectifiable current in Ry (R"™ x RY) such that
M(9Tg) < co. Then, the image current ixTr belongs to Ry (R" x RN it
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has compact support contained in Bp x {0}, and it satisfies M(0ixTg) < oo.
Therefore, by the boundary rectifiability theorem 2.4, the current T := 0ixTr
is i.m. rectifiable in Rp_; (R™ x RNF1),

Remark 7.1 The assumption (7.1) yields that ixTxr ) =0 for h=0,...,q— 1.
Consider the affine homotopy map % : [0,1] x (R” x RN*1) - R x RN +!
Tz(t,x,y,z) = ﬁt(m,y,z) = (z,ty, t(z—1)+1), te][0,1], (z,y) €R" xRN, zeR

and let Tg := TL#([[O, 1] xTg), so that T is i.m. rectifiable in Ri,c(R™ x RNV,
At the end of this section, we shall prove the following

Lemma 7.2 The current TA“R satisfies the verticality property (7.1).

Now, by the definition we have ?Lo#TR = Bﬁo#(i#TR) on DFL(R™ x RN*).
Since ho(z,y,z) = (2,0,1) and k > 1, the Remark 7.1 yields that /ﬁo#(i#TR) =0,
whence /ﬁo#TR = 0. Therefore, since 0T = 0, the homotopy formula (2.4) yields

8’1/;13 = /ﬁ1 #TR - 77,\0 #TR = TR = 6i#TR .

We thus deduce that the current Yp :=i4Tg — Tg € Ri,c(R™ x RY+L) sat-
isfies the null-boundary condition X = 0 and the verticality property (7.1).
Since the structure theorems 1.1 and 1.2 have already been proved in the case of
boundaryless currents, we infer that

set(Xg) C S x RVF! (7.2)
for some countably H*~9-rectifiable subset Sp C R™. We now claim that
set(Tgp) C Sp xRY | Tp:=TL Bp. (7.3)
In fact, using that ho(z,y,z) = (x,0,1), by our construction
set(ixTr) CR™ x RY x {0},  HF(set(Tgr) N (R™ x RY x {0})) =0.
Denoting by A the symmetric difference, this yields that
H¥ (set(ixTr)Aset(Tr)) = 0.

Therefore, M(Xg) = M(ixTr) + M(TR), i.e., there is no cancellation in the sum
Yr=ixTg —Tg. Using (7.2), we can thus conclude that set(iyxTr) C Sp % RNH!
and definitely that (7.3) holds true.

Since set(TR) is increasing with R, and Sp is countably H¥~9-rectifiable, by
choosing an increasing sequence of “good” radii R; /" co we obtain

set(T) C Sk—q X RY , Sk—q = UjSRj R
where Sj_q is countably H*~9-rectifiable, as required.

PrROOF OF LEMMA 7.2 By Remark 7.1, the boundary Tg :=di4Tg satisfies

TR(h):O for h:(),...,q—2‘ (74)
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Moreover, the current [0,1] x Tr has compact support, and
Tr@) = ([0,1] x Tr)(W*T) V& e D*R" xRV,

Assume that W= C)(j), where 1 < j < q -1, and in particular that & = n A w,
where 1 € DF79(R") and w € DI(RV1). We decompose the pull-back of & as

WG =) ADF.t) Adt+¥(F,t),  GeRVT

where the forms &(-,¢) € &RV 1) and ¥(-,t) € SZ(RN"'l) for every t € (0,1).
We have B
([0,1] x Tr)(n(x) A¥(y,t)) =0,

as n AW¥(y,t) does not contain the differential dt, whereas
(10,11 x Tr)(n(x) A B(F,t) Adt) = Tr(n(z) A ()

for some (j —1)-form o e Ej_l(]RN). Since j < q—1, the verticality property (7.4)
gives Tr(n(z) A®(7)) = 0. The case j = 0 being trivial, Lemma 7.2 follows by
linearity and density. O

8 Distributional determinant and minors

In this final section we discuss some new results concerning the distributional de-
terminant and the distributional minors, extending some properties proved in [15].

THE DISTRIBUTIONAL DETERMINANT. Let N =n > 2 and u : R” — R"

satisfy the following properties:

(i) we L. N WIZ’:_l or ue Ll N Wi)’f for some exponents ¢ and p such that

n—1l<p<n and 1—1—

(i) detVu € L, ;
(iii) u is smooth outside some compact set K C R";
(iv) the boundary current dG, has finite mass.

