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Abstract

This paper studies functions of bounded mean oscillation (BMO)
on metric spaces equipped with a doubling measure. The main re-
sult gives characterizations for mappings that preserve BMO. This
extends the corresponding Euclidean results by Gotoh to metric mea-
sure spaces. The argument is based on a generalizations Uchiyama’s
construction of certain extremal BMO-functions and John-Nirenberg’s
lemma.
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1 Introduction

Let X be a complete metric space equipped with a metric d and a Borel reg-
ular outer measure p satisfying the doubling condition. A locally integrable
function f : X — R is of bounded mean oscillation, denoted as f € BMO(X),
if

11l = sup][ f — faldp < oo,
B

*The research is supported by the Academy of Finland.



where the supremum is taken over all balls B C X. We discuss invariance
properties of BMO-functions. More precisely, we extend a characterization
of Gotoh [8, 9] of mappings that preserve BMO to the metric setting. A u-
measurable map F': X — X is a BMO-map if F~'(F) is a g-null set for each
p-null set £ C X, for every f € BMO(X) the composed map Cp(f) = fo F
is in BMO(X). The first condition guarantees the uniqueness of the BMO-
map. Moreover, the composition operator Cr is a bounded operator from
BMO(X) to BMO(X).

The class of BMO-functions is used, for example, in harmonic analysis,
partial differential equations and quasiconformal mappings. Indeed, the first
invariance property for BMO-functions was obtained by Reimann [22], where
he showed that a homeomorphism is a BMO-map if and only if it is quasicon-
formal, provided the homeomorphism is assumed to be differentiable almost
everywhere. Later Astala showed in [1] that the differentiability assumption
is superfluous for a suitably localized result. The advantage of the approach
by Gotoh [8] is that it applies to general measurable functions and hence is
a more suitable to extensions to the metric setting. The Euclidean theory
for BMO-functions is well understood, but not so much in a general metric
measure space. For related metric space results we refer to [3, 17, 19, 20] and
also to [2, Section 3.3].

We generalize the construction of certain extremal BMO-functions by
Uchiyama [26] (see also [6, Section 2]) to doubling spaces. The result is stated
in Theorem 2.1 and it constitutes the first part of the present paper. In the
second part, we consider characterizations of BMO-maps between doubling
spaces. Our main result is stated in Theorem 3.1. The characterizations in
Theorem 3.1 are along the lines of the ones due to Gotoh [8, 9].

2 Construction of certain BMO-functions

Throughout the paper, X is a complete metric space equipped with a metric
d and a Borel regular outer measure p satisfying the doubling condition. An
open ball

B(z,r)={ye X :d(y,x) <r}, ze€X,r>0,

is simply denoted by B, we write rad(B) for the radius of the ball B, and
AB ={y € X :d(y,z) < Ar}, A > 0, is the ball with the same center, but
the radius dilated by the factor .



In this paper, the doubling condition means that there exists a constant
cp > 1 such that for all z € X, 0 < r < 0o and y € X such that B(z,2r)N
B(y,r) # 0, we have

u(B(x,2r)) < cpp(B(y,r)).

Notice that this condition is usually required to hold only for x = y, but if
this standard doubling condition is valid with some uniform constant c,,, then
w(B(x,2r)) < u(B(y,8r)) < ciu(B(y,r)), i.e. our version of the standard
doubling condition is satisfied with cp = ci. The standard doubling condition
implies that if B(z,R) C X,y € B(z,R), and 0 < r < R < oo, then

(Bly.1) . o (7 \omecs
5(5(5,3)) = Cn (R) ‘

We refer, for instance, to [2, Lemma 3.3].
We recall that a locally integrable function f : X — R has bounded mean
oscillation, denoted as f € BMO(X), if

1fll« =sup+ |f — fB|dp < oo,
/

where the supremum is taken over all balls B C X. We will identify functions
which only differ by a constant; we shall call || f||. the BMO-norm of f. Here
both fp and the barred integral JLB f du denote the integral average of f over
a ball B.

