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ABSTRACT. We establish well-posedness of a class of first order Hamilton-Jacobi equation
in geodesic metric spaces. The result is then applied to solve a Hamilton-Jacobi equation in
the Wasserstein space of probability measures, which arises from the variational formulation
of a compressible Euler equation.

1. INTRODUCTION

Let (X,d) be a complete metric space and a geodesic space. We are interested in a class
of minimization problem which includes in particular the following:

/OT (%m? V(@) dr

where V' : X — R is uniformly continuous and bounded from above, © = z(t) € AC([0, T]; X)
is an absolutely continuous path in X, and

iy i 9 (8), 2 (t))
|2°|(2) = lim B

denotes its metric derivative. See Chapter 1, Ambrosio, Gigli and Savaré [2] for definitions
and properties of absolutely continuous curves in metric spaces. Given Uy : X — R, we

define
U(t,z) == sup {Uo(z(t)) - /Ot <%|z’|2(r) - V(z(r)))dr 2(0) =z, 2(-) € AC’([O,t];X)}.

Then U solves a Hamilton-Jacobi equation, formally written as

1
(1.1) oU(t,z) = §|DxU(t, z)> + V(z),
where the slope (also called local Lipschitz constant) for a function f : X +— R is defined as
. /() = f(2)]
1.2 Df|(z) :=limsup ——————.
(12 Df(z) = timsup 2L

We are interested in a well-posedness theory for (1.1) and related equations. To fix the ideas
and to separate difficulties of different nature, we do not pursue generality and only focus on
the case of V' with uniformly continuity in balls of finite radius, with possible growth to —oo
at certain rate with respect to the metric distance, and uniformly bounded from above. The
case V = 0 is of special interest, as the corresponding U then defines a Hopf-Lax semigroup
which has applications to transportation inequalities in abstract metric space settings. Point-
wise solution of (1.1) has been considered in Chapters 7 and 22 of Villani [31], in Section 3
of Ambrosio, Gigli and Savaré [3], Gozlan, Roberto and Samson [26]. The pointwise solution
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is sufficient for the purpose of the applications considered in these references. However, as is
known in the case even when X C R¢, it is not good enough to ensure uniqueness for (1.1).
Here we will generalize the notion of viscosity solution to metric space setting and develop
a well-posedness theory.

The theory of viscosity solutions for (first order) Hamilton-Jacobi equation in infinite di-
mensions was initiated by Crandall and Lions [10]. One of the structural assumption is that
X is a Hilbert space, or slightly more generally, certain Banach space with smooth norm.
However, recent applications start to witness a situation where X is space of probability
measures. This includes examples in statistical mechanics [4, 18], optimal control and prob-
ability [15, 16], classical game theory [8, 9], fluid mechanics [19, 20, 14, 17, 21, 22], and
mean-field games (we refer to [7] for a compilation of references). In sections 2 and 3 of
this article, we extend the first order viscosity theory to general metric spaces setting by
exploring maximum principles of the Hamiltonian operator. Other alternatives exist. For
instance, [24, 29] emphasize a formulation on path (hence the Lagrangian) by considering
a sub-class of the Hamiltonians considered here. During the preparation of this article, we
also received a preprint from the authors of [22] where their last section considers a related
Cauchy problem using ideas of the same kind as in the first three sections of this article.
Definition of viscosity solution is given for general Hamiltonians but well-posedness is treated
for the case of H(z,p) = H(p) and H(x,p) = H(p) + f(z) only. Using Perron’s method,
solution is constructed implicitly. There is no convexity on p assumption on H. In this
article, under a rather general structural assumption on H in (1.5), we treat Hamiltonians
with much more general x-dependence. Growth estimate of solution is also provided. Our
assumption implies that p — H(z,p) is convex. However, the existence part of our well-
posedness result is explicitly constructed using dynamical programming and value functions.
Moreover, the proof of our uniqueness result does not critically rely on such convexity as-
sumption. Finally, in Section 4, we give well-posedness for the resolvent equation relative to
a special Hamiltonian in space of probability measures. Such issue, in the form of Cauchy
problem, had been considered by [19, 22, 27| but no well-posedness was given. In particular,
the relation between the metric definition of viscosity solution and a possible definition in
Wasserstein space used in the above references was left open. See the concluding comments
at the end of section 7 in [22]. We settle this issue in Section 4. We mention that, although
we only treat the resolvent problem in detail, in principle the Cauchy problem should follow
similarly.

The spirit of this article is closer to parts I, IT and IIT of [10], but different than the
rest of that series. By this, we mean that our Hamiltonian will only depend on f through
|D f|. There is no notion of (D f(x),v(x)), for some velocity field v, which requires a notion
of duality. This feature unfortunately excludes the examples in [5, 18, 14, 17]. However,
at least in the case where X is space of probability measures, many such problems can be
treated effectively by another method different than the one discussed here [15, 16, 18].
That method is closer in spirit to parts IV, V, VI, VII of [10]. Further generalization of the
viscosity method to more general models in metric space settings is worthwhile.

The rest of this introduction summarizes well-posedness results for resolvent type and
Cauchy problem of Hamilton-Jacobi equations in metric spaces. Detailed developments are
given in Sections 2 and 3. In Section 4, we apply these results to an example concerning
the variational formulation of a compressible Euler equation and derive well-posedness for
an associated Hamilton-Jacobi equation in the space of probability measures.
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1.1. Basic setup. We assume that (X,d) is a complete metric space and a geodesic space
in the following sense: for every z, y € X, there exists a continuous curve z : [0, 1] — X such
that

(1.3)  2(0)==z, =z(1)=y, d(z(s),2(t)=(t—s)d(z,y), V0<s<t<lL

In fact, from the above identity, we conclude that z(-) has to be a constant-speed curve,
namely

(1.4) |2'|(r) = d(x,y), for all r € (0,1).

See also Remark 1.8 for more general assumptions on X.

We set R := [—o00, +o0], Ry = [0,00) and use the notation B,(r) and B,(z) respectively
for open and closed balls. Let BUC(X;R) denote the space of bounded uniformly continuous
functions on X, LSC(X;R) (respectively USC(X;R)) denote the space of lower (respectively,
upper) semi-continuous functions on X, M*(X;R) denote the space of measurable functions
from X — R which are bounded from above.

If g: X+ Rand ¢ : X = [0,00], g is called with growth at most ¢ if for some constant
C € R, it holds

lg(x)] < C(1+((x)), forallzeX
Let L := L(z,q) : X x R, — R, we define H : X x Ry — R by

(1.5) H(z,p) == sup (pg — L(z,q)), ¥p>0.

q>0

For notational convenience, we also introduce an extension of H allowing p < 0:

H(z,p) := sup (pq — L(z, Q)), Vp € R.

q>0

We fix a basepoint Z in X and assume:

Condition 1.1.

(1) L is lower semicontinuous from X x [0,00) into RU {400} and inf L > —ooc.
(2) U(q) := infyex L(z, q) is super-linear, namely
t(a)

lim — = +o00.
g—+oo (g

(3) FEither L(-,q) = +oco or it is real-valued and continuous.
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(4) For each R > 0, there is a local modulus wr(r) : Ry — R U {+o00} (i.e. wg is
continuous at v = 0 and wgr(0) = 0) and some constant Cr > 0 such that: for every

x, y € Br(Z) and for every g > 0 with L(x,q) < oo, there exists ¢ > 0 satisfying

g — 4|
1 —inf L + ¢(q)

S CRd(xa y)a

and

L(y,q') — L(z,q)
1 —inf L + ¢(q)

(5) There exists qo > 0 such that L(-, qo) is finite on bounded sets: we denote by ¢ : Ry
R, and a non-negative, non-decreasing continuous function ¢ : Ry +— Ry such that

(1.6) L(z,q0) < C(d(z,7))), VzeX.

< wpr(d(z,y)).

Moreover, there exists a nondecreasing non-negative function 3 € CYR,) which
grows to infinity faster than ¢ (i.e. liin B(r)/(1+4((r)) = +0o0) such that
r—r+00

sup H<x, |D,f3 o d(,f)|> = sup H(m, 6'(d(x,f))> < 00.

zeX, z#T TEX, TH£T

Remark 1.2. (1) In most cases, Condition 1.1(4) can be verified by taking ¢ = ¢. By doing
so, the first inequality is trivially satisfied. In the model case when L(z,q) = l(¢) — V(x),
it is sufficient to have V' bounded from above, | bounded from below and V' be uniformly
continuous in bounded regions. Note that the [ does not need to be continuous.

(2) The motivation for the growth estimate type Condition 1.1(5) is more involved to explain.
We offer the following example to illustrate its usefulness and limitation.

Example 1.3. Consider the case
L(z,q) :==1l(¢) = V(z), ¢>0, H(z,p):=b(p)+V(z), p=0.

where h(p) := sup,solgp — l(¢)] is non-decreasing in p > 0. Assume that [ : R, — R U
{#+00} is super-linear and lower semi-continuous, and that V' is bounded from above and
uniformly continuous in balls of finite radius. Then Conditions 1.1(1)-(4) are all satisfied.
In addition, we assume that [ is not trivial: there exists gy > 0 such that [(gy) < co. Then,
Condition 1.1(5) is satisfied in the following important situations:

(a) V is bounded: supy |V| < co. In this case, one can just take
C(r) = sup Lz, qo),  B(r) =r.
TE

(b) There exist Cp, C; > 0, § € (0,1) such that
V(.T) > —Co — Clda(x,.f').
In this case, we can take ¢(r) = [(g) + Co + Cir? and 5(r) = r. Then it follows that

H (2, 8(d(2,7))) = V(@) + (1) < sup V(x) + b(1) < o0.
xeX
(¢) There exist Cy, Cy, Cy, C3 >0, 0 < 0 < 0 such that

(17) —CO — Cld1+91 (l‘, i’) < V(l’) < 02 - ng1+92 (l‘, i’),
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and that
03
(1.8) lim M

=0, dsome 85> 0.
r—-+o00 T1+92 ’ 3 !

In this case, we can take ((r) = l(qy) + Co + C1r1+0 ) B(r) = r'*%. Then
H(w, #(d(@,7)) = V(z)+b(d(z,2))

CQ - 03d1+02(l‘, j) + h(deS(‘ra i'))
sup(Cy — Csr' %2 4 h(r®)) < 0.

r>0

<
<

More specifically, focusing on the example of

2 2
@)= ) =12

then (1.8) is implied by
1+ 6,

(1.9) 0 <03 < 5

Assume that (1.7) holds with
0§92§91<1, 291<1—|—92.

Then one can always find such a 63, implying (1.7) and (1.8), consequently Condi-
tion 1.1.5.

It is important to note that the above conditions allow the case of
H(z,p) = |p| +V(x), p=0,
which arises if we take L(z,q) = [(q) — V(x) with
(1) :=0, [(q) = —4o0,Yq#1,
or
((q) :==0,VYq € [0,1], Iq) = +o0,Vq € (1,00).
Note that the function H(x,p) in (1.5) is only defined for p > 0.

There are two types of equations that we are interested in.

1.2. Resolvent equation. For a > 0 and h € BUC(X), we define the value function

(1.10)f(z) = sup { /OO e—r/a<@ ~ Iz, |z’|)>dr - 2() € ACe(R1:X), 2(0) = g;}
0

We expect that f formally solves the equation

(1.11) f(x) = aH (2, |Df(2)]) = h(z).

