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2 GIANNI DAL MASO AND GIULIANO LAZZARONI

INTRODUCTION

In this paper we study a quasistatic evolution problem for brittle cracks in hyperelastic
bodies, in the context of finite elasticity. Following the lines of [18, 6], we develop a math-
ematical model, based on the variational approach to fracture mechanics that goes back to
GRIFFITH [22].

All existence results in the mathematical literature on this subject [15, 8, 17, 12] were
obtained using energy densities with polynomial growth. This was not compatible with
the standard assumption in finite elasticity that the strain energy tends to infinity as the
determinant of the deformation gradient vanishes. Our model extends the previous results to
a wide class of energy densities satisfying this property; moreover, it takes into account the
non-interpenetration condition, which was not considered in the above mentioned papers.

Our definition of quasistatic evolution is based on the approximation by means of solu-
tions to incremental minimum problems obtained by time discretization (Section 2.4). This
approximation method was already used in the other mathematical papers on this subject,
and is common in a large class of rate-independent problems. We prove an existence result
(Theorem 2.13) and show also (Theorem 2.14) that our solutions satisfy the basic properties
of the energy formulation presented in [27]:

e global stability,
e energy-dissipation balance.

To simplify the functional framework, we impose a confinement condition: the deformed
configuration is constrained to be contained in a prescribed compact set (Section 1.3). This
allows us to formulate the problem in the space SBV of special functions of bounded
variation [3], as in [17].

There are three main difficulties in passing from the polynomial growth condition to the
context of finite elasticity:

e lower semicontinuity of the bulk energy,
e jump transfer,
e cnergy estimate.

As for the lower semicontinuity, the problem is that all theorems for quasiconvex functions
require a polynomial growth, while the convexity assumption is not compatible with finite
elasticity. We overcome this difficulty by assuming polyconvexity and applying a recent
result [20], which requires only suitable bounds from below ((W4) in Section 1.4).

Jump transfer is a procedure introduced in [17] to prove global stability. One step of the
original construction employs a reflection argument, which is forbidden by finite elasticity.
We modify the jump transfer lemma, replacing the reflection argument by a suitable stretch-
ing argument (Section 4.1): the upper bounds needed in this step require a multiplicative
stress estimate ((W5) in Section 1.4), already used in [4, 25].

The discrete energy inequality was obtained in [12] through an additive manipulation of
the approximate solutions; moreover, the passage to the limit in this inequality was based on
a lemma about the convergence of stresses, which requires a polynomial growth. In our new
context, the discrete energy inequality relies on the multiplicative splitting introduced in [19],
which requires a suitable continuity condition on the Kirchhoff stress ((W6) in Section 1.4);
the passage to the limit is now obtained using a modification of the above mentioned lemma
(Lemma 5.1), proven in [19].

The hypotheses introduced to overcome these difficulties ((W0-6) in Section 1.4) are
compatible with finite elasticity and are satisfied, for instance, in the case of Ogden materials
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(Example 1.8). Since in this paper we focus on the new ideas and techniques used to avoid
the polynomial growth condition, we study a problem with no applied forces and with
sufficiently smooth prescribed boundary conditions. The minimal regularity hypotheses on
the boundary data, on the volume forces, and on the surface forces will be considered in a
forthcoming paper [26].

To deal with the non-interpenetration condition, we adopt a weak formulation for SBV
functions (Definition 1.1), introduced in [21], and use a stability result (Theorem 3.4) with
respect to weak™ convergence in SBV proven in the same paper. In the Appendix we dis-
cuss the reasons for the choice of this formulation and its physical motivation.

In Section 1 we present the hypotheses on the geometry of the body, on the strain en-
ergy, and on the prescribed deformations. In Section 2 we give the definition of quasistatic
evolution and state the main theorems; first, we present their simplest form, using an auxil-
iary problem (Section 2.3) based on the multiplicative splitting introduced in [19]; then, we
formulate these results in the original setting. Section 3 contains the proof of the existence
results, while Sections 4 and 5 are devoted to the proof of the global stability and of the
energy balance; moreover, in Section 5.3 we show the convergence of the energies of the
approximate solutions. Section 6 contains some results on the nontrivial problem of the
measurability of solutions with respect to time. In Section 7 we sketch the extension to
the case of applied volume forces with smooth potentials. Finally, the Appendix contains a
comparison among different notions of non-interpenetration.

1. THE MECHANICAL ASSUMPTIONS

1.1. Definitions and notation. Throughout the paper, we will consider functions defined
on subsets of R (with n > 2), endowed with the Euclidean scalar product - and the corre-
sponding norm |-| . The space of nxn real matrices is denoted by M"*"; SO,, stands for
the subset of orthogonal matrices with determinant 1, while GL;} stands for the subset of
matrices with positive determinant; I is the identity matrix. The space M"™*" is endowed
with the scalar product A: B := tr (ABT) , which coincides with the Euclidean scalar prod-
uct in R”Q; we denote by |-| the corresponding norm. Given A € M"*", we define adj; A

as the vector composed of the minors of A of order j; its dimension is 7; := (?)2

In what follows, L™ is the Lebesgue measure in R™, while H"~! is the (n—1)-dimensional
Hausdorff measure. The expression almost everywhere, abbreviated as a.e., always refers
to £", unless otherwise specified. Given two sets A and B in R" we say that A C B
whenever H""}(A\B) = 0 and we say that A = B whenever H" (A A B) = 0, where
AN B :=(A\B)U (B\A) denotes the symmetric difference of A and B.

We recall some notions concerning BV functions. As usual, for a bounded open set
UCR" and m > 1, BV(U;R™) is the space of functions of bounded variation, i.e., the
set of functions u € L*(U;R™) whose distributional gradient Du is a Radon measure on U
with |Du| (U) < 400, where |Du| denotes the total variation of Du. For a BV function
u, the symbol Vu stands for the absolutely continuous part of Du with respect to £™. We
refer to [3] for the definition of the jump set S(u), of its unit normal vector field v, , of
the jump [u] :== ut —u~, and of the space SBV (U;R™) of special functions of bounded
variation. Given p > 1, we consider the space

SBVP(U;R™) = {u € SBV(U;R™) : Vu € LP(U;MmX") } 7
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endowed with the norm

1
P
lullspran = [ 1 do+ ([ 9 o)+ pul @), (11)
which makes it a Banach space.

1.2. The body and its cracks. In this section we introduce a geometry modelling an
elastic body with cracks, following [12]. The reference configuration of the body is the
closure Q of a bounded open set Q C R™ with Lipschitz boundary 9.

We will suppose that every deformation takes place in a container K, a compact set with
Lipschitz boundary and with Q C K. We will assume also that every crack in the reference
configuration is contained in the brittle part Qp of Q, and that Qp is the closure of an
open subset Qp of Q with Lipschitz boundary.

We fix an open set Qp with Lipschitz boundary and with Q C Qp C K, and define
the Dirichlet part of the boundary of Q as OpQ := Qp N IN. The Dirichlet condition
on Opf) is imposed by prescribing the deformation of Qp\Q, which may be considered
as an unbreakable body in contact with . The Neumann part of the boundary is the
closed set On§2 := OQ\OpQ. The case Qp = Q corresponds to a pure Neumann problem,
while Q C Qp corresponds to a pure Dirichlet problem (if so, it is not restrictive to take
Qp = int K)

We suppose

QrNopQ =0, (1.2)

so that the boundary deformation acts on the brittle part Qg only through Q\Qp, which
can be regarded as a layer of unbreakable material. Notice that this condition does not imply
that Qp CC Qp, but only that the brittle part Qp does not meet the Dirichlet boundary
0pl = QpNAIN. As a consequence, there cannot be interfacial cracks on dp€2. We cannot
avoid (1.2) for a technical reason, related to the non-interpenetration condition, that will
appear in the proof of Lemma 4.1 about crack transfer.

A crack is represented in the reference configuration by a countably (H" !,n — 1)-
rectifiable set T' C Qp N Qp with H* 1(T') < +o00. The collection of admissible cracks is
given by

R :={T: (H""',n— 1)-rectifiable, I C QN Qp, H" (') < +o0} . (1.3)

According to Griffith’s theory, we assume that the energy spent to produce the crack
I' € R is given by

K(T) = /F w(a, ve(2) dH (@) | (1.4)

where vr is a unit normal vector field on I' and x: (QB NQp) x R® — R is a lower
semicontinuous function such that

(K1) v+ k(x,v) is a norm on R" for every x € Qg N Qp,
(K2) k1|v| < k(z,v) < ka|v| for every (z,v) € (2 NQp) x R,

for some constants k1 > 0 and ko > 0; as a consequence, we have
ki H"HT) < K(T) < ko H™ (T . (1.5)

To simplify the exposition of auxiliary results, we extend x to Qp xR™ by setting k(z,v) :=
ko |v| if € Qp\Qp, and we define K(T') by (1.4) for every countably (H"~!,n — 1)-
rectifiable subset I' of R™.
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1.3. Admissible deformations. A deformation of 2p is represented by a function u in
SBV (Qp; K), which is defined as the set of functions u € SBV (Qp; R™) such that u(z) € K
for a.e. z € Qp. With this definition we are requiring that every deformation of the body
remains in the container K. We assume that there is I' € R such that S(u) C I', so
S(u) c ﬁB NQp.

Furthermore, we require a condition of non-interpenetration of matter in the sense of
CIARLET-NECAS [10], a notion developed first for Sobolev mappings and recently generalized
to SBV functions by GIACOMINI-PONSIGLIONE [21].

Definition 1.1. A function u € SBV (Qp; K) satisfies the Ciarlet-Necas non-interpenetra-
tion condition if the following hold:

(CN1) u preserves orientation, i.e., for a.e. x € Qp, det Vu(z) > 0;
(CN2) w is a.e.-injective, i.e., there exists a set N C Qp, with L"(N) = 0, such that u is
injective on Qp\N.

The prescribed deformation of Qp\Q is given by a function ¢ € W' (Qp\Q; K). The
Dirichlet condition on u takes the form u = a.e. in Qp\ 2, i.e., we prescribe the deforma-
tion on the whole volume Qp\Q and not only on dp€2. On the latter set the equality u = v
is satisfied in the sense of traces, because by (1.2) u is of class W1 in the neighbourhood
QD\ﬁB of 8DQ

Then we define the set of admissible deformations, corresponding to a crack I' € R and
a Dirichlet datum ¢ € Wh!(Qp\Q; K), as

AD(4,T) = {u € SBV(Qp: K) : u satisfies (CN1), (CN2),
(1.6)
ulg g =¥, and S(u) c I‘} .

If AD(¥,T') # @, the equality U|QD\§ = ¢ implies in particular that v satisfies (CN1) and
(CN2) in Qp\Q. Moreover, if u € AD(¢),T") there exists N C Qp with £?(N) = 0 such
that u(Q\N) does not intersect ((Q2p\Q)\N).

Remark 1.2. The first difference from the model of [12] is the non-interpenetration require-
ment for the admissible deformations; this suggests to formulate the boundary conditions
in terms of the leading body Qp\Q2. Furthermore, we introduce the confinement condition
u(z) € K, in order to simplify the functional framework (SBV instead of GSBV'). Another
relevant difference is given by the assumptions on the bulk energy, which will be stated in
the next section.

1.4. Bulk energy. We present the hypotheses on the bulk energy, which will allow us to
deal with the case of finite elasticity. The relevant assumptions were studied in BALL [4],
FRANCFORT-MIELKE [19], and FUSCO-LEONE-MARCH-VERDE [20].

Given a crack T' € R, we suppose that the uncracked part Q\I' is hyperelastic and that
the bulk energy on Q\I' of any deformation u € SBV (Qp; K) with S(u) C I' can be written
as

W(u) := W (z,Vu(z))dx = / W(z,Vu(z))dz, (1.7)
Q\T Q
where W: Q x M"*"™ — [0, +00] is independent of T' and satisfies the following properties:
(W0) Frame indifference: for every (x, A) € Q x M"*™

W(z,QA) = W(z, A) for every Q € SOy ;
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(W1) Polyconvexity: there exists a function W:QxR™ — [0, +00] such that x +— W(x, §)
is £™-measurable on Q) for every £ € R™, £ — W(x,§) is continuous and convex on
R™ for every x € 2, and

W(x,A) = W(z, M(A)) for every (z,A) € Q x M™*"™
where M (A) := (adj; 4,...,adj,A) is the vector (of dimension 7: =71 + -+ 7,)
composed of all minors of A;
(W2) Finiteness and regularity: for every x € Q we have
W(z,A) < +o00 = A€cGL}
and A — W(z, A) is of class C* on GL;.

