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Introduction

The object of this thesis is the study of high density discrete systems as variational
limit of low density discrete energies indexed by the number of nodes of the system
itself. In this context the term discreteness should be understood rather broadly
as inferring to different scales from crystal lattice to grain structure while the low-
to-high density limit refers to the discrete-to-continuum passage in the energetic
description of the system. Within this framework we focus our attention on cen-
tral lattice systems; i.e., systems where the reference positions of the interacting
points lie on a prescribed lattice, whose parameters change as the number of points
changes and where all the interactions are pair interactions. In more precise terms,
we consider an open set Q C RY and take as reference lattice Z. = ¢Z" N Q. The
general form of a pair-potential energy in a central system is

1,JEZ,

where u : Z. — R<. The analysis of energies of the form (0.0.1) has been performed
under various hypotheses on t;;. The first natural assumption is the invariance
under translations (in the target space); that is,

(U v) = g55(u — ).
Furthermore, an important class of pair potentials is that of homogeneous in-
teractions (i.e., invariant under translations in the reference space); this can be
expressed as

¥ (1, 0) = 93y e (0, 0).

If both conditions are satisfied, then the energies E. above may be rewritten in
the form

Bw=Y Y ()
kEZn i,jEZ. i—j=ck

where ff(§) = e "gi(ef). In this way we can highlight the dependence of the
potentials on the (discrete) difference quotients of the function u. Upon identifying



each function u with its piecewise-constant interpolation, we can consider E. as
defined on (a subset of) LP(€;R?), and hence consider the I-limit as ¢ tends
to zero with respect to the LP-topology. Under some coerciveness conditions the
computation of the I'-limit will give a continuous approximate description of the
behaviour of minimum problems involving the energies E. for € small (see Chapter
1, and [13] for a quick introduction to the theory of I'-convergence).

In Chapter 1, looking for a microscopical theoretical justification of theories
in Continuum Mechanics and having in mind those concerning with hyperelastic
materials, we face the problem of finding the widest class of discrete systems with
an energy of local type as continuum counterpart, defined on the Sobolev space
Whr(Q,R?) with p > 1. In particular, even in a general space dependent case, if
we make the following assumptions on the functions f;:

(i) (coerciveness on nearest neighbors) there exit ¢, c2 > 0 such that for all
(2,2) €QxReand i€ {1,...,n}

2P =2 < fEi (2, 2)
(i) (decay of long-range interactions) for all (z,z) €  x R?, and k € ZV
P, 2) < 1+ ]P), (002

where ¢, satisfy

(H1): limsup Z cf. < +o0;

+
e—0 kezN

(H2): for all § > 0 M; > 0 exists such that lim sup Z g, <0,
e—0
[k|>Ms

then we can state a compactness theorem asserting that, the energies E., defined
by

" Cu(i+ek) —u(i
= Y 3 et (i M=),
keZN ic Rk

where RF := {i € Z. : i+¢ck € Z.} are such that, for every sequence (g;)
of positive real numbers converging to 0, there exists a subsequence (g, ) and a
Carathéodory function f: Q x R¥Y satisfying

c([[M[P =1) < f(z, M) < C([|M]]” + 1),

with 0 < ¢ < C, such that (E (-)) I'-converges with respect to the LP(£2)-topology
to the functional F': LP(Q) — [0, +oc] defined as

: 1,p . TRd
Flu) = /Qf(x, Vu)dz if u € WHP(Q; R?) (0.0.3)
400

otherwise.
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Note that here the growth hypothesis of superlinear type on nearest neighbors
translates into a boundedness condition on the gradient of proper piecewise-affine
interpolations and it ensures that the limit is defined in the Sobolev space W (£; R%),
while the decay assumption as k — o0 allows to asymptotically neglect very long-
range interactions. Observe that these hypotheses are natural for our purposes in
the sense that, if the first is lifted then the limit may be defined on sets of func-
tions with bounded total variation where a different analytical approach is needed
(see Braides and Gelli [18], [20], [19]), while, if the second is removed, Braides has
proven in [12] that the limit may exhibit a non local behavior.

In the special case of periodic structure, when the energies are defined by a
scaling process, i.e. when

filz,2) = fk(gz) (0.0.4)

then the limit energy density ¢(M) = f(x, M) is independent of z and of the
subsequence, and is characterized by the asymptotic homogenization formula

. I .
p(M) = TEIEOO TN min {Fr(u), ulag, = Mi}, (0.0.5)

where Q7 = (0, 7)),

Fr(u) = Z Z (s <u(i - ]|2|_ u(i)>

keZN ieR¥(Qr)

and ulpg, = Mi means that “near the boundary” of Qr the function w is the
discrete interpolation of the affine function Mz (see Sectionl.2 for details). In the
one-dimensional case this formula was first derived in [21] and it is the discrete
analog of the nonlinear asymptotic formula for the homogenization of nonlinear
energies of the form G.(u) = [, g(x/e, Du) dx, that reads

e(M) = _lim TLNinf{gT(u):u:MasonBQT}7

T—+o0

where now

Gr(u) = / 9(y, Du) dy

(see [16] for exact statements and hypotheses on g).

In Chapter 1 we also examine formula (0.0.5) in some special cases. First, if
all fi are convex then a periodicity cell problem formula holds and, apart from
a possible lower-order boundary contribution, the solution in (0.0.5) is simply
u; = Mi. In this case the I'-limit coincides with the pointwise limit and this
means that the continuous counterparts of these discrete systems are obtained by
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simply substituting difference quotients with directional derivatives. Next, if only
nearest-neighbor interactions are present then it reduces to

n

(M) =" f*(Me;),

=1

where f; = f., and f** denotes the lower semicontinuous and convex envelope of
f. Note that convexity is not a necessary condition for lower semicontinuity at the
discrete level: this convexification operation should be interpreted as an effect due
to oscillations at a ‘mesoscopic scale’ (i.e., much larger than the ‘microscopic scale’
€ but still vanishing as ¢ — 0). Moreover the previous formula highlights that
this mesoscopic phenomenon acts in every direction without mixing them, thus
in some sense we can say that the limit energy density is obtained relaxing the
energies due to interactions in every coordinate direction independently and then
summing over them. This observation allows us, in the last section of Chapter 1, to
build an example of vector-valued discrete interaction energies whose continuous
counterpart has an energy density which is a quasiconvex not convex function.

An issue of interest when dealing with continuum limits of discrete systems
is the problem of the validity or failure of the Cauchy-Born rule; i.e. whether to
a ‘macroscopic’ gradient there corresponds at the ‘microscopic’ scale a ‘regular’
arrangement of lattice displacements. For energies of the form (0.0.4) this can be
translated into the study of the asymptotic behavior of minimizers for the problems
defining p(M); in particular we say that the strict Cauchy-Born rule holds at M if
minimizers converge to the affine state u; = M4 and that the weak Cauchy-Born
rule holds at M if minimizers tend to a periodic perturbation of M:. In Chapter 2,
we consider the simple one dimensional case of next-to-nearest-neighbor discrete
systems. The energy of these systems can be written as

p- B a(UZ)e 3 (o)

0,J€Ze i—j=¢€ 1,J€Ze,i—j=2¢

and here ¢ = fi*, where

() = fo(22) + %min{fl(zl) Fh(z) atm =22} (0.0.6)

The second term, obtained by minimization, is due to oscillations at the micro-
scopic scale: nearest neighbors rearrange in order to minimize their interaction
coupled with that between second neighbors (see [13] for a simple treatment of
these one-dimensional problems).

If, for the sake of simplicity, we suppose that the minimum problem in (0.0.6)
has a unique solution, upon changing z; into 23, then we can read the microscopic
behavior as follows:

(i) first case: fy is conver at z (i.e., fo(z) = p(z)). We have the two cases
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(a) f(2) = fi(2) + f2(z); in this case z = z; = 2o minimizes the formula
giving ¢; hence, the strict Cauchy-Born rule applies;

(b) f(2) < fi(2) + f2(2); in this case we have a 2-periodic ground state with
‘slopes’ z1 and z3, and the weak Cauchy-Born rule applies;

(ii) second case: fq is not convez at z (i.e., fo(z) > ¢(z)). In this case the Cauchy-
Born rule is violated, non uniform states may be preferred as minimizers and phase
transitions may occur. Thus surface energies must be taken into account in order
to provide a better description of the limit. To this end a higher order analysis
of the energy is necessary. Thanks to the notion of development by I'-convergence
introduced by Anzellotti and Baldo in [7], analyzing proper scaling of the energies
E., we show that, even if globally the Cauchy-Born rule is violated, minimizers
are fine mixtures of states satisfying a weak Cauchy-Born rule, which in this sense
holds locally (in each phase).

Another issue of interest in presence of phase transitions is whether the ef-
fect of the boundary conditions on the system is or not confined in a neighbor-
hood of the boundary of the domain. In Chapter two a sensitive dependence of the
phase transition energy on the boundary conditions is observed for next-to-nearest-
neighbors systems. Moreover the appearance of boundary layers contribution to
the energy is discussed. Here again the advantage of passing from the macro-
scopic to the more refined microscopic scale is evident. In fact the description of
this phenomenon is possible studying not only the behavior of averaged fields as
the natural high density counterpart of the microscopic ground states, but also
the formation of microscopical patterns. Finally, using the notion of equivalence
by T'-convergence introduced by Braides and Truskinowsky in [22], we infer that
(under some technical assumptions) these discrete systems are equivalent to the
perturbation of a non-convex energy on the continuum, of the form

/z/)(u’)dt+520/ |2 dt,
Q Q

thus recovering a well-known formulation of the gradient theory of phase transi-
tions. This result shows that a surface term (generated by the second gradient)
penalizes high oscillations between states locally satisfying some Cauchy-Born rule.

A further problem addressed in the thesis is the analysis of a new type of
continuum limits involving energies of the form

F.(u) = sup sup f,i(w) (0.0.7)

keZn i, j€Z. i—j=ck €

This seems to be a complex problem in its generality; in this work the one dimen-
sional case only is treated. Such energies are the discrete analog of L°°-energies of
the gradient, that have been recently widely studied in the framework of spaces of
Lipschitz functions (see [6], [8]). In the generality of the conditions that we require
on fr, the continuum limit of (0.0.7) will take a new form that can be interpreted



as the natural SBV version of the L>°-energies of the gradient. This type of ener-
gies have been only partially studied in the literature and for this reason much part
of Chapter 3 is devoted to the analysis of semicontinuity and relaxation results for
energies defined on SBV () of the form

Fu) = max{sup /(' (1)), sup_g([u](1))}. (0.0.8)

teQ teS(u)NQ

In particular we show that necessary and sufficient conditions for the lower semi-
continuity of F' are of two types:

(i) structure conditions on f and g. Namely, that f be level convex and g be
sub-maximal; i.e. that

g(a+b) < max{g(a),g(b)};

(ii) compatibility conditions between the growth of g at 0 and of f at infinity:

li = 1l .

Jim g(z) = lim f(z)

Moreover, in order to study the structure of solution of minimum problems of the
type

m(d) = min{F(u) : u(0) =0, u(l) =d}, (0.0.9)

we prove a relaxation theorem showing that the L'-lower semicontinuous envelope
of such F' is a functional of the same form with f and g substituted by the suit-
ably defined level-convex and sub-maximal envelopes, respectively. By plotting the
‘stress-strain’ curve relating the bulk gradient of the solutions of problem (0.0.9)
to the boundary datum we highlight a ‘multiple cracking’ phenomenon analogous
to that observed for non-subadditive free-discontinuity integral energies (see [11]
for a survey on this argument).

In the last section of the chapter we come back to the original problem
proving a first approximation result via I'-convergence of energies of the form
(0.0.8) by one dimensional discrete systems with energies of the type (0.0.7) under
the assumption that k = 1.
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Chapter 1

An integral representation
result for continuum limits
of energies of discrete
systems

The energetic description of the asymptotic behavior of lattice systems when the
mesh size tends to zero turns out to be useful both as a microscopical theoretical
justification of theories in Continuum Mechanics and as a powerful means thanks to
which a great number of microscopical phenomena can be read in the macroscopical
setting. In this chapter we describe variational limits of discrete lattice systems in
a vectorial and non convex setting when general “atomic” interaction energies are
taken into account, that lead to continuum “elastic” theories described by bulk
integral energies. We will limit our analysis to square lattices, but more general
geometries, e.g. hexagonal lattices, can be easily included in this framework by
a change of variables (see for instance [20] Examples 5.1 and 5.2 for details). In
mathematical terms, given a fixed open set Q2 C RY and £ > 0, we consider energies
defined on functions u : a € eZ¥ N Q + u(a) € RY, of the general form

FE(U) = Z ge(aa 67’“(04) - u(ﬁ))a
a,ﬂEsZN
[e,B]C2

In the case N = d = 3 we can picture the lattice eZY N Q as the reference
configuration of a set of interacting material points (see fig. 1). Here u is the
field mapping the reference configuration into the deformed one, thus the total
stored energy F.(u) is obtained, according to the classical theory of cristalline
structures in “hyperelastic” regime, by the superposition of the energy densities
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Figure 1: interactions on the lattice eZ

g<(a, B, u(a) — u(B)) weighing the pairwise interaction between points in the posi-
tions « and § in the reference configuration lattice. Note that the only assumption
we make is that g. depends on the displacement field in a and 8 through the
differences u(a) — u(B). This condition arises naturally in many situations as for
example in frame indifferent models.

It is usually more convenient to group the energy densities as

Fs(u):z Z ge(o, a0+ &, u(a + €€) — u(a)),

EEZN (e RE(D)
where RE(Q) := {a € eZY : [a,a + €] C Q}. Setting

fag(a7 C) = eiNgE(av a+ &g, 5|§|<)

we can rewrite

O S S e ] (10.)

[
§€ZN aeRE(Q) €l

thus highlighting the dependence of the energy on discrete difference quotients in
the direction &.

In this chapter we provide a characterization of all the possible variational
limits, as the mesh size € tends to zero, of a very general class of energies of the form

2



(1.0.1). Upon identifying u with a function constant on each cell of the lattice eZ",
we can make the asymptotic analysis precise thanks to the notions and the methods
of De Giorgi’s T-convergence (see [30], [13], [29]). On the functions f&(a,-) we
make assumptions of two types: a growth hypothesis of superlinear type on nearest
neighbors (see 1.2.2) that ensures that the limit is finite only on WP (€; R%), and
a decay assumption as £ — +oo (see (1.2.3), (H1), (H2)) that allows to neglect
very long-range interactions. Under these conditions, a compactness theorem holds
asserting that, up to passing to a subsequence, the energies F. have a I'-limit energy
F defined on the Sobolev space W1P(Q; R?) and taking the form

F(u) = /Qf(:c,Du) dz,

(see Theorem 1.2.1). A similar compactness result for quadratic interactions in
planar networks has been observed by Vogelius [46] (see also Piatnitski and Remy
[42]).

Note that the decay assumption on the density energies f¢ as |¢] — +oo
guarantees that the non locality of our discrete functionals disappears in the limit.
If this hypothesis is lifted then we may have non local I'-limits (see [12]). On the
other hand, if growth conditions are removed, the limit may be defined on sets of
functions with bounded variation where a different analytical approach is needed
(see [45], [15], [26], [3], [12], [18], [20]).

To perform our analysis, we develop the discrete analogue of a localization
argument used, for example, in the context of homogenization theory for multiple
integrals which allows us to regard our energies and their I'-limits as functionals
defined on pairs function-set and then to prove that all the hypotheses of an
integral representation theorem are fulfilled. In order to treat minimum problems
with boundary data, we also derive a compactness theorem in the case that our
functionals are subject to Dirichlet boundary conditions (see (1.2.30) and Theorem
1.2.10).

An interesting special case is when the arrangement of the “material points”
presents a periodic feature; i.e., in terms of f., we have

fsf(vz) = f* (;,z) ff(~,z) Q-periodic
€
where Qi = (0,k)". By adapting the integral homogenization arguments to our

discrete setting, we prove that the whole family F. I'-converges to a limit energy
of the form

F(u) = fhmn(Du) dx.
Q

Note that in this setting we also include, when k = 1, the situation when f¢(a, 2)
is independent of «. If not only nearest neighbor interactions are present, the
formula for fpem highlights a multiple-scale effect also in this case (see [13]). An
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interesting example showing the effect of nonlinearities of “geometrical” origin is
contained in a work by Friesecke and Theil [34], where an interpretation in terms
of the Cauchy-Born rule is given.

Here from is given by the following homogenization formula

. .
from (M) = hETm 7N min {Fn(u), ulag, = Ma} (1.0.2)

where

Aw=Y ¥ )fg <QW>

£eZN aeRE(Qn

and ulpg, = Ma means that “near” the boundary of @) the function u is the
discrete interpolation of the affine function Mz (for more precise definitions see
(1.2.29) and Theorem 1.3.1 ). This formula generalizes that obtained in [21] in a
one dimensional-scalar setting.

In general (1.0.2) cannot be simplified to a cell problem formula and gives
rise to a quasiconvex function even for simple interactions. Indeed, in Section 7
we provide an example of quasiconvex fho, drawing inspiration from Sverdk’s
construction of a quasiconvex function which is not polyconvex (see [44]).

In Sections 5 and 6 we study some important cases when the formula for
from can be simplified. For convex interactions a periodicity cell problem formula
holds: if f¢ is a convex function in the second variable for all £ € Z%, then (1.0.2)
can be written as

from(M) = k‘iN min {F(u), u Qg-periodic}

where

Fuy =Y 3 f£<a,“(a+5)“(0‘)+M €>7

£€ZN ae{0,1,....k—1}N 13 €]

(see Theorem 1.4.1). An analogous result for discrete quadratic forms has been
obtained by Piatnitski and Remy [42]. Our result has been used by Braides and
Francfort [17] as a step for the derivation of optimal bounds for composite con-
ducting networks in the particular case of quadratic interactions (see Remarks
1.2.2 and 1.4.2).

If we consider only interactions along independent directions a reduction to
the 1-dimensional case occurs: if k = 1, that is f¢ does not depend on «, and

ff=0 VeEeZN : €#je;,i€{1,2,...,N}, jEN, (1.0.3)
where {e1,e,...,en} is the standard orthonormal base in RY, then
N ~ .
From (M) = S () (M)
i=1

4



being (f;) convex functions defined by a 1-dimensional homogenization formula
and M* the i-th column of M (see Theorem 1.5.3). Note that here a superposition
principle holds, in the sense that the limit energy is obtained by relaxing the
energies due to the interactions in every coordinate direction independently and
then summing over them.

From the results obtained in the 1-dimensional setting in [21] (see Theorems
1.5.1, 1.5.2), we deduce that the limit energy density from can be rewritten by a
non-asymptotic formula if only nearest and next-to-nearest neighbor interactions
along the coordinate directions are considered (see Remark 1.5.5). In particular, in
the case of only nearest neighbor interactions, the only effect of the passage from
the discrete setting to the continuum is a separate convexification process in the
coordinate directions.

1.1 Notation and Preliminaries

We denote by {e1,es,...,ex} the standard basis in R, by |- | the usual euclidean
norm and by (-,-) the scalar product in RY. We denote by M**N and M2x4 the
space of d x N matrices and symmetric d x d matrices, respectively. For P € M®*N
Q € MN*Xl P.Q denotes the standard row by column product. For z, y € R,
[z,y] denotes the segment between z and y. If ) is a bounded open subset of R,
A(Q) is the family of all open subsets of Q while A(£2) denotes the family of all
open subsets of  whose closure is a compact subset of . If B ¢ RY is a Borel
set, we will denote by |B| its Lebesgue measure. We use standard notation for L?
and Sobolev spaces.

We also recall the standard notation for slicing arguments (see [13]). Let
€€ SN and let g = {y € RY : (y,£) = 0} be the linear hyperplane orthogonal
to & If y € Il and E C RY we define B¢ = {y s.t. #t € R: y+t{ € E} and
Ezf ={t e R:y+t{ € E}. Moreover, if u : E — R we set ug, : E§ — R by
ey (t) = uly + t§).

We also introduce a useful notation for difference quotient along any direction.
Fix € € RY; for ¢ > 0 and for every u : RV — R¢ we define

u(x + e€) — u(x)
el¢] '

Déu(z) :==

1.1.1 Necessary conditions for weak lower semicontinuity

Definition 1.1.1 We say that a function f : M>*N — R is quasiconvex if f is
continuous, and for all A € M*N and for every bounded open subset E of RN

|BIf(4) < / f(A+Dy) da
E

for every ¢ € Cg°(E;RY).



Definition 1.1.2 We say that a function f : MP>*N — R is WP-quasiconvez if,
for all A € M™N | there exists a bounded open subset E of RN such that

BLFA) < [ 4+ Dola)) da
E
for every v € Wol’p(E; R%); that is equivalently, such that
. 1
f(A) = min 3] /f(A+ Dy(x)) dz : o € WyP(E;RY)
E

Remark 1.1.3 Note that if 1 < p < 0o, and [ satisfies the growth condition from
above
0< f(A) <c(1+[AP)

for all A € M™N | then f is quasiconvez if and only if f is W1P-quasiconvex.

Theorem 1.1.4 Let 1 < p < oo. If the integral functional

F(u) = /f(Du(x)) dx
Q
is weak lower semicontinuous on WP(Q), then f is WP -quasiconver.

1.1.2 TI'-convergence

We recall the notion of I'-convergence in LP(€2) (see [30],[29],[13]). A sequence
of functionals F; : LP(Q2) — [0,+o0] is said to I'-converge to a functional F :
LP(Q)) — [0, +00] at u € LP(Q) as j — +o0, and we write F'(u) = I'-lim; F};(u), if
the following two conditions hold:
(i) (lower semicontinuity inequality) for all sequences (u;) converging to u in
LP(§2) we have that F'(u) < liminf; F}(u;);
(ii) (existence of a recovery sequence) there exists a sequence (u;) converging to
win LP(§2) such that F(u) = lim; F}(u;).

We say that F; I'-converges to F' if F(u) = I'-lim; F;(u) at all points u € LP(2)
and that F' is the I'-limit of Fj. The main reason for the introduction of this
convergence is the following fundamental theorem.

Theorem 1.1.5 Let F' =T'-lim; F;, and let a compact set K C LP(Q) exist such
that infpp(q) Fj = infx F; for all j. Then

J min F =lim inf F}.
Lr(Q) J Lr(Q)

Moreover, if (u;) is a converging sequence such that lim; Fj(u;)=lim;infy»q) F;
then its limit is a minimum point for F'.
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If (F.) is a family of functionals indexed by € > 0 then we say that F. T'-converges
to Fas e — 07 if F = I-lim; F;, for all (¢;) converging to 0. If we define the
lower and upper I'-limits by

F'(u) = T-liminf F.(u) = inf{liminf F.(u.) : ue — u},

e—0t e—0t
F"(u) = T-limsup F.(u) = inf{limsup F.(u.) : u. — u},

e—0t e—0*t

respectively, then F. I'-converges to F as e — 0T if and only if F'(u) = F"(u) =
F(u). Note that the functions F’ and F” are lower semicontinuous (see [29] Propo-
sition 6.8).

Theorem 1.1.6 (Compactness) Let (F.) : LP(Q2) x A(Q) — [0, 400] be a fam-
ily of functionals. Suppose that for every sequence (gx) of positive real numbers
converging to 0 and for every u € W1P(£2)

F'(U) = F(Lp)-limkinf F., (u,U)

define an inner regular increasing set function. Then for every sequence (g;) of
positive real numbers converging to 0 there exists a subsequence (¢j, ) such that the
I'-lemat

F(u,U) = F-liin F, (uw,U)

exists for all U € A(Q) and u € WHP(Q).

Before stating the next theorem about the I'-convergence of a family of real
quadratic forms, we recall the following pure algebraic proposition which provides
a useful characterization for quadratic forms.

Proposition 1.1.7 Let F : X — [0,00] be an arbitrary function. If
(1) F(0) =0,
(ii) F(tz) < t2F(z) for every x € X and for every t > 0,

(iii) F(z+y)+ F(z —y) < 2F(x) 4+ 2F(y) for every z,y € X,

then F' is a quadratic form. Conversely, if F' is a quadratic form, then (1), (i1), (ii7)
are satisfied, and, in addition,

(iv) F(tx) = t*F(z) for every x € X and for every t € R with t # 0,
(v) F(z+y)+ F(x —y) =2F(x) + 2F(y) for every z,y € X.

Theorem 1.1.8 Suppose that (F.) T'-converges to a function F, and that, for
every €, F, is a non negative quadratic form. Then F is a non negative quadratic
form.



1.1.3 Integral representation on Sobolev spaces

In this section we recall an integral representation result on Sobolev spaces for
functionals defined on pairs function-sets (see [24]).

Theorem 1.1.9 Let 1 < p < oo and let F : WHP(Q) x A(Q) — [0,+00] be a
functional satisfying the following conditions:

(i) (locality) F is local, i.e. F(u,A) = F(v,A) ifu=v a.e. on A € A(Q);

(ii) (measure property) for all u € WHP(Q) the set function F(u,-) is the re-
striction of a Borel measure to A(2);

(iii) (growth condition) there exists ¢ > 0 and a € L*(Q) such that
Plu, A) < c/(a(m) +|Dul?) da
A
for allu € WHP(Q) and A € A(Q);

(iv) (translation invariance in u) F(u + z,A) = F(u, A) for all z € R%, u €
WhP(Q) and A € A(Q);

(v) (lower semicontinuity) for all A € A(Q) F(-, A) is sequentially lower semi-
continuous with respect to the weak convergence in W1P(Q).

Then there exists a Carathéodory function f : Q x MPN — [0, +00) satisfying the
growth condition

0< f(z, M) < c(a(x) + [M]?)

for all z € Q and M € M¥N | such that

F(u,A) = /f(ac7 Du(z)) dx
A
for allu € WHP(Q) and A € A(Q).
If in addition it holds
(vi) (translation invariance in )

F(Mz,B(y,0) = F'(Mz, B(z,0))

for all M € M¥N  y 2 € Q, and o > 0 such that B(y, o) U B(z,0) C €, then f
does not depend on x.



Theorem 1.1.10 (Integral representation of homogeneous functionals)
Let 1 <p < oo and let F : WHP(Q) x A(Q) — [0, +00]. There exists a quasiconvex
function f: M¥N — [0, +00) satisfying

0 < f(x, A) < cla(x) + |APP) VA € MPN

such that the functional F can be represented by

F(u,U) :/f(Du(:r)) dz
U

if and only if conditions (i) — (v) of Theorem 1.1.9 hold and in addition
(vi) (translation invariance in x)

F(Az, B(y, 0)) = F(Az, B(z, 0))

for all A€ M*Ny 2€Q, and o > 0 such that B(y, 0) U B(z,0) C .

1.2 Compactness and integral representation

In this section we define the class of discrete energies we are going to consider
in the rest of the chapter and we prove a general compactness theorem, asserting
that any sequence of energies in this class has a subsequence whose I'-limit F' is
an integral functional.

In what follows Q will denote a bounded open set of RN with Lipschitz
boundary. We consider the family of functionals F; : LP(2) — [0, +o0] defined as

> S eNgE (a,Dgu(a)) if u e A.(Q)
F.(u) = { €€2Y acRE() (1.2.1)

400 otherwise,
where for any ¢ € Z and € > 0
RE(Q) = {aceZV : [a,a+e€] C Q},

A (Q) = {u:RY = R? : u constant on o + [0,¢)" for any a € eZ" NQ},

and f& : (eZN N Q) x RY — [0,+00) is a given function. On f¢ we make the
following assumptions:

Cilo,2) > (2P —1) Y(a,2) € (ZVNQ) xRY i€ {1,...,N} (1.2.2)
oo, 2) SCE(|2IP +1) Y(a,2) € (eZV NQ) xRY ¢ € ZV, (1.2.3)
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where ¢; > 0 and {C¢}. ¢ satisfies:

limsup Y. Cf < +o0; (H1)
e—0T £eN
V6>0 IMs>0: limsup >, C&<4. (H2)

e—=0F [¢]>M;s
The main result of this section is stated in the following theorem.