To make this precise, we proceed in several steps. First, we define two collections of test

functions Dy, D1 C C(X). By Dy, we mean the class of functions of the following form
d?(-,

(1.12) o() = Al(%Jﬂ@ﬂod(-,:ﬁ) —|—ed(-,x0))

where A > 1, y, xg € X, and § > 0, k, € > 0 are free parameters, while the function [ is the

one in Condition 1.1(5). We further denote D™ the subset of functions in Dy built with
5



parameters \, k and €, we define an operator H)"™ which formally estimates H (x,|Dy(z)|)
from above
d*(,y)
20

1
H)"™ () = H(x, X< (x)‘ + kB od(z,T) + e)> @ € Dy
By D;, we mean the collection of test functions of the form

(113) w() = - g a(,7) - ed.u).

where £ is still the same function, =, yo € X, and § > 0, k, € > 0. Denoting by D7 the
subset of functions in D; built with parameters x and ¢, we define another operator H;"*
which formally estimates H (y, \D@D( )]) from below

Eu) = By | D )| <k odtym) — ) ve D

Notice the scaling parameter A > 1 presents only in Dy, and that the two collections of
test functions are of opposite signs.

Definition 1.4 (Resolvent equation). A function f is called a viscosity sub-solution to
(1.11), if for each ¢ € D™, and for each zo € X such that (f — ¢)(zo) = sup,ex(f — ©)(z),
we have

- A KL€ N\ %
a ' (f = h)(@o) < (Hy™"¢)" (w0),
where ¢g* denotes upper semicontinuous envelope of g. Analogously, a function f is called
a viscosity super-solution to (1.11), if for each ¢ € D7, and for each yy € X such that

(Y — f)yo) = SUPyex(%Z’ — f)(y), we have
a ' (f = h)(yo) = (H ). (yo),

where g, denotes the lower semicontinuous envelope of g.

The specific form of the functions in Dy and D; is motivated by Ekeland’s perturbed
optimization principle, which does not need compactness or local compactness of the space
(Proposition 5.1 in the Appendix). As a matter of fact, if the ambient space is compact one
can work fixing the parameters kK = € = 0, and if bounded closed sets are compact, one can
work with e = 0. Suppose that sub- and super-solutions are at most growth of ¢ o d(-, ),
where [ has a slower growth than ¢ (as in Condition 1.1(5)), then such principle guarantees
that, with every given 9, k, €, we can always choose x( such that it becomes the global strict
maximum of f — . The case of ¢ is similar.

Our first result is:

Theorem 1.5. The value function f defined in (1.10) is the only continuous viscosity solu-
tion of (1.11) with growth at most ( od(-, ).

This proof is a combination of Lemma 2.3 and Lemma 2.15.

1.3. The Cauchy problem in finite time [0,7]. Let h € BUC(X). We define

t

(1.14) U(t, z) == sup{h(x(t)) —/ L(z, |2 \)dr - 2(-) € AC([0,1]; X), (0) :x}.
0

Formally, it solves the Cauchy problem written as

(1.15) OU(t,z) = H(x, |DxU|(t,a;)), fort € (0,T), U(0,z) = h(z).
6



We make this precise, developing a well-posedness theory by extending viscosity solution
techniques.

We extend the classes of test functions in Dy, Dy by adding a time variable. The set 15(3\ e
consists of test functions

(1.16) ¢ = p(t,x) = o(l) + ¢(z)

where ¢ : [0, 7] — R is Lipschitz and ¢ € DS"”’G. We denote Dy := U,\>1,,€,6>01A)3’“’6. Similarly,
the class D} consists of

(1.17) Y =19(s,y) = () +¢(y)

where ¢ is locally Lipschitz and ¢ € D7"°. The class Dy is defined analogously. For locally
Lipschitz function ¢ : [0,7] — R, we denote

0; ¢(t) := lim sup —¢(82 : f(t), O, ¢(t) = lim_}glf —¢(S; : f(t)

Definition 1.6 (Cauchy Problem). Let U : [0,7] x X ~ R.
U is called a viscosity sub-solution to (1.15), if

(a) (Initial condition) For all C' € R, it holds

lim sup sup (U(t, x) — h(x)) <0.
t—0t+  {zeX: od(z,z)<C}

(b) For each ¢ € D)™ and for each (to,zo) € (0,T] x X such that
(U = ¢)(to, 7o) = sup (U =),

[0,7)xX

we have
(=07 + H*)¢) (to,20) 2 0.

U is called a super-solution to (1.15), if
(a) (Initial condition) For all C' € R, it holds

lim inf inf (U, —h )>o.
gy {yex: Cclafil(y,:?:)gC} (5,9) W)=

(b) For each ¥ € D and for each (s, yo) € (0,T] x X such that

(¥ = U)(s0,%0) = sup (¢ —U),
[0,T]xX

we have
(=05 + HE9) (s0,90) <0,
If U is both a sub- and super- solution, then it is called a solution.

Theorem 1.7 (Cauchy problem). Suppose that h € BUC(X). Then the function U defined
in (1.14) is continuous, bounded from above, and has growth at most ( o d(-,Z) from below.
It is also the unique continuous viscosity solution to (1.15) satisfying the above properties.

The proof is a combination of Lemma 3.5 and Lemma 3.8.
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Remark 1.8 (Length spaces). It is interesting to remark that the geodesic assumption
can be relaxed to a length space assumption, namely for all x, ¥y € X the infimum of the
length of continuous curves joining x to y is equal to d(z,y). For proper spaces (i.e. when
closed balls are compact) the two notions are equivalent, but in general geodesic is strictly
stronger than length. In all proofs suffices to replace geodesics with curves having almost
minimal length to obtain, with minor modifications, the same results. The key property
|D=d?(-,y)|(z) = d(x,y) (see Lemma 2.1) we use of the slope of the distance function is still
true for length spaces with minor modifications in the proof, see for instance [28, Lemma 2.8].

2. THE RESOLVENT PROBLEM

2.1. Slope estimates. We introduce two more notions of slope

. ~ J(@)* o W) = (@)

D+ . (f(z) — f(z)) D- . '

D7 f|(x) = Tim sup === o) D7 f|(x) = Tim sup === &)

We use convention 0/0 = 0. It follows that |Df|(x) = max{|D* f|(z),|D~ f|(z)}. The
following is an elementary but important property of geodesic spaces (see also Remark 1.8),
which we will use critically in the proof of comparison principle for viscosity solutions. We
include the proof for the reader’s convenience.

Lemma 2.1.
& RN
(Dx g(w,y)’ <d(z,y), ‘Dm g(x,y)‘ =d(z,y).

Hence
d2

Proof. Fix x, y € X. By triangle inequality,
d2(2,y) - d2($,y)‘ = (d(Z7y) + d(x7y))‘d(z7y) - d(l’,y) < (d(Z,y) +d<l’,y))d(2,£€)

Hence |DEd?(z,y)| < 2d(z,y).
Next, we prove that |D,d*(z,y)| > 2d(z,y). We only need to prove the case when
d(z,y) > 0. Take w(t) to be a constant speed geodesic with

w(0) =z, w(l) =y, dw(s)z)=sd(z,y), dw(s)y) =1-s)dzy)
Then
d*(y, z) —d*(y, wls)) _ d*(z,y)(1 — (1 - 5)%)
d(w(s),z) sd(z,y)
and taking the limit as s | 0 provides the inequality. 0

= 2d<l’,y) o Sd(l‘,y)

2.2. Comparison principles. Let A > 1, §, k, e € (0,1) and y, g € X. We consider test
functions () of the form (1.12). Then

|Dp(x)] < ;(@ + kB od(z,T) + (—:).



Therefore, since p — H(x,p) is non-decreasing in p > 0, we get

A(Ha\’“’egp>*(x) < limsup A\H (ﬁ:, %(M + kB od(z, ) + e))

T J
= limsupsup <(d(:v, v) + kB od(Z,T) + €)qg — N\L(Z, q))
z—x q>0 o

< sup (<d(x, v) + kB od(z,T) + €)qg — AL(x, q))
40 0
In deriving the last step, we used the fact that ¢(q) is super-linear in ¢ and that (x,q) —
L(z,q) is lower semicontinuous.
Similarly, for ¢ (y) of the form (1.13) with the parameters z, yo and €, J, k, we may use
|Dd*(-, y)| = 2d(-, y) to get

(H7" )« (y) > sup [(w — kB od(y,T) - E)q — L(y, Q)] :

q>0

Lemma 2.2. Assume that positive parameters k, \, R are fived with 1+4x < X\, and consider
functions p5 € Dy, V5 € Df’(s built with these parameters and y = y5 for s, x = x5 for s.
Then, if x5, ys € Br(Z) and lims d*(zs,ys)/d = 0, one has

lim sup ()\(Hé\’n’(sgﬁa)*(xa) - (Hf’6¢5)*(yé))

6—0t

< (A—1-2k)max{0, —inf L} + 2k SUpH(x, S od(x, j))

zeX

Proof. Using the above estimates, suffices to estimate from above, uniformly in ¢ as § | 0,
the difference

d(zs, _ d(zs, _ . .
() 4 oot 2)+ g — AL(es,0)) — (CE22) et odys,7) ~ )3~ Liws. D).
choosing conveniently ¢ in terms of q. Writing it in the more convenient form
d(zs, ys)
)
and using Condition 1.1(4) for the choice of ¢, we can further estimate
d* (s, ys)
)

+r6" o d(ys, Z)Crd(xs, ys) (1 —inf L + f(q)) + 20q + 0Crd(xs, ys) (1 —inf L + E(q))

+wr(d(@s, y5)) (1 _inf L+ z(q)) — (A —1)L(ws, q).

Now we see that in this expression the leading term is L(xs, ¢), which appears with the neg-
ative factor (1 — \), while in all other terms ¢ appears either linearly or with an infinitesimal
factor times ¢(q), which is smaller than L(xs,q). Therefore, this proves that we can restrict
ourselves to a set of uniformly bounded ¢’s. Hence, taking limits, by our assumptions on xs
and ys, we have only to take care of the terms

(2.1) kB od(xs, Z)q + kB od(ys, T)g — (A — 1) L(xs, q).

Now, adding and subtracting 2xL(xs, q), we reach the conclusion. 0
9

(¢ —q) + KB od(xs,z)qg+ kB od(ys, T)q + 6(q + §) — AL(z5,q) + L(ys, §)

Cr <1 —inf L + L(ws, q)) + kB od(xs,T)q + kB od(ys, T)q



We are now ready to prove a comparison principle, under the assumptions of Condition 1.1.

Lemma 2.3 (Comparison principle). Let f € USC(X;R) be an upper semicontinuous sub-
solution to (1.11) with h replaced by ho € Cy(X), with growth from above at most ¢ od(-, T).
Let f € LSC(X;R) be a lower semicontinuous super-solution to (1.11) with h replaced by
hy € Cy(X), with growth from below at most ¢ od(-, Z).

If either hg or hy are uniformly continuous, it holds

sup(f — f) <sup(ho — hy).

Proof. Let A > 1, k > 0 be fixed, with A > 1 + 4x; we will take limits with respect to these
parameters only at the end of the proof, so we ignore this dependence, emphasizing instead
the dependence on d. Let

- 1
\115(33,y) = )\f(.flﬁ) - i(y) - ZSdQ(I"ay> - '%B © d(.ﬁE,f) - Kjﬂ © d(yaj)a V,T,y € Xa
where [ is the one in Condition 1.1(5). By the growth conditions on the sub- and super-
solutions, supy,x ¥s < co. In particular, we can find 5 and y5 € X such that

(2.2) \115(12’5, gg) > sup Uy — 0.
XxX

By the above mentioned Ekeland’s perturbed optimization principle (applied in X x X with
the distance d(x1,y1) + d(x9,y2) between pairs (x1, 1), (T2,92)), we can then further find
a point (xs5,ys) € X x X with d(Zs, zs) + d(¥s, ys) < 1 such that (x5, ys) is the strict global
maximum M; of

(l‘,y) = \Ilg(l‘,y) - 5d(I,£L‘§) - 5d(y7y5)

In particular,

(2.3) Us(Zs,Ys) < Ws(ws,ys) + 0d(Zs, 25) + 6d(Fs, ys) < Vs(xs,ys) + 0.
Consequently, since Ms = Ws(xs,ys), we get
(24) M(s S sup \115 S M5 + 20.

