EXTREMAL POLYNOMIALS IN STRATIFIED GROUPS

ENRICO LE DONNE, GIAN PAOLO LEONARDI, ROBERTO MONTI,
AND DAVIDE VITTONE

ABSTRACT. We introduce a family of extremal polynomials associated with the
prolongation of a stratified nilpotent Lie algebra. These polynomials are related to
a new algebraic characterization of abnormal subriemannian geodesics in stratified
nilpotent Lie groups. They satisfy a set of remarkable structure relations that are
used to integrate the adjoint equations.

1. INTRODUCTION

In any stratified nilpotent Lie group, we compute explicitly the solutions to the
adjoint equations for extremal curves related to the natural left invariant horizontal
distribution. In the Hamiltonian formalism, a normal extremal (v, \), where 7 is a
curve in the group and A is the dual curve in the cotangent bundle, solves the system

OH - oOH

of equations
1.1 y = —(7, A A=——(7, A
(1.1) 7= 25, a,y(% ),

where H is the Hamiltonian function. After fixing a basis of the Lie algebra of the
group inducing exponential coordinates of the second type, we integrate the second
equation, namely the equation A= —0H /07 (see the precise formula in Theorem
, and we express A as a function of 7. In other words, we compute n prime in-
tegrals of the Hamiltonian system (|1.1]), where n is the dimension of the group. The
solutions are expressed in terms of a family of polynomials, called extremal polyno-
mials, that satisfy a set of remarkable structure formulas (see below). These
formulas involve the structure constants of the Lie algebra of the group, in fact, of
its Tanaka prolongation. Extremal polynomials can also be used to give an algebraic
characterization of abnormal extremals. This is the main motivation of our research.

Let G be a stratified nilpotent Lie group of dimension n and rank r. The Lie
algebra g = Lie(G) has the stratification g = g; @ - - - @ g, where s is the step of
the algebra, g, = [gi_1,0:1] for i = 2,...,s, and g; = {0} for i > s. The rank of g
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is r = dim(g;). Let Xi,..., X, be a basis of g adapted to the stratification. We
identify the group GG with R" via exponential coordinates of the second type induced
by the basis Xy, ..., X,, and we identify g with the corresponding Lie algebra of left
invariant vector fields in R".

Let Prol(g) = €D,.«, g be the Tanaka prolongation of g, see [I5]. Even though this
is not strictly needed in our argument, an explicit construction is briefly recalled in
Section . We extend Xj, ..., X, to a basis {X}},<, of the prolongation and to each
J < n we assign the degree d(j) = k if and only if X; € g;. Then we assume that the
basis is adapted to the graduation: this means that ¢ < j implies d(i) < d(j). When
the prolongation is finite dimensional, the index j ranges in a finite set, m < 7 <n
for some m € Z. With abuse of notation, we denote the basis { X, },n<j<n by {X;}j<n,
as in the infinite dimensional case. Let cfj € R be the structure constants of Prol(g)
associated with the basis {X,},<,. Namely, for all 7, j € Z with i, j < n we have

(1.2) [(Xi, Xj] =) Xy
k<n

The sum is always finite, because each stratum g, of Prol(g) is finite dimensional and
cfj =0 if d(k) # d(i) + d(j).

In this paper, we introduce a family of extremal polynomials Pj(x), j < n and
r € R", associated with the basis {X,},;<, of Prol(g). They depend linearly on a
parameter v € R™, see Definition 2.1} Extremal polynomials satisfy the following
structure formulas.

Theorem 1.1. For anyv € R*, i =1,...,n, and j € Z with j < n there holds
(1.3) XiP{(z) = Zcij,f(a:), r € R"

k<n

Modulo the value at x = 0, extremal polynomials are uniquely determined by the
family of identities . These structure formulas are the core of the paper and of
our main technical result, Theorem They first appeared in [§], but only in the
case of free groups. In [§], the formulas were obtained a posteriori, as a consequence
of certain algebraic identities, however only for 7 = 1,...,n with no reference to the
prolongation and only for the coordinates related to a Hall basis.

Our interest in extremal polynomials origins in the regularity problem of sub-
Riemannian length minimizing curves, one of the main open problems in the field
(see [10], [2], [12]). Let M be a differentiable manifold and D C TM a bracket
generating distribution. A Lipschitz curve v : [0,1] — M is horizontal if #(t) €
D(v(t)) for a.e. t € [0,1]. Fixing a quadratic form on D, one can define the length
of horizontal curves. Length minimizing curves may be either normal extremals or
abnormal extremals: while normal extremals are always smooth, abnormal ones are
apriori only Lipschitz continuous. Abnormal extremals depend only on the structure
(M, D): they are precisely the singular points of the end-point mapping.

In Section [3] we use extremal polynomials and Theorem to give an algebraic
characterization of abnormal extremals in stratified nilpotent Lie groups (Carnot
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groups). This is of special interest because, by Mitchell’s theorem, Carnot groups are
the infinitesimal model of equiregular sub-Riemannian structures.

Let ¥1,...,9, be a basis of 1-forms of g*, the dual of g. A curve A € Lip([0, 1]; g*)
is given by coordinates Ay, ..., A, € Lip([0,1]) such that A = A\ + ... + N\, If A
is the dual curve of a normal or abnormal extremal 7 : [0,1] — G = R", then

(1.4) ANi==> > M aeon[01], i=1,...n

k=1 j=1
See Section [3]and Theorem [3.1] for more details. In Theorem we use the structure
formulas (1.3 to integrate the system of adjoint equations (|1.4)). The solutions are

Ai(t) = B(v(®), i=1,....n,

where v € R" is such that v; = X;(0). Thus, we can prove the following theorem (see
Theorem for the complete statement).

Theorem 1.2. Let G = R™ be a stratified nilpotent Lie group and let v : [0,1] — G
be a horizontal curve with v(0) = 0. Then, the following statements are equivalent:

(A) The curve 7 is an abnormal extremal.
(B) There exist v € R™, v # 0, such that P’(y(t)) =0 for allt € [0,1] and for all
1 <.

Abnormal extremals are precisely the horizontal curves lying inside algebraic vari-
eties defined via extremal polynomials. This result extends [8, Theorem 1.1] because
it applies to nonfree Carnot groups. It also improves that result because abnormal
curves are shown to be in algebraic varieties smaller than those considered in [§].
Notice that in (B) also indexes i < 0 related to the Tanaka prolongation are involved.

The role of Tanaka prolongation in our theory is rather subtle. We searched for an
integration algorithm inverting the differentiation process that now is established by
the structure formulas . Fori=1,...,rand j =1,...,n, consider the integrals

B (t) = / P2 (y(s))3s(s)ds, ¢ € [0, 1],

We may then further integrate Bj; against 74, etc. The structure of the Tanaka
prolongation tells us, however only from a deductive point of view, when the functions
B:(t) and their iterative integrals are polynomials of the coordinates v1(t), ..., yn(t).
Part of statement (B) in Theorem 1.2]is that an abnormal extremal y satisfies P (v) =
0 for some v # 0 and for all « = 1, ..., 7. When the above integration process succeds,
we get new polynomials vanishing along the curve v. More details on this point of
view can be found in the example studied in Section [4]

In the final part of the paper, we show two applications of the theory.