Furthermore, we require that there exist some constants 8% > 0, 8,,..., 8% >0, ¢, >0,
ciy > 0, and some exponents pi,psa, ..., pn, such that for every z € Q:

(W3) Bound at identity: we have W (z,I) < ¢y ;
(W4) Lower growth condition: for every A € M"™*"

Wz, A) > By Jadj; A" — B,
j=1

with

p1227 p]Zp/lzplpilforj:277n_1a pn>17

(W5) Multiplicative stress estimate: for every A € GL;}
|[ATDAW (2, A)| < ey (W (2, A) + ¢y ;

(W6) Continuity of Kirchhoff stress: for every € > 0 there exists d > 0, independent of
x, such that for every A € GL} and B € GL; with |[B—1|<§

|DAW (z, BA) (BA)" — DaW (2, A) AT| < e (W (z, A) + cly).

Henceforth, we will set p := p;.

Remark 1.3. Hypotheses (WO0), (W1), (W2), and (W5) were studied in [4], while (W6)
was used in [19]. Assumptions (W5) and (W6) involve two stress tensors:

K(z,A) :=Ds W(x, A)AT (1.8)
sometimes called Kirchhoff stress tensor, and
L(z, A) == ATDAW (z, A), (1.9)

which appears in the expression of the so called energy—momentum tensor
Wz, A) T — ATDAW (2, A). (1.10)

In all these formulas, DsW (z, A) denotes the matrix whose entries are the partial derivatives
of W with respect to the corresponding entries of A.

Remark 1.4. Hypotheses (W1) and (W4) guarantee lower semicontinuity for W, thanks
to Theorem 3.1 below, due to [20]. When p > n, it suffices to suppose W (z, 4) > By, |Al”,
instead of (W4), thanks to a result by AMBROSIO [2, Corollary 4.9]. Notice that, if W(u) <
+oo for a function u € SBV(Qp; K), then v € SBVP(Qp; K) by (W4).

In the next proposition, we state a consequence of hypothesis (W5) for L; moreover, we
highlight the counterpart of (W5) in the case of K . For the proofs and a deeper discussion,
we refer to [4, Section 2.4].
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Proposition 1.5. Let W satisfy (W5). Then there exists v € (0,1) such that, for every
(2, A) € Q@ x GL} and every B € GL} with |B — 1| <,

W (z, AB) + ¥ < % (W (z, A) + &) (1.11)
Moreover, if W satisfies also (WO0), then for every (x, A) € Q x GL}
|DAW (z, A) AT| < |AT DaW (2, A)

7

so that
|DAW (z, A) AT | < ey (W (2, A) + ) . (1.12)

Remark 1.6. There are examples of functions satisfying (1.12) but not (W5); instead, these
properties are equivalent when the material is isotropic, i.e.,

Wi(x,AQ) =W(x, A) for every Q € SO,,. (1.13)
If either (W5) or (1.12) holds, there exists ¢, > 0 such that for every (x, A) € Q x GL;}
W(z, A) < ¢ (|A|S + |A*1\S) , (1.14)

where s :=ncjj,. All these properties can be found in [4].

Remark 1.7. In [19, Proposition 5.2] it is proven that K satisfies (W6) whenever (1.12)
holds, all entries K;;(z, A) of K(x, A) are differentiable in A, and there exists ¢j;; > 0 such
that

|Da Kij(z, A): (CA)| < ¢y (W (x, A) + ) |C] (1.15)
for every C' € M"*" and (z,A) € Q x GL; .

Example 1.8 (OGDEN MATERIALS). An important class of hyperelastic isotropic materials
in dimension n = 3 was studied by OGDEN in 1972 [29, 30] to describe the behaviour of nat-
ural rubbers. These materials provide a classical example in finite elasticity [9, Section 4.10];
the strain-energy associated with A € GLT is given by

M N
W(A) =" ai[A" + 3 b |cof A + h(det A),

i=1 j=1
where several material parameters appear: M, N > 1, a;, b; > 0, ~;, §; > 1. Moreover,
h: (0,00) — R is a convex function satisfying h(t) — +oo as t — 0%. Here, cofA :=
(det A) A~T stands for the cofactor matrix of A.

In general, the strain-energy considered in this example is polyconvex and satisfies in-

equality (W4) [9, 20]. Moreover, in [4] it is proven that W satisfies (W5) and (1.12),
whenever the following growth condition holds for every ¢ > 0, with C' > 0:

LR ()] < C(h(t) +1).

Now we show a simple example of Ogden material satisfying all the properties we are
requiring for . A similar example is presented in [19], in the case p > n, where Ambrosio’s
result is sufficient to prove lower semicontinuity, so that one can take 3, = --- = nl—0
in (W4). In our example ﬂ{;v > 0 for every j, which allows us to consider the case 2 < p < n,
where Ambrosio’s semicontinuity result cannot be applied. Another example can be found
in [24].

Let n = 3 again and take, for A € M3*3,

B |APY + B3, [cof A|”* + B3, |det A|P® + ~|det A|™7 if det A >0,

400 otherwise,

W(A) := {
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where p1 =p>2, po>p', p3 > 1, and ﬁ{;v>0,asin (W4), and ¢ >0, v > 0.

Let us verify that properties (W0—-6) hold: polyconvexity (W1) and lower growth estimate
(W4) are clear by construction; moreover, one can see that W satisfies frame indifference
(WO0), local non-interpenetration (W2), and isotropy (1.13). To check the other properties,
we must compute the derivative of W for A € GL7 ; for this, we need the expression of the
differential d4 cof A, considered as a linear map from M?3*3 into M3*3:

dacofA[B] = [tr (A7'B) I — A"TB"] cof A,

whence we conclude that d4 cof A is symmetric, i.e.,

dacofA[B]:C =dacofA[C]: B. (1.16)

Then we see that
(dacofAfcof A]) AT = |cof A|* T — cofA cof AT, (1.17)
da cof A[CA] = (tr (C) I —CT)cofA. (1.18)

Using (1.8), (1.16), and (1.17), we get
K(A) = BLpi |AP 2 AAT 1 2,p, [|cofA|P2 I — |cof A2 ~2 cof A cof AT| +
+ (5{},}33 |det A|”* — ~vq|det A|_q) I.

We compute its differential d4K (A), considered as a linear map from M3*3 into M?3*3.
Using (1.18) we obtain

QKA [CA = BYyp [(p1 —2) AP (AAT:C) AAT + |A]P T2 (CAAT + AATC)} +
+ B2 pa? [|cofA|P2 tr (C) — cof A2 72 (cof AT cof A) ;c] I+
— B2 pa(pa — 2) [cof AP* 2 tr (C) cof A cof AT +
+ B pa(ps — 2) |cof AJP>~* [(cof AT cofA):C] cofA cof AT +
— 3% pa |cof AJP* 72 [tr (C) T — O] cof A cof AT +
— B2, p2 |cof A[P* 7% cof A cof AT [tr (C) T — C] +
+ [ﬁ‘?}v p3 |det A|P® — vq|det A|7q} tr (C) I.
The formulas for K(A) and d4K(A) immediately show that (1.12) and (1.15) hold; then,
by Remarks 1.6 and 1.7, (W5) and (W6) hold.
With the same procedure one can treat Mooney-Rivlin materials [9], where
alAP +blcof A]* 4 ¢|det A]* — d logdet A if det A >0,
+00 otherwise,

W(A) := {

where a, b, ¢, d are positive constants. Also in this case, because of the exponent p = 2,
Ambrosio’s result does not apply.

1.5. Prescribed deformations. We prescribe a time-dependent deformation of Qp\,
requiring that u(x) = ¥(t,z) for a.e. x € Qp\Q, at every time ¢ € [0,1]. For technical
reasons, we have to assume that = — (¢, x) is defined for every x € K, takes values in K,
and has an inverse function on K, denoted by y — ¢(¢,y). This determines two functions

¥, $: 0,1 x K — K .



QUASISTATIC CRACK GROWTH IN FINITE ELASTICITY 9
With a small abuse of notation, the functions = +— (¢, z) and y — ¢(¢,y) are denoted by
Y(t): K — K and ¢(t): K — K, respectively. At each time ¢ they satisfy
(BC1) P(t)oo(t) =1 =¢(t) orp(t),

where I denotes the identical function in K.
We require that for every i,7=1,...n

(BC2) Dytp, Dyytp, Dy Dy 90, DDy, %) exist, continuous on [0, 1] x K
and
(BC3) Di¢, Dy, ¢, Dy, Dy, ¢, D;Dy, ¢ exist, continuous on [0, 1] x K .

This implies that the mixed derivative D, D1 exists and coincides with DD, ; the same
is true for ¢. We use the following notation: Vi and V¢ are the Jacobian matrices with
respect to x or y; moreover, 1/1 =Dy, Vi/) := VDy¢p = Dy V1, and the same for ¢.

We need a uniform bound on the energy of the prescribed deformation: we suppose that
there exists a constant M such that

(BC4) Wz, Vib(t,z)) < M

for every (t,z) € [0,1] x Q (for example, this holds when (¢t) = I'). This assumption,
together with (W2), gives

det Vip(t,z) > 0 for a.e. x € K .

Since by (BC1) and (BC2) det Vi(t,x) # 0 for every t € [0,1] and = € K, by continuity
one has
det Vi) (t,z) > 0 for every z € K , (1.19)

which in turn implies
det Vo(t,y) > 0 for every y € K . (1.20)

Notice that (1.19) and the invertibility of ¢(¢) imply that 1 (t) satisfies the Ciarlet-Necas
condition; as S(1(t)) = @, this implies that () € AD(3(t),I) for every I' € R.

2. EVOLUTION OF STABLE EQUILIBRIA

The aim of this paper is to study the evolution of stable equilibria for the physical system
introduced in the previous section: an elastic body with cracks, subjected to a general strain
energy, compatible with the non-interpenetration hypotheses (W2).

In the present section, we define the notion of incrementally-approrimable quasistatic
evolution of global minimizers for the total energy £. Our main results are the existence
of such a quasistatic evolution with prescribed initial conditions (Theorem 2.18) and the
analysis of its properties (Theorem 2.19).

2.1. Minimum energy configurations. We begin by discussing the notion of stable equi-
librium, first considering only the bulk energy W. For a fixed time ¢ € [0,1] and a given
crack I' € R, a deformation u corresponding to an equilibrium is a critical point of the
functional W on the set AD(9(t),I') defined in (1.6). Among such critical points, we select
the minimum points of the problem
ueAngn(t),F) Wiu), (2.1)

which are called the minimum energy deformations at time t with crack T'. Their existence
is guaranteed by the following theorem, which will be proven in Section 3.3.
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Theorem 2.1 (MINIMIZATION OF THE ELASTIC ENERGY). Let W satisfy (W0-6). Consider
the prescribed deformations defined in (BC1-4). Then for every t € [0,1] and every T € R
the minimum problem (2.1) has a solution.

Next, we define the total energy
E(u,T) :==W(u) + K(T). (2.2)

In Griffith’s theory, an equilibrium configuration at a fixed time ¢ € [0,1] is an admissible
configuration (u(t),T'(¢)) which is a “critical point” of the functional £(u,T') on the set of
configurations (u,T') with T' € R, I'(t) C ', and u € AD(3(t),I'). Unfortunately, the
definition of “critical point” in this context has never been made mathematically precise.
Following [18], among these equilibrium configurations we will consider only minimum
energy configurations, which are defined as those admissible configurations (u(t),T'(t)), with
I'(t) € R and u(t) € AD(¢(t),I'(t)), such that the unilateral minimality condition holds:

E(u(t),T'(®) <&(u,T) (2.3)

for every I' € R, with I'(¢) C I, and every u € AD(v(t),T).

