STABILITY OF EQUILIBRIUM CONFIGURATIONS FOR ELASTIC FILMS
IN TWO AND THREE DIMENSIONS

M. BONACINI

ABSTRACT. We establish a local minimality sufficiency criterion, based on the strict positivity
of the second variation, in the context of a variational model for the epitaxial growth of elastic
films. Our result holds also in the three-dimensional case and for a general class of nonlinear
elastic energies. Applications to the study of the local minimality of flat morphologies are also
shown.

1. INTRODUCTION

In the last few years morphological instabilities of interfaces in systems governed by the compe-
tition between volume and surface energies have been the subject of investigation of several studies.
Such instabilities occur, for instance, in the mechanism of the epitaxial growth of an elastic film
on a relatively thick substrate, in presence of a mismatch between the lattice structures of the two
crystalline solids. A threshold effect, known as the Asaro-Grinfeld-Tiller (AGT) instability, char-
acterizes the observed configurations: after reaching a critical value of the thickness, a flat layer
becomes morphologically unstable, and typically the free surface starts to develop irregularities
(see, for instance, [20]).

In this paper we continue the rigorous mathematical investigation of this phenomenon started
in [8], where the existence of minimizing configurations for a two-dimensional variational model is
established in the framework of linearized elasticity. In [16] a regularity theory for minimizers is
developed, while qualitative properties of equilibrium configurations are studied in [18] by means
of a new local minimality criterion based on the positivity of the second variation of the total
energy of the system: in particular, an analytical study of local and global minimality of the flat
configuration is carried out in two-dimensions and for the linear elastic case. We mention also the
related papers [6], where anisotropic surface energies are taken into consideration, and [I7], which
deals with the evolution by surface diffusion of epitaxially strained films.

In the present work we aim at extending the sufficiency minimality criterion introduced in [I8]
to the physically relevant three-dimensional case and to a larger class of nonlinear elastic energies,
which appear in the context of Finite Elasticity. In addition, as it was done in [6], we will take
into account anisotropic surface energies, that is, we will allow the surface term in the total energy
to depend on the orientation of the normal to the free surface.

To be more precise, the functional under consideration is defined over pairs (h,u), where
h : R¥N-1 & R is a positive, periodic function whose subgraph 2, represents the reference
configuration of the film, and v : €, — R is a deformation of the reference configuration. A
Dirichlet boundary condition is imposed on the function w at the interface between the film and
the flat substrate, forcing the film to be elastically stressed. The total energy of a pair (h,u) takes
the form

F(hyu)= | W(Vu)dz+ | ¢(v)dH N,
Qn Tn
where ', denotes the free surface of €, (that is, the graph of h), v is the unit normal to T},
and W and ¢ are the (nonlinear) elastic energy density and the (anisotropic) surface energy
density, respectively. Here the surface tension v is assumed to be regular and to satisfy a uniform
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ellipticity condition (see Section [2| for more details). We say that a pair (h,u) is a strong local
minimizer for F if (h,u) minimizes the functional among all competitors (g,v) such that g is in
a small L>°-neighborhood of h and satisfies the volume constraint [Q4| = |Q4], and the gradients
of the deformations Vu, Vv are close in L*>. Necessary conditions for local minimality are the
first order conditions

dlv(DW(Vu)) in Q,
W(Vu)lv] = on I'p, (1.1)
(Vu) +HY = Const on I'y,

where HY denotes the anisotropic mean curvature of T'j,.

In the main result of the paper we provide a sufficient condition for a critical pair (that is,
a pair (h,u) satisfying ) to locally minimize the total energy: precisely, we show that any
reqular critical configuration with strictly positive second variation is a strong local minimizer for
F, according to the previous definition (Theorem [6.5). We also prove a stronger result in the
case of linear elasticity (see Theorem , namely we replace the L°°-closeness of the deformation
gradients appearing in the definition of local minimizer by a uniform bound on the Lipschitz
constant of the deformations.

Although the question whether strict stability implies local minimality is very classical for
the standard functionals of the Calculus of Variations, its investigation in the context of free-
discontinuity problems has been started only in recent years: in particular, in addition to [I8], we
refer to [9, [7], which deal with the Mumford-Shah functional, to [I] for a nonlocal isoperimetric
problem arising in the modeling of microphase separation in diblock copolymers, and to [I0] for a
variational model dealing with cavities in elastic bodies.

Our minimality criterion can be applied to the study of the local minimality of flat morphologies,
when the amount of material deposited is small. We will also prove the interesting fact, firstly
observed in [6], that for crystalline anisotropies, whose Wulff shape contains a flat horizontal facet,
the AGT instability is suppressed, that is the flat configuration is always a local minimizer, no
matter how thick the film is.

We also mention that our result could be useful to deal with the three-dimensional version of
the elastic film evolution by surface diffusion with curvature regularization, studied in [I7] in the
two-dimensional case. In particular, it is a natural question in this context to ask whether the
strict positivity of the second variation guarantees the Lyapunov stability with respect to this
evolution; we think that our criterion could be instrumental in establishing such a result.

One of the crucial difficulties that arise when treating the three-dimensional case is the lack
of a regularity theory for minimizers, which prevents us to extend completely the results of [I8].
This is the reason why the minimality property that we are able to prove is weaker than the one
considered in [I8], as it requires the L>°-closeness of the deformation gradients (or a bound on the
Lipschitz constant of the deformation in the linear elastic case). While this constraint seems to
be not too restrictive in the nonlinear case, we expect that in the linearized framework the local
minimality should hold without such a condition; however, our strategy to improve the result in
this direction needs a regularity theory which is not yet available in three dimensions.

We now describe with some additional details the strategy leading to our main result. We first
introduce the notion of admissible variation of a critical pair (h,u), by considering the deformed
profiles hy := h +t¢, for t € R, where ¢ € C°(RN~1) is any periodic function with zero mean
value. One of the difficulties which arise in the nonlinear context is the issue of the existence of a
critical point for the elastic energy in the deformed domain j, (that is, a deformation satisfying
the first two conditions of in Q,,). Nevertheless, by the Implicit Function Theorem we
show that, if the elastic second variation at w is uniformly positive in 2 (see condition ),
it is possible to find a critical point u, for the elastic energy in Q, (which in addition locally
minimizes the elastic energy), provided that g is sufficiently close to h in the W?2P-topology
(see Proposition and Proposition . This allows us to consider a one-parameter family of
variations (h¢,up,) and to define the second variation of the functional at the critical pair (h,u)
along the direction ¢ as the second derivative at ¢ = 0 of the map ¢ — F(h, up,).
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The explicit computation of the second variation, performed in Theorem will show that it
can be expressed in terms of a nonlocal quadratic form 9*F(h,u) defined on the space ﬁ# (Th) of
the periodic functions ¢ € H'(I';) such that [;. ¢ dHN~! = 0. Then the strict stability condition
reads as / B

O*F(h,u)[p] > C||<p||?{1(rh) for every € Hy(Ty). (1.2)

The proof of the sufficiency of for strong local minimality is inspired by the two-steps
strategy devised in [I8]. Firstly, we show that condition is sufficient, in dimension N = 2,3,
for a weaker notion of local minimality, namely with respect to competitors (g, v) with ||g—h|[yw2.»
sufficiently small. Since the expression of the second variation involves the trace of the gradient
of W(Vu) on T, a crucial point in the proof of this result consists in controlling this term
in a proper Sobolev space of negative fractional order. We overcome this difficulty by proving
careful new estimates for the elliptic system associated with the first variation of the elastic
energy in Lemma |5.3] which provides a highly non-trivial generalization to the three-dimensional
and nonlinear cases of the estimates proved in [I8, Lemma 4.1].

The second part of the proof consists in showing that, in any dimension, the aforementioned
weaker notion of minimality implies the desired strong local minimality. This is obtained by a
contradiction argument: assuming the existence of a sequence (g, v,) converging to (h,u) and
violating the minimality of (h,u), one replaces (gn,v,) by a new pair (k,,w,) selected as the
solution to a suitable penalized minimum problem, whose energy is still below the energy of (h,u).
Due to minimality, the pairs (k,,w,) enjoy better regularity properties: since the L°°-bound on
the deformation gradients allows us to regard the elastic energy as a volume perturbation of the
surface area, we may appeal to the regularity theory for quasi-minimizers of the area functional to
deduce the C**-convergence of k, to h. In turn, with the aid of the Euler-Lagrange equations
for the minimum problem solved by (k,,w,) we obtain the W?P?-convergence of k, to h, and
we reach a contradiction to the local minimality of (h,u) with respect to W?2P-perturbations
established in the first step of the proof.

The paper is organized as follows. We introduce the variational model and the basic definitions
in Section 2] As pointed out in the previous discussion, we need to find deformations which locally
minimize the elastic energy in the perturbed reference configurations: this is done in Section
The explicit computation of the second variation is carried out in Section [4] where we also prove
two different, equivalent formulations of condition (1.2). In Section[5]we start the proof of the main
result of the paper, showing that the strict stability of a critical pair implies local minimality in the
W?2P_sense; in Section |§| we prove that, in any dimension, local W?2P?-minimizers are strong local
minimizers, and we show how the results can be strengthen in the linear elastic case. Section [7]is
devoted to the study of the stability of flat morphologies. In the final Appendix we collect some
auxiliary results that are needed in the rest of the paper.

2. SETTING OF THE PROBLEM

In this section we introduce the notation used in the paper and we describe the setting of the
variational problem that we consider.

2.1. General notation. We denote by M” the space of N x N real matrices and by Mf its
subset of matrices with positive determinant. The scalar product in MY is defined by A : B :=
trace (AT B), where AT is the transpose of A, and we denote by |A| the associated euclidean
norm. The symbol I stands for the identity matrix, while Id : RN — RY denotes the identity
map. We also deal with fourth order tensors, which are linear transformations of the space MY
into itself. We denote the action of such a tensor C' on a matrix M by C'M.

We write every vector z € RN | N > 2, as z = (z,y), where x € RY~! is the orthogonal
projection of z on the hyperplane spanned by {ej,...,ey_1} and y € R. Here e;,...,ey are
the vectors of the canonical basis of RY. We denote by RY := {(z,y) € RY : y > 0} and
RY := {(z,y) € RY : y < 0} the upper and lower half-space, respectively.

Let @ = (0,1)N¥~! be the unit square in RVY~1. For p € [1,+0cc] and k > 0, we denote by
Wi’p(Q) the set of functions h : RV~ — (0,400) of class VV/Z’CP(RN_l) which are one-periodic
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with respect to all the coordinate directions, endowed with the norm ||-||yyx.»(g) . Similarly, C;;(Q)
and C;;’O‘(Q), for @ € (0,1), denote the sets of one-periodic functions h : RN~ — (0, +00) of
class C*¥ and C* | respectively.

Given a smooth orientable (N — 1)-dimensional manifold I' C RY | we denote by v a normal
vector field on T'. If g : Y — R? is a smooth vector-valued function defined in a tubular neigh-
borhood U of T', we denote by Vrg its tangential differential (which we identify with a matrix)
and, if d = N, by divpg its tangential divergence. We refer to [23, Chapter 2, Section 7] for the
definition of these tangential differential operators and for some related identities (in particular,
we will make use of the divergence formula, which allows to extend to tangential operators the
usual integration by parts formula). For every = € I' we set

B(z) := Vrv(z) = Vr(x), H(z) :=divyv(z) = divry(z) = trace B(z).

The bilinear form associated with B(z) is symmetric and, when restricted to T,I'xT,I", it co-
incides with the second fundamental form of T' at =, while the value H(z) coincides with the
mean curvature of T at x. If ¥ : RV \{0} — (0,4+00) is a smooth, positively 1-homogeneous
and convex function, we define the anisotropic second fundamental form of T' and the anisotropic
mean curvature of T' by

BY:=V(Vyov),  HY:=traceBY =div(Vyov) (2.1)
respectively. Note that, also in this case, we have HY = divr (V¢pov) on I'. Finally, if ® : RY —
R¥ is a smooth orientation-preserving diffeomorphism, we denote by Jg := |(V®)~T[v]| det VO

the (N — 1)-dimensional Jacobian of ® on T'.

2.2. The variational model. We now describe the variational model which will be the subject
of this work, bearing in mind the two-dimensional setting introduced in [8 [I8]. We first introduce
the class of admissible profiles, given by Lipschitz, strictly positive and periodic functions:

AP(Q) := {h : RV — (0, 400) : h is Lipschitz continuous,
h(z + e;) = h(z) for every z e RN "L and i =1,...,N — 1}.

Given h € AP(Q), we define the associated reference configuration ;, and its periodic extension
Qf to be the sets

Q= {(z,y) eRY:2€Q, 0<y<h(z)}, Q# ={(z,y) eERN: 0 <y < h(z)}
respectively, and the graph I'j, of h and its periodic extension Fh#, representing the free profile,
Ty = {(z,h(z)) e RN 1z € Q}, F# = {(z,h(z)) eRN 1z e RV 71}

We also introduce the following space of admissible elastic variations:
V() = {w € Wl’OO(Q#;RN) w(z,0) =0, w(x + e, y) =w(x,y)
for all (z,y) € QF and i = 1,...,N—1},

and we will denote by V(€,) the completion of V() with respect to the norm of H(€,; RY).
Since we assume to be in presence of a mismatch strain at the interface {y = 0}, we prescribe a
boundary Dirichlet datum in the form

uo(x,y) := (Alz] + q(),0),

where A € Mffl and ¢ : RN~! — RN¥~1 is a smooth function, one-periodic with respect to the
coordinate directions. We can finally define the space of admissible pairs

X = {(h,u) € AP(Q) x Wl’OO(Q#;]RN) s u—wug € V(Qh), det Vu(z) > 0 for a.e. z € Qh}.

In order to introduce the functional on X which represents the total energy of the system, we
define the elastic energy density and the anisotropic surface energy density to be, respectively:

o W:MY — [0,+00) of class C3,
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o ) :RY —[0,4+00), of class C® away from the origin, positively 1-homogeneous, such that
m|z| < Y(z) < M|z| for all z € RN (2.2)
for some positive constants m, M, and satisfying the following condition of uniform con-
vexity: for every v € SV1
V2 (v)[w,w] > é|w]*  for all w L v, (2.3)
for some constant ¢ > 0.
Finally, we define the functional on X
F(hyu):= [ W(Vu)dz+ [ () dHN Y,
Qp Ty
where v, denotes the exterior unit normal vector to € on I'j, (we shall omit the subscript h

when there is no risk of ambiguity).