XxX

The growth assumptions on f and f and B (with respect to ¢) imply
(2.5) R =R, )= sup d(zs,7)+d(ys,T) < 00.
6€(0,1)

Notice that sup Vs < sup ¥y for 0 < § < 4’; consequently (2.4) gives My < Mg + 2§ for
0 <0 < ¢, sothat Ms has a limit as § | 0. Evaluating ¥s on the diagonal and using (2.4)
give that the limit is finite. On the other hand, using (x5, ys) as an admissible point in the
maximization of Was and (2.4) gives

1 1

Mys — Ms > (2—5 — 4_5)d2(336796) — 40,

so that
o1
Set ¢ as in (1.12) with y replaced by ys, x1 by zs. Then

(f — @)(ws) = Sl)l(p(f — @),
10



so that, by viscosity sub-solution property, we have

f—=ho

A (25) < A(Hy™ p)"(5)-

Similarly, set ¢ as in (1.13) with x replaced by x5, y1 by ys. Then
(v = Fys) = Sl)l(pw - f),

so that, by viscosity super-solution property, we have

LMy > (H0). ).

Using first (2.2), then (2.3) and the above mentioned sub- and super- solution bounds,
choosing © = y we get

M(z) — f(x) — 2B od(x,T) — 20

IN

Us(z,2) — 20 < Ws(Zs,7s5) — 6 < Ws(xs,ys)

< Af(ws) = f(ys)

< Aho(as) = u(ys) + o (NH™0) (xs) = (HY"%).(ys) ).

Without loss of generality, we assume that h; is uniformly continuous with a modulus wy,
(otherwise the argument is similar), so that the last term above does not exceed

(3= 1)sup ho| + suup(ho — ) +any (A, 15))) + e (MCHG™ @) () = (HE"0). ) ).

Noting (2.5) and (2.6), we can first let § | 0 and then use the estimate in Lemma 2.2, letting
rx — 0 and finally A | 1. 0

2.3. Semigroup property and some estimates. First, we give some growth estimate on
the f := f, in (1.10).

For h € M"(X;R), the space of measurable functions which are bounded from above, we
define

(2.7) Tih(z) := sup {h(z(t)) - /0 L(z(r),|2'|(r))dr : z € AC(]0,]; X), 2(0) = ZL‘}

for every t > 0. From the boundedness from below of L, we know that T;h is well defined
and that

T, - M“(X;R) — M*“(X;R).
Lemma 2.4 (Semigroup property). For s,t > 0 it holds
TTf = Touf, f€M'(XR)
In addition,
Ty,(h+¢) = (Tyh)+c, Yhe M“(X;R),ceR,
Tih < Tig, whenever h<g, h,ge M*“(X;R).
Finally, T is a a contraction in B(X):

sup [Tihy — Trho| < sup|hy — ha|,  hi, hy € B(X).
X X

11



Proof. Since the concatenation of two absolutely continuous paths gives another absolutely
continuous path, the standard proof for the semigroup property in the case of X = RY
transfers verbatim. Note that existence of optimal paths is not needed, using e-optimal ones
is sufficient. For more details, one can adapt the proof of Lemma 5.7 and the first two parts
of Proposition 5.8 in [17] to the current setting. O

Lemma 2.5 (Dynamic programming). The function f, defined in (1.10) satisfies

vt h(z(s , —t/a
fula) = sup{ [ e (P o), 121060 s a0
0 !
2(-) € AC([0,4]:X), 2(0) = :p} Vz € X.
Proof. Tt follows from similar arguments as in the proof of semigroup property. O

Next, we give some local Lipschitz estimate on f,.

Lemma 2.6 (Local Lipschitz estimate). If supy |h| < oo, then f, is continuous. More
precisely, we have the local Lipschitz estimate

fa(@) = faly)] < (/@) — 1) (25up|h] — ainf L + a¢(d(z, 2) + d(2,y) + d(y, 7)),
X

where qo > 0 and ¢ are given in (1.6).

Proof. Let  # y € X. First, by Condition 1.1(5), there exists gy such that ¢(q) < oc.
Take z = z(r) to be a constant speed geodesic between x and y in time interval (0,0) with

qo0 == d(z,y):
z2:[0,0] = X, 2(0)==x, z(0)=vy, |Z]=q in(0,0).

By dynamic programming, we have

5 pr/a 5
falz) > /o h(z(r))dr — /o e L(z, |2 ))dr 4+ e f,(2(6)).

Then
fay) = fa(z) < (€ = 1) ful) + (”* = 1) Sup |h(2)]|
—1—a(e§/°‘ — 1) sup L(z(r), qo)-

r€(0,4]

By (1.6), for r € [0, d],

L(=(r), @) < Cod(2(r), @) < ¢ o (d(@,2) +d(.2(r)) + d(=(r), y) + d(y, 7).

Lemma 2.7. For any x € X we have

iI)}fh —aCo(d(z,7)) < folz) <suph — ainf L,
X

where ( is the function in (1.6).
12



Proof. For every absolutely continuous path z, —L(z, |2’|) < —inf L, giving the upper bound
estimate of f.

For the lower bound, by Condition 1.1(5), let gy be the positive number appearing in
(1.6) holds. For z € X\ {Z}, we construct a path z(-) € AC(R;;X) as follows: let § :
d(z,Z)/qo > 0 and define z(r) to be the constant speed geodesic with z(0) = z, z(J) = z,
|2’'|(r) = qo. Then on r € [§,26], we let z(r) := z(2J — r) be the reversal of the path in [0, J];
and we continue this process to define a locally absolutely continuous path in R,. It follows
in particular, except for r = kd for k =0,1,2,...,

L(z(r), [2|(r)) = L(2(r), q0) < (o d(2(r),7) < (o d(z, Z).

&I I

Therefore
f(z) > ir)}fh — /000 e L(2(r), q)dr > igl(fh — /000 e Cod(z(r), 7)dr
> iI)}fh —aCo (d(x,7)).
If x = & we use the continuity of f to conclude. O

Following the same proof of Lemma 2.7, we also have the following estimates for 7;.
Lemma 2.8. For each h € M*(X,R), t > 0 and x € X it holds

Bin(f)h —tCod(x,z) < T,h(x) <suph —tinf L,
(T X

where r:=d(x, T).

The function ¢ of the form (1.12), defining Dy, are never bounded from above, unless X
has finite diameter. For each x € X, we introduce the following localization: for M > 0, let
nyv € C'(Ry) be such that 0 < n),(r) <1, and

(2.8) mu(r) =r, r <M, nqu(r)=2M, r>3M.
Using 1), we define

(2.9) om(T) =N o ().

Then, since ¢y < 2M, @)y is bounded from above. Moreover, |Do(z)| = |Dy ()| whenever
o) < M.

Lemma 2.9 (Upper estimate for the generator). For ¢ € D™ of the form (1.12) and
x € X, it holds

limsupt ! (Tipar(2) = par(e)) < (HY™9) (x) VM > ()

t—0t

Proof. Since @y, is locally Lipschitz it is well known and easy to check (see for instance |2,
Theorem 1.2.5]) that |Dy),| is a strong upper gradient of ¢y, namely |@py(a) — (D) <

fab |Dar|(2(r))|2'|(r)dr for all z € AC([a, b]; X). Consequently, for each ¢ > 0 and = € X, we
13



can find z = 2, € AC([0, #]; X) with 2(0) = x such that
Tipu(r) — oule) < £+ ou(c(0) ~ ou(=0) = [ L0, 7)r)in
< 5 [ (1DoutzI10) — L), 7)) )b
< 5 [ (HCIDoIO) G

where H is defined in (1.5). From the first inequality in the above,

/0 W|2|(r)dr < / L(=(r), |2]()dr < £ + oar(2(8)) — Topnr(2) < O,

where Cyy > 0 is independent of ¢ € [0, 1]. Note that (e.g. Theorem 1.1.2 [2]),

d(z(s),z) =d(z / |12/|( dr</ |2'|(r)dr, Vs € ]0,t].
By super-linearity growth assumption on ¢ we get

lim sup d(z(s),z) = 0.

t—=0T g<s<t

Hence

limsupt_1<Tts0M(I) — (,DM(x)> < (H('7 |DS0M|('))>*(1’)‘

t—0t

Since | Do |(x) = 1)y 0 ()| Dl (), for M > p(x) we obtain |[Dyy|(x) = |Deg|(x) and the
conclusion follows. O

Lemma 2.10 (Lower estimate for the generator). For ¢ € D" and y € X, we have

liminf ¢~ (T (y) - (y)) > B U(y).

t—0t

Proof. Fix y € X and ¢ > 0. For each t > 0, we consider those x € X on sphere of radius ¢t
to center y:

qt = d(z,y).

Because X contains more than one point and it is a geodesic space, when t is small enough,
one can always find such x € X. We select a constant-speed geodesic z satisfying

z:[0,t] = X, 2(0)=y, =z20)==, |Z|=qin (0,t).
Recall that

0() = =0 pod(x) - ed(m).
By the definition of T; and by optimizing x over the sphere,

Tos(y) — vly) > Sgp(¢<zgzi—y)w<y>d(x,y)_ | petn, >dr)

= sup ( / qdr — / dr.
zeXd(z,y)=tq




Using rough estimate |Dd(-, z)| < 1, we have that

(M) > [T ) o dtn) -

2.10 limsup  sup
(210 (@)

s—0t  zeXd(z,y)=s
Since

sup d(z(r),y) <d(z(t),y) <d(z,y) -0, ast—0,

0<r<t
if ¢(q) < oo we can use condition 1.1(3) to get

liminft_l(Ttw(y) — () ) (’D ’ — kB od(y, ) — e) ~ L(y,q).

t—0t

Optimizing over ¢ > 0 yields
. . _ =z d2 X, / _
liminf¢ ™ (Ttw(y) — w(y)> > H(y, ‘D(Q—(;)(y)‘ — kB od(y,z) — e).

t—0t

O

2.4. Existence of viscosity solutions. Let f, be defined according to (1.10). We note
that f, has growth estimates as in Lemma 2.7.

Lemma 2.11. For all x € X it holds
limsupt ™! (T, fa(@) = fal@)) < a7 (ful@) = h()).

t—0t

Proof. By definition of T f,, for each ¢t € (0,1) there exists an absolutely continuous path
z = z in [0,¢] with z(0) = x such that

Eh@§ﬂ+mMm—ALMMVWWM

This implies, together with definition of ¢,
t
(2.11) sup / 0(|2'|(r))dr < sup / L(z(r), |Z'|(r))dr < supfa — inf T,fo(z)+1 < o0.
t€[0,1] te0,1] Jo 0st<1

In addition, combine the above upper estimate of 7} f, with dynamical programming principle
(Lemma 2.5), we have

tha(x) B fa(m)
t

) = 0 Y R CUNE ) P 80

t o

e—t/a
t e

1—
ety
t
Note that (e.g. [2, Theorem 1.1.2])

d(2(s),z) = d(z /|z'| dr</|z’| dr, s e 0,1

In view of (2.11) and super-linearity assumption on ¢, we have

<t [ e+ o) e 1 o

li d =0
- 2, A0 =0
15



implying (by the continuity of h and f,)

Tifo@) —fal®) o 1y 0 i Le

lim sup
t—0t 3

Lemma 2.12. [If f, is defined according to (1.10), then

lim inf t‘1<Tt Fulz) — fa(x)> > o L(fu(z) — h(z)).

t—0t

Proof. By Lemma 2.5, for each ¢t € (0,1), there exists an absolutely continuous path z = z
with z(0) = z such that

t _—r/a

h(=(r)) —/0 e UL (z(r), [£|(r))dr + e~ fa(=(2)).