The next theorem ensures that for every t € [0,1] and for every initial datum T'y € R
there exists at least a minimum energy configuration (u(t),T'(t)) such that T'g C T'(¢); the
proof is in Section 3.3.

Theorem 2.2 (MINIMIZATION OF THE TOTAL ENERGY). Let & be the energy defined in
(2.2), where W satisfies (W0-6) and K satisfies (K1-2). Consider the prescribed deforma-
tions defined in (BC1-4). Then, for every t € [0,1] and T'g € R, the minimum problem

min {€(u,I): T €R, Iy CT, ue AD(4(t),I)} (2.4)
has a solution.

2.2. The discrete-time problems. To define a quasistatic evolution, we employ a stan-
dard method for rate-independent processes [27], developed in [18, 15, 12, 17] for problems
in fracture mechanics: first, we consider a time-discretization of the problem and find some
incremental approzimate solutions; the desired incrementally-approzimable quasistatic evo-
lution will then be the limit of the discrete solutions.

Let us fix a sequence of subdivisions {}} .., of the interval [0,1], with

0=t) <th<---<thl<th=1 (2.5)

and

. i i1y _
kILnQO @f‘gxk(tk t, ) =0. (2.6)

We will call such a sequence a time discretization.
As a datum of the problem, we are given an initial condition (ug, o), satisfying I'p € R,
ug € AD(¥(0),Ty), and the unilateral minimality condition

S(U,O,Fo) S E(U,F) (27)

for every T' € R with T'g C T and every u € AD((0),T).
For every time subdivision, we define a corresponding incremental approximate solution,
whose existence is guaranteed by Theorem 2.2.

Definition 2.3. Fix k € N. An incremental approximate solution for £ corresponding to
the time subdivision {t};}0<i<k with initial datum (ug, o) is a function ¢ — (ug(t), Tk (t)),
such that o
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(a) (ur(0),T'%(0)) = (uo,To); 4
(b) wp(t) = wi(ty) and T'y(t) = Ty(ty) for t € [th,¢7"") and i =0,...,k — 1;
(c) for i =1,...,k, (ur(t}),Tr(tL)) is a solution of

min {E(u,T): T € R, T, ') CT, ue AD((t},),T)}. (2.8)

Notice that, if ¢ — (ur(t),I'x(t)) is an incremental approximate solution, by the mini-

mality and by (BC4) we have E(ug(t),T'x(t)) < oo for every t, hence uy € SBVP(Qp; K)

by (W4), with p = p;. To study the limit of these objects, we recall a notion of convergence

for sequences in SBVP(Qp;R™), usually called weak* convergence, in spite of the fact that
it does not involve any predual space.

Definition 2.4. A sequence wuy converges to u weakly* in SBVP(Qp;R™) if
ug,u € SBVP(Qp;R™);

U — U In measure;

|kl e smmy is bounded uniformly with respect to k;
Vuy — Vu weakly in LP(Qp; M™*™);
H"~1(S(ug)) is bounded uniformly with respect to k.

As for the cracks, we need a notion of convergence for sets, called o? -convergence, intro-
duced in [12].
Definition 2.5. A sequence 'y, oP -converges to T if Ty, T C Qp, H" }(T'x) is bounded
uniformly with respect to k, and the following conditions are satisfied:
e if u; converges weakly* to u in SBVP(Qp) and S(u;) C I'y, for some sequence
k; — oo, then S(u) C T;
e there exist a function u € SBVP(Qlp) and a sequence uy converging to u weakly
in SBVP(Qp) such that S(u) =T and S(uy) C 'y for every k.

*

2.3. Formulation with time-independent prescribed deformations. Now we pass
to an alternative formulation of the problem, where the Dirichlet conditions are time-
independent, whilst the time-dependence is transferred to the energy terms; this approach
is based on [19]. We look for a solution v € AD(¢(¢),T") to (2.4) of the form u = ¢(t) o z,
with z € SBV (Qp; K); this request implies z € AD(I,T"). The chain rule in BV [3, Theo-
rem 3.96] gives Vu(z) = Vi (t, z(z)) Vz(z) for a.e. © € Qp, so that we define the auxiliary
volume energy
V(t)(z) := / Vt,z,z(z), Vz(z)) de, (2.9)
Q
where
Vt,z,y, A) == W(x, Vi(t,y) A). (2.10)
Hence,
W(u) =V(t)((t) ou), V(t)(z) = W((t) o z). (2.11)
This leads to introduce a class of functions V': [0,1] x Q@ x K x M"*™ — [0, +00] satisfying
the following properties:
(V1) Polyconverity: there exists a function V: [0,1] x © x K x R™ — [0, +00] such
that x +— V(t,x,y,f) is L™-measurable on ) for every (¢,4,&) € [0,1] x K x R,
(t,y,&) — V(t,x,y,f) is continuous on [0,1] x K x R" for every x € Q, & —
‘N/(t, x,y,£) is convex on R” for every (¢,z,y) € [0,1] x 2 x K, and

V(t,z,y,A) =V (t,z,y, M(A)) for every (t,z,y,A) € [0,1] x @ x K x M™*" |
where M (A) is defined as in (W1);
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(V2) Finiteness and regularity: for every (t,z,y) € [0,1] x @ x K we have
V(t,r,y,A) < +oo <+= A€GL},
and (t,y,A) — V(t,z,y, A) is of class C! on [0,1] x K x GL;} for every = € Q;

furthermore, there exist some constants 3% > 0, Bi,...,8% > 0, ¢ > 0, ¢, > 0, and
some exponents pi,pa, ..., Pn, such that for every (¢,z,y) € [0,1] x Q x K:

(V3) Bound at identity: we have V(t,z,x,1) < c¥;
(V4-5) Dependence on the matricial term: A w— V(t,z,y, A) satisfies (W4-5);
(V6) Estimate on the time derivative: for every A € GL

(V7)) Continuity of the time derivative: for every € > 0 there exists § > 0, independent
of (t,z,y), such that for every s € [0,1] with [t —s| < § and every A € GL;}

DV (t,z,y,A) — DV (s, 2,9, A)| < e (V(t,z,y,A) +c¥);
(V8) Estimate on spatial derivatives: for every A € GL}
IDyV(ta,y, A) < ey (V(E,2,y, A) + ).
Proposition 2.6. If (W0-6) and (BC1-4) hold, then the function V defined in (2.10)
satisfies properties (V1-8).

Proof. Properties (V1-2) are obvious.
Checking property (V4) reduces to estimate |adjjv¢(t,y)A| from below in terms of
|adjjA|, for given t € [0,1], y € K, and A € GL}. Let B € GL}; then

|adj;(BA)| < |adj; B |adj,; A| < C} slup|blm|j |adj; A| < C; |BY |adj; Al ,

where the first inequality is given by [11, Proposition 5.66], b, are the elements of B, and
C; > 0 depends only on n and j. This is equivalent to

1 s
|adj;(B~"A)| > o 1Bl ladj; A .
J

For B~! = Vi(t,y), employing the hypotheses of boundedness (BC2), (BC3), and the
invertibility condition (1.19), we conclude, modifying the constants properly.
We take

>y VM, > max {ely, 14 (3], V0], ely (V0] [V, ely Vol [V}

where M is the constant of (BC4). Then (V3) comes from (BC4), while (V5), (V6), and
(V8) follow from (W5), (BC2), and (BC3), using the following consequence of (1.12): for
every (xz,A4) € Qx GL},

[DAW (2, Vi (t,y) A) AT| < ey (W (a, Vi (t,9)A) + ey ) [Vo(t, (L, y))] -
Similarly, (V7) follows from (W6), thanks again to (1.12) and to the properties of 1) (see
also [19, Lemma 5.5]). O

Remark 2.7. Frame indifference is not preserved under (2.10).

The previous proposition allows us to leave the setting introduced in Section 1 and con-
sider the more general class of functions satisfying (V1-8). Here we underline some conse-
quences of these properties.
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Remark 2.8. Property (V5) implies (1.11) for V. Furthermore, (V6) gives, via the Gron-
wall Lemma,

V(te,z,y, A) +c < (V(t1, 2,9, A) + ) ecvlt2—tl (2.12)
for every tq,ty € [0,1] and (z,y, A) € Q x K x GL;, which ensures the uniform continuity
of t — V(t,z,y,A) on the sublevels of V. Analogously, (V8) implies

Vt,x,y2, A) + c(‘)/ < (V(t,z,y1,A) + c(‘)/) v lv2—vil (2.13)

for every y1,y2 € K and (t,z,A) € [0,1] x Q@ x GL; .

Estimate (2.12) has the following consequence: if V(tg)(z) < +oo for a fixed time t; €
[0,1] and a function z € SBV(Q2p; K), then V(t)(z) < 400 for every t € [0,1]; then, by
(V6), t — V(t)(z) is well defined and C' on [0,1], and its derivative V(t)(z) is given by

V(t)(z) = / D,V (t,z,2(x), Vz(x)) dz. (2.14)
Q
We regard V(t) as a functional defined on
Uy :={2€ SBV(Qp; K) : V(0)(2) < 400} . (2.15)
Finally, we define

Ft)(=z ) :=V(t)(z) + K£(T). (2.16)

Using the new formulation, (2.4) is equivalent to the auxiliary problem
min {F(¢)(u,T): T € R, [y CT, ue AD(I,T)}. (2.17)

Also in this case, we provide two minimization results, proven in Section 3.3.

Theorem 2.9 (MINIMIZATION OF THE ELASTIC ENERGY). Let V(t) satisfy (V1-8). Then
for every t € [0,1] and every T' € R the minimum problem

ue}lnDl?I,F) V(t)(u) (2.18)

has a solution.

Theorem 2.10 (MINIMIZATION OF THE TOTAL ENERGY). Let F(t) be the energy defined
in (2.16), where V(t) satisfies (V1-8) and K satisfies (K1-2). Then, for every t € [0,1]
and T'g € R, the minimum problem (2.17) has a solution.

2.4. Quasistatic evolution. Let us fix an initial condition (ug,g). We suppose that it is
a minimum energy configuration at time 0, i.e., I'o € R, up € AD(I,I'¢y), and

F(0)(uo, To) < F(0)(u,I) (2.19)
for every I' € R with I'o C I' and every u € AD(I,T).
We define the notion of incremental approximate solution for F(t), corresponding to
a time subdivision {t};}0<i<k (see (2.5) and (2.6)). The existence of such solutions is
guaranteed by Theorem 2.10.

Definition 2.11. Fix k£ € N. An incremental approzimate solution for F(t) correspond-
ing to the time subdivision {t};}0<i<k with initial datum (ug,T) is a function t +—
(uk(t),Tr(t)), such that

(a) (ux(0),T%(0)) = (uo,T'0);

(b) uk(t) = ux(tl) and Ty (t) = Tk (th) for t € [t};,t?jl) and ¢ =0,...,k—1;

(c) fori=1,....k, (ug(ty,),Tx(t;)) is a solution of

min {F(t})(u,T): T €R, I} CT, ue AD(I,T)}. (2.20)
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An incrementally-approximable quasistatic evolution for (2.17) is the limit of a sequence
of incremental approximate solutions, as in the next definition.

Definition 2.12. A function ¢t — (u(t),I'(t)) from [0,1] in SBV?(Qp; K) X R is an incre-
mentally-approrimable quasistatic evolution of minimum energy configurations for problem
(2.17) with initial datum (uo, o), if there exist an increasing set function ¢ — I'*(¢) € R,
a time discretization {tz} 0<i<k’ and a corresponding sequence of incremental approximate
solutions ¢ — (ug(t),k(t)) with the same initial datum, such that for every t € [0,1]:

(a) Tx(t) oP-converges to I'*(t) and T'(t) = T*(¢t) UTy;

(b) there is a subsequence wuy, (t), depending on ¢, such that wug,(t) — u(t) weakly* in

SBVP(Qp; K) and klim Ok, (t) = limsup 0x(t), where
00 k—o0

0i(t) = V(1) (up(t) . (2.21)

We state the existence result for incrementally-approximable quasistatic evolutions, which
will be proven in Section 3.4.