Theorem 1.2.1 (compactness) Let {f¢}. ¢ satisfy (1.2.2), (1.2.3) and let (H1)-
(H2) hold. Then for every sequence (¢;) of positive real numbers converging to 0,
there exists a subsequence (¢j,) and a Carathéodory function quasiconvez in the
second variable f : Q x RN satisfying

o(|MPP=1) < f(z, M) < C(IM[P +1),
with 0 < ¢ < C, such that (F,

c;, (1)) D-converges with respect to the LP(S2)-topology
to the functional F : LP(Q) — [0, +o0] defined as

/ flx,Vu)dr if u € WHP(Q;R?)
u) = Q

F( (1.2.4)

+00 otherwise.

Remark 1.2.2 (quadratic forms) Under the hypotheses of Theorem 1.2.1, if in
addition for any ¢ € ZY and ¢ > 0 f&(a,-) is a positive quadratic form on R9,
that is

fila,z) = (Af(a)z,2) Af(a) € MIT

sym

then, by the properties of I'-convergence (see [29]), the limit energy density f(z,-)
is a quadratic form on M  that is

flz, M) = A(z) (M, M), A(z) € ToMP>*N (1.2.5)
where To M@ is the vectorial space of all two times covariant tensors on M*N .

To prove Theorem 1.2.1 we use a localization technique, which is a standard argu-
ment dealing with limits of integral functionals (see for example [16] in the context
of homogenization theory). We stress the fact that here this analysis becomes more
difficult to perform because of the non locality of our discrete energies.

The first step is to define a “localized” version of our energies: given an open
set A we isolate the contributions due to interactions within A as follows. For

u€ A (Q), A€ AQ) and ¢ € ZV, set

Fe(u, A) = > eV fE (a, Diu(a)), (1.2.6)
a€RE(A)
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where
RE(A) :={aceZl : [a,a+cef] C A}

The function F¢ represents the energy due to the interactions within A along the
direction £. Then the local version of the functional in (1.2.1) is given by

S Fi(u,A) ifuec A(Q)
F.(u,A) = ¢ezN (1.2.7)
+00 otherwise.

We will prove also the following result.

Theorem 1.2.3 (local compactness) Let {f¢}. ¢ satisfy (1.2.2), (1.2.3) and let
(H1)-(H2) hold. Given () a sequence of positive real numbers converging to 0,
let (5,) and f be as in Theorem 1.2.1. Then for any u € W'P(Q) and A € A(Q)
there holds

F-li}gnFEjk(u,A):/ f(z,Vu)dz.
A

We will derive the proof of Theorems 1.2.1 and 1.2.3 as a direct consequence of
some propositions and lemmas which are fundamental steps to show that our limit
functionals satisfy all the hypotheses of the Representation Theorem 1.1.9.

In the next two propositions we show that, thanks to hypotheses (1.2.2) and
(1.2.3), the I'-liminf and the I-limsup of F. are finite only on W1?(Q;R%) and
satisfy standard p-growth conditions.

Proposition 1.2.4 Let {f¢}.; satisfy (1.2.2). If u € LP(Q) is such that
F'(u, A) < 400, then u € WHP(A;RY) and

F(u, 4) 2 ¢ (IVull}, qpen, — 141) (1.2.8)
for some positive constant ¢ independent on u and A.

PROOF. Let £, — 07 and let u, converge to u in LP(Q) and be such that
liminf,, F; (un,A) < 400. By the growth condition (1.2.2) we get

N
Fo,(un, A) =1y > e)[DE up(a)|P — 1 N|A.
i=1 aeRC (A)
For any i € {1,..., N}, consider the sequence of piecewise-affine functions (v)
defined as follows

vl () == up () + D¢ up(a)(z; — o) x € (a + [0,5n)N) NQ, ac R (A).

For any n > 0, set
A, = {z € A:dist(z, A°) > n}.

11



Then, fixed n > 0, it is easy to check that vl — wuin LP(A,;R?) for every i €

{1,...,N}. Moreover, set g%(:r) the absolutely continuous part of the Radon
measure D, v¢, since g%(x) = D% up(a) for z € o+ [0,6,) ", we get
al o P
Fo (un, A) > n dz — 1 N|A. 1.2.9
o) 2 a3 [ (G| el (129)

We apply now a standard slicing argument. By Fubini’s Theorem and Fatou’s
Lemma for any i we get
vi )l @ dtarN = (y).

o}, P
liminf/ ’ ™ (x) 2/ liminf/ (Vn)esy
m S, | O e " Sy

Since, up to passing to a subsequence, we may assume that, for HY l-a.e. y €
(A)% (V) e,y — Ue, yin LP ((An)zi;Rd), we deduce that ue, , € WP ((An)zi;Rd)

for HN"l-ae. y € (A4,)% and
/ /A o

lim inf
im in / " ‘ 8331
Then, by (1.2.9), we have
hmlan (un, A) > 1 Z/ /
)€ S (Ag)y
Since, in particular, the previous inequality implies that
N
> S

thanks to the characterization of WP by slicing, we obtain that u € WP (An§ ]Rd)
and

)" dtdHN 1 (y).

Ue, u

)" dtdHN "' (y) — e1N|A|.

e'uy

P dt dHN 7 (y) < 4oo,

77)"J

(x) dx — 1 N|A|

lim inf F., (u,, A) > clz /

{1

Letting n — 07, we get the conclusion. O

ox;

Y

IVu(@)|” dz — |A|> :

1

Proposition 1.2.5 Let {f¢}. ¢ satisfy (1.2.8) and let (H1) hold. Then for every
u € WHP(Q;RY) there holds

F'(u,4) < C ([IVull gpasny + A1) (1.2.10)

for some positive constant C independent on u and A.
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PrOOF. We first show that inequality (1.2.5) holds for u smooth and then we
recover the proof for any u € WP(Q; R?) by using a density argument.
Let u € C°(RY;R?) and consider the family (u.) C A.(Q) defined as

ue(a) ==u(a), aceZl.

Then u. — u in LP(Q) as ¢ — 0. Moreover, for any a € €Z, we have

1 1
Diu.(a) = — [ Vu(a+e€s)éds,
€l Jo
so that, by Jensen’s inequality, we get

p
|Diuc(e)fP =

/ Vu(a + e€s)E ds

33
1

<
- lep

By the regularity hypothesis on « and by Fubini’s Theorem, we easily obtain the
following inequalities

1
/ |Vu(a + €s)€l” dsg/ |Vu(a +e€s)|” ds.
0

1
N/ [Vu(a + &€s)|” ds:/ / |Vu(a + &€s)|” dsdx
0 [0,e)N

1
< / / [Vu(z +es)” dsdx—l—c(u)/ / |z — aff dsdx
a+[0,e)N Jo a+[0,e)N Jo

1
< / / |Vu(z)|” dzds + c(u)ePe™
0 a+se€+[0,e)N

where by c¢(u) we denote a constant depending only on u. By (1.2.3) and the last
inequality, we then have

Fo(us,A) < Y c& Y / / \Vu(z)|” dads
¢ezN a€RE(A a+sef+[0,e)N
+ (14 c(u)e?) ZC§ Z eN
§EZN  aeRE(A)
<

> ¢t (/A \Vu(x) P de + (1 + c(u)eP) |A6|) ,

gezN

where
A% = A4 [0,6)N

Eventually, letting e — 07, by (H1) we get

limsup Fy(ue, A) < C (/ [Vu(z)|P de + |A>
A

e—0+
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Figure 2

and the conclusion follows by the definition of F”. Now let u € W1P(Q) and let
(un) € C(RN;R?) converge to u in the WP (Q)-topology. Then, by the lower-
semicontinuity of F”, we obtain

F”(U,A) < lim inf FN(UTHA) < 11111110 (”VU?IH;ZP(A;]Rde) + ‘A|)

n

C (IVull} gy + 141)

O

The next technical lemma asserts that finite difference quotients along any
direction can be controlled by finite difference quotients along the coordinate di-
rections.

Lemma 1.2.6 Let A € A(Q) and set A, == {x € A : dist(z,0A) > 2/Ne}.
Then for any € € ZN and u € A-(Q) there holds

N
S Dfu(@))P <Cd . > IDfu()P. (1.2.11)
a€RE(AL) =1 agR*(A)

PROOF. Let us fix some notations : for £ € ZY and o € eZ", set

IEa) = {BeeczZN: (B+[—¢c™) N[, o+l #0};

14



moreover we will denote by || - ||; the norm on RY defined as

€]l = Z &l €= (€,....én) ERY.

Let o € RE(A.) and consider {ah}ﬂilll C I&(a) such that
apg, =a+tef, a1=qa, ap=ap1+teep),
for some i(h) € {1,..., N} (see fig. 2). Then, since
€l

u @) ZD My u(ap)
b G

by Jensen’s inequality, we get

R I i
Dt = (B) | X k)

o) [Tl 2

1€111
|§||1> i,
< (leh D
()
Since for any h = 1,..., N, oy, € R&"™ (A) and all the norms are equivalent in a

finite dimensional space, we infer that

> bt <y |§|)

a€RE(A,) i=1 geRC?

w(B)P

where
V5 (B) := #{a € RE(A.) : B eli(a)}.

Hence, the proof is complete if we show that 7¢(3) < C¢|. To this aim, notice
that

{a € RE(A): e I2(a)} C 2N NQE(B),

where
Qg(ﬁ) ={z € RV :z=y+1tf, ye B+ [—e,e]™, t e [—e,E]N}.

Thus, we infer that




Now we use a slicing argument to provide an estimate of ‘Qg(ﬁ)‘ By Fubini’s
Theorem, we get

Q58) = /(w))g M (Q4()S a1 (y)
<HYTH((QE(B))F) 2(VN + [€])e < e(N)[€le™

where the last inequality holds, since for any & € Z
HYH((QE(8))%) < e(N)eN .
g

In the next two propositions we establish the subadditivity and the inner
regularity of the set function F”(u,-). To this end we use a careful modification
of De Giorgi’s cut-off functions argument, which appears frequently in the proof
of the integral representation of I-limits of integral functionals (see [16],[29]). We
underline that the non locality of our energies requires a deeper analysis in which
a key role is played by hypothesis (H2), which allows us to show that very long
range interactions do not lead to non local terms in the limit.

Proposition 1.2.7 Let {f5}. ¢ satisfy (1.2.2),(1.2.8) and let (H1)-(H2) hold. Let
A,B € A(Q) and let A, B" € A(Q) be such that A CC A and B’ CC B. Then for
any u € WHP(Q),

F" (u, A UB') < F" (u, A) + F" (u, B) .

PRrROOF. Without loss of generality, we may suppose F"(u, A) and F" (u, B) finite.
Let ue,v: € A () both converge to u in LP(€2) and be such that

limsup F-(ue, A) = F"(u, A), limsup F.(ve, B) = F"'(u, B).

e—0t e—0t

By (1.2.2) and Lemma 1.2.6, we infer that

sup sup Z eV D ()P < 400, (1.2.12)
gezN e>0  “o

a€R:(A:)
sup sup Z eV DSv. ()P < +o0, (1.2.13)
geZN e>0

a€R:(B:)

where A, and B. are defined as in Lemma 1.2.6. Moreover, since (u.) and (v¢)
converge to u in the LP(Q)-topology, we have

Z eV (\us(a)\p + |U6(O‘)|p) < ||’U’EHZ£P(Q) + IIWS\\Z(Q) < C < +o0,
aceZNNQ/

(1.2.14)
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Z EN (‘ue(a) - ’1}5(0()|p) < ||’LL5 - ’UEHiP(Q) - 0+ (1215)
a€ceZN N

for any ' CcC Q. Set
d := dist (A", A°)

and for any ¢ € {1,..., N} define

Aji={x e A: dist(z,A") < z%}

Let ¢; be a cut-off function between 4; and A;;1, with ||[Ve;[ls < 22, Then for
any i € {1,..., N} consider the family of functions w! € A.(£) still converging to
u in LP(2) defined as

wi(@) = gi(a)us(a) + (1 = pi(a)) ve(a).
Note that, for any ¢ € ZY, we have

Dfui(a) = pila +£6)Dfus(@) + (1—pila+:€)) Dive(a)
+ (ue(@) - v:()) Dp(a). (1.2.16)

Fix i € {1,2,...,N — 3}. Given { € ZN and o € RE(A’ U B'), then either o €
RE(A;), ot a € RE(A?_H N B’), or

[, o+ €] N (A1 \ Ai) N B" # 0.

Then, if we set
(Zi+1 \Ai)&& ={z=y+1 |t|<e, yedipr\ Ai},

ST = (A \ A) T N (AU B,

we get
RE(A'UB) C RE(A) U RE(B'\ A, ) U RE (57°)

(see fig. 3). Thus, since Diwi(a) = Dfuc(a) if a € R{(A;) and Diwi(a) =
Dév.(a) if a € RE(A?H N B’), we get by (1.2.3) and (1.2.16)

fz—:g(wévA/UB/) Sff(u€7A)+f§(vE,B) (1.2.17)
+ C CEY N (IDfuc(a) P + [DEve(@)|” + N7 fuc (@) — ve(a)[P + 1) .

a€RE(SDT)

If €|¢| < 5%, then
So4 C (A1 \A)NB' =Sy cC ANB. (1.2.18)

17



Figure 3: o € RE(A;), 3 € RE(S5%), v € RE(B'\ AiL)

If €|¢| > 5%, then

1 2P NP
— <
e =
and so
|Dfuc()|? < ONP (fuc ()P + Juc(a +£§)P),

and the same inequality holds for v.. Thus, in this case we get by (1.2.17)

Fé(wi, A" UB') < FE(ue, A) + FE(ve, B) (1.2.19)
+ CN? CE Y N (Juc(@)P + |uc(a+ )P + (@) P + (e + e€) P +1) .
a€eRE(A’UBY)

Let Ms > 0 be such that limsup Y. C¢ < §. Then, by (1.2.17), (1.2.18) and
e—=0T  [¢]>Ms

(1.2.19), summing over ¢ € ZY for ¢ small enough we get
F.(w!, A" UB) < F.(uc, A) + F.(v., B)
+C Y CE Y N (IDfuc(a) + [Dve(@)P + NP Ju(a) — vo(a)|? +1)
[§1<Ms aeRE(SSF)
+C Y CEY N (IDEu ()P + | Dive(a) P + NP Juc(a) = ve(@)P + 1)
Ms<|¢|<3Rz a€RE(SN)

FONTYS CE ST N (ucl@)l” + (@) + 1),

|€]> 55— a€eZNNA'UB’
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Note that, for & small enough and |¢| < Ms we have that RE(S7%) N Rg(S’;’g) # 0
N-3

if and only if [i — j| = 1, and |J RE(ST%) C RE(A. N B.). Thus, summing over
=1

i€{1,2,...,N —3}, averaging, and taking into account (1.2.12), (1.2.13), (1.2.14)
and (1.2.15), we get

N-3

NjEEZEm;AuEhgy%AHJQ%B) (1.2.20)
=1

+NL3 (14+ NPO(g)) + C(6 4+ O(e))(1 + NPO(¢))
+C (0 + 0(e))(NP)
For any e > 0 there exists i(¢) € {1,..., N — 3} such that

N-3

F.(w® AUB) L(wl, AU B). (1.2.21)

N 31:1

Then, since w’® still converges to u in LP(Q), by (1.2.20) and (1.2.21), letting
e — 0%, we get
F"(u,A"UB") < F"(u,A) + F"(u, B) + NL3 + 06 (1+NP).

Eventually, letting first § — 0% and then N — +o00, we obtain the thesis. O

Proposition 1.2.8 Let {f¢}. ¢ satisfy (1.2.2),(1.2.3) and let (H1)-(H2) hold. Then
for any u € WHP(Q) and for any A € A(RQ), there holds

sup F"(u,A") = F"(u, A).
A'CCA

PROOF. Since F"(u,-) is an increasing set function, it suffices to prove that

sup F"(u,A") > F"(u, A).
A'CcA
To do this, we apply the same argument of the proof of Proposition 1.2.7. Given
0 > 0, there exists A” CC A such that
AN+ [Vll?, g, <
Let Q OO Q and let @ € Wl’p(Q;Rd) an extension of u. By reasoning as in the

proof of Proposition 1.2.5, we may find v. € A. (Q) such that v. converges to @ in
LP(Q;R?) and

limsup F.(v., A\ A7) < C (\A \ A7| + [|[Vul]?

e—0+

) SCO (12:22)
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We remark that this extension on €2 is just a technical tool to exploit an analogue
of inequality (1.2.14) and obtain a control of the interactions near the boundary
of Q. Let A" € A(Q) be such that A” CC A’ CC A and let u. € A.(£2) converge
to uin LP(Q), with

lim sup Fx(ue, A") = F"(u, A").

e—0t
Set
d := dist(A", A’)
and for any ¢ € {1,..., N} define
A ={z e A: dist(z,A") < z%}

Let ¢; be a cut-off function between A; and A; 41, with ||[Vi|eo < 2%. Then for
any i € {1,..., N} consider the family of functions w! € A.(f2) still converging to
w in LP(Q) defined as
wi(a) = pi(a)uc(a) + (1 = pi(@)) ve().
Now we can set, o
Sf’g = (Ai+1 \147;)67€ n A,
so that
RE(4) C RE(A) U RE(ANA, ) URS (S7°) .

Let § > 0 and let M; > 0 be such that limsup 5. ¢ < §. Then, by reasoning
=0t |€]>M;
as in the proof of Proposition 1.2.7 for € small enough, we get

F.(wl, A) < F(ue, A") + F.(ve, A\ A”)
+C Y0 CE Y N (IDfus(@)P + [Dfve(@)] + NP fus(a) — ve(a)l” +1)
[€1<Ms aeRE(SSS)
+C Y CEY N (IDfuc(@)]” + [DEve (@) [P + NP Juc(r) — ve(a)[? + 1)
M;s<|¢|<zfz a€RE(SN)
+ON? 37 CE (el + el ey +1) -
1€1> zh=

Since u. and v, satisfy (1.2.12), (1.2.13), (1.2.14) and (1.2.15) with A. replaced
by AL and B. by (A \ A”) then we can choose i(¢) € {1,..., N — 3} such that

F.(wl® A) < —— Z F.( (1.2.23)

F.(ue, A" + C6 + NL_?) (1+ NPO(e)) +
C(6+0(e)) (1+ NPO(€)) + CNP(§ + O(e)).
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Then, since w2 still converges to u in LP(£), by (1.2.23), letting ¢ — 0, we get

1
F"(u,A) < sup F"(u,A")+ C(——= + 3+ INP).
ArccA N-3
Eventually, letting first § — 0% and then N — +o00, we obtain the thesis. O

The following proposition asserts that F”'(,-) satisfies hypothesis (i) of The-
orem 1.1.9. The argument we use for the proof is still the same exploited in the
last two propositions.

Proposition 1.2.9 Let {f¢}. ¢ satisfy (1.2.2),(1.2.3) and let (H1)-(H2) hold. Then
for any A € A(Q) and for any u, v € WHP(Q), such that u = v a.e. there holds

F"(u, A) = F"(v, A).

PROOF. Thanks to Proposition 1.2.8, we may assume that A € Ag(2). We first
prove

F/(u, A) > F" (v, A). (1.2.24)

Once more we apply the argument used in the previous proposition. Given § > 0,
there exists As CC A such that

_ P
|A\ A5 + HVUHLP(A\Té) =

Let v, € A.(Q) and u. € A () be such that
ve — v in LP(Q;RY) (1.2.25)
ue — w in LP(Q; RY) (1.2.26)
and

limsup F-(ug, A) = F"(u, A),

e—0*t

P
LP(A\AT)) s ¢o

(1.2.27)

limsup F (v, A\ A5) = F"(v, A\ A5) < C (JA\ A + ||V

e—0t

Set
d = dist(As, A°)

and for any ¢ € {1,..., N} define

A ={x e A: dist(z, 4As) < z%}

Let ¢; be a cut-off function between A; and A;;1, with ||[Vei|leo < 2%. Then for
any i € {1,..., N} consider the family of functions w¢ € A. () converging to v in
LP(Q) defined as

wi(a) = @i(@)us(a) + (1 = pi(a)) ve(a).
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Then, following the same steps as in the proof of Propositions 1.2.7 and 1.2.8, we
can choose i(¢) € {1,..., N — 3} such that

F.(w'® 4) < LZFE(w;,A) (1.2.28)

< Fo(ug, A)+Co+ NL_?) (14 NPO(¢))
C(6+0(e)) (1 + NPO(g)) + C(6 + O(e))NP.

(e)

Then, since w2 still converges to v in LP(Q), by (1.2.28), letting e — 0T, we get

1
F”(’U,A) SF”(U;A)-FC(M +5+5Np> .

Eventually, letting first § — 07 and then N — 400, we obtain 1.2.24. Reversing
the roles of v and v we obtain the thesis. O

Proof of Theorems 1.2.1 and 1.2.3. By the compactness property of the I'-
convergence and by Proposition 1.2.8, there exists a subsequence (e;,) such that,
for any (u, A) € WHP(Q) x A(Q), there holds

T(LP)- li;]én Fe, (u, A) == F(u, A)

(see [16] Theorem 10.3). Moreover, by Proposition 1.2.4,

T(LP)- lilgn F.; (u) = +o0

for u € LP(2) \ WHP(Q). So far, it suffices to check that, for every (u,A) €
WLP(Q) x A(Q), F(u, A) satisfies all the hypotheses of Theorem 1.1.9. In fact,
it can be easily seen that the superadditivity property of F:(u,-) is conserved in
the limit. Thus, as an easy consequence of Propositions 1.2.5, 1.2.7, 1.2.8, 1.2.9
and thanks to De Giorgi - Letta Criterion (see [16]), hypotheses (4), (i%), (i#) hold
true. Moreover, as F.(u, A) depends on u only through its difference quotients,
hypothesis (iv) is satisfied and finally, by the lower semicontinuity property of
I'-limit, also hypothesis (v) is fulfilled. O

1.2.1 Convergence of minimum problems

In order to treat minimum problems with boundary data, we also derive a com-
pactness theorem in the case that our functionals are subject to Dirichlet boundary
conditions.

Given ¢ € Lip (RY) and [ € N, set, for any € > 0 and A € A(Q)

AL J(A) = {u € A(RN) : u(e) = p(a) if (o + [~le, le]V) N A° # 0)}. (1.2.29)

22



Then define F#+! : LP(Q) x A(2) — [0, +o0] as

F.(u,A) ifue A (A)
Fel(u, A) = M (1.2.30)
+o0 otherwise.

By simplicity of notation we set A. ,(A) := Al J(A) and F? := F#.

Theorem 1.2.10 Let { f¢}. ¢ satisfy (1.2.2), (1.2.3) and let (H1)-(H2) hold. Given
(e5) a sequence of positive real numbers com}erging to 0, let (¢j,) and f be as in
Theorem 1.2.1. For any ¢ € Lip (RY), let F¥ : LP(Q) x A(2) — [0, +00] be de-
fined as

9 (u, A) /fou)dx if u— @ e WyP(A;RY)
u,

+o00 otherwise.

Then, for any A € A(Q) with Lipschitz boundary and 1 € N, ( E‘Pk( ,A)) T-
converges with respect to the LP(Q)-topology to the functional F¥ (-, A).

PRroOOF. For the sake of simplicity we prove the Theorem with [ = 1, the proof
being the same in the other cases. Let us first prove the I'-liminf inequality. Let
(ug) be a sequence of functions belonging to A:; »(A) converging to u in the L?
topology such that

limkinf Fy (ug, A) = 111?1 Fy (ug, A) < +o0.

Then, from (1.2.2), we get in particular that
Supz Z j—i|D§;’_kun(a)|p < 400. (1.2.31)
=1 aeR i (A)
Thanks to the boundary conditions on uy it is easy to deduce that
supz Z EN\D;?k U ()P < 400.
i=1 aER i (Q)
Then, as in the proof of Proposition 1.2.4, we can prove that v € W1P(Q) and,

since (ug) converge to ¢ in LP(Q\ A;RY), we get that u — ¢ € WyP(A;RY). By
Theorem 1.2.3 one has

limkinf FE (ug, A) = limkinf F., (ug, A) > F?(u, A).
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To prove the I-limsup inequality, let us first consider v € W1P(Q) such that
supp (u—¢) CC A. Let up € A, (), be such that (ug) converges to u in LP()
and

limsup Fe; (ug, A) = F?(u, A).
; .

Then, by reasoning as in the proof of Proposition 1.2.8, given § > 0, we can find
suitable cut-off functions ¢y with supp (v — ¢) CC supp ¢r CC A such that, set

vk(@) := gr(a)ur(a) + (1 — ¢r(a))e(a),
then (vy) still converges to u in LP(Q), vy € Ac;, ,(Q2) for k large enough and

limsup F;; (vg, A) <limsup F.; (ug, A) + 0.
; : .

Thus, thanks to the definition of I'-limsup we have
I’—limsung’;k (u, A) < F¥(u, A) + 4.

By the arbitrariness of §, we obtain the required inequality. In the general case
the thesis follows by a density argument, thanks to the lower semicontinuity of

[-limsup and to the continuity of F' with respect to the strong convergence in
WhP(Q). O

As a consequence of the previous theorem we derive the following result about
the convergence of minimum problems with boundary data.

Corollary 1.2.11 Under the hypotheses of Theorem 1.2.10 we get that, for any
¢ € Lip (RN), 1 € N and A € A(Q) with Lipschitz boundary

h,?linf{stk (u,A): u e Alsjkw} =min{F(u, A) : u—¢ e WyP(4A;RY)}.
Moreover, if (ux) is a converging sequence such that

lilgn P, (ug, A) = lilgn inf{F., (u,A): ue Algjwé,}7

then its limit is a minimizer for min{F(u, A) : u— ¢ € Wy’ (4;R%)}.

PROOF. Let (uy) be a sequence such that F.; (ux, A) < +oc. Then, by (1.2.2) and
by the boundary conditions on uyg, it is easy to show that

N
sgpz Y NP u()fP < oo,

i=1 a€e, ZNNK

for any compact set K of RY. By virtue of this property, up to passing to a
continuous extension of uj vanishing outside a bounded open set containing €2, we
get

|flffllo sup | Thur — ukll Lo @~ rey = 0,
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where we have set
(thu)(z) == u(z 4+ h), x € RN, h e RV,

Then, by Frechét-Kolmogorov Theorem, there exists a subsequence (uy, ) converg-
ing in LP(2) to a function u € LP(Q). Arguing as in the previous proof it is easy
to show that u — ¢ € W, ?(Q). The thesis follows thanks to Theorem 1.2.10 and
Theorem 1.1.5. O

We can also derive the analogue of Theorem 1.2.10 and Corollary 1.2.11 about
the convergence of minimum problems with periodic conditions.

Let Q(£2) be the family of all open N-cubes contained in 2. For any € > 0,
r>0,Q=(xo,z0+7)¥ € Q(Q) and ¢ € Lip (RV), set

r
el
Aﬁw(@) = {U EAMRN): u—p 1 — periodic} ,
where ¢ € A(RY), 4(a) = p(a) for any a € eZ. Then define F&# : LP(Q) x
Q(Q) — [0, +o0] as

F.(u,Q) ifue Aﬁw(Q)
F&#(u,Q) = (1.2.32)
400 otherwise.
Theorem 1.2.12 Let { f$}. ¢ satisfy (1.2.2), (1.2.8) and let (H1)-(H2) hold. Given
(e5) a sequence of positive real numbers converging to 0, let (¢;,) and f be as in
Theorem 1.2.1. Then, for any ¢ € Lip (RN), let F# : LP(Q) x Q(Q) — [0, +o]
be defined as

+o00 otherwise.

Then, for any @ € Q(Q), (ngk#(,Q)) [-converges with respect to the LP()-
topology to the functional F*7# (u, Q).

PROOF. To prove the I'-liminf inequality, let (ux) be a sequence of functions be-
longing to ,Afik »(Q) converging to u in the L topology such that

lim inf ng;#(uk, Q)= lim F;jvk#(uk, Q) < +o0.

Then, arguing as in the proof of Theorem 1.2.10 and observing that r. — r, we
can conclude that u — ¢ € W;p (Q;RY) and

Hmkinf Fg‘i;#(uk, Q) > F*#(u,Q).

25



By a density argument it suffices to prove the I'-limsup inequality for u such that
u—p € W;’OO(Q’; R?) for any open N-cube Q' such that (z¢+9, 7o+r7—6) C Q' C Q
for some ¢ > 0. Note that, for such a u, A.; . C Afjk’@ for k large enough. Then
the existence of a recovery sequence is assured by Theorem 1.2.10. O

As a consequence of the previous theorem, by reasoning as in the proof of
Corollary 1.2.11 one can prove the following result.