The following theorem is a metric space counterpart of a construction of
certain BMO-functions in Uchiyama [26] and Garnett—Jones [6].

Theorem 2.1. Let A\ > 1 and let F,...,Ex, N > 2, be p-measurable
subsets of X such that

o wE;NB) gy
ol Sad R
i, W(B) S ch (2.1)

for any ball B C X. Then there exist functions { f; ;\le such that

N

S fie) =1, (2.2)

j=1



and for each 1 < j < N

0< fi(m) <1, (2.3)
and
fi(x) =0 p-almost everywhere on Ej, (2.4)
and moreover,
15l < 5 (2:5)

Here c; 1s a constant that only depends on cp and N. Conversely, if there

exists { f;}1L, that satisfy (2.2)-(2.4) and

Ca
Il <5

holds with a sufficiently small constant co, only depending on cp and N, for
every 1 < j < N, then (2.1) holds.

Before the proof of the theorem, we fix some notation and state few
lemmas that will be needed later. Let ¢ be a large integer, depending only
on cp and N, such that

1+ Ncbg <24 (2.6)

For every k € Z, let 7, = 27% and let D;, be a maximal set of points such
that d(z,y) > 3rx whenever x,y € Dy,. Let D = |J;; Di. Moreover, let

By = {B(x,ry) : x € Dy}.

From the maximality of the set Dy it follows that for every k € 7Z,

x=|JsB

BeBy

We say that a function a € C(X) is adapted to a ball B = B(x,r), if

d
suppa C B((L’, 27’) and |CL(Z‘) — a(y)] < (xay)
T
For a ball B, we set
p(B) .
(Bl =loee, gy 1IN 2.7
g]( ) OgCD /L(EJQB)7 7> ( )

Let us state the following simple lemma for the function g;.
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Lemma 2.2. Let k be a positive integer. If By C By and cfu(By) > u(Bs)
for the balls By and By in X, then

9i(B1) = g;(B2) — k.
Proof. Clearly
(B1)
(B:) =1 e St VN
gJ( 1) 08¢ N(Bl ﬂEj)

¢ 1(Bs)

> 1
= OBep (B N Ej)

The next result is well known for the experts, but we recall it here.

Lemma 2.3. Let f € BMO(X). Then

s Il < sup

/ fgdu‘ <1/l
X

where the supremum is taken over all functions g for which there exists a ball
B such that

1
suppg C B, ||g]lcc £ —=, and /gdu:O.
ol = B .

Conversely, if f is a locally integrable function on X and the supremum above
is finite, then f € BMO(X) with the above norm estimate.

Proof. First notice that for any g as above, we have

/ngdu’ -

This gives the upper bound.
To see the lower bound, let ¢ > 0 and let B be a ball such that

fu- fB)gdu' < f1 = foldu < I
X B

11l < 1f = foldu+e.
/

Let h € L*(B) with ||| =) < 1 be a function for which
[ 18 saldn= [ (= fahdn 2.9
B B
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Since [5(f — fB)dp =0, we have

[ 15 = taldi= [ (7 = gt~ ba) 29)
B B
Define
_(h—hg)xB
g _ = /T
211(B)
Then )
suppg C B, ||g|lz~) £ ——= and /gd,uzO.
lollimio) € :
Moreover
1
fodu= 5o [ S ha) dy
X 21(B) Jp ( 2
1
= —— — h — hg) du. 2.10
By combining the equation (2.9) and (2.10) we conclude that

/!f—fs\du=2u(3)/fgdu
B X

and

1 1
[ todu=35 {15 = galdn = 50011~ ).
B

The claim follows by passing ¢ — 0.
The equation (2.8) together with the above inequalities also indicates that
the finiteness of sup |fX fg d,u‘ implies f € BMO(X). ]

The proof of the metric space version of the following John-Nirenberg
lemma can be found for example in Theorem 3.15 in [2]. See also [3] and
20].

