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ABSTRACT. We propose a variational model for the irreversible quasi-static evo-
lution of brittle fractures having fractional Hausdorff dimension in the setting of
two-dimensional antiplane and plane elasticity. The evolution along such irreg-
ular crack paths can be obtained as I'-limit of evolutions along one-dimensional
cracks when the fracture toughness tends to zero.
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We consider a model for the evolution of cracks in brittle materials which contain ex-
tremely fragile parts that allow the fracture to develop along highly irregular paths. We
settle the problem in the framework of quasi-static evolutions and of Griffith’s theory. The
first refers to the fact that loads are assumed to vary so slowly in time to let the body be in
equilibrium at any instant, so that we can neglect any inertial and viscous effect. According
to Griffith’s theory the crack advance is the result of the competition between the elastic
energy released in the process of crack opening and the energy spent to create new crack. In
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an isotropic homogeneous material this energy is usually seen as proportional to the newly
created crack surface, and the proportionality constant is the material fracture toughness.

Variational models for the crack growth based on this idea were first introduced by Franc-
fort and Marigo in [24]. The evolution is typically obtained through an approximation
procedure based on time discretization in which the approximating solutions solve suitable
incremental minimum problems. The first complete mathematical analysis of a continuous-
time formulation of such a model in the case of two-dimensional antiplane linear elasticity
was given in [19] under the assumption that the cracks are compact connected sets of finite
length. This result has then been extended to plane elasticity [13], to a larger functional
space [25], to finite elasticity [17, 18]. An important feature of these models is that the path
followed by the crack during its evolution is not prescribed, it is instead the result of energy
minimization.

The involved energy functional can be written as

W(u, K) + S(u, K),

where W(u, K) and S(u, K) represent the bulk elastic energy and the dissipated surface
energy, respectively, associated to a displacement u and a crack K.

For simplicity we now focus on the antiplane shear case in the framework of linear elas-
ticity. The reference configuration is then represented by an open bounded subset Q of R?,
and for a brittle isotropic solid the elastic energy and the dissipated energy are of the form

W(u, K) z/ |Vu|2dz and  S(u, K) :/ k(z)dH  (x),
Q\K K
respectively.
So far Griffith’s model has mainly been studied assuming that the material fracture

toughness x is bounded both from above and from below:
(11) 0< Bl S K)(.’E) S /32 < 400

at every point z of the body. By (1.1), S(u, K) amounts to consider as admissible cracks
only sets of finite one-dimensional Hausdorff measure. In [19] the admissible cracks are com-
pact sets having an a priori bounded number of connected components and finite length,
and the displacements are Sobolev functions out of the crack, while in [25, 17] the displace-
ments belong to suitable spaces of SBV -type and the cracks are rectifiable sets related to
the jump sets of the displacements.

In order to validate Griffith’s model in a wider range of possibilities, one should be able
to treat cases in which (1.1) is violated. In the context of homogenization, the extremal case
when the material toughness is infinite in some parts of the material was investigated, e.g.,
in [20, 4].

In our work, instead, we are interested in the case when the material has extremely fragile
parts, so that the bound from below in (1.1) is not guaranteed anymore. The crack tends
to develop in the most fragile zone, since it is energetically convenient. The low toughness
coeflicient allows the crack to grow quite a lot in length, without paying so much in terms of
dissipated energy; the consequence is a very irregular crack, concentrated in the fragile zone.
In the limit as k(x) vanishes in some part of the body, the crack is no longer one-dimensional
as in [19]: its dimension might increase at values strictly higher than 1, and we are led to
consider surface dissipation energies of the form

(1.2) S(u,K) = /K R(z) dHY(x),

where K is a d-dimensional curve and H? is the d-dimensional Hausdorff measure. It is
worth to notice that, in agreement with Griffith’s principle, the dissipated energy S (u, K) is
still proportional to the number of molecular bonds which are broken to get the fracture. By
a I'-convergence result, we show how evolutions with dissipated energy of the type (1.2) can
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be seen as the limit regime of quasi-static evolutions in materials whose brittleness increases
in some parts. This also shows that the SBV approach for the Griffith’s model is not
omnicomprehensive, since jump sets of SBV /GSBYV functions are always 1-rectifiable.

Different materials, like glass and ceramics, present highly irregular crack surfaces, as
reported in several experimental papers, see, e.g., [6, 34]; the fracture shows roughness
characteristics suggesting that the appropriate model for it might be given by a fractional
Hausdorff dimensional set rather than by a “smooth” surface. Furthermore in the analysis of
real cracks different scales seem to play a role and patterns of various dimension emerge [8].
Theoretical aspects of fracture mechanics in this framework have been developed by, e.g.,
[5, 7, 12, 36], among many others.

In this paper, starting from the original formulation in [19], we enlarge the class of
admissible cracks to include curves of fractional Hausdorff dimension, as for instance the well-
known von Koch curve. The curves we consider need not have the same Hausdorff dimension;
they may also intersect each other, provided that the dimension of the intersection is strictly
less than the dimension of any of the involved curves (see Subsection 2.2 for the precise
definition of the class C of admissible cracks). The price to pay is that, at least at this
stage, these curves along which the fracture develops are assigned.

In the energetic framework for rate-independent processes introduced by Mielke, see,
e.g. [30], we prove the existence of a quasi-static evolution in this class of fractures with
fractional dimension; more precisely, we show that there exists an irreversible crack evolution
satisfying at each instant global stability and energy balance. To our knowledge, the present
work is the first attempt to extend the variational approach to fracture evolution in order
to encompass fractional dimensional cracks.

The paper is organized as follows: in Section 2 we describe the setting of the problem and
recall some definitions and preliminary results, while in Section 3 we define the irreversible
quasi-static evolution and state the main result of the paper, Theorem 3.3. Based on a careful
study of the geometrical, topological and metric properties of our class C of admissible cracks
carried out in Section 4, we are able to prove in Section 5 the existence of a quasi-static
evolution (Theorem 3.3). In Section 6 we explain how our model represents a limit case
when the lower bound in (1.1) is violated. In Section 7 we discuss the extension of quasi-
static fracture evolutions with cracks of fractional dimension to the nonlinear and linearized
cases. Finally, the Appendix contains the construction of a “good” parametrization for the
von Koch curve.

2. SETTING OF THE PROBLEM

In this section we introduce the class of admissible fractional dimensional cracks and the
precise functional setting for the displacements.

2.1. Reference configuration. Let us fix a bounded connected open subset Q of R? with
Lipschitz boundary. It will represent the reference configuration of a brittle elastic body in
the antiplane shear case. We also fix a relatively open (nonempty) subset dp€ of 9, on
which we will impose a Dirichlet boundary condition. We set dyQ = 9Q\ OpQ; on it a
homogeneous Neumann boundary condition will be assumed (in a weak sense).

2.2. Admissible cracks. We consider as admissible cracks compact subsets of curves of
non-integer Hausdorff dimension having an a priori bounded number of connected compo-
nents. First, let us recall that, for every d > 0, the d-dimensional Hausdorff measure H¢
is defined as

HE(A) = m(d) sup inf { Z(diam A;)?: A; are measurable sets, A C U;A;, diam A4; < 5},

6>0 el

where m(d) = 279T'(3)4/T'(£ + 1), with T' denoting here the Euler function.
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The curves we have in mind are of the following type: given d € (1,2), let v : [0,1] — R?
be a continuous curve such that for some constants ¢, L > 0 it holds

1

(2.1) Ela—bll/d < |y(a) = ~(b)| < cla—b|"/?
and
(2.2) He(1(a,b)) = L(b - a)

forany 0 <a<b<1.

If K := ~([0,1]), then 0 < H4(K) < 4o0.

As an explicit example of a set K of the above form, in the Appendix we will construct
a natural parametrization for the von Koch curve, for which d =log4/log3.

Remark 2.1. By (2.1), the function 7 : [0,1] — K is invertible with continuous inverse.
Hence, if K is a compact connected subset of K there exist a,b € [0,1] such that K =

(la, b]).

We fix a finite number of sets K1 ,...,Kps contained in Q with the property that, for
each m € {1,..., M}, there exists d,, € [1, 2] such that K,, is parametrized by a continuous
function vy, : [0,1] — K, satisfying (2.1) with d = d,, and some positive constants ¢,
L,,, and

(2.3) HIm (vm([a,])) = Ly (b — a) Va,b € [0,1].
Moreover we assume that
(2.4) dim (K, N Kony) < min{dim(LC,y,, ) , dim(Kypny )} Ymy # mg.

The class C, of admissible cracks is

M
Cp = {K - U K. : K nonempty compact set with at most p connected components}.
m=1
Note that each connected component of an admissible crack K may contain “pieces” of
different Hausdorff dimension.
On this class we will consider the convergence with respect to the Hausdorff distance.
Recall that given any two compact subsets K, Ko C Q, the Hausdorff distance between
them is defined as

disty (K7, K2) := max{ sup dist(z, K3), sup dist(y,Kl)} ,

ze Ky yeKso

with the convention that dist(z, @) = diam 2 and sup @ = 0.
For simplicity of notation in the following discussions, we define the set function
(2.5) LK) :=HM(KNK) 4 ...+ HM(KNKy).
Notice that, by (2.4),
Hlm (K O KCyp) = Hm (K v U /cn)
n#m

for any subset K and m=1,..., M.