Corollary 1.2.13 Under the hypotheses of Theorem 1.2.12 we get that, for any
¢ € Lip (RY) and Q € Q(Q2)

lilgn inf{Fe; (u,Q): ue€ A% Q)Y =min{F(u,Q): u—p€ W;’p(Q;Rd)}.

€jp P
Moreover, if (u) is a converging sequence such that

lim F,, (ug, Q) = liminf{F,, (u,Q): u€ AL b

then its limit is a minimizer for min{F(u,Q) : u— ¢ € W;’p(Q;Rd)}.

1.3 Homogenization

In this section we will show that if the functions f¢ are obtained by rescaling by e
functions f¢ periodic in the space variable, then a I'-convergence result holds true.
This models the case when the arrangement of the “material points” presents a
periodic feature (see fig. 4).

Let k = (ky,...,kyn) € ZY be given and set

Rk = (O,k‘l) X oo X (O,k‘N).

For any &€ € ZV, let f¢ : ZV x R? — [0, +00) be such that f¢(-,z2) is Ry-periodic
for any z € R%. Then we consider f¢ of the following form

fo(a,2) = f* (gZ) : (1.3.1)

In this case, the growth conditions (1.2.2) and (1.2.3) and hypotheses (H1) and
(H2) can be rewritten as follows:

fe(a,2) > e1(JzlP = 1), Vie{l,...,N}, (1.3.2)
oo z) S C4(l2P + 1), (1.3.3)
where
D Cf < to. (H3)
genN
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Figure 4: example of periodic structure

In the sequel we will use the following notation: for any = = (z1,...,2x5) € RY

define
%]k == ([2] ki,..., {”ZZ} kN> .

Moreover, for any A € A(Q), e > 0,1 € Nand M € M¥¥ we denote by AL ,,(A)
the set defined in formula (1.2.29) with ¢(z) = Mz. By simplicity of notation, we
set Al )/ (A) := A a(A). Finally for every r > 0 we set Q. := (0,7)N.

The following theorem is the main result of this section and its proof is ob-
tained by adapting a homogenization argument to the discrete setting. We remark
that a central role is played by Theorems 1.2.1 and 1.2.3 and by the convergence
of minimum problems with boundary data stated in Corollary 1.2.11. Moreover,
we recall that the following result has been already proven in [21] in the one-
dimensional case, where a more straightforward proof is possible.

Theorem 1.3.1 Let {f¢}. ¢ satisfy (1.5.1)-(1.5.3) and let (H3) hold. Then, (F.)
[-converges with respect to the LP(Q)-topology to the functional
F:LP(Q) — [0, +00] defined as

. { /Q from(Vu)dz if u'€ WhP(Q) o

400 otherwise,
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where from : MPN — [0, +00) is given by the following homogenization formula

fhom(M) == lim hiNmin{Z > 4B, Div(B)), veAl,M(Qh)}l.&s)

h—+o00
£€ZN Be RS (Qn)

PROOF. Let (g,) be a sequence of positive numbers converging to 0. Then, by
Theorems 1.2.1 and 1.2.3, we can extract a subsequence (not relabelled) such that
(Fe, ) T-converges to a functional F' defined as in (1.2.4) and such that, for any
ue Whr(Q), Ae AQ)

F—limFEn(u,A):/ f(z, Vu) de.
n A

The theorem is proved if we show that f does not depend on the space variable x
and f = from- To prove the first claim, by Theorem 1.1.9, it suffices to show that,
set

F(u,A):/Af(x,Vu)da?,

then
F(Ma:,B(y,p)) = F(MJZ,B(Z,/J))

for all M € MV ¢ 2 € Q and p > 0 such that B(y,p) U B(z, p) C Q. We will
prove that

F(Mz, B(y,p)) < F(Mz, B(z, p)),

the proof of the opposite inequality being analogous. By the inner regularity of
F(Mz,-), given by Proposition 1.2.8, it suffices to show that for any p’ < p we get

F(Mz,B(y,p')) < F(Mz,B(z, p)). (1.3.6)
Let, then, v, € A., (©2) be such that (v,) converges to Mz in LP(Q)) and

li7rlnF5n(vn,B(z7p)) = F(Mz, B(z,p)). (1.3.7)

For n € N, define u,, € A., () as

(@ Up, (a—sn [ys_nz}k) +e, M [y;z}k if o € ,ZY N B(y,p)
up (o) =
Mo otherwise.

Then it is easy to verify that (u,) converges to Mx in LP(£2). Moreover for n large
enough

RS (B(y,p)) —en {y;

] C RE (B(2.p)).
k
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Thus, since, by the periodicity hypothesis, f¢ (a —én [y_z]k , z) = f¢(a,z) and

En

En

Déu,(a) = Déw, (a —€n [y_z}k), we get for n large enough

Fe, (un, B(y, p)) < Fe,, (vn, B(2, ).
Eventually, by (1.3.7), we obtain
F(Mz,B(y,p')) < liminf F., (un, By, p'))

n—-+oo
< hl}rl F., (vn, B(z,p)) = F(Mz,B(z,p)).
In order to prove that f = from, first note that, by the lower semicontinuity of
F in WYP(Q), f is quasiconvex, so that, by the p-growth properties of f, for any
A € A(Q) with Lipschitz boundary and for any M € M%¥ there holds

f(M) = i'min{/Af(Vu)dx: quGW()l’p(A;Rd)}
= ‘—Lmin{F(u,A): ufoGWOl’p(A;]Rd)}

1
Al
where the last equality follows by Corollary 1.2.11. In particular, if o € Q and
r > 0 are such that Q,(z¢) := (7o, 2o + 7)Y C Q, then

liminf {F, (u,A): uwe A, m(A)},

FOM) = lim (P, (1, Qu(0)) + w0 € Aey ar(Qe(0))}.

Without loss of generality, we may suppose xg = 0. If we set

T, == [r} +1,

n

then it is easy to show that A., a (Qr) = Ac, v (Qe,7,) and that for € € 7N
Rgn (QT) = Rgn (QanTn)' Thus

FOM) = lim g b (Fe, (1, Q0,2 To) o € Ayt (@e,r, )

Eventually, through the change of variable

=2, () = Zu(e) (133
we get
ron =t () e 3 4B.05u). ve A (@)

§€ZY BeR{(QT,)

inf{ Y > B.D5E). ve A (Qr,)].

€€ZY BeR} (QT,)

1
TN

n

lim
n
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where the last equality holds since
Bm T, = 1.
n r
Then the thesis will follow by the next proposition.

Proposition 1.3.2 Let f¢ satisfy (1.3.2),(1.3.3) and (H3) for any & € ZN. Then
the limat

lim hiNinf{Z > B DiuB), veAiu (Qh)}

h—4o0
£€ZN Be RS (Qn)

exists for all M € MI*N

PROOF. Let M € M*N be fixed and set
Fl(U»A) = Z Z fg(ﬂaD%}(ﬁ))v
§ELN BeRS(A)

fh(M) = hiN inf {Fl(v,Qh)7 RS .ALJW (Qh)}

Moreover for any R > 0, set

Ffiw,A):= > > f48,Div(B)),

I€I<R ge RS (A)

FEOD) = it {F(0,Qu), v e Avw (@)}
We prove that
Jim sup | (M) — fn(M)| = 0. (1.3.9)
—+o00

To this end, since fF(M) < f,(M) for any h € N and R > 0, it suffices to prove
that for any § > 0, there exist Rs > 0 such that

fu(M) < ff{(M)+6, VYR>Rs,heN
Fix § > 0 and let vf* € A; y(Qp) be such that

1

o Fi (v Qn) < AR + 3 (1.3.10)

R

By testing the minimum problem defining f7(M) with v(a) = Ma, we get, by
(1.3.3) and (H3), that

1
Fit(M) < 55 Fyf(Ma, Qn) < CIM[.
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Thus, by (1.3.10) and (1.3.2), we obtain that

sup NZI ST DS RB)IP < oo,

=1 BeRT*(Qn)

Then, by arguing as in the proof of Lemma 1.2.6 and thanks to the particular
geometry of the sets Qp,, we deduce that

1
sup 7 sup  »_ [Dioff(B)[P < +oo.
h,R hN cezN
BERY(Qn)

Eventually, we have

1 1
hNF (Uh7Qh) = hN (vhth +7 Z CE Z |D1vh (ﬁ)'p

IEI>R  BeR$(Qn)

(M) <

1
gf}f(M)+§+C > cs
|¢|>R

Thus, it suffices to choose Rs > 0 such that for R > Rs
1
— 13
=+C > cf<a.
|€]>R

So far, in order to prove the thesis, it suffices to show that for any R > 0 there
exists the limit

lim fR(M).
Set 1
PO = it {FR,Qu) e Al @n)}

Using backward the scaling argument exploited in the proof of the previous propo-
sition and thanks to Theorem 1.2.10 and Corollary 1.2.11, one can show that, for
any subsequence (h,) C N it is possible to extract a further subsequence (not
relabelled) such that

lim £ (M) = lim £, (M). (1.3.11)
Thus, to complete the proof, it is sufficient to prove that there exists the limit
lim (M),

Let h € N and let v, € A (Qh) be such that

S FL (o, Qu) < R + 5
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For any k > h define a function uy € A[ﬁ]\/j(Qk) as follows
vn(a—hi) + hMi if o € hi+Qy, i€ {0,..., [£] =1}
up(a) =

Ma otherwise
Note that for any ¢ € ZV, |¢| < R we have

R{(Qr) C ( U RS(hi+ Qh)) U R§ (Qk \ U (hi+ Qh))

ie{o...[#]-1}" ie{o...[§]-1}"
u( (hi+({O,...7h+R}N\{0,...,h—R}N))).
ie{o,....[£]-1}"
Moreover DSuy (o) = M% if v € RS (Qk \ U (hi—+ Qh)> or
ie{o,....[E]-1}"
ac U (hi+ ({0,...,h+ R\ {0,...,h — R}N)), and

iefo...[£]-1}"
BN
#(R§ (Qk \ U (hi+ Qh))) <EN - [} v,
ic{o,....[E]-1}"
#({0,...,h+ RIN\{0,...,h = R}N) < (h+ R)N — (h— R)V.
Then, by (1.3.3) and (H3), we get

1 pr K1V 1w
fio " (M) < kNFl (ur, Qr) < N kNFl (vn, Qn)

s v [ o] e m-o-a)

N
<[4 5 (semon + 1)
p 1 (v R R N N
+C|M| i (k - [h} hY + [h} ((h+R)N — (h—R) )).
By letting k£ tend to +o00, we then get
limksup FER M) < PR () + % + C|M\PhiN (h+ RN — (h— R)N)
Eventually, letting h tendo to 400, we obtain
limksup R < limhinf FER (O,

that is the conclusion. 0
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Remark 1.3.3 In formula (1.3.5) we can replace A; 1(Qp,) by All’M(Qh) for any
fixed | € N, the proof being exactly the same.

Remark 1.3.4 The function [, in Theorem 1.3.1 also satisfies

€ELY BERT(Qn)
ve Ay (Qns) } (1.3.12)
where, for every k € R,
A1 4(Q) = {v e A4(RY) : v k-periodic}.

This characterization can be proved by arguing as in the proof of Theorem 1.3.1
and Proposition 1.3.2 taking into account Corollary 1.2.13 and recalling that, since
frhom 18 quasiconvex, there holds

fhom(M) = T.%len{ N fhom(M+vw)dm '(/)EW ’p(Qde)}

= TLN min{F(Ma +v,Q,) ¢ € W#P(QT;RCI)} .

As a consequence of Theorem 1.2.10, Corollary 1.2.11 and Theorem 1.3.1 we im-
mediately derive the following result about I'-convergence and convergence of min-
imum problems for homogeneous functionals subject to Dirichlet boundary condi-
tions.

Theorem 1. 3 5 For any ¢ € Lip (RN) and | € N let F#! be defined by (1.2.30)
and let F'¢ : LP(Q) x A(2) — [0, +00] be defined as

/fhom Vu)de if u—¢@ e WyP(4;RY)

F?(u, A) (1.3.13)

+00 otherwise.

Under the hypotheses of Theorem 1.3.1, F¥(-, A) T'-converges with respect to the
LP(Q)-topology to F¥¢ (-, A) for any A € A.

Corollary 1.3.6 Under the hypotheses of Theorem 1.3.5, for any ¢ € Lip (RY),
leNand A € A(Q)

lim inf{F.(u, A) : u€ AL} =min{F(u, A): u—¢pe€ WyP(A;RY)}.

Moreover, for any (g;) converging to zero as j tends to infinity, if (u;) is a con-
verging sequence such that

lim F. (uj, A) = iminf{F. (u, A) : ue AL b
J J »

then its limit is a minimizer for min{F(u, A) : u— ¢ € Wy’ (4;R%)}.
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An analogous result about the convergence of minimum problems with periodic
conditions follows by Theorem 1.2.12 and Corollary 1.2.13.

1.4 The convex case: a cell problem formula

In this section we will see that in the convex case the function f,,., can be rewritten
by a single periodic minimization problem on the periodic cell Ry. Set

N
]23 = H ki,
i=1

N
Lo:=[J{0,... . ki =1}
=1

and
Ai 4 (Ry) == {u € A(RY) : wis Ry — periodic}

Theorem 1.4.1 Let (f$).¢ satisfies all the assumptions of Theorem 1.3.1 and
in addition let f&(c,-) be convex for all o € eZN, e > 0 and & € ZN. Then the
conclusion of Theorem 1.8.1 holds with from satisfying

fhom :71Df{z ng (ﬁaM|€| +D (ﬁ))a UGAI,# (Rk)}a
cezZN Belx
for all M € MI*N
PROOF. Set
F(M mf{ DI (5 M‘ﬂ +D§v(ﬂ)) . vE AL (Rk)}.

cezN Belx

We first prove that B
from (M) < f(M). (1.4.1)
With fixed 6 > 0, let v € Ay % (Ry) be such that

LYY s (s 6] < oy + 6
£eZN pelx
For n € N, since in particular v € Ay »(Q,,;), we get

TARCINESED D f5<6,M|§+D5 (,@)

£EZY BeRrS(Q,.1)

< aVENTEY NS (5 M|£|+D (ﬁ))

cezN Bely
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where the last inequality follows by the periodicity of v, (f(-,2)) and by the fact

that @, ; is union of nNEN-1 periodicity cells. Eventually, by Remark 1.3.12, we
get
1 Ny
from(M) < hmnSllpm [ io(M)
< 25 Y (s Dfe) <T0n +o

£€ZN Belk

and inequality (1.4.1) follows, by letting J tend to 0. Let us prove that
fhom(M) > T(M)
For any R > 0, set

) = 1wt ST 48 D), v e A, @n),

h—+o00
I€I<R BeRS(Qn)

7o) = kmf{z fo(ﬂ M|§|+D (6)>7 vE Ay (R }.

€| <R BE I
By (1.3.9) and (1.3.11)we easily derive that

RLHE fhom(M) = fhom(M)'

Analogously one can prove that

—R

lim f7(M) = f(M).

R—+4o0
Thus it suffices to prove that for any R > 0
—R
From (M) = [ (M). (1.4.2)
ForneN, let u € A[ﬁv[(Qn,;) and let v € Ay »(Q,,;) be such that
v(a) =u(a) = Ma, Vae@,;.

Moreover set

N
Iy = H{O,...,nHk;j -1}
i=1 j#i
Then, we get

Iz <5,M + Do (ﬂ))

€]

|€|<RﬁeR5 Qi)
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: o)) — ok
TP 3y f(ﬁM|€|+D1 ») - o6

(BN £ peqon "

1 ¢ ol 1
_ = 13 oo _ -
Iy z f (ﬁ SYE SRS vt BEE)

[E|I<R BE) yeI? i=1

1 ¢ v 1
> = £ M=+ — D + ikie; —0(—),

k\é<r et 7 €] k’N oY Z1: v ;7 : )

> k =

where in the last inequality we have used the convexity hypothesis on f¢. Eventu-
ally, set

N
1
vp () == NN ; v(B+ Z;'Yikiei)~
Nelpn i=

It is easy to show that v, € A; 4(Ri) and so, by the previous inequality, we get

£
€l

f¢ (6 M= +D§v<ﬁ>)

( \£\<RﬁeR5(Q i)

Z >ft (5’M|€| +van<6>> - O(

\5|<R,Bel

> 7 (M)—O(%»

)

1
n

Passing to the inf with respect to u € Af#(Qnic), we get

—R 1

Fll, () = TR = O (=),

and then, letting n tend to 400, we obtain (1.4.2). O

Remark 1.4.2 (quadratic forms) Under the hypotheses of Theorem 1.4.1, if in
addition for any ¢ € ZV f&(a,-) is a positive quadratic form on R?, that is

Fola,2) = (A%(a)z,2)  AS(a) € MY,

then, thanks to Remark 1.2.2, the limit energy density fhrom(-) is a homogeneous
quadratic form on M?*¥ and formula (1.2.5) becomes

fhmn( ): Aho’m (M M)

= {5 S0 (g + 05 ). (317G + D5 )

cezN el

v e .Aly# (Rk) }
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with Apom € TQ(MdXN).
If N =d =1 and only nearest-neighbor interactions are taken into account, that
is

fE=0ifE#e,  f(a,2) = a(a)??,

with a : 2V — (0,4+00) k-periodic, the previous minimum problem can be eas-
ily solved (see [19])giving the analogue in the discrete setting of a well known
homogenization result for integral functionals (see [16]). In fact, in this case

—1
k—1

1 1
Ahom:E ZT@

B=0 "
is the harmonic mean of a(-).

Remark 1.4.3 Note that if Ry = (0,1)V, that is f¢ does not depend on the
space variable «, in Theorem 1.4.1 we obtain

from(M) = 37 € (Mg)

cezN

1.5 Interactions along independent directions

In this section we first recall some results proven in the 1-dimensional setting in
[21], where a non-asymptotic formula defining the limit energy density fom is pro-
vided when only nearest and next-to-nearest neighbor interactions are considered.

Then in Theorem 1.5.3 we will show that, if only interactions along the co-
ordinate directions are taken into account, the N-dimensional problem can be
reduced to a 1-dimensional one.

The following two theorems have been proven in [21] in the case d = 1. Their
proof in the case d > 1 is the same.

Theorem 1.5.1 (nearest-neighbor interactions) Let Q = (0,1) C R and let
F.: LP(Q) — [0, +00) be defined as

1—2 . )
u(e(i + 1)) — u(ei) ,
Fu(u) = ;5f< - ) if ue A(Q)

400 otherwise,

with f : RY — [0,+00) satisfying f(z) > C(|z|P — 1). Then the conclusions of
Theorem 1.3.1 hold with

fhom(z) = f**(Z)
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Theorem 1.5.2 (next-to-nearest neighbor interactions) Let
Q=(0,l) CR and let F, : L?(Q2) — [0,400) be defined as

Zfl( z+1)) (5i)>+§€f2(u(5(i+22)5)u(si))

i=1

F.(u) := ifu e A(Q)

+o00 otherwise,

with f1, f2 : R — [0, +00) satisfying f(z) > C(|z|P — 1). Then the conclusions
of Theorem 1.3.1 hold with R
fhom(z) = f**(Z),

where f(z) = f%(2) + %inf{fl(zl) + fH(22), 21 + 22 = 22}.
Back to the general N-dimensional setting, we consider now energies of the form
N
Fo(u) i; Fiu, Q) ifue A(Q) (15.1)

400 otherwise,

where, for any i € {1,..., N}, Fi: A(Q2) x A(Q) — [0, +00] is defined as

Fi(u, A) Z > N D) (1.5.2)

F=LaeRr:® (4)
with f¥:RY — [0, +00) satisfying
fi@) = ellzlP =1),  fH2) < CF (P + 1)

and
N +oo

E:E:C’Z]C < +00.

i=1 k=1

This is a particular case of the model considered in Section 4, with f& = 0 if
€ # key, f¢i(0,2) = fF(2),i € {1,...,N}, k € N, and Ry = (0, 1)V

The following theorem shows that, in this case, the homogenization formula
defining fom can be rewritten as a sum of IV one-dimensional homogenization
formulas.

Theorem 1.5.3 Let F. be defined by (1.5.2). Then the I'-convergence result stated
in Theorem 1.8.1 holds with from satisfying

N
From(M) =" fi(M") (1.5.3)
i=1
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for any M = (M',...,MN) € MPN where f; : R* - R, i € {1,...,N}, is
defined by the following 1-dimensional homogenization formula

+oo h—k—1
fitz) = Jim 5 mf{Z > g (M), veAl,z«o,h))}

k=1 j=1

PROOF. We first prove that
N ~
fhom Zf Mz
To do this, by the definition of frem (M), it suffices to show that for any ¢ €

{1,...,N}, u € Ay p(Qp) we have

1

= Fi(u,Qn) > fi(MY) 4+ O(h). (1.5.4)

We use a slicing argument. For ¢ € {1,..., N}, set

+oo h—k—1

1nf Z Z fk (‘H_k;)()> , ve Ay L((0,h))

k=1 j=1

By simplicity of notation, we prove (1.5.4) for i = 1. Given u € A; p(Qr), we may
write

+oo h—k—1
A= XS5 (MR s

Be{l,..h—1}N-1k=1 j=1

Since for any 3 € {1,...,h — 13V=1 the function v(j) := u(j, 3) — M S belongs to
A 1(0,h), where M := (MQ, .., M"), from (1.5.5) we get

S L Q) 2 (L b= YT md (1) 2 ) (M),

We then easily infer inequality (1.5.4).
We now prove that

N
From(M) <> fi(M). (1.5.6)
=1

With fixed n > 0, for any i € {1,... N} let v € .AiMi (0, h) be such that

oo h—k—1 s s
1 " (vz(y + k) — vi(5)
k

) < mi(M") + 7, (15.7)
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and set
N

up (@) = Zv’,ﬂ(ai), a=(ay,...,ay).

Note that up, € Ma+ Ay 4 (Qnr—2). Moreover by the analogue of (1.5.5) applied to
Fi(u.Qp) for any i € {1,..., N} and by (1.5.7), we easily deduce that

1 N N

hiN Zfl(uh;@h) < Zm;L(Ml) +N7]'

=1 i=1

Eventually, by the characterization of fy, given by formula (1.3.12), letting first
h tend to +oo and then 7 tend to 0, we get (1.5.6). O

Remark 1.5.4 Note that formula (1.5.3) highlights that a superposition principle
holds, in the sense that the limit energy is obtained by relaxing the energies due
to the interactions in every coordinate direction independently and then summing
over them.

Remark 1.5.5 (a)(nearest-neighbors) By Theorem 1.5.1, if f¥ =0 for all k # 1,
then formula (1.5.3) can be rewritten as

N

Tnom (M) = 3" (71 (M");

i=1

(b)(next-to-nearest neighbors) By Theorem 1.5.2, if f¥ = 0 for all k # 1,2, then
formula (1.5.3) can be rewritten as

N
fhom(M) = Z(.}ZZ)**(Ml%
i=1
with 1
fiz) = f1(2) + 5 E{fi(21) + £l (22), 21+ 20 = 22},

1.6 Quasiconvexity of the limit energy density

In the following we provide an example of vector-valued discrete interaction en-
ergies defined in the plane whose continuous counterpart has an energy density
which is a quasiconvex (not polyconvex) function. Our example draws inspiration
from Sverak’s construction of a quasiconvex function which is not polyconvex (see
[44] ). Let N =d =2, p > 1 and define f; : R? — [0, +00), i = 1,2,3, as
L+ [zP if 2 # 48
fi(z) =

0 otherwise,
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where £ = e1, & = ea, £3 = e1 + ea. Let F. be defined as

3
Fow =2 > &fi(Dfu(),

=1 RS

then the conclusions of Theorems 1.3.1, 1.3.5 and Corollary 1.3.6 hold with from
given by

3
min{d> Y ADF0(@), ve Auu Q)]

=1 BeR% (Qn)

. 1
fhom(M) = hgrfoo hiN
Theorem 1.6.1 fj,,, is not conver.

PROOF. By testing the minimum problem defining f,,, with the identity function
and its opposite, we immediately obtain that

from(I) = from(=I) =0

where I is the identity matrix in M?*2, The claim is proven if we show that
Sfrom(0) > 0. We argue by contradiction. Without loss of generality we may assume
that Theorem 1.3.5 hold with A = Q1. Were from(0) zero, there should exist a
sequence u,, € A., 0(Q1) such that u, — 0 in LP(Qq;R?) and

lim F; (u,) = 0. (1.6.1)
Set

Tt = {(1,22) €ER?: 0< a1 <1, a1 <wp <1}
T = {(x17$2)€R2: nglgl, 0§x2§x1}7
we consider the family of piecewise affine functions v, : Q1 — R? defined as follows
up(a) + Dl up () (21 — 1)
+D22 un(a + ener)(z2 — a2) ifzca+e, T
on(z) =

Un(Oé) + Dgiun(a + €n€2)(.731 — Oq)
+D2 un(a)(z2 — az) ifrea+e,TT.

Note that vy,|ag, = 0. Moreover it is easy to check that

F. (up)= [ f(Vv,) dz. (1.6.2)
Q1
where f : M?*2 — [0, +00) is defined as
F(Q) = f1(G) + fa(G2) + f5 (Cl\}%@) ¢ =(C1,¢2) € M2
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In particular, by (1.6.1)
lim [ f(Vu,) de =0 (1.6.3)
mJ

Since we have

F(Q) = (I = Gaol” + |Gz + Canl?),
by (1.6.1) and (1.6.2) we obtain

lim/ (|V1v) — VouZ|P 4 |V102 + Vaul|P) dz = 0. (1.6.4)
"Jos
Since
AU}L = diV(Vl’U}L — VQ’UZL, Vﬂ/% + VQ’U}L)
A’U% = div(Vlvi + VQ'U}“ —Vl’l}rll + Vz’l)z),
using the L? estimates for the Laplace operator (see [40]) we obtain that

IV, < JAv

WP
Qu:R?) "”W*LP(QNR?)

IN

/ (V10! — Vvl P + V102 + Voul [P) da

1
for ¢ = 1,2. Then, by (1.6.4) and the previous estimates, Vv, converges to 0
strongly in LP(Q1; M?*?), so that
lim [ f(Vv,) de = f(0) |Q4] > 0.
"Jos
Hence we reach a contradiction. O

Remark 1.6.2 In the particular case 1 < p < 2, thanks to the growth hypotheses
on fi, from 18 a quasiconvex not polyconvex function (see [16], Remark 6.9).
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Chapter 2

Surface energies for discrete
systems

As we have seen, nonconvex interactions in lattice systems lead to a number of
interesting phenomena that can be translated into a variety of energies within
their limit continuum description as the lattice size tends to zero. In general, these
effects may be due to different superposed causes. When only nearest-neighbour
interactions are taken into account, a scaling effect for nonconvex energy densities
with non-faster-than-linear growth at infinity (such as Lennard-Jones potentials
or the ‘weak membrane’ energies considered by Blake and Zisserman in Image
Processing) show the appearance of a competing surface term besides a convex bulk
integral. In this way one can derive the Mumford Shah functional of Computer
Vision as the limit of finite-difference schemes [26], explain Griffith’s theory of
Fracture as a phase transition with one ‘well’ at infinity [45], or give a microscopical
interpretation of softening phenomena [15]. In the one-dimensional case a complete
description can be given highlighting in addition oscillations and micro-cracking
(see [20] and also Del Piero and Truskinowsky [32] for a Mechanical insight).