Remark 2.1. Although, for the sake of simplicity, we assume that W is defined on the space
Mf of the matrices with positive determinant, the results contained in this paper are valid also
for a general nonlinear density W of class C?3, defined only on an open subset O of M ; in this
case the space X should be replaced by the following space of admissible pairs:

{(h,u) € AP(Q) x Wh(QF RN 1 u— g € V(Q), Vu(z) € O for ace. z € Qh} .

The physically relevant condition that W (£) — +o0o as det £ — 07, which is customary in Finite
Elasticity, is compatible with our assumption. When W is a quasi-convex function defined on the
whole space MY and satisfying standard p-growth conditions, the definition of the functional F
can be extended to a larger class of admissible pairs by a relaxation procedure (see [I1]).

We will denote the derivatives of W by

2
W)= oo = (G, ©) - W)= D) = (g5 )

We now give the definitions of critical point for the elastic energy in a given reference configuration
Qp , and of critical pair for the functional F'.

Definition 2.2. Let (h,u) € X with u € C* (ﬁﬁ;RN). The function u is said to be a critical
point for the elastic energy in Qy if

A We(Vu) : Vwdz =0 for every w € V(). (2.4)
Notice that, by periodicity}: (2.4) is equivalent to
{div [We(Vu)] =0 in QF,
We(Vu)[v] =0 on F#.
Definition 2.3. We say that a pair (h,u) € X is a (regular) critical pair for F if h € C5(Q),
u € C? (ﬁf, RY) is a critical point for the elastic energy in €, and the following condition holds:
W (Vu) + HY = const on I'y. (2.5)

In the main result of the paper (Theorem we provide a sufficient condition for a critical
pair (h,u) € X to be a local minimizer of the functional F' under volume constraint.

The regularity assumptions on a critical pair (h,u) allow us to extend u to a slightly larger
domain, preserving the property that the deformation gradient Vu has positive determinant.
More precisely, given a critical pair (h,u) we can find an open set €' of the form Qj,,,, for some
n > 0, with the following property: denoting by Q;# the periodic extension of ', we can extend

u to a periodic function of class C! in ﬁ’# in such a way that det Vu(z) > 0 for every z € 0.
This induces us to consider the following class of competitors:

X' ={(g.v) €X : QyC O, veW"(Q;RY), det Vu(z) > 0 for ae. 2 €Q'}. (2.6)
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We then consider the following notion of local minimality.

Definition 2.4. Let (h,u) € X be a critical pair for F'. We say that (h,u) is a local minimizer
for F' if there exists § > 0 such that

F(h,u) < F(g,v) (2.7
for all (g,v) € X" with [|g — hllec <3, [Qy] = [Q], and [|[Vv — V|| g (orunvy < 6. We say that
(h,u) is an isolated local minimizer if (2.7)) holds with strict inequality when g # h.
Remark 2.5. The following construction will be used several times throughout the paper. Given
any admissible profile h € AP(Q), we associate with every g € AP(Q) in a sufficiently small
L*°-neighborhood of h a map ®, : QZE — ﬁj with the properties:
®y(z,0) = (z,0) for every z € RV,
O, (x,y) = (z,y + g(x) — h(z)) in a neighborhood of I‘h#;
Q4(x+e;,y) = Py(z,y) + (e4,0) for (z,y) € ﬁ# and i=1,...,N —1;
@, satisfies the following estimate:

[@g = Id]| L= (0, &) < 1lg = hllL=(q)- (2.8)
We can explicitly construct the diffeomorphism @, as follows. Setting mg := minh > 0, we fix
a nonnegative cut-off function p € CZ°(—"52, %52) w1th p=1in (%, %), Then it is easily seen

that, if ||g — hllcc < %2, the map
Dy(2,y) = (2,9 + p(y — h(z))(9(z) — h(z)))

satisfies all the previous conditions.

Remark 2.6. We note here for later use that, as a consequence of the positive 1-homogeneity of
the anisotropy v,
V3)(v)[v] =0  for every v € RN\ {0}. (2.9)
Moreover, given a sufficiently regular admissible profile h, we can prove the following explicit
formula for the anisotropic mean curvature of I'j, (see (2.1)) for the definition):
N-1

oY
P _
HY (¢, h(x)) = ; o (821( Vh(z),1)). (2.10)
In fact, observe that by we have V2¢(—=Vh,1)[(=Vh,1)] =0, that is,
N-1
0? oh 0?
’(/) al)i = ,(/) <_Vha 1)
321823 Ox;  0z0zn
for :=1,...,N. Hence, as Vw is 0-homogeneous, a straightforward computation yields
N-1
621/1 0%h
HY(z,h(x)) = di h,1
() = ey (90 s = = 3 55 (T
N-1
827,/1 oh 0% 0*h  Oh
22 Z —Vh o= - (=Vh 1) | o as
1 + |Vh| 82k82j dx;  Oz0zn Ox,0x; Ox;

i,k=1

from which ) follows by using the previous equality.

3. CRITICAL POINTS FOR THE ELASTIC ENERGY

The purpose of this section is to associate with every ¢ close to h (in a norm to be specified)
a deformation u, such that, if g is fixed, the map v — F(g,v) has a local minimum at uy. If
this is the case, then in order to prove the local minimality of an admissible pair (h,u) it will be
sufficient to compare F(h,u) only with the values of F' at pairs of the form (g,u4), avoiding in
some sense the dependence on the second variable. The Implicit Function Theorem guarantees
that this is in fact possible, under suitable assumptions on the starting pair (h,u).
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Definition 3.1. Let (h,u) € X, and assume that w is a critical point for the elastic energy in
Qp,, according to Definition We say that u is a strict § -local minimizer for the elastic energy
i Qy, for 6 >0, if

W(Vu)dz < W (Vu+ Vw)dz
Qh Qh,

whenever w € V() and 0 < [[Vw]| poe (o, vy < 0.

We now provide suitable assumptions on a pair (h,u), with « critical point for the elastic
energy in €2, which guarantee that if g is a small WP -perturbation of the profile h then we
can find a critical point u, for the elastic energy in 2, which in addition locally minimizes the
elastic energy. In order to do this, we introduce a fourth order symmetric tensor field, associated
with a deformation u in the domain €2, setting

Cu(z) == Wee(Vu(z)) for every z € ﬁ# .

Definition 3.2. Let (h,u) € X . We say that the elastic second variation is uniformly positive
at u in Qy if there exists a positive constant ¢y such that

; C,Vw:Vwdz > co|\w||%{1(9h;RN) for every w € V(Q,) (3.1)
h

where we recall that V() denotes the completion of V() with respect to the norm of
Hl(Qh;RN).

Arguing as in [24] Theorem 1], it is possible to provtﬂ the following equivalent formulation of

condition ([3.1)).

Theorem 3.3. Let (h,u) € X be such that h € CL(Q) and u € CQ(Q#;RN) is a critical point
for the elastic energy in Q. Then (3.1)) holds (with some positive constant co depending only on
the pair (h,u) ) if and only if the following three conditions are satisfied:

(H1) for all z € Qy, the fourth order tensor Cy(z) satisfies the strong ellipticity condition, that
is
Cu(z)M : M >0
whenever M =a®b with a #0, b#0;
(H2) for all zg € Ty, the boundary value problem
div [Cyu(20)VV] =0 in Hy,(z),
(Cu(20)VV) [V(20)] =0 on 0H,(.,),
where
Hy() = {z € RN 1 2 v(z) > 0},
satisfies the complementing condition, i.e., the only bounded exponential solution to the
previous equation is v = 0. By bounded exponential we mean a solution of the form

v(z) = Re[f(z - v(20)) ei(z'b)}
for some b € 0H,(,)\{0} and f € C*([0,400),CN) satisfying sup, |f(s)| < oo;
(H3) the elastic second variation is strictly positive, that is, for every w € V(,)\ {0}
Cy,Vw:Vwdz > 0.
Qp
We are now ready to explain the construction announced at the beginning of this section.
Proposition 3.4. Let (h,u) € X be such that h € C%(Q), u € C? (ﬁf, RYN) is a critical point for

the elastic energy in Qp,, and condition (3.1) holds. Let p € (N, +00). There exists a neighborhood
U of h in W;’p(Q) and a map g € U — uy € W2P(Qg; RYN) such that:

n view of the Remark following [24], Proposition 9.4], our regularity assumptions on W and (h,u) are sufficient
to guarantee the validity of the stated result.
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(1) ug is a critical point for the elastic energy in g, according to Definition '
(i) up =u;
(iii) the map g+ uy o0 @, is of class C* from W;’p(Q) to W2P(Q; RY).

Proof. We start by observing that if g € Wi’p(Q) is close to h in the W2P-topology, the maps

®, introduced in Remark are orientation preserving diffeomorphisms of class W2 satisfying
an estimate

@ — Id|lw2r(a,ry) < cllg = hllwzrq) (32)
for some constant ¢ > 0 depending only on h. Moreover, by construction the map g — @, is
affine, and hence of class C*° from a neighborhood of h in W;p(Q) to W2P(Q,; RY).

Our aim is to associate, with every ¢ in a sufficiently small 2P -neighborhood of h, a solution

ug to (2.4) with uy —up € V(€y). A change of variables shows that a function v is a solution to
([2.4) with v —ug € V() if and only if the function ¢ = vo &, —ug belongs to V() and solves

/ We (VD 4 Vug)(VO,) 1) (V)T : Vb detV@,dz =0 for every w € V(). (3.3)
Qp,

Note that an equivalent formulation of (3.3)) is

{div [Qa, (2, V(z))] =0 in QF,
Qa, (2, Vi(2)[¥] =0 on I},
where we set, for z € ﬁﬁ and M € MV,
Qa, (2, M) 1= detV®y(z) We (M + Vug(2)) (VR4 (2)) ") (V@4 (2) 7. (3.4)

Our strategy will be to get a solution to this boundary value problem by means of the Implicit
Function Theorem. To this aim, let us define the open subsets

A:={0 e W2P(Q;RY) 1 detV® > 0 in QF, VO(z + e;,9) = VO(a,y)
for (x,y) GQ# andi=1,...,N -1},
B = {v e V(Q,) N W2P(Q,; RY) : det(Vv + Vug) > 0in Q)

both equipped with the norm || - [|yy2.»(q,;r~) (notice that the pointwise conditions on the deter-

minants in the definition of the spaces A and B make sense thank to the embedding of W?2? in
C1®). Observing that, for (®,v) € A x B, the map z — Qa(z, Vo(2)) is of class WP in Q
(here Qg is defined as in (3.4) with ®, replaced by @), we introduce the spaces

Y, = {f € LP(Q;RY) : f(x +es,y) = f(a,y) for ae. (z,y) € Q# andi=1,...,N — 1}7
Yy :i={ne Wlfi’p(Fh;RN) n(x + e, h(z + €;)) = n(z, h(z)) for ae. z € RN,
and the map G : A x B — Y; x Y, defined as
G(®,v) == (div[Qq>(-,Vv(~))],Q¢,(-,Vv(-))[u]).

It can be checked that G is a map of class C!, and G(Id,u — ug) = (0,0) (as u solves (2.4)).
In order to apply the Implicit Function Theorem, we need to verify that the partial derivative
0,G(Id, u—up) is an invertible bounded linear operator. Since for every v € V(€,)NW2P(Qy,; RY)

8, G (Id,u — ug)v] = (div (Wee (Vu) Vo), (Wee (V) Vo) [y])
= (div [C, V], (C,VV)[1]),

the invertibility of the operator 9,G(Id,u —ug) corresponds to prove existence and uniqueness in
V() N W2P(Q,; RY) of solutions to the problem

div[C, Vo] = f  in QF,
(C,VV)¥]=7n onT},
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for any given (f,7n) € Y7 x Y. The proof of this fact relies on the regularity theory for elliptic
systems with mixed boundary conditions, and in particular on the regularity estimates of Agmon,
Douglis and Nirenberg (see [2, Theorem 10.5]), which can be applied thank to the assumption
(31)), which is equivalent to the three conditions (H1)—(H3) by Theorem 3.3} and to the regularity
of h and u (we refer also to [25] for a clear presentation of the theory in the context of linear
elasticity).

We are now in position to apply the Implicit Function Theorem: there exist a neighborhood V
of Id in A, a neighborhood W of u — up in B and a map

PeVi—upeW

of class C! such that urg = u — ug and G(®,us) = (0,0) for all ® € V. Finally, thank to (3.2)),
we can determine a neighborhood U of h in Wi’p(Q) such that if g € U then ®, € V. Setting
ug = (us, +up) o @;1 for any g € U, we obtain the conclusion of the proposition. O

Remark 3.5. From the proof of the previous proposition it follows in particular that there exists
a compact set K C Mf such that

Vuy(z) € K for every g € U and z € Q.

We conclude this section by showing that the critical points u, constructed in Proposition @
are also local minimizers of the elastic energy, in the sense of Definition [3.1

Proposition 3.6. Let U be as in Proposition 3.4 There exist 6 > 0 and € > 0 such that, if
geU and ||g— hllw2rq) < ¢, then uy is a strict §-local minimizer for the elastic energy in €y,
according to Definition 3. 1],

Proof. We start by observing that, if g € U and ||g — hllw2r(g) < €, then from (3.1 and from
the smoothness of the map g — u, o ®, one can easily deduce that

Cuy V: Vwdz > Cwl% g gy (3.5)
Q, 4 e

for every w € V(§,), provided ¢ > 0 is small enough.
Let now w € V() satisfy 0 < [[Vwl|pe(q, M~y < J, with 6 > 0 to be chosen. We set

(1) ::/Q W (Vuy + (Vo) dz, ¢ € [0,1].

Notice that, since uy is a critical point, f/(0) = 0. Hence, there exists 7 € (0,1) such that

f'(7)
2

/Q W (Vug + Vw)dz = f(1) = f(0) +
1
= /Qg W(Vug) + 3 /Qg Cu, [Vw, Vw] dz
1

+ 5 / (Wee(Vug + 7VWw) — Wee(Vug)) [Vw, Vw] dz
Q

C

> W(Vuy) + (= — w(6))||wl|? RNV 3.6
L W)+ (=) el o, (36)
where we used ([3.5) and we set

w(8) i= max{ | Wee(A+ 7B) - Wee(A) | - A€ K, BeM™, |B[<5,0<7 <1},

with K asin Remark Note that w(d) — 0 as 6 — 0. Therefore, choosing ¢ so small that

w(d) < 2 it follows from (3.6) that u, is a strict J-local minimizer. O
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4. THE SECOND VARIATION

The main result of this section is the explicit computation of the second variation of the
functional F' along volume-preserving deformations. Here and in the following we assume that
(h,u) € X satisfies the assumptions of Proposition heC%(Q), ueC? (ﬁﬁ, RY) is a critical
point for the elastic energy in €y, and condition (3.1]) holds.