Lemma 2.4. Let B C X be a ball and f € BMO(5B). Then for every A > 0

w{z € B ¢ [f(z) — fal > A) < 20(B) exp (—ff—ﬂ) |

The positive constant A depends only on the doubling constant cp.
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We are ready for the proof of the main result of this chapter.

Proof of Theorem 2.1. The necessity part of the theorem is an immediate
consequence of Lemma 2.4. Fix A > 1 and let B be a ball. By (2.2), there

exists jp such that

1

(fjo)B Z N
Thus, by Lemma 2.4 and (2.4), we have
p{z € B : |fi(x) = (fio)sl = 1/N})
p(B)
AN

< 2e~A/WNIIl-) < 2 exp (_N_Cz> < CB‘U\’

/JJ(B N Ejo)
u(B)

<

if ¢9 is chosen to be small enough. This completes the proof of the necessity
part of Theorem 2.1.
Then we consider the sufficiency. By (2.1), we have

M(QE) 0

Thus, if A > 1 is smaller than a given number, then the functions
__ XE

N ngvzl XEg
satisfy the desired properties (we denote the characteristic function of a set

A by x4). So we may assume that A is large enough.
First, we assume that

fj 1§]§N7

Y

Ei,...,Ex C By (2.11)

for some By € By. We will inductively construct the sequences of BMO
functions {f;n}57>,, 1 < j < N, such that

Z fin(x) =\, (2.12)

0 < fin(z) <A (2.13)
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fin(x) < gj(B) for every z € B, if B € By, (2.14)

and
[ finlls < ci. (2.15)

If the functions f;, above have been constructed, there exists a sequence
1 < hy < hy < ...such that {f;, }3>, converge weak™ in L™ as k — oo,
since || finlloo < A by (2.13). We set

o oo Jin
fy = weale” = Jimg T

1<j<N.

) — —

Then (2.2) and (2.3) follow from (2.12) and (2.13). Let g be as in Lemma
2.3. Then

‘/fjgdu‘ Z%

Thus (2.5) with constant 2¢; follows from Lemma 2.3. Since, by Lebesgue’s
theorem,

. 1 . C1
k}ggo/fj,hkg du' < Xhﬁi‘jp | fimell < T

lim - sup - g;(5) =0
rad(B)<r

for p-almost every = € E;, we have by (2.14)
lim f;,(z) = 0

for yi-almost every = € E;. Thus (2.4) follows. Hence {f;})_, are the desired
functions.

To remove the restriction (2.11), we take balls B, € B_,, p = 1,2,...,
such that B,_; C B, for every p, and we can construct f;, such that all other
conditions are as for By, except that

fip =0 on E;NB,.

Then there exists a sequence 1 < p; < py... such that {f;,, }3>, converge
weak™ in L>°. Then

are the desired functions.



Thus, to complete the proof Theorem 2.1 we shall construct a sequence
of functions that satisfy the conditions (2.12)-(2.15). The proof is organized
as follows. In Lemma 2.5, we will construct the sequence {f;n}32,, 1 <
j < N, and show that these functions satisfy the conditions (2.12)—(2.14).
And finally, in Lemma 2.7, we show that the condition (2.15) is valid for the
functions.

Lemma 2.5. Let Ey, ..., Ey satisfy (2.1) and (2.11). Then there exist { f; .}
and A;p, C By, having the properties (2.12)—(2.14) and satisfying the following
conditions

fin(@) = fin(y)] < 20 V%(z, y), (2.16)
Aj,h = {B e By : S%p fj,h—l > g](B)}, (217)
fin(®) > fina(z) — cha, (2.18)
and
fin@) = fina(z) for ¢ | 2B. (2.19)
BEA; 1,