In Section 4, we develop a technique to construct a nontrivial algebraic set contain-
ing all abnormal extremals passing through one point. This is related to the problem
of estimating the size of the set of regular values of the end-point mapping (see [2]
and [10, Section 10.2]). In sub-Riemannian manifolds with a distribution of corank 1,
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the image of the set of length minimizing abnormal extremals starting from one point
has zero Lebesgue measure; on the other hand, independently from corank, the image
of strictly abnormal length minimizing extremals has empty interior (see Corollary 3
in [14] and [1]).

Our technique seems to work when the prolongation is sufficiently large. In this
case, for each abnormal curve v there is at least one parameter v € R™ and many
indexes j such that P/ () = 0. It is then possible to find a polynomial () independent
of v such that Q(v) = 0 for any abnormal curve ~ passing through one fixed point.
We describe the technique in detail in the case of the free nilpotent Lie group of rank
2 and step 4. However, it can be implemented in many other examples and it is likely
to work in any nonrigid group.

Finally, in Section [5| we construct a 64-dimensional Lie group possessing a spiral-
like Goh extremal whose tangents at the singular point are all lines. This example
points out a limitation of the shortening technique introduced in [9] and developed
in [I1] and [13]. Tt is also interesting in relation to the examples of nonrectifiable
spiral-like rigid paths studied in [I8] and [I7], whereas our spiral-like extremal has
finite length.

Acknowledgements. 1t is a pleasure to thank Ben Warhurst and Alessandro Ot-
tazzi for many illuminating discussions on Tanaka prolongation. We also thank Igor
Zelenko for some discussions on a preliminary version of the paper.

2. STRUCTURE FORMULAS FOR EXTREMAL POLYNOMIALS

Let Xi,..., X, be a basis of g = Lie(G) adapted to the stratification. We identify
the group G with R" via exponential coordinates of the second type induced by the
basis X1, ..., X,. Namely, for any = = (x1,...,2,) € R" we have

(2.5) r=e"%0o. . 0e™*(0) = exp(z,X,) - ... exp(z1X1).

Above, exp : g — G is the exponential mapping, - is the group law in G = R", and
v(t) = e (z), t € R, is the solution of the Cauchy Problem

{ﬁ =X(7)
7(0) = .

In simply connected nilpotent groups, the exponential mapping is a global diffeomor-
phism. After the identification , the Lie algebra g is isomorphic to a Lie algebra
of vector fields in R™ that are left invariant with respect to the group law -.

We recall the construction of the Tanaka prolongation. First, we define the vector
space of all strata-preserving derivations of g:

9= {0 ¢ Pa oo 0(IX.Y) = [6(X). Y] + [X.0(V)], X.Y € gf.
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Recall that g; ® gf is canonically isomorphic to End(g;). The direct sum vector space
D;_, 9 is a graded Lie algebra with the bracket

[¢, X] = —[X, 9] = ¢(X), forall p€goand X €g,

and with the natural bracket on g and gg.

By induction, assume that we have a vector space @;_, , g; for some k£ > 1 and
assume that the bracket [¢, X] = ¢(X) is already defined for all ¢ € @;_, , g; and
X € g. Then we define the vector space of all derivations ¢ : g — g1 D ... D gs_s
such that ¢(g;) C gi—x:

5= {0 Do @al: G(X.¥]) = [6(X). Y] + [X.0(V)]. X.Y € gf.

Recall that g; , ® gF is isomorphic to Hom(g;; g;_x). As above, the direct sum vector
space @@;_ , g; is a graded Lie algebra with the bracket

[¢7X]:_[Xa¢]:¢(X)a for aHngg—k andXGga
with the natural bracket on g, and with the bracket [¢, ] for ¢, € g @ ... D go
defined by
[0, )(X) = [[¢, X]. 9] + [0, [0, X]], X eg.
This inductive construction may or may not end after a finite number of steps, i.e.,

we have either g_; = {0} for some k > 1 or g_j # {0} for all £ > 1. In both cases,
we let

(2.6) Prol(g) = € gx.-

Prol(g) is a graded Lie algebra, called Tanaka prolongation of g. Namely, we have
(27) [gwg]] C Yit+js for all Z,j € 7 with Z,j,Z +j < s.

This is the unique property that we need in the proof of the structure theorem of
extremal polynomials, Theorem 2.2l In fact, we need only for j = 1,...,s.
We do not specifically need the Tanaka prolongation but only a graded Lie algebra
extending g and satisfying and (2.7). Among all such extensions Prol(g) is the
largest one.

In general, the explicit computation of Prol(g) is difficult. When g is a free nilpotent
Lie algebra of step s > 3, then we have Prol(g) = go & g, with the exceptional case
of the step 3 and rank 2 free Lie algebra (see [16]).

Let {X;};<, be a basis of Prol(g). For integers jo, j1, j2, - - -, Jjx < n, we let

(2'8) [X Xy, Xjos X Xjk] = ["'[[[ijle]anQ]?Xj?,]v'">Xjk]'

Jjo>s P I RAY R
Then, for a = (ay,...,a,) € Z =N"={0,1,2,...}", we define the iterated commu-
tator of Xq,..., X,

(29) [',Xa} = [',Xl,...,le,\)(Q,...,XQ,...,CXPH,...,X@].

[

TV VvV TV
a1 times ag times an times
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Here, only elements X7, ..., X, of the basis of g are involved. We agree that [-, X o,..., 0)] =
Id. The generalized structure constants ¢t € R, with o € Z = N" and i,k € Z such
that i, kK < n, are defined via the relation

(2.10) (X5, Xal =) b X

k<n

n

The above sum is always finite. In fact, letting d(a) = 7, a;d(j), we have k=0

if d(k) # d(i) + d(a).

For a € 7 and i € Z with i < n, we define the linear mapping ¢;, € Hom(R"; R)

(211) ¢za = ’Ul,...,Un) € R™

0

k<n

Above, we let a! = aq!- ... - a,!. Moreover, we agree that v, = 0 for £ < 0.

Definition 2.1. For each i € Z with i < n and v € R", we call the polynomial
PR =R

(2.12) Pi(z) =) ¢i(v)a®, zeR",

extremal polynomial of the Lie algebra Prol(g) with respect to the basis {X;},<p.

For any finite set of multi-indexes A C Z, consider the polynomial

P(z) = Z CoZ®,

acA

where ¢, € R for all @ € A. The homogeneous degree of the polynomial is d(P) =
max {d(a) : a € A such that ¢, # 0}. We say that the polynomial is homogeneous
of degree k > 0 if d(«) = k for all @ € A such that ¢, # 0.