Given ¢ € C;E (Q) with fQ ¢dr =0, for t € R weset hy := h+t¢p. According to Proposition
for ¢ so small that h; € U we may consider a critical point wup, for the elastic energy in €y, . To
simplify the notation, we set u; := up, . We define the second variation of F at (h,u) along the
direction ¢ to be the value of ,

O (e, )] o
We remark that the existence of the derivative is guaranteed by the regularity result contained in
Proposition (see the first step of the proof of Theorem [4.1)).

Before stating the main results of this section, we introduce some more notation. For any one-
parameter family of functions {g; };cg we denote by ¢;(z) the partial derivative with respect to ¢
of the function (¢, z) — g+(z). We omit the subscript when ¢ = 0. In particular we let
Do

YT ot T oot
We introduce also the following subspace of H!(T'):

E@(I‘h) = {19 € Hlloc(F#) D O(x + e, h(x + e;)) = 9z, h(x)) for ae. x € RN!

t=0

and for every i =1,...,N — 1, ﬁdHN_1:O},

VY

and we define ¢ € }NI%L(F;L) to be

¢
Y= ———=o T,
Vv 1+ |Vh|?
where 7 : RY — RN~ is the orthogonal projection on the hyperplane spanned by {ey,...,enx_1}.

Denote also by v; the outer unit normal vector to Qj, on I'y,, and by Htw :=div (Vi ovy) the
anisotropic curvature of I'y,. It will be convenient to consider, as we did before, a family of
diffeomorphisms ®; : Q), — Qp, of class C? such that &g = Id and ®,(x,y) = (z,y +té(x)) in a
neighborhood of T, (see Remark [2.5)).

In the following theorem we deduce an explicit expression of the second variation.

Theorem 4.1. Let (h,u), ¢, ¢ and (hi,u) be as above. Then the function 4 belongs to V()
and satisfies the equation

/ C. Vi : Vwdz :/ divp, (p We (V) -wdHN =1 for all w € V(Qp). (4.1)
Qh 1_‘h,

Moreover, the second variation of F at (h,u) along the direction ¢ is given by

d2
7F(ht, ut)|t=0 = — CuVu :Vudz + / (V2¢ o V)[V[‘,LQO, VF;L QO} d,HNil
dt? Qp I'n
+ / (8, (W o Vu) — trace (BVB)) ¢? dHN " (4.2)
T

— / (W oVu+ Hw) divr,
'y

Vh, |Vh|? _
(S )]

where HY, B and BY are the anisotropic mean curvature, the second fundamental form and the
anisotropic second fundamental form of Ty, respectively.

Before proving the theorem, we collect in the following lemma some identities that will be used
in the computation of the second variation.
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Lemma 4.2. The following identities are satisfied on I'y, :
(a) 0,HY = —trace (BVB) = —trace (B%(V*¢ov));
(b) v=-Vr,¢;
(c) HY =divr, (V* o)) = —divr, (V2o v)[Vr,¢]).
Proof. Recalling that Vv[v] =0, we easily deduce that V (Vi ov) [v] = 0. By differentiating,
9, (V(Vypov)) = -V (Viyov) Vv =-BYB,
and from this we obtain (a), since
O, HY = 98, [div(Ve o v)] = 9, [trace (V (Vip o v))]
= trace [0, (V (Vi) ov))] = —trace [BVB].
Let us prove (b). Differentiating with respect to ¢ the identity
Vtoq)t:LMOﬂ' on I'y,

V14| Vh|?

and evaluating the result at ¢t = 0, we get that on I', holds

] B —V¢ (Vh-Vé)Vh —Vh-Vo \_
oo <W+ (T+IVARE (1 |Vh|2>%> !
(=V9.0) (Vh Vo )V
V1+|Vh[? |Vh|2 1+|VA2°
:< 1+|vzz|z°” Vigom) ~ (V(som) v)v]

ow)Vph (pom).

( 1+ |Vh|2
Hence, using the identity

we finally get
(= )Tetoom - Vi, (= J@om)
—| ———=Oo0 T o) — — O Tl o T
NESE b "\ I+ VAP
vies )
Ve (—2_ox) = -V o,
Fh( 11 [Vh]? T, ¥
that is (b).

Let us prove (c). Differentiating in the direction v the identity (V?% o v)[v,2] = 0 (which
follows by ([2.9)), we obtain
0 (V20 ov)[P]) = =(V*ov)[p,d,v] =0,
where we recall that d,v = 0. Hence

HY = %Hﬁtzo gt [div(Ve o 14)] 1o = div (V2 o v)[])

=divr, (V% ov)[Z]) +v -0, (Vo)D)
= diVFh ((V2¢ o V)[V]) = _diVFh ((V2¢ © V)[VF,IQO]) )
where in the last equality we used (b). O

We are now ready to perform the computation of the second variation of the functional.
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Proof of Theorem[4.1 We divide the proof into several steps.

Step 1. We claim that the regularity property stated in Proposition (iii) guarantees that the
map (t,2) — w(2) = uy o ®4(2) is of class C* in (—egg,e0) x Q, for some gy small enough.

Indeed, denoting by wj, the derivative of the map ¢ — w; with respect to the W?2P_norm,
evaluated at some to (small), we have that

L (wigs — wy,) = W}, in W2P(Qy,), as s — 0. (4.3)

In particular, w15 — wy, in C*(Qy) as s — 0, showing that the map (t,2) — Vw(z) is
continuous in (—gg,&9) x Qn. Moreover, implies that wj, = wy,, and the continuity of
t — w, yields 1y, +s — Wy, in C°(Q) as s — 0, showing that the map (¢,2) — 1y(2) is
continuous in (—eg, &) X Q. The claim follows.

This provides a justification to all the differentiations that will be performed throughout the
proof. Moreover, it is also easily seen that w; € V(Qy,) for t € (—eg,ep).

Step 2. We prove (4.1). Let us recall that u; satisfies equation (2.4)):
We(Vug) : Vwdz =0 for every w € V(Q,). (4.4)
th

Fix w € V(). Then w may be extended outside €, in such a way that w € V(Qy,,) for ¢ small.
We can differentiate (4.4) with respect to ¢t and evaluate the result at ¢ = 0 to obtain

0 = Cu,Vu : Vwdz —l—/ o(x) [We(Vu) - Vwl |(g,n(a)) d (4.5)
Qp Q

C,Vi : Vwdz + / O We(Vau) : Vo dHN L.

Qp Thn

Recalling that We(Vu)[v] = 0 along I',, the second integral in the above formula can be rewritten
as

/ch§(Vu):de?‘-lN_1 = /@Wg(vu)lthwdHN_l
' I'n

7/ divr, (o We(Vu)) - wdHN L.
I'n

This concludes the proof of (4.1]).

Step 3. We compute the first variation. By the positive one-homogeneity of ¢ we have on I'y,

(~Vhi,1) OW) _U((=Vhi1)

oo () - S

Hence,
d d e
%F(htaut) =7 [/ ; W(Vuy) dy dz +/Q¢((_Vht, 1)) dm]

he
/ ¢ Vut)] |(I he(z)) dx + / Wg(Vut) : Vg dy dx
0

- /Q V(= Vhi, 1)) - (V6,0) da

Since u; € V() the second integral vanishes by (4.4). Then, integrating by parts in the last
integral and recalling the expression for the anisotropic mean curvature provided by (2.10), we
obtain

—F ht,ut / (;5 Vut) + Hzl)] |(w,ht($)) dx. (4.6)
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Step 4. We finally pass to the second variation. Differentiating (4.6)) with respect to ¢t and
evaluating the result at t = 0 we get

&2 , .
ﬁF(ht,ut)‘tzo = /Q¢($) [Wg(Vu) . VU] |(z,h(z)) dzr + /Q ¢($)H¢|(zvh(r)) dx
" /Q 6(@) [V(W 0 Vu+ H*)] | niay - (0,6()) do
= Il + IQ + 13.
Since 4 € V(Qy), thanks to (4.5) the first integral is
I, = 7/ C,Vu : Vidz.
Qp

For the second integral, changing variables, using identity (c) of Lemma and integrating by
parts we get

I, = —/ pdivp, ((V%/, o y)[vph<p]) dHN-1 = / (V2w o v)[Vr, ¢, Vr, ¢l AHN L.
'n Tn

To conclude, we observe that along I', the vector (0,¢) can be decomposed as
(07 90) = (07 SD)Fh, + (07 90)1/7
with (0,¢)r, tangent to 'y, and (0,¢), parallel to v, i.e.,

(07¢)Fh_¢|:1+|Vh|2 or|, (0,0)y =¢ 71+\Vh|207r .

Hence, recalling the definition of ¢, changing variables in I3 and integrating by parts:
I3 = / ©V(WoVu+HY)-(0,¢) (\/1 +|Vh[2o 7r) dHN !
Fh

2
(Vh[VRI?) | ﬂ) N1

V1+|Vh|?

+/ ©*0,(WoVu+ HY)dHN !
I'yn

2
= —/ (W o Vu + HY) divr, K(Vh"w”ow> @2] dHN 1
Fh

V1+1|Vh|?

—|—/ ©? [0,(W 0 Vu) — trace (BYB)] dH" !,
Tn

:/ ©*Vr, (WoVu+ HY)- <
I'n

where in the last equality we used identity (a) of Lemma O

Remark 4.3. For a fixed s € R sufficiently small, we deduce also from Theorem that

d? d?
ﬁF(hu Ut)\t:s = ﬁF(hS“’ us+t)|t:0
=— Cy. Vi : Vg dz + / (VY 0 1) [V, 95, Vi, @s] dHN !
s Thy

(0, (W o Vu,) — trace (BYBy)) o2 dHN "

2
(Vhao [ Vhal®) [ o | gyt
1+ |Vh|?

Jr
S~ 9

hs

(W o Vu, + HY) divr,_

|
—

hs
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where ¢; := o € I}#(Fhs), B, := Vv, and BY := V(V4ov,). Moreover, the function

¢
V14+|Vhs|?

s belongs to V(Qp,) and satisfies the equation

Co.Vitg : Vwdz = divr, (ps We(Vuy)) -wdHN™' for all w € V(Qy,).
th Fh,s

4.1. The second order condition. The expression of the second variation at a critical pair (see
Definition simplifies, as the last integral in vanishes by the divergence formula. This
observation suggests to associate with every critical pair (h,u) € X a quadratic form 9?F (h,u) :
ﬁ;(rh) — R defined as

O*F(h,u)[p] := —/ CuVv, : Vo, dz —|—/ (V2 o v)[Vr, @, Vr, o] dHN 1
Qp 'y
+ / (0, (W o Vu) — trace (BYB))p? dH 1, (4.7)
Ty

where v, € V(Qy,) is the unique solution to
CyuVv, : Vw = divr, (¢We(Vu)) - wdHN 1 for every w € V(Q). (4.8)
Qp Tn

It is easily seen that the positivity of the quadratic form (4.7)) is a necessary condition for the local
minimality: this is made precise by the following theorem.

Theorem 4.4. Let (h,u) € X, with h € C%(Q) and u € CQ(Q:E;RN), be a local minimizer for
F', according to Deﬁnition and assume in addition that u satisfies (3.1). Then the quadratic
form (4.7) is positive semidefinite, i.e.,

O*F(h,u)[p] >0 for every ¢ € I:T#(Fh)

Proof. Given any ¢ € I;T;& (Tp) N COO(Fh#), we can consider the deformation h; = h + t¢, where
¢(x) = (14|Vh(z)[?)2 @(z, h(z)), and, for ¢ small, the corresponding critical points for the elastic
energy up,. It follows from equation (4.2) and from the local minimality of (h,u) (which is in
particular a critical pair) that

d2
OF(h,u)[p] = 2z F'(heyun)li=o > 0.
For a general ¢ the result follows by approximation with functions in ﬁ#(l"h) ﬂC‘X’(F#) (observe
that 92F(h,u) is continuous with respect to the strong convergence in H'). O

Definition 4.5. Let (h,u) € X be a critical pair for the functional F', according to Definition [2.3]
We say that (h,u) is strictly stable if the elastic second variation is uniformly positive at u in Qp,
(see Definition and in addition

*F(h,u)[g] >0  for every p € Hy(T')\{0}. (4.9)

The main result of this paper (Theorem [6.5]) states that a strictly stable critical pair is a local
minimizer for F', according to Definition This will be proved in Sections [5] and [6} while now
we focus on the condition providing two equivalent formulations.

Given a critical pair (h,u) € X satisfying (3.1)), we define the bilinear form on ﬁ;& (Th)

(0,0 := / (V2 o v)[Vr, @, Vi, 9] dHN 71 + / apddHN 1 (4.10)
Fh Fh
for ¢,0 € ﬁ;ﬁ (T',), where a := 9, (WoVu)—trace (BYB) on I'j,. Arguing as in [9, Proposition 4.2],
one can show that if
(p.0)~ >0 for every ¢ € Hy(I'y)\{0}, (4.11)
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then (-,-)~ is a scalar product which defines an equivalent norm on ﬁ#(I‘h), denoted by || - ||~ -
We omit the proof also of the following result, since it can be deduced by repeating the proof of
[18, Proposition 3.6] (see also [9, Proposition 4.3, Theorem 4.6, Theorem 4.10]).

Theorem 4.6. The following statements are equivalent.

(i) Condition (4.9)) holds. N N
(ii) Condition (4.11)) is satisfied and T : H#(Fh) — H#(Fh) , defined by duality as

(Tp,9)~ = / divr, (0 We(Vu)) - v, dHN 7 = CuVu, : Vg dz (4.12)
Fh Qh
for every p,9 € ﬁ# (T1), is a compact, monotone, self-adjoint linear operator such that

A <1, where Ay := Hnﬁaxl(Tap,gp)N. (4.13)
olloz

(iii) Condition (4.11)) is satisfied and defined, for v € 17(Qh) , ®, to be the unique solution in
H,(Th) to the equation

(D,,9) = /F divr, (9 We(Vu)) - vdHN for every ¥ € I?T#(I‘h),
h

we have

Hy = min{ CuVv:Vudz : veV(W), |Bo]l~ = 1} > 1. (4.14)

Qp
Remark 4.7. We remark that, by definition of T', we have

O F(hu)lg] = ol — (T, 0)n  for every o € HL(TY). (4.15)

Observe also that A, coincides with the greatest A such that the following system

{)\th CuVv: Vw = [ divr, (¢ We(Vu)) cwdHNTY for every w € V(,),

(P )~ = [p, dive, (0 We(Vu)) - vdHN for every 1 € H}(T) (4.16)

admits a nontrivial solution (v,¢) € V(Q) x ﬁ#(Fh): in fact, A\ is an eigenvalue of T with
eigenfunction ¢ if and only if the pair (52, ¢) is a nontrivial solution to (4.16).