Theorem 2.13 (EXISTENCE OF QUASISTATIC EVOLUTIONS). Let F(t) be the energy defined
in (2.16), where V(t) satisfies (V1-8) and K satisfies (K1-2). Let (ug,To) be a minimum
energy configuration at time 0 as in (2.19). Then there exists an incrementally-approzimable
quasistatic evolution t — (u(t),T(t)) with initial datum (ug, D).

Notice that in the definition of quasistatic evolution we make no measurability assump-
tions on the function ¢ — wu(t). We will prove later, in Section 6, that there exists a
quasistatic evolution such that the function ¢ — w(t) is strongly measurable, regarded as a
function from [0, 1] into SBVP(Qp;R™).

The next theorem guarantees that the definition of incrementally-approximable quasi-
static evolution fits in with the general scheme of the energy formulation of rate-independent
processes, developed by MIELKE (see [27] and the references therein); for the proof, see Sec-
tion 5.2.

Theorem 2.14 (PROPERTIES OF QUASISTATIC EVOLUTIONS). For every incrementally-ap-
prozimable quasistatic evolution t — (u(t),T'(t)) for F(t), the following hold:
(1) Global stability: for every t € [0,1] the pair (u(t),I'(t)) is a minimum energy
configuration at time t, i.e., I'(t) € R, u(t) € AD(I,T'(t)), and

F(#)(u(®),I(t)) < F(t)(v,T) (2.22)

for every T' € R, with T'(t) C T, and every v € AD(I,T);
(2) Energy balance: the function F(t) := F(t)(u(t),I'(t)) is absolutely continuous on
[0,1] and its time derivative satisfies

F(t) = V(t)(u(t),T(t)) for L-a.e. t € [0,1]. (2.23)

Remark 2.15. Notice that in these hypotheses V(u(t)) is finite for every ¢, because I is
a competitor in (2.22) and has finite energy by (V3).

In Section 5.3 we provide a further result about the convergence of the energy terms of
the incremental approximate solutions: the elastic and the crack energy of an incrementally-
approximable quasistatic evolution are the limit of the corresponding energies of the associ-
ated sequence of incremental approximate solutions; this holds for the whole sequence and
not only for a subsequence.
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In order to come back to the original energy £, we compute the partial time derivative
V(t) when V(t) is given by (2.10). The functionals will be defined on

Uy = {v e SBV(Qp; K) : W(v) < +o0} . (2.24)

Fix t € [0,1]; if u € Uy, then z := ¢(t) ou € Uy, so by (2.10), (2.14), and Remark 2.8
s+ V(s)(2) is well defined and C! on [0, 1], with derivative

V(s)(z) = /QDAW(x, V(h(s) 02)): V(¢(s) 0 z) dw.

For s = t, recalling that u = ¥(t) o z, we conclude that

V(1) (@(t) o w) = P(t)(u), (2.25)

where P(t) represents the power of the system and is given by
P()(v) = / DAW (2, Vo) : V(4(t) 0 (1) 0 v) dz . (2.26)
Q

Remark 2.16. The integral appearing in the definition of P(¢)(v) is well defined for every
v in Uyy: indeed, it can be rewritten as

/Q DAW (, Vo) (Vo) : ¥ (4(2) o 6(t)) (v) da,

so that the existence of the integral can be deduced from (1.12), (BC2), (BC3), and (2.24).
Furthermore, if W, Q, K, u(t), and I'(t) are regular enough, we have

Pt)(u(t)) = /8 . DAW (2, Vu(t)) va (z) - (t) d (2.27)
D

so that P(t)(u(t)) can be interpreted as the power of the surface forces acting on 9pQ at

time ¢.

To prove (2.27), one considers the Euler conditions of (2.4), taking into account the
reaction forces generated by the confinement constraint K . Formula (2.27) is then obtained
multiplying the Euler equations by (t) o ¢(t) o u(t) and integrating by parts, as in [12,
Section 3.8]. Indeed, the additional terms due to the reaction forces give no contribution,
since they are orthogonal to 99, while w(t) o ¢(t) is tangential at each point of 9.

This discussion leads to the following definition of incrementally-approximable quasistatic
evolution for £ with initial condition (ug,T'o), satisfying (2.7).

Definition 2.17. A function ¢ — (u(t),['(¢)) from [0,1] in SBVP(Qp;K) x R is an
incrementally-approzimable quasistatic evolution of minimum energy configurations for prob-
lem (2.4) with initial datum (ug,T'g), if there exist an increasing set function ¢ — I'*(¢),
and a corresponding sequence of incremental approximate

. te . . 1
a time discretization {tk}0<i<k’

solutions ¢ + (uy(t),Tx(t)) with the same initial datum, such that for every ¢ € [0,1]:
(a) T'k(t) oP-converges to I'*(¢) and T'(t) = I™*(t) UT;
(b) there is a subsequence uy,(t), depending on ¢, such that ug, — wu(t) weakly* in
SBVP(Qp; K) and klim Nk, (t) = limsup 7 (t), where
00 k—o0

() = P(t) (ur(t)) - (2.28)

Theorems 2.13 and 2.14 have the following counterparts when dealing with £; the proofs
follow from (2.11) and (2.25).
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Theorem 2.18 (EXISTENCE OF QUASISTATIC EVOLUTIONS). Let £ be the energy defined
n (2.2), where W satisfies (W0-6) and K satisfies (K1-2). Consider the prescribed defor-
mations defined in (BC1-4). Let (uo,I'0) be a minimum energy configuration at time 0,
i.e., assume Top € R, ug € AD(¢(0),Tg), and (2.7). Then there exists an incrementally-
approximable quasistatic evolution t — (u(t),['(t)) with initial datum (ug,To).

Theorem 2.19 (PROPERTIES OF QUASISTATIC EVOLUTIONS). For every incrementally-ap-
prozimable quasistatic evolution t — (u(t),I'(t)) for €, the following hold:

(1) Global stability: for every t € [0,1] the pair (u(t),I(t)) is a minimum energy
configuration at time t, i.e., I'(t) € R, u(t) € AD(¢(¢),I'(t)), and

E(u(t),T(t)) < E(v,T) (2.29)

for every T € R, with T'(t) C T, and every v € AD(y(t),T);
(2) Energy balance: the function E(t) := E(u(t),T'(t)) is absolutely continuous on [0, 1]
and its time derivative satisfies, for L' -a.e. t € [0,1],

E(t) = P(t)(u(t), (2.30)
where P(t) is defined by (2.26).

3. EXISTENCE RESULTS

This section is devoted to proving Theorem 2.13. Beforehand, we must show the existence
of minimum energy configurations, in order to make rigorous Definition 2.12. For this, we will
use some recent semicontinuity theorems for SBV functions, together with the properties
of oP-convergence.

3.1. Semicontinuity and compactness. We provide a lower semicontinuity property for
the volume energy V(¢) with respect to the weak™* convergence in SBVP(Qp; K) (Defini-
tion 2.4). This is guaranteed by the polyconvexity and the growth inequality (V4), thanks
to a result by Fusco-LEONE-MARCH-VERDE [20]. We adapt the proof to treat the case of
functionals which may assume the value 4o0.

Theorem 3.1 (SEMICONTINUITY). Let V(t) be defined as in (2.9), where V satisfies (V1-
4) and (V6). Let ti, — too and let up — us weakly™ in SBVP(Qp; K). Then

V(too) (to0) < Timinf V(ti)(ux) (3.1)

Proof. First we prove the theorem for ¢, = to,. We claim that there exists a nondecreasing
sequence of everywhere finite functions V; satisfying (V1) and converging pointwise to V.
Let V;(t) be the corresponding integral functionals. By [20, Theorem 3.5] we have

Vi (too)(Uoo) < likminf Vi(too)(ur) < liminf V(too)(uk).

k—oo

Passing to the limit with respect to j, we get (3.1) when ¢, = to. The general case is
obtained using (2.12).

It remains only to prove the claim. This will be done by constructing the sequence ‘N/J
associated to V; by (V1). To this end we consider the convex conjugate V* of V with
respect to £, defined by

V*(t,if,y,f*) ‘= sup [5* 5_ V(taxayvf)
£ERT
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By (V3), we have V*(t,z,y,&*) > —oo for every (t,z,y,¢*). Using (V3) and (V4), it is
easy to see that for every M > 0 there exists R > 0 such that, if |£*| < M, then

Vi (ta,y,€%) = sup [€€ = V(t,a,0,)] (3.2)
[§I<R
for every (t,z,y). By continuity, the supremum is attained, so that ‘7*(7&, x,y,&*) < +00.
For every x, the function (¢,y,£*) — V*(t,x,y,&*) is lower semicontinuous, since the
functions (¢,y,£*) — £*-£—V(t,x,y,£) are continuous for every £. To prove the continuity
of (t,y,£*) — V*(t,x,y,&"), it is enough to show that
V*(twvxvymagéo) > 1imsup v*(tkaxayka52) (33)

k—oo

for every (tr,yi,&) — (toosYoos&l). Let M > 0 be a constant such that [£;]| < M for
every k, let R > 0 be a constant such that (3.2) is satisfied, and let &, with || < R, be
a point where the supremum in (3.2) is attained for (¢,z,y,£*) = (tx, =, yx, &) . Passing to
a subsequence, we may assume that & — &, so that

‘7*(1"007‘1;7:%307&;0) Z f;o fDO - ‘N/(tooaxayooafoo) =

:klirgo |:£; 'fk - V(tkvxvykagk)} = kli{go V*(tkvxvykaé-;)y

which proves (3.3) and concludes the proof of the continuity of (¢,y,&*) — ‘N/*(t7 x,y,&%).
We now define

Vi(t,x,y,€) == max [E* €= ‘7*(t7x,y,€*)} :

Arguing as before, it can be proven that (¢t,y,£) — ‘Z(t,x,y,g) is continuous. Moreover,

£ ‘N/j(t, x,y,&) is convex, being a supremum of affine functions. Finally, it is well known
from Convex Analysis that

V(thvyaf): sup {g*f_v*(taxayvg*)} .
exeR™

This implies that ‘7j J/ V and concludes the proof of the claim. O

We will need also the following fact, which is proven in [20, Theorem 3.4] as an interme-
diate step to show Theorem 3.1; we recall that 7; is the dimension of the vector adj;A for
A e MPxm.

Theorem 3.2. Let uy be a sequence in SBV(Qp; K), converging in measure to a func-
tion us € SBV(Qp;K). Suppose that, for j = 1,...,n, ||adijuk||ij(QD;RTj)
H"1(S(ug)) are bounded uniformly with respect to k, where the exponents p; satisfy (W4).
Then, for j =1,...,n, adj;Vur, — adj,;Vue weakly in LPi (Qp;R™7).

and

Exploiting (V4), we get the following coercivity estimate for V(¢):
VOw) 2 DB lladi; Vel 7o, sy = A% £ (20) (3.4)
j=1
This allows us to employ, with p = p1, the following compactness theorem, proven in [1,

Proposition 4.3] (see also [3, Theorem 4.8]).

Theorem 3.3 (COMPACTNESS). Let ugp be a sequence in SBVP(Qp; K) such that
[Vurll Lo nxny and H"Y(S(ug)) are bounded uniformly with respect to k. Then there
exists a subsequence which converges weakly* in SBVP(Qp; K).
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Finally, we recall from [21, Theorem 4.4] a stability property of the Ciarlet-Necas non-
interpenetration condition (Definition 1.1) under weak* convergence in SBV?(Qp; K).

Theorem 3.4 (STABILITY OF THE CIARLET-NECAS CONDITION). Let ug converge to u
weakly* in SBVP(Qp; K). Suppose that every wuy satisfies (CN1) and (CN2), u satisfies
(CN1), and det Vuy, — det Vu weakly in L'(Qp). Then u satisfies (CN2).

3.2. The oP-convergence of sets. We state the basic properties of the oP-convergence
(see Definition 2.5); as before, we will use the exponent p = p; given in (W4). The lower
semicontinuity theorem and the compactness property were proven in [12, Theorems 4.3
and 4.7].

Theorem 3.5 (SEMICONTINUITY). Let r satisfy (K1-2), let Ty, 'y, and T' be countably
(H" Y, n — 1)- rectifiable subsets of Qp with H"*(Ty) < 400, and let E be an H" !-
measurable set with H"~*(E) < 4+o00. If Ty oP -converges to T, then

/ w(w, v) dH" (z) < liminf / () AH () | (3.5)
(TUlp)\E (TxUCo)\E

k—oo

where v and vy, are unit normal vector fields on T UTy and 'y ULy, respectively.