Extremal polynomials P? are indeed polynomials. In fact, if d(i) + d(a) # d(k)
then we have ¢f, = 0. Moreover, we have d(k) < d(n) = s and therefore the sum in
(2.12)) ranges over the a € Z such that d(«) < s —d(i). So we have d(P?) < s —d(i).

The following theorem is the main result of the paper.

Theorem 2.2. For anyv € R*, i =1,...,n, and j € Z with j < n there holds

(2.13) XiPy =Y P

k<n
Moreover, the polynomials { P}'}j<n are uniquely determined by (2.13)) fori=1,...,r
and P} (0) = v; for j <n.

The identity P}(0) = v; is proved in ([2.34) below. The uniqueness follows from this
observation: if f is a smooth function on G = R" such that X;f =0foralli =1,... 7,

then f is constant. Now, let {Q}};<, be a family of polynomials satisfying (2.13) for
i=1,...,r,and Q}(0) = v; for j < n. Then, for d(j) = s we have X; P} = 0 = X;Qj
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and thus P} — Q7 = P7(0) — Q%(0) = 0. Assume by induction that P} = Qj for
d(7) > £+ 1 and take j < n such that d(j) = ¢. From (2.13)), we have
XiPyp =Y Py => Qi =X, i=1..n
k<n k<n
and thus P} — Q% = P7(0) — Q3(0) = 0.
Before starting the proof of (2.13)), we need three preliminary lemmas. For ¢ =
1,...,n, let G; C G =R" be the subgroup of GG
Giz{IEG:R":xlz...:xi_1:O}
={e"Yo...0em*(0)eG=R":2;,...,z, € R}.
We clearly have G; = GG. The following lemma is well-known and we omit the proof.
Lemma 2.3. Let Xy,..., X, be vector fields in R"™ satisfying (2.5)). Then:
(i) Foralli=1,...,n and for all x € G; we have X;(x) = 0/0x;.
(ii) There exist functions fi: R* — R, i, =1,...,n, such that

0 0 .
Xi(w) = 5=+ > Jula)g, weG=R
£:d(£)>d(1)

In the following two lemmas, we prove formula (2.13]) in two simplified situations
that will serve as base for a long induction argument.

Lemma 2.4. Foranyt=1,...,n, j € Z with j <n, and v € R™ there holds
(2.14) X P} = Z Py on G
k<n
Proof. For x € GG;, we have
(2.15) Pj(x) = Z Z cacﬁawaso‘,
I<n a€Z;
where we let Z;, = {aEI:a1 :...:(xi,1:0} and
— 1)l
Ca = (=1) )
a!
By (i) in Lemma 2.3| on G; we have X; = 9/0z;. Then, differentiating (2.15]) we

obtain
(2.16) XiP/(z) = — Z Z cﬁc?meivgxﬁ, z € G;.
On the other hand, for z € G; and v € R™ we have

(2.17) Zcf}P,f(x) = Z Z 05cfjcf;ﬁwxﬁ.

k<n 0,k<n BEL;

By (2.16) and (2.17)), proving the claim (2.14) is equivalent to show that for all

¢ < n and for all g € Z; we have

(2.18) — cﬁﬁﬁi = Zc?jciﬁ.

k<n
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As B € 7, there holds —[X;, Xgie,| = [[Xi, X, X5, and thus, by (2.10]) and (1.2,

we obtain

(2.19)
=Y e Xe =~ Xpre] = [[X0, X1, Xo] = D e[ X0, X = ) chichaXe.
{<n k<n 0k<n
Since {X}o<n is a basis, this proves (2.18]). O

Lemma 2.5. For all j € Z with j < n, i=1,...,n such that d(i) = s, and v € R"
there holds
(2.20) XiPy =Y P

k<n
Proof. When j =1,... n, the left and right hand sides of are both identically
0. Recall that we have d(P}) < s —d(j) < s and thus X; P} = 0. We prove the claim
for any j < n, in particular for j < 0. As d(i) = s, by (ii) in Lemma we
have X; = 90/0x; on G = R™. Then we have formula (2.16) with 8 € Z replacing
B € Z;. We also have formula , again with g € 7T replacing 8 € Z;. Then we are
reduced to check identity for all g € 7.

We claim that, for any § € Z, we have

(2'21) [Xj’Xﬁ-i-ei] = _[[Xian]’Xﬁ]'

We prove by induction on the length of § and we assume without loss of
generality that ¢+ = n. Notice that the vector field X,, commutes with any vector field
Xk, ]{‘:1,...,71

Assume that f; # 0 and 5, = 0 for h > k. Then, by the Jacobi identity, by
[ X%, X, = 0, and by formula for 5 — ey replacing 5 (and with ¢ = n), we have

(X5 Xoten] = [[X5, Xpey], Xi], X
= —[[Xn, [Xj7 Xﬁfek]LXk]
= [[Xj7Xﬁ*ek+en]7Xk]
= —[[[Xn, X5], X, Xi

= —[[Xy, Xj]’ Xﬁ]?
and we are finished.
Now, using (2.21)) the proof can be concluded as in (2.18])-(2.19)). O

Proof of Theorem[2.2. The proof of (2.13)) is a triple nested induction. We fix the
vector v € R" and we let P/’ = P;. The claim in Theorem reads

X;P; = ZCZPk on Gy foralli, ¢ =1,...,nand j <n.
k<n
The first induction is descending on ¢ = 1,...,n and the base of induction is

X, P; = chPk on G for all 7 < n.

k<n
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This statement holds by Lemma [2.5] because d(n) = s.
The first inductive assumption is the following

(2.22) X, Py =Y ¢ ;P onG forall h>iand for all j <n.
k<n

Our goal is to prove identity (2.22)) also for h = 7. The proof of this claim is a
descending induction on j < n. The base of induction for j = n is the following

X, P, = Z cfnPk on G.
k<n

This identity holds because we have X;P, = 0 (P, is constant), and cf, = 0 for any
7 > 1 and for all k.
The second inductive assumption is the following

(2.23) X,P, = Z cfth on Gy forall h > jand forall / =1,...,n.
k<n
The goal is to prove identity (2.23)) also for h = j. The proof is a descending induction
on ¢ =1,...,1. The base of induction for ¢ = ¢ is the following
X, P; = Zcf}Pk on Gj,
k<n

that is satisfied by Lemma [2.4]
The third inductive assumption is

(2.24) XiPj =) P on G
k<n

for £+ 1 <. Our goal is to prove identity on Gy.
In the following, we can use the three inductive assumptions (2.22))-(12.23)-(2.24)).
We prove at the point x = (0,...,0,zy,...,x,) € Gy. Notice that, by Lemma
2.3, we have X, = 9/0x, on G,. For any s € R, we let

ys = (0,...,0,8,xp41,...,2,) € Gy

="M (o)

— els—z)Xe (2),

where yo = (0,...,0,0,2¢11,...,2,) € Gy1. In particular, we have y,, = x. Inte-
grating, we obtain the formula

Pi(a) = By(un) + [ (4P ()
(2.25) 0 2
= P + [P @) ds.