Proof. By (2.1), we have

. > .
max g;(Bo) > 4A

Set
s(Bo) =min{j : 1 <j < N,g;(4Bo) > 4A},

fs(Bo),O = )\, and fj,O =0 fOI' j % S(Bo).
Assume now that the functions fi 5_1,..., fyx—1 have been defined and sat-
isfy the conditions (2.12)-(2.14), (2.16), (2.18) and (2.19). Define A;; by
(2.17). For any ball B, let bg denote a function that is adapted to B, 0 <
bp <1land bgp =1on B. Let A;, = {Bn}5,_,. Set ap, = min{gbg,, fjr—1}
and .
ap,, = min {qum, fik—1— Z aBn} form=2,...,p.
n=1

Since the supports of {bg,, } overlap at most ¢}, times, the functions ¢;’¢tag,,
are adapted to B,,. Set

fiw = Fin—1— Z ag = fjk-1— Vjk-

BEAj,k
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Since

fj,k:max fj,kfl_ Z qbp,0 »,

BEA]',)C

we see that {f;,} satisfy (2.13), (2.18) and (2.19).
If Be A, and z € B, then by Lemma 2.2

Finle) < max{fj_1(z) — q,0} < max{g;(B) - ¢,0} < g;(B),

for every Bc Bj._1 such that B C B.
If Be By \ A, and z € B, then

fin(@) < frnoa(@) < g;(B)

by the definition of A4;;. So {Ek} satisfies (2.14). These functions do not
satisfy the property (2.12), and hence we shall modify the functions further.
We set

fik = fix+ Z ap = fir+wjk.

BEUanzl Am,k
s(B)=j

The modified sequence {f;} satisfies (2.12). Also the conditions (2.13),
(2.18), and (2.19) are met since ap > 0.

Let us next look at the condition (2.14). If B € By, and w;, = 0 on B,
then

fir = fix < g;(B) on B,

since fyk satisfies (2.14). If B € Bj, and w;;, # 0 on B, then, by the definition
of w; i, there exists a ball B € By, such that

BN2B#( and g;(4B) > 4\,

Then B C 4B. By Lemma 2.2,

So by (2.13), we have
fin(x) <A< g;(B)

and consequently (2.14) holds.

10



Let us show that the condition (2.16) holds. If x,y € B and B € By, then

|(=vjr(@) 4w k(@) = (=v5k(y) + wir(y))]

< Y Jasle) —apy)]  (220)

BGUZ=1 Am,k

Since the supports of {ap}pe, 4, , overlap at most Ncj, times, (2.20) is

dominated by

m,k

d(x,y)
Tk

= Ncpq2™d(z, y).

Nep, - cpg -
From this we conclude that

fin(@) = Fir)| < | fino1(@) — fiam1(y)] + Nchg29d(z, y)
< (1+ Nc$g)2Md(z,y) < 2594 (z, y),

where we used (2.16) for f;;_1, and also the inequality (2.6). O

Lemma 2.6. .
T
fin(x) < g;(B) — - logy, — +8-274+6

3 Th

for every x € B = B(y,r) for any B such that r < 4ry,.

Proof. There are at most 3, balls in By, ..., By with the centers in Dj, such
that B;N B # (. Let

d = min g;(B;) = g;(Bi,).

1<i<k

By (2.14)
;Ielg fj,h(x) S 57
and by (2.16) we have
fin(x) <6 +20D92r < 5 4-8.2¢

whenever x© € B.

11



On the other hand,

cp max;{p(B; N Ej)}
©(B) 1(Bi,)
1(Bi,) ? w(Bi, N Ej)
(B

1(Big)

1
2—10g2i—|—(5—6.
3 Th

1
+ logCD —_

+ log,
b

+40—-3

2 1OgCD

The desired result follows from the two previous estimates. n

We finish to proof of Theorem 2.1 by proving the following lemma.

Lemma 2.7. ||finll« < .