Theorem 3.6 (COMPACTNESS). Every sequence I'y, C Qp with H"~Y(Ty) uniformly bound-
ed has a oP -convergent subsequence.

Remark 3.7. Let E be an ‘H" !-measurable set with H""}(E) < 400 and let u; be a
sequence converging to u weakly* in SBVP(Qp; K). Applying Theorems 3.5 and 3.6 with
Iy = S(u) and Ty = @, we can prove that, if S(ux) C E for every k, then S(u) C E.

In the following remark, we state some properties of o?-convergence, referring to [12,
Section 4] for the proofs.

Remark 3.8. If 'y, oP-converges to I', then

e I is countably (H"~!,n — 1)-rectifiable;

° H"il(f‘) < 4003

e if in addition 'y C T}, and I'} oP-converges to I, then ' C I';

e if C is relatively closed in Qp and Ty, C C for every k, then I' C C; in particular,
if 'y €eR,then I' e R.

On the contrary, it can be shown that in general the inclusion C' C I'y for every k does not
imply C C T, even if C' is a compact subset of a (n — 1)-dimensional manifold. This is
because, when C is irregular, there is no v € SBV(Q2p) with S(u) = C (see [12]).

The following theorem, proven in [13, 12, Theorem 4.8], is the analogue of Helly’s theorem
for this set convergence.

Theorem 3.9 (HELLY PROPERTY). Let t — I'y(t) be a sequence of increasing set functions
defined on an interval I C R with values in R, i.e., Tx(s) C Tk(t) € R for every s,t € I
with s < t. Assume that the measures H" 1 (T (t)) are bounded uniformly with respect to
k and t. Then there exist a subsequence L'y, and an increasing set function t — T'(t) on I
such that T'y;(t) oP-converges to I'(t) for every t € I.

3.3. Existence of minima. Now we can prove Theorems 2.9 and 2.10, adapting the argu-
ments of [12, Theorem 3.9 and 3.10]. Theorems 2.1 and 2.2 are an immediate consequence
of these results.
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Proof of Theorem 2.9. Let us fix t € [0,1] and T € R. Let u; be a minimizing sequence
of problem (2.18). The infimum in (2.18) is finite, because of (V3); then, a uniform bound
holds for V(t)(ux) for k large enough, too.

Combining this bound with (3.4), we conclude that there exists C' > 0 such that

Z 5€/ ||adijuk||Z£J;,_7(QD;RT_1) <C (3.6)
j=1

for k large; in particular, uy € SBVP(Qp; K). Then, by the Compactness Theorem 3.3
there exists a subsequence, still denoted by wuy, which converges weakly* in SBV?(Qp; K)
to a function u. By Remark 3.7, we have S(u) C I'; moreover, u = I a.e. on Qp\Q.
By (3.1) we obtain
V(t)(u) < 1ikrgi£f V() (ug) < +o0. (3.7)

Finally, we notice that u satisfies the orientation preserving condition (CN1): in Qp\§2
because u = I a.e. on this set, in Q because of (3.7) and (V2). Moreover, (3.6) and
Theorem 3.2 imply that det Vuy — det Vu weakly in L'(Qp), hence Theorem 3.4 shows
that v satisfies (CN2); then v € AD(I,T"). The minimality follows from (3.7) and from the
fact that uy is a minimizing sequence. O

Proof of Theorem 2.10. Let us fix t € [0,1] and Ty € R, and let (uy,I'x) be a minimizing
sequence of problem (2.17). Again, the infimum in (2.17) is finite by (V3). Moreover, by
(1.5) and (3.4), there exists a constant C' > 0 such that

Zﬂ@ HadjjvukHTL),jpj(QD;R"j) + Hn_l(rk) <C
j=1

for every k, which implies that ux € SBVP(Qp; K) and H"~}(T}) is uniformly bounded.
By the Compactness Theorem 3.3 there exists a subsequence, still denoted by wuy, which
converges weakly* in SBV?(Qp; K) to a function u which satisfies u = I a.e. on Qp\Q.
On the other hand, by the Compactness Theorem 3.6 and Remark 3.8, there exists a
subsequence, still denoted by I'y, oP-converging to a set ['* € R. By Definition 2.5 we have
S(u) C T*. Finally, we take I' = I'* U T, in order to get I'y C T'.
By Theorem 3.5 we have

K({) =KT*UTly) < likminf KT UTy) = 1ikminf K(Ty).
Arguing as in the proof of Theorem 2.9 we conclude that
F(t)(u,T) < hkminf F(t)(uk, T'y) < 00

and that u satisfies (CN1) and (CN2). Then we have v € AD(I,T), so that the last
inequality implies that (u,I") is a minimum point of (2.17). O

3.4. Existence of quasistatic evolutions. The proof of Theorem 2.13 follows a scheme
developed in [15, 12, 17, 19]: problem (2.17) is approximated via time discretization, then
the existence result is obtained by passing to the limit as the time steps tend to zero.

First, we show that an incremental approximate solution satisfies an a-priori bound.
Then, we will prove Theorem 2.13 as a consequence of Compactness Theorem 3.3 and Helly
Theorem 3.9.

Henceforth, given a time discretization {t};}o <i<h of [0,1], we will use the following
notation:

T(t) =1, Vi(t):=V(t), and Fi(t):=F(t;) forte [t t;). (3.8)
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Proposition 3.10 (DISCRETE ENERGY INEQUALITY). Let t +— (ug(t),Tx(t)) be a se-
quence of incremental approzimate solutions to (2.17), corresponding to a time discretiza-
tion {ﬁc}0<¢<k of [0,1]. Let 0x(t) be as in (2.21), 7,(t) and Fi(t) as in (3.8). Then
H Y (Tk(1)), V()| oy anxny » and i (t) are bounded uniformly in k and t; in par-
ticular, ug(t) € SBVP(Qp; K). Moreover, for every t € [0,1]

T (t)
Fu()(un(t), Tu(t)) < F(0)(uo, To) + /0 Or(s) ds. (3.9)

Proof. We recall the definition of (ug(t),[x(¢)): for i = 1,...,k the pair (ul,I'}) :=
(ug(ti),Tg(ti)) is a solution of (2.20); the definition is completed by setting ug(t) = ul
and T (t) =T% for t € [ti,tit).

Taking (u,T) = (I,T%") in (2.20), we get V(ti)(ul) < V(ti)(I), thanks to the mono-
tonicity of K. Hence by (V3)

V(tj,)(uj,) < C, (3.10)
for some constant C' independent of k, i, and ¢, so that ||Vu};||Lp(QD;MWn) is bounded
uniformly in k£ and ¢ by (3.4); in particular, ux, € SBVP(Qp; K).

Now we can compare (u},T%) with (uj ', T4 1) as ul ' € AD(I, T4 1), by (2.20)
Fti) (g, Ty) < Fti)(wy I (3.11)

Then, we rewrite the right-hand side in terms of F(t; ") (uj ', T%""). By (V6), (2.14), and
(3.10) we get, modifying the value of C,

V() ()

so that 0x(t) is bounded uniformly in k and ¢. Therefore, we have

<C (3.12)

Vi) Ve = [ Vot (3.13)

Summing up (3.11) and (3.13) and using (2.16), we obtain for every ¢ € [0,1] the discrete
energy inequality (3.9).

By (3.9) and (3.12), Fr(t)(uk(t),Tk(t)) is bounded uniformly with respect to k and
t. Hence the nonnegativity of V and (1.5) give a bound on H"~!(T'x(¢)), uniform in k
and t. g

Proof of Theorem 2.13. Take any time discretization {tz} o<i<n Of [0,1] and consider the
corresponding incremental approximate solutions. By Proposition 3.10, thanks to the uni-
form bound on H" (' (t)), we can use the Helly Theorem 3.9 to find a subsequence, still
denoted I'y, and an increasing set function ¢ — I'*(t) € R, such that I'y(t) oP-converges
to T'*(t) for every t € [0,1]; we define T'(t) := I'*(¢t) UTy. This determines the sequence
(uk(t),Tx) and the set function I'(¢) of Definition 2.12.

Consider the quantity 6j(t) defined in (2.21). For every t € [0,1], we can extract a
subsequence k;, depending on ¢, such that

lim sup 0y (t) = jlim O, ().
k—oo — 00

By Proposition 3.10 and the Compactness Theorem 3.3, there exists a further subsequence,
still denoted by ug; , and a function u(t) such that uy, (t) — u(t) weakly* in SBVP?(Qp; K).
By Definition 2.5 we have S(u(t)) C I'*(t). This determines the subsequence uy,(t) and
the function u(t) of Definition 2.12; the proof is concluded. O
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4. STABILITY OF THE LIMIT PROCESS

In this section we obtain a stability result for the minimizers of problem (2.17), stated
in Theorem 4.3 and proven after the Crack Transfer Lemma 4.1. This allows us to prove
property (1) in Theorem 2.14.

4.1. Crack transfer. An important tool in the proof of the stability result is the Crack
Transfer Lemma due to FRANCFORT-LARSEN [17, Theorem 2.1]. In the original version of
the lemma, the jump set of a displacement w is modified (“transferred” into a fixed set) by
replacing u with its reflection in some regions. In our framework, reflections are forbidden by
non-interpenetration (see (1.6) and (V2)), so we adapt the proof using a suitable stretching
as a substitute for the reflection.

Lemma 4.1 (CRACK TRANSFER). Assume that t, — to and I'y € R oP -converges to
'€ R. Let T € R with T* C T'. Assume that V(t) satisfies (V1-6) and (V8). Let
v € AD(I,T') be such that V(ts)(v) < 4+o00. Then there exist a sequence '}, € R with
Ty C T, a sequence vy € AD(I,T'}), and a sequence of closed sets C C Q such that the
following properties hold:

(a) L"(Ck) — 0;
(b) vk =v a.e. in Qp\Cy;
(c) ka V(tk, z,vp(x), Vor(z)) dz — 0;
(d) H*1(I*\Ck) — 0;
() (M\Tk)\Cr € T\Cy;
() H (T} \I'k) N C) — 0.
Proof. We modify the proof of [17, Theorem 2.1], with Q and ' replaced by Qp and
Qp (the fact that Qp is not necessarily contained in Qp is irrelevant). According to
Definition 2.5 there exist u,u, € SBVP(2p) such that S(u) = I'*, S(uy) C Iy, for every k,
and ur — u weakly™ in SBVP(Qp); by Definition 2.4, u and wuy satisfy the hypotheses
of [17], except possibly for the weak convergence of |Vux| in L'(Qp), replaced here by the
equiintegrability, which is sufficient to obtain the results.

Let E; be the set of the Lebesgue-density-one points for {z: u(z) >t} and EF the set
of the Lebesgue-density-one points for {u, > t}. It is possible to find a countable dense set
D C R such that for every ¢ € D the set E; has finite perimeter and £"({u = t}) = 0.
Then

Sw)=G:= | (0B, NO"Ey,), (4.1)

t1,t2€D
t1<ta

where 0* denotes the reduced boundary. For each © € G, we can choose t;(x) < to(z) in D
so that & € *E}, ;) N0*Ey,(y) and ta(z) —t1(x) > 3 |[u](z)|, where [u] denotes the jump of
u. It is possible to show that 0*E,, () and 0"FEy,(,) have a common outward unit normal
v(z) at x. We refer to [17] for the details.