2.3. Admissible displacements. In the antiplane shear case the body undergoes a defor-
mation of the form

(w1, 22,23) € AX R = (21, 22, 3 + u(w1,22))

so that we are led to consider only the out-of-plane component of the displacement, the
scalar function u :  — R. In this situation, if on dp$2 we impose a bounded displacement
g € HY(Q)NL>(Q), by a truncation argument we may deduce that minimizers of the elastic
energy W(u, K) = fQ\K |Vu|?dz belong to the Sobolev space H!(Q\ K). However, in our
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setting the cracks K € C, are so irregular that even if they do not disconnect the domain,
the H' regularity of the boundary datum is not necessarily inherited by the admissible
displacements. Therefore we will consider g € H!(Q) (not necessarily bounded) and we will
use for the displacements the Deny-Lions space introduced in [21], defined, for any open set
A CR?, by

LY (A):={ue L} (A): Vue L*(A;R?)}.

Notice that if A is an open set with Lipschitz boundary then L%“?(A) = H'(A) (see [29,
Corollary 1.1.11]); moreover the set

{Vu:ue LY (A)}

is closed in L?(A;R?) (see [29, Section 1.1.13]).

To give a precise mathematical meaning to the fact that the boundary value of the
displacement is imposed, we need to use fine properties of functions in the Deny-Lions space
related to the notion of capacity, for which we refer to [22, 27, 37]. Let us only recall that
if B is a bounded open set in R?, the capacity of an arbitrary subset E of B is defined as

cap(E, B) := inf / |Vul? dx
weldl JB
where UE is the set of all functions u € H}(B) such that u > 1 a.e. in a neighbourhood
of E.

In the sequel we shall use the expression quasi-everywhere on E, abbreviated as q.e.
on F, to indicate that a property holds on a set E except a subset of capacity zero, while
we shall use the abbreviation a.e. on E when referring to the Lebesgue measure.

We remind also that any function u € L*?(A) admits a quasi-continuous representative
@ (cf, e.g., [22, 27, 37]) that can be extended up to the Lipschitz part d; A of the boundary
of A; moreover, if u,, — u strongly in H!(A), then a subsequence of (i,,) converges to i q.e.
in AUOLA. We shall always identify each function u € LY'?(A) with its quasi-continuous
representative .

Throughout the paper, given a function u € L*?(Q\ K) for some K of null £? measure,
we always extend Vu to € by setting Vu = 0 a.e. on K. We stress that, however, Vu
is the distributional gradient of u only in Q\ K and, in general, it does not coincide in
with the gradient of an extension of u.

We denote by (+|-) and || - || the scalar product and the norm in L?(Q;R?).

3. IRREVERSIBLE QUASI-STATIC EVOLUTION

For every compact set K € C, and every g € H'(2) we consider the minimum elastic
energy of the unfractured part of the body, given by

3.1 F(g,K):= min / Vol?dz,

(3.1) (0K = qgin |19

where

(3.2) V(g K) :={veL"*(Q\K):v=g qe. ondpQ}.

According to Griffith’s theory, the dissipation energy is proportional to the “length” of the
crack, i.e. to the number of broken atomic bonds; in our setting it is given by the functional
L defined in (2.5). Consequently, the total energy of the system is

(3.3) £(g. K) == E(g, K) + L(K).

Remark 3.1. The minimum problem (3.1) admits a solution u € V(g,K). Indeed, by
standard arguments on the minimization of quadratic forms it is easy to see that u is a
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solution of (3.1) if and only if it solves the problem

Au=0 inQ\K

(3.4) u=g¢g onJdpfl
9u =0 on KUINQ.

Due to the irregularity of K it is clear that the Neumann boundary condition cannot be
satisfied in the classical sense. By a solution of (3.4) we mean a function u which satisfies
the following conditions:

we LY2(Q\K), u= .e. on OpQ2,
(3.5) { (Q\ K) 9 q D

(VulVz) =0 Vze LY?(Q\K), z=0 q.e. on dpQ.

The existence of a solution is assured by the Lax-Milgram lemma. We underline that
uniqueness is guaranteed only in the connected components of  \ K whose boundary
intersects Op{2; in the connected components for which this is not the case, the solution can

be any arbitrary constant, therefore uniqueness is lost. However, Vu is always unique.
Moreover, the map g + Vu is linear from H'(Q) into L?*(Q \ K;R?) and satisfies the

estimate
/ |Vul|? de < / Vg|? d .
O\K Q

Given a time-dependent boundary displacement ¢ — ¢(t), we consider quasi-static evo-
lutions of global minimizers, for which an irreversibility condition and an energy balance
condition hold.

Definition 3.2. Given 7' > 0 and g € AC([0,T]; H'(£2)), we say that amap K : [0,7] — C,
is an irreversible quasi-static evolution on [0,T] with imposed boundary condition ¢ if it
satisfies the following conditions:

(I) irreversibility: K(s) C K(¢) for 0<s<¢<T,
(GS) global stability: for every t € [0,T]

E(g(t), K (1)) < E(g(t), K)
for every K € C,, K D K(t),

(EB) energy balance: for every s, ¢ with 0 <s<t<T

£(a(0), K (1) = £l(s), K(5)) + 2 [ (Vu(r)IVi(r)dr.

where u(7) is a solution of the minimum problem (3.1) which defines E(g(7), K(7)).

This derivative-free form of the problem is an energetic formulation in the sense of Mielke
[30], in which the irreversibility condition can be enclosed in the description of the process
by means of the so-called dissipation distance.

We now state the main result of the paper.

Theorem 3.3. Let T >0 and g € AC([0,T); H'(Q)). Let p> 1 and Ko € C,. Then there
exists an irreversible quasi-static evolution K : [0,T] — C, such that Ko C K(0) and

(3.6) €(9(0), K(0)) < £(9(0), K)

for every K € C, with K 2 K.
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4. PROPERTIES OF SETS IN C, AND LOWER SEMICONTINUITY OF L

In this section we prove some geometrical, topological and metric properties for the
class Cp, the lower semicontinuity of the functional £, and an approximation result for sets
in C, that will play an important role in the proof of the global minimality conditions (GS)
and (3.6). We begin by showing the (sequential) compactness of the class Cp,.

Proposition 4.1. If (K,) is a sequence in Cp, then there exists a subsequence which con-
verges to a set K € C, in the Hausdorff distance.

Proof. By Blaschke’s Selection Theorem (see, e.g., [3]), there exists a subsequence converging
to a nonempty compact set K. As all K,, are contained in the union Ky U. ..U, also the
limit K is. By a simple contradiction argument one proves that the number of connected
components of K is at most p. O

We now establish some results on the lower semicontinuity of the Hausdorff measures #¢
(and of the functional £) with respect to the Hausdorff convergence in Cp,.

Proposition 4.2. Let (K,) be a sequence of closed connected nonempty subsets of K1
converging to K in the Hausdorff metric. Then for every open set U C € it holds

(4.1) HU(KNU) < lim inf HU (K, NU).
n—-—+0oo

Proof. The set K1 N U is made of at most countable many connected components Ki, of
the form .

K =mn(I")
with I* C [0,1] an interval, and I'NI7 =@ for i # j.

Let K,, = 71 ([an, bn]) and K = ~,([a,b]). Then K,NK" = ~1([an, bp]NI?) and KNK' =
y1([a,b] N I*). By the Hausdorff convergence and (2.1) (with d = d; ) we have a,, — a and
b, —b.

For every ¢ € N, by (2.3) it holds

HU(KNK) = lim HY(K,NKY).

n—-+o0o
Therefore for every N € N we have
N N N
d1 > _ d1 > _ . d1 )
H (Kmul/c)_z;% (KOIC)_;lnETOOH (K, NKY)

N
= lim H"(K,n | JK")

n—-+oo et
<liminf H* (K,, N U).
n—-+oo
As N — oo, we obtain (4.1). O

Proposition 4.3. Let (K,,) be a sequence in C; converging to K in the Hausdorff metric.
Then
L(K) <liminf L(K,).

n—-+oo
Proof. For simplicity, we consider the case M = 2. We have to prove that
HU(K N Ky) +HE (KN Ky) < lim nf (HY (K, N K1) +HE (K, N Ks)) -
If either K,, C Ky for all n large enough, or K,, C K5, the result follows by Proposi-

tion 4.2 with U = Q.
Assume now that K, \ K1 # @ # K, \ Ks for all n large. We first prove that

(4.2) HE (K N\ Ky) < lim +inf7{d1 (Kn\ Ka).
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For every € > 0, consider the open set
U. = {x € R*: dist(z,Ks) < €} .

Let V be an open set with V cC R?\ U., and define § := dist(V,0U.). We claim that
the number of connected components C' of K, \ U, that intersect V is uniformly bounded
with respect to n. Indeed, if C N AU, # @, then by (2.1) and the fact that C C Ky it is

Li a, <HM(C) < L.
C1
Hence the number of these connected components is at most ¢; /5% . If CNAU. = @, then
C C K1\ Ky and it is a connected component of K,,, so that actually C' = K, .
Let E!,...,FNn be the connected components of K,, \ U. which intersect V. Up to
subsequences, we can assume that N, = N < 1+ ¢; /0% for every n and F! — F' in the
Hausdorff metric, for ¢ =1,..., N. Notice that

KNnVcFlu...UFV.

Indeed, if x € KNV there exists x,, € K,, converging to x. For n large enough, z, € V,
so that z,, € Fi» for some i € {1,...,N}. Therefore, there exists i such that i, = i for
infinitely many n, hence = € F*.