From the structure (ii) in Lemma for the vector field X; with ¢ > ¢, we deduce
that for any z = (0,...,0,2,...,2,) € Gy and for any t € R we have

etXi(z) = (0,...,0,2@,*,...,*) e Gy,



10 LE DONNE, LEONARDI, MONTI, AND VITTONE

and therefore '®i(z) = (0,...,0,2p,%,...,%) and eXi(y,) = (0,...,0,8,%,...,%).
Replacing = with e'¥i(z) € G, into the identity (2.25)), we get:

(2.26)
Pi(e™i(x)) = Pj(e™* o™i (x)) + /0 (XePy) (el 0 i) ds

Ty
— Pj(e—a?ng o etXi o el‘zXz (y())) +/ (Xepj)(e(s—l‘g)Xg o etXi o e—(s—l‘g)Xg(yS))dS
0
= P;(yo - exp(x¢Xy) - exp(tX;) - exp(—x,Xy))
Ty
+ / (XePj)(ys - exp(—(s — z¢) Xy) - exp(tX;) - exp((s — x¢) Xy)ds.
0

For any z € G = R", we define the left translation L, : G — G and the conjugate
mapping I', : G — G
Ly=z-y and T,(y)=z-y-27", yecG.

With this notation, identity (2.26]) reads

P;(e(x)) = Pj(LyyFexp(a,x0) (exp(£X3))) + /0 xé(Xef%)(LysFexm—(s—m)xz)(eXP(tXi)))dsa

and thus
Pj(e"ri(x)) — Pj(x)

X;P;(z) = lim

t—0

= Aij(z) + Bij(z),

where

1
Ay (@) = 1 [P (L Corgta o (50(0X0)) ~ B )], and
Y A
B;j(z) = lim — [XgP (Ly,Texp(—(s—z)x0) (exp(tX5))) — Xng(ys)}ds.

t—0 ¢t 0

In the following we denote by Ad, the differential of I',. Recall that one has the
formula Adexpz) = ¥, where ad(2)(Y) = [Z,Y], see [T, Proposition 1.91]. We
have:

Aij («’E) = [(dLyo ) (Adexp 0 X (X%>>]PJ (yO)

= {Xi + @[ Xy, Xi] + lﬁ[Xﬁ, [(Xe, Xl + - } P(wo)

2
= (X — el X, X + 531X, X0, X0 -

=ww2%¥m X} Ei(0)

37 w[[[Xi, X, Xel, X + ... } Pi(%0)

Xh}P Yo)-

'L peg
p=1 h=1
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Notice that for any p > 1 we have ¢}, = 0 for all h < i. For h > i we can use the
inductive assumption (|2 and find

(2.27) XnPi(yo) = > ¢ Pelwo)-

k<n

Moreover, since yo € Gy11, we can also use the inductive assumption (2.24)) and find

(2.28) X, Pj(yo) ZCUPk Yo)-

k<n

By (2.27) and (2.28), we obtain the following expression for A;;:

Aj(z) = Z{ cij

pcﬁj ?peg}Pk (yO)

k<n p=1 h=1
Ial
_Z{U+Z< 52 hjzpez.z)}[zz Ckamg]
k<n p=1 acZ m<n

A similar computation for B;;(x) shows that

t—0 t

Ty 1
By () = / tim = [XeP) Ly, Toxp((s- (e5p(4X0))) = XePy (3] ds

_ /0 1ALy (Ad gy (X)) (X)) (5)ds

- /0”“Z {Xi + i: 2": <—1')p(xe — S)pczpe,_,Xu}(Xer)(ys)ds.

=1 p:

By (2.14), on G, we have the identity

X,P; =Y )P,

h<n

and since ys € Gy for all s, we obtain

/ S d{x, +ZZ

h<n p=1 u=1

LCg — 8)Pci pe, Xu }Ph(ys)d

Notice that % = 0 for h < jand ¢f,, = 0for p > 1 and uw < 4. For h > j
and u > i we can use the inductive assumptions (2.22)) and (2.23]). We obtain the

following expression for B;;:

o= [ a3yt

h,k<n p=1 u=1

{L‘g —s cfpezcﬁh}Pk(ys)ds

\al

[ o T et ] [ X e et

h,k<n u=1 p=0 ac€Z m<n
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Using the integrals

Ty Te —
/ (xp — s)Pydds = / (xp — s)Psaft -zt - ds
0 0

__ plod i
(g +p+1)! 7
we finally have
n S p+| ‘ & p'ae a+(p+1)e£

Bz](x) = Z ZZ Z p'Oé‘ Céj zpegcuh Zloz (O[ +p+ 1) UmZL’

h,k;m<n u=1 p=0 a€Z,
L |a+ pF1)ec|

== 2> 2> Z (a+ (p+1)e)! i Chpoq Cun oy Um a7

h,k;m<n u=1 p=0 a€Z,

Analogously, we have:

y e p (=D

m @
zpeg chj xé a! CkaUmYo

hk;m<n p=0 a€Z;y

where the sum ranges over « € Z,,4, because yo = (0,...,0,211,...,2,). For a €

Zyi1, we have
(-1 (-1l 1yl
p! ol (a+pep)!

= Ca+peys

and, moreover, x}y§ = x**7°. Thus,
S
hok
Do D D CarperChpeChichivma™ T
kohm<n p=0 a€Zriy
Our goal is to prove that the quantity X;Pj(x) = A;;(z) + B;j(x), v € Gy, equals

x) = Z cijk Z Z CﬁC ckﬁvmx

k<n k,m<n Bel,

The coefficient of cgv,2” in Cl-j(x) is

Z Czjckb’

k<n
The equation a+pey = [ with ay = ... = ay = 0 implies p = By and a = § — pey =
B — Beey. Thus, the coefficient of cgv,,2% in A;;(z) is
B _ h k
Xa" = Z CiBee ChiChnf—ree
k,h<n

We compute the coefficient X7 of c4v,,2° in Bj;(x). The equation a+(p+1)e, =

implies the following: when 3, = 0 the equation has no solution and thus x5 = 0;
when 5y > 1 we have 0 < p <y — 1 and o = 3 — (p + 1)ey, and therefore
n Be—1

B h k
Xg == Z Z Z Cy;C zpeg uhckﬂ (p+1)ee> BE > 1.

h,k<n u=1 p=0
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When S, = 0, the identity x'3"" + 5" = x7 is easily verified.
When 3, > 1, the identity X3’ + y'»% = X?’ﬁ is proved as soon as we verify the
following

n Be—1
kE . m __ k kE m h u k. m
(229) D ehelh= D Cae it = D D D Uil ConCh s (penye,
k<n k,h<n h,k<n u=1 p=0