Combined with the definition of T f,, this gives

(2.12) fo(z) < #? +/

0 «

—t/a 42 ! -r/a _ _—t/a / N te_r/a
T (o) 2 fali) =+ [ (T = L), )~ [ b))
Then
o 1 1 ot

(o) = @) 2 S fulw) — 16— (nf L)1+ 07— —)

1 [t lt=r)/a
! / () dr.
t 0

(0%

Similar to the proof in Lemma 2.11, from (2.12), we have that
t t
sup [0 < sup [ 2000, 12(r)ar < .
tef0,1] Jo tef0,1] Jo
which implies

lim sup d(z(s),z) =0.

=0t 0<s<t

By continuity of h,

lim infl@ fol@) = ful2)) > a7 fulx) — ().

t—0t t

Lemma 2.13. The function f, in (1.10) is a viscosity super-solution to (1.11).

Proof. Let ¢ € Dy, hence continuous and bounded from above. Let x € X be such that
(¥ — fo)(x) = supx (¥ — fa), then by Lemma 2.4 we get

Tep(x) = o(x) = To(y(-) = ¥(@))(2) < Te(fa() = fal(@))(@) = Tifa(2) = falx), t=0.
Combined with results in Lemmas 2.10 and 2.11, we get H{"¢(x) < (f(z) — h(x))/a. O

Lemma 2.14. The function f, in (1.10) is a viscosity sub-solution to (1.11).
16



Proof. Let ¢ be of form (1.12) which is locally Lipschitz continuous, bounded from below.
Let z € X be such that (f, —¢)(x) = supx(fa — ¢) and choose M > supy fo — fo(2) + @(x).
Then, we claim that sup(f, — ¢um) < sup(fa — ¢). Indeed, by our choice of M we have

faly) =M < f(z) —p(z)  VyeX

and fo(y) — M > fo(y) — oa(y) wherever ¢ (y) # o(y). Since pp(z) = p(z), it follows
that

(fa - (,0)(56) = (fa - 90M>(x) = S?(p(fa - SDM)'

Now, similar to the proof of Lemma 2.13,

tha(') - fa<m> < TtgpM(') - QOM(Q")‘

Combined with Lemma 2.12 and Lemma 2.9, we get

07 (fu — W)(x) < iminf - (Tepns(x) — ou(0)) < (Hop)"(x).

In summary, we proved the

Theorem 2.15 (Existence). The function f, defined by (1.10) is continuous, bounded from
above and has at most ( od(-,T) growth to —oo. It is the unique viscosity solution to (1.11)
in the class of functions satisfying these bounds.

3. THE CAUCHY PROBLEM
3.1. Further estimates on the time dependent value function.

Lemma 3.1. For every h € BUC(X) and t > 0, we have
limsup sup <Tt+5h($) - Tth(m)> <0, VReR,.

s=0"  Bp(z)
Proof. From (2.7) and the semigroup identity Ts,; = TsT; in Lemma 2.4, there exists Z :=
Zstx € AC([0, s + t]; X) such that 2(0) = = and
t+s
Tivib(a) = Tih(a) < s+ h(E(e+5) = he(0) = [ L |2dr
t

< s+ h(Z(t+s)) —h(2(t)) — sinf L.
In addition, the first inequality above implies that, for s € [0, 1],

t+s t+s
/ (12 ))dr / L(z, |2])dr
t t

< 14+ h(2(t+s)) — h(2(t) — Tiysh(x) + Tih(x)
< 1+44sup|h| —tinf L+ (t+ s)C od(z, ),
X

IN

where we used Lemma 2.8 in obtaining the last line. Using the super-linear growth of ¢,

lim sup d(Zsp(t+7),2502(t)) =0, VReR,,

s—=0F r€[0,s], z€BR(E)

implying (by the uniform continuity of h) the conclusion. 0
17



Lemma 3.2. Let h € BUC(X) and t > 0, then Tih is locally uniformly continuous (i.e.
uniformly in balls of finite radius).

Proof. Since Tyh = h, we only need to prove the case t > 0. For each x € X, there exists
2=z, € AC([0,1];X), 2(0) = x such that
t
Tih(z) < e + h(=(t)) - / L(z |2/ |)dr.
0

Then for any s > 0 and every Z € AC((0,t + s); X) with 2(0) = y, we have
Tih(x) = Tih(y) = Tih(x) = Topsh(y) + Toreh(y) — Th(y)

< e+h(z(t))—h(2(s+t))—/0 L(z, |2'|)dr

s s+t
+/ L(z, |2’|)dr—|—/ L(z,|Z'|)dr
0 s
+T5+:h(y) — Tih(y).

Next, we choose a special s := d(z,y)/qo where gy > 0 satisfies £(gy) < oo (whose existence

is ensured by Condition 1.1(5)) and a special Z such that in time interval (s, s + ¢):
Z(r+s)=z(r), Vrel0,t,

and in time interval (0,s): 2 € AC([0, s|; X) is a constant speed geodesic connecting z to y:

)=y, )= |7)= T2

S
Then

d(z,y)/q0
Th(z) — Th(y) < e+ / L(r), qo)dr + Tyush(y) — Toh(y)
0

UL 4 (Tevahly) Tl

Using the result in Lemma 3.1, we conclude. 0

Lemma 3.3. For every h € BUC(X) and t > 0,

< e+ ((d(z,y) +d(z,7))

liminf inf <T8+th(x) - Tth(x)> >0, VYRER,.
s=0% Bp(z)
Proof. Let g = T;h, then g is bounded from above with possible growth to —oo at most at
the rate of (od(-, ) (Lemma 2.8), moreover, g is locally uniformly continuous (Lemma 3.2).
Therefore, using T, = 15T}, we only need to prove
(3.1) liminf inf (T(s)g(x) — g(:z:)) >0, VReR;.
s=0% Bp(z)
Let go > 0 be such that ¢(qy) < oo, whose existence is ensured by Condition 1.1(5).
Suppose z € X\ {Z}. Then by triangle inequality

1
d(z,z) vd(z,z) > Ed(z,f) >0, VreX

Take 1
€ := —d(z,7) > 0.
‘ 2q0 ( )
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Then whenever s < €, for every x € X,
CI(.I,J_]) \% d(l’,Z) > do€o > qoS,
implying existence of y # x such that d(x,y) = qos. Let w : [0, s] — X be a constant-speed
geodesic with w(0) = z, w(s) =y, |w'| = ¢o in (0, s). Then for each z fixed with d(z,z) < R,
T.g() ~ 9(a) = glw(s)) — g(w(0) = [ Lw(). u'|(r)dr
0

> g(y) — g(x) — s¢(d(x,7) +d(z,y)).

Noticing that s — 07 implies that d(z,y) — 0%, by local uniform continuity of g, the
conclusion follows. U

Lemma 3.4. Let h € BUC(X) and let U be defined according to (1.14). Then U € C([0,T]x
X).

Proof. Since

U(s+t,2) = Ut y)| = |Toph(z) —Tih(y)|
< |Topeh(z) = Tih(z)| + [Tih(z) — Tih(y)],
the conclusion follows from Lemma 3.1, Lemma 3.2 and Lemma 3.3. 0

3.2. Comparison principle.

Lemma 3.5. Let U € USC([0,T] x X;R) be an upper semicontinuous sub-solution to (1.15)
with initial data U(0,x) = Uy(x). Moreover, suppose that it has growth from above at most
Cod(-,z). Let V € LSC([0,T] xX;R) be a lower semicontinuous super-solution to (1.15) with
initial data and V(0,y) = Vo(y). Suppose that V' has growth from below at most o d(-, Z).
Then

sup(U — V)(t,-) <sup(Uy — Vp), Vtel0,T].
X X

Proof. The idea of the proof is identical to the resolvent equation case in Lemma 2.3. There-
fore, we only highlights details which are different.
Let A > 1, ¢> 0, k > 0 be fixed and define

d*(xz,y)
20

With all the above parameters fixed, by the Ekeland’s principle, we can find (ts, zs; s, Ys)
which is the global strict maximum of

<t7$; Say) = \I](S(ta Z; S?Z/) - 5d(x7 l'(;) - 5d<y7y6) - 6’t - t5| - 5’8 - 86"
Moreover, similar relations to (2.2), (2.3) and (2.4) hold:

(3.2) sup W5 < Us(ts, xs, S5, Ys) + 20.
([0,T]xX)2

Us(t, x;s,y) = A(U(t,x) — ct) —Vi(s,y) — - %|s —t|* = kBod(x,Z) — kBod(y,T).

By the growth condition on U and V and the relation between  and ( as formulated in
Condition 1.1.5,

R:=R) .= sup d(zs,7) +d(ys, T) < 0.
4€(0,1)
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Moreover,
lim <1d2($5 y(s) + 1|lf(5 - 85|2) =0.
5—0t \0 ’ )

Without loss of generality, selecting a subsequence if necessary,

lim ss = lim ts =: rs.
6—0+ 6—0+

First, suppose that r, > 0. Then when ¢ small enough, we can always assume t5 > 0, and
ss > 0. Set
d2($, yé)

) .
% + 2—5|t — 55 + kB od(x,T) + dd(z, 25) + 0|t — t5|> € D.

o(t,x) == ct + )\_1<
Then
(U — p)(ts,z5) = sup (U—<p>.

[0,7]xX
By viscosity sub-solution property, we have
ls — Ss

J

¢+ — 6 < AHY™ 0)* ().

Similarly, set

ZD(S, y) =
Then

d?(xs, 1 ) )
(Zg ) _ 2—5|S — t5\2 — kB od(y,z) — dd(y,ys) — d|s — ss| € Ds.

(¥ =V)(ssys) = sup_ (=),

[0,7)xX

and by viscosity super-solution property,

ts — K
L5 > (HE). ().

Consequently
c—25 < MNHopp)" (x5) — (H?&@b)*(yé)'

Using the estimate in Lemma 2.2 and proceed as in the proof of Lemma 2.3, we have
0 < ¢ < liminf lim inflim inf (A(How)"(z5) = (H1t). () ) < 0.
¢ < liminflim inf im inf { A(Hop)"(25) — (H19)«(ys) ) <

The above contradiction leads us to conclude that the earlier assumption r, > 0 cannot be
incorrect, hence r, = 0.
Now suppose 7, = 0. For each (t,z) € [0,T] x X, by (3.2) and the definition of ¥,

A(U(t,x) — ct) —V(t,z) —2kBod(x,z) — 20 = V(t,x;t,x) — 20

< U(ts, vs; 85, Ys) < )\<U(t5,i€5) - Cta) — V(s5,9s).
Taking limits first as 0 J 0, then as A | 1 and eventually as ¢ | 0 on both sides, we get
Ult,w) = V(L) < sup (Up = V5).
X
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3.3. Existence. Let h € BUC(X). By Lemma 3.4, the function U in (1.14) is continuous,
by Lemma 2.8, it is bounded from above with possible growth to —oo with rate at most

C © d(7 j)
Lemma 3.6. The function U is a super-solution to (1.15).

Proof. First of all, Lemma 3.3 (in the case of t = 0) verifies the initial condition part of

viscosity super-solution. To verify the other part of super-solution property, we let ¢ € 15'1“
and (so, o) € (0,7 x X be such that

U(S7y) - U(807 yO) > ¢(3, y) — ZU(So,yo), V(S, y) € [0, T] X X.

By the semigroup, the order preserving and the translation invariance properties of T
(Lemma 2.4), for 0 < r < s,

0="U(s0,90) — U(s0,%0) = T, (U(SO —r) = U(30790)> (%0)

> T, (¢(80 —1,+) = P(s0, yo))(yo)-

In order to conclude, we only need to prove

timinf L7, (4 (s0 7. ) — (50, 00) ) (00) > (~0F + HE“b(s00).

r—0t T

Note that by the form of ¢ = (s, y) in (1.17),
P(so —1,y) — ¥(s0,y) = d(s0 — 1) — ¢(s0) = —1(9) #)(s0) + o(r).