For energies with ‘superlinear’ growth (we remind that these growth con-
ditions are expressed in terms of the scaled difference quotients), in the previous
Chapter (see also [1]), we have shown that, upon some natural decay conditions on
the energy densities ¢., the I-limit as € — 0 of an arbitrary system of interactions

N 7 — _] Uj — Uq
§ € ¢s( )
3 e
i,j€eZN NQ

(€ a bounded open subset of R™) always exists (upon passing to subsequences)
and is expressed as an integral functional

/Q@(Du) dz.
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The simplest case is when only nearest-neighbour interactions are present, in which
case the function ¢ is computed via a convexification process. When not only
nearest-neighbour interactions are taken into account, in contrast, the description
of the limit problem turns out more complex involving in general some ‘homoge-
nization’ process (see [21], [1]). It is worth noting that the necessity of such a com-
plex description arises also for simple linear spring models where the nonlinearity
is of a more ‘geometrical’ origin (see [34]). Even in the simple one-dimensional case
of next-to-nearest-neighbour interaction the limit bulk energy density is described
by a formula of ‘convolution type’ that highlights a non-trivial balance between
first and second neighbours (see [41], [13]). Additional phenomena arise in the case
when the range of interaction does not vanish with the lattice size, in which case
a complex non-local interaction can take place (see [12]).

In this Chapter we provide a higher-order description of one-dimensional
next-to-nearest-neighbour systems of the form

S (M) T ()

i,i+1€2ZNQ i,i+2€ZNQ

using the terminology of developments by I'-convergence (introduced in Anzellotti
and Baldo [7]) and equivalence of variational theories (in the spirit of Braides and
Truskinovsky [22]). In this one-dimensional case the integrand ¢ is given as the
convex envelope of an effective energy 1 described by an explicit convolution-type
formula describing oscillations at the lattice level

9(2) = ¥a(2) + g min{tha(ea) +¥n(22) 21 + 22 = 22),

that allows an easier description of the phenomena. Besides the possibility of os-
cillatory solutions on the microscopic scale, we show some additional features:
first, the appearance of a boundary-layer contribution on the boundary due to
the asymmetry of the boundary interactions. This type of boundary contribution
has been studied by Charlotte and Truskinovsky [28] in terms of local minima
for quadratic interactions and here is described in energetic terms in the general
case. The formula for the boundary contribution is quite general, and can be also
formulated for higher-dimensional problems, where additional difficult technical
issues arise (see e.g. the recent work by Theil [?]).

A second feature is the appearance of a phase-transition surface energy, that
is due to the non convexity of the zero-order energy density v that forces the
appearance of phase transitions and the appearance of internal boundary layers due
to the presence of next-to-nearest neighbour interactions. By showing an equivalent
family of continuum energies we highlight that second neighbours play the same
role as the higher-order gradients in the gradient theory of phase transitions. It is
worth noting that, under some assumptions on the geometry of displacements, by
combining this result with the description of Lennard-Jones systems by Pagano
and Paroni [41] we obtain a variational asymptotic theory with first and second
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gradients that qualitatively differs from that obtained as a pointwise limit (see e.g.
Blanc, Le Bris and Lions [9]).

A third issue is that ‘macroscopic’ transitions must be coupled to ‘micro-
scopic’ ones; i.e., even if the limit deformation is an affine function u(t) = zt the
corresponding microscopic deformations may be forced to have oscillations corre-
sponding to a minimizing pair (z1,29) with z; = (u**! — u%)/e for i odd mixed
with oscillations corresponding to the same pair, but with z; = (u**! — u?) /e for
1 even, thus introducing an ‘anti-phase’ boundary that may not be detected by
the macroscopic averaged field u. This justifies a necessarily more complex de-
scription of the limit in terms of a vector variable u = (uq1,us) that separately
describes ‘even’ and ‘odd’ oscillations. If we integrate out microscopic patters the
limit theory takes a non-local form where the internal surface terms are influenced
by the boundary and also between themselves. Note that anti-phase boundaries
necessarily arise under some boundary conditions. It must be remarked that the
use of the new vector variable u brings more information than the description by
Young measures (see Paroni [?]), by which the interaction of micro-oscillations
with phase transitions cannot be detected.

Finally, an additional fourth feature appears in the description of Lennard-
Jones type microscopic interactions, where the higher-order I'-limit gives a fracture
term. The microscopic pattern influence the value of the fracture energy through
the appearance of boundary layers on the two sides of the fracture. Note that these
fracture boundary layer may compete with those forced by boundary conditions; as
a consequence, for example, for Lennard-Jones interactions we obtain that fracture
at the boundary is energetically favoured, in contrast with the nearest-neighbour
case when fracture may appear anywhere in the sample.

2.1 Setting of the problem. Notation and
preliminaries

We will consider one-dimensional next-to-nearest neighbour interactions on (a por-
tion of) a lattice A\,Z of the form F,(u) : B,(0,L) — [0,+00) given by

Z)‘”%( l) ZAM/&( v u)v

where 11,19 are Borel functions bounded from below (this condition can be re-
laxed). Here and in the following we set A, = £ and B,(0,L) = B, (0,L) = {u:
R —>R: ue C(R), u(t)is affine for ¢t € (i,i + 1)\, Vi € {0,1,...,n—1}}. We
will also consider problems with fixed boundary data. To this end, given | € R we
define E! (u) : B,(0,L) — [0, 4+00] as

Eé(u):{En(u) if u(0) =0, u(L) =1 (2.1.1)

z+1 i+2

+00 otherwise.
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We also define the effective (zero-order) energy density of the system 1y by

Yo(a) = o) + %inf{wl(zl) +1(z2) @ 21+ 20 =2a} (2.1.2)

obtained by ‘minimizing out’ the nearest-neighbour interactions (see [21], [41],
[13]).

For any a € R, we define the set of (microscopic) minimal states of the
effective energy density M® as the set of all the pairs optimizing the minimum
problem for g (a); i.e.

M® := {(21,22) € R? : 21 + 20 = 20, to(a) = Yha(c) + % (Y1(21) + ¥1(22))}

The case #M“ = 1, so that M* = {(a, @)} and ¥¢* () = 1 () +1b2(), is usually
referred to as the strict Cauchy-Born hypothesis, while the case #M® = 2 as the
local Cauchy-Born hypothesis. In this case M* = {(2¢, 28), (2%, 2{) } with 2z # 2.

For 1 € R, if ¥3*(+) < ¥o(+£), then ¢§* coincides with an affine function on
a neighborhood of (+). We denote by r such affine function and let N(I) be the
number of «; such that 9o(a;) = ¢¥§* () = r(a;). In the following we will make
the assumption that #N(l) < +o00. We also define the set M; as follows:

M; =

Let z% = (2¢,2%) € M?*; we define the minimal energy configurations uga :
Z — R and ug« : Z — R by

ugo (i) = M 294 (z - [;D 22, Tga(i) = uge (i +1) — 22
and uge p : AnZ — R, Uge p 1 AyZ — R by
Uzaﬁn(it?) = Uz« (’L))\TH ﬂza’n(l'?) = Uga (Z))\n (213)

Note that the gradient of (the piecewise affine interpolation corresponding to) uge
takes the values 2§, 2§ on intervals (4,74 1) with ¢ even/odd respectively while the
converse holds for %z~ and that the piecewise affine interpolations of both uge
and %Uge« , converge uniformly to «at.

2.1.1 Even and odd interpolation

In order to describe the fine behaviour of discrete minimizers we will separately
consider even and odd indices. In order to separately track the limits of the cor-
responding interpolations, given w : B,,(0, L) — R we define the even interpolator
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Figure 2.1: Interpolator functions for minimal energy configuration.

function uy : B, (0, L) — R and the odd interpolator function us : B, (0, L) — R as
follows:

0 i1 uttt — gt iis even
uy =0, u" —u = i il -
ut —u iis odd
ifniseven, ud=0 uitt—ul u't ! His odd
Vi = —ul = - - .
T2 2 2 w2 — Tl iis even
Wl — gt iis odd
ifnisodd, wy=0 wuit—uh=1{ ut?—utt iiseven,i<n-—1
ul — it i=mn—1.

We will say that a sequence of functions u, belonging to B, (0, L) converges to
u = (ug,uz)in LP (1 < p < o0) if u, = (Un,1, Un,2) converges to u = (uy,ug) in LP.
Note that this convergence implies that (but is not equivalent to) w, — 5 (u +uz)
in the usual sense in LP. Moreover, for any functional space B, we will write u € B
meaning that uq,us € B.

With this notation the minimal energy configurations uge and Uz« can be
respectively identified with

uge (1) = (214, 251), TUge(i) = (251, 2)

(see Fig. 2.1).

2.1.2 Crease and boundary-layer energies

We will show that (proper scalings of) the energies E,, give rise to phase-transition
energies with interfacial energy and boundary terms. The quantification of these
energies will be done by optimizing boundary and transition layers on the lattice
level on the whole lattice (or only its positive part in the case of boundary layers)
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with minimal configurations as conditions at infinity. To this end we introduce
the energy densities below. Note that the energies do not depend only on z, but
we have to take into account also a possible ‘shift’ since it may occur that it is
energetically convenient not to match the minimal configuration exactly but its
translation by a constant (which gives the same bulk contribution). Note that such
a fixed translation is lost in the passage to the continuum.

Let z = (21, 2) € R%, ¢, | € R. The right-hand side boundary layer energy
of z with shift ¢ is

Buta) = i it o)+ ()

Ao o) (53
w:N = R,u(0) = 0,u = ul — o if i ZN}.

The left-hand side boundary layer energy of z with shift ¢ is

B-(a.0) = i (il =)+ (1 (57

NeEN <0

) (7)) )

u:—N—>R,u(0)=O,ui=uiz—|—¢)ifi§—N}.

Let z’ = (21, 25) € R%. The (crease) transition energy between z and z’ with
shift ¢ is

Cla0) = fuf min{un(a” —u )+ 3 (v (5)
) 1) (o)
+ %¢1(u1 _ uO) + E <¢2(u’+227u7)
>0
- o))

Z—R, v =uy+e¢ifi<-—N
P—uh +éaifi =N, 6=01— 62}
Remark 2.1.1 Note that By (z,¢) = B_(zZ, —¢). In the case of affine minimal-
energy configurations, which is to say when #M?* = #M?* = 1, we often have a

simpler description of the limit. We introduce a slightly different notation for this
case. If z = (z,z) and 2’ = (2, 2') we set

Bi(z,¢) = Bi(z,¢) and C(z,7,¢) = C(z,7,¢).

Remark 2.1.2 If 1, are such that ¥y € C'(R), then it can be easily shown
that, for all z,z’ € R?, B,, B_ and C are shift independent, thus it is possible to
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rewrite the previous energies as follows

B0 - i Bt 1+ 5 (o (157)

i>0

1) (o1 ) - 552)

u:N— R
u(0) =0, (uitt —ul) = 21, (bt —uh) = 2o if i > N}

T
O ) (o) ()
u:—N—-=R,

u(0) =0, (uitt —wl) = 21, (ubtt — ) = 29 if i < —N}

C(z,2') = 1rémein {%wl(uo —u )+ 221@12(@)
o) ) o)
b )+ 3 (v ()
(o) o) ()
u:Z—R

(szrl —uj) = 21, (Ul;rl —ubh) =z ifi < —N
(it — i) =2, (U —ud) = zh if i > N}.

Remark 2.1.3 By the previous two remarks we observe that, in the case #M?* =
1, if 91,19 are such that 1y € C1(R), then B, (z) = B_(z). Moreover, by the
formula defining By one easily gets that, set z = (z, 2), if z is a minimum point
for 1, then By (z) =  miny.

2.1.3 Development by I'-convergence

As already pointed out, in our asymptotic description we will make use of proper
scaling of the energies F,. The following theorem will make precise our analysis.

Theorem 2.1.4 Let F. : X — R be a family of d-equi-coercive functions and let
FO = T-lim._¢ F.. Let m. = inf F. and m® = min F°. Suppose that for some
a > 0 there exists the I'-limit

F — 0
Fo =TD-lim ="

e—0 e

— 0 . . . . . .
and that the sequence F = Fseam is d’-equi-coercive for a metric d' which is not

weaker than d. Define m® = min F'® and suppose that m® # +oo; then we have
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that
me =m°® +£*m® 4 o(e)®

and from all sequences (xc) such that F.(x:) —m. = o(e)* (in partcular this holds
for minimizers) it is possible to extract a subsequence converging in d' to a point
x which minimizes both F° and F®.

2.2 TI'-convergence for superlinear growth densi-
ties

2.2.1 Zero-order ['-limit

In this section we give a description of the (zero-order) I'-limit of the sequence
E,, showing that the result by Braides, Gelli and Sigalotti [21] can be extended
to Dirichlet and periodic boundary conditions. We have to take some extra care
in that we do not assume that our potentials are everywhere finite. For the sake
of simplicity, and without losing in generality, we will suppose 11, 12 to be non
negative.

Theorem 2.2.1 (Zero order I'-limit - Dirichlet boundary data) Let ), :
R — [0, 4+00] be Borel functions such that the following hypotheses hold:

1] dom 1 = dom 1)y is an interval of R,
2] 1 and iy are lower semicontinuous on their domain,
A3] lim|z|—>+oo vilz) _ +00.

2|

Then the T-limit of E! with respect to the L'-topology is given by

A
A
[

El(u) _ ~/0 wak*(ul(t))dt u e Wl’l((),L)’ 'LL(O) =0, ’LL(L) =1
+o0o

otherwise
on L1(0,L).

Remark 2.2.2 Tt is possible to weaken hypothesis [A1] supposing that dom ¢ =
U; Ai where A; is an interval of the real line. In this case some extra condition is
needed. For example, one can suppose that, if z € dom ¢y and 21, 25 are optimal
for z in the sense of (2.1.2), then z1, 22 € A; and that dom ) contains the convex
hull of dom ;.

PROOF OF THEOREM 2.2.1. In the following we suppose that L = 1. Let u,, — u
in L(0, 1) and be such that sup,, Eé(un) < 400, then, up to subsequences u,, — u
weakly in W11(0,1) and u(0) = 0, u(1) = I. Moreover

lirr;infEil(un)Z/ oF (U (¢)) dt.

(0,1)
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To prove the I'-lim sup inequality we consider two cases:
(a) I is an internal point of dom 1)y, (b) I € Odom .

In case (a) we use a density argument. Let u be such that E'(u) < +o0o. Then
u/(t) € domy)g for a.e. t € (0,1). Without loss of generality we may suppose that
domyy = [0,+00) or dompg = (0,+00). If v/ > ¢ > 0 the density argument is
easy as it is possible to construct a sequence of piecewise affine functions (uy,)
such that v/, > £ > 0, u,, — u in W'(0,1) and lim, fol o (ul) = fol o (u').
If otherwise infw’ = 0, then |{t : «/(¢t) > I}| # 0 and n > 0 exists such that
Ht: l+n<d(t) < %}| > 0. Let ur € W1°°(0,1) be such that uz(0) = 0 and

wp=u' VT, and let

l—uT(l)
I+n<u <}

¢
vr(t) = up(t) + CT/ X{t: we(l+n, 1)} Where cp = 0
0 K :

Observe that limy_,g+ ¢ = 0. We have that vy € W1°°(0, 1), vr(0) = 0, vr(1) =1
and that, for T — 0%, vr — u in WH1(0,1). By lower semicontinuity we have

lim inf / Dt (Wp(t)) dt > / G (' (2)) dt.

T—a
(0,1) (0,1)

Moreover

[vrwpd= [ur@ar [ v

(0,1) {t: v <T} {t: T<u'<l+n}
+ / oF (v + er) dt + /v,bg*(u’)dt. (2.2.1)
{t: l+n§u’§%} {t: u/>%}

Observe that, thanks to the uniform continuity of ¢§* on compact sets, we have

TIH& / Po (U + er) dt = / g*(u') dt. (2.2.2)
{t: Ln<w<1) {t: Ln<w<1}

To pass to the limit in the equality (2.2.1) we need to consider the following two
cases:

D) lim 2 (T) = 400, (i) lim % (T) < +o0.
() lim 3" (T) = +oc, (i) lim 43"(T) < +o0

In case (i), for T small enough we have that ¥§*(T) < ¢¥§*(u/(t)) for a.e. t such
that w'(t) < T, hence

ST dt < / () dt.

{t: v <T} {t: v <T}
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In case (ii) we have that ¢¢* is uniformly continuous in [0, %] Hence, passing to
the limit as 7' — 0% in (2.2.1), thanks to (2.2.2) we finally have that

lim sup / Py (Vi (L)) dt < / vy (2.2.3)
T—0+
(0,1) (0,1)
Thanks to (2.2.3) and a density argument it suffices to prove the I'-lim sup inequal-
ity for u(t) piecewise affine. For the sake of simplicity we prove it for u(t) = zt with
z such that ¥§*(z) = 1o(z) as the general case can be easily obtained by a con-
vexity argument. Thanks to hypothesis [A2] there exist z = (21, 29) € M!. Setting
Uy, = ug, as in (2.1.3), then u, — win L*(0,1) and lim, E,(u,) = [ to(u’)dt
(0,1)

Defining

Un(?) if £ €[0,1— A]

— - 1_
_i_(lu”;—)‘”)(t—l-ﬁ-)\n) iftell—A,,1]

then v, (0) =0, v, (1) = z and it holds

Z—|—Zz

En(un) - En(vn) S An"(/)?(z) - '(/}2(

)+ Anlthi(z1) — Y1 (2)].
Thanks to hypotheses [A1] we have that
lm(E, (u,) — En(v,)) =0,

thus proving that v,, is the recovery sequence for our problem.

In case (b), observing that ¢§*(I) = 1o(l) and that u(t) = It, the proof is
easily obtained as the boundary condition is automatically satisfied for u,, = uz
when z1 = 25 = [. O

Remark 2.2.3 Observe that in the previous proof the construction of v,, is sim-
plified in the case of even lattices.

We now state the analog result in the periodic case. Set
B,(R) :={u:R—-R: ue CR), u(t)is affine for ¢t € (i,i+ 1)\, for all i € Z},
let E7!(u) : B, (R)— [0, +00] be defined as

Eft(u) = Z /\"77[}1( ) Z AM/’Q( ) if uw e B¥(0,L)

400 otherwise,

where B7#1(0,L) := {u € B,(R) : u((i +n)\,) = u(i\,) + 1} (i.e., u(t) are
L—periodic perturbation of the affine function %t ).
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Theorem 2.2.4 (Zero order I'-limit - Periodic boundary data) In the hy-
potheses of Theorem 2.2.1 the T'-limit of EX'' with respect to the Li _-topology is
given by

L
PN I AR CIO LA Y
+00 otherwise
on L .(R), where W#&(O, L)y:={ue VVI})CI(]R) : u(t) — It is L periodic}.

PROOF. Supposing that L = 1, let u,, — u in L (R) such that sup,, E#!(u,) <
+00. Then, up to subsequences, u, — u weakly in lecl (R) and a.e. in every
compact set of R. Thus

u(z+1) —ulz) = li7rln(un(m +1) —uy(x)) = hrrln(un([:v] +1) —uy([z])) =1

and then u € W#H (0,1). The thesis is easily obtained by arguing as in the proof
of Theorem 2.2.1. 0

2.2.2 First-order I'-limit

In this section we compute the first-order I'-limit of F,, under periodic or Dirich-
let type boundary conditions, and show the appearance of phase transitions and
boundary terms in the limit energy. Interfacial energies will appear in the case
when g is a non-convex function. Our model case is when 1)y is a double-well
potential with two minimum points (in particular there is only one ‘interval of
non-convexity’), and each minimum point z possesses only one (in the trivial case
(2,2)) or two (i.e., (21,22) and (22, 21) with z; # z5) minimal-energy configura-
tion. We nevertheless treat a more general case, for which some hypotheses (that
are always satisfied except for ‘degenerate’ cases) must be made clear as follows:

[H1](discreteness of the energy states)
#{z e R:yo(x) =¢5*(x)} N {z € R : 1)y is affine}) < +oo.

This condition is necessary in order to deal with a finite number of accessible
energy states;
[H2] (finiteness of minimal energy configurations) for every a € R such that

Yo(a) = ¥5" ()
H#M* < +o0;

[H3] (compatibility of minimal energy configurations) for every a, 8 € R
with @ # 8, such that ¥o(«) = ¢¥§* () and o(5) = ¥§*(6) and for every z* =
(22, 28) € M® and 2z = (27, 25) € MP it holds

2 A2 i e {12}
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This condition is necessary in order to have a non-zero surface energy for the
transition from « to f3;
[H4] (continuity and growth conditions) ¢y, s : R — [0, 400] are Lipschitz
functions such that
Vi(2) = mz +q

for some m,q € R with m # 0 (note that m is not required to be positive) and
that [ is such that

lim  4o(z) — pz =400  for all p € I5*(1);

|z|—+o0
[H5] (non-degeneracy for the boundary datum) I is such that

lim 1(2) —pz =400 for all p € 5™ (1);
|z|—+o00

[H6] (finiteness of the intervals of non-convezity) 1 is such that N(I) < +oo
(N(l) defined as in (2.1.3)).

The following compactness result states that functions u,, such that E!, (u,,) =
min E' + O()\,) locally have microscopic oscillations close to minimal-energy con-
figurations belonging to M, except for a finite number of interactions that con-
centrate on a finite set S in the limit.

Proposition 2.2.5 (Compactness - Dirichlet boundary data) Suppose that
hypotheses [H1]-[H6] hold. If {u,} is a sequence of functions such that

E!(u,) — min B!
An

sup B> (u,,) = sup < 400 (2.2.4)
n n

then there exists a set S C (0,L) with #S < +oo such that, up to subsequences,

U, converges to u = (uy,uz) in Wli’:o((o, L)\ S) where uy, ug are piecewise-affine

functions and ui (L) + ug(L) = 2I. Moreover u'(t) € M, for a.e. t € (0,L) and
Su') = Su))US(uy) CS.

PRrROOF. For simplicity of notation we can suppose that L = 1 and that n is even,
the proof being analogous in the general case.
Set

di(2) = u(2) - Sz,
(m as in [H4]) we have that

Y1(2) > c(lz| = 1) (2.2.5)
for some ¢ > 0. Thus we have

i+ _ g

n—1
+oo > Ep(un) > Z Ant1 (un/\n>
im0 n
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= Z)‘”wl( ! — l) %Z Wit iy

=0
z+l U
— Z )\nq/zl( ) +5l

Then, by the definition of even and odd interpolations, we have

o0 > Z /\n¢1< )+2 Z Anzpl( un = )

=0, even =0, odd

n—1 z+1_ 1‘ z+1 i
ZAMZH(UML L > Z/\niﬁl( - >

/0 n (el (1)) dt + / dy (1 (1)) dt

Thanks to (2.2.5) we get, for h € {1,2}

3

1
/ |uj, ,, (t)| dt < 4-o0. (2.2.6)
0

Let {J;}, {K,} be two families of intervals of the real line where ¢§* is, respec-
tively, a straight line or a strictly convex function, satisfying

oY (x) # 0™ (y) forallz € Jj, y € Jjp
K;, K;4+1 are not contiguous,

where we have denoted by 09§*(z) the sub-differential of ¢¢* in z. Note that, by
the growth conditions on g, J; is a bounded interval. Suppose that [ € J; for
some j and that p(l) € 9¢g*(1). We define r;(z) = p(I)(z — 1) +¢§*(1), the straight
line such that 13*(x) = r;(z) for all x € J;. Since min E' = 13* (), by (2.2.4) we
get

i
[

C>EM(u,) = ;(¢2<W)
(o) () i)
(55 e () -
_ n:az(unH;(wl(MZ )
i= 0 -1




where we have set

i WPy L oyt
Enlun) = wQ( 2\, >+§(w1( M >+¢1( M ))7”( M )
Thanks to the continuity of ¢4 (z) and r;(z) and to hypothesis [H5], we have that
¥1(2)—r;(z) has a finite minimum since lim,|_, 4o (¢1(2) —7;(2)) = +o0. It follows
that

ngg(un) <C. (2.2.7)

We infer that, for every n > 0, if we define I,(n) := {i € {0,1,...,n — 2} :
El(uy) > n}, then
sup #In (1) < C(n) < +o0.
n

Let ¢ & I,(n); then by (2.2.7)

Wit i 1 w2 _ i+l witl — o wit? oy
sva (g ey (P e () ) e () <
0_¢2( . +2 U1 . +1 . o o <n
wit? uit? _
Sy Ty, )=

Let € = e(n) be defined so that if
0 < ¢o(2) - Tij(z) <,
0 < ho(z) + 3 (T/Jl(zl) + 1/11(22)) —to(z) <n  with 21 + 22 = 2z,

then
dist ((21, 22), M) < e(n).

Chosen 7 > 0 such that
2e(n) < min{|z’ — z"|, z’,2" € M},

we deduce that, if i — 1, ¢ & I,,(n) then there exists z € M; such that

i+1 i i+2 i+1
u u u u
’( n n Yn n ) Z‘ <e

b
An An
and
i A
\ , 3 —z| <e.
n n
Hence, there exists a finite number of indices 0 = 41 < iy < ... < iy, = n such

that for all & = 1,2,..., N,, there exists z}} = (ka,zgk) € M| such that for all
1€ {ik—l + 1,051+ 2,...,0 — 1} we have
’(Uifl —up up? - u;,“> n
B - Zk S E.
An An
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Then, by the definitions of even and odd interpolations it can be easily seen that
i+1

u — U

’%7’Zlk 7;6{ik—1+27ik—1+37"'7i1€71}7
n

ubtl — ol

’“Ai“ — i€ {ipr 4 L+ 2 in -2}, (2.2.8)
n

Let {j1,72,---,4m, } be the maximal subset of 0 =iy < ix < ... < iy, = n defined
by the requirement that if z7, € M? then zj, 1 € M7 with 8 # v and MP MY C
M. Thanks to (2.2.4) there exists C(n) > 0 such that E}(u,) > C(n)M,,. Thus,
up to further subsequences, we can suppose that M,, = M, z}, =z = (21,5, 22.k)
and that z}, — zj. Fix §, set S = ijmk and S5 = ij(xk — 0,xk + 0). Then, by

(2.2.8) we get
sup  Jug,(t) — zex| <e s e {1,2}.
te(0,1)\Ss

The previous estimates, together with (2.2.6) ensure that u,, is an equicontinuous
and equibounded sequence in (0, 1)\ Ss. Thus, thanks to the arbitrariness of ¢, up to
passing to a further subsequence (not relabelled), u,, converges in W,->°((0,1)\ S)
to a function u such that u'(t) € Mja.e. t € (0,1). Moreover S(u’) C S.

To prove that u; and us are piecewise affine functions, we need to prove that
they are continuous. Suppose by contradiction that S(uq) # (). Then, for n large
enough,

i+1
Uy _ul n

for all M € N there exits 7 : ’ 3

> M. (2.2.9)

Then, by (2.2.4), we have that, for some j
n—2 i+1 i+l _ i

0 > 5 (M) () (M)

1=0, even

Ty (Ll+2 — u;) .
22X,
Then, for ¢ even, by the definition of even and odd interpolations, we get
i+2 it+1 uitt i i+2 i+1 it+1

(5

Since r;j(z) = pz + ¢ with p € 9y§*(1), the previous estimate gives

i+2 i+1 i+2 i+1 i+1 ; i+1 ;
S 1(1/} (uzzfn — Uyl ) _p(u;jLn — Uzh )+w (ufn - ui,n) _p(ulﬁn - U’m))
=2\ An An ! An An ‘
By the previous inequality, we get the contradiction thanks to (2.2.9) and to hy-

pothesis [H5].
The same argument can be exploited also in the case [ € K for some j. O
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Remark 2.2.6 (Boundary terms blow-up) Observe that, if hypothesis [H5] is
dropped, it is possible to produce an example of ¢ and - and a sequence (u,)
equibounded in energy such that

n n—1 1 0

i (o (M5 ) o () s () o (M) =

preventing us from deducing inequality (2.2.7). In fact if

—2z—-6 z€ (—o0,—1],
o ) b5z+1  ze(—1,0]
1/)1(2)_|Z| 17 d)Q(Z)— —z4+1 = (0’ 1]7
4z—4  z€(1,4+00),

we have that

(2) = —-32—-7 zé€ (—o0,—1],
0T 222 ze(-1,+00).

For [ =1 we have that 0¢g*(I) = {2} and that

lim t1(z) — 22 = —o0,

Z— 00

thus not fulfilling hypothesis [H5]. The sequence

Now i=0,

Pl =18\, i=1,2,...,n—2,
A — VA, i=n-—1,

satisfies (2.2.10) and is such that E}!(u,) = 0.

The first I'-limit is given in terms of the variables u (giving microscopic
oscillations) and s (the shift). It describes transitions between different phases
through the term C' and with the boundary through the terms B.. The final
form of the limit is obtained by optimizing in the shift term, taking care of the
compatibility restrictions due to the boundary conditions. Note the difference in
the limit boundary conditions in the even and odd cases.