For every x € G and r > 0, we fix a closed cube Q..(x) centred at z, with side length
2r, and with a face perpendicular to v(z). We consider also the half-cubes

Qf () == {y € Q(x): (y —x)-v(x) >0},
Qr (z) == {y € Qr(z): (y —z) v(z) <0}
and the (n — 1)-dimensional cubes
H.(z) = {y € Qr(x): (y—x) -v(x)
Hy(z,s) == {y € Qr(2): (y — ) v(z)

O}’
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We fix a constant A, with
1

<A< —, 4.2
— (12)
where 7 is given by Proposition 1.5.
Let N be the set of points where 9€Qg is not differentiable; we set

G, = {x €GN lim Hn_l([S(u)(\i*)Entliw)] NQy(z))

:0,

1 . 1
[[u](x)] > 3, dist(z, 0Qp) > ;},

so that G; CC Qp. Asin [17], it can be proven that G = |JG,. Given € € (0
j = j(e) such that

’A+1) we fix

HHG\G)) < e. (4.3)

Arguing as in [17], we consider a fine cover of H" !-almost all of G;, composed of a
suitable collection of cubes Q,(x). Employing the Morse-Besicovitch Theorem [5, 16, 28],
we can find C > 0, m = m(e) € N, k(¢) € N, and, for i = 1,...,m, x; € Qp, r; > 0,
and t; € [t1(x;),t2(x;)], and, for every k > k(e), we can find 5:r,51 > 0, such that,
setting Q; := Qy, (z:), er = Qj—,(xz)v Q; = Qr_,(xz)v H; :== H;, (i), Hqu = H”(:r“(s:r)v
H; := H,,(z;,—6; ), and R; the open rectangle between H; and H, , the following hold:

(1) LU, Q) < e
(2) if z; € Qp, then Q; C Qp; if z; € 00p, then Q; C Q;
(3) if x; € 90 p, then 005 N Q; is a Lipschitz graph contained in R;;
(4) if z; € 9Qp, then H" 1 (INE N Q;) — (2r)" ! < erf ™1,
(5) H" H(S(u) N0Q:) =0
(6) 1! < CH™H(S() N Qy);
(1) H" M (S()\S(w) N Q) <erf™;
(8) ™ H (0 ”‘E”C NQi\S(ux)) < e for k > k(e);
(9) L"((Ef NQ;) & QF) < e(2ry)" for k > k(e);

(10) L™((Ey, NQ;) A Q7 ) < e(2r)™;

(11) H"‘l(Hii NEf) < 8e(2r)" ! for k> k(e);

(12) HY(HF N Ey,) < 8e(2r)" Y

(13) 6 € [§ry,emi);

(14) H (G, Ri)) < Ce.

In (3) by Lipschitz graph we mean that there exists a Lipschitz function g;: H; — R such
that 00 NQ; = {x + gi(z) v(x;): = € H;}.

Finally, we set

Ry
! A—1 ¢ A—1

and note that 0 < di < r;, where the second inequality follows from (13) and the choice
of . We define the (n —1)-dimensional cubes J;" := H,,(z;,d;}), J; := H,,(z;,—d; ), and
the following n-dimensional open rectangles: S; between J;" and J; , S;” between J; and
H, S between H; and J;, Rf between J; and H; , and R; between H; and J; ,
so that R; = R N R; (see Figure 1). We fix in @; an orthogonal system of coordinates
(2',2,) such that H; C {x, = 0}. The stretching (2',z,) — (2',A\(z, — d]) + d;) maps
S into R ; the stretching (2/,2,) — (2, \N(w,, +d;) —d; ) maps S; into R; .

Now we tranbfer the jump set S( ) from G; N, Q: to U (0*Ef N Q;). For every i we
consider the stretched version vj® of v, defined in R by v (2, 2,) := v(2/, % (zn — dif ) +
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FIGURE 1. The cube Q);.

d;"); analogously we consider the stretched version v’ of v, defined in R} by v (2/,z,,) :=

v(a', 3 (xn +d7) —d7). If z; ¢ OQp we consider the functions vf defined in Q; by

v in Q;\S;,
vi =< v¥ in S;r U (Ri\Ef,i)a

2

vf in S; U(R;NEF).

If z; € 9Qp, by (3) there are two cases: either Q7 \R; C Qp or Q7 \R; C Qp. In the
former, we define v, on @; by

v in Q7\S7 5
vp =4 v in S U (RN (QB\ES)),
v in S; U (Ri\(QB\Efi));
in the latter, we set
v n Ql\Sl,
v =14 v¥ in S;r U (R7\(Efi NQg)),

vf in S U(R;NEF NQp).
We complete the definition of vf in Qp by vf :=v in Qp\J,; Q.

Now we fix an arbitrary decreasing sequence e, — 0, with &, < i‘\—;i, and apply the
previous construction with € = 5. For k > k(e1) we define vi, jr, and my by setting
v = v, gk = jlen), and my = m(epn) for k € [k(en),k(ent1)). Moreover we define
I, == S(vg) UTy and Cy = U:i"l Si.

Let us prove that I'}, vy, and Cj satisfy the properties (a)—(f) required in the state-
ment. By construction I}, € R and T'y, C I'); moreover, as stretching preserves the non-
interpenetration condition by (1.2), it is easy to see that vy € AD(I,T}).

Condition (a) is a consequence of (1) and (b) is guaranteed by the definition of v . To
prove (c¢), notice that in Cy we have Vug(z) = Vo(z) A, where A is the diagonal nxn
matrix with entries 1, ..., 1, and +. As [A —I| <5 by (4.2), in Cj we have

V(ty, x, vp(z), Vo (2)) + % < % [V(tkvxvvk(x)a Vu(z)) + C(\)/]
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thanks to (1.11). Moreover, by Remark 2.8 there exists a constant C' > 0 (depending on
the diameter of K') such that

V(ty, z,vp(z), Vo(z)) + ¢ < C [V(tes, z,v(z), Vo(z)) + ¢}/ ]

As V(tso)(v) < 400 and L"(Ck) — 0, this shows (c).
Part (d) is a consequence of (4.1), (4.3), and (14), with j = ji, while (e) follows from
(b) and the definition of I'}. To prove (f), it is enough to show that

H"—1<( vr)\S(ug)) Us)

Arguing like in [17], we consider a partition S; = Pt U P? U P? U P*U P}, where
Pil = 37 N (?‘Eft s

P? = (S;UJFUJ\H UH UdQp UI'EY),

K3

P} = (Hf UH])\O'E} ,

(2

Pl = 9S\(J;F UJ UI'EY),

K3

PP = (0Q5 N S)\OE} .

By (8) we have
ZH”*(P}\S(W)) —0.

By the construction of vy, we have

H' (P2 S(ok)) < AHH(S() N (Si\Ry)) ;

H 1 ((S(0) N S\ Ri) — 0
H1 ((S(v)\S(u)) N ng‘) -0

> H (PN S(vk) — 0.

by (4.3) and (14)
while by (6) and (7)

so that

As for P2, the parts of S(vy) lying in Hf\Ef and in H; NE} can be controlled like those
in P?. Thanks to (11), the remaining parts H;" N Ef and H; \E} have H"~!-measure

less than Cer?™! | hence by (6)
> HTH (PPN S(uk) — 0.

y (13) df < 2 er; |, so that using again (6) we see that

> H (P —o.
Finally, we need a bound on P? when z; € 9Qp. Assume that Q; \R; C Qp (the other
possibility, QF\R; C Qp, is treated in the same way); then for the parts of S(vy) lying
in (S; N 8QB)\E’C we can argue like in the case of P?. To estimate the jumps in F :=
S;NOQENEL , we consider its partition F = F! UF?, with F} := n(0"Ef N(Q;\Qp)) and
F? := F\F}, where 7 is the projection of Q:\Qp onto 90 g, parallel to v;. If L denotes

the Lipschitz constant of Qp (uniform with respect to k and 4), we have

HH(F) < VI L2 HY OB N (Qi\25)) |
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so that, using (8) and recalling that S(uz) C Q3p,

> HYH(E) —o0.

z;€00R
As for F2 let F2:= 7 (F2): by (3) and (13)
1+ L2 ~
"UF?) < T LM(F?).
0o (1) < ST

As Q7 \R; C Qp, by (3) and (13) we have L*((Q:NQp) A Q; ) < (2r;)"e; by (9) and (6),

S L (B 0 (Q0\Ts) — 0.

z,€00p v

Now one can see that ﬁf C Efl N(Q:\Qp), except at most for a set of null Lebesgue-measure
(for instance, apply Ambrosio’s method of one-dimensional sections [3, Section 3.11]), hence

Z Hn—l(PWiQ) 0.
z;€00R

We have shown
> HHSinoQsNES) -0,

T;€00B
so that
> HTH (PPN S(uk)) — 0.
Collecting the last results, we get (f) and complete the proof. ([

The Crack Transfer Lemma implies the following consequences.

Corollary 4.2. Let too, tg, I'*, Ty, ', T, V(t), v, vy be as in Lemma 4.1. Moreover,
let Ty € R such that Ty C T, for every k; let oo :=T*UTy € R. Then

(1) v — v in measure;

(2) Vv — Vo strongly in LP(Qp; M"™*™);
(3) V(tr)(vk) = V(too)(v);

(4) H"H(T\CR)\(M\Too)) — 0;

(5) limsup K(TR\LL) < KM\ o).

k—oo

Proof. Properties (1), (2), and (3) are given by the consequences (a)—(c) of the Lemma, with
the aid of (V4). To get (4), use (f) for the part of I} \I'; contained in Cj; use (d) for the
part contained in ', recalling that T'y C T'k; use (e) for the remaining part. Employing
(1.5) we see that K((I',\I'y)\(I'\I'ss)) — 0, which implies (5). O

4.2. Stability of minimizers. Thanks to the Crack Transfer Lemma, we are now able to
prove the stability of the minimizers of problem (2.4) with respect to the oP-convergence,
adapting the arguments of [12, Theorem 5.5].

Theorem 4.3 (STABILITY OF MINIMIZERS). Let F(t) be the energy defined in (2.16), where
V(t) satisfies (V1-8) and K satisfies (K1-2). Let t, — teo € [0,1]. Let I'y € R be a
sequence such that Ty, oP -converges to a set T'* € R; let Ty € R such that Ty C Ty for
every k. Let up € AD(I,Ty) be a sequence such that

F(tr)(ur, Tx) < F(te)(v,T) (4.4)
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for every T € R with Ty C T and every v € AD(I,T). Assume that uy converges to a
function us weakly® in SBVP(Qp; K). Then us € AD(I,T'w), where oo :=T*UTy € R;
moreover

F(too)(tos, I'sc) < Ftoo)(v,T) (4.5)
for every T € R, with T'so C T, and every v € AD(I,T); in addition,
V(tk) (ug) — V(too) (Uoo) - (4.6)

Proof. The fact that up € SBVP(Qp;K) comes from (4.4) with I' = T'y, and v = I,
with the aid of (V3) and (V4), recalling that H"~!(T'x) is bounded by definition of oP-
convergence. By Definition 2.5, we have S(u) C I's; moreover, by the weak* convergence
in SBVP(Qp; K) we get u =1 a.e. on Qp\Q.

To show the minimality property (4.5), let us fix I' € R with I'ooc € T' and v € AD(I,T).
By the Crack Transfer Lemma 4.1, we find a sequence I'j € R with 'y, C '}, a sequence
vy € AD(I,T},), and a sequence of closed sets Cy C  such that (a)—(f) hold. By the
minimality condition (4.4) we have

V(te)(ur) + K(Tk) < V(te)(ve) + K(T%),
which implies
V(te) (ur) < V() (vg) + KIT\Tx) -
Let k — oo: thanks to the weak® convergence in SBVP(Qp; K) we get (3.1). In the
right-hand side, we can pass to the limsup by Corollary 4.2, obtaining
limsup V(tx)(vi) + K(T3\Tk) < V(too)(v) + K(T\Too) -
k—o0
Hence we get (4.5), which in turn implies (CN1) for us (by (V2) and (V3)); arguing as in
the proof of Theorem 2.9, we conclude that u. € AD(I,T').
Repeating the construction with v = ue, and I' =T’ , we get (4.6). O

Remark 4.4. Let ¢t — (u(t),I'(¢)) be an incrementally-approximable quasistatic evolution
for F(t). Definition 2.12 provides a sequence t — (ux(t), I'x(t)) of incremental approximate
solutions and, fixed ¢, a subsequence (ug,(t),T'x,(t)) satisfying the hypotheses of Theo-
rem 4.3 with t, = 7,(t) (see (3.8) and recall that T'g C T'x(t)). Hence the stability result
guarantees that

V(7i; (8) (ug, (£)) — V(£)(u(t)) (4.7)
and that (u(t),I'(t)) satisfies (2.22).