By the fact that F! and F* verify the hypotheses in Proposition 4.2 and the curves F!
are pairwise disjoint, we have

2

HU(KNV) < Z HB(FY) <th1nf7—ld1 (F?)

n—+oo
< limme (Flu...uFN) < hmJirnf’Hdl(Kn \U,)
n—+00
<liminf H" (K, \ Ks).

n——+oo

As V 7 R?\ Ky, we obtain (4.2).
Of course, in an analogous way we can prove that

HE(K\ Kp) < liglinfﬂdz (K, \ K1) .

Being H% (K1 N K2) =0 for j =1,2 by (2.4), we can conclude that
HU(K N Ky) +HE2(KN Ky) =HD (K \ Ko) +HE(K\ K)
<liminf H" (K, \ K2) + lim iandz (K, \ K1)
n—-+oo

n—-+oo

<liminf (K" (K, \ Ks) + H" (K, \ K1)

n——+oo

=liminf (H" (K, N K1) + H®2 (K, N K2)) .

n—-+oo
The general case can be proved similarly. O

Corollary 4.4. Let (K,) be a sequence in C, that converges in the Hausdorff metric to a
set K, and let U C ) be an open set. Then

(4.3) LKNU) <liminf £(K, NU).

n—-+oo

Proof. For simplicity we consider the case when M = 2 and the sets K,, are connected. We
have to show that for every open set U C € it holds

(4.4) HM(KNKNU)+H2 (KN KN U) < lim +inf(H‘fll (K ,NKiNU)+H® (K,N KN U)) .
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Consider Vi and Va2 open sets, such that Vi CC Vo CC U. Arguing as in the proof
of Proposition 4.3, the number of connected components F!, ... FN» of K, NV, which
intersect V4 is uniformly bounded. As before, we can assume that N, = N and

KnVicF'u...UFN

where F? is the limit of F! in the Hausdorff metric, for i = 1,...,N. Observe that the
sequences (F?) satisfy the hypotheses of Proposition 4.3. Then we have

N
HY (KN K NVA) + H2(KNKa N V) < Y CHY(FY 0 Ky) + 12 (F 0 Ky)
=1
N
< liminf (K" (FL N K1) +H®2(FL N K2))

n—-+oo
1=1

n—-+oo

<liminf (’Hdl ( C[J Fin ’Cl) +HE ( L]j Fo 0 ICQ))
i=1 i=1

<liminf (K" (K, N K1 NU) +H? (K, N K2nU)) .

n—-+oo

As Vi /U, we obtain (4.4). O

Corollary 4.5. Let (K,) be a sequence in C, converging to K in the Hausdorff metric.
Let (H,) be a sequence of compact sets converging to H in the Hausdorff metric. Then

LK\ H) < ngolgﬁ(K” \ Hy) .

Proof. For every € > 0, let U, := {x € R?: dist(x, H) < €}. Since, for n large, H, C U.,
itis K, \U. C K,, \ H,. By Corollary 4.4 with U = R?\ U, we have

LIK\U.) < lggir;ofﬁ(Kn \U.) < Egir;ofﬁ(Kn \ H,).
The thesis follows letting ¢ — 0. O

We need to establish a connection between some topological and measure properties of
elements in C,, which will be useful in the proof of Theorem 5.1 on the continuity of
minimizers of (3.1) as K varies in C,.

Lemma 4.6. Let K € C; with L(K)=0. Then K = {z}.

Proof. For simplicity, assume M = 2. If K C K1 or K C K3 the conclusion follows from
Remark 2.1 and (2.3).
Assume now that

(4.5) K\Ky #0# K\ K
and let
U, := {z € R? : dist(z, K3) < €} .

Notice that there exists € > 0 such that K\ Uz # @. Indeed, otherwise K C (1., U. = K2
which contradicts K \ Ky # @. As KNy # @ we have also K NUz/y # . Since K is
connected we deduce that there exists a connected subset C' of K which intersects both 0Uz
and OUz/, (otherwise K would have at least two connected components). Then C' C K4
and diam C' > £/2. By (2.3) we have H%(C) > 0, in contradiction with £(K) = 0. This

shows that (4.5) cannot happen, therefore either K \ 1 = 0 or K \ Ko = @, which is the
situation considered at the beginning of the proof. O

Lemma 4.7. For every | > 0 there exists a constant Cy; > 0 such that, if K € C; with
diam K > [, then L(K) > C).
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Proof. By contradiction, assume that there exists [ > 0 such that, for every n € N, there
exists K,, € C;, with diam K,, > and L(K,) <1/n.

Up to subsequences, by Proposition 4.1 we can assume that (K,) converges to a set
K € C; in the Hausdorff metric. By the lower semicontinuity of £ (Proposition 4.3), we
have

L(K) <liminf £L(K,)=0.

n—-+oo
Then Lemma 4.6 implies that K is a singleton: K = {z}.
On the other hand, since diam K,, > [ there exists z,,y, € K, with

(4.6) |Zn — yn| > 1.

By Hausdorff convergence it is @, y, — 2z, which is clearly a contradiction to (4.6). O
In [32, §2.2] the following definition is given.

Definition 4.8. A closed set A C R? is locally connected if for every € > 0 there exists
d > 0 such that, for any two points z,y € A with |x —y| < § we can find a continuum (i.e.
compact connected set) B with z,y € BC A, diam B < ¢.

Lemma 4.9. If K € C, then K is locally connected.

Proof. We follow the proof of [14, Lemma 1]. It is enough to prove the result for a single
connected component of K, since we can choose ¢ in Definition 4.8 smaller than the dis-
tance between two connected components. Assume by contradiction that K is not locally
connected; hence there exists € > 0 such that for every n € N there exist =, ,y, € K
with |z, — yn| < % with the property that any continuum B C K connecting z, to y,
must have diam B > . Note that such an ¢ is necessarily less than diam K. Up to subse-
quences, we may assume that lim, z,, = lim,y, =2 € K, z, € K, , and y,, € K, . Then
2 €Km NKp,y -

For n large enough x,,y, € B(z,5). Let X,, be the connected component of KNB(z,3)
that contains z,, and 17” the one containing y,. Then )~(n N }N/n = () (otherwise )N(n U f/n
would be a continuum connecting z, and y, of diameter less than ¢), therefore either
2¢ X, or z §é~}~’n Assume z ¢ X, for infinetely many indices n. As K is connected and
diam K > e, Xy, N 0B(z,5) # @. Since x, — z, for n large enough X, N B(z, %) # O.
Thus diam X,, > ¢/4 and by Lemma 4.7, we have £(X,) > C. > 0 for every n. Since,
except for a finite number, the sets X,, are pairwise disjoint we deduce that LK) =400,
which is impossible since K € C,. (]

The following approximation results for sets in C, are in the spirit of [19, Lemmas 3.5-
3.8]. In case their proof is only slightly different, we remark the differences and refer to [19]
for the core of it.

Lemma 4.10. Let p,q > 1. Let (H,,) be a sequence in C, converging to H in the Hausdorff
metric, and let K € Cy be such that H C K. Then there exists o sequence (K,) in Cq such
that it converges to K in the Hausdorff metric, Hy, C K, and L(K,\ Hy,) = L(K\ H).

Its proof is a direct consequence of Lemma 4.14 below, for which we need some prelimi-
naries.

Lemma 4.11. Let (H,) be a sequence in C, converging to H in the Hausdorff metric, with
H € Cy. Then there exist a sequence (Hy) in C; such that H, C H,, H, — H in the
Hausdorff metric and L(Hy, \ Hy,) — 0.

Proof. Without loss of generality, we may assume that all the sets H, have exactly ¢ < p
connected components H},... H4 with H! converging to H' in the Hausdorff metric, for
i=1,...,q, with H* € Cy; of course, H =H'U...UHY.
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Being H connected, there exists a finite set of indices (0;)1<;<; such that {Ul7 o=
{1,...,q} and Ho N Ho+ £ Q) for every i =1,...,1—1. Fixed a point 2t € Ho N How+
for every i = 1,...,1—1, consider 2! € HJ and y! € H,' "' with 2!y} — 2* as n — +oc.

Fixie{l,... l} Forevery m—l , M, let

In:={neN: a2l €,}.

For m with I,,, infinite, it is ¢ € K,,,. For such indices m and for every n € I,,, consider the

arc X! C K,, connecting 2!, and z*. Then, by (2.2) and (2.1), we have that H%m (X}) <

Cml|2l, — 2%|%™ | with ¢, independent of i and n. Hence H% (X!) — 0 as n — +00.
Similarly, defined .J,, for the points y¢ , we choose the sets Y. Finally we set

-1 -1
H, ::HnuUX;uUY;.

By Lemma 4.7 we obtain that X! and Y,’ converge to {2’} in the Hausdorff metric, so that
H, — H:; in addition £(H™\ H,) — 0. Finally, being

H,=H'UX'UYUH?U...UHZUX oyt u S,

the sets H™ are connected and contained in U v Km, de ﬁn €. O

m=1,...,

Lemma 4.12. If C is a connected subset of K1 U...UKy, then L(C) = L(C).

Proof. For simplicity, we assume M = 2. If C' C Ky, then by Remark 2.1 C = ~;(I), where
I C [0,1] is an interval of the form (a,b), [a,b), (a,b] or [a,b]. By (2.2), the thesis follows.
The case C' C Ky is analogous.