Theorem 2.2.7 (First order I'-limit - Dirichlet boundary data) Suppose that
hypotheses [H1]-[H6] hold and let E}': B, (0, L) — [0, +o00] be defined by

_ E!(u) — min E'

EY(w) -

We then have:
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(Case n even) EL! T'-converges with respect to the L>-topology to

ELL (u) = inf {El’l (u,8): s: S)U{0,L} — R, Z s(t) = l}

even even
teS(u)U{0,L}

where
> C( (t=),u'(t+),s(t)) + B+ (u'(0),5(0)) + B_(u'(L),s(L)),
Bl (u,s) = ¢ €M) ifw € PC(0,L), w € My, ui(L) + ua(L) = 21
+00 otherwise
on W (0, L).

(Case n odd) E}! T-converges with respect to the L™ -topology to

Elia() = inf { By () s: S@)U{0, L}~ R, > s(t) =1}
teS(u)u{0,L}

where
y > C(u'(t—),u'(t+), s(t)) + B4(u'(0),s(0)) + B_ (' (L), s(L))
Eoqa(u,5) = § 165 ifu' € PC(0,L), w € My, uy(L) + up(L) = 2I
+00 otherwise
on W1>°(0, L).

PRrROOF. The general case being dealt with similarly, in the following we will sup-
pose that n is even, L = 1 and, using the notation of the previous proof, that
l € J; for some j.

[-liminf inequality. Let u, — u in L>(0,1) be such that E}!(u,) < +oo.
Then, thanks to Proposition 2.2.5 there exist M € N, ay,as,...,ay € M; and
0=z9 <z <...<xp) =1 such that

un(t) =z te(zj_1,z;) je{l,2,...,M}. (2.2.11)

For i € {0,1,..., M}, let {k%},, be a sequence of indices such that kY = 0 and

i

%n@ifE:&;gii):Q (2.2.12)

j=1
and let {h! }, be a sequence of indices such that

— Tj-1

lim Ay hi = 22

Since g™ is affine in J;, we have that

M M
it () = it (D eyl —aym)) = Do nles — a5 ()

Jj=1
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M-1 :JJ s - L
= > > 1/10(“ )+ > %(“nQ)\ u )+%(QM)+R
J=1 i1 R
with
M—1 k-1 —xji_1) Ly
lelkzjl(( k;_l))w()(aj)_wO( n2>\n n))
' Z (=) (tann) - o ()

Thanks to Proposition 2.2.5, (2.2.12) and to the continuity of 1y we have that
R, — 0. To get the I'-liminf inequality it is useful to rewrite the energy as follows:

7,-‘,-2 Z+1 ui
B (un) = ZwQ( ) Zwl( —)
M—1 kj— n—2 i+2 i
Up = — Uy
Z Z o ( ) Z TPO<T> —olam) — Ry
=k 1 =M1 n
M—1
= E)(un,hp) + Y Ep(un, b, bl + B} (un, b)) — Ry, (2.2.13)
j=1
where we have set
X ) hp—1 wit? — i witl — i wit? _ i
El(up, hl) = (o (B ) o (B ) — o (),
1) Z i, wi — uit? — i,
E}(un, hi, hi (%( )+w1( n )_%( ))
) 2X\n An 22X,
n—2 i+2 i i+l i i+2 i
E(u,, kM) = ( u) (u _ (u))
n(u ) n) i:ZhM l/)Q( 2)\71 +¢1 )\n ) ¢0 2>\n



As the general case can be obtained by slightly modifying the definition of
1, in the sequel we will suppose that h, kJ , hi, — ki hit1 —kJ are even. Defining

ny''no

% if i € {0,1,...,hL}
a, =7 " Bl

if i > hl,

n
by the continuity of ¥; and v, we can find a suitable continuous function w(e) :
R — R, w(0) = 0 such that, as @}, is a test function for the minimum problem

defining B (u/(0), ¢(0)), for any € > 0, we have, for n large enough,

Enltnshn) - = *1/’1 +Z(¢2< L ﬂ)

1 A ~i42 i
(@ —art) o (@ - o)) e () +ee)
> B, (w/(0),6(0)) + w(e), (2.2.14)
where
hl
unll
B(0) = uge (hL) — 5
Exploiting the same argument, for j € {1,2,..., M — 1}, we can define
uhi
uge; (i) = uges (b, = k) + if i <hj, —kj,
=i uH_k{l '
u, = ’)’\ if bl — k) <i<hit! — ki,
Ugesir (i) — Uges e (hI+! — ki) + “; if ¢ > hitl — ki
and we have that
1 i+2 i
B, b b = Sun(al =)+ Y (v ()
i<—1
1 ) 42 _ ~1
(@ —ar o (ar - o)) —w(=5))
1 Si+2 =i
+*¢1(ﬂ}1—ﬂ2)+ (%(un Un)
2 i>0 2
1 ~7+2 ~i+1 ~i+1 7 §1+2 ﬂ;;,
(0 (@ - ar) s (@ - a)) - w(=5))
+w(e)
> O (z;—),u'(z;+), ¢(z;)) + w(e) (2.2.15)



with

R, A
Oa;) = = — uges (W = k) + g (W = k) = Z5—
An An
Finally, with
M
» Ugen (1) — ugen (hy) —n) + u;\l ifi < hizw —n,
llz = R n
n WL M —n <i<0
An An = )
we obtain
1 az _ 7:‘Li—2
1 My _ = ~0 _ ~—1 n n
<0
1 ~i =i i1 ~i—2 it — ay,
(o - ) + (B - a7)) - vo(F5)) +ele)
> B_(u'(1),4(1)) +w(e), (2.2.16)
where
hM
0(1) = 5~ ugew () —n)
Since we have
o(t) =1, (2.2.17)

tes(u)u{o,1}
we obtain that, thanks to (2.2.13), (2.2.14), (2.2.15) and (2.2.16),

EM(u,) > Bi(d'(0),(0))
+ Y C' (=), (t4), 6(t) + B_(u'(1), (1)) + cw(e) — Ry,

teS(u’)

> inf{E;;fen(u, s): s:S()U{0,1} - R, Z s(t) = l} +cw(e) — R,.
teS(u)uf0,1}

Thus, by the arbitrariness of €, we get

lim inf B2 (uy,) zinf{E;jen(u,s); s:S()u{o1} »Rr, Y s(t):l}.
teS(u’)u{0,1}

(2.2.18)

I-limsup inequality. Let u be such that ELl (u) < 4oc. Then there exist

M e N, aj,ag,...,apy € M and 0 = 29 < 21 < ... < )y = 1 such that
#S(u') =M —1 and

u’(t) =z% te (mj_l,:z:j) ] € {1,2,,M} (2219)
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M—1
Thanks to the boundary conditions on u, we have that > (x;4; — ;) = 1. For

i=1
e>0let p:S(u)U{0,1} — R be such that

teS(u)U{0,1}

> o@(t-),u (),

(1)) + By (v’
teS(u’)

(0),(0)) + B-(u'(1), ¢(1))

(2.2.20)
Fix n > 0. FOI‘j S {1, .,M—l} let vi = (’Ul,l,’l}l,g), Viit+l = (’Uj’jJrl’l,’Uj G+1 2)
and v = (var,1,va,2) be such that

v) =0, Vi = Uhe, —(0) fori> N,

v e, e fori< N,
i+l Ugo ]+1—|—¢“+1 fori > N,

v, =0, Vi = Uhar — (1) fori < —N,
where
P == k), T == p(an)
k=0

and

1 ’UH_Q -

Lo+ X (s ()

>0

g (0 (o2 - vi’“)w(“l o})) ~ (o))

< By (u'(0), ¢(0)) +n,

1 0 -1 U;ti1 — Vi
5 V1 (V01 = v 00) + Z ] G e

i<—1

1 ; ; 279 4 257
+*(¢1(%?il i)+ (45 =l )) (P 5))

2
1 jj+
+5 ¢1(]J+1 ]J+1 +§:( (H+ S )

(081 (70 )) (BT ET)
SC’(u (z;—), 0 (x+), o(x;)) +n,
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Linoly = o3+ 3 (v (P )
i<0
(0o ) o 7)) -t
< B (u/(1), 0(1)) + 1.

Consider the sequence of functions (u,) defined as follows

Anvi if 0 <4 <[xin] — N,
‘ )\nvé Jfln] +X.D; if[xgjn] - N <i<[zjqin]— N
u, = , je{1,2,...,M -1},
AV "+ Dy ifn—N<i<n-1,
0 if i =n,
where
D1 = —Uz> (—N) +Uzal([1}1n] —N),
Jj—1 J Jj—1
Dj = = ugen(=N)+ > uger([wen] = > [zan] = N) j€{2,3,..., M}
k=1 k=1 h=1

Then u,, — uin L* and

M—1
E(u,) < Bi(0'(0),9(0)) + ) Cu'(z;—),u'(z;+),¢(z;)) + B-(u'(1), ¢(1))
j=1
+Ry, + cn, (2.2.21)
where
R, = %(UM ) + %(1/)1 (v — ”17/11) + 1 (v — vy )>

(B - (), (S

+w1(1An“ —)) + o Z}“ )

and, by the continuity of 11, 1 and 1o, R, — 0. Thanks to (2.2.20) and (2.2.21)
we have that

limsup Ey, (un) < E;vlen( ) +en+e.

We obtain the thesis thanks to the arbitrariness of n and . O
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Remark 2.2.8 In the case that 11,1, are such that iy € C* (R) then, thanks to
Remark 2.1.2; the first order I'-limit has no shift minimization formula:
(Case n even)

> / C(u'(t—),u'(t+)) + B+ (u'(0)) + B_(u'(L)),
E ey (u) = 4§ 1€50) if W € PC(0,L), o' € My, u(L) +us(L) = 21,
400 otherwise,

(Case n odd)

1 > C(u'(t=),u'(t+)) + B+ (u'(0)) + B-(w'(L)),
Eoqa(n) = § 165w if ' € PC(0,L), 0’ € My, ui(L) + us(L) = 2L,
+00 otherwise.

Remark 2.2.9 In the case that
#M® =1 for all @ € R such that ¢(a) = 5" (),

then, by Remark 2.1.1, the first order I'-limit does not depend on the parity of the
lattice, or, in formula,

EY(u) = inf {El’l(u, s): s:S(W)Uu{0,L} — R, Z s(t) = l}
teS(u)U{0,L}

where

> CW/ (=), v/ (t+),5(t)) + B4 (u'(0), s(0)) + B_(v'(L), s(L)),
EY (u,s) = {150 ip s e PO(0, L), (o, u!) € My, u(0) = 0, u(L) =1,
400 otherwise.

The I'-limit in the periodic case is similar to that with Dirichlet boundary
conditions, except for the absence of boundary terms. Note that in the case of odd
interactions non-uniform minimal-energy configurations are not admissible test
functions, and hence phase transitions may be forced by the periodicity constraints.

Theorem 2.2.10 (First-order I'-limit - Periodic boundary data) Suppose

that hypotheses [H1]-[H4] and [H6] hold and let Eﬁ’f : B,(0,L) — [0,+00] be

defined by

E#!(u) — min E#!
An '

Efl(u) = (2.2.22)

We then have:

(Case n even) Ef&nl I'-converges with respect to the LS -topology to

loc

C(W (t—), W (t+)), ifu' € PCc(R), u' € M,

u(t) — It is L-periodic,
+00 otherwise

E#’l(u) — /) teS(u)n[o,L)
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on WI’OO(R) and uy (0+) = uy (L+) and uy(0+) = uy(L+).

loc

(Case n odd) The same results hold but v} (0+) = uH(L+) and uh(0+) =
uy (L+).

PROOF. Since the I'-liminf and the I'-limsup inequalities are easily deducible from
the proof of Theorem 2.2.7, we will only prove the compactness result.

In the following, without loss of generality, we suppose L = 1, n even and
l € J; for some j. Moreover, with the same notation of the previous proposition,
we define 7; to be the straight line such that ¢g*(z) = r;(x) for all € J;. Let
up, — u in LY (R) be such that sup, Efénl(un) < 400. By the definition of Efll7

we have that u,, is such that sup,, E7!(u,) < 400, and then, as in Theorem 2.2.4,

Ul (t) + ug (t)

5 — It = u(t) — It is 1-periodic.

Thanks to the periodicity assumption, we have that

upt gl =
An A
and then
n—1 it+1 i i+2 i
Uy — — Uy Uy = — Uy sk
o el = () () o)
i=0 " "
n—1 i+2 i
u —u
= 2 (e(P5 )
i=0 n
Looub? oty ot ol
(e (B () )
n—1
= El (up) (2.2.23)
i=0
where
i+2 i+2 it+1 i+1

S~

, u u 1 utt? —y uitl — g ult? — !

Sl " — ( 13 ) 7( ( n n ) < 3 n))_ ( n 7l>.
nltn) = 2T =) F5 (% W )Tl EANNETW

Thanks to (2.2.23) we can deduce, as in the proof of Proposition 2.2.5, that there

exists S C (0,1] with #(S) < +oo such that, up to subsequences, u, — u in

WLU2(R\ (S + k), k € Z and that ' € M. By the definition of even and odd
interpolations, thanks to the periodicity hypothesis, we have

s R 1 T
An An An An ’

u%,n - ug,n U% - ’Uql, Uz+2 — ug+1 ug;—ll — ’LLEL,n
An Y An B An )
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Passing to the limit in the previous expressions we get that uf(0+) = uf(14) and
wh(0+) = uy(1+) .

Remark 2.2.11 We observe that, in contrast with Theorem 2.2.7, here, the ab-
sence of boundary layer terms in the limit, allowed us to skip hypothesis [H5] to
obtain inequality (2.2.23).

Remark 2.2.12 Note that in the case n is odd, if u’ = (21, 22) in (0, L) with
21 # za, then kL € S(u’) for all k € Z.

2.3 TI'-convergence for Lennard-Jones type densi-
ties

In this section we deal with the zero- and first-order I'-limit, under periodic and
Dirichlet boundary conditions, of energies H,, of the form

=S () S ()

where J; and Jy are Lennard-Jones type potentials. Our model case being the
standard (6,12) Lennard-Jones potential, we will treat more general energy densi-
ties. With the same notation of the previous section we define H*"!(u) : B, (R)—
[0, +00] as

H# (1) = H,(u) ifue Bf0,L)
" +00 otherwise

and H! (u) : B,(0,L)— [0,+0o0] as

il H,(u) ifu(0)=0,u(l)=1

= 2.3.1
n() {+oo otherwise. (2:3.1)

We also set

Jo(z) = Ja(z) + %inf{Jl(zl) + Ji(z2) © 21 + 29 = 22},
BV#Y0,L) = {u € BViee(R) : u(t) — It is L periodic},
BVY0,L) = {u € BV(0,L) : u(0+) =0, u(L-) =1},

and use the analogous notation for SBV spaces.

Adapting the proof of Theorem 3.2 in [?] it is possible to prove the following
two theorems which are the analogue of Theorem 2.2.4 and Theorem 2.2.1.
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Theorem 2.3.1 (Zero order TI'-limit - Periodic boundary data) Let; : R —
(=00, 4+00] be Borel functions bounded below. Suppose that there exists a convex
function ¥ : R — [0, +o0] such that

U(z)

lim =400
=T T

and there exist constants ¢, co > 0 such that
c1(¥(z) — 1) < Jj(2) < comax{¥(z),|2|} forallzeR, j=1,2,

then the T-limit of H*! with respect to the L -topology is given by

loc

L
H#(u) = /0 Jor(W'(t))dt if ue BV#L0,L), D*u >0
+00

otherwise

on Li (R), where D%u denotes the singular part of the measure Du with respect

to the Lebesgue measure.

Theorem 2.3.2 (Zero order I'-limit - Dirichlet boundary data) Letv; : R —
(=00, +00] be Borel functions bounded below satisfying the same conditions as in
the previous theorem; then the T-limit of H. with respect to the L _-topology is
given by

H(u) = /OL JgF (' () dt  ifue BVY0,L), Dgu >0

400 otherwise

on L1(0,L).

In the same spirit of Section 2.2.2, we now deal with the problem of computing
the first order I'—limit of H,, in order to describe boundary layer phenomena in

the continuum limit. The following set of hypotheses makes clear what kind of
Lennard-Jones type potentials we will consider in this case:

[H1]Ls(discreteness of the energy states)
#{x eR: Jo(x) = J* (@)} n{z € R: Jy is affine}) < +oo,

[H2].s (finiteness of minimal energy configurations) for every o € R such
that Jo(a) = J§* ()
#M* < 400,
[H3]Ls (compatibility of minimal energy configurations) for every o, § € R
with « # 3, such that Jo(«) = Ji*(a) and Jo(B8) = J§*(B) and for every z* =
(22, 28) € M® and 2z = (27, 25) € MP it holds

242 i ed{L2),
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[H4] s (continuity and growth conditions) Ji, Jo : R — (—o0,400] are
sufficiently smooth functions bounded below such that Jy € C(R) and there
exists a convex function ¥ : R — [0, +00] and constants ¢;, ¢o > 0 such that

U(z)

lim ——= = +o0,
%o T

and
a(P(z) —1) < Jj(2) < comax{¥(z),|z|} forallzeR, j=1,2;
[H5]Ls (structure of Jy, J2 and Jy) the following limits exist:

hr—? J1(z) = J1(+00), HI_P Ja(z) = Ja(+00) hr—? Jo(z) = Jo(+00),
Jo(z) = min Jp if and only if z = ~, and Jo(4+00) > Jo(7);

[H6] L. (finiteness of the intervals of non-convezity) [ is such that N(I) < 400
(N(l) defined as in (2.1.3)).

The following compactness result will be used in proving Theorem 2.3.4. It
describes functions with H#!(u,) = min H#! 4+ O()\,), stating that below the
threshold v they behave as in the Sobolev case and develop no discontinuity.
Above the threshold they may develop a finite number of discontinuities, behaving
otherwise as in the Sobolev case with periodic condition corresponding to .

Proposition 2.3.3 (Compactness - Periodic boundary data) Suppose that
hypotheses [H1]1,;-[H6]L s hold. If {u,} is a sequence of functions such that

H#!(u,) — min H#!
Supr,’Ll(un):sup i () = min < 400 (2.3.2)

n An

and there exists t € [0, L) such that sup,, |u,(t)| < 400, then, up to subsequences,
u, — u strongly in Ll (R) where u € SBV#!(0, L) is such that

(i) #(S(u)N0,L)) < +oo. In particular

(a) if | <~ then S(u) =0,

(b) if Il >~ then 0 < #(S(u)N0,L)) < 400,
(i) [us(t)] >0 s=1,2 forallt e S(u),
(iii) #(S(u’)N[0,L)) < +o0,
(iv) u/(t) e M; a.e. t € (0,L). In particular

(a) if | <~ then u'(t) € MT,

(b) if I >~ then u'(t) € M".
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PROOF. To fix the ideas let us suppose that u,(0) = 0 and that L = 1. Let us
observe that (2.3.2) implies that

sup H#! (u,,) < C' < +00. (2.3.3)

With the notation so far used, let us set u, = (un,1,Un,2). Since if up 1 = Uy 2 it
is possible to prove that u, — u strongly in L{, (R) and that u € SBV#(0, L)
repeating the same proof of Theorem 3.7 in [18] first and then using Theorem 3.1
in [18], we only sketch this part of the proof. For all n € N, let T}, € R be such that
lim,, T,, = +o0, lim, A\, T}, = 0 and set I, :== {i € {0,1,...,n— 1} : |ulft —ul| >
ATy} Let w, be defined as

0 ift=0
wp(t) = < up(t) ifte (i,i+1)A\,, it € I,
Un(iAn) it € (i, i+ DAy, i €1,

and let v, (t) be an extension of w,(t) given by the following formula v, (t + k) =
wy(t)+ Kkl for all k € Z. By (2.3.3), thanks to the growth hypotheses, by arguing as
n [18] (Theorem 3.7), we have that |[v,| pv;,.r) < C. Then, up to subsequences
not relabelled, v, — w strongly in L, (R). The same holds true for u, since, by
construction, for all compact sets K C R, limy, [} |un(t) — v, (t)| dt = 0. Set

_ z+2

=5 (%

=0

n“)—%wﬂ, (2.3.4)

by (2.3.2) we have that sup, H},(u,) < C < +oo. Let us set v, = ul, —i\,z7
and Jo(z) = Jo(z + ) — Jo(y). We have that the sequence of functionals H.
satisfies all the hypotheses of Theorem 3.1 in [18] which implies in particular that
u € SBV#!(0,L). In the general case, when wuy, 1(t) # uy, 2(t) for some t € [0, 1),
the previous argument need to be modified in order to prove the convergence of
even and odd interpolator functions independently. In this case, observing that

2
H# (uy,) = % > Eﬁzsl(ums), where
s=1

x|

i (Un,s) ZAnJl( ) ZA JQ( n _ )7

we get

sup Eﬁj(un,s) < C < +o0. (2.3.5)

Thus the convergence to u € SBV#:!(0, L) can be now easily proved using the
argument we have exploited before independently for s = 1,2. By (2.3.5) and
Theorem 2.3.1 we also get (i¢). The proof of (iii) and (iv) can be obtained arguing
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as in the proof of Theorem 2.2.7. Let us prove (ii) in case (a). If [ < 7 then, thanks
to the hypothesis [H5]7; on Jo, we have that for all p € 9J5*(1) lim|,|— 1o Jo(2) —
pz = oo and the claim follows again arguing as in the proof of Theorem 2.2.10.
If | = ~, by the boundary conditions and (iv), u(t) = M =t ae. t €
(0,1), thus S(u) N [0,1) = 0. This, together with (i), for s = 1,2, implies that
S(us) M]0,1) = 0 and then the claim follows by the definition of S(u).

Let us prove (ii) in the case (b). Arguing as in the proof of Theorem 2.2.7,
set

—92 ; ;
n u1+2 ot

Hy(usn) = 4 (Jo(”QTu") - JO('y)), (2.3.6)

by (2.3.2) we have that sup,, H. (us ) < C < +oo. Let us set vi, = uf, —i\,z7
and Jo(z —v) = Jo(z) — Jo(7y). Observing that M; = M?, v,, — u — ¢z strongly

in L} (R). Thus, by Theorem 3.1 in [20], for s = 1,2 we have
X n=2 o it2 i
C > liminf H . — liminf J ( s,n s,n)
> lim in o (Usn) im in ; Sy v
> [ Pug@ydes Y Gl 23)
(0,1) teS(us)N(0,1)
where
0 if z=1+
F(z) = {
(2) +00 otherwise

and

Jo(+0) — Jo(vy) ifw>0
Gw)=<¢0 ifw=0
400 if w<0.
By (2.3.7) and hypothesis [H5],; we finally get that

2

#5(u) = # | S(us) < C < +oo.

s=1

The I'-limit described below takes into account both phase transitions and
discontinuities. Note that the energy of a discontinuity takes into account boundary
layers on both sides of the jump. For simplicity of notation we define

SBV#Y0,L) = {ue SBV#Y(0,L) : (i)-(iv) of Proposition 2.3.3 hold}. (2.3.8)
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Theorem 2.3.4 (First order I'-limit - Periodic boundary data) Suppose
that hypotheses [H1|;— [H6|ry hold and let Hf&nl : B,(0, L) — [0, +00] be defined
by

H#!(u) — min H#!
N/ n
an (u) = \ .

(2.3.9)

We then have:
(Case n even)

(i) if 1<~y
Hf’&nl T'-converges with respect to the L{°

loc

-topology to

H (w) = < respinpo.p)

{ > C(W'(t—),u'(t+)), ifue SBVFY0,L),
+00 otherwise

on VVlifo(R), where SBV#1(0, L) is defined in (2.3.8), and uj (04) = u} (L+)
and uh(04+) = uhH(L+).

(ii) of 1>~

anl ['-converges with respect to the Li

loc

Clu'(t=),0'(t+)) + > By(u'(t=),u'(t+)),

-topology to

teS(u)\S(w)no,L) teS(u)n[o,L)
HE ) = _ N
ifue SBV#(0, L),
400 otherwise
on L (R) where

Bj(z 2) = By(2) + B_(¢) — 2Jo(7) + 2J2(+00) + J1 (+00)

and uy (04) = uj (L+) and uh(0+) = uh(L+).
(Case n odd) The same results hold but uy(0+) = uy(L+) and uh(04) = uf (L+).
PROOF. Since the proof is similar to that of Theorem 2.2.10, we only highlight the
main differences in the case [ > v proving the I'-liminf inequality for the second
term in the energy.

In the following we will suppose that L = 1 and n is even. Let u,, — u in
Li (R) be such that sup,, H#nl (un) < +00. Then, thanks to Proposition 2.3.3 and

to the translation invariance of the energies, without loss of generality, we can
further suppose that

u(0)=0, ul)=I{  S)N[0,1)=Sx)N[0,1)={i}.

Let z], z3 € M be such that



and let {hy}, be a sequence of indices such that,

Mhy, <t and limA\,h, =t (2.3.10)

It is convenient to rewrite the energy as follows

HE (wn) = Maltn, ho—) + Ha (g, hot) + T W}
n
whnt2? B, uhntl B,
bon(MEI (S o), sy

where

hn—2 i+2 i i+1 i

i) = 5 () () )
i—0 n n
By _ ohn

+J1(un Aun 1)
and

n—2 i+2 “+1

o) = 5 (H() () o)
i=h,+1 n n
_an—1

+J1(u )\u ) —Jo(7)

Defining
w, et FO<i<n—hy,—1
=
2—:+uzg(i)—uz;(n—hn—1) ifi>n—h,—1,

by the continuity of J; and Jo, we can find a suitable continuous function w(e) :

R — R, w(0) = 0 such that,for all € > 0, as @, is a test function for the minimum

problem defining B (zJ), for n large enough we have

Mo (i, b)) = le i)+ 3 (R @ - )

>0

(Jl( 52— ait) o (a0 - a)) - Je) + wle)
> Bi(z)) +w(e). (23.12)

Analogously, defining

4 % g (i) — ugr (—hn) 0 < —h,
~i
u, = u?+h"‘
5 if —h, <i<0,
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we have,

I iy, — 1y,
Mol = bt i)+ X (B
<0
1 < =il ~i—1_ ~i—2\) _
5 (@ —at) + (@ - a2)) - Jo) +we)
> B_(z])+w(e). (2.3.13)
Thanks to inequalities (2.3.12), (2.3.13) and formula (2.3.11), we get

hp+1 hp—1 hp+2 hn, hp+1 hn,
Up, — Uy Unp — Uy Unp — Uy
i) 2 B2y )+ () R ()
n n n

—2Jo(7) + B-(2{) + B4 (23) + cw(e).
By (2.3.10), the definition of ¢ and hypothesis [H5]r 7, we have

lim inf HE(un) > 2J5(+00) + Ji(+00) — 2J0(7) + B (2]) + B4 (23) + cw(e)
= By'(t—),u(t+)) + cw(e).
The claim follows by the arbitrariness of €.

Slightly modifying the construction made in the proof of I'-limsup inequality
in Theorem 2.2.7, it can be proven that this bound is optimal. O

We find useful to set
u(0+) ift=0

a(t)=<{ u(t) ifte(0,L) (2.3.14)
u(L-) ift=L.

The proof of the following result can be straightly derived by that of Proposi-
tion 2.3.3.

Proposition 2.3.5 (Compactness - Dirichlet boundary data) Suppose that
hypotheses [H1|p;—[H6] s hold. If {u,} is a sequence of functions such that

Hl n) — : Hl
supH{m(un) = sup n(n) = min < 400, (2.3.15)

n An

then, up to subsequences, u, — u strongly in Li (0,L) where u € SBVY(0, L) is
such that

(i) #S(0) < 400 (0 defined in (2.3.14) ). In particular

(a) if I <~ then S(u) =0,
(b) if I > then 0 < #(S(0)) < +oo,
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(i) [as(t)] >0 s=1,2 forallte S(u),
(iii) #(S(u')) < +o0,
(iv) u/(t) e M; a.e. t € (0,L). In particular

(a) if | <~ then W'(t) € MT,
(b) if I >~ then u'(t) € M".
The T'-limit for Dirichlet boundary conditions takes the form below, where

boundary-layer effects at the boundary are taken into account. For simplicity of
notation we define

SBVY0,L) = {u e SBV0,L) : conditions (i)-(iv) of Proposition 2.3.5 hold}.
(2.3.16)
Theorem 2.3.6 (First order I'-limit - Dirichlet boundary data) Suppose
that hypotheses [H1],;~[H6]; hold and let H ,, : B,(0, L) — [0,+00] be defined
by

_ Hl(u) — min H'

Hi ,(u) = 3 (2.3.17)

We then have:

(i) if 1<~
Hin I'-converges with respect to the L -topology to
> C(W'(t=),u'(t+)), fueSBVI(0,L),
H{ (u) = teS(u’)
“+o0 otherwise

on W1>(0, L), with SBV!(0, L) defined in (2.3.16).