Proof. Let B = B(z,r) be any ball. If r < 2757 then, by (2.16), we have

iglg][ |fin —cldp < 2% (2.21)
B

If0<n<hand 2=t < <2774 et

ﬁj :][ fj,n d,u
B
Notice that by Lemma 2.6,
1
By < g;(4B) + 34 +8- 27 +6. (2.22)

We will show that

][|fj,h—5j|dlt§ C. (2.23)

B
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Let

{zeB: [finlz) =B = a}
={zreB: filx)<pf;j—alU{xeB: fix)>p;+a} (2.24)
=G(B,j,a) UH(B,j, ).

First, we estimate u(G(B, j,@)). Let a > 2¢*1. Note that f;,(z) > 8, — 29
on B by (2.16). So if x € G(B, j,«) then, by (2.19), there exists B € A;,
n < k < h, such that x € 2B and f;,(z) < f; — a. So by (2.18), we have

fip—1(x) < B —a+ cha,

and by (2.16)
fir—1(y) < Bj —a+cpg+3

for every y € B. Thus, by the definition of A;, we obtain
gj(é) < Bj—a+chg+ 3.

By the above, we can use the standard 5-covering theorem (]2, Lemma 1.7])
and take disjoint balls {B,,} C U, <, Ajx such that

B, C4B, G(B,j.a)cC|J5Bn,

and
gj(Bm) < B —a+ c%q + 3. (2.25)

Thus
W(G(B,j,) < b > p(By) = ¢ u(Ey 0 By)e ™
<O (B N By)
" (2.26)
< BN (B N By)

< P (B, NAB) < Cu(B) e

Here we used first (2.7), then (2.25), (2.22) and finally (2.7) again.
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Let us then estimate the measure u(H (B, j,a)). Let a > (N — 1)2¢FL,
Note that Zﬁﬂ Bm = A by (2.12). Soif z € H(B, j,a), then

Yo fun@ = A= fin(@) =Y B — fin(@)

1<m<N, mej
= < > @n) — (fin(z) = 5;)

1<m<N, m#j

- < 5 @n) .
1<m<N, m#j

Z (5m - fm,h(x)) > Q.

1<m<N
m#j

Thus

So
x € U G(B7mva/(N_1))v

1<m<N
m#j

and consequently

H(B,j,a)c |J G(B.m,a/(N-1)).

1<m<N
m#j
By (2.26), we have
pu(H(B,j,a)) < C(N = 1)u(B)ep™ ™70, (2.27)

Thus, if 27" < r < 1, then (2.23) follows from (2.26) and (2.27). If r > 1,
then put By, = A and 8; = 0 for j # s(By). Then (2.23) follows from the
same argument. Thus Lemma 2.7 follows from (2.21) and (2.23). O

The proof of Theorem 2.1 is now complete. n

3 Characterizations of BMO-maps

We say that a p-measurable map F': X — X is a BMO-map if
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(I) F~Y(E) is a p-null set for each p-null set £ C X,

(IT) for every f € BMO(X) the composed map Cp(f) = fo F is in
BMO(X).

We shall prove a metric space generalization of a theorem due to Go-
toh [8, Theorem 3.1] which characterizes BMO-maps between doubling met-
ric measure spaces. In the proof we apply Uchiyama’s construction proved
in Section 2. The condition (3.1) has a similar flavor as the conditions in [7]
and [16] related to invariance properties of quasiconformal mappings.

Theorem 3.1. Suppose that F': X — X is p-measurable. Then the following
conditions are equivalent:

(i) There exist positive finite constants K and « such that for an arbitrary
pair of p-measurable subsets Ey, Fy of X we have

(P (Ey) N B) . w(Bxn B)\*
<K _ 1
wEn T e SRUPRER Lm0 B

where the suprema are taken over all balls B in X ;

(i1) There ezist constants 0 < v < 1/4 and X\ > 0 such that for an arbitrary
pair of pu-measurable subsets Fy, Fy of X satisfying

- p(E N B)
sup min ————>

A
B k=12 u(B) <N

we have

sup min ME(E) 0 B) 0
B k=12 u(B) ’
where the suprema are taken over all balls B in X ;

(i1i) F is a BMO-map with the operator norm of Cr bounded by CK/a,
where C' depends only on the doubling constant.