Combining the above with Lemma 2.10, we conclude.

Lemma 3.7. The function U is a sub-solution to (1.15).

Proof. The proof is almost symmetric with respect to that of Lemma 3.6, except a truncation
argument, which we highlight next.

Lemma 3.1 implies that the initial condition of viscosity sub-solution is satisfied. Let
¢ € Dy. We assume that there exists (to, zo) € (0,T] x X such that

(3.3) ©(s,y) — ¢(s0,%0) = U(s,y) — U(so,40), V(s,y) € [0,T] x X.

The function ¢ is not bounded from above, hence we cannot simply apply the semigroup 7’
on it. However, for each M > 0, we can always find a n = ny € C*(R) with 0 </ <1
satisfying (2.8) and define a localized version ¢, of ¢ according to (2.9). By choosing M
large enough, we will have the conclusion of Lemma 2.9, in addition, (3.3) holds with ¢
replaced by ¢ps. Then, repeating the same procedure as in the proof of Lemma 3.6 gives the
sub-solution property. ([l

Combine the above results, we have the following

Lemma 3.8. Let h € BUC(X). Then the function U in (1.14) is a continuous viscosity
solution to (1.15) with initial data U(0,z) = h(x). U is bounded from above and grows to
—o0 at most at the rate of ( od(-, T).
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4. APPLICATION TO A COMPRESSIBLE EULER EQUATION

Let X := Py(R%) be the space of probability measures on R? with finite second moment,
and let d(p, ) denote the 2-Wasserstein so that, (X,d) is a complete and geodesic metric
space (chapter 7 of [2]). Unlike other parts of this article, we use p,~ to denote typical
elements in X. We choose p € X as an arbitrary but fixed probability measure with smooth
and compactly supported Lebesgue density. It plays the role of the base point Z.

Feng and Nguyen studied in [17] an action, defined on space of paths C([0,T];X) (with
T € R,), whose minimizers are weak solution to the following system of d-dimensional
compressible Euler equation (Theorem 1.10 in [17]):

Op + div(pu) =0
(4.1) ¢ O(pu) +div(pu @ u) + VP(p) = —pV(p+Dxp) — 21/2pV(AT\f — )
P(p) = pF'(p) — F(p).

In the above, p = p(t,z) : Ry x R +— R and u = u(t,z) : R, x R +— R are the unknowns,
v > 0 is a given constant and the functions ¢, ¢, ® € C*(R), F € C*(R,) are prescribed.
Precise requirements on 1, ¢, ® and F' can be found in Condition 1.5 of [17]. The term
div(pu ® u) is understood as a vector whose i-th component is div(puu;). Associated with
the above equation are Hamilton-Jacobi partial differential equations in X. Well-posedness
for both resolvent formulation as well as Cauchy problem are proved in Theorems 1.13 and
1.14 of [17]. Next, we apply results of this article to study the action, its minimizer and the
associated Hamilton-Jacobi equations in the limiting case v = 0. To simplify and streamline
the main ideas, we only consider the simpler case of F' = 0. We will work under sufficient
regularity assumptions on ¢, ®. Note that if ® is allowed to be singular, then (4.1) is related
to the Euler-Poisson problem considered in [20].

This section is organized as follow. We first introduce a Riemannian structure to the
Wasserstein space X by following mostly the formalism of Otto [30], and borrowing some
technical results from Ambrosio, Gigli and Savaré [2] to relate metric and differential point of
view. A precise connection is given in Lemma 4.1. Then we show that every action minimizer
is a weak solution to a compressible pressure-less Euler equation (4.7) in distributional
solution sense. Finally, we consider well-posednes for the associated Hamilton-Jacobi partial
differential equations. From a metric space point of view, since (X,d) is a geodesic space,
it is no surprising that our earlier results apply. What we want to show is that there is
another geometric based formulation of the equation. Considerable efforts were given to
versions of such formulation in earlier literature (e.g. [19, 22]), with absence of a uniqueness
result. Making use of the metric level result, we demonstrate that the choice of tangent (and
co-tangent) space structure in these earlier literature is inadequate for adapting the metric
proof of comparison principle. We will explore the geometric tangent cone concept defined in
chapter 12 of [2] to redefine another Hamiltonian. We show that this new one is compatible
with our earlier metric formulation. Well-posedness for the PDE, in the metric as well as as
in the geometric formulations, then follow.

4.1. Lagrangian and existence of action minimizer. There is more than one way of
introducing tangent /co-tangent spaces of X := Py(R%). Chapter 8 of [2] examines a set of
equivalent ones. We will use one of them (the set T, in (4.4)) next to study the problem of

action minimization corresponding to the case v = 0.
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Let ||p||ip = fRd |Vp|2dp for p € C°(R?) and

H, ,(RY) := abstract completion of C2°(R%), as a pre-Hilbert space, under | - |1,
H_1,(RY) = {me DR :|ml-1, < oo},
where
1 2 1 2
(4.2) sImllZy, = sup {{o.m) —5 [ |Ve|dp}.
2 2
peCe (RY) Rd

We also denote
L% ,(R?) := L2 closure of {Vp:p € CZ(RY)},
Note that
(2, 1ol < llallollplli, = gl ol VPl 2eey, ¥ € CE(RY),

hence the linear operator V can be extended from ¢ € C®(R?) to all ¢ € Hy ,(RY). We
denote such extension V. By Lemma D.34 in Appendix D of [16], for each m; € H_1 ,(R%),
we can identify a unique p; € Hy ,(R?) such that m; = —div(pVp;) € H_; ,(R?) (equivalently
Vp; € L% ,(R?)) and

<m17m2>71,p = <P1>m2>H1,p(Rd)xH_1,p(Rd) = <p2,ml)Hl,p(Rd)xH_Lp(Rd) = <@p1, @p2>Lngg-

We refer to chapter 8 of [2] or appendix D.5 of [16] for further properties and relations of
these spaces and we just quote here the elementary inequality

(4.3) ldiv(up)|?,, < /R wEdp Yo e LA(RY).

Viewing p(t, dz)dt as a measure on (0,00) x R?, its distributional time derivative d;p(t, dx)
exists. For each t € R, we define p(t) as the unique element in D’'(R?) satisfying

(.5) = lplt) o), Vi € CE(RY),

whenever the right hand side in the above exists. For p(-) € AC([0,T],X), by Theorem
8.3.1 of [2], Oyp = —div,(pv) in the sense of distributions for some v := v(t,z) such that
f[o TR lv(t,x)|*p(t,dz)dt < oo. In particular, there exists a Lebesgue measure set zero

N C R, such that
d
dt

Hence we conclude the existence of p(t) € H_j ,4)(R?) almost everywhere in ¢t € Ry. In

fact, if |p/| denotes the metric derivative (with respect to Wasserstein distance) as before,

Theorem 8.3.1 of [2] provides the following more precise result connecting the Riemannian
and metric points of view.

Lemma 4.1. For p(-) € AC([0,T];X), we have ||p(r)||-1,p0y = |¢'|(r) for a.e. v € (0,T).
Furthermore, there exist p(r) € Hy ,)(R?) with v(r) := Vp(r) € LQV,p(T) (RY) satisfying

—div(v(r)p(r)) = p(r), Nv(r)llzz, @e) = [0'1(r) for a.e. v €(0,T).
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Let
(44) TP = {(pap) ‘pE Hl,p<Rd)}a T:= |—|p€XTp-

We define the Lagrangian

(4.5 Liop) = 5lol, ~ V(). () eT,

where

Vi = [ S()oldn) + 5 / / o= y)pldo)pdy)

We assume the following throughout this section.

Condition 4.2.

(1) ® € CY(RY) is bounded, with globally bounded gradient;
(2) —¢ € C(R?) has compact finite sub-levels with sub-linear growth in the sense that
there ezist 0 € (0,1) and C € Ry such that

—¢(z) <C(1+[2") VreRS
(3) ¢ € CYHRY), with globally bounded gradient;

The above Lagrangian induces an action function defined on every path p(-) € AC([0, T]; X):
let p(r) be chosen according to Lemma 4.1,

(4.6) Alp()] = / L(p(r), p(r))dr

T T
. 1 /12 _ 1 112
= [ GuEeve)ar= [ GIR,+ Vi)
Lemma 4.3 (Existence of an action minimizer). For every po,vo € X, there exists a path
p(-) € AC([0,T7; X) with p(0) = po and p(T') = vy such that
Alp(-)] = inf {Alo ()] : 0(0) = po, o(T') = ,0(-) € AC([0, T]; X)}.

Proof. Let o.(-) € AC([0,T];X) be e-optimizers of the action satisfying o.(0) = py and
0.(T) = 79. By Lemma 4.1, there exists u(t) := u(t,-) € LQv ooty Such that [lue(t)|[r2. 1)) =
lol(t)] for a.e. t. Let

m.(t; dx, d€) := Oy, (1.2)(dE)oe(t, dx).
Then
om, + div,(ém,) = 0,

/TE[OT] /(x§ " /yeRd ( &P = ((x) + (x —y)))ag(r;dy)me(r;d:z:,dg)dr

From sup, A[o.(-)] < oo and the assumption on compact finite sub-levels of —¢, we obtain
that {m.(dr,dz,d§) := m.(r,dz,d§) x dr : € > 0} is tight in the weak convergence of

probability measure topology. Let mg(dr, dz,d€) be a limit point. Since the time marginal
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is always the Lebesgue measure along the sequence, let o(r,dr) := mg(r, dz, R%), we have
the disintegration

my(dr, dz, d§) = mo(d&; r, x)o(r, dz)dr

allowing us to define a measurable function

u(r, ) = Emg(dé;r, x).

Rd
Then

0o + div,(ou) = 0.

Using (4.3), Jensen’s inequality and Fatou’s lemma, we get

Alo()] < ) |U(7“ x)fPo(r,dz) = V(a(r)))dr
a2

/OT] /Rded |§!2 (o(x )"’@*O’(JI)))mO(T;dl‘,df)dr
< liminf/[OT /Rded ‘f|2 (p(x )—i—CID*ae(x)))me(r;dx’dg)dr

IA

e—0+

= liminf Afo.(-)] = mf{Alo(-)] : 0(0) = po, o(T) = 70, o(-) € AC([0, T]; X)}.
O

The following result relates the variational problem we consider to a compressible Fu-
ler equation. Note that this is different than the Cauchy problem of Euler equation where
constructing a mono kinetic solution is much harder (see for instance Gangbo and Westdick-
enberg [23]).

Theorem 4.4. A minimizer of the action Al-], with initial value p(0) and terminal value
p(T) exists. Moreover, any such minimizer p(-) is a weak (i.e. distributional) solution in
(0,T) x R? to the following pressure-less compressible Euler equation

O¢p + div(pu) = 0,
Oy(pu) + div(pu ® u) + pV(p+ P xp) = 0.