(ii) #f 1>~ and #M" =1

H{’n I'-converges with respect to the Ll

loc

Hlu) - { C(v,M#(S(W)\ S(u)) + Brs#S(u) + Bps#5(@) + 2B(v)

-topology to

if u € SBVY(0,L)
+00 otherwise

on L _(R), where
Bpj = Ji(+00) + Ja(+00) — Jo(7)
is the boundary layer energy for a jump at the boundary of the domain, and
Brj =2B(v) — 2Jo(y) + 2J2(+00) + J1(+00)

s the boundary layer energy for a jump at an internal point of the domain.
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Remark 2.3.7 Note that, compared to the periodic case, we have further re-
stricted our analysis to the case #M?” = 1 when [ > ~. In the general case a
dependence on the parity of the lattice would appear in the limit as in Theorem
2.2.7.

PROOF OF THEOREM 2.3.6. Since the proof is similar to that of Theorem 2.2.10,
we only highlight the main differences in the case I > « proving the I'-liminf
inequality for the last term in the energy. In what follows we will suppose L = 1
and n even. Let u, — uin Lj (0, L) be such that sup,, H} ,, (u,) < +0c0. Moreover,
for simplicity, suppose that

S(u) = {0}. (2.3.18)
By the compactness result of Proposition 2.3.5, we have that u’(t) = z¥ € M for
a.e. t € (0,L). Let {h,}, be a sequence of indices such that lim,, A\, h, = % It is
convenient to rewrite the energy as follows:

Hi ,(un) = Hpl(tn,04) + Hy(un, 1) + 1 (M)
2 (“22§ & ) = Jo(7); (2.3.19)
where
Hnlttn, 04) i_;( o (= “ nu") +( ;HA“ “35) ~Jo(),
a(E55) <

Defining

_ u)f\jl if0<i<h, —

u, = uh:

)\: (1) —ug~y(hy) ifi>h, —

by the continuity of J; and Jz, we can find a suitable continuous function w(e):
R — R, w(0) = 0 such that,for all € > 0, as @, is a test function for the minimum
problem defining B(7), for n large enough we have

Mol 04) = (k-0 + 3 ()

>0

+%<Jl (ﬁifz — ﬂffl) + J1( Gl )) Jo(y )) +w(e)
B (") +w(e). (2.3.20)

\%
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Analogously, defining

| S e )~z (b —m) i< by =,

u’:L = uiﬁ-n l
LCE if h, —n<1<0,
An n

we have,
~ ~— Uy — ’U’}n ?
Hp(un,1-) = le(ug—unl)—i—Z(Jg( 5 )
i<0
1 ~i i <1 i
+§<‘]1 (un —Up 1) + (un L Up 2)) - JO(’Y)) +w(5)
> B(v) +w(e). (2.3.21)

By (2.3.18) and hypothesis [H5] s, we have
liminf H ,,(un) > Ji(+00) + Ja(+00) = Jo() +2B(7) + cw(e)
= Bpj+2B(y) + cw(e).
The I'-liminf inequality follows by the arbitrariness of €. O

In the following two examples we consider the case of standard Lennard-Jones
and Morse potentials pointing out some interesting features about phase transition
energies in these cases.

Example 2.3.8 Let us consider the Lennard-Jones case:

+00 if z<0
Jl(Z) = kl kz JQ(Z) = Jl(QZ)
z z

for some ki,ko > 0. Set zmm = (2]{:1/}{:2)% the minimum point of J; and ~ the
minimum point of Jy, it can be proven that

1

. —-12\ 6

Jg*(z) _ { Jo(Z) fo<z< v = (11122_6 ) Zmin
Jo(y) otherwise.

Hence no mesoscopic phase transition energies come into play because N(I) = 1
being

Mz if0<I/L <~

0 ifI/L <0
M, = {
MY  otherwise.

It is also possible to show that neither microscopic phase transition energies appear
as #M; < 1.
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Example 2.3.9 Let us consider the Morse case:
2
I(z) =k (1= ehGmmmed )y (z) = g (22)
for some k1, ks > 0. Set v the minimum point of Jy, it can be proven that

wir | Jo(z) if 2 < < zZmin
o7 (2) = {Jo(’y) otherwise.

This again gives that no mesoscopic phase transition energy appear in the first
order I'-limit as N(I) =1 being
.
Ml:{ML if1/L <~
M?Y  otherwise.

We now give an example of Lennard-Jones type potentials leading to meso-
scopic phase transition terms in the limit.

Example 2.3.10 Let

Ji(z) = (z — zm)2 A tx(zm,+oo)(z)
Jo(2) = J1(z/k)

2 Zm+A/1/2 .
for some t < z;, and k > VA2 Then (see Fig. 2.2)

(z—2m)?+ (32— 2m)? if 2 < zp +1/t/2
Jo(z) = (22— zpn)? + 3t if 2 +/1/2 < 2 < k(2 + V1)
3t if 2 > k(2 + V1)
and
Jo(Z) if z S Zm + m
2 . 2
Jit(z) = WET Ay L) +b i 2 + Vamey <7 S 2ty )
Jo(2) if 2z, + w < z<kznp
% if 2 > kzp,
where
2 t(1+ k2) 1 tA+k2)\2 ¢
a:ﬁ(zm(l—k)—i— #)’ b:ﬁ(zm(l—k‘)-i- T) +§.
In this case we have that
Mt ifI/L < o
M, = M*UM? ifa<I/L<p
MT if 3<1/L<~
MY otherwise
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Figure 2.2: Jy and J§* (bold line) in example 2.3.10

where
t t(1+ k?)

— ., 8= = k.
iRy DTt g T

a=zm,+

A mesoscopic phase transition energy will occur in the limit being N(I) = 2 for
a<i<p

2.4 Minimum Problems

In this section we describe the structure of the minima for the first order discrete
energies we studied in Section 2.2 and 2.3 in some special cases. In particular we
will focus on the periodic case for superlinear growth densities and on the Dirichlet
case for Lennard-Jones densities.

2.4.1 Superlinear-growth densities

The next theorem deals with the convergence of minimizer for first-order discrete
energies of the form (2.2.22) in two special cases. For the sake of simplicity and
without losing in generality we can set L = 1.

Theorem 2.4.1 Suppose that hypotheses [H1]-[H4] and [H6] hold and suppose
that g is such that

M; =M*UM? if 1€ (a, ).

Then the minimizers (u,) of min{Ef;f(u)}, forn even and l € (o, ), converge,
up to subsequences, to one of the functions:
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(i) if M* = {(a, )}, MP = {(3,8)}, then u = (u,u),
u(t) = axr(t) + Bxon(t)

where I C (0,1) is an interval such that |Ila + (1 — |[I|)B = I. Moreover
Ef! (u) = 20(a, B).

(ii) if M® = {(a, @)}, M? = {(B1, B2), (B2, 51)}, then u = (u1,us),

up (t) = axr(t) + Bix (o, ()
uz(t) = axr(t) + B2x(0,)\1(t)

where I C (0,1) is an interval such that |Ila + (1 — |I)B = 1. Moreover
Bl () = 20((e, ), (81, 52)-

PrROOF. The claim follows thanks to Theorem 2.2.10 applying the minima conver-
gence result in I'-convergence problem (see [13] and [29]) and observing that we
have

Ef(u) > 2C((a, ), (8, 8)),

EF ) > C((a,a),2%) + C((a,a),z’?) for all z°, z? € M”.

in case (i) and (ii), respectively. O

2.4.2 A graphic reduction method

In what follows we describe a graphic reduction method which can be useful to treat
cases more complicated than those seen in the previous theorem. Let | € («, ).
We introduce some terminology: the plane (21, z2) is said to be the micro-phase
plane (m-p plane). A point w = (w1, ws) in the m-p plane is said to be a micro-
configuration (m-c) if w € M. An arrow in the m-p plane connecting two m-cs,
starting from a m-c (Z1,%Z2) and pointing to a m-c (21, Z3) is said to be a phase-
transition (p-t) and is indicated by (Z1,%Z2) — (21, 22).

Definition 2.4.2 Two p-ts (z1,22) — (2], 25), (w1, ws) — (w},wh) are said to be
connected if (21, 22) = (wi, wh) or if (21, 25) = (w1, ws2). A set of connected p-ts is
said to be a loop if every m-c is starting and ending point for two p-ts. A loop is
said to be of length n € N (or an n-loop) if it is built connecting n p-ts.

Definition 2.4.3 A real function F defined on the cartesian product of two m-p
planes is called an energy.

Let F be a given energy. The energy of a phase transition (Z1,z2) — (21, Z2)
is F((Z1,22), (21, 22)). The energy of a sets of p-ts is the sum of the energies of
all p-ts. Two sets of p-ts are said to be (energetically) equivalent if they have the
same energy. An n-loop is said to be reducible if it is equivalent to another set of
p-ts containing an m-loop with m < n.
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(o

Figure 2.3: 2-loop and minimizing configuration in Example 2.4.4

We are interested in solving the minimum problem for the I'-limit of ener-
gies of the type (2.2.22) in the same hypotheses of the previous theorem where,
following the definitions above, F(z1,2z2) = C(z1,22). Observe that, by the com-
pactness result obtained in the previous section and the definition of transition
energy C(-,-), we know that

R1) v € M; = M® UM”,

R2) u’ is 1-periodic,

C(z*,2") = C(@*,2°) = C(z",2%) = C(2",2%),
C(,) >

Thanks to (R1) and the definition of M® and M”, we know that the m-cs we have to
consider in the m-p plane, where we are going to plot our minimal configurations,
are those laying on the straight lines

(R1)
(R2)
(R3)
(R4)

R4

Zl+2’2:204, Zl+2’2:2ﬂ.

Moreover, by (R2), we know that the allowed p-ts form a loop. By (R3) two p-ts
symmetric with respect to z; = 29 as well as two p-ts with starting and ending
points exchanged are equivalent. We will describe this graphic method with three
examples. The first two are cases (i) and (ii) in Theorem (2.4.1).

Example 2.4.4 Let M® = {(a, )} and MP = {(3,0)}. In this case only one
2-loop is possible. Thus there is only one minimizing configuration (see Fig. 2.3).

Example 2.4.5 Let M® = {(a,a)} and M? = {(31, £2), (B2, 51)}. In this case two
equivalent 2-loops can be built (see Fig.2.4). Moreover a 3-loop can be built, but it
can be reduced to a 2-loop as shown in Fig. 2.5, thus the minimum configuration
has two transitions and the associated fields u = %, uy and us look like those
in Fig. 2.6.
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Figure 2.5: reduction of a 3-loop (Example 2.4.5)

Example 2.4.6 Let M® = {(ay, az), (ag, 1)} and MP = {(B1, 52), (B2, 41)}. In
this case two pairs of equivalent 2-loops and two of 3-loops can be built. Moreover
three 4-loops can be built but each of them can be reduced to a 2-loop, thus the
minimum configuration has two or three transitions. To say which loop minimizes
the energy we have to compare the minimum 2-loop energy

my = min{2C((ay, az), (61, B2)), 2C((a1, az), (B2, 51))},

with the minimum 3-loop energy

ms = min{C((a1,a2),(B1,32)) + C((B1,B2), (B2, 1)) + C((B2, 1), (a1, a2)),
C((a1,a2), (B1,B2)) + C((B1, B2), (a2, 1)) + C((az, a1), (a1, az))}.

Three cases can occur. If ms < mg3 a 2-loop configuration is minimal and the
corresponding minimizing fields are shown in Fig.2.7. If ms > mg a 3-loop config-
uration minimizes the energy and the corresponding fields are shown in Fig 2.8. If
mo = mg the 2-loop and 3-loop configurations are equienergetic.

The following is an example of interaction energies v, ¥y leading to a g
satisfying the hypotheses of Theorem 2.4.1 in cases (i) and (ii).

Example 2.4.7 Consider ¢; = (2 + 1)2 A (2 — 1)2. It is possible to compute
explicitly ¢(2) = min{t1(21) +¥1(22) : 21 + 22 = 22} obtaining ¢(z) = (2 +1)2 A
(2 — 1)2 A 22 and in particular

_ e =D 4z +1) z€(-3,3),
29(z) = {21})1(3') 1 otherwise
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Figure 2.6: minimizing fields (Example 2.4.5)

Figure 2.7: fields in the 2-loop configuration (Example 2.4.6)
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X%, 1

Figure 2.8: fields in the 3-loop configuration: xo € (0,%) with oZ + 8(1 — %) = [,
x1 € (xo,z9 + 1 —Z) (Example 2.4.6)

i) If ¢p = —é, computing explicitly §* (see Fig. 2.9) one gets that, for [ €
(=1,1), M; = M~ UM! where #M~! = #M! = 1.

ii) If ¢y = 22, computing explicitly ¢3* one gets that, for | € (—%, —%), M; =
M~% UM~ and, for [ € (3, 2), M; = M3 UM# where #M~ % = #Mi =1
while #M~1 = #M1 = 2.

We end this section by giving an example of potentials leading to the energetic
description we showed in Example 2.4.6.

Example 2.4.8 Consider ¢y = (2+2)2A22A(2—2)? and ¢ = (2+1)2A((2—1)2+

1). Again it is possible to compute ¢(z) = (2+2)?A(2+1)?A(z—1)2A(2—2)2 A 2%
In particular

211 (2) z € (foo,f%)
Y1(z = 1) +91(z+1) ZG(—?—%)
20(2) = h1(z=2) +1(z+2) z€(—3,3)
wile =) 441 2 (1Y)
211 (2) z € (3,+00)

and, computing 13", it can be seen that for [ € (fg, %) we have that M; =

M~§ UMS with #M’g = #M% = 2. Observe that, to construct an example like
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Case i Case i

v

v

-3/4 -1/4 | 1/4 3/4

Figure 2.9: Example 2.4.7: 19 and 5.

this, it is not possible to substitute the second order asymmetric interaction we
used with an even one, otherwise hypothesis [H3] would not be satisfied.

2.4.3 Lennard-Jones densities

Since the analysis of minimum problems for the scaled Lennard-Jones type ener-
gies of the form (2.3.1) when ! < v does not present new features with respect to
the superlinear case, we will focus on minimum problems with [ > ~ when a contri-
bution due to the crack appears in the limit. Although a more general description
like the one we have provided in the previous section is possible, in order to give a
simplified analysis of the phase transition phenomena for standard Lennard-Jones
NNN energies, we restrict to the case Ji(z) = J2(22) = J(z) with min J < J(+00)
and #M7 = 1.

For the sake of simplicity and without losing in generality we can set L = 1.

Theorem 2.4.9 (Localization of fracture) Suppose that hypotheses [H1];—[HG6]r s
hold and suppose that Ji(z) = J2(22) = J(2) is such that

minJ < J(+o0),  #M7 =1. (2.4.22)

Then the minimizers (u,) of min{H{ ,(u)}, for I > ~, converge, up to subse-
quences, to one of the functions:

w(t) =9t ut)=yt+(1—7)
Moreover Hi(u) = 3J(+00) — Jo(7).

Remark 2.4.10 Note that the previous result asserts that, at first order in A\,
the fracture of the ground state can be localized at the boundary of the domain.

PROOF OF THEOREM 2.4.9. Thanks to Remark 2.1.3 we get
1
By(v) = §J(’7)-
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Since by Theorem 2.3.6 we have that u'(¢t) = «/(t) = v a.e. t € (0,L), we have
that

Bry = J(v) = 2Jo(7) + 3J (+00), Bpy =2J(+00) — Jo(7).

The claim follows applying the minima convergence result in I'-convergence prob-
lems and observing that, since

Hi(u) > Brs(y)#5(u) + Bps#S(i) + 2B(7).

one has that #S(u) < 1 and #S5(@) < 1. It remains to compare the energy H!(u)
in the following four cases:

(a) #S(u) =0 #S5(@) =1,  (b) #5(u)
(c) #S(u) =0 #S(u)=0,  (d) #5(u)

By the boundary conditions, (¢) must be rejected. By the positiveness of our
energies (d) has an energy greater than (a) and (b). If we are in the case (a),
then the only two minimizers are u; and wus while in the case (b) all the possible
minimizers are functions of the type w(t) = vt + (I — v)x(t) where ¢ € (0, L). We
have that

1 #S(@) =0,
1 #S(a) = 1.

Hi(u1) = Hi(uz) = 3J(+00) — Jo(7),  Hi(w) = 5J(+00) — 2Jo(7),

and the claim follows observing that, by the definition of Jy and thanks to hy-
pothesis (2.4.22) Jo(y) < J(y) + min J < J(vy) + J(+00). 0

2.5 Equivalence by I'-convergence

In this section we give an interpretation of the results of Section 2.2 by linking them
with the gradient theory of phase transitions. We show that in a sense discrete
energies with next-to-nearest neighbour interactions act as singular perturbation
of non-convex energies with higher-order gradients. In order to give a rigorous
meaning to this statement we will use the notion of equivalence by I'-convergence
(see [22]).

Definition 2.5.1 Let £ be a set of parameters and for [ € £ let F!(u) and GL(u)
be parameterized families of functionals. We say that F! and G are equivalent to
first order along the sequence ¢, if

(i) forallle £ TI-lim F! (u)=T- lim GL (u) =: Fj(u)

(i) forallle £ T- lim ¢, (u) — min F(u) T lim ¢, (u) —min O(u).

n—00 En n— oo En
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With a slight abuse we use the same notation if F! and G are defined only
for £ = €,,. In the following, after setting &, = Ay, F. (u) = E#"!(u), and

/ Po(u') dt + N2 / [ 2dt uwe W2A(R),
GL (u) = Gl (u) = { (O.0) (0,L) u — It is L-periodic
+o0 otherwise on L(0, L),

we prove the following equivalence result.

Theorem 2.5.2 (I'-equivalence - Periodic boundary data) Let 7,/;0 :R—R
be a Borel function such that

77/;0(2)
|z| =400 |Z|
(i) (o)™ = 5",
(i) {z € R: do(2) = (%)™ (2)} = {z € R: wo(2) = ¥ (2)}

(iv) ﬁg(zi +2z) — (Do) (2" 4+ 2) = O(2%), > 1 for all z* such that o(z") =
(40)™(2")

(1)

= o0,

N
If {z: 8" is affine} = | [au, B;] disjoint intervals, suppose that
i=1

#M = #M% =1 and (2.5.23)

Bj —
2/ o(s) —§*(s) ds = Clay, B;) for some j € {1,2,...,N(I)}, (2.5.24)
@
with N(I) < +oo, then FEZn and Glsn are equivalent up to the first order for l €
[aj, Bj].

Remark 2.5.3 In the special case that hypotheses (i) and (iv) are satisfied by
1o, it is possible to restate the previous result asserting that FEln is equivalent up
to the first order, for I € [a, §,], to the following family of functionals

/ Yo(u') dt + ke? / W2dt we WEEA(R),
Hé (u) = (0,L) (0,L) u — It is L-periodic

+oo otherwise on L1(0, L),

where
f— ( Clay, B;) )
I () ds)
along the sequence €, = A\,,.
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PROOF OF THEOREM 2.5.2
Zero-order equivalence. In what follows we set L = 1. By Theorem 2.2.4 we
need to prove that

1
. : 1,1
I-lim G (u) = ¥l (u) = /0 Yo (u' () dt if ue Wy (0,1)
+00

s 1
otherwise on L.

(R).

First observe that, thanks to hypothesis (i) and the definition of G#+!, we have
that, as in Theorem 2.2.4, the limit is finite only on W#’%(O, 1). Moreover, as

1 1
G (u) > / ol (1)) dt > / (o)™ (' (1)) dt,
then
P-lim inf G (u) > A ()™ (/1)) dt.

By an easy density argument it suffices to obtain the I'-limsup inequality for
u € C?(R) such that u(t) — It is 1-periodic. In this case we have, from the defi-
nition of I'-lim sup, taking the pointwise limit of G#!(u) and passing to its lower
semicontinuous envelope with respect to the strong L' convergence,

1 ~
It sup G (u) < / (o) (u/ (1)) dt.

First-order equivalence. Set

G#!(u) — min E#!
An

Gl =

1o } 1
Y/ (o) — (o)™ (1)) dt + )\n/ WRde i u e WE(R),
= n o 0 u(t) — It is 1-periodic,
+00 otherwise on Li (R).

Thanks to Theorem 2.2.10 and hypothesis (2.5.23), we need to prove that

S CW/(t—),u (t+)), ifu’ € PCle(R),

I-lim G?yﬁ(“) = E#l(u) _ JEsEIn@I e M, u(t) — It is 1-periodic,

+oo otherwise on W2 (R).
Compactness. Let u,, — u in VVI})(}(R) be such that

sup Gﬁf (up) <e. (2.5.25)
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As in the proof of the zero order equivalence, we have that u(t) — It is a 1-periodic
function. Without loss of generality, we may suppose that (1) is a straight line
in a neighborhood of I and we write (¢9)**(z) = r(z) (the case (¢9)** is strictly
convex can be proved in the same way). Since

/0(io)**(u;(t))dtZ(150)**(1) and 4o > ($)*",

we have that

Glo(un) > %/0 ((@o)**(u;)—(%)**(D)dt:*/0 (o)™ (up,) — r(uy,)) dt

Gt f/ — (f0)"" () :f/W

where we have set for short W (z) = vo(2) — (10)**(2). By (2.5.25) we get that ,
foralln >0

lim [{t = (00)** (uy, (1)) = r(up, (8)) > 0} 0 {E = W, (1) > m}| = 0.

Since, thanks to hypothesis (iii), we have that {z € R : ¥o(z) = (¢o)**(z) =
r(z)} = M, we get that, up to subsequences, u, — za.e. where z € M.

Let us prove that v € PCio.(R). By the 1-periodicity of w it suffices to
consider K a compact set of (0, 1] and prove that v’ € PC(K) . Without loss of
generality we can suppose that K = [a,b] and that t1,%a,...,tp € S(u') N a,b].
For:=1,2,..., M we can find aijE € [a, b] such that

and

a<a; <t;<af <a;,<b (2.5.26)
and that there exist the limits

limu! (af) = u/(aF) e M with  o/(a)) # u/(a;). (2.5.27)

n

It holds
1 b b
GHiu) > E/ W(u;)dt—k)\n/ W2 dt
M at at
> (5 [ W e [ ).
i=1 n Ja, a;
and, by Young’s inequality,

M at M
Gliw) = Y2 [ VWluphlde=2)
i=1 a; i=1

at
|Vl
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M
> 2}

Since we have that

M M
liminfGﬁ;f(un) > ZliminfC(u;L(a;)m;L(a;r)) > ZC(U'(a;),u'(aj))

n—oo ;
i=1

> Mmin{C(/(a;),u'(a])), i € {f,?,...,M}} > cM,

7

thanks to (2.5.25) we get that v’ € PC([a, b]).

I'-liminf inequality. Thanks to the compactness result we have just proven, we
can infer that there exist 0 < 1 <ty < ... <ty <1 such that

Sw)={teR: t+q=t;, qeZ, i=1,2,...,N}.

With an abuse of notation we can choose again ai such that (2.5.26) and (2.5.27)
hold true with a =0, b=1 and M = N. Then, by the periodicity of u, we get

Gtlun) > / VLACAITAL
N—-1
+Z/ VW |u”|dt—|—/ VW )l dt

1+a1

N-1 a7
> Z/f\/W( | dt + W dt.
i=1 Y% ay

a

Passing to the liminf for n — +o00 in the previous inequality we have

liminfof;f(un) > hmlnf/ VW () |un] dt

n—-+o0o

1+a
JrlimJirnf VW () ul| dt
— > C(u’(t—), '(t4)).

teS(u)N(0,1]

I-limsup inequality. We now construct a recovery sequence (u,, ) for the I'-limsup
in a periodicity cell. Fix [ € [a;, 5], let u be such that Ef’“(u) < +oc. Supposing,
without loss of generality, that a; = 0, 3; = 1, since the limit energy depends only
on u/, our approximation construction modifies u’ only in a small neighborhood
of S(v') and is invariant under translation, it is not restrictive to suppose that v’
is the 1-periodic extension of x (44 where (a,b) € [0,1] and that 0 < a < b < 1.
Following the well known construction of the recovery sequence in the Modica-
Mortola problem [38] (see also [11]) it is possible to find v,, — u in W11(0,1) such
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that

1 1
lim /\i/ W (vl,) dt—i—)\n/ [0/ dt = Z C(u'(t—),u (t+))(2.5.28)
n J0O 0

n—-+oo
teS(u)N(0,1]

From now on we will call (v,,) the Modica-Mortola recovery sequence for u. In the
following we will modify the sequence (v,) to obtain our recovery sequence (u,)
which has to satisfy (2.5.28) but also the condition

un (t) — It is 1-periodic

which can be rephrased as

/Oun(t)dt:/o W (2) dt. (2.5.29)

Since v}, modifies v’ only in (@ — Ay, a4+ Ap,) U (b= Ay, b+ Ay,) we can define u), to
be

t+1—a—-X, ifte(a+,a+ A, +kn)
() —t+14+b+ A, ifte(d—Ay—knb—An)
Y 1+, ifte(a+ M+ kn,b— Ay —kn)

vl (t) otherwise

where k,, has to be chosen such that (2.5.29) holds. Since

1 1
/ u;dtz/ vl dt + k2 4 k(b —a — 2\, — 2k,),
0 0

setting

1
Q= / (ul, — vl dt, (2.5.30)
0
the equation for k, becomes
k2 —kp(b—a—2\,) +a, =0

and it can be chosen to be

b= (52 (1 - ) o

By hypothesis (iv) it holds true that

b—An
1 1% / %74 /
Gﬁf(un) S/O 7§vn)+)\n|vg|2dt+ / 7>(\u")+)\n|ux|2dt
n n
a+An
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W(u) R A
/ W) + An|v! |2dt+/ (t+1-a- ”)dt

An
at+A,
1 —a—2\, — 2
W t+)\+b+)\)dt+2)\nkzn+(b a )\)\n kn)W(l—i—k)
b—An—ky " "
/W + Anlv] |2dt+/\iknsup{W(s): se€ (1,14 ky)}

2k + )\—O(kf;).

Passing to the lim sup in the previous inequality, by (2.5.28), observing that
1
Qn, :/ u — vl dt < Chy,
0
we conclude the proof. O

Theorem 2.5.4 (I'-equivalence - Dirichlet boundary data) In the same hy-
potheses of Theorem 2.5.2, if €, = \p,

/ (Fota') + X2 2) dt 4+ A (B (' (0)) + B (' (1))

GL, (u) = Gy (u) = q.r) if u e W22(0,L), u(0) = 0, u(L) =1,
+00 otherwise on L*(0, L),
where
Bi(2) : R — R is such that inf{C(w, 2) + By (2)} = By (w),
B_(z): R — R is such that irzlf{C(w, 2)+ B_(2)} = B_(w), (2.5.31)

and F! (u) = E.(u), then F. and GL  are equivalent up to the first order for
RS [O[j, /6]]

PRrROOF. Suppose that L = 1. As the proof is analogous to that of the previous
theorem, we only point out the main differences in the construction of the recovery
sequence for the first order equivalence. As before, let a; =0, 8; =1 and let u be
such that u/(t) = X(a,p)(t) with (a,b) € (0,1). In the following we set

G' (u) — min E
LA—@ 5
) /O (1#0(“)—@0) (“)+/\ |u”\2>dt+§+( '(0)) + B-(u'(L))

A
" if ue W22(0,L), u(0) =0, u(l) =1,
+00 otherwise on L (0, 1).