For every ¢ > 0 let U, := {& € Q : dist(z,K3) < e}. Arguing as in the proof of
Proposition 4.3, the number of connected components F of C'\ Ky such that FNKy # @ #
F\U. is finite, say N.. Note that C\U. C UNS F;. In addition, by construction F; C K1,
F,NF; =0 for i # j, and H" (F;) = H% (F;) by the previous part. Then we have

HU(C\ U.) < Z?—Ldl( Z%dl ) < HP(C\ Ks).
i=1
As ¢ = 0, we obtain H%(C'\ Kg) < H¥(C'\ K2); hence the equality holds.
Similarly, we have H%(C \ K1) < H%(C \ K1). Recalling the definition (2.5) of L,
and (2.4), the thesis follows. O

Lemma 4.13. Let K € C; and H C K be a compact set with p > 2 connected components
H' ... H?. Then there exists a family of indices (0;)o<j<i, with {oo,..., o1} ={1,...,p},
and a family (T'j)o<j<i of connected components of K \ H, such that T; connects H%i~1
with H7 for 1 <j<1I.

Proof. Tt is enough to argue as in [19, Lemmai’).?]7 noticing that: by Lemma 4.9 the set
K is locally connected; by Lemma 4.12 it is £(C),) = L(Cy,), where C), are defined in the
cited result. O

Lemma 4.14. Let (H,,) be a sequence in C, converging to H in the Hausdorff metric, and
let K € Cy be such that H C K. Then there exists a sequence (K,) in C1 such that (K,)
converges to K in the Hausdorff metric, H, C K, and L(K, \ H,) = L(K \ H).

Proof. Following the lines of [19, Lemma 3.8], apply Lemma 4.13, Lemma 4.11, Lemma 4.12
and Corollary 4.5 instead of Lemma 3.7, Lemma 3.6, Proposition 2.5 and Corollary 3.4 in
[19], respectively. In the construction of the sets corresponding to X7, Y,/ and Z! in [19)],
it is enough to argue as in Lemma 4.11. O
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5. PROOF OF THE MAIN RESULT

In this section we prove the existence of a quasi-static evolution for cracks in C,,, satisfying
the global minimality condition and the energy balance (Theorem 3.3), by the usual time
discretization procedure. We therefore follow the steps of [19].

We shall need the following result on the convergence of the minimum points of prob-
lems (3.1) corresponding to converging sequences in C,,.

Theorem 5.1. Let (K,) be a sequence in C, converging to K in the Hausdorff distance,
and let (g,) be a sequence in H*(2) which converges to g strongly in H'(Q). Let u, be a
solution of the minimum problem

E(gn,K,)= min / |Vo|? dz
vEV(gn,Kn) O\K.,

and let u be a solution of the minimum problem (3.1)

E(g,K)= min / \Vo|? dz,
veV(9:K) Jo\k

where V(gn, K,,) and V(g, K) are defined by (3.2). Then Vu, — Vu strongly in L?(Q;R?).

Proof. The proof can be done in the same manner as for [19, Theorem 5.1], as long as we
check that the key facts therein are satisfied. The first one lies in the application of [19,
Theorem 4.3], for which the set K needs to be locally connected; in our case this is assured
by Lemma 4.9.

The second important step is the following: given any 2 € €2, an open rectangle V
containing x and an open set U CC V', we need to bound uniformly the number of connected
components of V N K, which meet U. We can argue in the following way. Let [ =
dist(U,0V) and let C be a connected component of VNK,, which meets U. If CNOV # @,
then diam C' > [ and by Lemma 4.7 there exists a constant C; such that £(C) > C;. Being
L(K,) < A, the number of those connected components is smaller than A/C;. If CNOV = @,
then C' is a connected component of K,,, and there are at most p of them.

Having established these two key issues, the proof carries on as in the cited result, based
on the construction of a harmonic conjugate for u. O

Given 6 > 0, we denote by Njs the largest integer such that éNs < T'; for 0 <i < N, let
2 :=14d and g9 := g(t?). The sets K? are defined inductively as a solution to the following
minimization problem

(5.1) m}}n{g(gf,K):Kecp, KDK .},

where we set K°, := K.
Lemma 5.2. There exists a solution of the minimum problem (5.1).

Proof. Assume by induction that Kil € C,. Consider a minimizing sequence (K,) of
problem (5.1). By Proposition 4.1, we may assume that (up to a subsequence) (k) con-
verges in the Hausdorff distance to some compact set K € C, which contains Kf_l. For
every n let u, be a solution of the minimum problem (3.1) which defines E(g?, K,).

By Theorem 5.1 the sequence (Vu,) converges strongly in L?(Q;R?) to Vu, where u is
a solution of the minimum problem (3.1) which defines E(g¢, K). As by Corollary 4.4

L(K) <liminf L(K,,),

we conclude that £(g?, K) < liminf, £(¢?, K,,). Since (K,,) is a minimizing sequence, this
proves that K is a solution of the minimum problem (5.1). O
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We define now the piecewise constant functions gs, Ks, and us on [0,7T] by setting
gs5(t) == g¢ = g(t?), Ks(t) :== K?, and us(t) := uf for t{ <t <tl ,, where u is a solution
of the minimum problem (3.1) which defines E(g?, K?).

Lemma 5.3. There exists a positive function p(d), converging to zero as 6 — 0, such that

4

(5.2) IV |1 + LK) < [Vull* + L£(K]) + 2/5 (Vus(t)[Vg(t)) dt + p(9)
t3

for 0 <i<j<Ny.

Proof. Let us fix an integer r with ¢ < r < j. From the absolute continuity of g we have

r+1
s -gi= [ o,
ts

where the integral is a Bochner integral for functions with values in H'(€). This implies
that

ti+1
(53) Vaia - Vel = [ Vi,
ts
where the integral is a Bochner integral for functions with values in L?(Q;R?).
As ul+ g2, — g0 € LY2(Q\K?) and ul + g%, — g2 = g°41 q.e. on OpQ\K?, we have

r

(5.4) E(gp11, K7) < |IVu) + Vo1 — Voo |* + LK) .
By the minimality of ul,; and by (5.1) it is
(5.5) ||VU§+1H2 + ,C(Kf_,_l) = g(gf-ﬂa Kf—rl) < 5(9?-1—1’ Kf) -

From (5.3), (5.4), and (5.5) we obtain
IVud 4|12+ LKD) < |Vul + Vgl — Vo |* + LKD) <

Sn2 5 ti+1 s ti+1 2
< IvullP + e +2 [ vadiwgnaer ([ Ivaola) <
o 3
ti+1 ti+1
< IullP + ek +2 [ (VusoVao)de+ o) [ 9] ar,
ts 24
where
£
7(0) = max, /tg V@)l dt — 0
by the absolute continuity of the integral. Iterating this inequality for ¢ < r < j we get (5.2)
. T | s
with p(d) := o (9) fo IVg(t)] dt. O
Lemma 5.4. There exists a constant X, depending only on g and Ky, such that
M
(5.6) IVul| <A and > H (KN Kn) <A
m=1

for every § > 0 and for every 0 < i < Nj.

Proof. As g9 is admissible for the problem (3.1) which defines E(g?, K?), by the minimality
of u we have |Vul|| < [|[Vg?||, hence ||Vus(t)|| < [|[Vgs(t)| for every t € [0,T]. As t +— g(t)
is absolutely continuous with values in H'(Q) the function ¢ ~ [[Vg(t)|| is integrable
on [0,7T] and there exists a constant C' > 0 such that ||Vg(t)|| < C for every t € [0,T].
This implies (5.6).

The latter inequality follows now from Lemma 5.3 and from the inequality |Vud||? +
L(KY) < [|[Vg(0)||? + L(K(0)), which is an obvious consequence of (5.1) for i = 0. O
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At this point we have all the elements to obtain a continuous-time evolution as limit of
discrete-time ones when the time step § vanishes.

By Helly’s Theorem (see, e.g., [19]), there exists a subsequence of K, not relabelled, and
an increasing function K : [0,T] — C, such that

Ks(t) — K(t)

in the Hausdorff metric for every ¢ € [0, T].

In the rest of this section, when we write § — 0, we always refer to the sequence given
above by Helly’s Theorem.

For every t € [0,T] let u(t) be a solution of the minimum problem (3.1) which defines
E(g(t), K(t)). Then

E(g(t), K(8) = | Vu(I? + LK (1))

Lemma 5.5. For every t € [0,T] we have Vus(t) — Vu(t) strongly in L*(Q;R?).
Proof. As us(t) is a solution of the minimum problem (3.1) which defines E(gs(t), K5(t)),

and gs(t) — g(t) strongly in H'(Q), the conclusion follows from Theorem 5.1. O
Lemma 5.6. For every t € [0,T] we have

(5.7) E(g(t),K(t) <&(g(t),K) VKeC,, KDK(t).

Moreover

(5.8) £(g(0),K(0)) <&(g(0),K) VKeC,, KDKj.

Proof. Fix t € [0,T]. By construction, K(t) is the limit of the sequence (Ks(t)) in the
Hausdorff metric as § vanishes. Fix K € C, with K D K(t). Applying Lemma 4.10 we
find a sequence (Ks) in C, with K5 D Ks(t), such that K5 — K in the Hausdorff metric
and L(Ks\Ks(t)) = L(K\K(t)).