Corollary 4.8. If ([4.9) holds, then 0?F (h,u) is uniformly positive: that is, there exists a constant
C > 0 such that N
O*F(h,u)le] = Cllelinr,, — for every € Hy(Tp).

Proof. By (4.15)), recalling that || - ||~ is an equivalent norm on ﬁ# (T'y) and that A\; < 1 we have
O*F(h,u)lg] = |2 = (T, )~ 2 (1= )2l = Cllelinr, ),

which is the conclusion. O

5. W2P_-LOCAL MINIMALITY

In this section we prove the first part of the main result of the paper, namely that the strict
stability of a critical pair (h,u) is a sufficient condition for local minimality, in the following
weaker sense:

Definition 5.1. Let p € [1,00). We say that a critical pair (h,u) € X is a W2P -local minimizer
for F' if there exists § > 0 such that

F(h,u) < F(g,v) (5.1)

for all (g,v) € X with 0 < ||g — hllwzr(q) <3, [Q] = ||, and [[Vv — Vu| g (g, mv) < 0. We
say that (h,u) is an isolated W*P -local minimizer if the inequality in (5.1)) is strict when g # h.

Theorem 5.2. Let N =2,3, and let p > 2N . If (h,u) € X is a strictly stable critical pair for
F, according to Definition then (h,u) is an isolated W?P -local minimizer for F.
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The proof will be achieved by following, essentially, the strategy developed in [I8, Proposi-
tion 4.5 and Theorem 4.6] (see also [9, Theorem 5.1]). As has been observed in [1§], the main
difficulty in proving Theorem comes from the presence, in the expression of the quadratic form
associated with the second variation, of the trace of the gradient of W(Vu) on I'j: the crucial
estimate is provided by Lemma/[5.3] where it is shown how to control this term in a proper Sobolev
space of fractional order, uniformly with respect to small W?2?-variations of the profile h (we refer
to Section for the definition and properties of fractional Sobolev spaces).

Let Us :={g € CF(Q) : lg — hllwzr(q) < 9, [Q| =[]}, where 6 > 0 is so small that Us is
contained in the neighborhood U of h determined by Proposition [3:4} this allows us to consider,
for g € Us, a critical point u, for the elastic energy in Q,. We denote by co a positive constant
such that g > 2¢y in @Q for every g € Us.

Lemma 5.3. Under the assumptions of Theorem[5.2, we have that

sup (|8, (W (Vug)) o @g — 8,(W(VW))| _1,

_1 —0 asd—0.
gEUs W#p (T'n)

Proof. We set, for g € Us, vy := ug —uo ¥, (where ¥, := @;1)7 and we denote by v; the
components of v,. We remark that, by Proposition

sup ||’Ug||W2,p(Qg;RN) — 0 as § — O, (52)
gEUs

and moreover, since p > 2N, ug o0 ®; — u in CH*(Qy;RY) as § — 0, for a =1 — %, uniformly
with respect to g € Us .

Step 1. We start by observing that, using the equations satisfied by u and u, and performing a
change of variable, we get

/Q [(We(Vug) — We(V(uo ¥y))] : Vwdz = /Q dg : Vwdz for all w € V(Qy),

where dy := We(V(uo Uy ) (V)" 1) (V) T det VI, — We(V(uo ¥,)). Observe in particular

that, by using the explicit construction of the diffeomorphism ¥, (see Remark [2.5) and the
regularity of u,

od,

sz

—0 as § — 0. (5.3)

sup ||dg||W1=P(Qg;MN) — 0, sup Lp(Tg;MN)
g3

gEUs gEUs

Fix now any ¢ € Wiﬁ (y; RY), and consider an extension of ¢ (which we still denote by ¢)
such that ¢ € W;’E(QQ;RN), ¢ vanishes in Q,_., and

Cliell (5.4)

el FERI

wheeT (Qg;RN )
for some constant C' > 0 which can be chosen independently of g € Us (see Theorem [8.4)).

Differentiating the equation div[We(Vug) — We(V(uo ¥,))] = divd, with respect to zj, mul-
tiplying by ¢ and integrating by parts on 2, we get

dvy ) N—1 _ _ I(uo V) ) N-1
0¥ (Gt i oah = = [ Cuow, = Cu ¥ (S -

k
+AQ[Cugv(g£)—cuo@gv(W) gik} Ve dz+/ R

< C(IICuowg = Cu, IV (wo U)o,y + dgllwn (g, )

+| “ot)

H 0z

Lr(Tg;MN)
OJuy

Oz

b

LP(QQ;MM)”‘pllwé'wwg;w)’

Cugv< ) —Cuoq;gV(
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where we repeatedly used (5.4]) (here the constant C' is independent of g € Us). Hence, recalling
(5.2) and (5.3), we deduce that for k=1,...,N

0
Sup C“qv(aivg) [Vg] 1, —0 as § — 0. (55)
9€Us Zk W, ? 7 (DyiRN)
Step 2. We now claim that for k=1,..., N
ou ou
up ||V (2 - v (e <I>H o S0 asd 0. 5.6
gbgbll)a <3Zk) <3zk> ° % W#é”’(rh;MN) (5.6)

We first note that, thanks to the uniform convergence of Cy, o @, to C, and to the strong
ellipticity of C,, also the tensors C,, are strongly elliptic for every g € Us, if ¢ is sufficiently
small; in particular, there exists a positive constant mg such that

Cu,(2)a®b:a®b>mglal® b for every a,b € RV,

g

for every z € Oy and for every g € Us. Hence the N x N matrix @, (z), whose entries are defined
by

N
qin(z) == Z C’ijhk(z)ug(z)ug(z), i,h=1,...,N (5.7)
k=1

(Cijnk denoting the components of the tensor C,, ), is positive definite, and det Q4(2) is uniformly
positive with respect to z € {); and g € Us.
Setting, for 4,5,k =1,..., N,
2,k
i e V0
82’182J
by Lemma our claim reduces to show that

sup |loijell 1, —0 as 6 — 0.
g€Us w,?7(r,)

We start from the case N = 2. Consider the following system of equations at the points of I'y:

m 0 0 a b Cc d 0111
72 0 0 a’ b/ C/ d/ 0112
2 1
0 - 0 0 0
ol I I S oo, (53)
1912 0 Vg 0 —l/g 0 0 0122
P21 0 0 1/_3 0 —V; 0 0221
Ja9 0 0 0 1/92 0 *V; 0222
where the coefficients in the first two rows of the matrix are defined by
a=Cunv, + Cianv), b= Cuay, + Cranvy,
c= C'11121/g1 + 01212V927 d= 011221/; + 012221/927
a' = Cornvy + Coanivy, b = Cornvy + Coani vy,
d = 021121/; + 02212V§7 d = 021221/; + 022221/3
in such a way that
Ovg O0vg
nm = <Cugv(az'2)[l/g]) “eq, N2 = (Cugv<az'2)[Vg]> - €.
Hence by (5.5)) we have
il 22, —0 asd—0 (5.9)
Wyt (Ty)

(uniformly with respect to g € Us). Moreover, observe that we can write each ¥;; as a tangential
derivative on I'y:
Gvg

ou=0n(52) =¥(52) - h -
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-0 as 0 — 0 (5.10)
Lr(Q45R?)

5P

so that by [I8, Theorem 8.6] we also have
w,? Ty)

o, <7 (5E)

(uniformly with respect to g € Us). To conclude, observe that the 6 x 6 matrix in has
coefficients uniformly bounded in C'%® with respect to g € Us, for o = 1 — % > % (as p > 4);if
we are able to show that its determinant is uniformly positive, then we can invert the relations in
and exprebs oijk as linear combinations of the quantities estimated in and ( , and
in turn ) follows by Lemma . Hence we are left with the computatlon of the determlnant
of the 6 x 6 matrix M appearing in , which turns out to be equal to

det M = (V; (2))*det Qg (2),

which is uniformly positive as observed before. This concludes the proof of Step 1 in the case
N =2.
In the three-dimensional case we follow the same strategy. We observe that, setting

1935

Ovg .
Nik := (Cu"v(az;)[yg}) -e for i,k =1,2,3, (5.11)
by (5.5) we have
||m'kH 1, =0 asd—0
w7 (ry)

(uniformly with respect to g € Us). Moreover by Theorem we have also a similar estimate for
the quantities ¥ := aikjug - aigjug for i,j =1,2,3 and k = 1,2, namely

pFQ)SCHV(aUZ)’ =0

Lr(Q45R3)

1
7

9.
9l 5

as 0 — 0, uniformly with respect to g € Us. Hence we can write a linear system similar to
by choosing 18 among the 27 quantities ¥;;1, 7:x to be expressed as combinations of the 18
(different) terms o,y precisely, we consider 7;, for k=3 and ¢ = 1,2,3, and all the ¥;;; except
for ¥211, Uao1, Ya31. As before, the (computer assisted) computation of the determinant of the
18 x 18 matrix of the system obtained in this way shows that this coincides (up to a sign) with
(v3(2))"? det Q,(z), which is uniformly positive (see Section [8.2|for more details). Inverting these
relations we can then write each term o;;; as a linear combination of the quantities 9J;;1, 7,
and from the previous estimates the claim follows, again using Lemma [8.6]

Step 3. We claim that there exists a constant C', independent of g € Us, such that for every
1 _p_
peWy " ()

IWe(Vug 0Bl 3, oy < C 19l bt (5.12)

In fact, we use Theorem to extend ¢ to a function ¢ € W;F (Q21). Note that, by the Sobolev

. : L N
Imbedding Theorem, setting ¢ := 5,=f—, we have
12l o) < CllRH 52y o) < Clelly 1m0

for some constant C independent of ¢ (the second inequality still follows from Theorem [8.4)).
Hence, using Hélder inequality, we deduce that

[We(Vug 0 B )] < ClIWe(Tuy 0 )3l o2 0 o,

+C HV(Wg(Vug od,)

1 _p
Wr'p=1(T'p;MN) —

< C[We(Vitg © @) | (@00 2] =]

+ O @l an |V (We(Vug 0 @)

LP =1(Qp)

< CIWe(Vitg 0 )l @00 I 1 27 s

< C[IWe(Ttg © )l o @) + [Cu, © Ball e | T2 © By lnia Il 1.
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From this estimate, recalling the equiboundedness of u, o ®, in W*P(2},), we obtain that (5.12)
holds with a constant C' depending also on the C?-norm of W on K, where K is the compact
subset of Miv given by Remark

1 _p
Step 4. We now conclude the proof of the lemma. For every ¢ € W;’p’l (Tp),andfor k=1,...,N
we have

/Fh [azk W (V) — <a% W(uy) ) o @g] papN

:/ (Wg(vu)—wg(vug)o%) :v(gi) aHN
/ We(Vug) o [ (aa;;)—V(g—uZ)oég}gadHN_l

< CHWg (Vu) — We(Vuy) o @, HL""(Fh MN)H‘:OHLp T(Th)

+|[We(Vug 0 @, 90||Wp P2 (D sMN) HV(%) —V(?—ZZ) o2 H 7%' (TN’

where C is a positive constant depending only on the C?-norm of u and on HN YT},). Hence,
since sup ey, [|We(Vu) — We(Vug) o CDQHLOQ(F; vy 0 as § — 0, recalling (5.6) and (5.12) we
obtain that

sup HV (Vu)) = V(W (Vugy)) o <I>gH _ =0 as 6 — 0,

1
g€Us W, ? " (ThiRN)
and the conclusion of the lemma follows from Lemma [3.6] O

We can now prove Theorem by reproducing the strategy of [I8] with easy modifications.
For the sake of completeness and for the reader’s convenience we will work out all the details of
the proof.

Proof of Theorem[5.3 Let § > 0 to be chosen and consider any g € Us. We will denote by By,
and H, the second fundamental form and the mean curvature of I'; respectively, and by Bg’,

Hg’ the “anisotropic versions” of the same quantities. We define the bilinear form on H #(Fg)

(0,9 g ::/ (V% ovy)[Vr, ¢, Vr, 9] dHN‘1+/ ag @9 dHN !
r r

g 9

where a4 := 8, (W o Vu,) — trace (BYBy) on I'y, and we set [|¢|2 , = (¢, ¢)~,g. We omit the
subscript in all the analogous quantities defined on I', according to the notation introduced in
Section [l We now split the proof into four steps.

Step 1. We start by observing that for every ¢ € I};& (Ty)

[ (@70, = (00 8, ) (0,2 MY < el (5.13)

where ¢(6) — 0 as § — 0 (independently of g € Us ). Indeed, by using Lemma [5.3] and recalling
that || Jo, — 1| e (r,) — 0 as § — 0, we have

/F (@ (W(Vu)(Ja,)* = (90, (W(Vug)) 0 Bg)Ja, ) (0 0 Bg)* dHN

/ 2 / 2
' (8)[[(¢ o By) ”Wj%@h) < (Ol o @)l a2y 1
< ")l o yllir,) < " Ollelr,)

where the third inequality can be deduced by recalling the imbedding of H'(T;) in L4(T'},) for
every ¢, which holds in dimension N < 3. Here ¢/(§),c"(d),¢”(§) — 0 as 6 — 0, independently
of g € Us. Moreover, it is not hard to see that

sup |[|trace ( B’pB g) 0Py — trace(BwB)HLp/Q(Fh) —0 asd—0,
gEUs
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from which follows by Hélder inequality (again using ||Je, — 1||z~(r,) — 0)
/F (trace (B;ﬁBg) o &, — trace (BYB)Jop, ) Jo, (9 0 @4)* dHV !
h
<OV o 2l

< O)llp o Pyl (r,) < @)z,

where the second inequality is justified, as before, by the Sobolev Embedding Theorem. By
combining the previous estimates, (5.13]) follows.

Step 2. We claim that if ¢ is sufficiently small then for every g € Us

=/ (0)llp 0 @yl 2
L

p=2(Tp)

lellZ.y = Cillellfrr,) — for every ¢ € Hy(Ty) (5.14)
for some positive constant Cy. To prove ((5.14)), we first note that for every 9 € ﬁ# (T') one has,

thanks to (4.15) and to Corollary
I9IIZ > 0*F (h, w)[9] > ClI9][3p r,)-
For ¢ € ﬁ# (T'y) we define ¢ := (po ®y)Jp, € E@(Fh); then, using the area formula we have
leliznr,) = /F (¢* + [V, o) dHN ! = /F (9o @g)? +|(Vr,p) 0 By[*) Ja, dHN
g C/ h
<
- C

for some positive constant C’ independent of g € Us. Now

[ / (a3 + (V20 )V, &, Vi, &) ) dHN !
h

< '@l =S

— lol2., + / (a(J0,)? — (a0 By) g, ) (0 By)? dHN

h

+ / (V24 0 1) [V, 6, Vi, @] dHY !
T'p

~ [ (T 00 @)[(Ve, )0 By, (Vr, ) o @, a¥ !
Ty

< el g + cOllelzr,), (5.15)

where ¢(d) tends to 0 as 6 — 0. To deduce the last inequality in the previous estimate we used in
particular (5.13) and the fact that ||®, — Id||y2»(r,;zv) — 0. Choosing § sufficiently small and
combining the previous estimates the claim follows.