Contracting with X, the left hand side of (2.29)) we find

D ik Xm =D i Xe, X = [[X, X, X
(230) m,k<n k<n
- H[le Xj]ﬂ Xﬁeez]v Xﬁ—ﬂzee]'

Contracting with X, the first term in the right hand side of ([2.29)) we find

h k h k
Z Ci,ﬁzezchjczfﬂ*ﬁzeeXm = Z Ci,ﬁeezchj[Xk’XrB*rBZef]

k,hm<n k,h<n
n
= Z CZﬁ[eg [[th Xj]? Xﬁ*ﬁzee]
h=1

- [[[le Xﬁzez]7 Xj]> Xﬂ—ﬁzee]'

(2.31)

Contracting the second term in the right hand side of (2.29) we find
(2.32)

n Be—1 Be—1
- Z Z Z C?jCZpeecﬁhczﬁ—(p—H)ele = Z HHXZ’ Xpez]> [Xj7 Xf]]v X(ﬁz-P-UGzL Xﬁ—ﬁzez]'
h,k,;m<n u=1 p=0 p=0
We used 1 =... =3, =0.

In (2.30), (2.31)), and (2.32), commutators have the same tail Xg_g,e,. Thus the
claim (2.29)) follows provided that we prove the following identity:

Be—1
(2.33)  [[Xa Xj]? Xﬂzee] = [[X, Xﬁeee]v Xj] + Z [[[X5, Xpez]7 [Xy'? Xel], X(ﬁe—p—l)ee]‘

We prove ([2.33)) by induction on £, > 1. The base of induction for 8, = 1 is
[[X5, X5, Xe] = [[Xa, Xo], X5] + [ X, [X5, X,

and this holds by the Jacobi identity.
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By induction, we assume that ([2.33) holds for 5, and we prove it for 5, + 1. We
have:

[[Xiﬂ Xj]? X(5z+1)ee] = [HXH Xj]? Xﬁzez]v XE]

Be—1
= [[[X:, Xﬂzee]v Xj]’ X+ [{[[XG, XpEe] [Xj> Xoll, X(BZ*pfl)ee] , X]
p=0
- HXH X(6£+1)e£]7 X; ] [[Xl X 462]7 [XjaXfH
Be—1
Z Xpe] Xf]]’ X(ﬂz—l’)ee]
Be
= [[X;, X(ﬁrﬁ-l)ez]a Xj] + Z[HXM Xpeo, [Xy'? Xd], X(,@z—p)ez]'
p=0
This finishes the proof of Theorem [2.2] O

In the next proposition, we list some elementary properties of extremal polynomials
that are used in Section [Bl

Proposition 2.6. Eztremal polynomaials have the following properties.
(i) Foralli=1,...,n and v € R", we have P (0) = v;.
(ii) For alli € Z with i <0 and v € R", we have P?(0) = 0.
(iii) If v € R™ is such that P’ =0 for alli=1,...,n with d(i) = 1, then v = 0.

Proof. (i) For any i = 1,...,n, we have

(2.34) PP(0) = ¢io(v) = Z cf’ovk = v,

k<n

because ¢k = §i, the Kronecker symbol.

(i) This follows as in (i) from the agreement that v, = 0 for k£ < 0.

(iii) Assume that Py = 0 when d(k) = 1. We claim that Py =0forallk=1,...,n
Because of (i), this will imply v = 0. The proof is by induction on d(k). Assume that
Py =0forall k=1,...,n such that d(k) < ¢, where ¢ < s. Take k =1,...,n such
that d(k) = £+ 1. By the stratification, there are constants df; € R, d(i ) = 1 and
d(7) = ¢, such that

1 h<n
(J) f d(j)=¢

Z d X, X5 %: > dfid X,
d

and thus we have the identity

(2.35) Z el = Op.-
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From P} = 0 for d(j) = ¢, it follows that X;P} = 0. Now, from Theorem and

(2.35)) we obtain
i k h
0= ) dyXiPy= 3 > P =Fp.
d(i)=1 d(i)=1h<n
d(5)=¢ d(5)=¢

This finishes the proof. U

3. ALGEBRAIC CHARACTERIZATION OF ABNORMAL EXTREMALS

In this section, we prove the theorems about the algebraic characterization of ab-
normal extremals. The Lie group G is identified with R" via exponential coordinates
as in (2.5)), where X,..., X, is a basis of g = Lie(G) adapted to the stratification.
The vector fields X7, ..., X, are a basis for g; (and thus generators for g). The dis-
tribution of r-planes D(x) = span{Xi(x),..., X, (z)}, * € G, is called horizontal
distribution of G. A Lipschitz curve v : [0,1] — G = R" is D-horizontal, or simply
horizontal, if there exists a vector of functions h = (hy,...,h,) € L*°([0, 1];R") such
that

A= Zthj(y), a.e. on [0,1].
j=1

The functions h are called controls of v and, when v : [0,1] — R" is given by the
coordinates v = (71,...,7,), we have h; = 4;, 7 = 1,...,r. This follows from the
structure of the vector fields X, ..., X, described in Lemma [2.3]

Let g, be the quadratic form on D(x) making X, ..., X, orthonormal. The hori-
zontal length of a horizontal curve v is

100 = ([ aotatonar)” = ([ norar)”

For any couple of points z,y € GG, we can define the function
(3.36) d(x,y) = inf {L(v) : 7y is horizontal, v(0) = z and (1) = y}

The above set is always nonempty and d is a distance on (G. A Lipschitz curve -y
providing the minimum in (3.36)) is called a length minimizer.

We denote by ¢q,...,9, the basis of g* dual to the basis Xi,...,X,, of g. A
Lipschitz curve of 1-forms A € Lip([0, 1]; g*) is a curve

A=\d1+ ..M\,

where A; : [0,1] = R, i = 1,...,n, are Lipschitz functions. We call A,..., A\, the
coordinates of \.

Theorem 3.1. Let v be a length minimizer in G. Then there exist a number \g €
{0,1} and a Lipschitz curve A € Lip([0, 1]; g*) with coordinates Ay, ..., A, such that:
(1) Ao+ |A] # 0 on [0,1];
(ii) Aod; +A;=00n0,1] forallj=1,...,r;
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(iii) for alli=1,...,n, we have

(3.37) A= — Z Zcfjﬁj)\k a.e. on [0, 1],

k=1 j=1

where cj; are the structure constants (2.10)).

Theorem is a version of Pontryagin Maximum Principle adapted to the present
setting. Equations are called adjoint equations. We refer to [3, Chapter 12]
for a proof of Theorem in a more general framework. The version (3.37)) of the
adjoint equations is derived in [§], Theorem 2.6. The curve A is called a dual curve
of .