Proof. Combined with the existence of minimizer in Lemma 4.3, the arguments in Section 3.2
in [17] can be adapted to give the proof, with some simplifications. Indeed, in the present
case v = 0, FF = 0 and V&, V¢ are bounded continuous, so that the a priori estimates in
Lemmas 3.5 and Lemma 3.6 in [17] are not needed anymore. O

(4.7)

4.2. An inadequate choice of Hamiltonian in the case v = 0. In view of the tangent
space structure, we choose cotangent space

T = {(p, n):n € H_Lp(Rd)}, T* = Upex T,
C° is dense in the tangent space T, and the cotangent space T C D'(RY). For every
(p;n) € T; and p € C°(RY),

(p, ”)Hl,p(Rd)xH,l,p(Rd) = (p, n>D(Rd)><D’(Rd)-

These motivate the following definition of gradient.
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Definition 4.5. Let f : X — R and py € X. The gradient n := gradf(p,) € D'(R?) is
defined as the unique distribution n such that

(9, oty = lim ~(F(o(8)) — F(@(0)))

t—0t ¢

holds for every p € C°(R?) and o(-) := o?(:) € AC(R; X) satisfying

(4.8) 0o 4+ div(eVp) =0, (0) = po.
We define
1
Hp.n) = ¢l + V(o). (p.n) € Xx D(RS)
Note that (4.2) variationally defines ||n|_;, for all n € D’(R?). We now define the operator
1
(4.9) H(p) = H(p,gradf(p)) = 5llgradf(p)I21, + V(p).

This is formally the v = 0 limit of the case considered in [17]. We claim that this is not
the correct analogue of the metric version of Hamiltonians studied earlier. In particular, it
is an open problem to establish comparison principle for viscosity solution of

f—aHf=h.
A few computations will clarify.

We consider the function p — %dQ(p, 7). First, we introduce some notation from mass
transportation theory. Let 7 be a projection from (1, xs,...) € R? x R? x ... onto the i-th
coordinate 7(z1, g, ...) := ;. Similarly, we define 7 (z1, 29, ...) := (z;,x;) for i # j. Let
p, v € X. We denote

L(p,y) = {u € Po(R* x RY) :myp = p, mypn = 7}
and

Lo(p,v) = {Mer(pyfy);d%p’f),):/

R4 x R4

[~ yPplde, dy) }.

That is, Iy is the collection of probability measures solving the Kantorovich problem (Chap-
ter 6 of [2]).

Let pop € X and p € C*(RY). We define o := o(t) as in (4.8) for t € R. Let u(t) €
Lo(o(t), ) and wp(t; dz, dy) = u(t; dy|x)o(t; dz) be a disintegration of g with a Borel selec-
tion of p(t; dy|x), so that the function u below is Borel:

ta) = [ (o= p)nttsdylo)

Lemma 4.6. Let the p, o, u be as above. Then 4d?(o(t),v) exists for t € R\ N, where N
15 some Lebesque measure zero set, and

dl1
(4.10) Eidz(a(t),y) = / u(t,x)Vp(x)o(t,dr) = (p, —div(ou)), te€R\N.
R4
Moreover, if To(po,y) = {1} consists of only one element, then uy := u(0,x) gives
1
(4.11) gradp0§d2 = —div(poug) € H_1,,,(R?).
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Proof. The identity (4.10) follows directly from Theorem 8.4.7 in [2]. Since limy_,od(c (), po) =
0, we have d-relative compactness of {u, } for any sequence ¢, — 0, whose limit point
has to belong to I',(po,7). Suppose that I',(po,y) consists of a singleton, it follows that
lim; o+ d(py, o) = 0. Combined with (4.10), we arrive that d*(o(t), ) is right differentiable
at t = 0 and (4.10) holds at ¢ = 0. O

We now consider the optimal transportation problem p, € I',(0(t),7) time by time. In
view of the definition of u(t) and p,, by Jensen’s inequality, we have

(4.12) div(o(Ou)Z 100 < (t,2)]*0(t, dx)

|u
Rd
< / & — g2t dr, dy) = (o (), ).
R4 xRd

for every t € R\ N. We note that, unless p(t) is given by an optimal transportation map
T, = Ty(z) (i.e. p(t;dy|r) = 7,2)(dy) for x a.e.-o(t)), the last inequality in (4.12) is a strict
one. Recall that in proving uniqueness of viscosity solution (metric formulation) through the
comparison principle, we made critical use of the identities in Lemma 2.1. The appearance
of a strict inequality in (4.12) suggests that the above notion of gradient of functions in
the space of probability measures is not compatible with metric definition, at least when
Ly(po,y) is a singleton and py is not absolutely continuous. Moreover, the previous strategy
of proving comparison principle cannot be replicated, unless p is absolutely continuous w.r.t.
Lebesgue measure.

In [19] (Section 3) and [22] (Sections 4 and 6), although a slightly different notion of
viscosity solution is used, the choice of tangent space is still T, hence the notion of sub-
super-gradient which is defined on T* bring the same problem as mentioned above.

Note that for the viscosity solutions considered in [17], gradients of test functions are only
evaluated at p’s with Lebesgue density. The existence and the uniqueness of the optimal map
T are then guaranteed by Brenier’s theorem (e.g. Theorem 6.2.4 in [2] or Theorem D.25 in
Appendix D of [16]). This can be done because that, when v > 0, for any path p := p(t) with
finite action as defined in [17], a priori estimates give the following trajectory regularity:
p(t;dz) = p(t,z)dxr has Lebesgue density for all ¢ > 0. The proof of this property uses
entropy function and related interpolation inequalities. This trajectorial level regularity is
then translated to the Hamiltonian formulation, through the definition of viscosity solutions
in [17], by an appropriate choice of test functions (different than the ones here) with entropy
as part of the perturbation. In the case of v = 0, however, such feature is lost (e.g. [20]).

Next, we refine the above approach by augmenting the tangent space. We will also use a
different notion of viscosity solution (Definition 4.14) based on sub- and super-differentials
and directly defined on candidate solutions at every point, instead of defined indirectly using
test functions at certain maximum/minimum points (Definition 1.4). This allows us to link
our results next directly with those in literature [19, 22].

4.3. Geometric tangent cone on X and sub-, super-differentials of functions. A
close inspection on the short proof of Lemma 2.1 reveals the following. The tangent space
in previous paragraph does not contain sufficiently many tangent directions to distinguish
among certain paths which are the geodesics used in the metric slope calculations. When we
define differentiation of the p — d?(p, ) along these paths, and p is singular, the difference

shows up. Next, we will use the geometric tangent cones concept, introduced in sections 12.3
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and 12.4 of [2], to remedy this problem. Then we reformulate a new Hamiltonian. This allows

us to establish a link with the earlier metric slope formulation of the Hamilton-Jacobi PDE,

consequently deriving well-posedness of the new formulation of the equation as a by-product.
Let p € X and

G(p) = {m = m(dz; d§) € Po(R* x RY) : mim = p, (7', 7" + en?) um € To(p,7),
for some v € X, e > O}.

For each m; € Py(RY x R?) with W#mi =p, 1 = 1,2, we define a distance
D,(m;, my) := inf {/ & — n*M(dz; d€, dn) : M € Po(R? x R? x R?)
Rd xR x R4

ijl\/[ = ml,W;fM = mz},
and

o), = max{ [ (€ n)M(dusde,di) s M€ PuR! x RO X RY),
R2xRe xR

When m; = my; = m = m(dz; d§), the above maximum is trivially attained at
M(dz; dE, dn) := b¢(dn)m(dz, dE).

Hence
Jm]? := <m,m>p=/ € [Pm(da; dE).
Rd

We now define
——D,(-,

(4.13) Tan, := G(p) ol ), Tan := Uyex Tan,,.
Recall that T, is identified using H;,. By Theorem 12.4.4 of 2], T, C Tan,, via the
embedding ¢ — (Id x Vq)xp. The embedding of T, to Tan, is isometric and one-to-one
when p has Lebesgue density. However, in general, the inclusion can be strict.

We note that, as definitions, the notations |ml, and (m;, m,), remain valid for general
m, m;, my € Py(R? x R?) with common first marginal measure p, they do not have to be in
G(p). We will use the notations in such more general context later.

Definition 4.7. [Fréchet super- and sub-differentials] Let f : X ~ R and that p € X be
a point such that |f(p)| < co. We denote super-, sub-differentials and differential of f at
p respectively by 0f f := 0% f(p), 0, f := 0" f(p), and 0,f := 9f(p). These are subsets of
{n € Py(R?* x RY) : miun = p} satisfying the following.

We say that n € 8;“ f if there exists a modulus of continuity w, such that, for every p; € X
and every M € P,((R%)?) such that (7!, 7t + 7%),M € [,(p, p1) and W;fl\/[ = n, we have

(414 flp) — f(p) < /(Rd)3<§ )M(da; de, dn) + d(p, pr)on(d(p, p1)).
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Analogously, we say that n € 9, f if there exists a modulus of continuity wy such that,
for every p; € X and every M € Py((R%)?3) with (7!, 7! + 72),M € T',(p, p1) and W;?’M €
Fo(pa pl)a we have

(4.15) f(p1) = f(p) Z/ (€ - n)M(dz; d€, dn) + d(p, p1)wn(d(p, p1))-

(R)3
Finally, we define
0, f = ajfﬂﬁgf.

The definitions above are closely related to the ones in Definition 10.3.1 in [2] and in
Chapter 5 of Gigli [25]. Let p € I'y(p, ),

nyi= (0 =), mpi= (1 (7 — 1)

Then by Lemma 2.1,

1 1
(4.16) Inall, = d(p,7) = [nel; = \D@dz(p, M| = \Dv(—§d2(p, N,

where |D,3d?| and |D,1d?| mean metric slopes, respectively w.r.t. p and 7. Next, we show
that ny € 97 3d*(p,7) and ny € 95 (—3d*(p,7)). Such result is the key to establishing a
comparison principle for our geometric-based formulation of the Hamilton-Jacobi equation.

Lemma 4.8. The following inclusions hold:
o728 (7) > (- ) m e Tl ).

0;(—580)) > {0 @ —gpmeTolo )
Proof. The conclusions all follow from Theorem 10.2.2 of [2]. O
Definition 4.9. For any ¢t € R and n € P,(R¢ x R?), we define scalar multiplication

t-n:= (7' tn?)un.
For n; € Po(R? x RY) we define a multi-valued addition by
(4.17) n &ny, = {neP((RHY?) :n=(a" 7%+ 7°)uN,
N € Po((R?)?), m°N = 0, m,°N = n,}.
We also define, for ¢;, i = 1,2,
0y 01 @ 0, 02 = Uy et © Mz

and we define 9, 1 @ 0, o similarly.

It directly follows then

(1) ]It - nll, = [tllInl,, N
(2) ifne€ d;fandt >0, thent-n € d5(tf),
(3) if n € n; @ ny, then

(4.18) fl, < flnfl, + lnzfl,,  lndl, < lnll, + 0],

Lemma 4.10. Suppose that p := 7T;1¢Il1 = 71'31#112 € Po(R%). Then n; ® ny # ().
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Proof. Using conditional probability measures, we can write n;(dx;dn;) = n;(dn;|x)p(dz),
1 =1, 2. If we define

N(dz; dm, dnp) = n (dm |z)n2(dns|z) p(dz),
it is immediate to check that n := (7!, 7% + 7°)4N € n; @ n,. O

Lemma 4.11. Let n; € Tan,, i = 1,2. Then

(1) n; ®ny C Tan,;
(2) t-n; € Tan,, for allt € R (in particular, (—1) -n; € Tan,).

Proof. These are Propositions 4.25 and 4.29 of Gigli [25]. O

The fact that (—1) - n € Tan, whenever n € Tan, leads to a nontrivial consequence that
will help us simplifying later arguments considerably.

Lemma 4.12. Let n € 9,f N Tan, where i € {+,—}. Then ||, <|Df|(p).

Proof. We prove the case of n € 97 f N Tan,. Then other one follows by noting that n € 9 f
if and only if (=1) -n € 97 (—f) and that [Df[(p) = |D(—f)|(p).

First, by Lemma 4.11, m := (—1) - n € Tan,. By the density of G(p) in Tan,, there exist
my, € G(p) and My, € Po((R?)3) such that, setting

n; = (—1) - 1My,

there holds ﬂ;fl\/[k = (—1) - ny, W#SMk =n and

lim D,(n,n;) = lim (=€) — n\sz(da:;dS,dn) =0.

k—oo k—oo (Rd)3

Now, if €; > 0 satisfy the property that (7!, 7' +¢€,7?) 4my is an optimal plan, we can assume
with no loss of generality that ¢, — 0 (because if this property holds for €, it holds for all
€€ (0,ex)).