Step 3. By Step 2 we can define a compact linear operator T : ﬁ#(l"g) — ﬁ#(l"g) by duality:

(Typ, g = / divp, (9 We(Vuy)) - v, dHN ! = Cu, Vv, : Vg dz (5.16)
r, 2,

for every ¢,0 € ﬁ#(I’g), where for ¢ € }NI#(FQ) we denote by v¢ the unique solution in 17(99)
to the equation

/ Cu, Ve : Vwdz = / divr, (¢ We(Vug)) - wdHN ™! for every w € V(). (5.17)
Qg Fg

Setting, similarly to (4.13)),

Mg = max (Typ,9)~.g,
llell~,g=1
we claim that
Moo 1= lim sup Mg < A1 (5.18)

lg=Pllw2.0g)—0
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Indeed, let (gn)n be a sequence in CF(Q) converging to h in W2P(Q), |Qq.| = |Q4], such that

Aoo = lim A
o n—+o00 Lgn>

and let u,, be the corresponding critical points for the elastic energy in €1, . Let ¢, € H # (Ty,.)
with ||¢n|l~,g, =1, be such that

)\Lgn = (Tgn<pn7<10n)’\/vgn :/ OUW,VUWW, : vvﬂan’

Qg

where vy, is defined as in (5.17). We set @y, := ¢y (pn0®y, ) Ja,, , Where ¢, := |[(¢no®y, ) Jo, [I<",
so that ¢, € Hj(T,) and J@nHN = 1. Setting also w, := v,, o @, , by a change of variables it
follows that for every w € V(Qy,)

/ Cu, Vv, : Vwdz = / ANVw, - V(wo @, )dz,
Qn Q
where A,, is the fourth order tensor defined by
A M = (Wee (V(un 0 @,,)(Vy,) 1) (M(V,)71) ) (V)T det VB, for M e MY,
Hence by (5.17) we see that w, € V(Q),) solves the equation

A, Vw, : Vwdz = / (divy, (pnWe(Vun))o®y,) -w Jo, dHN 1 (5.19)

Qp Tp

for every w € g(ﬂh) Let us observe also that A4,, — C, uniformly in ;. We now claim that

lim CuVvg, : Vug, dz = lim A, Vw, : Vw, dz. (5.20)

n—00 Q; n—o0 Q;
) )

Notice that this implies (5.18]), since

A1 > lim (T'@n, ¢n)~ = lim / CuVvg, 1 Vug, dz
n— oo Qh

n—oo

= lim A, Vw, : Vw, dz = lim Cu, Vg, : Vg, dz = M.
n—o00 Qn n—o0 Q.

In order to prove ([5.20), we need to deduce some preliminary estimates. Using the equation
satisfied by v, and recalling (3.5) we have

%I(QQTL;RN) < /Q Cy, Vu,, 1 Vu, dz = /1“ divr, (©nWe(Vuy)) - vp, dHN !
gn

an

co
a1 v,

< ||divp,, (Lpn We (Vun))

_1

I 3y ) Ve,

1
H2(Tg, ;RN)’

1

and since the H~z-norm in the previous expression is uniformly bounded by Lemma (re-
call that ¢, are uniformly bounded in H*(T,,), and that W¢(Vu,) are uniformly bounded in
Co*(Qy, s MY) with a =1— % > 1), we deduce that

sup ||'U<Pn||H1(an;RN) < 0. (5.21)
n
Moreover we have also
sup ||wn || g1 (0, myy < 00, sup [lvg, || a1 (o, myy < 00, (5.22)
n n

where the first estimate follows from (5.21), using the definition of w,,. Finally, arguing as in the
proof of the estimate (5.15) with ¢ replaced by €2 and ¢ replaced by ¢, , we obtain ¢, — 1.

Cn
Now we are ready to prove ([5.20]), from which the conclusion follows. Observe that, thanks to
the uniform bound (5.22)) and to the uniform convergence of A, to C,, we have

lim Cy,Vw, : Vw, dz = lim A, Vw, : Vw, dz,

n—oo Q; n—oo Qn
h
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thus claim ([5.20)) will follow from

lim CuV(vg, —wy) : V(vg, —w,)dz =0, (5.23)

n—r oo Qh

since this implies that vs, — w, tends to 0 strongly in H'(Q;;RY). Hence we are left with the

proof of (5.23]).

Observe that, as vg, — w, is an admissible test function for both the equations satisfied by
vz, and w,, we have

| g, =) V(e — )
= CuVvg, : V(vg, —wy)dz — /Q (Cu — Ap)Vwy, : V(vg, —wy)dz
n
— A, Vw, : V(vg, —wy)dz
= /F divy, (nWe(Vu)) - (vg, — wy) dHN ! —/Q (Cy — Ap)Vwy, : V(vs, —wy)dz
- / (dive, (puWe(Vun))o@,,) - (v, — wa)Ja, dHY~!
-1 - Izr—h Is.

It is clear, from the bounds in (5.22)) and from the uniform convergence of A, to C,, that the
second integral I tends to 0. Since, thanks to (5.22)), vz, — w, is bounded in H%(Fh;RN), to
prove that also the difference Iy — I3 tends to 0 it will be sufficient to show that

(|dive, (2nWe(Vu)) = dive,, (9nWe(Vuy)) o @, HH;% ()
In turn, by Lemma the previous convergence will follow from
[Gnhnll 1 -0, (5.24)

HZ (Tp;MN)
where
hy, == We(Vu) — c;l(J%nleg(Vun) od, .
Recalling that ¢, — 1, we have that h,, — 0 in C%*(T'j,; MY) for a = 1— %; hence by Lemma
we obtain 7 which concludes the proof of Step 3.
Step 4. We define h; := h +t(g — h) for t € [0,1]. Setting f(t) := F(ht,un,), we claim that if &

is sufficiently small then

f'(t) > 2Co[lpglFnr,)  for every t € [0,1] (5.25)

for some positive constant Cy, where ¢, := ((¢ — h)/y/1+[Vg|?) o 7. In fact, the quantity
f”(t) is nothing but the second variation of F at (hy,up,) along the direction g — h, hence by
Remark [4.3]

F'() = =(Tnopt, 06)mie + lloelZ

2
-/ (W<Vuht>+H;‘1)dim[((V’“"Wow)ﬁ] L (5.26)
Ty,

V14 |Vh?

where ¢, == ((g — h)//1+|[Vh|?) o7 € ﬁ#(l"ht). Observe that, as A\; < 1 by Theorem
combining Step 2 and Step 3 we have that for § sufficiently small

9 9 1-—X\
~(Th ot o) + el = (1= Avw)lleelZn, > —;

Cl(l—)\l) Cl(l—)\l)
> f“@t”%{l(l‘ht) > f“%”%ﬁ(rg)v (5.27)

H‘Pt”i,ht
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where in the last inequality we used the fact that, for § small enough,

1
§||<Pg||?{1(rg) < H@t”?{l(rht) < 2||809H%11(rg)- (5.28)

In addition, as (h,u) is a critical pair, there exists a constant A such that W (Vu) + HY = A
on I'j,. Recall now the uniform convergence of Vup, to Vu as § — 0, the continuity of W, and
observe that the anisotropic curvature of T'p, tends to the anisotropic curvature of T', in LP as
§ — 0, due to the W?P-convergence of h; to h; hence, as these convergences are uniform with
respect to t € [0,1] and g € Us, we can conclude that

sup sup ||[W(Vug,) + H;ft - AHLP(F’ , =0 as d — 0. (5.29)
g€Us te[0,1] vt

From this it follows that if § is sufficiently small, by Holder inequality

_ (AN (Vhe,|Vhe]®) 2 N—1
/r (W) + Hy,) dive,, {( SR ”) %} "

- _ P : (Vhe,|[Vhe|?) 2 N-1
= ‘/th (W(Vuht) + Hht A) lepht {( \/W o 71') gpt:| dH

_ Y . (Vhe,|VRe|?) )‘ 2
> ||W(Vuht)+Hht A’|LP(F,Lt){Hd1Vth< /1+|V h¢|2 om Lp(th)”sptHL%(th)

(Vhe,|[Vhe|*)
+QHVth(ptHl/z(pht;RN)H‘pt\/m Oﬂ‘

Ci(1—X\y)
2= 3 : leglliEnr,): (5.30)

2p
LP=2(Tp,RY)

where in the last inequality we used also the boundedness of h; in W?2?(Q), the Sobolev imbedding

theorem, (5.29) and (5.28).
Collecting ([5.26)), ((5.27)) and ([5.30]) we conclude that the claim (5.25)) holds with Cy = %g)‘l).
Finally, thank to the fact that f'(0) =0 (as (h,u) is a critical pair), we have

F(h,u) = f(0) = f(1) - /0 (1= 8)f"(t)dt < F(g,ug) — Callegllinr,)- (5.31)

This inequality is valid for every g € Us, for a sufficiently small §. Now, by an approximation
argument, if g € AP(Q) is such that |[g—h|[w2»g) < d and |Qy| = [Q4], weset § := h+p-x(g—h),
where p. is a standard mollifier with support in B.(0). Then § € Us, and € can be chosen so
small that

N Co
F(g,ug) < F(g,uy) + 7”%”?{1(&,),
hence by (5.31)
Co
F(h,u) < F(g,ugq) — 7“%“?{1(r§)~

Now the minimality with respect to a generic pair (g, v) follows from Proposition O

6. STRONG LOCAL MINIMALITY

In the main result of this section (Theorem we prove that the WP -local minimality (see
Definition|5.1)) implies the local minimality in the stronger sense of Deﬁnition In particular, by
Theorem e deduce that the strict stability of a critical pair (h,u) is a sufficient condition for
local minimality (Theorem [6.5). We will also observe, in Theorem that our methods provide
the isolated local minimality in the case of the linear elasticity.

The contradiction argument which leads to the proof of these results is mainly based on the
regularity properties of the solutions to suitable penalization problems, which will turn out to be
quasi-minimizers of the anisotropic perimeter, according to the following definition. For every
finite-perimeter set E we denote by 0*F its reduced boundary and by vg the generalized outer
unit normal.
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Definition 6.1. A set of finite perimeter £ C RY is an (w, R)-minimizer for the anisotropic
perimeter, with w > 0, R > 0, if for every ball B,.(z), 0 < r < R, and for every set of finite
perimeter F' such that EA F CC B,(x) we have

Y(ve)dHN T < Y(r)dHN T+ w|E A F.
oO*E O*F

In this context, we say that a set E is periodic if its characteristic function is one-periodic in
the first N —1 coordinate directions. The following theorem contains the main regularity property
of uniform sequences of quasi-minimizers.

Theorem 6.2. Let E, be a sequence of periodic (w, R)-minimizers of the anisotropic perimeter
such that sup,, HN~1(0*E,N([0,1)N "1 xR)) < 0o and xg, — xg in L (RY), where E C RY is

loc
a periodic set of class C%. Then, for n sufficiently large E,, is a set of class CYz and OE, — OF
in CH for every a € (0,1), in the sense that
OF, = {z+ on(2)ve(z) : z € OF}

with ¢, — 0 in CLH*(9E).

The previous result is a consequence of the standard regularity theory for almost-minimal
currents (see [3, [, 22]). Precisely, it can be deduced from the result stated in [I14, Theorem 15]
by an argument which is well-known to specialists and can be found, for instance, in the proof of

[14] Theorem 8] (see also [I3, Lemma 3.6] for the isotropic case). Notice that the quasi-minimality
property considered in [I4], namely

Y(vp)dHN T < Y(r)dHN "t +wrP(E A F)
O*E o*F
whenever £ A F is compactly contained in a ball of radius r, is clearly implied by our definition
of quasi-minimality as a consequence of the isoperimetric inequality.
Another preliminary result that we will need in this section is the following lemma, which can
be proved by standard elliptic estimates.
Lemma 6.3. Let h € C’i(Q), and let h, € C’;a(Q) be such that h, — h in CY®, for some
a € (0,1). Assume also that the anisotropic mean curvature H;fn of hy, is bounded. Then
(1) Zf H;f)n(a hn()) - Hw('a h()) in LP(Q); then hp, — h in Wz’p(Q) ;
(il) if sup,, | Hy, |lLr(@) < 00, then sup,, |[Anllwzr(q) < oo

Proof. The function h,, is a weak solution to the equation
- / V(—Vhn,1) - (V1,0) dz = / HY (2, ha(x))(z) dz for all n € CF(Q)
Q Q

with H;fn(', hn(+)) € L>®(Q), which implies, by elliptic regularity (see, e.g., [4, Proposition 7.56]),
that h,, € WiQ(Q). Hence it makes sense to perform the differentiation and rewrite the equation
in non-divergence form:

9%
8Z¢(92j

N-1 8%h,,

al’ial’j (‘T) = _H;fn (LL', hn(x)) a.e. in Q

(=Vhn(2),1)

i,j=1
By elliptic regularity results for equations in non-divergence form with continuous coeflicients, we
deduce that h,, € W;’p(Q) for every p € [1,00) (see 4, Theorem 7.48]), and in turn the conclusion
follows from [19, Theorem 9.11] recalling that h,, — h in C1e. O

We recall that we associated, with a critical pair (h,u), an open set €’ containing €, in terms
of which we defined in the class of competitors X’. Our strategy requires now the extension
of the functional F' to a larger class of admissible pairs: in particular, we shall consider not just
subgraphs of Lipschitz functions, but generic periodic sets with locally finite perimeter. More
precisely, let X be the set of all pairs (£2,v) such that:
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e O C  is a set of finite perimeter; we will denote by Q% the periodic extension of
QU (Q xR7) in the first N — 1 directions;
° vE WI’OO(Q%&;RN) is such that v —up € V(') and det Vo > 0 a.e. in Q.

For (Q,v) € X we define
F(Q,v) := / W(Vo)dz+ | ¢(vq)dHN 1
Q I'a
where T'q := 0*Q% N ([0, V-1 x R) and vq is the generalized outer unit normal to the reduced
boundary of Q#. We remark that, if (g,v) € X', then (Q,,v) € X and ﬁ(Qg,v) = F(g,v).