5. ENERGY BALANCE

In this section we show property (2) of Theorem 2.14. The first step is passing to the
limit in (3.9) to get the so called energy inequality, then the opposite inequality is obtained
via a standard method based on stability. This procedure was developed in [15, 12, 17, 19].

5.1. The energy inequality. Let ¢ — (u(t),I'(¢)) be an incrementally-approximable quasi-
static evolution for F(t) and let ¢t — (ur(t),Tx(t)) be an associated sequence of incremen-
tal approximate solutions as in Definition 2.12. Recall that T'y(t) oP-converges to T'*(t),
[y C Tk(t), and T'(t) =T*(t) UTg. Let x(t) be as in (2.21), 74(t) and Fi(t) as in (3.8).

We have already seen in Proposition 3.10 that, for every sequence of incremental approx-
imate solutions, H"~1(T'x(t)), IVur @)l oy pnxny - and Ox(t) are bounded uniformly in &
and ¢. By Theorem 3.5 we have for every t € [0, 1]

K(L(#)) = K™ (t) UTo) < liminf K(I'(t) U To) = liminf L(T'k(t)); (5.1)
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moreover, Fatou’s lemma implies that the function

Ooo(t) := limsup Oy (t) (5.2)
k—o0
belongs to L'([0,1]) and
T (t) t
limsup/ Or(s)ds < / Ooo(s)ds. (5.3)
k—oo 0 0
Fixed s € [0, 1], by Definition 2.12 there is a subsequence (u,(s), 'k, (s)) such that
u, (s) = u(s) weakly™ in SBV?(Qp; K) (5.4)
and
0o (s) = klim Or, (s). (5.5)

By Remark 4.4 and (2.12) we have
V(s)(uk, (s)) = V(s)(u(s)) (5.6)

so that the function s +— V(s)(u(s)) is measurable.
Now we would like to pass to the limit as k; — oo in (3.9): this is possible thanks to the
following result. In our setting, hypothesis (5.7) is a consequence of (V7).

Lemma 5.1. Let V: [0,1] x SBV?(Qp; K) — [0,400] be a functional, differentiable in the
first wvariable and lower semicontinuous with respect to the weak™ convergence in
SBVP(Qp; K). Assume that for every M > 0 there is a modulus of continuity war: [0,1] —
[0,400) (i.e., a nondecreasing function of t, vanishing for t — 0), such that

V(t)(u) = V(s)(u)| < war(|t — s]) (5.7)

for every s,t € [0,1] and every u € SBVP(Qp; K) such that V(0)(u) < M. Fiz s €
[0,1] and let u; be a sequence converging to us, weakly* in SBVP(Qp; K). Assume that
V(s)(u;) = V(s)(too) < +00. Then V(s)(u;j) — V(s)(uco)-

Proof. See [19, Proposition 3.3]. O
Applying this lemma, from (5.4) and (5.6) we deduce that
V(s)(u, (5)) = V(s)(u(s)) .-
Hence, by (2.21) and (5.5), for every s € [0,1] we get
Ooc () = V(s)(u(s)), (5.8)

which is thus measurable.
By (2.16), (4.7), and (5.1) we have

F(O)(u(®).D(6) < limint F, (¢)(ur, (0 T, (1)) < lmsup F() (@), Tul) . (59)

k—o0

From (3.9), (5.2), (5.3), and (5.8) we obtain

lim sup Fi(¢)(ug(t), Tr(t)) < F(0)(uo, o) —|—/0 V(s)(u(s))ds. (5.10)

k—oo

This leads to the energy inequality

ﬂmmmNWSf@WMw+AV@m@m& (5.11)
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5.2. The energy equality. The last point in the proof of Theorem 2.14 is the opposite of
(5.11); we argue again by discretization and employ the stability property.

Proof of Theorem 2.14. Let t — (u(t),T'(t)) be an incrementally-approximable quasistatic
evolution for F(t). Global stability property (1) has been proven in Remark 4.4.

Since a Lebesgue integral can be approximated by a suitable Riemann sum (see [23]
and [12, Lemma 4.12]), there exists a sequence of subdivisions {s};}oqqk , satisfying

0=s) <sp < - <skl<sih=t
and
Jm, e (ok =57 =0,
such that .
kllr{)lo; (st — s HV( / V(s =0. (5.12)
Comparing (u(t),T'(t)) with (I,T'(¢)), by (2.22) and (V3) we find a uniform bound
V() (ult)) < M. (5.13)
For i = 1,...,i;, we can compare (u(s, ),T(si ') with (u(s}),T'(s})): as u(si) €

AD(I,T'(s})) and T'(si ') C T'(s}), the stability result (2.22) guarantees that

Flsiy (s, s 1) < Flsy ) (ulsg), T(s)) -
Arguing as in Proposition 3.10, by (5.13) and (V6) we see that

PO (61, P(51)) = FO) ). Tk — [ Vo) ats) as

Summing up,

Finally,

=1
where . ;
wi(t) == Z (s — si OV (sh) (ulsh) — 7 V(s)(u(sy))ds
y (V7) and (5.13) we flaxlze wi(t) — 0; hence, by (5.12) kwe find, recalling (5.11),
F(#)(u(t), (1)) = F(0) (uo, To) / V(s (5.14)
which leads to the energy balance property (2). O

Remark 5.2. Let (u(t),I'(t)) and (ug,(t),T'x,(t)) be as in Definition 2.12; let Vi (t) and
Fi(t) be as in (3.8). By (5.9), (5.10), and (5.14) we obtain

F(O)(u(t), T(t) = lim F, () (uk, (1), T (£)) -

As by Remark 4.4
V(o) (u(t)) = lim Vi, (£)(us, (1)),
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we get

K(I(t) = lim K(Ty, (£)).

J—00

5.3. Convergence of the discrete-time problems. In the last remark we have seen
that the elastic energy and the crack energy of an incrementally-approximable quasistatic
evolution are the limits of the corresponding energies for the associated subsequence of
incremental approximate solutions. Now we show that the convergence holds for the whole
sequence of incremental approximate solutions, adapting [12, Theorem 8.1].

Theorem 5.3 (CONVERGENCE OF ENERGIES). Let F(t) be the energy defined in (2.16),
where V(t) satisfies (V1-8) and K satisfies (K1-2). Let (u(t),T'(t)), (uo,T0), I'*(¢), and
(ug(t), Tk (t)) be as in Definition 2.12; let Vi(t) and Fi(t) be as in (3.8). Then for every
t€0,T]

V() (u(t)) = lim Vi(t)(ur(t) (5.15)
K(D(1) = lim K(Tk(t)). (5.16)

Moreover, the functions 0x(t) defined in (2.21) satisfy
Op — 0o in L*([0,T7]) , (5.17)
where O (t) is given by (5.8).
Proof. Let us fix ¢t € [0,T] and let ug, (t) be a subsequence of uy(t) such that
Jim Vi, (£) (ug, (£)) = lim inf Vi (¢) (ug (1)) -

By Proposition 3.10 and the Compactness Theorem 3.3, there exists a further subsequence,
still denoted by uy, , and a function u*(t) such that uy, — u*(t) weakly in SBVP(Qp; K).
Since T',(t) oP-converges to I'*(t) and I'(¢) = I'*(¢) U Ty, using (2.20) we can apply
Theorem 4.3 to I'y, (t), ug, (t), and to the sequence 7, (t) defined in (3.8). Therefore u*(t) €
AD(I,T'(t)),
V() (1) = Jim Vi, (s, (1)
and
F)(u (1), T(t)) < F(t)(v,T)
for every I' € R, with I'(t) C I, and for every v € AD(I,T). Since (u(t),I'(t)) satisfies the
same minimality property by (2.22), we have
V() (u(t)) = V(£)(u (1)) -
Collecting these facts we get
V(t)(u(t)) = likminf Vi () (ur(t)) , (5.18)
so that by (5.1)
F(#)(u(?),L(t)) < liminf Fp(t) (ur(t), (1))
and from (5.10) and (5.14) we obtain
FO(u(t).T(1) = lim Fy(£) (i (2).T4(1)). (5.19)

Hence, (5.15) and (5.16) follow from (5.1), (5.18), and (5.19).
Moreover, by (3.9), (5.3), and (5.14) we get

t Tk(t)
/ O (s)ds = lim 0r(s)ds
0

k—o0 0
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for every ¢ € [0,T]; in particular,

/Oleoo(t)dt: lim /Olek(t)dt.

k—o0

By (5.2) 6k V 0 converges to 0 pointwise on [0,77], so that ) V 0. converges to 0 in
LY([0,T]) thanks to the uniform bound on 6 (t) (see Proposition 3.10). Since ) + 0o, =
(0r V 0so) + (0 A o), we conclude

/1 bty di= lim | (6 A6)(0)dt.
0

k—oo 0

As 0 A 0o < 0o, this implies that 0 A O converges to 6o in L'([0,77]), which, together
with the convergence of 0y V 0, gives (5.17). O

6. MEASURABLE EVOLUTIONS

So far we have not taken care of the measurability properties of ¢ — wu(t). The following
result ensures that, during the limit process described in Section 3.4, it is possible to select an
incrementally-approximable quasistatic evolution (u(t),I'(¢)) so that the function ¢ +— wu(t)
is measurable from [0,1] to SBV?(Qp;R"), endowed with the norm (1.1).

Theorem 6.1 (MEASURABILITY OF QUASISTATIC EVOLUTIONS). Let F(t) be the energy
defined in (2.16), where V(t) satisfies (V1-8) and K satisfies (K1-2). Let (uo,To) be a
minimum energy configuration at time 0 as in (2.19), let t — (ug(t), Tk (t)) be a sequence of
incremental approzimate solutions with initial datum (uo, o), such that Tk (t) oP -converges
to a set T*(t) € R, and let T'(t) :=T*(t)UTLy. Then there exists a measurable function t —
u(t) from [0,1] to SBVP(Qp;R™) such that u(t) satisfies condition (b) of Definition 2.12.

In view of the previous fact, repeating the proof of Theorem 2.13 we obtain an existence
result for measurable evolutions.

Corollary 6.2 (EXISTENCE OF MEASURABLE QUASISTATIC EVOLUTIONS). Let F(t) be as
before. Let (uo, L) be a minimum energy configuration at time 0 as in (2.19). Then there
exists an incrementally-approzimable quasistatic evolution t — (u(t),T'(t)) with initial da-
tum (uo, o), such that t — wu(t) is measurable as a function from [0,1] to SBVP(Qp;R™).

The first step in the proof of Theorem 6.1 is the measurability in LP: the following lemma
is an adaptation of [14, Theorem 3.5].

Lemma 6.3. In the hypotheses of Theorem 6.1, there exists a function t — u(t), satisfying
condition (b) of Definition 2.12, such that the function t — (Vu(t),u(t)) is measurable from
[0,1] to LP(Qp; M™*™) x LP(Qp;R™).
Proof. Let (ur(t),I'x(t)) be a sequence of incremental approximate solutions associated to
(u(t),T'(t)) as in Definition 2.12. Let 6x(t) be as in (2.21) and 6 (t) as in (5.2). For every
t €]0,1], let us consider the sets

A(t) :== {(Vu,u): u € SBV?(Qp; K) and there is a subsequence k; such that

ug, (t) = u weakly™ in SBVP?(Qp; K) and 0, (t) — 0o (t)} .

By Definition 2.12, for any selection t — (Vu(t),u(t)) the function ¢ — (u(t),I'(t)) is an
incrementally-approximable quasistatic evolution.

By the Dominated Convergence Theorem and the Compactness Theorem 3.3, (Vu,u) €
A(t) if and only if there is a subsequence kj; such that Vuy,(t) converges to Vu weakly
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in LP(Qp;M™ ™), ug,(t) converges to u weakly in LP(Qp;R"), and O, (t) — 0(t).
Moreover, as the gradients Vug(t) are bounded in LP(Qp;M™*™) uniformly in k& and ¢
and the functions wuy(t) take value in K, there exists a bounded closed convex set B C
LP(Qp; M™ ™) x LP(Qp;R™) such that (Vug(t),ur(t)) € B for every k and t. This
leads to regard B as a compact metrizable space, endowed with the weak topology of
LP(Qp; M™ ™) x LP(Qp; R™).