If (i) holds, the distributional determinant is well defined by
Det Vu i= - znj 4 (v (adj Vu)?) (8.1)
n Oz, v

T

ij=1

where adj Vu is the matrix of the adjoints of Vu, and it is a signed Radon measure.
One has Det Vu = det Vu L™ if u is locally Lipschitz and hence, by a standard
density argument, if u € Wﬁ)’f. More generally, as we have seen in the introduction,
if (ii) holds the graph current G, is well-defined by (1.4) and (1.5). Therefore, the
distributional determinant can be described by means of the action of Gy.

In fact, following [14] we compute that

(DetVu, ) = (1) | wFwn Adp Ve e CZR™) (8.2)
]Rn
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n
where wy, 1= % Z(—l)]_lyj dyi € "1 (R™). Therefore, by (1.5) it turns out that
j=1
(Det Vu, ) = (=1)" Gu(wn A dp) .
Since moreover d(wn A @) = dwn A @+ (=1)" Lwn Adyp, if ue L. N Wli’cnfl

(Det Vu, ) = Gu(dwn A p) — 0Gyu(wn A ). (8.3)

Using that dwn = dy* A--- Ady™, by (1.5) we also have
Gu(dwn A ) = Gu(pdy* A--- Ndy™) = / p(z) det Vu(zx) dx.
RTI,

Assume now in addition that (iii) and (iv) hold. Then, by the boundary recti-
fiability theorem 2.4 it turns out that dG, is i.m. rectifiable in R,_1(R" x R"),
whence the second addendum in the right-hand side of (8.3) agrees with the sin-
gular part (Det Vu)® with respect to the Lebesgue measure £™. We thus deduce
for any bounded Borel function ¢ with compact support

{(Det Vu), @) = (det Vu L™, o), ((Det Vu)®, p) = —0Gyu(wn A @) (8.4)

i.e. the decomposition into absolute continuous and singular parts.

Recall from the introduction that by Proposition 1.4, the boundary current
T = 0G,, satisfies the assumptions of the structure theorem 1.1, with k =n — 1
and N = n. Therefore, (1.6) holds true for some countable subset Sp of K.

As a consequence, we now prove the following:

Theorem 8.1 Let u:R"™ — R™ satisfy the properties (i)~(iv). Then the singular part
(Det Vu)® w.r.t. the Lebesque measure L™ has finite total variation and is concentrated
on the at most countable subset So of K.

PrOOF For R > 0, choose a cut-off function xg € C°(]0,+0)) as in the proof of
Lemma 2.6. By (8.2) and (1.5), for every ¢ € C°(R™) we have

(Det Vu, @) = (=1)" Gu(xr(ly) wn Adp) + (=1)" Gu((1 = xr(|y])) wn Adyp) . (8.5)
The form xg(|Jy|) wn A¢ has bounded Lipschitz coefficients, compact support, and
d(xr(lyl) wn A @) = dxr(lyl) wn) A e+ (=1)" " xr(Jyl) wn A dep.

By (ii)—(iv), we can write
(—=1)" Gulxr(ly) wn A dp) = Gu(d(xr(lyl) wn) A @) = 0Gu(xr(lyl) wn Ap), (8.6)

compare (8.3) for the case u € LS, N W5, Now, we have

d(xr(|lyl) wn) = xr(|Y]) dwn + X (|y]) dly| A wn

and recalling that dwn = dy' A--- A dy™

n
Vi . 1
dly| A wn = (Zﬁdzﬂ) Awn =~ ly|dwn .
j=1
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Let K, C R™ denote the support of p € C°(R™), so that det Vu € L'(Ky). Since
u# dwn A p = @ - det Vudz, by (1.5) we get

Guldxr(ls)wn) 1 9) = [ ola) (xaul) + L xk(luD [ul) det Vu(s) da

We claim that there exists an increasing sequence {R;} of integer radii R; /" oo
such that

Jim Gu(dxr, () n) 1) = [ (@) det Vu(a) do. (8.7)

In fact, since u € Li,., we have that xg(lu|) — 1 a.e. in K,. Whence, by the
dominated convergence

Jim / 2) xr(lul) det Vu(z )dx:/Rn o(z) det Vu(z) dz .