Consider the minimizers vs and v of the elastic energies corresponding to E(gs(t), Ks)
and E(g(t),K), respectively. By Theorem 5.1 we have that Vvs — Vv strongly in
L?(£;R?). By the choice of K;(t) as minimizers of (5.1), it is £(gs(¢), Ks(t)) < E(gs(t), Ks),
which implies ||Vus(t)]|? < ||Vvs||? + L(K5\K5(t)). By Lemma 5.5 and the properties of the
sequence (Kj), we obtain ||[Vu(t)||? < ||[Vv||? + L(K\K(t)). To get (5.7) it is now enough
to add L(K(t)) to both sides of the last inequality.

The proof for (5.8) is similar, exploiting the minimality of Ks(0) in (5.1) with respect to
all sets K € C, containing Ky, and applying Corollary 4.5 for the functional L. O

The previous lemma proves the global minimality conditions (GS) and (3.6).
Finally, after a technical result, we will deal with the energy balance (EB), the only
missing property in Theorem 3.3.

Lemma 5.7. For every K € C, the function (-, K) : H'(Q) — R is of class C', and for
every g,h € HY(Q) it is

(5.9) 9y€ (g, K)[h] = 2(Vu(g, K)[Vh),
where u(g, K) is the solution to the minimum problem (3.1).

Proof. Being K fixed, for simplicity of notation we write uy := u(g, K). By linearity, for
every n € R it is ug4nn = ug +nup a.e. in Q. Then
E(g+nh,K)—E(g, K) = Hvug+nh||2 - ||VugH2
= 21 (Vug|Vup) + 0?[|Vun|* = 20 (Vug|Vh) + 57|V, |?,
where the last equality is obtained by (3.5) with 2z = uy — h, since up, —h € LY2(Q\ K)
and up, —h = 0 q.e. on Opf. Dividing by n # 0 and letting n vanish, we get (5.9).

Finally, the C!-regularity is consequence of the continuity of the map g — Vu(g, K) (see
Theorem 5.1). O
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Lemma 5.8. For every s,t with 0 <s<t<T
t
(5.10) E(g(t), K(t) = E(g(s), K(s)) + 2/ (Vu(r)|Vg(r))dr .

Proof. The strategy is to show that the map t — £(g(t), K(¢t)) is absolutely continuous on
[0,T], with pointwise derivative 2(Vu(t)|Vg(t)) for a.e. t € [0,T].
Let us fix s,t with 0 <s <t <T,and § > 0. Applying Lemma 5.3 we obtain
ts
(5.11)  [Vus@)II® + LIE(H)\E5(s)) < [[Vus(s)]* + 2/ (Vus(m)[Vg(r)) dr + p(d),

S5
with p(d) converging to zero as & — 0, where ss5, ts are the discrete times such that
s§ <8< 8s+0, ts <t <ts+0. Forevery 7 € [0,T] we have, by Lemma 5.5, that
Vugs(T) — Vu(r) strongly in L?(€;R?) as § — 0, and, by Lemma 5.4, that ||Vus(7)| < \.
Moreover, by Corollary 4.5 we get

LOK(\K(5)) < limint £(K5(0)\ K5 (s)

so that, passing to the limit in (5.11) as 6 — 0, we obtain

(5.12) E(g(t), K(t)) < E(g(s), K(s)) + 2/ (Vu(r)|Vg(T))dr .

To prove the opposite inequality note that, by the global stability (GS) of Definition 3.2
we have £(g(s), K(s)) < E(g(s), K(t)), and by Lemma 5.7

E(g(t), K(t)) — E(g(s), K(t)) = 2/ (Vu(r, 1)|Vg(r)) dr,

where u(7,t) is a solution of the minimum problem (3.1) which defines E(g(7), K(t)).
Therefore

(5.13) E(g(t), K(t)) — E(g(s), K(s)) = 2/ (Vu(r, 1)[Vg(T)) dr .

Since for s < 7 < ¢t the uniform bounds [|[Vu(7)|| < [|[Vg(7)|| < C and ||[Vu(r,t)| <
[IVg(m)]| < C hold, from (5.12) and (5.13) we obtain

E(g(t), K (1)) — Eg(5), K (s))| < 20/ IVg(r)l dr,

which proves the absolute continuity of the map t — E(g(t), K(¢)).
Observe that by Theorem 5.1 Vu(r,t) — Vu(t) strongly in L?(Q;R?) as 7 — t. Dividing
now both (5.12) and (5.13) by ¢ — s and letting s — t—, we get
L Eg), K(1) ~ Eg(s), K(5)) _
s—t— t—s
for a.e. t € [0,T], and thus the proof is concluded. O

2(Vu(t)[ V(1))

6. FRACTIONAL DIMENSIONAL CRACK EVOLUTION AS LIMIT OF ONE-DIMENSIONAL ONES

In this section we show that the energy functional considered in the previous sections
arises as a natural extension of the Griffith setting; indeed, it can be obtained as I'-limit of
energies involving small toughness coefficients and the H!-measure restricted to polygonal
approximations of the curves with fractional Hausdorff dimension. We illustrate this idea in
the case of a single curve K.

Let K be a curve of the form K = ~([0,1]) with v satisfying (2.1) and (2.2), and
d € (1,2). For n € N we construct a sequence of polygonal approximations K" in the
following way: define =, : [0,1] — R? as

Tn(s) :=(i/n) + (ns — i) (7 ((i + 1)/n) = 7(i/n))
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for i/n<s<(i+1)/nand i=0,...,n—1, and set K" :=~,([0,1]). By (2.1), it is
(6.1) K" — K

in the Hausdorff metric, as n — 4o00.
We define the “toughness coefficients”

. L
Ky, = . . ,
nly((i+1)/n) —~(i/n)]
for i = 0,...,n — 1, where L = H%(K), and set x,(z) = &, if z € v, ([i/n, (i +1)/n)).
Finally, we introduce the set-function

L,(K):= /chn fon () dH (2) .

Lemma 6.1. Let (K,) be a sequence of compact connected sets such that K, C K" for
every n. Assume that (K, ) converges to K in the Hausdorff metric. Then K is a compact
connected set, contained in K, and

L (K,) = HYK).

Proof. The set K is compact, connected and contained in C by properties of the Hausdorff
convergence (and (6.1)). For every n, it is K,, = v, ([an,by]) for some a,,b, € [0, 1], and
K = ~v([a,b]) for a,b € [0,1]. It is not difficult to verify that a, — a and b, — b. Set
in,jn € {0,...,1/n} such that ni, < a, <n(i, +1) and nj, < b, < n(j, + 1), we have

Ly (Kyn) = L(jn — (in +1)) + ’f:z" }”y(n(zn +1)) - ’Y(an)| + Hf[‘ |'Y(bn) - ’Y(n]n)| )

which converges to L(b—a) as n — +oco. Being H(K) = L(b— a) by (2.2), the lemma is
proved. O

On the other hand, given a compact connected set K C IC, there exists a sequence K,
of compact connected sets such that K,, C K", K,, — K in the Hausdorff distance and

(6.2) L (Kp) = HYK).
Indeed, being K = v([a,b]), it is enough to take
(63) K, = ’Yn([aa b]) :

Then Lemma 6.1 provides (6.2).

Remark 6.2. The length of the approximating polygonals K, in the previous lemma tends
to infinity:

Jn

HU(Kn) = Y [y(h/n) = y((h+1)/n)|
h=iy+1
& /d L /d
S 1 1/d _ -1 1-1 .
>c h;ﬂ(l/n) I L +0o(1) = +o0

Conversely, the toughness coefficients k,, vanish, so that the lower bound in (1.1) is violated:

indeed
L

sup k! = sup - -
i i ny((@+1)/n) —~(i/n)]
as n — 400, being d > 1.

< en~A-1/d)

We consider the functionals

/ |Vu? de + HYK) if K cK,ge H(Q) and u € V(g, K)
F(uvgvK) = Q\K

+00 otherwise
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and

/ |Vu|> de + L,(K) if K c K", g€ HY(Q) and u € V(g, K)
Fn(u7g7K) = Q\K

400 otherwise,

where V(g,K) is defined in (3.2) for K C K and similarly when K C K"™. The two
functionals are related in the following way.

Theorem 6.3. Let (K,,) be a sequence of compact sets with at most p connected components
and K, C K", and assume it converges to K in the Hausdorff metric. Let (gn) be a
sequence converging to g in HY(Q). Then F,(-,gn,K,) T -converges to F(-,g,K) with
respect to the weak convergence in L? of the gradients.

The proof of the above theorem will be a consequence of the result below, proved in
[16, Theorem 6.3], and that we rewrite for the ease of the reader. Similar results, con-
cerning Dirichlet and Neumann boundary data, were proved, e.g., in [35] and [11, 10, 14],
respectively.