Thanks to [14, Lemma 3.6], the multifunction ¢ — A(¢) is measurable from [0,1] to
B. By the Aumann-von Neumann Selection Theorem [7, Theorem IIL.6], we can select ¢ —
(Vu(t),u(t)) in such a way that it is measurable from [0, 1] to LP(Qp; M"*™) x LP(Qp;R™),
endowed with the weak topology. The passage to the strong topology is an application of
the Pettis Theorem [31, Chapter 5, Section 4]. ([

Proof of Theorem 6.1. Consider the function ¢ — w(t) found in the previous lemma; we
want to show that it is measurable from [0,1] to SBVP(Qp;R™). Let My(Qp;M™*™) be
the Banach space of all bounded M"™*"™-valued Radon measures on 2p, endowed with the
norm ||pl ar, (p iy = [0l (2p). Since SBVP(€p;R™) is isometric to a closed subspace
of L1 (Qp;R™) x LP(Qp; M™ ™) x My (Qp; M™*™) by (1.1), the measurability from [0,1] to
SBVP(Qp;R™) is equivalent to requiring that

e ¢ — u(t) is measurable from [0,1] to L}(Qp;R"),
o t— Vu(t) is measurable from [0,1] to LP(Qp;M"*™),
e t+— Du(t) is measurable from [0, 1] to My(Qp; M™*"™).

As ¢t — (Vu(t),u(t)) is measurable from [0,1] to LP(Qp;M"*") x LP(Qp;R™) and
S(u(t)) C I'(t), we must only prove the measurability of ¢ — [u(t)] ® vy H" P LI(¢),
the jump part of Du(t), as a function from [0,1] to M(Q2p; M™*™). Notice that, by the
monotonicity of I'(¢), the unit normal vector v,;) can be regarded as a time-independent
term, equal to a prescribed unit normal v to I :=T'(1). Hence, [u(t)] ® vy, H" ' LT(t) =
[u(t)] @ vH"1LT.

We are left to show the measurability of ¢ +— [u(t)] H* LT from [0,1] to My(Qp;R™).
To this aim it is sufficient to prove that the function ¢ — [u(t)] is measurable from [0, 1] to
L

L,

(T'; R™). For every r > 0, we consider the bounded linear operator @, : L*(Qp; R") —
(T;R™) defined by

20 = gy (L, @ [ ).

where BF(z) denotes the half-ball with centre x and radius 7, oriented as +v(z). Since
t — u(t) is measurable from [0,1] to L'(Qp;R™), the function t — @, (u(t)) is measurable
from [0,1] to L}, (I;R™) for every r > 0. As u(t) € BV(Qp;R™) N L>(Qp;R") for
every t, we have ®,(u(t)) — [u(t)] strongly in L7 ,,_,(T;R™) as r — 0. We conclude that
t+— [u(t)] is measurable from [0,1] to Lj,, . (I';R™). O
Remark 6.4. We have proven the measurability in the sense of SBVP as a consequence of
the measurability in the sense of LP. Viceversa, one can see that, for every measurable map
t — u(t) from [0,1] to SBVP(Q2p;R™), the function t — (Vu(t),u(t)) is also measurable
from [0,1] to LP(Qp;M"*™) x LP(2p;R™), so that the conclusion of Lemma 6.3 follows
from Theorem 6.1.
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7. EXTENSION TO VOLUME FORCES

For the sake of simplicity, we have treated the case without applied forces, where the time
dependence is given only by the boundary data. Actually, with elementary modifications
to the proofs presented here, it is possible to consider smooth volume forces, depending on
time.

We assume that the applied forces are conservative, i.e., there exists a function G: [0, 1] x
Q x K — R such that the force density per unit volume in the reference configuration corre-
sponding to a deformation u € SBV (Q2p; K) is given by D, G(¢, z, u(z)), where D,G(t, x,y)
denotes the partial gradient of G with respect to y. So, the work done by the body forces
is given up to an additive constant by

G(t)(u) :z/QG(t,x,u(x))dx. (7.1)

We suppose that G satisfies the following properties:
(Gl) =+ G(t,z,y) is L™-measurable on Q for every (¢,y) € [0,1] X K;
(G2) (t,y) — G(t,z,y) is C' on [0,1] x K for every x € ;
(G3) there exists a constant ag > 0 such that

|G(t,z,y)| + |D:G(t, z,y)| + |Dy,G(t,z,y)| < ag

for every (¢,z,y) €[0,1] x Q x K.

Under these assumptions, for any v € SBV (Qp; K) the function t — G(t)(u) is C! on
[0,1] and its derivative G(t)(u) is given by

G(t)(u) = /QDtG(t,x,u(x)) dz. (7.2)

Notice that the presence of the confinement hypothesis u(x) € K allows us to avoid the
growth conditions with respect to y, required in [12].

We add the force term in (2.2) and redefine the total energy of the system, which now
depends also on t:

E)(u,T) == W(u) — G(t)(u) + K(T). (7.3)

Following the technique of multiplicative splitting (see Section 2.3), we look for a solution
u € AD((t),I') to (2.4) in the form u = ¥ () o z, with z € SBV(Qp; K). To treat the
case of the volume forces, we substitute (2.10) with

Vt,z,y,A) .= W(x,Vi(t,y) A) — G(t,z,¥(t,y)) + ac - (7.4)

The term a¢ , which has no influence on the solution, has been added in order to get V' > 0.
As always, given u € SBV (Qp; K), V(t)(u) represents the integral of V (¢, z,u(z), Vu(z)).
We have

W(u) = G()(uw) = V(E)(¢(t) ou) - ba, (7.5)
V(t)(z) —be = W(@(t) o 2) = G()(4(t) 0 2), (7.6)

where bg 1= ag L"(2). The last expression suggests that the minimal hypotheses on G
depend on the assumptions on the prescribed deformation t(¢): they will be studied in [26].

It is possible to prove that the new functional V(t) satisfies the same properties (V1-8)
stated in Section 2.3. Hence, the results concerning the existence and the main properties
of quasistatic evolutions still hold. When coming back to the original formulation with
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time-dependent prescribed deformations, one should take into account the force term in the
definition of the power of the system, which becomes

P()(u) = ADAW(x,vu):v(¢(t)o¢(t)ou) dz +

. (7.7)
- /QDyG(t, z,u) - (Y(t) o p(t) ov) dx.
The rule for the change of variables in the derivative of V(t) is now
V(1)(9(t) ou) = P(t)(u) — G(1)(u), (7.8)
so that Definition 2.17 is modified by setting
M (t) = P (1) (ur(t)) — G(1)(ur (1)) (7.9)

Finally, Theorems 2.18 and 2.19 also hold for the system with applied forces, with the energy
balance law

E(t) = Pt)(u(t)) — G(#)(u(?)) (7.10)
where E(t) := E(t)(u(t),I'(t)). We leave the details to the reader.

APPENDIX A. SOME REMARKS ABOUT NON-INTERPENETRATION

Besides the Ciarlet-Necas condition for cracked bodies, adopted in the present paper (see
Definition 1.1), two other notions of non-interpenetration can be considered for a function
u € SBV(;R™):

(a) Linearized self-contact condition: for H" t-a.e. x € S(u)

[u(@)] - vu(z) > 0;

(b) Progressive non-interpenetration: there exists a “continuous” function A — wu(X),
defined for A € [0,1] and with values in SBV (£2; R™), such that u(0) is the identity
map, u(1l) = u, and u(\) satisfies the Ciarlet-Necas condition of Definition 1.1 for
every A € [0,1].

Condition (b) clearly depends on the choice of the notion of continuity: ideally, it should be
selected so that A — wu(A) is continuous if and only if the associated motion can be realized
by a physical process.

In [21, Section 6], Definition 1.1 and condition (a) have been compared, showing that
neither property implies the other one. Moreover, if v € SBV?(Q;R"™) for some g > n, it
is proven in [21, Proposition 6.2] that (a) holds whenever the functions

u(A, ) =+ Av(z) (A1)

satisfy Definition 1.1 for every A € [0,1], where v(z) := u(z) — x. Since this property
usually holds when the displacement v(z) is “small”, this result suggests that the linearized
self-contact condition is natural for linearized elasticity. It also proves that (b) implies (a)
in the special case where u(\) is given by (A.1).

The following examples show that, in the general case, the progressive non-interpenetra-
tion does not imply the linearized self-contact condition, even if u(\, z) is smooth out of
the jump set. In both examples n = 2 and {2 is the open ball with centre 0 and radius 2.

Example A.1. For every A € [0,1] and = € §, let

() x if |z <1,
u(\, ) =
Ryz if |z|>1,
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where R, is the rotation of angle A. Then for every A the Ciarlet-Necas condition is
satisfied, the jump set S(u(},-)) coincides with I':= {|z| =1}, and

[uh2)] - v(z) = (Ryxxz—z) -x =cosA—1<0 foreveryzel.

In this case the lips of the crack in the deformed configuration remain in contact for every
A. However, we can obtain a similar example with an opening crack, defining

() x if |z| <1,
u(A x) =
axRyx if || > 1,

where A\ +— a) is continuous and 1 < ay < 1/cos\ for 0 < A < 1.

In the previous example, the crack set in the reference configuration does not depend on
A, and u(A,x) = z on one of the regions determined by the crack set. The violation of
(a) is obtained by exploiting the strict convexity of this region. Instead, the next example
achieves the same result with a rectilinear crack.

Example A.2. Let ( € C*°(R) be a nondecreasing function such that ((s) =0 for s <0
and ((s) >0 if s > 0, and let I := {(x1,0) : 0 < 21 < 1}. For every A € [0,1] and every
x = (x1,22) € Q\ T we define

(1,72 + A a?) if zg >0,
u(A, x) =< (11, \2?) ifzy <0and 29 =0,
(:El[].+>\<($1)],(E2+>\$%[1+)\C(IE1)]) if 19 < 0.

First of all, we observe that u(),-) is injective in each of the three regions used for the
definition (thanks to the monotonicity of ¢). To prove the injectivity on the whole domain,
it is enough to show that these regions are mapped into pairwise disjoint sets. The image
of {z2 > 0} lies strictly above the parabola II := {(z1,Az%): 71 € R}; the region {z; <
0, zo = 0} is mapped into II, while the image of the third region {xo < 0} lies strictly
below the curve {(x1[l + A({(x1)], \#32[1 + A{(x1)]): #1 € R}. The branch of this curve
corresponding to x; < 0 is contained in II, while the branch corresponding to x; > 0 lies
strictly below II for A > 0, since 1 < 1+ A((z1). This shows that u(X,-) is injective and
that the crack lips in the deformed configuration overlap only at the crack tip (0,0), except
for A = 0. Moreover, u belongs to C*°([0,1] x (Q\I')) and all its partial derivatives have a
finite limit on both sides of T'. For every A the jump set S(u(}A,-)) coincides with T, and

[u(\, z)]-v(z) = =N (z1) <0 for every z € T.

In both cases condition (a) is violated not only by wu(1,-), but also by u(\,-) for every
A > 0. Hence, (a) may not hold even if the deformation satisfies (b) and is very close to
the identity in a C'* sense. Notice that, if A is interpreted as time, the function u(\, z)
represents a physically admissible motion of the cracked body Q\I', starting from the unde-
formed configuration u(0,x) = z. Therefore, requiring (a) appears to be unnatural, unless
one linearizes with respect to A at A = 0.

In our opinion, the correct notion of non-interpenetration in nonlinear fracture mechanics
is condition (b), since it takes into account the fact that the deformation is always the result
of a “continuous” evolution through non-interpenetrating intermediate states, starting from
an initial condition, that may be taken as reference configuration. Unfortunately, up to
now, there are no mathematical results concerning the stability of this property: this is the
reason why we adopted instead the Ciarlet-Necas condition.
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However, if we consider an incrementally-approximable quasistatic evolution ¢ +—
(u(t),T'(t)), according to Definition 2.17, such that the initial datum wg satisfies (b) and
t — wu(t) is continuous on some interval [0,7], in the same sense chosen for (b), it follows
immediately from the definition that w(t) satisfies also the progressive non-interpenetration

condition for every t € [0, 7].
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