Moreover, the restriction of xz(|u|) to K, is uniformly bounded and supported
in K% :={x € K, | R<|u(z)| < R+ 1}. Setting for R=j €N

a; ::/ | det Vu(z)| dz,
Ky

condition det Vu € L'(Ky) yields that 3}, a; < oo, whence liminf(j + 1) a; = 0.
J‘)m
Therefore, the claim (8.7) follows by observing that

1
[ #ta) ) ] det Vu(e) de| < ol (5 + 1)

Similarly, we get

Gu((1 = xr(|y]) wn A de) = /Rn((l — xr(Jul)) uFwn Adgp.

Since w satisfies (i), by dominated convergence, and using that (1 —xg(|ul)) — 0
a.e. in K, as R — oo, we deduce

Aim Gu((L = xr(Jyl)) wn A dp) =0. (8.8)
By (8.5), (8.6), (8.7), and (8.8), we obtain that for every ¢ € C&°(R"™)

(Det Vu,p) = | detVu(z) p(z)dz + lim (ug;, ),
R™ Jj—00

where the increasing sequence R; oo is chosen as in (8.7) and
(HR; ) = —0Gu(xR; ([y)) wn A ).

Since by Theorem 1.1 all the measures up; are concentrated on the countable set
So, the claim follows. m|

DISTRIBUTIONAL MINORS. More generally, let n, N > 2 integers and let us fix
the order 2 < m < min(n, N). We assume that u:R" — RY satisfies:
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(i) we LS nWE™ ! or we LL NWLP for some exponents ¢ and p such that
1 -1
m—1l<p<m and -+ =<1, (8.9)
q p

(ii’) all the minors of the Jacobian matrix Vu are in Li;
and again the above properties (iii) and (iv).
Following the notation about multi-indices, for an (N x n)-matrix G, if |a| =
n —m and |B] = m, we denote by Gg the square (m x m)-submatrix obtained
by selecting the rows and columns by  and @, respectively, and by Mg(G) its
determinant. We also define the matrix of adjoints of Gg by the formula

(adj G2) == o(j,8 — j) o(i, @ — i) det G2 jep, iea.
If (1) holds, the distributional minor of indices @ and 8 of Vu is well-defined by

DIV—’LL = Al ZZ I (adj( Vu)ﬁ) ).

jepica

Moreover, Divgu is a signed Radon measure, that agrees with Mg(Vu) L if u

is locally Lipschitz or even in Wli)cm

Denote by w% € D""™(R") the form wi(z) = (-1)llo(a,a) p(z) dz®,

that w? := ¢ if m =n, and let wg := |B|Z (4,8 — J)yjdy’@jeé‘m LR N)

jes
Following [14], similarly to (8.2) we get

(Divgu, ) = (—1)m/ u#wﬁ A dwi Ve CZ(R™).
]Rn
Therefore, if (ii’) holds, by (1.5) we similarly obtain
(Dlv u, ) = (=1)" Gulwg A dwyy) .

If we LS, N Wb ', we thus can write

(DivEu, @) = Gu(dy® Awd) — 0Gu(ws A w) (8.10)

where by (1.5) we compute

Gu(dy® A w2) :/ o) M2 (Vu(x)) de.
Rn

Again, if (iii) and (iv) hold, 8G, is i.m. rectifiable in R,—1(R" x RY), and we

thus obtain the decomposition

(DivEu), @) = (ME(Vu) £",¢),  ((DivEu)®,¢) = —0Gu(ws A w})

into absolute continuous and singular parts.

Furthermore, by Proposition 1.4, this time T = dG, satisfies the assumptions
of the structure theorem 1.2, with k =n —1 and q =m — 1, whence (1.6) holds,
with S,,—,, a countably H" ™ "-rectifiable subset of K. Therefore, arguing as in
the proof of Theorem 8.1, and with the obvious modifications, we similarly obtain:
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Theorem 8.2 Let n,N > 2 and 2 < m < min(n,N). Let v : R" — RN satisfy
the properties ('), (ii'), (iii), and (iv), and let || = n —m and |3] = m. Then the
singular part (Divgu)S w.r.t. the Lebesque measure L™ has finite total variation and
1s concentrated on a countably H" ™™ -rectifiable subset Sp—m of K.

Remark 8.8 In the case m = 1, if 3 = j and @ = i, we have (adj Vu)g =1 and
Divgu = D;u’. Therefore, Theorem 8.2 describes in some sense the higher order

counterpart of some features concerning the class SBV; studied in Thm. 3.1 and
Thm. 3.4 from [3].
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