We now define

M, = (7!, %, 7)1 My, pr = (' + 1) 4 (ep - my).
Then
(!, w7 u My € Tol(p, i), w#?’l\N/Ik =n.
By the definition of super-gradient,

flow) = flp) < /(Rd)3(£ - 1)My(da; d€, dn) + d(p, pi)wn(d(p, i)
< —epllngl? + exDp(n, ng) o], + d(p, pr)wn(d(p, pr))
= (= Imelly + Dyfm ) ) llew -, + d(p, pr)ewald(p, 1))

- ( - an”P + Dﬂ(n’ nk)>d(p7 pk) + d(ﬂv pk)wn(d(p7 pk))

Therefore

Il < timsup L&)~ Hor)” 17(e0) = £p)]

< = |Dfl|(p).
D ) S s Ly P
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Lemma 4.13. Let ¢ := @1 + @3, then 01 @ gy C Jhp, i € {+, —}.

Proof. We prove the case of super-gradients only, as the other case follows by symmetry.
Let n = n; ®ny € 971 © 0fwy where n; € 9F¢; for i = 1,2. That is, there exists

N € P2((R%)?) such that 7;°N = ny, 7,;°N = n, and

n(dars dn) — / / 84 ()N (ds dipy, ).
n2 Jm

That is,

(4.19) /x/m /m e(@,m + 12)N(da; dny, dnp) I//so(:v,n)n(dx; dn).

For every p; € X and every M € Po((R%)3) such that (7!, 7! + 7%).M € T,(p,p1) and
W#?’M = n, we conclude the lemma by showing that

(4.20)  ¢(p1) = ¢(p) < /( d)S(S -n)M(da; €, dn) +d(p, pr) (wWny + wna)(d(p; p1)),
R
where wy,, ¢ = 1,2 are the modulus appearing in the definition of n; € 8;%-.
To verify (4.20), we first construct a P € Py((R?)?) with certain desired properties. First,

. 1,3
using ;"M = n, we decompose

M(dx; d¢, dn) = M, ,(d¢)n(dz; dn)

and define
P(dx; d€, dnr, dnz) := My, 4, (d)N(dx; dipy, dipo).
Then,
(4.21) (7, 72, 7 + 7t 4P = M.
Indeed,

////M%fﬂh+772)P(dx;d§,dm,d772)
- A3 €1+ 12) Moy (d€) N (da; dy, drgo)
L4 )

/ﬂg[/7 </5925(9‘355’77)Mx,n(d§)>n(da:;dn)
- /x/n/ﬂx;f’??)M(dxsdf;dn).

In the above, from the first to the second equalities, we used (4.19) by taking

(4.22) ola,m) = /{ ol €, )M, (d).

Next, we define

M (da; €, dny) := 7> P(da; d€, dny) = / M, 1 1 (AE)N (da; iy, di),
2
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Mo (da; €, dn) := 7> P(du; €, dns) = / M1 1, (AE)N (daz; iy, dipy).
m

Then it is immediate to check that
W#ng = W#gP = W#QN =ny, W#?’Mz = W;fP = ﬁi/f’N = Ny,
while (4.21) gives
(rh, 7t + 72 M, = (rh, 7t + 1)y P = (!, 7t + 7). M € Tolp, p1) i=1, 2.
With the above properties, writing wy := wy, + Wn,, We have

e1(p1) — w1(p) + p2(p1) — p2(p)
< /(Rd)g(f -1y )M (de; d€, dmy ) + /(]R (€ - n)My(dz; d€, dny) + d(p, pr)wa(d(p, p1))

d)3

— /(Rd)4<§ ~(m + )P (dx; dE, dny, dng) 4+ d(p, p1)wn(d(p, p1))

_ /( (6 M, dn) A, pen(e. )
R
This establishes the validity of (4.20). -

4.4. Augmented Lagrangian and Hamiltonian, Viscosity solution of a Hamilton-

Jacobi equation in P,(RY) and uniqueness. Now, we define an augmented Lagrangian
1
L(m) := §HmHi — V(mym), Vm € Tan.

We also define, for n € Py(R4 x R?),
1
H(n) := §HHH,2) + V(ryn).

We study well-posedness of a Hamilton-Jacobi partial differential equation formally written
as

(4.23) f(p) — aH(p,d,f) = h(p),

where o > 0 and h € BUC(X). The Cauchy problem formulated using this augmented form

can be treated similarly, we do not pursue details here to avoid repetition.
We define, for every f: X — R,

(4.24) Hof(p) = inf{H(n): nea;fmTanp},

(4.25) H,f(y) = sup {H(n) :mead; fn Tany}.

We recall the conventions that inf () = 400 and sup@) = —oo. By density of G(p) in Tan,,
the sup on Tan, (respectively Tan,) in the above defining equalities can be replaced by sup
on G(p) (respectively by G(7)).

The restriction of n € Tan in (4.24) and (4.25) deserves an explanation. We observe
that the roles of W;E’ZM and Wi’ng in Definition 4.7 are not symmetric. In particular, if

n= W;?’M ¢ Tan, then

M(dz; d€, dn) := 0,(d§)n(dz; dn)
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won’t belong to the admissible class appearing in definition of super- sub- differentials. A
practical significance of the above M is the property that

/(Rd)g(f -n)M(dz; d€, dn) = ||n||f,, where p = 7@1%1\/[.

We will use this in the existence of super-solution in Lemma 4.23 near the very end. In
principle, one could have developed a theory without the restriction n € Tan. However, this
will complicate the definition of Hy and H; requiring the use of measures M with 3 variables
(x;€,m), instead of the n with 2-variables (z, &).

Definition 4.14 (Viscosity solution using sub, super-differentials). f is a viscosity sub-
solution to (4.23) if f € USC(X;R) and

o' (f = h)(p) < (Hof) (p), p€X;
f is a viscosity super-solution to (4.23) if f € LSC(X;R) and

a '(f=h)(p) = (Hif)i(p), pEX

If f e C(X;R) is both a viscosity sub- as well as super-solution, it is a solution.

We will refer the above equation and its definition of solution as geometric-based formula-
tion. In contrast, we refer to the earlier equation (1.11) in conjunction with Definition 1.4 as
metric-based formulation. We reveal next that uniqueness of the metric based formulation,
which follows from Lemma 2.3, implies uniqueness of the geometric-based formulation.

Let ¢ and ¢ be the special test functions in (1.12) and (1.13), and Hy"™ and H{"“ be the
metric-based formulation of Hamiltonians defined in Section 1.2 using the notion of local
slope. Next, we prove an estimate of Hyp from above by the Hg "o, and prove another
estimate of Hy¢ from below by the H;"“¢). To be notationally consistent throughout this
section, we always use the probability-measure-space notations, even when dealing with the
metric formulation. Specifically, we recall that a base point p € X is chosen. It has smooth
compactly supported Lebesgue density, as defined in the beginning of this section. We also
recall that, for d, k,e > 0,

d2
126 (o) =2 (T8 o d(pp) + (o). A>Tvmex,

20
and that
K€ 1.d ) / _
el = Hp (2 45 od(p.7) +).
A )
where
1 _
H(p,p) := 5}?2 +Vi(p), (p,p) € XxRy—R.
Similarly,
__d(p,) _
(427) ¢(7) S 25 - ’%B o d(’)/”O) - 6d(7771)7 PN S X7
and
K,€E d ) / —
H () = H(%( (PgW) —kf od(v,p) —¢€) \/O).

We note that 8;“d(-, p1) is empty at p = p;. Therefore, 8;%0 and 07 ¢ may be empty
when evaluated at some important points, making the use of Hye and H;v non-informative
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at these points. Next, we consider further perturbations which are smooth in the sense of
super- sub-differentials.
Let

do(p,7) ==V d*(p,7) +a, p,y € X a>0.

Let o, 0 > 0 be small, and 8 € [0,1] with ), By = 1 and p, € X where k = 1,2,.... We
build a bump function

(4.28) Alp) = Bd(p, pi)-
h=1

and define

d2
120)  gusle) =3 (T 4 g 0d(0.0) + ol ) + 00, Vo X

By Lemma 4.8 and Lemma 4.11(2), each summand is superdifferentiable and it admits

tangent elements in the superdifferential. By Lemma 4.13 and Lemma 4.11(1), we obtain

O 0apNTan, # 0 Vp e X.

p

Although there are countable sum of distances in A, the conclusions of the above lemmas
still holds when applied to A due to the summability of £,s and the special form of sub-
super-differentials identified in Lemma 4.8.

Lemma 4.15. Suppose that lim, g0 d(pa.e, p) = 0 and that sup, d(p, pr) < M < co with M
independent of 0, . Then

limsup Howa o(pas) < H()A’H’eSD(P)-

a—0t,0—0+

Proof. For notational simplicity, we re-write the ¢, in (4.29) into four terms corresponding
to each of the terms in that expression

Pan = A" (po + K1 + €pa) + A,
For all n € 8;%0&,9 N Tan,, invoking Lemma 4.12,

1 /d(p, , ~
(4:30) Il < 5 (222 4 58 0 dal.) + ) +20 sup (o).

k=1,2,...

Since Ry > p — H(p, p) is nondecreasing, we have

Hopa0(pap) = inf {H(n) ‘n € 3;;7090 N Tanpaye}

1,d(pusg, B
< H(pa,e, X(w + k8 0 da(pag, p) +€) + 26 Sup d(pa,e,pk))

We conclude by taking the limit. OJ

Similarly, we construct a smoothly perturbed version of the function v in (4.27):

(4.31) Vo) = =T g 0d,(3,5) — edalrm) — 0A().
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Lemma 4.16. Suppose that lim, g_,0 d(7a,7) = 0 and that sup, d(v, pr) < M < oo with M
independent of 0, a. Then

liminf Hytag(Vae) > Hy (7).

0—0t,a—01

Proof. We re-write the test function ¢ in (4.31) into four terms v, g := Vg + Kby + €y — OA,
where in particular, ¢y(7) = —55d*(p, 7).
By Lemmas 4.8 and 4.11(2), for any p € T',(p, ) the plan

1 1 2
S =) p

belongs to 971 N Tan,. Also, Lemma 4.13 provides

ng '= <7T2

n; € <87_(ml}1 + ey — 0A)> N Tan,,.

Take any n € ng @ n; (whose existence is guaranteed by Lemma 4.10). By Lemmas 4.13 and
4.11(1), n € 97940 N Tan,. Additionally, by Lemma 4.12,

[l < [D(Kahy + eha = OA)|(7) < € = (k5" 0 da(v, p) + € + 20M).
Hence in view of (4.18), we have that ||ng|[, < |n|, + €, that is,

d(p,7)
5

Inly = (Inll, - ) vo= (S5~ ) vo.

By monotonicity of Ry 3 p+— H(p,p),

Hitao(y) = sup{H(D): 0 € 9 1hap N Tan,}
> H(n)
d
> H(% ( (%’7) —rf oda(y,p) —€— 9M> VO)-
Replace the v above by 7,6 and taking the limit, the conclusion follows. 0

Next, we link H, f, 7 = 1, 2 with Hyp, ¢ and H;v, 6, at those special points p, v appearing
in the maximum principle.

Lemma 4.17. Let f : X — R, a > 0,0 > 0, and pg, v € X satisfy
(f = ¢a0)(p) = sup(f = @ag),  (VYap = f)(7) = sup(Yap — f).

Then 3:{9004,9 C (9p+f and O e C O, f. Consequently, at such p and v we respectively have

Hof(p) < Hopao(p),  Hif(v) > Hivae(7y).