Definition 3.2. We say that a horizontal curve 7 : [0, 1] — G is an extremal if there
exist \g € {0,1} and a curve of 1-forms X € Lip([0, 1];¢*) such that i), i), and i)
in Theorem [3.1 hold.
We say that v is a normal extremal if there exists such a pair (Mg, \) with A\g = 1.
We say that v is an abnormal extremal if there exists such a pair with \g = 0.
We say that 7 is a strictly abnormal extremal if v is an abnormal extremal but not
a normal one.

Remark 3.3. If v is an abnormal extremal with dual curve A, then we have
(3.38) Al=...=X=0 on]0,1].
This follows from condition ii) of Theorem [3.1f with Ay = 0.

Theorem 3.4. Let G be a stratified nilpotent Lie group, let v : [0,1] — G be a
horizontal curve such that v(0) = 0, and let \,..., A, : [0,1] — R be Lipschitz
functions. The following statements are equivalent:

(A) The functions A1, ..., \, solve a.e. the system of equations (3.37)).
(B) There exists v € R™ such that, for alli=1,...,n, we have

(3.39) Ai(t) = P (y(1),  tel0.1],
and in fact v = (A1(0),..., A, (0)).

Proof. (B)=(A) Let Aq,...,\, be functions on [0, 1] defined as in (3.39)) for some
v € R™. Then, by Proposition we have v = (A1(0),...,A,(0)). Moreover, by
Theorem we have, a.e. on [0,1] and for any 1 = 1,...,n,

. d ) T ' ) ' n ‘ ; T n '
(840)  Ni=—P'() =D 4P =) > GAbi() == > ciiid
Jj=1 J=1 k=1 j=1 k=1
(A)=(B) Let v = (A1(0),...,A,(0)) € R". Then the functions \; and the functions
w; = PP(vy), i = 1,...,n, solve the system of differential equation (3.37)) with the
same initial condition. By the uniqueness of the solution we have \; = ;. ]
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Next, we define the notion of corank for an abnormal extremal. For any h €
L*([0,1];R"), let v" be the solution of the problem

V=) hX (M, A"M0) = .
j=1

The mapping € : L*([0,1];R") — G = R"*, £(h) = +"(1), is called the end-point
mapping with initial point x5 € G. A horizontal curve ~ starting from z, with
controls A is an abnormal extremal if and only if there exists v € R", v # 0, such that

(3.41) (d€(h)w,v) =0
for all w € L?([0,1];R"). Here, d€(h) is the differential of £ at the point h.

Definition 3.5. The corank of an abnormal extremal 7 : [0, 1] — R™ with controls h
is the integer corank(vy) = n — dim(Imd€(h)) > 1.

The corank of an abnormal extremal 7 : [0, 1] — G is the integer m > 1 such that there
exist precisely m linearly independent dual curves A',... A\™ € Lip([0,1];g*) each
solving the system of adjoint equations with initial conditions A}(0), ..., A™(0) €
R" that are orthogonal to the image of the differential of the end-point mapping.

Definition 3.6. Let G = R" be a stratified nilpotent Lie group of rank r. For any
v €R™, v +#0, we call the set

Zy={x € R": P/(x) =0 for all j € Z with j <r}

an abnormal variety of G of corank 1.
For linearly independent vectors vy, ..., v, € R", m > 2, we call the set Z,, N...N
Z,, an abnormal variety of G of corank m.

Remark 3.7. The abnormal variety Z, is the intersection of the zero sets of all the
polynomials P/ with j < r. In this intersection, also indexes j < 0 are involved.

With this respect, Definition [3.6| differs from the analogous definition in [§].

Theorem 3.8. Let G = R™ be a stratified nilpotent Lie group and let v : [0,1] — G
be a horizontal curve with v(0) = 0. The following statements are equivalent:

(A) The curve v is an abnormal extremal with corank(y) > m > 1.
(B) There exist m > 1 linearly independent vectors vy, ..., v, € R"™ such that
v(t) € Z,yN...NZ,, forallte0,1].

Proof. (A)=-(B) Let v be an abnormal extremal and let A\ = M + ... + N0,
be a Lipschitz curve of 1-forms with coordinates Aq,..., A, solving the system of
differential equations and such that A # 0 pointwise. By Theorem , there is
av € R" v+#0,such that \; = P’(y) for all i = 1,... n. In particular, there holds
(A1(0),...,A,(0)) = v. For abnormal extremals, we have \; = ... =\, =0 on [0, 1],
ie,y(t)e{zxeR": P'(z)=0forall j=1,...,r} forall t €[0,1].

We claim that P}(y) = 0 also for all j € Z with j < 0. The proof is by induction
on d(j). The base of induction for d(j) = 1 is proved above. By induction, assume
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that PY(y) = 0 for all k € Z such that d(i) < d(k) < 1. Asin (3.40)), by Theorem

we have

d v - 2 v
P == Pl =0,
j=1 k<n
because ¢j; = 0 for d(k) < d(i), for any j = 1,...,r. It follows that P’(v) = P(+(0))
is constant. By Proposition [2.6/and (0) = 0, it is the zero constant. This shows that
v(t) € Z, for all t € [0, 1].
From the above argument, we conclude that if corank(y) > m then there exist

at least m linearly independent vectors vy,...,v,, € R" su that y(t) € Z,, for all
tel0,1]]andi=1,...,m.

(B)=(A) Let vy, ..., v, € R™ be linearly independent vectors such that (B) holds.
For any v = vy, ..., Uy, the curve A = \j9; + ...+ A\, 0, with coordinates \; = P?(7)
satisfies the system , by Theorem . Moreover, we have \; = ... = A\, =0
because v is an abnormal extremal. From v # 0, it follows that (A1(0),...,A,(0)) =
v # 0, and from the uniqueness of the solution to with initial condition, it

follows that A # 0 pointwise on [0,1]. As vy,...,v,, are linearly independent, then
the corresponding curves A are also linearly independent. We conclude corank(y) >
m. 0

Remark 3.9. In the rank 2 case, an abnormal extremal ~ satisfies A\; = P/(y) = 0
and Ay = Py(7y) = 0. When 7 is not a constant curve, these equations imply that
also A3 = 0. Indeed, the equations (3.37) for A\; and Ay are

>.\1 = YAz and }\2 = —Y1As.

Thus, if 42 + 43 # 0, it must be A3 = 0.

4. THE ABNORMAL SET IN THE FREE GROUP OF RANK 2 AND STEP 4

In this section, we present a method to compute a set containing all abnormal ex-
tremals passing through one point. The method works when each abnormal extremal
is in the zero sets of a sufficiently large number of extremal polynomials. This is the
case when the prolongation is sufficiently large. In order to make the presentation
clear, we focus on the free group of rank 2 and step 4. The key point is to show that
a certain polynomial is nontrivial, see Theorem below.