We are now ready to state and prove the main result of this section.

Theorem 6.4. Let p € (1,00), and assume that a critical pair (h,u) € X is a W?P -local
minimizer, in the sense of Definition , Then (h,u) is a local minimizer for F, according to

Definition [2.3}

Proof. We argue by contradiction, assuming the existence of a decreasing sequence ¢, — 0 and
of a sequence (g, un) € X’ such that

0 <llgn = hlloc S on;  [IVun = Vullp@mavy < on, (D, = [Qul,

and
F(gn,un) < F(h,u). (6.1)
We now split the proof into several steps.

Step 1. We claim that we can find new sequences 9, — 0 and v, € C’OO(QI;RN) such that
(Gn,vn) € X', Nlgn — hlloe < 0, [[VUn — V|| oo (qrmny < 6, and for which we still have

F(gn,vn) < F(h,u). (6.2)

Indeed, for every n we can construct an approximating sequence v*, k € N, in the following way:

we let py/;, be the standard mollifier in RY with support compactly contained in B; /K, and we

set
o = wk « P1/k T Uo, where w}(z,y) = { (()un eyt iﬁz i 8,
(where we extended u, —ug to 0 in R™). Then by the properties of the convolution product we
have v € COO(Q/;]RN), vk —up € V(Q'), and
||V’Uﬁ — VUHLOC(Q/;MN) <20,

for every k sufficiently large. Moreover, F(gn,v¥) — F(gn,un) as k — oo by the Lebesgue
Dominated Convergence Theorem. Hence, for every n we can find k, such that the function
v, 1= vk satisfies the desired properties with 6,, = 20,,. We set M,, := || V20, ||oo -

Step 2. Let (Q,wy,) € X be a solution to the penalized problem
min{Jg(Q,v) L(Q0) € X, Qnos, CQC Quys,, v € W2X(QU;RY),

IV20loe < M, V0 = Vullps ey < 6n s (63)

where B

J5(Q,0) := F(Q,v) + B]|Q] — ||
and [ is a positive constant, to be chosen later. Observe that problem admits a solution
by the direct method of the Calculus of Variations: indeed, if (2%, w*) is a minimizing sequence,
then up to subsequences we have that Q% — Q% in L' and w* — w® weakly* in W2 (Q'); the
pair (Q° w") satisfies all the constraints and is a minimizer of by the lower semicontinuity
of the functional (which follows in particular from Reshetnyak’s Lower Semicontinuity Theorem,

as stated in [4, Theorem 2.38], for the surface term).
Since (€, ,vy,) is an admissible competitor for (6.3)), the minimality of (€,,, w,,) and (6.2) yield

F(Q,wn) < Ja(Qnywn) < J3(Qg,0n) = F(gn, vn) < F(h,u). (6.4)
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Step 3. We claim that, for 8 large enough (independently of n), (,,w,) is also a solution to
the minimum problem

min{jﬂ(Q,U) () € X, v € WX (QVSRY), V20|00 € My, VU — V|| oo gy < 5n},
(6.5)

where
Ja(Q,v) == Jz(Q,v) + 28 |Q A T, (Q)]
and Tn(Q) = (Q @] thén) N Qpys, -
To prove the claim, consider any competitor (€2,v) for problem (6.5). Then we have, since

J3(Q,0) = J3(Qn, wn) = J(T (), v) — Ja(Qn, wn) + 282 A T, (Q)]

+/QW(V11) dz — . w(yg)deNfl—/ Y(vr, o)) dHY !

Ly ()

W (Vv)dz +
Q)

( Lo

+ 8(11921 = 19| = [ITu()] - 1)

> (28— Wo - B) QAT + [ wlve) dH " / b, qy) AHY

Lo P

where in the last inequality we used the fact that Jg(T,, (), v) —J5(p, wy) > 0 by the minimality
of (Q,,w,), and Wy is a positive constant depending only on W and wu.

Now recalling the 1-homogeneity of v, the Euler’s theorem 9 (r) = V4 (v)-v and the convexity
of ¢ yield

Y(va) 2 Y(vn) + Vo (va) - (va —vn) = Vi(un) -ve onTg,

where, for every z € RV, we denote by v5,(z) the upper unit normal to the graph of h at the point
(m(2), h(m(2))). Hence, using again Euler’s theorem and observing that H~ ~!-almost everywhere
on I'r, (o) \ T'a the normal to 'z, (o) coincides with v, , we obtain

P(vg) dHN ! — / (v, ) dHN !

T'o I'r, (@)

> / Vip(vp) - vo dHN T - / Vp(vp) v dHN T
To\l'r, (o) Iz, @) \l'e

> —/ |div(Vep o vy)|dz > —Ag|Q A T, (Q)]. (6.6)
QAT ()

Here Ag := ||HY||p>(r,), where HY denotes the anisotropic mean curvature of I',. Hence we
can conclude _ N

Jp(Q,0) = Jp(Qn,wn) = (B = Wo — Ao) [Q AT, (Q)],
so that by choosing 5 > Wy + Ag (notice that this constant depends only on W, ¢, h and u)
we deduce that (£,,w,) is a solution to (6.5).

Step 4. We claim that each (2, satisfies the volume constraint
Q] = [Q]. (6.7)
Suppose by contradiction that [Qp| — |, =: d > 0 for some n. We can find ¢ € (—d,,d,) such
that |, U Qnts| = [Qp]. Define U :=Q,, UQp4s. Then, as |U| = |Qp], we have
J(U,wy) — Jg(Qn, wy,) = / W (Vuw,)dz —/ W(Vw,)dz
U Qn

+ [ Yw)dHN T - P(va,)dHN ! - pd
T'u

Lo,

< (Wo—B)d+ | d(w)dH !~ U(va,) dHY (6.8)

I'y T'a,
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where W) is the same constant as in Step 3. Now, arguing as in , we have

Y(vy) dHN T — Y(vg, ) dHY T < Agd.
Ly Lo,
Hence implies that
J(U,wy) — Jg(Qn,wn) < (Wo+ Ao —B)d <0
(recall that 8 > Wy + Ag), which is a contradiction with the minimality of (€, w,,).
In the case |Q,| > ||, we can find § € (—dy,d,,) such that |Q, NQp1s] = |Qp]. Then, setting
U:=Q, N Qs and arguing as before, we still contradict the minimality of (€2, wy,).
Step 5. We claim that Q¥ is an (w, R)-minimizer for the anisotropic perimeter (see Deﬁnition,
with w and R independent of n. Indeed, consider any ball B,(z) and any set F' such that
Q# AF CC B,(z). By a translation argument we can assume B,.(r) C Q x R; moreover, by
taking a sufficiently small R we can also assume without loss of generality that B,(xz) C .
Hence, setting F’ := F N, we have that (F’,w,) € X is an admissible competitor in problem
(6.5). By the minimality of (€, w,,), we have Jg(F', wy,) — Jg(y, wy) > 0, which yields

/ Y(vg, ) dHN !
0*Q,NB,.(x)

g/ Y(vp) dHY ! + W(an)dzf/ W (Vw,) dz
8* FNB,.(x) F’ Q,

+ B|IF'| = [Qnl| + 28| F" A T, (F')]
g/ Y(vr) dHN T+ (Wo + 38)|F' A Q)

O* FNB,.(z)

where we used the fact that F' AT, (F') C F' AQ,,. Since |F' A Q,| = |F A QF|, the previous
inequality proves the claim with w = Wy + 353.

Hence, by the regularity of quasi-minimizers (see Theorem , we deduce that Q,, is a set of
class C*2 for n large enough, and that it converges to 5, in C1* for all a € (0, 1). In turn,

1

this implies that for n large the set €2, is in fact the subgraph of a function k,, € C’;’ 2(Q) (that
is, Q, = U, ), and k,, = h in C* for all a € (0,3).
Step 6. We claim that k,, — h in W?2P for every p € (1,00).

Fix n € CZ(Q) and set kj, := k,, +en, for £ > 0. By the quasi-minimality property of I'x,
proved in the previous step we have

Vv, ) dHN L < w(uk;)dHN’lJrs/ In(z)| da.
Tk, Tre Q

Dividing by ¢ and letting € — 0, we deduce
[ ) (9.0 de < s

Hence, the left-hand side in the previous inequality defines a continuous linear functional on
L%E(Q), that is, denoting by H;fn the anisotropic mean curvature of I'y, and recalling (2.10)),

—HY (- ko())=H, onQ
in the sense of distributions, for some bounded function H,, whose L°°-norm is bounded by 1.
This uniform bound, combined with the convergence of the functions k, to h in C1*, implies by
standard elliptic estimates (see Lemma that the functions k, are equibounded in W?2? for
every p > 1.

We can now write the Euler-Lagrange equations for the problem (6.3): since k,, is of class W2P
we have

—W(an(x,k‘n(x))) + X, in A4, = {|kn —h| < (5n},

( _
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where A\, , A\ are the Lagrange multipliers due to the volume constraint. To deduce the equation
in A, we considered variations only of the profile k,, compactly supported in A, , while the
equation in the complement of A,, easily follows from the fact that (h,u) satisfies (2.5). Notice
that the sequence A, is bounded, by the uniform bounds on H ,'f _and on Vw,,.
Now, if HV=1(A,)) — 0, we immediately have

HY (- ka(-)) = HY(-,h(-))  in LP(Q) for all p > 1. (6.9)
Otherwise, assuming that H¥N~1(4,) > ¢ > 0 for all n, integrating the Euler-Lagrange equation
in Q we deduce by periodicity that

/ W (Vwy, (x, kn () doe + N\ HY 1 (A,) — 9 W (Vu(z, h(z))) de + AHY"HQ\ Ay)
Q\An

/ HY (2, kn(2)) dz =0 = /QHw(x,h(x))dx = —/QW(Vu(%h(m)))dx+)\HN_1(Q).

Now the uniform convergence of Vw, to Vu on I'y  and the convergence of k, to h in cle
yield (A, — M)HN"1(A,)) = 0, and in turn )\, — X since HV"1(A,)) > ¢ > 0. Hence, using again
the Euler-Lagrange equations, we can conclude that holds. In turn, by elliptic regularity
(Lemma this implies that k,, — h in W?2P for every p > 1, as claimed.

Step 7. We are now in position to conclude the proof of the theorem. Since
[kn = hllw2r@) = 0, [Vwn = Vullp=(q,, ) =0,
and, by Step 4, |Q, | = |Q], inequality is in contradiction with the W?2P?-local minimality
of (h,u). O
Combining the previous result with Theorem we immediately obtain the announced local

minimality condition.

Theorem 6.5. Assume N = 2,3. If (h,u) € X is a strictly stable critical pair, according to
Deﬁnitz’on then (h,u) is a local minimizer for the functional F, in the sense of Definition|2.4}

We conclude this section by observing that Theorem can be extended to the linear elastic
case, where we have the following stronger result. Given a set A and a constant M > 0, we
denote by Lip,,;(A;RY) the class of Lipschitz functions v : A — R whose Lipschitz constant is
bounded by M.

Theorem 6.6. Assume that the elastic energy density has the form
1 T T
W(e) = 2c(§+5 ) : <’5+5 ) ceMV

2 2
for some constant fourth-order tensor C such that
CE: > colé*  for every € € MY co >0, (6.10)
where MY denotes the subset of MV of the symmetric matrices. If N = 2,3 and (h,u) is a

sym
strictly stable critical pair, then (h,u) is an isolated local minimizer for F in the following sense:
for every M > ||Vu| o there exists 6 = 6(M) > 0 such that

F(h,u) < F(g,v) (6.11)
for every (g,v) € X with 0 < ||g — hllec <3, || = ||, and v € Lip,;(Qg; RY).

sym?

Remark 6.7. Notice that, by Korn’s inequality, the positive definiteness of the tensor C' on the
space of symmetric matrices implies that condition is automatically satisfied. We suspect
that, as in the two-dimensional case (see [18]), in the linearized framework the following stronger
result should hold: there exists § > 0 such that is satisfied for every (g,v) € X with
0 < |lg—hllee <98, |Q] = ||, and v € Lip(Qy;RY). In order to prove such a result, we
would need a regularity theory for minimizing configurations, which is not yet available in the
three-dimensional case.
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Proof of Theorem[6.6L We first observe that the conclusion of Theorem [5.2] holds also in this case.
Indeed, the construction provided by Proposition |3.4]is now unnecessary, since for every admissible
profile g we can consider the unique minimizer wu, of the elastic energy in the corresponding ref-
erence configuration ;. By standard elliptic regularity, the map g — u4 satisfies the conclusions
of Proposition [3-4] so that we can repeat the proof of Theorem without changes. Notice also
that the estimate provided by Lemma [5.3] remains valid in this case, since the fourth order tensor
Wee satisfies the strong ellipticity condition, as a consequence of (6.10).

At this point we can follow the strategy of the proof of Theorem where the contradiction
hypothesis consists now in assuming the existence of a sequence (gn,v,) € X such that §, :=
lgn = vnllc = 0, R, | = 20|, va € Lipy (€, ), and F(gn,vy) < F(h, u)

The approximation argument contained in Step 1 of the previous proof is in this case unnec-
essary, so that we do not need the strict inequality in . Indeed, each function v, can be
extended to €' without increasing the Lipschitz constant, and we can now consider the penalized
minimum problems

min{JB(Q,v) L Q) € X, Qus, CAC Qys,, v E LipM(Q’;RN)} (6.12)

which admits a solution without assuming any a priori W2 > -bound, as we did before. Replacing
by (6.12)), the proof goes exactly as in the previous case, yielding the C**-convergence of
k, to h at the end of the fifth step; moreover, k,, € W2P(Q), as proved in the first part of Step 6.

Observe now that, denoting by @, the unique minimizer of the (linear) elastic energy in Qy,
by the standard regularity of the elliptic system associated with the first variation of the elastic
energy we have that Vi, o @ converge uniformly to Vu in Qj, so that for n sufficiently large
the constraint w,, € Lip,,()’) is satisfied. Hence we necessarily have w,, = w,,: thus w, is in fact
of class C' up to I'y,, and we can conclude as before, by writing the Euler-Lagrange equations
for the penalized problems, that k, — h in W2?(Q).