The condition (i) readily implies the condition (ii), and hence to show the
equivalence of conditions (i)—(iii), it is enough to prove implications (i)=-(iii),
(il)=-(iii) and (iii)=(i), in Propositions 3.7, 3.8, and 3.9, respectively. The
Uchiyama construction of BMO functions, presented in Section 2, is used in
the proof of Proposition 3.9. For the proof of the bound for the operator
norm, see Proposition 3.7.
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Remark 3.2. Let us comment on the condition (i).
(1) Setting Fy = E5 = X in (3.1) it can be seen that K > 1.

(2) If (3.1) is valid for some positive ayq it clearly holds for all 0 < o < ay.
And moreover, since the condition (3.1) is interesting mainly with small
values of the exponent «, we shall assume, without loss of generality,
that oo < 1.

We shall next prove several lemmas on BMO functions.

Lemma 3.3. Let f € BMO(X). Then
min{u({z € B: f(z) > t}), p({z € B: f(z) < s})}

t—s
s (')
1/ 1]«
for every —oo < s <t < oo, where C' is a positive constant depending on the

doubling constant cp.

Proof. By symmetry, we may assume that fg < (s+1t)/2. Then Lemma 2.4
implies that

M({xeB:f(lf)Zt})SM({fceBi \f(l’)_fBlzt_S})

2
At —s)
2|11l )

If fp > (s+1)/2, we get a similar estimate for u({x € B: f(x) <s}). O

< 2u(B) exp (—

A converse of the statement in Lemma 3.3 is presented in the following.

Lemma 3.4. Let f: X — R be a p-measurable function with |f| < oo u-
almost everywhere in X. Assume there exist positive constants Cy, Cy such
that for every ball B in X we have

min{u({z € B: f(z) > t}), u({z € B: f(z) < s})}
< Ciu(B) exp (—Ca(t — 5))

for every —oo < s <t < oo. Then f € BMO(X) and

£l < 4(Cr+ 1)Cy " exp(2Cs).
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In the proof of Lemma 3.4 we apply the following lemma which can be
found in [8, Lemma 4.5].

Lemma 3.5. Let A\: R — [0, 1] be a non-constant, non-decreasing function.
Assume that there exists positive constants Cy, Cy such that

min{A(s), 1 — A(t)} < Cyexp(—Cy(t — s))
for every —oo < s <t < oo. Then there exists tg € R such that
max{\(to —t),1 — A(to + )} < (C1 + 1) exp(2Cs) exp(—Ciat)
for each t > 0.

Proof of Lemma 3.4. We apply Lemma 3.5 by setting

i - Ml € B I <)

Then by the hypothesis A(¢) meets the assumption in Lemma 3.5 with the
same constants C; and Cy. Hence there exists tg € R such that the second
inequality of Lemma 3.5 is valid for every ¢ > 0. This implies that

v(t) = p({x € B: |f(x) — to] > 1}) < 2(C: + 1)u(B) exp(2Cy) exp(~Cht)

for every t > 0. We obtain

[l ssldusz [ 17 —uldn=2 [ vtyas
< 4(Cy +1)C5 exp(2C,) u(B)

from which the claim follows. O]

In Euclidean spaces the following lemma is due to Stromberg [24]. A
result similar to this has also been considered for nondoubling measures by
Lerner in [18].