Let g = g1 ® - @ g4 be the free nilpotent Lie algebra with rank » = 2 and step
s = 4. This algebra is 8-dimensional. Let X7, ..., Xg be a Hall basis of g (see [0] and
[8]). This basis satisfies the following structure relations

X3 =[Xo, X1, Xu=[X5X1], X;=[X3 X5,

(4.42)
Xo = [X1, X1], Xo=[X0,Xa], Xs=][X5 Xal.
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In the Grayson-Grossman model [5], X, ..., Xg can be identified with vector fields
in R® where

Xlzaia
x
(4.43) ! , \ , ,
X—a—x 8+ﬂ8+wxi_ﬁ8_l’lx28_$1x28
> Oay Yors ' 2 Oxy 2015 6 Owg 2 Ox; 2 Oxg

The Tanaka prolongation Prol(g) is finite dimensional and by Theorem 1 in [16],
we have

Prol(g) = g0 @ g,

where gy is the vector space of strata preserving derivations of g. In fact, go is
isomorphic to End(g;) and thus go is 4-dimensional, because dim(g;) = 2. We extend

the basis for g to a basis X 3, X ,,..., Xg of Prol(g) and we denote by cé?a, with
j=-3,-2,...,8, k=1,...,8, and a € Z = N8, the generalized structure constants

of Prol(g).

Let GG be the free nilpotent Lie group of rank » = 2 and step s = 4. Via exponential
coordinates of the second type, G is diffeomorphic to R®. The extremal polynomials
in R® associated with the Tanaka prolongation of g = Lie(G) are, for any fixed v € R8,

8

1)l B
(4.44) Pj(r) = Z (=1) Zcfavkxa = kaij(x), z € R?,

a€ET ’ k=1 k=1

—1)lal
(4.45) Qjr(z) = Z (=1 c;?axa, z € R®.

ael

Above, we have j = —3,—2,...,8 and k = 1,...,8. Notice that ¢, = 0 if d(j) +
d(a) # d(k). It follows that Q;x is a polynomial with homogeneous degree d(k)—d(j).

Let v € R® be a vector such that v; = vy = v3 = 0. The first three polynomials Py,
Py, and P3 are the following

x2 x3
P{(x) =v4w3 — 0552 + vgTa + V7T5 + Uséy
446 ; 22 3 127, 1173
(4.46)  PY(z) =1 + (23 + x129)V5 — 5 + (24 — 5 Jur + (x5 — 5 )us,
x? x2
Py (z) = — vy4m1 — 522 + 1)6?1 + vrxiTe + 1)8?2.

These polynomials can be computed using the structure relations and formulas
(4.44])).

In order to compute the four polynomials P";, PY,, P’, and F; associated with
the stratum go of Prol(g), we have to choose a basis X_3, X o, X 1, X of go. We can
identify go with End(g;), and g; with R? via the basis X;, X». Hence, we can make
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the following choice:

0 1 00 10 00
(o) e (01) (o) oe ()

The commutator [X;, X;], with j = —3,...,0 and i = 1, 2, is identified with X;(X;)
where X is a linear operator on g;. The polynomials associated with this basis are
the following

3 4

x5
P’ (z) = v4(x3m + 5) — v5€ + vg(r422 + x7) + v7(T5T0 + 228) + Vg— 24

Py (x) = vyxy + vs(xox3 + 225) + v626 + v7(T224 + 227) + vg(Tox5 + 318),

2
1T
P (x) = va(x123 + 224) + 05 (:1:5 — 12 2) + vg(z124 + 36)
(4.47) T3
+U7(ZL’1I5+2£7)+U8( 16 2 +.T8),

3 2 1’4

Pg(flf) = ’U4% +U5<x12x2 +x1$3 —|—x4) — ’0624
T 202
+v7(— 162 )—i—vg(— 142—1—x1x5+x7).

These formulas can be checked in the following way. According to (2.13), the poly-

nomials (4.47) have to satisfy the structure identities

S X P =0, XqP'% =0, XqP' =P, X\Pj=PF,),

(4.48) XoP%s =P/, XoP' =P/, XoP' =0, XyoF) =0.

Notice that we have the structure constants c” T3l = ck2 L= 2= 0’52 0, ck T30 =
Fiyo= 0w, Foy =iy = 52k, k = 1,2. Along with the condition Py(0) = 0,
j = —3,...,0, the identities 8)) uniquely determine the polynomials. Now by a
direct computatlon based on , it can be checked that the polynomials (4.47)) do
satisfy (4.48).

The polynomials (4.47) can also be computed using the following algorithm. Let
v :10,1] — R® be a horizontal curve such that v(0) = 0 and, for i,j = 1,2, let

Bii(t) = /OtP”( )y;ds, te[0,1].

Using the formulas for P/ and Py, the integrals in the right hand side can be
computed. Using the explicit formulas for the coefficients of the vector field X, in
, the resulting functions can be shown to be polynomials of the coordinates of
v(t). Namely, along v we have B}, = P’;, By, = P*,, B}, = P, and By, = Fy.

Let v : [0,1] - G = R® be an abnormal extremal such that v(0) = 0. By
Theorem (see also Remark there exists v € R®, with v # 0, such that, for all
7 =-3,—-2,...,3, we have
(4.49) PI(1) =0, te0,1].

In particular, v = (vy, ..., vg) satisfies v; = vy = v3 = 0 (because v(0) = 0).
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For each j = —3, ..., 3, we define the following 5-dimensional vector of polynomials
Q](ZL’) = (Qj‘l(x)? .- >Qj8(x))>
where (), are defined in (4.45)). By (4.44])), identity (4.49) reads

8

S 0 Qu(r() =0, te[0,1].

k=4
In other words, along the curve « the seven 5-dimensional vectors Q_3(z), ..., Q3(z)
are orthogonal to the nonzero vector (vy, ..., vg) € R5. It follows that the 7 x 5 matrix
Q_374(£L‘) Ce Q_378(1‘)
Q) =| :

@Qsa(z) ... Qss(7)
has rank at most 4 along the curve 7.
Let Mi(x),..., Ms(x) be the 21 different 5 x 5 minors of Q(z) and define the
determinant functions

(4.50) fe(z) = det(My(z)), k=1,...,21, xRS

It can be proved that the functions f1, ..., fo1 are homogeneous polynomials. By the
discussion above, we have

fr(y(t)) =0 forallt e 0,1] and for all k =1,...,21.
The polynomials fi, ..., fs; do not depend on v.

Theorem 4.1. Let G = R® be the free nilpotent Lie group of rank 2 and step 4. There
exists a nonzero homogeneous polynomial Q : R® — R such that any abnormal curve
v :10,1] = R® = G with v(0) = 0 satisfies Q(y(t)) =0 for all t € [0,1].