Finally, in the last step of the proof we deduce, by the isolated local minimality of (h,u) proved
in Theorem that k, = h and w, = u for all sufficiently large n. It follows that (h,u) and,
in turn, (g,,v,) are solutions to the penalized minimum problem: repeating the same argument
for the sequence (gn,v,), we conclude that for n sufficiently large g, = h and v, = u, which is
the final contradiction. O

7. STABILITY OF THE FLAT CONFIGURATION

In this section, as an application of our local minimality criterion, we deal with the issue of the
stability of the flat configuration. Given a volume d > 0, we will assume the existence of an affine
critical point for the elastic energy in the domain Q4 = @ x (0, d), namely (recall Definition
an affine function vy(z) = M[z] for some M € MY solution to the problem

diV(Wg(vvo)) =0 in Qd,
Wg(Vvo)[eN] =0 on Pd, (71)
Vo — Ug € V(Qd),

where ug(x,y) = (Alz],0) is the boundary Dirichlet datum. Notice that an affine function auto-

matically satisfies the first condition (as Vv is constant), but this is not always the case for the
second one, that can be rewritten as

ow

O&in
Definition 7.1. A pair (d,v9) € X, with vo(z) = M|z], satisfying (7.1)) and condition (3.1) will
be referred to as flat configuration with volume d.

(Vug) =0 for every i =1,...,N. (7.2)

We remark that, whenever it exists, (d,vp) is obviously a critical pair for the functional F'.

Example 7.2. We now show the existence of an affine critical point for the elastic energy in
a flat domain, for boundary data close to the identity, under the assumption that the identical
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deformation is a strict local minimum of the elastic energy. More precisely, we assume that
W(I)=0 and that

/ Wee(I)Vw : Vwdz > k||w\|§{1(9d;RN) for every w € V(Qq), (7.3)
Qq

for some k > 0. Notice that, as W > 0 and W(I) = 0, necessarily W¢(I) = 0. We claim that,
if |A—1I| < gp for some gy > 0 sufficiently small, then there exists an affine solution to
corresponding to the boundary datum wg(z,y) = (A[z],0).

Indeed, given A € MV~ we look for a vector b = (by,...,bx) such that the affine function

UA,b(xﬂ y) = (A[‘T]a O) +yb

satisfies (7.2). We define a map G : (A,b) — We(Vvap)len]. As We(I) = 0, we have that
G(I,en) = 0. Moreover the matrix d,G(I,en) is positive definite (hence invertible), since for
every vector w € RV \ {0}

O*wW

abG(I, 6N)[U),’LU] = m
? J

(Dwiw; = Wee(I)(w@en) : (w®@en) >0,

i,j=1
where the last inequality follows from the fact that the tensor Wee(I) satisfies the strong ellipticity
condition (by Theorem and (7.3])). Hence the claim follows by applying the Implicit Function
Theorem (notice also that the affine critical point constructed in this way satisfies condition (3.1)),

up to taking a smaller e if necessary, by continuity and by (7.3)).

When dealing with the flat configuration (d,wp), it is convenient to identify the space IA-E# (Tq)
with the space

ﬁ#(@) = {(p € HL (RNY) 1 o(x +e;) = p(z) for ae. € RV,
foreveryi=1,...,N — 1, / w(x)dsz}.
Q
Notice that condition (4.11)) is always fulfilled (the coefficient a in (4.10]) vanishes), so that

loll?, = /Q V2(en)[(V, 0), (Vo,0)]dz for every ¢ € AL(Q)

is an equivalent norm on ]?-Eﬁ(Q), in particular, this allows us to discuss the positivity of the
second variation at the flat configuration in terms of the quantity A;(d) defined by (here
we make explicit the dependence on the height d of the reference configuration).

We now prove a couple of propositions concerning the stability of the flat configuration. Pre-
cisely, we show that the flat configuration, whenever it exists, is strictly stable if the volume
is sufficiently small, while condition is not satisfied if the domain is large enough. In the
following, we will always assume to deal with elastic energy densities W which admit a flat con-
figuration.

Proposition 7.3. There exists dy > 0 such that for every d < dy
O*F(d,vo)[¢] >0 for every ¢ € ﬁ#(@)\{O}

Proof. Denote by pi(d) the value of the minimum in (4.14) corresponding to the critical pair
(d,vg); by Theorem it is sufficient to show that

dlg(r)lJr H(d) = oo,

Assume by contradiction that there exist C > 0, a sequence d,, — 0% and a sequence v,, € ﬁ(an)
such that ||®,, ||~ =1 and

Wee(Vug)Vu, : Vo, dz < C.
Qa,,
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Then the functions

A if0<y<1—d,
n&Y) = vp(x,y—1+d,) ifl-d,<y<l1

belong to V(), | @4, ||~ = ||y, ||~ = 1 and satisfy

ng(Vvo)Vf;n : Vo, dz <C.
1951
It follows that, up to subsequences, v, converges weakly to 0 in ]7((21) From the compactness
of the map v — @, we conclude that &5, — 0 strongly in Hi%(Q)7 a contradiction with the fact
that ||®s, ||~ =1. O

In order to show a situation where the flat configuration is no longer a local minimizer, we
slightly modify the setting of the problem defining, for d > 0, Qg = (0,d)V~! and Q4 = (0,d)";
all the notions considered up to now are extended to this situation in the natural way.

Proposition 7.4. There exists di > 0 such that the quadratic form 0*F(d,vo) is not positive
semidefinite for all d > dy. In particular, for all d > dy the flat configuration (d,vo) is not a
local minimizer for F'.

Proof. Consider a nontrivial solution (v,¢) € V(€4) x FNI#(Q) of in Qp with A = A (1).
Setting vq(z) = v(5), wa(x) = dp(%), a direct computation shows that (vg4,pq) is a nontrivial
solution of in Qg corresponding to A = dA;(1). Hence A(d) > dAi(1), and taking
di = ﬁ(l) we get that A (d) > 1 for every d > dy. From this it is easily seen, using (4.15)), that

the quadratic form 92F(d,vg) is not positive semidefinite for all d > d;. The last part of the
statement follows from Theorem [£.41 O

We conclude this section by discussing what happens in the case of crystalline anisotropies,
namely if we assume less regularity in the anisotropic surface density (we refer also to [6], where
the two-dimensional case, in the framework of linearized elasticity, is studied in details). Precisely,
we assume here that 1. : RN — [0,+00) is a Lipschitz, positively 1-homogeneous and convex
function, such that the associated Wulff shape W,  contains a neighborhood of the origin and its
boundary has a flat horizontal facet intersecting the y-axis. We recall (see, e.g., [I5]) that the
Wulff shape associated with a convex function 1 : S¥=1 — (0, +00) is the convex set W, := {z €
RN : 2. v < 4(v) for every v € SVN1}.

Under these assumptions, we can show that the flat configuration is always a local minimizer
for the associated functional F,, whatever the volume d > 0.

Theorem 7.5. Let N = 2,3, and let ¢, : RNV — [0, +00) be a Lipschitz, positively 1-homogeneous
and convex function, such that {|z| < a, y = b} C OWy, for some a,b> 0. Then for every d >0
the flat configuration (d,vy) is a local minimizer for the associated functional F., in the sense of

Definition[2.7}

Proof. Since we always evaluate the function 1. at vectors whose last component is nonnegative,
without loss of generality we can assume that the Wulff shape Wy, is symmetric with respect to
the hyperplane {y = 0}.

From the assumptions on . it follows that the cylinder C = {(z,y) : |z| < a,|y| < b} is
contained in Wy, . Let c(v1,v2) = alvi| + blva| be an anisotropy whose Wulff shape is exactly
the cylinder C'. Observe that

Yo < e, %(0, 1) = ¢C(Oa 1) =b (74)
(the first follows from [I5, Proposition 3.5 (iii)] and the inclusion C' C Wy, , while the second is a
consequence of [15, Proposition 3.5 (iv)]).

We now introduce a family of “approximating” functionals: consider, for € > 0, the function
Ye(z,y) = ar/e2y? + |z|? + (b — ag)|y|, and the associated functional F.. Note that . converges
monotonically from below to ©¥¢ as € — 07 ; geometrically, the Wulff shapes associated with the
functions 1. converge monotonically from the interior to the cylinder C'.



32 M. BONACINI

Consider first the regular functions z/?s(x,y) = ay/e?y? + |z|? and the associated functionals
F, : they satisfy all the assumptions of Section (in partlcular the uniform convexity condition
. 2.3)) follows from the exphclt computation of the hessian of wg) and the quadratic form associated
to the second variation of F at the flat configuration turns out to be

O?F.(d, vo)[¢] = —/ Wee(Vug) Vo, = Vo, dz + 7/ V|2 dHN L.
Qx(0,d) €Ja

SlIlCe
/C2 (0 d) EE( ;UO) ;'U(g . C'Ug(iZ < C UO”FU(Qd R2) S C ||<9||2 (Q)
X i H!

(where C,C" are positive constants depending only on the boundary Dirichlet datum), it follows
that there exists g9 > 0 such that the quadratic form 92 FE (d,vg) is p051tlve definite. Hence, by
Theorem . the flat configuration (d,wvg) is a local minimizer for FEO for every volume d > 0.
The same is true also for F,, since the energies F,, and FEO differ only by a constant value:
F., = 1350 + (b — aeo).

We can now conclude the proof: let § > 0 be such that the flat configuration minimizes the
energy F., among all competitors (g,v) € X’ such that |Qy] = d, 0 < |lg — d|l < ¢, and
[Vv — Vg || oo (r;unvy < . Then for every such (g,v) we have

Fu(d,v0) = / W (Vo) d= + 16o(0,1) = / W (Vo) dz + (0, 1)
Qx(0,d) Qx(0,d)

= FC(dan) = Feo(davo) < F€0(97U) < FC(Q;U) < Fc(gav)7

where the first inequality follows from the local minimality of the flat configuration for F, , the
second one from . < 9¢ and the last one using ¥ < .. From the previous chain of inequalities
the conclusion follows. O

Remark 7.6. If W is as in Theorem and under the assumptions of Theorem we conclude
that for every d > 0 the flat configuration satisfies the isolated local minimality property stated
in Theorem [6.61

8. APPENDIX

8.1. Fractional Sobolev spaces. We collect in this section some auxiliary results concerning
fractional Sobolev spaces which are needed in Section [5} The statements are the same as in [I8|
Section 8.1], rephrased to consider also the case of dimension N = 3.

Fix a periodic function h € C#(Q), h > 0. We denote by ¢y a positive constant such that
minah > cg. We recall that the Gagliardo seminorm of a function ¥ on I'y is defined as

WP N1 N-1
o= (| [Pt ) 1 )

for 0 <s<1and 1<p<oo,and that ¥ € WP(T'),) if

S =

[9llwerrn) = [19llze,) + [Plspr, < oo
We denote by W3 (I‘h) the subspace of functions ¥ € W#®P(I'y) whose periodic extension to
F# belongs to WSP( ), endowed with the same norm. The dual spaces of W*P(T';) and of

loc
W;P(T'y) are denoted by W™ '71(T),) and W 5T (T'1,), respectively. When p = 2 we switch
to the notation H*(T'y) for W#2(T,) (and snmlarly for the other spaces).
Remark 8.1. We remark that, if —1 <t <s <1 and p > 1, the space W*P(I'y,) is continuously
imbedded in W%P(T'),). This follows directly from the definition.
Theorem 8.2. If -1 <t<s<1,q>p and s— % >t— %, then W*P(T',) is continuously

imbedded in W44(T'y). The imbedding constant depends only on s, t, p, q and on the C*-norm
of h.
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In particular, it follows that if N < 3 then H*(I'},) is continuously imbedded in L9(T;) for every
g > 1. The proof of the theorem follows from [21, Theorem 1.4.4.1] by a change of variables, and
taking into account Remark The following theorem, which follows from [21, Theorem 1.5.1.2],
deals with the trace operator on T’ .

Theorem 8.3. There exists a continuous linear operator T': Whr(Qy,) — Wlfi’p(l"h) such that
Tu = u|r, whenever u is continuous on . The norm of T is bounded by a constant depending
only on p, co, and on the C'-norm of h.

Denoting by W#p(Qh) the space of functions u € W1P(€2;,) whose periodic extension to Q#
-1,
belongs to VVéf(Qf), we have in particular that, if u € W;;p(Qh), then Tu € W, 7 P(Th).

Conversely, we have the following extension theorem.

-4, .
Theorem 8.4. For every J € W, * P(T)) there exists u € W;’p(Qh) such that Tu =19 and

||u||W1’P(Qh) < C”ﬁHWlf%,p(Fh)

where C' depends only on p, co, and on the C'-norm of h.

: (8.1)

We now state the 3-dimensional version of [I8, Theorem 8.6].

Theorem 8.5. Let N = 3. For every u € W#p(ﬂh) and for i =1,2

< C|VullLr(a,r3)

sP

H Vi - vi
1
# P (Fh)

aZZ Yh 823

where C depends only on p, co, and on the C'-norm of h.

= . . U
Proof. Assume u € C*(Qy). Given ¢ € W "' (I's) we consider an extension in W, '*~* ()
(still denoted by ¢), according to Theorem We may also assume, by increasing the constant

in (8.1), that ¢(z,0) = 0. Then
ou 5 Ou 9 ou ou 9
/Fh (621 Yh T 623 Vh) dH /Fh, (p(— 82’3 ’ 07 821 ) vdn

B /Qh div<_(p86u 0’9088Z1> 42 = /Qh e (%,07 _%pl) "

< |VullLe o,z [Vl < C|IVul e, ms el

Lp =T (Q);R3) — Wp p— 1(I‘h)

and this shows the claim in the case ¢ = 1. The case i = 2 is similar, and an approximation
argument concludes the proof of the theorem. O

We conclude this section with two lemmas which will be used several times in the proof of
Theorem The proof of the first one follows directly from the definition of the Gagliardo
seminorm.