Proof. By assumption, ¢a¢(p1) —@as(p) > f(p1) — f(p) for all p; € X. Hence (939004,0 C 8;Lf
by the defining inequality of super-differential in Definition 4.7.

Similarly, f(71) = f(7) = Yas(71) — Yae(y) for all 41 € X. Hence 07 ¢q6 C 95 f follows
from definition of sub-differential. 0

Combining the above lemmas, we have the following relation between the metric-based

and geometric-based formulations of viscosity solutions.
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Lemma 4.18. FEvery viscosity sub- (resp. super-) solution to (4.23) in the sense of Defini-
tion 4.14, is a viscosity sub- (resp. super-) solution to (1.11) in the sense of Definition 1.4.

As a consequence, the comparison principle for (1.11) implies the comparison principle
for (4.23).

Proof. We only prove the sub-solution case, the other case is similar.
Let (f — ¢)(po) = sup(f — ¢), where ¢ is defined as in (4.26). We write
X

2
o = A_1<d (p,7)

2L 4 1B o dalp.p) + €dalp. 1)),

Noting d,, > d, we have
(f = a)(po) = Sl)l(p(f — o) — 0.

where

0= 0(c) i= 5 (B0 dalpo,7) — B0 d(p0,p)) + 5 (dalpo, 1) = dlpo 1)) € Ry

By applying the Borwein-Preiss variational principle in Proposition 5.2 with ¢ = 6 and
F = f — ¢4, we can now find (Bk, pr) € [0,1] x X, k = 1,2,... (this sequence may depend
on all the earlier parameters «, 6 and py) and p, e € X such that

(f - @a,@)(paﬁ) = Sgl(p(f - (1004,9)7

where @, 0 := @0 — VOA and A is defined as in (4.28):

Alp) =Y Bd(p, pi)-

Moreover,
supd(pk, po) < 6%, d(po, pas) < 6.
k
Now, combining Lemmas 4.15 and 4.17 the conclusion follows. U

4.5. Existence of viscosity solution for Hamilton-Jacobi PDEs in P»(R%). In view
of Lemma 4.1, the value function f defined in (1.10) becomes

(4.32) f(p) = sup { /000 e~/ <M — L(o, d))dr c0(+) € AC1(Ry; X), 0(0) = p}.

(67

Lemma 4.19. Condition 4.2 implies Condition 1.1.5. Moreover, the value function f is
continuous, bounded from above and has at most sub-linear growth rate to —oc.

Proof. For any 0 < 6 < 2,

0/2
[ atdo < ([ 1oPan)" < et dipp)
R R
With the assumptions on ¢, ® in Condition 4.2 and the choice of 6 € (0, 1), it follows that
there exist Cy, C; € R, such that
—Co(1+d(p,p)” < V(p) <Ch.

Hence we may choose ((r) = C(1 + %) for some C' € R, and B(r) = r to verify Condi-
tion 1.1.5.
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The continuity on f follows from Lemma 2.6, while the growth estimates follows from
Lemma 2.7. U

We already know, through Theorem 2.15, that f is a viscosity solution to the metric
formulation of Hamilton-Jacobi equation (1.11). Next, we show that it is also a viscosity
solution to (4.23) as given in the sense, a priori stronger, of Definition 4.14. First, we observe
the following small time behavior of semigroup T;. Denote

Coo = VOl + [V Lo
Under Condition 4.2, sup, |D,V| < Cye. Then we have the following.

Lemma 4.20. Let f : X — R be an arbitrary Borel function which is bounded from above.
Then for each t > 0 and py € X with f(py) > —o0, we can find py := p14 € X satisfying

(4.33) d*(po, p1) < Cyt,  t€[0,1]

where C is a constant only depending on f, such that

(430) Tf(o) — F() < 2+ F(o) — F(o) — 12 (o, L2PV) 1 0, JT1VE

Proof. For every absolutely continuous curve p(-),

/0 (V(p(s) — V(p(0))ds < Coo / / 1 (r)drds < tCyg / 17 dr
Recall L(p,q) = ¢*/2 — V(p), we denote

Li(p,q) == L(p,q) — tCy 0q.
Then

Tif(po) = f(po)
= sup {1 (o) = £0(0) = | L. 1(5))s

+Aﬂwm»—WmWBWO€AaWﬂM%M®=m}
< sup {f(/)(t)) — f(po) —/0 Li(po, p'(s))ds : p(-) € AC([0,t]; X), p(0) = Po}
= sup {f(ﬁl) — f(po) — tLy (Po; M) },

pP1EX t

where the last line follows from convexity of L; in ¢ € R,..

Since f is bounded from above and L(pg, q) = ¢*/2—V (po), we can always restrict the p;s
in the last maximization problem to satisfy (4.33), uniformly in ¢ in bounded time interval.
Hence the conclusion (4.34) follows. O

Lemma 4.21. The value function f in (4.32) is a continuous viscosity sub-solution to (4.23)
in the sense of Definition 4.14.

Proof. In view of Lemma 2.12, we only need to show that for the value function f and every
po € X, we have

(1.35) timint © (727 (o) — F(p0)) < (Hof) (o)
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Without loss of generality, we assume 8;0 f is non-empty, otherwise by convention, inf over
the empty set is +o00, hence Hyf(py) = +00 and the above inequality holds trivially. We
apply the estimate in Lemma 4.20. For each fixed ¢ > 0 and the p; := p;; appearing in
that lemma, let n € 9} f and let M € P5((R%)?) such that (x', 7' + 72),M € T,(p, p1) and

W#?)M =n. From (4.34) and the defining relation of super-differential, we have

d(po
Tf(po) ~ F(po) < 1+ [l (o0. p1.0) + (oo, . 1)) — £ (o, S22 4

= (Il + (o, p1.)) 2220 (, ALLN] o

1 2
< 4+ CtvVE+ 5 (Inllp + wald(po, 1))+ 1V (p0).
Consequently (4.35) follows. O

Next, we also establish a scaling property for the defining inequality in super-differentials.
Recall that, for 79 € X, m € G(7) means that € > 0 such that (7', 7' + er?)4m is optimal
between its first marginal, namely 7y, and its second marginal, namely (7! + er?)4m.

Lemma 4.22. Let f: X = R, v € X, m € G(y) and ng € 9 f. Given € > 0 such that
(7', 7! + em?)xm is an optimal plan, we define

(4.36) v(t) == (7' + t7*)4m, t € [0,¢€l.

Then ~(t) is a constant speed geodesic between v(0) = 7o and y(€) and there ezists a modulus
of continuity wy, satisfying this property: for all My € P((R%)3) such that W;QMO =m and
w#?’MO = ng, there holds

F(y(@8) = f(n0) = t/ (€ - m)Mo(dy; d€, dn) + d(70,7(t) Jwno (d (70, 7(£))), Yt € [0, €].

R4 x R4 x R4

Proof. The fact that v(t) is a constant speed geodesic is well-known, see e.g. Lemma 7.2.1
of [2]. For t € [0, €] we define M, := (7', 7% 7%) sMy. Then 7;°M, = ny and

(rh, 7t + 72) M, = (7!, 7 + t7%) My € To(70, ¥(1)).
Consequently, by definition of sub-differential of f,

JOy@) = f(w) = /(Rd)g(f-n)Mt(dy;dé,dn)+d(%,v(t))wno(d(%,v(t)))

= t/(Rd)B(ﬁ-n)Mo(dy;dg,dn) + d (70, ¥() )wng (d(70, ¥(1))).

O

Lemma 4.23. The value function f in (4.32) is a continuous viscosity super-solution to
(4.23) in the sense of Definition 4.14.

Proof. In view of Lemma 2.11, we only need to verify that for the value function f and every
Y € X, we have

fimsup 1 (T2 (o) = £0)) = () (30)

t—0t+
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Let ng € 9. f (if no such ny exists by convention the sup over the empty set is —oo, hence
H, f(70) = —oo and the above inequality holds trivially). Let m € G(v), let € > 0 be such
that (m!, 7' 4+ em?) 470 is an optimal plan, and define () as in (4.36). Since 7(¢) is a constant
speed geodesic,

[YI(t) = e 'd(%,7(e)) = [mll,,,  O0<t<e
Taking this into account, by the definition of T} in (2.7), we also have

T o) = 1o = 16(0) = fo) = [ (GlmlE, = V(s s

Now, let My € P((R?)?) be such that ’/T;2M0 = m and 71'3#’31\/[0 = ng. From Lemma 4.22,
for all ¢t € [0, €] we conclude that

F00) = F00) 2 1( [ (- mMofd: . dn) + 00,70 (800, 7(0)))
Consequently, the lower semicontinuity of V' give
e (1170~ fo0)) = [ (€on— SIePIMotdysde. d) + Vo)

Now we make the extra assumption that no € 9, f N Tan,,. If the slightly stronger
condition ng € 9, f N G(7p) holds, then taking

My (dx; d€, dn) := 6,(d)no(dz; dn),
(which is admissible since W#QMO =ng € G(70)) and noting

1 2
N — = My (dy; d€, dn) =
/(Rd)3 (5 n 2|£‘ ) 0( Y, ga 77) /

Y0
(Rd)3

1 1
§|77|2M0(d17;d€,d77) = 5”110”2

the conclusion follows. In the general situation ny € Tan,,, if m,, € G(vy) converge to ny we
construct M satisfying W#QM’(} =m,, W;g?’ = 1y and use the fact that

. 1 . 1
lim (§-n— é\SIQ)Mo(dy; dg, dn) = §|Ino\|30

n=00 J(mays
to conclude. 0
In summary, we have
Lemma 4.24. The value function f is a viscosity solution to both (4.23) and (1.11).

4.6. Well-posedness of Hamilton-Jacobi PDE in P,(R?). In view of the comparison
result in Lemma 4.18, we conclude with the following.

Theorem 4.25. The value function f is the unique continuous viscosity solution with at most
sub-linear growth, both to the metric-based formulation (1.11) as well as to the geometric-
based formulation (4.23).

In principle, we can also treat the Hamilton-Jacobi PDE associated with Vlasov-Monge-
Ampére equation as described in the last section of [1], using the same methodology. We do
not pursue details here further.
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5. APPENDIX - PERTURBED OPTIMIZATION PRINCIPLES

Let (Y,dy) be a complete metric space and let ' : Y +— R U {—oc} be an upper semi-
continuous function, Z —oo, uniformly bounded from above.

Proposition 5.1 (Ekeland). Let € > 0 and yo € Y be such that

F(yo) > sup F(y) — e
yeY

Then there exist y. € Y such that
F(ye) 2 Fyo), dv(ye, o) <1, Fly) < F(ye) +edv(y,4e), Yy # ye.
In particular, y. is the global strict (hence unique) mazimum of y — F(y) — edy (y, ye).

Proof. The Proposition is an adaptation of Theorem 1 in Ekeland [13]. O
Proposition 5.2 (Borwein-Preiss). Let € > 0 and yo € Y be such that
F(yo) = sup F'(y) —e.
yeY

Then there exist yy € Y, ye € Y and non-negative numbers By with > o, B =1 such that

khm dY(yk7 ye) = 07 sup dY(yka ye) S 61/47 dY(yev yO) S 61/47
—00 —

F(ye) > Sup F(y)—e, F(yo) — VeA(ye) > F(y) — VeA(y) Vy €,

where
Aly) = Appy (W) =Y Bedy (v, ui).
k=1

Proof. The conclusion is an adaptation of Theorem 2.6, estimates (2.8), (2.13) and (2.14)
in its proof, and Remark 2.7, all of Borwein-Preiss [6], in the special case where p = 2,
A\ = el/4, O

In the above result, we have

Ayl <) Bed? (e, ur) < Ve.

In particular, we also have

IDAI(y) <2 Brdy (ye i) < 267
k
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