Proof. Tt is enough to show that at least one of the polynomials fi,..., fo; in (4.50)
is nonzero. Let us consider the polynomial with least degree

Q,1,4(Z’) Q,Lg(l')

Q(z) = det M (z) = det QO":‘(x) Qo,g';(l‘)

Qza(r) ... Qzs(7)
The homogeneous degree of ) is 14. We highlight the anti-diagonal of the matrix M:

* % * * 1123 /6 + 18
* * *  —23w9/6 + 1134 + 276 *
M(z) = * * Ty * *
* T1To + X3 * * *
—x3 * * * *

Upon inspection of the polynomials P, ..., Py in (4.46)) and (4.47)), we observe the
following facts. The variable xg appears in the entry M;; only when i = j = 5. When
1,7 < 4, the variable x¢ appears only in the entry M;; with ¢« = j = 4. When ¢, j < 3,
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the variable x4 appears only in the entry M;; with ¢ = j = 3. When ¢,5 < 2, the
variable x3 appears only in the entry M;; with 4, j = 2. Finally, we have M; = —x;.
It follows that
Q(r) = —2x1w3247678 + R(2),
where R(x) is a polynomial that does not contain the monomial zz3z476z5. This
proves that @ # 0.
OJ

Remark 4.2. Any abnormal curve passing through 0 is in the intersection of the
zero sets of the 21 polynomials in R%. Even though all these polynomials are
explicitly computable, the precise structure of this intersection is not clear.

For any v € R® with v # 0 and v; = vy = v3, the equation PY(z) = 0 determines
two (in some exceptional cases four) different abnormal extremals ¥ parameterized
by arc-length and such that v7(0) = 0. The mapping v +— v¥(1) seems to parametrize
a subset of R® that is at most 5-dimensional. The abnormal set of G = R® is then
presumably 6-dimensional, while in Theorem abnormal extremals are shown to
be in a set with dimension less than or equal to 7.

5. SPIRAL-LIKE GOH EXTREMALS

The shortening technique introduced in [9] has two steps: a curve with a corner
at a given point is blown up; the limit curve obtained in this way is shown not
to be length minimizing. This provides an “almost-C'” regularity result for sub-
Riemannian length minimizing curves. The technique, however, fails when, in the
blow up at the singular point, the curve has no proper angle. Here, we show that
there do exist Goh extremals of this kind. The example is a generalization of [§|,
Example 6.4].

Let G be an n-dimensional stratified nilpotent Lie group with Lie algebra g =
g1 D - D gs, where s > 3 is step of the group. An abnormal extremal 7 : [0,1] — G
with dual curve A = A\ + -+ + N\, 9, is said to be a Goh extremal if \; = 0 for
all i = 1,...,n such that d(i) = 1 or d(i) = 2. By Theorem [3.4] a horizontal curve
v :10,1] — G with v(0) = 0 is a Goh extremal precisely when there exists v € R,
v # 0, such that

(5.51) P?(y(t)) =0, foralltel0,1] and d(i) € {1,2}.

)

By Theorem 2.2} the condition PY(y) = 0 for d(i) = 2 is equivalent to (5.51).

Let F' be the free nilpotent Lie group of rank 3 and step 4 and consider the direct
product G = F x F. As F is diffeomorphic to R3?, then G is a stratified Lie group
of rank 6 and step 4 diffeomorphic to R%. We fix a basis X,..., Xgs of Lie(G)
adapted to the stratification and we identify G' with R via exponential coordinates
of the second type. We reorder and relabel the basis as Y7, ..., Y3, 77, ..., Z35, where
Yi,..., Y3 is an adapted basis of a first copy of Lie(F') and Z7, ..., Z3y is an adapted
basis of a second copy of Lie(F'). We denote the corresponding coordinates on G by
(y,2) € R with y, z € R32,
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Notice that we have [Y;,Z;] = 0 for all 4,57 = 1,...,32. Then any abnormal
polynomial P¥(z) of G, i=1,...,64 and v € R% splits as

PP(z) = Q" (y) + Qi (2), = (y,2),
for some j,k = 1,...,32 and v,,v, € R*?, where Q},...,Q%, v € R*, are the

extremal polynomials of F. In particular, for ¢ = 4,5, 6 we have the polynomials:
2 2

Qi(y) = va — y1vr — Yavs — Ysvg + y_21U15 + Y1Y2016 + Y1Y3v17 + y2_2U18
Vs
+ Y2Ysv1g + 5 V20 + Y530 + YeUs1
2 2
Q5(y) = vs — Y1v10 — YaU11 — Ysv1a + %%1 + Y1y2v22 + Y1Y3v23 + %21&4
V3
+ Y2ysv2s + EU% — Y4V30 + YsV32
2 2
Q5(y) = vs + y1(vg = v11) = Yav13 — Ysvra — %017 — Y1Y2V19 — Y1Y3v20 + y—211122

2

Y
+ Y1Y2V24 + Y1Y3V25 + 53029 + y%U?,o + (11Y2 — Ya)V31 — Y5U32.

We omit the deduction of these formulas.

Let v,w € R3? be such that v; = w; =0 for alli = 1,...,6 and |[v]| + |w| # 0. By
Theorem [3.4] any horizontal curve v = (v,,7.) : [0,1] = G such that 4(0) = 0 and
with support contained in the algebraic set

Sow = {(y,2) €R™: Qi (y) = QF(2) =0 for i = 4,5,6}

is a Goh extremal. Notice that, by (2.13)), QY (v,) = @{(7.) = 0 for i = 4,5, 6 implies
QY(vy) = Q¥(7.) = 0 also for i = 1,2,3. We choose v € R¥ such that v; = 1, vz = 2,
and v; = 0 otherwise. Then we have

Qi) =y —y, Q) =Qy) =0, y=(y....,ys)
For any pair of Lipschitz functions ¢,v : [—1,1] — R with ¢(0) = ¥(0) = 0, the
horizontal curve v = (7,,7,) : [—1,1] — R% defined by ~,(t) = (¢3,¢,¢(t),*,...,*)
and 7, (t) = (3, t,(t), *,...,*) has support contained in ¥, , and therefore it is a
Goh extremal.
In particular, as in [4] we can choose

¢(t) = tcos(log(l —log t])), () = tsin(log(l —loglt])), € [-1,1],
where ¢(0) = 9(0) = 0 in the limit sense. The curve 7 is a kind of rectifiable spiral.
Notice that max(|¢'(¢)], |2/ (t)]) < 2 for all ¢t € (0,1). Moreover, for any « € [0, 27)
there exists a positive and infinitesimal sequence (Ag)ren such that
1
lim — (¢(Met), ¥ (Ait)) = t(cosa,sina), t€R.
k—o0 Ak‘

Viceversa, if the limit in the left hand side does exist for some infinitesimal sequence
(Ak)ken, then it is of the given form for some « € [0, 27).
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The curve « is not C! at t = 0 and all its tangents at ¢ = 0 are lines. Even though

the spiral v is not likely to be length minimizing near ¢ = 0, the shortening technique
of [9] cannot be applied to prove this.

[1]
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