Theorem 6.4. Let (g,) be a sequence in H'(Q)) converging to g € HY(Q), and let (K,)
be a sequence of compact subsets of Q converging to K in the Hausdorff metric. Assume
that |K,| converges to |K| and that K, have a uniformly bounded number of connected
components. Then the space

Hy = {Vulo, : ue L2Q\K,), u=g, on 9pQ)

converges to
H:={Vulg\g: ueL"?(Q\K), u=g on 9pQ}
in the sense of Mosco [31], i.e. the following two conditions hold:

(My) for every uw € LY2(Q\ K) with u = g on OpQ there exists a sequence u, €
LY2(Q\ K,,) with u = g, on OpQ, such that Vu, lo\k, converges strongly to
Vulo\x in L?(Q;R?);

(Ms) if (hy) is a sequence of indices that tends to +oo, and (uy,) is a sequence such that
up, € LY (Q\ Kp,) with u, = gn, on 8pSY for every n and Vuy, 1lo\k, — converges
weakly in L?($;R?) to 1, then there exists a function u € LY2(Q\ K) with u =g
on OpQ and ¢ = Vulg\k

Proof of Theorem 6.3. Let us observe immediately that the hypotheses on the K,, and K
in Theorem 6.4 are satisfied: indeed the K, have at most p connected components and,
since £,(K,) < co and HY(K) < oo, it is |K,| = |K| = 0. Below we apply Theorem 6.4
with Hp, = {Vu: v € V(gn, K,,)} and H={Vu: uveV(g,K)}.

I' — liminf inequality. Let u € V(g,K) and let (u,) be a sequence such that Vu,—Vu
weakly in L?(Q;R?). We may assume that

(6'4) Fn(unagnaKn) < C

for some C > 0 for every n (otherwise the I' —lim inf inequality is trivially satisfied); hence
Up € V(gn, Ky) for every n. By Lemma 6.1 it is

HYK) = lim L£,(K,).

n—-+oo

/ |Vu|? dxgliminf/ |V, |? de
O\K n—+oo Jo\K,

F(u,g,K) <liminf F, (un, gn, K) -

n—-+oo

Since

we get
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I'—limsup inequality. Consider a function u € V(g, K) and the sequence u,, € V(gn, K,)
provided by (M;) in Theorem 6.4. Then Vu, converges to Vu strongly in L?(Q;R?) and

F(u,g,K) :/Q\K|Vu|2 dr + HY(K)

= lim \Vu,|? do + L,(K,) = lim  F(un, gn, K,) -

n—-+oo Q\Kn n—-+oo

d

At this point we want to prove that the evolutions described in Theorem 3.3 are indeed
limits of irreversible quasi-static crack evolutions ¢t — (u,(t), K, (t)) (of global minimizers)
whose crack set K, (t) is 1-dimensional and contained in K™, with fracture dissipation
energy given by

Lo(Kn(t)) = / o () dH (2).
K, (t)
In analogy to Sections 2 and 3, we define the set
C, = {K C K™ : K nonempty compact set with at most p connected components} ,

and the energy functional

— : 2
En(g, K): uegl(lgr,ll() /Q\K [Vul*dz + L, (K) .
The results in [19] (in particular [19, Theorem 7.1]) guarantee the existence of irreversible
quasi-static crack evolutions t — (u,(t), K, (t)) for the total energy &, ,with the constraint
K, (t) C K™, K,(t) having at most p connected components (with p prescribed a priori),
and satisfying conditions analogous to those in Theorem 3.3. More precisely, for every n,
given K0 C K™ and g € AC([0,T); H*(Q)), there exists an evolution t € [0,T] — K, (t) C
K™ fulfilling the following conditions:

(In) K)CK,(r) CKy(t) for 0<7<t<T;
(GSn) &nl(g(0),K,(0)) < &,(9(0),K) VKeC), K2K,, andfor 0<t¢t<T

Enlg(t), Kn(t) < &Eu(g(t),K) VK eC), K2 Ky(t);
(EB,) forevery s,t with 0<s<t<T

¢
En(g(t), Kn(t)) = En(g(s), Kn(s)) + 2/ (Vun (7)[Vg(7))dr,
where u,,(t) is the unique solution of the minimum problem defining &, (g(t), K, (t)).

Theorem 6.5. For every n € N, let t — K, (t) be an irreversible quasi-static evolution
satisfying (1) - (GS,,) - (EB,,) and such that K, (t) C K™ for every t € [0,T]. Then there
exists a subsequence, not relabelled, and an evolution t — K(t), such that it satisfies the
conditions in Theorem 3.3 and K, (t) converges to K(t) in the Hausdorff metric for every
te[0,T].

Proof. Monotonicity of the maps t — K, (t) due to (I,,), and Helly’s theorem [19, Theorem
6.3], guarantee the existence of a subsequence (not relabelled) and of an increasing set-
function ¢ — K (t) such that, for every t € [0,T], K,(t) converges to K (t) in the Hausdorff
metric. Since (K™) converges to K in the Hausdorff metric and K, (t) C K™, itis K(t) C K.
Moreover K (t) has at most p connected components, so that K (t) € C, for every ¢t. Hence
condition (I) in Theorem 3.3 is satisfied.

We have to check the global unilateral minimality conditions (3.6) and (GS) at any
instant ¢. Fix ¢ € [0,T] and K € C, with K D K(¢t) for ¢t > 0, and with K D Kj if t =0.



QUASI-STATIC GROWTH OF BRITTLE FRACTURES OF FRACTIONAL DIMENSION 19

We claim that there exists a sequence (K,) converging to K in the Hausdorff metric and
such that, for every n, K, has at most p connected components and K, (t) C K, C K™.
By the minimality of K, (¢), corresponding to (GS,, ), we have

Enlg(t), Kn(t)) < Enlg(t), Kn),
where K, is the sequence provided by the claim above. By Theorem 6.3 and the properties
of T'-convergence (the functionals F, (-, g(t), K,,) and F,(-,g(t), K,,(t)) are asymptotically
sequentially coercive; see [15, Chapter 7]) we get the convergence of the minima:

Enlg(t), K,) = i Fo(u, g(t), Kn) — E(g(t), K) = in  F(u,g(t), K
(o) K) = min  Fu(u.(t). ) = £(o(8). K) = _min - Plu.g(t). K)

and, analogously,
(6.5) Enlg(t), Kn(t)) — E(g(t), K(1)).

The three relations above prove conditions (GS) and (3.6).
The conservation of the energy (EB) follows by (EB,,) and (6.5).

Proof of the claim.
We now illustrate how to construct the sets K, ; the main issue is to fulfil the condition
on the maximum number of connected components. Let ¢t € [0,T] be fixed. Assume that

K(t) = (a1, 0:)) U ... Ur([ag, bg])
for some ¢ < p, with b; < a;41 for i = 1,...,¢ — 1. Without loss of generality, we can
assume that the sets K, (t) have r connected components for every n, more precisely they
are of the form
Kn(t) = n(laf, b7 U ... Un ([, 07])
with b7 <al,, for j=1,...,r—1.

In general, r > ¢. If r > ¢ we want to substitute the set K,(t) with a set K, (t)
having exactly ¢ connected components, containing K, (¢) and still converging to K(¢) in
the Hausdorff metric. The construction can be done in the following way. We firstly observe
that

lai,, bi, U Ulag, by, 1) = 7([ai, bi])

in

in the Hausdorff metric if and only if

ay — a; by, — b af —b ;=0

forl=4d,+1,...,h,.
Let n > 0 be such that a;41 —b; > 3n forall : =1,...,g—1. Set af :=aj and By := b}
with the index j satisfying
b;L <a2_n§a?+l7

and By = b’ For i = 2,...,q — 1 we define the intervals [o', 8'] = [a},b}], where the
indices j, h are such that

bl <ai—m<a] <bp <b+n<ap.
Set B

Kn(t) = ym(lo, B7]) U .. Un(log, By]) -

By construction, K,(t) C K,(t) C K" and K,(t) has ¢ connected components; by the

previous observation, K, (¢) converges to K(t) in the Hausdorfl metric.
Let K € C, with K D K(t). It is of the form

K =~([c1,d1]) U... U~([cs, ds])

for some s < p. Notice that, by inclusion, every interval [a;,b;] is contained in an interval
[c;,d;]. It is not difficult to verify that the set

K, = 'Yn([cla dl]) u...u ’Yn([cs,ds]) U Kn(t)
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fulfils the requests of the claim: it has the same number of connected components as K
(hence less then p), contains K, (t), is a subset of K™, and converges to K in the Hausdorff
metric. O

The result above is consistent with the justification of the model, as discussed in the
introduction, when the lower bound in (1.1) is violated (see Remark 6.2). Indeed, where
the material becomes more and more fragile, the H! measure of the crack is no longer
appropriate for the dissipative term, and it is necessary to introduce fractional Hausdorff
measures in order to take into account the increased roughness of the fracture in the fragile
area.

7. THE LINEARIZED AND NONLINEAR CASES

The results of the previous sections, which for simplicity have been proved in the antiplane
linear setting, can be extended to more general frameworks, in particular to the vectorial
2-dimensional setting, corresponding to the mode I and mode II fracture models, both in
the nonlinear and linearized case.

7.1. Nonlinear elasticity. Our setting can be extended to the case of hyperelastic materi-
als, under suitable assumptions on the nonlinear energy density that guarantee the existence
of global minimizers. We consider both the antiplane and the plane case. We briefly discuss
the main steps.
The bulk energy for a deformation v of the unfractured part of the body Q\ K is given
by the functional
W(x,Vu(x)) dz,
Q\K
where W : Q@ x RV*2 — R is a given energy density, dependent on the material. Here N =1
in the antiplane case, with v describing the out-of-plane vertical deformation; N = 2 if v
describes the in-plane deformation.
We assume W to satisfy the following properties:
e W is a Carathéodory function;

o for every z € Q the function ¢ — W(x, &) is C! and quasiconver, i.e. for every
€ € RV*2 and for every ¢ € CL(;RY)

ﬁ /Q W(x, &+ Vo(y)) dy > W(E);

e for some constants ag,a; > 0 and a non-negative function b € L'(Q) it is

(7.1) aglé|* < W(2,€) < ar|¢f + b(x)
for every x € Q and ¢ € RV*2,
Note that for N = 1 quasiconvexity and convexity coincide.
Similarly to (3.2), for every g € H'(Q;RY) and K € C, define the set
Vn(g,K) :={w e LY?*(Q\K;RY) :w=yg qe. ondpQ}
and consider the functional

W(z,Vu(x))dx ifveVn(g, K
Wig. K.y i={ o 0V v 5

+00 otherwise .