Lemma 3.6. Let f: X — R be p-measurable. Assume that there exist con-
stants 0 < v < (4c})7Y, and X > 0 such that for each ball B in X we
have

inf ({o € B: |f(x) — | > \}) < yu(B). (3.2)

Then f € BMO(X) satisfying || f|l« < CX, where a positive constant C
depends only on the doubling constant cp.
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Proof. Let f be p-measurable on X, and fix 7 and A such that the hypothesis
(3.2) is satisfied for each ball in X. Fix a ball B C X and let ¢ be the number
where the infimum in (3.2) is reached. For each m = 1,2, ... we write

St ={xe B: f(x) —coy >mM},
={z € B: f(zr) —co < —mA},
Spm=StUS, ={xeB:|f(x)—c|>m\},
E, ={x € B:m\ <|f(x) —co| < (m+ 1)},
and
Ey={z € B:|f(x) — co] < A}.

Let us estimate the measure of the set S;. First notice that S;}, € S} ;. For
p-almost every x € S, there exists a ball B, = B(z,r,) such that

22 p(B.) < u(Be N S)) < gu(Be) (3.3)

and
p(Ba, 1) N S50) > Su(Bar)

for all r < %rx; see, for example, Theorem 3.1 and Remark 3.2 in [14].

By a well known 5-covering theorem ([2, Lemma 1.7]), we can cover the
set S;_, by finite or countable sequence of balls { B;}; satisfying (3.3) such
that the balls {£B;}; are disjoint. It follows from (3.3) that the infimum in
(3.2) is reached with some constant ¢ such that

co+ (m—2)A <ec<cy+mA

in each of the balls B;, and hence ¢ — ¢y; < mA.
We conclude, by applying the in inequality (3.2) in balls B;, that

p(Shi1) < Zu (BinS;,) < ’YZH ) < cmZu
< QCD’YZM 5BiN 5:571) < 2epyu(S) )

Since p(S]7) < u(Sy) < yu(B), it follows from the previous estimate that

M(32m+2) < N(52m+1> < (QCDV)mHM(B)
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for each m = 1,2,.... Since a similar estimate holds for S

s we altogether
have

1(Sm) < 2(2¢57)™u(B).

We thus conclude

][\f fBIdu< (Z/ \f—coydu>

<A+2) m—l—l))\

Since the preceding estimate holds for any ball B C X, the claim follows. []
Let us now turn to the proof of Theorem 3.1.

Proposition 3.7. [(i) = (iii)] Let F: X — X be u-measurable and assume
that there exist positive finite constants K and a such that the condition (i)
of Theorem 3.1 holds. Then F is a BMO-map satisfying ||Cr| < CK/a,
where C' depends on the doubling constant cp.

Proof. The condition (i) implies that if E is a p-null subset of X then also
p(F~H(E)) =0.
Let f € BMO(X) and set for each —oco < s <t < 00
Ei={reX: f(x)<s} and Ey,={re X: f(x)>t}. (3.4)

It follows from Lemma 3.3 that

min{p(Ey N B), u(F2 N B)} < 2u(B) exp ( T|J7||S>

for all balls B in X. The condition (i) implies

min{u(F~'(E1) N B), w(F~'(E2) N B)} < 2*°Kp(B) exp (_OOZ(Htfﬂ*S))
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for all balls B in X. Since
FYE)NB={r€B: (foF)x)<s}

and
F Y E)NB={x€B: (foF)(x)>t}

it follows from Lemma 3.4 that fo F' € BMO(X) and (recall that a < 1, see
Remark 3.2)

42K +D)IfIl.
eIl < ===

_ %exmca/nfn*),

exp(2Ca/||f]l+)

where C' is a positive constant depending on the doubling constant cp. Ap-

plying the preceding estimate to 7f, 7 > 0, and letting 7 — oo, we obtain
that ||Cp|| < CK/a. O

Proposition 3.8 ((ii) = (iii)). Let F': X — X be u-measurable and assume
that there exist constants 0 < v < (4c%)™! and X\ > 0 such that the condition
(i1) of Theorem 3.1 holds. Then F is a BMO-map satisfying |Cr| < CA,
where C' depends on the doubling constant cp and 7.