Gl n(u)
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Fix € > 0. Thanks to (2.5.31) there exist Z, Z such that

C(z,4'(0+)) + B1(2) < B4 (u'(0)) +¢ and
C(z,u/(1-)) + B_(2) < B_(u/(1-)) +&.

Fix n > 0, let @ be such that

z ift € (—n,0)
'(t) =< u(t) ifte(0,1)
z ift € (1,n),

and let (9,,) be the Modica-Mortola recovery sequence for a. It holds that o,, — u
in Wb1(0,1) and that

lim,, /O (wo(ﬁiﬂ —/\(fo)**(%) |5 2) dt
=Y CW (=), (t+) + CZ ' (04) + C(2,u/(1-)). (2.5.32)
teS(u)N(0,1)

As done in the proof of the previous theorem, we can modify (7,) in order to
construct our recovery sequence (u,) which fulfils the boundary conditions u,, (0) =
0, un(1) =1. We have that

Glotin) = [ (DL ) a4 B + B

Passing to the limsup,, in the previous expression, thanks to (2.5.32), we get that

lim sup Glln(un) = Z C(u'(t—), v (t+))

" teS(u)N(0,1) B B
+C(z,u' (04)) + B4 (z) + C(z,v/(1-)) + B_(2)
Bl (u) + 2.

IN

The claim follows by the arbitrariness of ¢. O
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Chapter 3

L°° energies on
discontinuous functions and
their approximation by
discrete systems

Many interesting phenomena of a variational nature present a complex dependence
on boundary conditions or forcing terms, highlighting the relevant effect of non-
convex energies. Among the many examples, in the framework of the so-called free-
discontinuity problems we point out variational theories of softening and fracture
(see e.g. [25] and [33]) and models in Computer Vision (see e.g. [39]). The study
of problems involving such types of energies has been fruitfully addressed in the
framework of the direct methods of the Calculus of Variations by characterizing
some classes of non-convex functionals that are lower semicontinuous on spaces
of discontinuous functions; namely, BV spaces or Ambrosio and De Giorgi’s SBV
spaces (see [4]). In one space dimension we can think of SBV functions as piecewise-
Sobolev functions; if we denote by S(u) the set of discontinuity points of an SBV
function u, then the typical shape of such functionals is

/Qf(u’)dtJr > g([u)), (3.0.1)

S(u)NQ

where [u](t) = u(t+) — u(t—) is the jump of u across the point ¢ € S(u) and v’
is the derivative of wu, that is defined almost everywhere on 2. In order for such
energies (or more precisely their extensions on BV) to be lower-semicontinuous in
an appropriate topology, the necessary and sufficient conditions are of two types:
(i) structure conditions on f and g (namely, that f be convex and g be subadditive;
i.e. that g(a +b) < g(a) + g(b)); (i) compatibility conditions between the growth
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of g at 0 and of f at infinity; i.e.,
f(z)

lim —— = lim @
z—+oo 2z z—0+ 2

Note that these two conditions do not imply that the energy (3.0.1) be convex,
and in particular they allow for complex non-monotone behaviour with respect
to the boundary data. We refer, for example, to [15] and [45] for an analysis
of the behaviour of (local) minima with Dirichlet boundary conditions and their
interpretation in terms of softening and fracture. Note that similar behaviours can
be obtained with ‘asymptotically equivalent’ energies of different shapes involving
scale parameters (see [11] for a survey on this subject).

Recently, other types of functionals of a different nature that allow for a non-
convex behaviour have been studied by considering energies of the sup norm. The
simplest type of such energies is defined on W1°°(Q2) and takes the form

sup f(Vu(z)) (3.0.2)
€N

(by sup we mean the essential supremum). This type of functionals with f(z) = |z|
arises naturally, for example, when looking for the best Lipschitz extension of a
function defined on 99 (see e.g. [6, 8]). Necessary and sufficient conditions for the
lower semicontinuity of functionals of this type have been studied in [5, 8], where
it is shown that a necessary condition is that the sub-level sets of f be convex or,
equivalently, that f satisfy

flte+ (1 = t)y) < max{f(z), f(y)} (3.0.3)

for all ¢ € [0,1]. This property is called the level converity or quasi-convezity
of f. Note that level convexity is implied by convexity. In one space dimension
this property is equivalent to being either monotone or decreasing-increasing; in
particular this class of f contains many more functions than just convex functions.

An interesting remark, observed in [35] for convex f and subsequently proved
in [27] for f super-linear at infinity, is that the functional in (3.0.2) is the I-limit
of the power-law integral energies (for simplicity f is considered positive)

Fy(u) = (/Q(f(Vu(:z:)))p dz) v (3.0.4)

and hence it can be used to deduce ‘approximate variational principles’ for F),
for p large. This observation extends to more complex integrands and in itself is a
justification of the study of the energies in (3.0.2). As an example of an application
to dielectric breakdown following this approach we refer to [35].

Here we analyze the structure of minimum problems of the sup norm for
discontinuous functions, in the simple case of one space dimension. The goal of the

96



chapter is to show that some energies of the sup norm are meaningful also in BV
and SBV spaces, that necessary and sufficient conditions for lower semicontinuity
can be easily described and compared with the corresponding condition for integral
functionals, and that the solutions of general minimum problems can be described
by relaxation showing interesting new behaviours. In the last section of the chapter
we will also make a first step in the study of this kind of energies in the framework
of discrete systems proving an approximation result via I'-convergence.

We first extend the definition in (3.0.2) to functions in SBV in parallel with
(3.0.1), by considering

Flu) = max{sup F@'®), sup gl (t))}. (3.0.5)
teQ teS(u)NQ

A technical issue must be mentioned at this point: since the lower-semicontinuity
properties of L energies are invariant under composition of the energy densities
with bijective increasing functions, it is not restrictive to impose a one-sided growth
condition on f (namely, that f(z) — 400 as z — —o0), that automatically also
implies that g(z) = +oo for z < 0. Our model energy densities f are then Lennard-
Jones type potentials (the case of monotone f being less interesting).

~—

Figure 3.1: The functions f and g

In parallel with the theory for the energies in (3.0.1), we then show that
necessary and sufficient conditions for the lower semicontinuity of F' are again of
two types:

(i) structure conditions on f and g. Namely, that f be level convex and g be
sub-mazimal; i.e. that

g(a+0b) < max{g(a),g(b)}; (3.0.6)
(ii) compatibility conditions between the growth of g at 0 and of f at infinity:
li = 1l . .0.
Jim g(z) = lim  f(z) (3.0.7)

It must be remarked that while level convexity is implied by convexity, the
new condition of ‘sub-maximality’ of g implies its sub-additivity. A simple class of
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sub-maximal g are decreasing functions, but much more complex shapes can be
exhibited. In the case of f of Lennard-Jones type and g decreasing as in Figure 1
we can plot as an example the minimal energy m(d) of the problems

m(d) = min{F(u) : u(0) = 0, u(l) = d}, (3.0.8)

obtaining a graph as in Figure 2.

m(d)

Figure 3.2: Non-monotone dependence on boundary conditions

In order to study the structure of solutions of minimum problems for general
non-lower semicontinuous F, we prove a relaxation theorem showing that the L'-
lower semicontinuous envelope of such F' is a functional of the same form with f
and g substituted by the suitably defined level-convex and sub-maximal envelopes,
respectively. A simple formula is obtained when g is a level-convex function itself,
in which case the sub-maximal envelope is simply infy, g(z/k).

Figure 3.3: A non-trivial sub-maximal envelope

By plotting the ‘stress-strain’ curve relating the bulk gradient of the solutions
to the boundary datum we highlight a ‘multiple cracking’ phenomenon analogous
to that observed for non-subadditive free-discontinuity integral energies (see the
concluding section).
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In the last section of the chapter we will also provide a discrete approximation
for energies of the form (3.0.5).

3.1 Preliminaries

The integer part of ¢ will be denoted by [¢t]. We will sometimes write a V b =
max{a,b}, a A b = min{a,b}, \/;, a; = sup{a;}, and so on. If ;1 is a measure and
f a real function p-sup f denotes the essential supremum of the values of f with
respect to the measure p. With a little abuse of notation, we simply write sup f if
is the Lebesgue measure. We write 1.s.c. as a shorthand for ‘lower semicontinuous’.

We first recall the notion of level convexity (also referred to as quasiconverity
— not to be confused with Morrey’s quasiconvexity — in part of the literature). A
Borel function f : R® — R is said to be level convez if for any t € R the sub-
level set {x € R™ : f(z) < ¢} is convex. We remark that level convexity can be
equivalently stated by requiring the condition:

f()\.’El + (]. — )\).’EQ) < f(il'l) \Y f(iCQ) VA e (07 ].), X1, € R™.

In the one-dimensional case n = 1, this condition is equivalent to f being either
monotone or decreasing in (—oo, tp] and increasing in (¢g,4+00) for some ¢ty € R
(we label this situation as a decreasing/increasing f, for short). Moreover we recall
the analogue of Jensen’s inequality for level convex functions (see [43]).

Theorem 3.1.1 Let f : R — R be a lower-semicontinuous and level-convez func-
tion and let v be a probability measure on R. Then for every function u € LL(R)

f(/Rudu) < pi-sup(f o ).

In what follows I = (a, b) is a bounded open interval in R. Let F': L>(I) — R
be defined as follows:

The following theorems, concerning the lower-semicontinuity and relaxation of
L*°-functionals on L*(I), have been proved in [43].

Theorem 3.1.2 F is L™ weakly*-lower semicontinuous if and only if f is lower
semicontinuous and level conver.

Theorem 3.1.3 Let F be as in (3.1.9). Then the lower-semicontinuous envelope
of F with respect to the weak®-topology of L*°(I) is given by

F(u) = sup Feu(t))

where fl°(z) = sup{g(z) : g is lower semicontinuous and level convez, g < f} is
the lower-semicontinuous and level-convex envelope of f.
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We finally recall an extension of L energies on gradients in a BV setting
(see Section 3.3 for definitions).

Remark 3.1.4 Let f be alower-semicontinuous level-convex function. Upon chang-
ing f(z) into f(—z), we can suppose that

lim _f(z) = sup f.

Let K € R, and let Fi, : LL _(I) — R be defined as

loc

loc

sup f(u/'(t)) if ue W)
tel

Foo(u) = § max{sup f(v'(t)),Cos} ifue BVX (I)\ V[/licl([) (3.1.10)
tel

K otherwise.

Thanks to the results in [36], Fi is Ls.c. with respect to L{ (I) convergence if
and only if K =sup f and C, = 111}_1 f(2).
Z—100

3.2 Sub-maximality

In this section we define the notion of sub-maximality which is related to the lower
semicontinuity of L°° energies defined on piecewise-constant functions.

We say that a function u : (a,b) — R is piecewise constant on (a,b) if there
exist points a =ty < t; < ... <ty < ty41 = b such that

u(t) is constant a.e. on (t;_1,¢;) foralli=1,2,..., N + 1. (3.2.11)
We define S(u) as the minimal set {t1,t2,...,tx} C (a,b) such that (3.2.11) holds.
The subspace of L (a,b) of all such u is denoted by PC(a,b).
In this section, we will study functionals H(u) : PC(I) — R of the form
H(u) = sup g([ul(1)), (3.2.12)
teS(u)
where g : R\ {0} — R.

We say that a function g : R\ {0} — R is sub-mazimal if the following
inequality holds true for all 21,22 € R\ {0} such that z; # —z5:

g(x1 + z2) < max{g(z1),g(z2)}. (3.2.13)

We will also consider functions g : (0,4+0c) — R or g : (—o0,0) — R for which the
definition extends likewise.

In the sequel we sometimes prefer to consider g as defined on the whole R,
even though its value in 0 is never taken into account, by setting ¢(0) = inf g. Note
that g is sub-maximal and lower semicontinuous in R\ {0} if and only if such its
extension is sub-maximal and lower semicontinuous.

The following theorem holds true.

100



Theorem 3.2.1 (Semicontinuity) H is lower semicontinuous with respect to
the L*(I)-convergence if and only if g is lower semicontinuous and sub-mazimal.

Proor. First suppose H to be semicontinuous. To prove the lower semicontinuity
of g, let (w,) be a sequence of real numbers converging to w. Let up(t) be defined
as

un(t) = {z+wh iiiig
As up, converges to
u(t) = {iw iiiﬁ
in L>°(I), we get
9(w) < liminf g(wp,). (3.2.14)

Consider now u;, be defined as

z if t < tg
up(t) = z+wy ifto <t <to++
Z 4+ wi + wa ift>to+%.

As uy, converges to

u(t){z+w1+w2 ift>t0

in L'(I), we obtain the sub-maximality of g.

Conversely suppose g to be lower semicontinuous and sub-maximal. Let (uy,)
be a sequence of functions such that u;, — u in Llloc(I ). Up to subsequences we
can suppose that up, — u a.e.. As u € PC(I), there exists ¢ > 0 such that
e<inf{|t —s| : t,s € S(u), t # s}. Fix t € S(u), we can suppose that

up(t £e) = u(t £e) =u(tt)
and that, for all h, (t & ¢) ¢ S(up). Thanks to the hypotheses on g, we have

g([u)(#) <liminf  sup  g([un)(s) <liminf sup g(fun)(t))-
h—+400 seS(up)N(t—e,t+e) h—+00 teS(up)

Thanks to the arbitrariness of t € S(u) we finally get

sup ¢([u](t)) < liminf H (up)
teS(u) h—+oo

as desired. O
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Remark 3.2.2 (i) If g : (0, 4+00) — R is decreasing then it is sub-maximal. Anal-
ogously, if g : (—00,0) — R is increasing then it is sub-maximal.

(ii)) If g : (0,400) — R (g : (—00,0) — R) is sub-maximal, a sub-maximal
extension ¢ of g defined on R\ {0} is given by

.. JC ifw<0 (w>0)
g(w)_{g(w) if w> 0(w < 0),

where C' > sup g.
(0,+00)

_ [sin(w)

Example 3.2.3 The function g(w) " is sub-maximal on (0, +00). More
generally, if f : (0,+00) — [0, +00) is sub-additive and h : (0, 4+00) — (0, +00) is
super-additive, then the function g := o is sub-maximal. In fact, given wy, wg > 0
there holds
Ty ) + f(ws)

h(wy) — f(w1) h(ws) — f(ws)
I(ws + wa) h(wy) | h(ws + wa) h(ws)

h(w h(w

(s o el ) (gt v gtwn)
< g(wi) vV g(wa).

glwr +wy) <

N

Remark 3.2.4 (properties of sub-maximal functions) Let g be sub-maximal.
(i) If g is positive then g is sub-additive;
(i) If k¥ € N then g(kw) < g(w) for all w € R;
(iii) g + ¢ is sub-maximal (¢ a constant).
Furthermore, if (g;) is a family of sub-maximal functions then g = sup; g; is sub-
maximal.

We introduce the lower-semicontinuous and sub-mazimal envelope of g as
¢*"(w) = sup{f(w) : f lower semicontinuous and sub-maximal, f < g}.

Following the analogous argument for sub-additive functions (see e.g. [13]) we
easily check that

N N;
¢ (w) = inf{ljjgllgi_\/lg(w;) ;wj N w}. (3.2.15)

Theorem 3.2.5 (relaxation) Let H(u) : PC(I) — R be the functional defined
in (3.2.12). Then the lower-semicontinuous envelope of H with respect to the L (I)-
topology is given on PC(I) by the functional G defined as

Glw = sup g™ ([ul(1). (3.2.16)

teS(u)
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PROOF. Since ¢°™ is ls.c., sub-maximal and ¢*" < g, thanks to Theorem 3.2.1
G(u) < F(u). We now prove that F(u) < G(u). For simplicity we can suppose
that

u(t):{a if t € (a,to)

a+w ift € [t,b).

Then, for all € > 0, thanks to (3.2.15) there exist w; and IV; such that
Nj N; 1
g (w) > \/g(w;-)—s and ’Zwé—w‘ < -
. ; J
i=1 i=1

N2 |wi| 1
Let M; € N be such that sup # < - and let u; be defined as follows

7 J J
o a<t<t
k .
a+zlw;. to+ 57t <t<to+qp
b
u;(t) = k=1,2...,N; -1

& i Nj—1 b
o+ Z w; to + A7 <t<b.
i=1

We have that u; — u in L'(I) and that

Nj
F(uj) =\ g(w}) < ¢""(w) + ¢ = G(u) +e.
i=1
Letting j — +o00 we get
Fu) <Gu)+e
and the conclusion follows by the arbitrariness of ¢. O

The following simple formula for the sub-maximal envelope of a level-convex
function holds.

Proposition 3.2.6 If g is lower semicontinuous, level convex and continuous in
zero then

g (w) = 7?9(?) (3.2.17)

PROOF. Set ¢(w) = sup{f(w) : f sub-maximal, f < g}. It can be easily checked
N N

that ¢(w) = inf{ Voglw;) > wj = w}. Note that ¢" < ¢ < g. We will prove
i=1 j=1

(3.2.6) in two steps.
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—+o0
Step 1. We want to show that ¢(w) = A ¢(%). For all j, choosing w; = %
j=1

in the minimum problem defining ¢(w) we get that ¢(w) < g(*%) and so

o0 w
P(w) < /\ 9(7)-

To prove the opposite inequality, thanks to the level convexity of g, we have that

J J
9(3 %) < V glw), hence

i=1 i=

d(w) > inf{g(i %), iwi = w} = -7_()\09(1;})

Step 2. To prove (3.2.6) ot suffices to prove that ¢(w) is lL.s.c. Let w, — w.
Fixed € > 0, thanks to the continuity of g in zero, there exists k € N such that

+oo “+o0
/\ g(w—.”) > /\ g(g_) —e¢ VneN. (3.2.18)
j=k+1 j=k+1 7

Then, thanks to the Ls.c. of g and to (3.2.18), we have

k +oo
liminf ¢(w,) = liminf /\ g(&) A lim inf /\ g(&)
n n i1 7 n ikt
k w +o0 w
= /\ lim inf g(—*) A lim inf /\ g(—%)
j=1 " J " =k
k w “+00
> Ao A o) —c=o(w) —¢
=t 1 ek
Step 2 is completed by letting € tend to zero. O

Remark 3.2.7 If g : R — R is such that g(w) = 400 for all w < 0, the previous
proposition still holds if the continuity hypothesis is replaced by the continuity
from the right in zero.

Example 3.2.8 Let g : (0,400) — R be of quadratic type and such that g(0+) =
0, that is

g(w) = b(w? — 2wwy)

for some positive constants b and wg, and set

K :=ming = g(wp) = —bw?.
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By Proposition 3.2.6 and Remark 3.2.7, we have that the lower semicontinuous
and sub-maximal envelope of g on (0, +00) is given by formula (3.2.17). Note that
g™ (kwg) = K for any k € N. Moreover a simple calculation shows that

97" (w) = g(w/k) if w € [wy—1, wy]

where wy, := 2wok(k + 1)/(2k 4 1) are relative maximum points for g°™. Note that

kwy < wg < (k+ 1)wo and ¢°™ (wy) converge decreasingly to K as k — oc.

Zim ¢ 4
[

g lw)

wo 2wy 3ug Ewg

K

Figure 3.4: the sub-maximal envelope of g in Example 3.2.8

Remark 3.2.9 Let g : R — R. Then

inf g(w) < ¢*"*(w) < limsupg(w) Yw > 0,
w—0t

inf g(w) < ¢ (w) < limsupg(w) Yw < 0.
w—0~
The lower bound inequality is trivial. We prove the upper bound for w > 0 only,
the proof in the other case being analogous. For any ¢ € (0, w) we can write

g (e[2] + (w-e[2]) 2o ([2]) vom (w-<[2])

(@) v g™o(w—[Z]) < swgt)

sm(

g (w)

IN

and we conclude by letting € go to zero.

3.3 Semicontinuity and relaxation

In this section we study lower-semicontinuity properties for functionals whose nat-
ural framework is that of functions with bounded variation.
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Let I C R be a bounded open set. We recall that a function u € L'(I) is
a function of bounded variation if its distributional derivative Du is a measure
on I. In this case u is approximately differentiable almost everywhere and its a.e.
derivative is denoted by wu’; moreover the set of approximate discontinuity points
(or jump set) of u, denoted by S(u), is at most countable and at each point
t € S(u) there exist the right-hand and left-hand approximate limits, denoted by
u(t+). With a slight abuse of notation we will also denote [u](t) = u(t+) — u(t—)
the jump of w at t. With this notation, the distributional derivative Du admits the
decomposition

Du =L+ Dfu =L + Z (u(t+) — u(t—))d: + Du,
teS(u)

where £! stands for the one-dimensional Lebesgue measure, d; is the Dirac delta at
t, and Du, the Cantor part of Du, is a non-atomic measure which is orthogonal
to the Lebesgue measure. The notation D®u stands for the singular part of the
measure Du (with respect to the Lebesgue measure). The space of functions of
bounded variation on I is denoted by BV (I).

The general (homogeneous and translation-invariant) local functional on BV (I)
is of the form

/f(u/)dt + 3 gllu) +/h(D—Z“)d|DCu\. (3.3.19)

I 1 Dl

teS(u)

Lower-semicontinuity properties for F' are translated into the convexity of f, the
subadditivity of ¢ and a compatibility condition between the three energy densities
(see e.g. [10] for details).

A function u € BV(I) is said to be a special function of bounded variation
if D is the null measure. We will write © € SBV(I). In particular, piecewise-
Sobolev functions belong to SBV(I). Integral functionals on SBV(I) take the
form (3.3.19) without the integral depending on the Cantor part, or, equivalently,
can be see as particular functionals on BV (I) with hA(0) = 0 and h(z) = +oo
otherwise.

We refer to [4] for a thorough introduction to (special) functions of bounded
variation; a quick overview is contained in [11].

In this section we study lower-semicontinuity properties of L°°-functionals
whose natural domain is BVjo.(I). In parallel with (3.3.19) these energies take the
form

(%(t)) } (3.3.20)

with f : R — R, g : R\ {0} — R and h : {~1,1} — R Borel functions. Note
that we denote by |D¢u|-sup the essential supremum with respect to the measure

F(u) = max{sup f'(t), sup g([u](t)), |Dl|-suph
tel teS(u)nI tel
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|Du|. A particular case is when we take h(z) = +o0 if z # 0, in which case the
domain of F'is SBV (I). We can also equivalently consider F as defined on L{, (1),
by setting

max{supf(u’), sup  g([u]), \Dcu|—suph(7|gzz|>}
tel teS(u)NI tel

F(u) = if u € BVipe(I) (3.3.21)

K otherwise,

with K € R a constant (in particular we can take K = 400, in which case the
functional defined in L{ (1) is equivalent to that defined on BViec(I)).

3.3.1 Lower semicontinuity. Statements of the results

We first analyze necessary and sufficient conditions for F' as above to be lower
semicontinuous with respect to the L!(I)-convergence.

Theorem 3.3.1 (necessary conditions) Let F' : Ll _(I) — R be defined in
(3.3.21). Then necessary conditions for F' to be lower semicontinuous with respect
to the Li (I)-convergence are that

(a) f is lower semicontinuous and level convex;

(b) g Vinf f is lower semicontinuous and sub-mazimal;
and that the following compatibility conditions hold:

(¢) h(£1) Vinf f = lim f(z) = lim g(w)Vinf f = sup g(w) Vinf f;

z—+o00 w—0£ +w>0
(d) K =sup f;
(e) either
glw)Vinf f = K for allw <0 (3.3.22)

or g(w) Vinf f = K for all w > 0.

Remark 3.3.2 (necessary conditions under one-sided growth conditions)
Note that, due to its level-convezity, f is either monotone or decreasing/increasing.

In both cases, the two limits f(+00) := lim,_, 1 f(2) exist and it is not restrictive

to suppose that f(—o0) = sup f. Necessary conditions can be further simplified if
the two limits are not equal, for example if

ZEIElOOf(z) > zginoof(z) (3.3.23)

We will assume that this condition holds whenever the limits are different; if the
converse inequality holds, clearly the correct statements must be obtained by chang-
mng Signs.

Then, if inf f < sup f, the necessary conditions (e) leads to

gw)=h(-1)=K = ZEI_Ilocf(z) =supf forallw <0, (3.3.24)
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and the compatibility conditions become

h(1)vinf f = lim f(z) = lirg+ g(w) Vinf f = sup g(w) Vinf f. (3.3.25)

z——+00 w>0

The next proposition shows that (3.3.24) is a sufficient condition for coer-
civeness in BVj(1).

Proposition 3.3.3 (coerciveness) Let (3.3.24) hold. Then from every bounded
sequence (uj) in L'(I) such that sup; F(u;) < K we can extract a subsequence
weakly* converging in BVioe(I).

Upon changing sign to variables, we have that (a), (b), (3.3.24) and (3.3.25)
are necessary for combined lower-semicontinuity and coerciveness of F'. The fol-
lowing theorem shows that they are also sufficient.

Theorem 3.3.4 (sufficient conditions) Let conditions (a) and (b) of Theorem
3.3.1 and conditions (3.3.24) and (3.3.25) of Remark 3.3.2 be satisfied. Then F :
Li (I) — R defined in (3.3.21) is lower semicontinuous with respect to the L (I)-
convergence.

Note that in Theorem 3.3.4 we do not require that (3.3.23) holds. Moreover,
clearly, conditions (3.3.24) and (3.3.25) can be replaced by symmetric conditions
changing z into —z, etc.

We summarize the results above in the following theorem.

Theorem 3.3.5 (necessary and sufficient conditions) Conditions (a)—(e) of
Theorem 3.3.1 are necessary and sufficient for the lower semicontinuity of F' with
respect to the Llloc(I)—convergence, Moreover, such F' is coercive with respect to the
weak* BV-convergence on the set {u: F(u) < K}.

Before entering into the details of the proof of the results above, we note
in the following remark that it is not restrictive to require that K = +o0o and
that one-sided growth conditions be imposed on f and g, due to the necessary
conditions.

Remark 3.3.6 (modification of growth conditions by composition) We pre-
liminarily note that by definition the value F(u) does not change if we substitute
g and h by g Vinf f and h Vinf f, respectively, or, equivalently it is not restrictive
to suppose that g > inf f and h > inf f.

If F' is lower semicontinuous then by Theorem 3.3.1 it is not restrictive to
suppose that

inff<g<swf, imff<h<swpf K=supf=f(-o0), (3.3.26)
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and that f is level convex, in particular the limits f(doc) exist. Let now H :
[inf f,sup f] — R be a strictly-increasing function, and consider the functional

maX{ilelg H(f(u)), o Hg([u))), |Dul-sup H(h(ﬁ))

G(u) = if u € BVioc(I)

—

H(K) otherwise.
(3.3.27)
Then G(u) = H(F(u)) so that G is lower semicontinuous with respect to the L -
convergence if and only if such is F. Note moreover that all notions involved in
the statement of the results above are invariant with respect to the composition
with H.

We are now free to choose H such that H(sup f) = +oo (and, if needed,
H(inf f) = 0), so that by (3.3.26) it is not restrictive to suppose that a ‘one-sided
growth condition’ on f holds:

lim f(z) = +oo. (3.3.28)

Note that condition (3.3.24) translates into
g(w) =400 ifw <0, h(-1)=+o0. (3.3.29)

In conclusion, if (3.3.24) holds, it is not restrictive to assume that F is of the
type

sup f(u'(1)) if u e Wy, (1)
tel
max{sup f(«/'(t), sup g([u)(t)}  ifue SBV(I)\ W)
F(u)= tel teS(u)nI (3.3.30)
max{sup f(«/(t), sup g([u](t)),Cs} if u € BVE(I)\ SBV;E. (1)
tel teS(u)nI
400 otherwise,

where Co € R and

BVt (I) = {u € BVioc(I) : Dsu is a positive measure},
SBV*(I) = SBViee(I) N BViE(I).

Note that the condition for a function u € SBVio.(I) to belong to SBV,* (I) is
simply that all jumps be positive; i.e. u(t+) > u(t—) on S(u).

3.3.2 Lower semicontinuity. Proofs of the results

We now prove the results stated in the previous section.
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PrOOF OF THEOREM 3.3.1. Without loss of generality we assume that g > inf f
and h > inf f (see Remark 3.3.6).