Proposition 7.1. Let (g,) be a sequence converging to g in H'(;RYN). Let (K,) be a
sequence in C, converging to K in the Hausdorff metric. Let v, € V(gn, Ky,) be such that
(Vv,) converges to ¢ weakly in L*(;RN*2). Then + = Vv for some v € V(g, K), and

(7.2) W(g, K,v) < limJiran(gn,Kmvn) .
n—-+0oo
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Proof. The existence of v € V(g, K) with ¢y = Vv is consequence of Theorem 6.4 (when
N =2, hence v, (z) = (v} (x),v2(z)), it is enough to apply it to each component v}, v2).
Consider a subsequence (v, ) of (v,) such that

hmme(gn,Kn,vn): liIE W(gn,,, Kn,,>n,, )-
m—r—+00

n—-4o0o

Consider a Lipschitz open set w CC (2\ K)UdpQ with H(dwnNdpQ) > 0. By Hausdorff
convergence, K, Nw = O for n sufficiently large. As w has a Lipschitz boundary, v, €
H(w;RY) for every n. By Rellich theorem and the convergence in H!(Q;RY) of (g,)
to g, there exists a subsequence (not relabelled) of (v, ) that converges to v strongly in
L?(w;RYN). Therefore (v,, ) converges to v weakly in H'(w;R"™) and we can apply the
semicontinuity result [1, Theorem II.4] to obtain

/W(x,Vv(x dx<11m1nf/W z, Vuy,, () dz

m——+o0o

m——+o0

< liminf / W (z,Vu,,, (z)) dz
O\K

nm

= lim W(gn,,, Kn,, ,vn, ) =liminf W(g,, K, v,),

m——+o0 n——+o0o
where the last inequality is due to the fact that W > 0 and w C Q\ K,,, for m large. As
w O\ K we obtain
W(g, K,v) < liminf W(gn, K, v,) -

n—-+oo
O
Corollary 7.2. For every g, K, the minimum problem
7.3 min  W(g, K,w
(7.3) perlin (g )

has a solution.
The following result is the counterpart of Theorem 5.1 in the nonlinear setting.

Proposition 7.3. Let (K,,) be a sequence in C, converging to K in the Hausdorff metric,
and let (g,,) be a sequence converging to g in H*(Q;RN). For every n let v, € VN(gn, K,)
be a minimizer of W(gn, Ky,), and assume that

(7.4) sup W(gn, Kn,vp) < +00.

Then, up to subsequences, Vv, converges to Vv weakly in L?(Q; RN*2) | with v € Vn(g, K)
which minimizes W(g, K, -).

Proof. By (7.4) and (7.1), it results that sup,, ||Vuv,| < 4+oc. Hence, up to subsequences,
(Vv,) converges to a function 1 weakly in L%(Q;RV*2). Theorem 6.4 guarantees the
existence of a function v € Vy (g, K) with Vo = ¢ (as before, when N = 2, i.e. v,(z) =
(v} (x),v2(x)), it is enough to apply it to each component v}, v2).

It remains to show that v minimizes W(g, K, -) in Vn(g, K). Let w € Vn (g, K); by (M)
in Theorem 6.4, there exists a sequence (wy,) with w,, € Vn(gn, K,) and Vw,, converging to
Vuw strongly in L2(€; RY*2). Up to subsequences, we can assume that Vw, (z) — Vw(x)
for a.e. = € Q, so that W(z, Vw,(z)) = W(x, Vw(z)) for a.e. x € Q; by the growth

assumption (7.1) and the Generalized Dominated Convergence Theorem, we obtain
/W(x,an(a:))dx — / Wz, Vw(x)) dz .
Q Q

Finally, by the lower semicontinuity result in Proposition 7.1 and by the minimality of the
v, 1t follows

W(g, K,v) < hmme(gn,Kn,vn) < liminf W(gn, Kn, w,) = W(g, K, w),

n—-+oo
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which proves that v is a minimizer of W(g, K,-) in Vn(g, K). O

For g € HY(Q;RY) and K € C, we define

Eni(g, K):= inf  W(g,K,w)+ L(K).
weVN(g,K)
At this point, considering Proposition 7.1, Proposition 7.3 and the lower semicontinuity of
the functional £ (see Corollary 4.4), in order to show the existence of a quasi-static crack
evolution in the context of nonlinear elasticity it is sufficient to argue as for Theorem 3.3.
In other words, we can prove the following result:

Theorem 7.4. Let T >0 and g € AC([0,T]; H*(Q;RY)). Let p>1 and Ko € C,. Then
there exists a function K: [0,T] — C, such that

(Tn) KoCK(s)CTK(t) for0<s<t<T,
(GSyy) for every 0 <t<T

gnl (g(t), K(t)) < gnl (g(t)v K)

for all K € Cp, with K D K(t);
moreover, £,1(9(0), K(0)) < &.(9(0), K) for all K € C, with K D Ky,
(EB,;) for every s, t with 0 <s<t<T

Eni(g(t), K(1)) = Enilg(s), K(s)) +/ (DeW (2, V(7)) [Vg(7))dr
where v(T) is a solution of the minimum problem (7.3) with g(7) and K (7).

7.2. Linearized elasticity. The extension of our model of crack growth to the linearized
case cannot be done in a straightforward way by means of Korn’s inequality: indeed, due
to the irregularity of the crack sets, it cannot be applied. Instead, the key role is played by
the approximation result proved by Chambolle [13, Theorem 1] (see also [9]), which can be
used similarly to Theorem 5.1 in the proof of existence of minimizers for the energy Esym
introduced below. Roughly speaking, [13, Theorem 1] states that if R?\  has a finite
number of connected components then H'(;R?) is dense in {u € L} _(Q;R?) : e(u) €
L?(Q;R%5%)}. Here

_ Vu+ (Vu)”

B 2

is the space of 2 x 2 symmetric matrices.

e(u) :

is the symmetrized gradient of u, and R2X?2

sym
Let A be a positive definite quadratic form on the space of symmetric matrices, i.e.,
A€ € > ClE)? for every € € ngx,%, where “:” denotes the scalar product between matrices,

and C > 0. Combining together [19, Theorem 7.1], [13, Theorem 1] and Theorem 3.3, we
can state that Theorem 3.3 holds true for the energy

M
7.5 Esymlg, K) := min / Ae(v) 1 e(v) dx + Hi (KN K,
75 Eomle B = min [ Aclw)se(o)do 3 WO 1K)
where

Veym (9, K) = {v € L?OC(Q \ K;Rz) ce(v) € LZ(Q \ K;szz), v=g q.e.ondpQ}.

sym

Indeed, the approximation theorem [13, Theorem 1], together with the metric and topological
properties shown in Section 4 and used to extend the results in [19], can be applied in order
to prove the lower semicontinuity of Esym(-,-) with respect to the convergence of functions
gn to g in H'(Q) and of sets K,, € C, to K in the Hausdorff metric, and to construct
appropriate recovery sequences in order to obtain (GS) and (3.6) in Theorem 3.3 with Esyrm,
instead of £, and e(u),e(g) instead of Vu, Vg in the condition (EB).
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8. APPENDIX

The von Koch curve, denoted in this subsection by K, represents a significative example
for the class of admissible fractal cracks considered in this paper. Therefore, let us describe
now the constructive iterative process that defines this self-similar fractal starting from the
segment [0,1] x {0} C R?, and provides a parametrization which satisfies (2.1) and (2.2).

With reference to Figure 1, for i = 1,...,4 let S; : R? — R? be the unique similitude
that maps the segment [0,1] x {0} C R? into the segment i (with length 1/3) and has
positive determinant. It results (see for example [28]) that the von Koch curve is the unique
compact set [ such that

4
K=[]Si(K).
i=1

We now construct iteratively a parametrization for the von Koch curve.

Let 4o : [0,1] — R? be such that ([0, s]) = [0, s] x {0}.

Let 71 : [0,1] — R? be a continuous parametrization of the set K1 as in Figure 1, such
that 71(0) = 0 € R? and H'(1([0,s])) = 3s. It results that v ([(i — 1)/4,i/4]) = I} for
i=1,....,4.

<)

PN

[ .

N[ .
[

FIGURE 1. The first and second iterations in the construction of the
natural parametrization v of the von Koch curve.

Iteratively construct the set Ko = Uiz1,.4 S;(K1) and its continuous parametrization
2 ¢ [0,1] — R? such that 12(0) = 0 € R?, H!(12([0,5])) = (%)2 s and yo([(i—1)/42,i/42]) =
15 for i=1,...,42%.