Proof. The condition (ii) implies that if £ is a p-null subset of X then also
p(EFH(E)) = 0.

Let f € BMO(X) and assume, without loss of generality, that || f||. = 1.
We define the sets £ and E, for each —oo < s <t < 0o as in (3.4). We
apply Lemma 3.3 and obtain

Sup min —M(Ek nB)
B k=12  u(B)

whenever t — s > (7, where C only depends on A and the constant C' from
Lemma 3.3. Hence the condition (ii) implies that

. p(F'(Ey) N B)
sup min
B k=12 u(B)

< 2exp (—C(t—s)) < A,

<.

For every ball B in X we set

sp=sup{s € R: u({z € B: f(F(z)) < s})
< pu({z € B: f(F(z)) = s+ Ci})}.
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Since |f(F(z))| < oo for p-almost every x € X, we have that sp # doo.
Hence
p{z € B: f(F(x)) < sp—1}) <yu(B)
and
p{z € B: f(F(x)) > s+ C1 + 1}) < yu(B).

If we set cg = sp+ C1/2 and 7 =1+ C4/2, we obtain
p({z € B: |f(F(x)) —cpl > 7}) < 2yu(B).

The claim follows from Lemma 3.6. O

We shall apply the Uchiyama construction in the proof of the following
result.

Proposition 3.9 ((iii) = (i)). Let F': X — X be a BMO-map. Then there
exist positive constants K and B, depending only on the doubling constant
cp, such that the condition (i) of Theorem 3.1 holds with o = /||CFp||.

Proof. Let E; and FE3 be p-measurable subsets in X and let A > 0 be such
that (BN B)
—4) . (g
TR u(B)

By Theorem 2.1 there exist the functions f; and fy, both in BMO(X), such
that f1 +f2 = 1, 0 S fk S 1, fk =0 on Ek, and ||ka>k S Ol/)\ for k = 1,2,
where a positive constant C; depends on the doubling constant cp. Define
for k = 1, 2 the composed function g, = froF. Then g1 +¢g, =1,0 < g < 1,
gr =0 on F~YE}), and ||g]l« < C1||Cr||/A for k =1,2.

Let us fix a ball B in X. Clearly, we may assume that (g1)p > 1/2. Then
by Lemma 2.4 we obtain

pEH(E) N B) _ pfr € B: |gi(w) = (91)8] > 1/2})
1(B) - (B)
< 2exp(—CN/||Cr)),

where C' is a positive constant depending on the doubling constant c¢p. By
plugging in the value of A\, we obtain

-1
sup min p(F~1(Ey) N B) <9 (
B k=12 w(B)

M(EkﬂB) C/lICr||
sup i M2 )

which completes the proof. O]
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3.1 A,-weights and BMO-maps

We close this paper by discussing the connection between Muckenhoupt A,-
weights and BMO-maps.

It is well known that if w is an A,-weight for some 1 < p < oo, then
logw € BMO(X), and on the other hand, whenever f € BMO(X), then e’/
is an A,-weight for some 6 > 0 and 1 < p < co. We refer to [5] for this result
in the Euclidean setting. It straightforward to verify that the result has its
counterpart also in metric measure spaces with a doubling measure.

We can add the following condition to the list in Theorem 3.1:

(iv) For each A,-weight w, with some 1 < p < oo, the composed map WoF
is an A,/-weight for some positive § and 1 < p’ < oo.

In Euclidean spaces, the condition (iv) can be stated in terms of A..-
weights, see [8, Corollary 3.3], and these weights have several but equivalent
characterizations. In general metric spaces A.-weights have first been de-
fined and studied in [25]. In this generality, however, these different condi-
tions are not necessarily equivalent. In particular, the class of A,-weights
can be strictly larger than the union of A,-weights [25]. Several characteri-
zations for A,.-weights and their relations in doubling metric measure spaces
have also been studied in [15].
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