Lemma 8.6. Let p > 1 and let u be a smooth function. Then:

(i) if a € C%(T'y) with « > = then ||uaH < COllall¢o.e(r,)llu H , for some

1, <
(T'n) F(Th)
constant C' depending only onp, a and on the C'-norm of h;

(i) if ®: Ty, — ®(Ty) is a Ot -diffeomorphism, then ||uo®~1| - )) < Cllu || 1o

for some constant C depending only on p and on the C'-norms of ® and of <I> 1
Lemma 8.7. Let N <3 and a > 3. If o € HY (') and u € C®*(Q; M), then
||<PUHH%(FMMN) < CH‘:DHHI(F)L)||u||COv0<(§h;MN)

for some constant C depending only on o« and on the C'-norm of h.
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Proof. We can bound the Gagliardo H 2 -seminorm of pu as follows: choosing ¢ > 2 such that
(2 — 1)g > 2N — 2, adding and subtracting the term ¢(z)u(w) and using Holder inequality, we
have

ulw — —
ol 52 [, [, 2 |z_u2||N| W 3012 a4

h h

2
+2/ / | ‘U Nu(w)| dHN_l(Z)dHN_l(w)
Ty JTh |Z_w|
<2fullellel? y +2||u||coa/F /F 2l — w1 (2) R ()

h h

< 2l g0 | 191,

A S E A R
ry JTh

Now the last integral is finite by the choice of ¢, and the conclusion follows since H'(T';) is
continuously imbedded in L(Ty,) for every gq. 0

<1(2a N) dHN 1( )dHN_l(y))q:|

8.2. Invertibility of the linear system appearing in Lemma [5 The final part of the
second step in the proof of Lemma [5.3] requires to invert the relations determmed by an 18 x 18
linear system which we can write explicitly as

§= Mo,
where ¢ and ¢ are the column vectors

€= (Y111, 9311, V112, V212, U312, V121, U321, V122, ¥222,0322, V131, U331,

T
U132, V232, U332, M3, 23, M33)

0 = (01117012170131702217023170—33170—11270122701327022270232703327
T
0113,0123701337022370233,0333) ,

and M is the matrix

v 0o —»f 0 0o o0 0 0O O O O O 0 0O 0O 0 0 0
0 0 1/3 0 0 —1/; 0 0 0 0 0 0 0 O 0 0 0 0
o v -2 0 0 0 0 0 O 0 0 0 0 0 0 0 0 0
o0 0 » - 0 00 0 0 0 0 0 0 0 0 0 0
o0 0 0 v -2 0 0 0 0 0 0 0 0 0 0 0 0
0 O 0 0 0 0 1/3 0 —1/; 0 0 0 0 O 0 0 0 0
0 0 0 0 0 0 0 0 1/3 0 0 —1/; 0 O 0 0 0 0
oo 0 o0 0 0 0 v -2 0 0 0 0 0 0 0 0 0
o0 0 o0 0 0 0 0 0 ¥ -2 0 0 0 0 0 0 0
o0 0 0 0 0O 0 0 0 0 v -2 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 VS 0 —u; 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 O 1/;3 0 0 —v
oo 0 0 0O O 0 0 O 0 0 0 0 v2 -2 0 0 0
o0 0 0 0 O 0 0 O 0O 0 0 0 0 0 v -2 0
0 0 0 0 0 0 0 0 0 0 0 0 0 O 0 0 1/_;;" —v
0 0 ai 0 bl C1 0 0 d1 0 €1 f1 0 0 g1 0 hl il
0 0 as 0 bQ Co 0 0 d2 0 €2 f2 0 0 g 0 hg 12
0 0 as 0 b3 C3 0 0 d3 0 €3 f3 0 0 gs 0 hg 13
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The coefficients in the last three rows of M are defined by

— 3 ) k e 3 . k Ce— 3 . k
aj = Zk:l Oakll’/gv bj = Zk:l CJkIQVga Cj = Zk:l Oykl?)Vg’
N3 k 3 k 3 k
dj = 5 Cikaavy, €5 =35 Ciraavy,  fi =Y i—1 Cjrasyy,

3 k o\ k S et . k
9 = D pm1 Cikarvy,  hy =251 Ciraavy, ;= 5 Cjrasvy,

for j = 1,2,3, so that the corresponding equations are exactly the equalities . In order to
invert the relations determined by the previous system, we claimed that the determinant of M
equals (1/3)12 det Qg , where Q4 is the 3 x 3 matrix defined by .

We present here the Mathematica code which allows us to check this equality. We first define
the 18 x 18 matrix M: here the variables nl, n2 and n3 stand for the components V;,VS,VS
of the normal vector, and the variables Cijhk for the coefficients Cj;ni of the tensor. We then
define the matrix @, introduced in , whose entries are indicated by qij, and we compute its
determinant (multiplied by (13)'?). Finally we evaluate the difference between the determinant
of M and (v3)"? det Qg , which turns out to be zero.

The Mathematica code is the following.

3 0 -n1 0 0 O 0 O O O o0 0 ©0 0 0 0 0 0
0 0 n3 0 0 -n1l 0 O O O O 0 ©0 0 0 0 0 0
0 n3 -n2 0 0 0 0 O O O 0 o0 ©0 0 0 0 O0 ©
0 0 0 n3 -2 0 0 0O 0 0 o0 O0 ©0 0 0 0 O0 0
0 0 0 0 n3 -n2 0 0 0 O O O0 ©0 0 0 0 ©0 ©
0 0 o 0o 0 O n3 0 -n1 0 O O O O O 0 O0 0
0o 0 o o 0 0 0 O @3 0 0 -nl O 0 O O ©0 0O
0o 0 o 0o ©O0 0 0 n38 -2 0 0O 0 O 0 0 0 O0 O
M| © 0 0 o o 0o 0 0 0 83 -2 0 0 0 0 0 0 o |
0o 0 o o 0 0 0 O O 0 n3 -n2 0 0 0 0O O 0
0o 0 o o 0o ©O0 0 O O O 0 0 n3 0 -nl O O O
0o 0 o o o0 0 o0 0O O O O 0 0 0 =n3 0 0 -nl
0 0 o o 0o 0 0 0O O O 0 O0 0 n3 -n2 0O 0 O
0o 0 o o o ©O0 0 O O O O 0 ©0 0 0 =n3 -n2 O
0o 0 o o o ©O0 0 O O O O 0 O 0 0 0 =n3 -n2
0 0 al 0 bl ¢ 0 0O di 0 e fI 0 0 g 0 hl il
0 0 a2 0 b2 ¢ 0 0 d2 0 e f£ 0 0 g 0 h2 i
0 0 a3 0 b3 3 0 0 d3 0 e f3 0 0 g 0 h3 i3
DM = Det[M];

al = Cl1111nl + C1211n2 + C1311n3;
bl = C1112n1 + C1212n2 + C1312n3;
cl = C1113n1 + C1213n2 + C1313n3;
dl = C1121n1 + C1221n2 + C1321n3;
el = C1122n1 + C1222n2 + C1322n3;
fl = C1123n1 + C1223n2 + C1323n3;
gl = C1131nl + C1231n2 + C1331n3;
hl = C1132n1 + C1232n2 + C1332n3;
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il = C1133n1 + C1233n2 + C1333n3;
a2 = C2111nl1 + C2211n2 + C2311n3;
b2 = C2112n1 + C2212n2 + C2312n3;
¢2 = C2113n1 + C2213n2 + C2313n3;
d2 = C2121n1 + C2221n2 + C2321n3;
e2 = C2122n1 + C2222n2 + C2322n3;
f2 = C2123n1 + C2223n2 + C2323n3;
g2 = C2131nl + C2231n2 + C2331n3,;
h2 = C2132n1 + C2232n2 + C2332n3;
i2 = C2133n1 + C2233n2 + C2333n3;
a3 = C3111nl + C3211n2 + C3311n3;
b3 = C3112n1 + C3212n2 + C3312n3;
¢3 = C3113n1 + C3213n2 + C3313n3;
d3 = C3121n1 + C3221n2 + C3321n3;
e3 = C3122n1 + C3222n2 + C3322n3;
f3 = C3123n1 + C3223n2 + C3323n3;
g3 = C3131nl1 + C3231n2 + C3331n3,;
h3 = C3132n1 + C3232n2 + C3332n3;
i3 = C3133n1 + C3233n2 + C3333n3;

qll = Cl1111nlnl + C1212n2n2 + C1313n3n3 + (C1112 + C1211)n1n2+
(C1113 + C1311)n1n3 + (C1213 + C1312)n2n3;
ql12 = C1121n1nl + C1222n2n2 + C1323n3n3 + (C1122 + C1221)n1n2+
(C1123 + C1321)n1n3 + (C1223 + C1322)n2n3;
ql13 = C1131n1nl + C1232n2n2 + C1333n3n3 + (C1132 + C1231)nln2+
(C1133 + C1331)n1n3 + (C1233 + C1332)n2n3;
g21 = C2111nlnl + C2212n2n2 + C2313n3n3 + (C2112 + C2211)n1n2+
(C2113 + C2311)n1n3 + (C2213 + C2312)n2n3;
g22 = C2121nlnl + C2222n2n2 + C2323n3n3 + (C2122 + C2221)n1n2+
(C2123 + C2321)n1n3 + (C2223 + C2322)n2n3;
q23 = C2131n1n1 + C2232n2n2 + C2333n3n3 + (C2132 + C2231)n1n2+
(C2133 + C2331)n1n3 4 (C2233 4+ C2332)n2n3;
q31 = C3111n1n1 + C3212n2n2 + C3313n3n3 + (C3112 + C3211)n1n2+
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(C3113 + C3311)n1n3 + (C3213 + C3312)n2n3;

q32 = C3121n1nl + C3222n2n2 + C3323n3n3 + (C3122 + C3221)nln2+

(C3123 + C3321)n1n3 + (C3223 + C3322)n2n3;

q33 = C3131n1nl + C3232n2n2 + C3333n3n3 + (C3132 + C3231)nln2+

(C3133 + C3331)n1n3 + (C3233 + C3332)n2n3;

qll ql2 ql13

Q=1 q21 q22 q23 |;

q3l q32 q33

DQ = n3'?Det[Q];

ExpandAll[DQ] — ExpandAll[DM]

ACKNOWLEDGMENTS. Part of this work was carried out while visiting Filippo Cagnetti, whom I
thank for the kind ospitality, at the Instituto Superior Técnico in Lisbon. I am also very grateful
to Massimiliano Morini for multiple valuable discussions.

1]
2]

3]

(8]

[9]
(10]
(11]
(12]
(13]
(14]

[15]
(16]

(17]

(18]

REFERENCES

E. Acersi, N. Fusco, M. MoRINI, Minimality via second wvariation for a monlocal isoperimetric problem.
Comm. Math. Phys. 322 (2013), 515-557.

S. AGMON, A. DoucLis, L. NIRENBERG, Estimates near the boundary for solutions of elliptic partial differential
equations satisfying general boundary conditions II. Comm. Pure Appl. Math. 17 (1964), 35-92.

F.J. ALMGREN, Ezistence and regularity almost everywhere of solutions to elliptic variational problems among
surfaces of varying topological type and singularity structure. Ann. of Math. 87 (1968), 321-391.

L. AMBROsIO, N. Fusco, D. PALLARA, Functions of bounded variation and free discontinuity problems. Oxford
University Press, New York, 2000.

E. BOMBIERI, Regularity theory for almost miniml currents. Arch. Ration. Mech. Anal. 78 (1982), 99-130.
M. BONACINI, Epitazially strained elastic films: the case of anisotropic surface energies. ESAIM Control Optim.
Calc. Var. 19 (2013), 167-189.

M. BONACINI, M. MORINI, Stable regular critical points of the Mumford-Shah functional are local minimizers.
Preprint (2013).

E. BONNETIER, A. CHAMBOLLE, Computing the equilibrium configuration of epitazially strained crystalline
films. STAM J. Appl. Math. 62 (2002), 1093-1121.

F. CaceNETTI, M.G. MORA, M. MORINI, A second order minimality condition for the Mumford-Shah functional.
Calc. Var. Partial Differential Equations 33 (2008), 37-74.

G.M. CAPRIANI, V. JULIN, G. PISANTE, A quantitative second order minimality criterion for cavities in elastic
bodies. STAM J. Math. Anal. 45 (2013), 1952-1991.

A. CHAMBOLLE, M. SoLcl, Interaction of a bulk and a surface energy with a geometrical constraint. SIAM J.
Math. Anal. 39 (2007), 77-102.

R. CHOKSI, P. STERNBERG, On the first and second variations of a monlocal isoperimetric problem. J. Reine
Angew. Math. 611 (2007), 75-108.

M. CICALESE, G.P. LEONARDI, A selection principle for the sharp quantitative isoperimetric inequality. Arch.
Ration. Mech. Anal. 206 (2012), 617-643.

A. FicaLLl, F. MaAcaGl, On the shape of liquid drops and crystals in the small mass regime. Arch. Ration.
Mech. Anal. 201 (2011), 143-207.

I. FONSECA, The Wulff theorem revisited. Proc. Roy. Soc. London Ser. A 432 (1991), 125-145.

I. Fonseca, N. Fusco, G. LEONI, M. MORINI, Equilibrium configurations of epitazially strained crystalline
films: existence and regularity results. Arch. Ration. Mech. Anal. 186 (2007), 477-537.

I. Fonseca, N. Fusco, G. LEoNI, M. MORINI, Motion of elastic thin films by anisotropic surface diffusion
with curvature regularization. Arch. Ration. Mech. Anal. 205 (2012), 425-466.

N. Fusco, M. MORINI, Equilibrium configurations of epitaxially strained elastic films: second order minimality
conditions and qualitative properties of solutions. Arch. Ration. Mech. Anal. 203 (2012), 247-327.



38

(19]
20]
21]
(22]

23]

24]

[25]

M. BONACINI

D. GILBARG, N.S. TRUDINGER, Elliptic partial differential equations of second order (reprint of the 1998
edition). Classics in Mathematics. Springer-Verlag, Berlin, 2001.

M. A. GRINFELD, The stress driven instability in elastic crystals: mathematical models and physical manifes-
tations. J. Nonlinear Sci. 3 (1993), 35-83.

P. GRISVARD, Elliptic problems in nonsmooth domains. Monographs and Studies in Mathematics, 24. Pitman
(Advanced Publishing Program), Boston, 1985.

R. SCHOEN, L. SIMON, A new proof of the reqularity theorem for rectifiable currents which minimize parametric
elliptic functionals. Indiana Univ. Math. J. 31 (1982), 415-434.

L. SIMON, Lectures on geometric measure theory. Proceedings of the Centre for Mathematical Analysis, Aus-
tralian National University, 3. Australian National University, Centre for Mathematical Analysis, Canberra,
1983.

H.C. SiMPSON, S.J. SPECTOR, On the positivity of the second variation in finite elasticity. Arch. Ration. Mech.
Anal. 98 (1987), no. 1, 1-30.

J.L. THOMPSON, Some existence theorems for the trace boundary value problem of linearized elastostatics.
Arch. Ration. Mech. Anal. 32 (1969), 369-399.

(M. Bonacini) SISSA, ViA BONOMEA 265, 34136 TRIESTE, ITALY
E-mail address: marco.bonacini@sissa.it



	1. Introduction
	2. Setting of the problem
	2.1. General notation
	2.2. The variational model

	3. Critical points for the elastic energy
	4. The second variation
	4.1. The second order condition

	5. W2,p-local minimality
	6. Strong local minimality
	7. Stability of the flat configuration
	8. Appendix
	8.1. Fractional Sobolev spaces
	8.2. Invertibility of the linear system appearing in Lemma 5.3

	References