It results that for any n € N it is

1B

||’>/n - 7n+1||00 - gn+1 7

and, as consequence, for any n,j € N we have

1 3v3

||7n - '7n+j||oo < 377

Therefore the sequence 7, is a Cauchy sequence in (C([0,1];R?), || - ||), and there exists a
continuous function 7 : [0,1] — R? such that
(8.1) T =Y

uniformly on [0, 1].
The sequence of compact sets /C,, converges in the Hausdorff metric to the von Koch
curve K. This fact, together with the uniform convergence (8.1), implies that ([0, 1]) = K.
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It can be proved that X has Hausdorff dimension

__log4

" log3

and 0 < HY(K) < +oo.
The map v we just obtained corresponds to the one that in [33] is called natural parametriza-
tion. The following result shows that ~ fulfils (2.1) and (2.2).

Proposition 8.1. There exists a constant ¢ > 0 such that for any a,b € [0,1] the natural
parametrization vy satisfies
1
(82) “la = b < ly(a) = 4(b)] < cla—b]'
and, for a <b,
H(y(a,b)) = (b—a)H(K).

Proof. The first statement is proved in [33, Theorem 1].

Concerning the second fact, firstly note that, by construction, the von Koch curve I
and the parametrization v have the following self-similarity property: for every n € N and
j=1,...,4" — 1 there exists an affine isometry ®J : R? — R? such that

 (1(F52) -0 8)

For any s,h € [0,1] let 45,i" € {1,...,4"} be such that

n»’n
s T B o1
Z—"§s<l"+ and Z—"§h<zn+

For n sufficiently large (so that i" > 2) it is
(5,5 4+ h) = (s, (65, + 1)/4") U [(i5, + 1) /47, (i5, + i) /4" U (i, + i) /47, s + B) .

Then, being the ®J Lipschitz continuous maps with Lipschitz constant equal to 1, we have

i il —1 i
))+ Z " (7(471’ 4n
J=iy+1

d a4 i, +1
(0,5 + 1) =H (s, 20

(B S (L)

.S -h
)

i il —1
5 11 nT'n 1 's+'h
:Hd@ S’Zn4n ))+ > Hd(”(o’fn))+Hd(7(ln4nzn’s+h))
j=is+1

o ) + -0 ) o (s ),

Since v is (1/d)-Hdlder continuous by (8.2), it holds that

p i +1 is+1 1
H (’y(s - )) < C(d) <4n s> < Cd) g =0

and

s | sk . 1+ Nh
14 <7<Z"+Z",s+h)> < C(d) <s+h—%"4+n"> §2C(d)4in =0
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as n — +oo, with C'(d) independent of ¢ and h. Hence we obtain

n—-+oo

HY(y(s,s+h)) = lm (il —2)H* (7 (O’ 41”>>

= Tim_ (1~ 2) 2 H (5(0,1)) = BH(K),

n—-+o0o

where, in the second equality, we used the self-similiarity property of &, that is, £ = ~([0, 1])
contains exactly 4" distinct copies of v([0,1/4™]).

Consider now 0 <a<b<1. Set s=a and h =b— a in the above argument, the thesis
follows. O

Acknowledgements This work has been supported by the ERC Advanced Grant
n. 290888 QuaDynEvoPro and by the Italian Ministry of Education, University, and Re-
search through the Project Calculus of Variations.

REFERENCES

Acerbi E., Fusco N.: Semicontinuity problems in the calculus of variations. Arch. Rational
Mech. Anal. 86 (1984) 125-145.

Ambrosio L., Fusco N., Pallara D.: Functions of bounded variation and free discontinuity
problems. Oxford Mathematical Monographs. The Clarendon Press, Oxford University Press,
New York, 2000.

Ambrosio L., Tilli P., : Topics on analysis in metric spaces. Oxford Lecture Series in Mathe-
matics and its Applications. Oxford University Press, Oxford, 2004.

Barchiesi M., Dal Maso G.: Homogenization of fiber reinforced brittle materials: the extremal
cases. SIAM J. Math. Anal. 41 (2009) 1874-1889.

Bazant Z.P.: Scaling of structural strength. Butterworth-Heinemann, 2005

Bielecki, J., Kotowski P.: Fractal dimension for ceramic fracture surface. MRS Online Proceed-
ings 904 2005. http://journals.cambridge.org/article_S1946427400047771

Borodich F.M.: Some fractal models of fracture. J. Mech. Phys. Solids 45 (1997) 239-259.
Borodich F.M.: Fractals and fractal scaling in fracture mechanics. Int. J. Fracture 95 (1999)
239-259.

Bucur D., Henrot A., Sokolowski J., Zochowski A.: Continuity of the elasticity system solutions
with respect to the geometrical domain variations. Adv. Math. Sci. Appl. 11 (2001) 57-73.
Bucur D., Varchon N.: Boundary variation for a Neumann problem. Ann. Scuola Norm. Sup.
Pisa Cl. Sci. (4) 29 (2000) 807-821.

Bucur D., Varchon N.: A duality approach for the boundary variation of Neumann problems.
SIAM J. Math. Anal. 34 (2002) 460-477.

Carpinteri A.: Fractal nature of material microstructure and size effects on apparent mechanical
properties. Mech. of Materials 18 (1994) 89-101.

Chambolle A.: A Density Result in Two-Dimensional Linearized Elasticity, and Applications.
Arch. Ration. Mech. Anal. 167 (2003) 211-233.

Chambolle A., Doveri F.: Continuity of Neumann linear elliptic problems on varying two-
dimensional bounded open sets. Comm. Partial Differential Equations 22 (1997) 811-840.
Dal Maso G.: An introduction to I'-convergence. Progress in Nonlinear Differential Equations
and their Applications, 8. Birkh&user Boston, Inc., Boston, MA, 1993.

Dal Maso G., Ebobisse F., Ponsiglione M.: A stability result for nonlinear Neumann problems
under boundary variations. J. Math. Pures Appl. (9) 82 (2003) 503-532.

Dal Maso G., Francfort G.A., Toader R. Quasistatic crack growth in nonlinear elasticity. Arch.
Ration. Mech. Anal. 176 (2005) 165-225.

Dal Maso G., Lazzaroni G., Quasistatic crack growth in finite elasticity with non-
interpenetration. Ann. Inst. H. Poincar Anal. Non Linaire 27 (2010), no. 1, 257-290.

Dal Maso G., Toader R.: A model for the quasi-static growth of brittle fractures: existence
and approximation results. Arch. Ration. Mech. Anal. 162 (2002) 101-135.

Dal Maso G., Zeppieri C., Homogenization of fiber reinforced brittle materials: the intermediate
case. Adv. Cale. Var. 3 (2010) 345-370.



26
(21]
(22]

23]
24]

(25]
[26]
27]
28]
29]
(30]

(31]

32]
(33]

(34]
(35]
(36]

(37]

SIMONE RACCA AND RODICA TOADER

Deny J., Lions J.-L.: Les espaces du type de Beppo Levi. Ann. Inst. Fourier (Grenoble) 5
(1953) 305-370.

Evans L.C., Gariepy R.F.: Measure Theory and Fine Properties of Functions. CRC Press,
Boca Raton, 1992.

Falconer K.J.: The Geometry of Fractal Sets. Cambridge University Press, Cambridge, 1985.
Francfort G.A., Marigo J.-J.: Revisiting brittle fracture as an energy minimization problem.
J. Mech. Phys. Solids 46 (1998) 1319-1342.

Francfort G.A., Larsen C., Existence and convergence for quasi-static evolution in brittle frac-
ture. Comm. Pure Appl. Math. 56 (2003) 1465-1500.

Griffith A.: The phenomena of rupture and flow in solids. Philos. Trans. Roy. Soc. London
Ser. A 221 (1920) 163-198.

Heinonen J., Kilpeldinen T., Martio O.: Nonlinear Potential Theory of Degenerate Elliptic
Equations. Clarendon Press, Oxford, 1993.

Hutchinson J. E.: Fractals and self-similarity. Indiana Univ. Math. J. 30 (1981) 713-747.
Maz’ya V.G.: Sobolev Spaces. Springer-Verlag, Berlin, 1985.

Mielke A.: Evolution of rate-independent systems. Evolutionary equations. Vol. II, 461-559,
Handb. Differ. Equ., Elsevier/North-Holland, Amsterdam, 2005.

Mosco U.: Convergence of convex sets and of solutions of variational inequalities. Adv. in Math.
3 (1969) 510-585.

Pommerenke Ch.: Boundary Behaviour of Conformal Maps. Springer-Verlag, Berlin, 1992.
Ponomarev S. P.: On some properties of Van Koch curves. Siberian Math. J., 48 (2007) 1046—
1059.

Ponson L., Bonamy D., Auradou H., Mourot G., Morel S., Bouchaud E., Guillot C., Hulin
J. P.: Anisotropic self-affine properties of experimental fracture surfaces. Int. J. Fracture 140
(2006) 27-37.

Sverak V.: On optimal shape design. J. Math. Pures Appl. 72 (1993) 537-551.

Yavari A.: Generalization of Barenblatt’s cohesive fracture theory for fractal cracks. Fractals
10 (2002) 189-198.

Ziemer W.P.: Weakly Differentiable Functions. Springer-Verlag, Berlin, 1989.

(Simone Racca) SISSA, ViA BONOMEA 265, 34136 TRIESTE, ITALY
E-mail address, Simone Racca: simone.racca@sissa.it

(Rodica Toader) DIMI, UNIVERSITY OF UDINE, VIA DELLE SCIENZE, 206, 33100, UDINE, ITALY
E-mail address, Rodica Toader: toader@uniud.it