(a) Suppose that F is l.s.c. with respect to the L{ (I) convergence. Since,
in particular, the restriction of F' to W1°°(I) is Ls.c. with respect to the L>(I)-
convergence, thanks to [43] f is L.s.c. and level convex.

(b) We now check that g is lower semicontinuous. Let (w,,) be a sequence of
real numbers converging to w. For any z € R let u,,(¢) be defined as

ot if t <t
un(t) = {zt+wn if t > tg.

As u,, converges to

(et if t <t
ult) = {zt—i—w if ¢ > t
in L>®(I), we get
f@)Vvgw) < flz) Vv liminfg(wn). (3.3.31)

Let (z;) be a sequence such that f(z;) — inf f, then passing to the limit as
k — 400 in (3.3.31) with z = 2, we get the conclusion. For the sake of simplicity,
from now on we suppose that there exists zg such that f(z9) = inf f. In order to
prove that g is sub-maximal, take wy, wo and let u,, be defined as

zot if t < tg
un(t) = { 20t +w iftg<t<to++
zot+w1+w2 1ft>t0+%

As u, converges to
Z()t if t § t()
t) = .
u(t) {zt—i—wl—l—wg if t >ty

in L'(I), we obtain the sub-maximality of g.

(¢) We only deal the case of positive variables. We first prove that lim,_, o f(z) =
lim,, o+ g(w) = sup,,og. Consider, for z > 2o, u(t) = 2t and let (w,) be a de-
creasing sequence of positive real numbers converging to 0 such that lim,, g(w,,) =
liminf g(w). Let u,, be defined as

w—0+
Zot+jw,  ifa+ (5t <t<a+ (G +1)(5E2)
U (1) = with j € {1,2,...,[kn] — 1}
20t + [kn]wn ifaJr[k:,L](b];fl) <t<b
where k, = (z — Zo)(bﬁl) With this approximation we obtain that f(z) <

lim inf g(w). This inequality gives
w—0t

lim f(z) <liminf g(w). (3.3.32)

z—+00 w—0+t
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Consider now, for all w > 0, u,, defined as

2ot ifa<t<ty
U, (t) = { nwt + (20 —nw)te if tg <t <to++
2ot + w + 2oto ifto+ 2 <t<b.
As u, converges to
] 20t ifa<t<ty
u(t)_{ZQter iftg <t<b

in L'(I) we have that

g(w) < liminf f(2). (3.3.33)

z—+00
Letting w — 07, from inequalities (3.3.32) and (3.3.33) we get

limsup g(w) < sup g(w) < lim f(2) < liminf g(w). (3.3.34)
w—0+ w>0 z—+oo w—0F
Let now 7 : [0,1] — [0,1] be the Cantor-Vitali function and let v, : [0,1] —
[0,1] be its standard piecewise affine approximations with maximum slope z, =
(3)™. Set u(t) = 7(t) + 20t we have that u,(t) = v, (t) + 2ot converges to u and
that
lim f(z,)= lim f(z) > h(1). (3.3.35)

n—-+00 z——+00

To get the opposite inequality, for all w > 0 consider the sequence

2ot ifa<t<ty
un(t) = { wy(n(t —to)) + 20t iftg <t <to+ 21
Zot +w ifto+ 2 <t<b.

Then u,, converges in L! to

2ot ifa<t<ty
t =
u() {w+20t0 1ft0§t<b

and so
h(1) > g(w) Yw > 0.

Passing to the limsup as w — 0% in the right-hand side of the previous estimate,
thanks to (3.3.35) and to (3.3.34) we conclude the proof.
(d) Take u € L*(I)\BVioc(I), and let u; — win L' (I) with u; € W1°(I). We
then obtain K = F(u) < liminf; F(u;) < sup f. Conversely, let z € R, I = (0,1),
and let
us (1) = { Lu(jt) ift € (0,1/7),

zt otherwise
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(u as above). We then have u; — zt so that f(z) = F(2t) < liminf; F(u;) = K.
By the arbitrariness of z we conclude the proof.

(e) Suppose (e) is not satisfied; i.e., w; > 0 and we < 0 exist such that
max{g(w1),g(w2)} < K (and inf f < sup f = K by (d)). Now, note that from the
sub-maximality of g we have

g(kiwi + kaws) < C := max{g(w1), g(w2)} < K for all k1, ke € N. (3.3.36)

If wy and wy are linearly independent in Z, then Nw; + Nws is dense in R. Since by
(b) g is also lower semicontinuous, from (3.3.36) we deduce that supg < C < K,
that contradicts condition (c¢) (taking (d) into account).

If otherwise wy and ws are linearly dependent in Z then let +wy € Nw; +Nws,
let

h
up(t) = zot + wo Z(_l)jX(Oxl/j)7
j=1

and v the limit of uy,. Note that u € BVo.(—1,1), so that (taking I = (—1,1)) we
obtain K = F(u) < liminfy, F(up) = max{g(wp), g(—wo)} Vinf f, that contradicts
(3.3.36). 0

We now prove the remaining results under the simplifying non-restrictive
hypotheses derived from Remark 3.3.6.

PROOF OF PROPOSITION 3.3.3. Consider a bounded sequence (u,) in L'(I) with
F(u,) equibounded. The sequence then belongs to BV,! (I) and by (3.3.28) there
exists z such that u), > Z a.e. for all n. Upon extracting a subsequence, for each
fixed n > 0 we can find a, € (a,a+n) and b, € (b —n,b) such that (u,(a,)) and

(un(by)) converge. We then have

b77
Dual(ayby) = Dun(anby)+ [ Ju

n

< un(by) = un(ay) +2(b - a)fz],

so that the sequence (u,) is bounded in BV (ay,b,) and hence we can extract
from it a further converging subsequence. From this argument, we easily obtain
the thesis. O

PRrROOF OF THEOREM 3.3.4. Suppose now that f is lower semicontinuous and level
convex, g is lower semicontinuous and sub-maximal and (3.3.25) holds true. Let
(ur) be a sequence of functions such that u, — w in L{ (I). Up to subsequences
we can suppose that also up, — v a.e. and that there exists

lim F .
Rt B lun) < o

Thanks to (3.3.28), uj, € BV,

loc

(I) and there exists k > 0 such that

up(t) > —k ae. t €I, YVh e N.
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If we set vy, (t) = up(t) + kt, then (vp,) is a sequence of non decreasing functions
in BV! (I) converging in Li . to v(t) = u(t) + kt. It implies that u belongs to
BV,* (I). Note that the lower-semicontinuity inequality along a sequence (uj) can

be easily checked in the following three cases:

L. wy, € BV (I)\ SBV! (1) UWyi2 (1),
2. liminf inf ([un](t)) =0,

h—+o00 t€S(un)
3. limsupsup,; f(u,(t)) = +oo.
h—+o0
In fact, thanks to hypothesis (3.3.25), F(u) < Fx(u) and F(u) = Fx(u) Yu €
Wol (1) U (BVE(I) \ SBV;!(I)). Then, by Remark 3.1.4, it holds

loc loc

lim F(up) = hhrf Foo(up) > Fo(u) > F(u).

h—+oo

It remains to prove the lower semicontinuity when none of the above cases is
satisfied; i.e. when (us) € SBV,I (I)\ VVI})S (I) and is such that

loc
Ik >0,0>0 such that |uj(t)| <k Vh €N, for ae.t € [(3.3.37)

teggh)[uh}(t) > 4. (3.3.38)
Let n > 0 be such that a +n, b —n € (a,b) \ U, S(un), a +n < b —1n and
up(a+mn) — ula+n) < +o0, up(b—n) — u(b—n) < +o0. Set I, := (a+n,b—n).
By (3.3.38) we can suppose that #(S(usn) N I,,) < +oo and that it is independent
of h. If #(S(un) N I,) = 0 then the sequence is weakly* converging in W, (1)
and the lower semicontinuity follows by the results in Sobolev spaces (see e.g. [36]
and [43]). Hence, we can suppose that S(up) = {t9,...,tN}, with #] ' < ¢/,
and that t] — t/ as h — +oo. Let S = {t° ..., ¢V}, and for each § > 0 let
Ss={t €l : inf;|t —t/] < §}. As before, u, — u weakly* in W1>(I, \ Ss) so
that

liminf F(up) > liminf sup f(u),(t)) > sup f(u'(t)).
h—+0co h—+00 1e1,\S;5 tel,\Ss

and, as 7 and § go to zero, we have
liminf F(up) > sup f(u'(t)). (3.3.39)
h——4o0 tel

If SNI =0, the proof is completed . Suppose otherwise that there exists t € SN T
and let j = jo,jo + 1,...,j50 + M be the indices such that t = 7. As up, — u
uniformly on L*(I, \ Ss) for all § > 0 and wy, are equi-uniformly continuous on
each interval (], #]), we get that uy,(£°—) — u(t—), uh(tiﬁM+) — u(t+) and
that (up (£, ') —un(t)—)) — 05 € {jo + 1,50 +2,...,j0 + M}. Thus we have
Jo+M ) )
Y (un(th+) = un(ty =) — (ult+) = ult=)).

Jj=Jjo
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By the sub-maximality and lower-semicontinuity of g we obtain

Jo+M
glutt) —u(t=)) < lminfg( Y7 (un(tt) — w(t-))
< lminf s g () — un(th-))

j€{jo.jo+1,...;.50+M}
< liminf F(up).
h—-+oco

Thanks to the arbitrariness of t € SN I, when n — 0, as S(u) C SN I we have

sup g(u(t+) —u(t—)) < Uiminf F'(uy). (3.3.40)
teS(u) h—+o0
The thesis follows from the inequalities in (3.3.39) and in (3.3.40). 0

Remark 3.3.7 Following the outline of the previous proof, one can show that,
were I of the type (3.3.21), then the lower semicontinuity of F' implies that the
following three conditions are equivalent

(a) lim f(z) = +o0, (b) lim g(w) = +oo, (¢) h(-1)=+o0.

zZ——00 w—0—

PrOOF OF THEOREM 3.3.5. The proof immediately follows from Theorems 3.3.1

and 3.3.4 since it is not restrictive to suppose that the hypotheses of Theorem
3.3.4 hold. O

3.3.3 Relaxation

We now prove a relaxation theorem under the simplifying hypotheses derived from
Remark 3.3.6. For a general introduction to relaxation we refer to [24]. In what
follows, for short, we set f(+00) := liI_P f(2) and g(0T) := lim ir}rfg(w).

z—+00 = w—0

Theorem 3.3.8 (Relaxation) Let f be such that condition (3.3.28) holds and
let F: Ll (I) — [0,400] be the functional defined in (3.3.30). Then the lower-
semicontinuous envelope of F with respect to the Llloc(])-topology 18 given by the

functional G : L (I) — R defined as

loc

sup f(u/ (1)) if ue Wil (I)
tel
max{sup f(«/(t)), sup G([ul(t))} ifue SBVI(I)\Wil(])
G(u) = tel tes(u)nI (3.3.41)
max{sup f(u'(t)), Coo} ifu € BVi(I)\ SBV! (1)
tel
400 otherwise,
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f(2) = °(2) A f(2) A Coo with f(2) = inf{f*(y), y < 2} V g™ (0%),
g(w) = g™ (w) A f1*(+00) A g**(0%) A Css,

Coo = Coo A f1(+00) A g™ (07).

PrOOF. By Theorems 3.1.3 and 3.2.5 the functional H defined by substituting
f with f and g with ¢°™ in formula (3.3.30) is such that H = F. Thus we
may suppose f and g to be Ls.c., and level-convex and sub-maximal, respectively,
(see Sections 2 and 3). We want to prove that F(u) = G(u). Since G(u) is such
that G(u) < F(u) by definition, and it satisfies all the hypotheses of the lower
semicontinuity Theorem 3.3.5, we have that F(u) > G(u). Now we prove that
F(u) < G(u) in the case f is decreasing-increasing, the proof in the other case
being analogous. The following two cases are possible:

1. G(u) < f(+00) A
2. G(u) = f(400) A

In the first case there is nothing to prove since G(u) = F(u). The second possibility
can be further subdivided into three sub-cases:

2a. G(u) = f(+00), 2b. G(u) = g(0+), 2¢c. G(u) = Cwo.
Case 2a. In this case, set
= minfz: f(2) < f(+o0)),

we have that v/(t) > Z for a.e. t € I. Consider the function v(t) = u(t) — zt, and
let (v,) be a sequence of increasing piecewise-constant functions converging to v
in L}OC(I ). Fixed n, suppose for simplicity, the construction being analogous in the

general case, that S(v,) = {to}. Let v, ; be defined as follows

(t) = vn(t) ifte(a,to)U(to—&-%,b)
Un,j Un(to—) + jlon](to)(t — to) if t € [to,to + jl]

Using a diagonalization argument there exists n(j) such that w, ;) ;(t) = vn(),; (t)+
zt Csiatisﬁes Up, ), = % and D*(uy(j) ;) = 0. Moreover, it converges to u in L*()
an

i Flungy) = lim_sup ;1) = £(+00) = G(w).
Case 2b. 1In this case, denoted Z := min{z : f(z) < g(0+)} we have v/(t) > Z
for a.e. t € I. Consider the function v(t) = u(t) — zt, and let v,, be a sequence of
increasing piecewise-constant functions converging to v in Li (I). With fixed n,
suppose for simplicity that S(v,) = {to}, the construction being analogous in the
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general case. Let (w;) be a sequence such that lim; g(w;) = liminf g(w) = g(0")

w—0

and let v, ; be defined as follows

vn(t) ifa<t<tg
vn(to—)+hwj ifto-l-(h—l)Mj <t§t0+hMj
Vs (1) = and h € {1,2,... {[ju&”
’Un(to—) + [7[127;1]}?0)}“}]’ if [7[1)"1”(;0)]]\4]‘ <t<b
where M; = jj—d . Using a diagonalization argument we obtain that the sequence
Un(j),j(t) = Vnj),;(t) + 2t converges to u with Upyj = % D(un(s),;) = 0 and is
such that,
lim F(upgy,;) = max{sup f(u,;) (1),  sup g((ung) 1)}
Jj—+o0 tel teS(un(j),j)ﬂI

= g(0") = G(u).

Case 2c. Set z :=min{z: f(z) < Cx}. We have that v/(t) > Z for a.e. t € I. We
can construct v, v, and v, ; as before. In particular, supposing for simplicity that,
with n fixed, S(v,) = {to} and denoting by ~ : [0,1] — [0, 1] the Cantor-Vitali
function, v, ; will be defined as follows

.. v (t) if t € (a,t0) U (to + %,b)
Ung(£) = vn(to—) + [val(to)Y(j(t — o)) if to <t <to+ ;.

Thanks to a diagonalization argument, the sequence w, ;) ;(t) = v, ;(t) + 2t
converges to u with u;(j) ;2% D3 (up(j),;) = 0 and is such that

im  F(upy,;) = max{stléll)f(u;(j)’j(t)), Cx} = Cox = G(u),

j—too

as desired. 0

Example 3.3.9 Let f and g satisfy the hypotheses of Theorem 3.3.8 and let
Cs = +00. Suppose in addition that f be continuous and level convex, decreasing
on (—00,0) and increasing on (0,400), and g be continuous and decreasing on
(0, +00). Then we simply have

FO={I 1 0y vint i 2 = 0 900 = 8T (+50), Cou=F(+o0INgl07).
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3.4 Minimum Problems

Let F be an L°°-functional defined as in (3.3.30) with f satisfying (3.3.28). In
what follows, for simplicity, we suppose that g > inf f, C, > inf f and I = (0, 1).
We will consider minimum problems with Dirichlet boundary conditions

m(d) = inf{F(u) Lu(0) = 0, u(1) = db.

As usual in problems on BV spaces, it is convenient to ‘relax’ the boundary con-
ditions. In place of the definition above, for all d > 0 set

m(d) ;= inf{F(u) V g(u(04)) vV g(d — u(1-))}

where § : R — R is an extension of g such that §(0) = inf f and j(w) = +oo for
all w < 0. We will show a posteriori that the two definitions of m(d) are the same.

Remark 3.4.1 If F is lower semicontinuous, then it can be easily checked that,
for any d > 0, the functional F¢ defined as

F(u) = F(u) V §(u(0+)) V §(d — u(1-))

is also lower semicontinuous (the functional F'¢ can be viewed e.g. as obtained by
extending each function u to the affine functions zpt for ¢ < 0 and d + zo(t — 1)
for t > 1, where f(z9) = min f). Moreover F? is coercive in L'(I). In fact, let
u, € BV,% (I) be such that sup, F(u,) < +oo. Then, for any n, u,(0+) > 0,
un(1—) < d and there exists k > 0 such that inf;cy u, (t) > —k. Then

|Dup|(0,1) < Dup(0,1) + 2k = up(1=) — upn(04+) + 2k < d + 2k.

Since the previous inequality implies that u,, is bounded in L*°(I), we get that
(uy) is relatively compact in L*(I). If F is lower semicontinuous then it follows
that m(d) is actually a minimum.

Proposition 3.4.2 If F is lower semicontinuos, then for any d > 0, we have
m(d) = F(d) A it {(2) V gld - =)}, (3.4.42)

and, for any t € I the function

_[dt if m(d) = f(d)
0= e g o = He Vo) G4
is a minimizer for m(d).

PROOF. We can restrict to SBV*(I) in the definition of m(d). In fact, let u €
BV*(I) be such that 4(0) = 0 and u(1) = d and set

o(t) := u(t) — Du(0,1) + Du(I) Xz 100 (£)-
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Then v € SBV*(I), v(0) =0, v(1) = d and, by (3.3.25), F(v) < F(u).
Moreover, we may assume that #S(u) < 1. In fact, if u € SBV*(I) and
S(u) = {t; : i € N}, z := [u](t;), the function

+00 I
v(t) :=u(t) — Z ZiX[t:,+00) (t) + Z ZiX[¥,+oo)(t)
i=1 i=1

satisfies the same boundary condition as u, S(v) = {t}, and, by the sub-maximality
of g, F(v) < F(u).
Eventually, we may suppose '(t) constant. In fact, if u € SBV™(I) and

z = fol u'(t) dt, the function

v(t) = 2t + (d = 2)X[f,100) (1)

satisfies the same boundary condition of u and F'(v) < F(u), since, by the level-
convexity of f, we get

1
1) = F( [ w(®)de) < sup £ (0),
0 tel
and it is easy to get the conclusion. O

In the following examples we give a detailed description of m(d), under par-
ticular choices of f and g.

Example 3.4.3 Let f be a Lennard-Jones type potential; that is, a continuous
decreasing-increasing function such that f(z) = 400 if 2 <0, lim, o4+ f(z) = +o0
and lim,_, o f(2) = 0. In particular f is a level-convex function. Set

f(&)=0,  f(zm)=m:=minf.

Let g : (0,+00) — R be any decreasing and continuous function such that g(0+) =
0 and
K := lim g(z) >m.

z—+o0

In particular g is sub-maximal. By Theorem 3.3.5, the functional F', defined as in
(3.3.30), with this choice of f and g and with Cs = 0 is lower semicontinuous.
We study m(d) in this case. Set

H(z,d) = f(z) Vg(d = 2), h(d)= min H(z,d),

and let z1 < z9 be such that
FHE) = {21, 22}
Note that, for z € [21, 22], f(2) < K and so H(z,d) = g(d — z).
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Figure 3.5: f and g in Example 3.4.3

We have that m(d) = f(d) for d < z5. In fact, if d < z,, then f is decreasing
and so f(d) < h(d). If z,, < d < z3 then f(d) < ming < h(d) and so m(d) = f(d).
The function zq : (2, +00) — (£, z1] defined as

Zo(d) =min{z > 2 : f(2) = g(d — 2)}
is continuous increasing and such that

h(d) = f(2z0(d)) = g(d — 2z0(d)), and dEToo 20(d) = 21.

In particular, h is decreasing in (2, +00) and limg—, 4o h(d) = K. Then there exists
a unique dy > 23 such that h(dy) = f(dp) and

C(f(d) ifde (0,dy)
m(d) {f(zo(d)) if d € (dy, +o0).

Moreover, a minimizer for m(d) is given by the following function

o (at if d € (0, do]
ul(t) = { 20(@)t 4 (d = 20(d)X(7 ) (1) i d € (do, +00).

Example 3.4.4 Let f be as in Example 3.4.3 and let g be as in Example 3.2.8
with K > m. We study m(d) with this choice of f and g and with C,, = 0. By
Theorem 3.3.8 and Proposition 3.4.2, we get that

m(d) = f(d) A min {£(z) V g*"(d - 2)}.

0<z<
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Figure 3.6: m(d) and (u¢)’ in Example 3.4.3

Set
H(s,d) = f(:)V g™ (d ~ =), h(d) = min H(z,d),

and let z; < z9 be such that

FTHE) = {21, 22}.

As in Example 3.4.3, we easily infer that m(d) = f(d) for d < z9. For d > z5 we
distinguish the two cases wg < 25 — 21 and wg > 29 — 27.

Case 1: wy < z9 — 2z1. In this case, if d € [21 + kwo, 22 + kwg), ¥ € N, then
m(d) = H(d — kwg,d) = ¢ (kwg) = K. Thus, we have

() fde(0,z]
m(d) = {K it d € (29, +00)

and a minimizer for m(d) is given by the following function

dt ifde (0, 22}
ul(t) = 3 (d = kwo)t + wo 34—y Xit, oo ()
if d € (22 + (k— 1w, 22 + kwgl, k € N,

where (t;);en is any increasing sequence of points in (0, 1).

Case 2: wg > zo—z1. Analogously to Example 3.4.3; the function zg : (£, wo+21] —
(2, 21] defined as

zo(d) =min{z > 2 : f(z) = g(d — 2)}
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is continuous, increasing, and such that

h(d) = f(z0(d)) = g(d — 20(d)) and  zo(wo + 21) = 21.

—>

Zs 4 wyg 22+ 2up d

Figure 3.7: m(d) and (u?)’ in Example 3.4.4 - Case 1

In particular, h is continuous and decreasing in (2, wg + z1] and h(wg + z1) = K.
Then there exists a unique dg € (22, wo + 21] such that h(dy) = f(dp) and

If k € Nand d € [kwg + 21, kwy + 23], then m(d) = h(d) =
g™ (kwo) = K.

[ f@) if d € (0, do]
m(d) = {f(ZO(d)) if d e (do,ZJO + 2.

H(d — kwo,d) =

If d € [kwo + 22, (k + 1)wp + 21], then it can be easily shown that there exist
two increasing and continuous functions z} : [kwg + 22, (k + )wo + 21] — [2, 21],
22 ¢ [kwo + 22, (k + 1)wo + 21] — [22,wo + 21] such that

and

Set

zi((k + Dwo + 2z1) = 21, z,%(kwo + 29) = 29,

d — z(d)

Fa@) = g (d - =) = (D),
_ 2
FER) = g~ R() = (LD,

m(d) = f(zx(d) A f (25 (d)).

hi(d) = f(z(d),  hi(d) = f(2}(d)).



Since hj is continuous and decreasing, hi is continuous and increasing, and

hy((k+ Dwo + 21) = K < hi((k+ Dwo + 21),
hi(kwo + z2) = K < hi(kwo + 22),

there exist a unique dy, € (kwg + 22, (k+1)wo + 21) such that h(dy) = hi(dy) and

[ h3(d) ifd € [kwo + 29, dy]
mid) = { hl}:(d) ifde (dk,o(k + 1)5)0 + 21].

Note that m(d) \, K as k — +o0.
Eventually, we can write

f(d) if d € (0, do]
f(20(d)) if d € (do,wo + 21]

m(d) =< K if d € (kwo + 21, kwo + 22), k €N
f(z3(d)) ifd € (kwo+ 22,dy], k €N
f(z,i(d)) if d € (dg, (k+ 1wy + z1], k € N,

and a minimizer for m(d) is given by the following function
dt if d € (0, do]
z0(d)t + (d — 20(d)) X[z 4-00) (1) it d € (do,wo + #]

wl(t) = § (d=Fkwo)t + w0 X5y X ooy (1) if d € (ko + 21, kwo + 2], k €N
2(d)t+ X (D) vy o (8) i d € (kwo + 22,di], k €N
2(d)t+ S (2D g, () i d € (dy, (k + Dwo + 21, k €N,

where (t;);en is any increasing sequence of points in (0, 1).

fudy
m(d)
do
d) -2 - - -
z3(dz)
Zz
Zz o m4wp s2tug 2z 4 2wy B
P i | !
:dg: :d1~1+31t0:d” ! 3 Lo RN
so(do)) - -mmmd A Do blog d L b g
Y A\ :/\E ' ntwo ztup s+ 2uo
LT /N N

Figure 3.8: m(d) and (u?)’ in Example 3.4.4 - Case 2
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Figure 3.9: Non uniqueness: the dashed and the pointed (u?)" are equi-energetic.

Remark 3.4.5 Note that, in general, many equi-energetic states are possible.
This feature is highlighted in Fig. 9 where a non unique multiple crack behavior
is shown in the particular case [#221] = 3.

3.5 Approximation of L*™ energies

In this section we will provide a discrete approximation of the energies treated in
this chapter. For simplicity let us consider energies of the form

sup f(u'(t)) ifue I/Vlf)cl (0,1)
tel

(0,1) \ Wy (0, 1)

ocC

F(u)= {max{ sup f(«/(t)), sup g([u](t))}if u e SBV,
te(0,1) teS(u)n(0,1)

+00 otherwise on Li (0,1),

under the particular choice of f and g we have done in Example 3.4.3. We will
approximate F' via I'-convergence by energies F;, of the type

+1 _ 1
Fa(w)=  sup ().
i€{0,1,...,n—1} An

Let us define the space of the SBV interpolations @ for u : {0,1,...,n} — R and
denote it by D, (0,1). We will say that @ is an SBV interpolation for u and we
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will write @ € D,,(0,1) if for all ¢ € [i,4 4+ 1]A,, ¢ € {0,1,...,n —1}:

Wit Wit
() = —— if < M,
u'(t) . L W

) ) ui+1 _ ’LLi
@ (8) = 2, (@ DA) = u = = 2 dy i > M.

where the sequence of numbers (M,,) is such that M,, — 400, A, M,, — 0. In the
following, we will identify u with @. We can define the sequence of functionals F,
in L'(0,1) and rewrite them as follows:

sup{ sup fn(u'(t)), sSup gn([ul(?))} u € Dy(0,1),
F,(u) = te(0,1) teS(u)n(0,1) (3.5.1)
400 otherwise,

where we have set:

o ®) = @ @), (D 2 = a9,

Theorem 3.5.1 Let F,, be the sequence of functionals defined in (3.5.1) and let
fn and g, be such that:

_Jf(z) ifz< My,
fn(z)_{-i-oo if 2> M,

and

gn(w) = {+oo if w < A (M, — 2m).

Then the T-limit of the family of functionals (F,) with respect to the L{. .(0,1)
topology on SBVie.(0,1) is the functional F : SBVioc(0,1) — R defined as

F(u) =max{ sup f(u'(t)), sup  g([u](t))}
te(0,1) teS(u)N(0,1)

PROOF. We first prove the I'-liminf inequality. By the definition of f,, and g, we
have that

and then

I-liminf F,, (u) > F(u).
n

To prove the I'-limsup inequality we argue by density. We first prove it for u €
SBVioe(0,1) such that

[t/ || < C < 400
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[ul(t) >c>0 VteSu)n(0,1). (3.5.2)

In this case we have, from the definition of I'-lim sup, taking the pointwise limit
of Fy,(u), that

[-limsup F, (u) < F(u).

To conclude the proof we observe that, for all u € SBVj..(0,1) it is possible to
construct a sequence (uy,) of functions belonging to SBV.(0,1), satisfying

luplloo <n [un](t) = — Vt € S(un) N (0,1)

S|

and such that u, — u in the strong L'(0,1) topology and lim,, F(u,) = F(u).
To this end, let a € (0,1) be such that u(a) < +o0o. Let (v,) be the sequence
satisfying the following requirements:

—~

vn(a) = u(a) v, =u' Vn,

n —

then
un(t) = vn(t) - Z [u](S)X(s,Jroo) (t)
sES(u):[u](S)<%

Thus, by the lower semicontinuity of F”(u) := I'-limsup,, Fy,(u), we have that
F"(u) <liminf F” (u,) < lim F(u,) = F(u).

This inequality, together with (3.5.2), proves the thesis. O
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