SHARP A PRIORI ESTIMATES FOR DIV-CURL SYSTEMS
IN HEISENBERG GROUPS

ANNALISA BALDI & BRUNO FRANCHI

ABSTRACT. In this Note we prove a family of inequalities for differential
forms in Heisenberg groups H' and H?, that are the natural counter-
part of a class of div-curl inequalities in de Rham’s complex proved by
Lanzani & Stein and Bourgain & Brezis.

1. INTRODUCTION

In [23] Lanzani & Stein proved that the classical sharp Sobolev inequality
(the so-called Gagliardo-Nirenberg inequality)

[ull pr/n-v) @ny < CIVullpr@ny, v e DR")

is the first link of a chain of analogous inequalities for compactly supported
smooth differential A-forms in R"

(1) [l posn-1y ey < C (dullprny + [10ullpren) i h# 1,0 =1
2) Ml prre-ngey < C ([dullpr@ny + 16wl @ny) i b =1;
B)  Nullpmsioongeny < C (ldullaaey + 60l psgan) 5 =n 1,

where d is the exterior differential, and ¢ (the exterior codifferential) is its
formal L?-adjoint. Here H!(R") is the real Hardy space (see e.g. [30]). In
other words, the main result of [23] provides a priori estimates for a div-curl
systems with data in L'(R"). This result contains in particular the well-
known Burgain-Brezis inequality [7], [8] (see also [31]) for divergence-free
vector fields in R™. Related results have been obtained again by Burgain-
Brezis in [9] and are applied to the study of div-curl systems and of more
general Hodge systems.

We refer the reader to all previous references for an extensive discussion
about the presence of the Hardy space in (2), (3).

Recently, in [11], Chanillo & Van Schaftingen extented Burgain-Brezis
inequality to a class of vector fields in Carnot groups. Some of the results
of [11] are presented in Theorems 2.3 and 2.4 below.

To keep this paper self-contained, let us recall preliminarily the basic
notions about Carnot groups. A connected and simply connected Lie group
(G, ) (in general non-commutative) is said a Carnot group of step  if the
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Lie algebra g of the left-invariant vector fields admits a step k stratification,
i.e. there exist linear subspaces Vi, ..., Vi such that

g=Vi@.oV, [Vi,Vi]=Vig, Vi#{0}, Vi={0}ifi>n,

where [V, V;] is the subspace of g generated by the commutators [X, Y] with
X e Vi and Y € V. The first layer V; is the so-called horizontal layer, that
generates g by commutation.

A Carnot group G can be identified, through exponential coordinates,
with the Euclidean space (R”,-) with a suitable group operation, where N
is the dimension of g.

Carnot groups are endowed with two family of important transformations:
the (left) translation 7, : G — G defined as z +— 7,z := = - 2z, and the
(non-isotropic) group dilations 6 : G — G, that are associated with the
stratification of g and are automorphisms of the group (see [13], [30] or [6]
for an exhaustive introduction to Carnot groups).

We denote by @ the homogeneous dimension of G, i.e. we set

Q= Zidim(%).
i=1

It is well known that @ is the Hausdorff dimension of the metric space G
endowed with any left invariant distance that is homogeneous with respect
to group dilations. In general, @ > N.

The Lie algebra g of G can be identified with the tangent space at the
origin e of G, and hence the horizontal layer of g can be identified with a
subspace HG, of TG,. By left translation, HG, generates a subbundle HG
of the tangent bundle T'G, called the horizontal bundle. A section of HG is
called a horizontal vector field. Since, as usually, vector fields are identified
with differential operators, we refer to the elements of V; as to the horizontal
derivatives. For an horizontal vector field W we can give a natural notion
of horizontal divergence divg (see (8) below).

Among Carnot groups, the simplest but, at the same time, non-trivial
instance is provided by Heisenberg groups H", with n > 1, and, in particular,
by the first Heisenberg group H'. Precise definitions will be given later
(see Section 2); let us remind that H' is a Carnot group of step 2 with
2 generators, and that it is in some sense the “model” of all topologically
3-dimensional contact structures.

More formally, the Heisenberg group H' can be identified with R3, whith
variables (x,y,t). Set X := 0, — %y@t, Y =0, + %x@t, T := 0;. The
stratification of its algebra b is given by h = V1 ®V;, where V; = span {X, Y}
and V2 = span {T'}.

In spite of the extensive study of differential equations in Carnot groups
(and, more generally, in sub-Riemannian spaces) carried on the last few
decades, very few results are known for pde’s involving differential forms in
groups (see, e.g., [26], [29], [4], [3], [18], [1], [2], [16]).

As a contribution in this direction, in this paper we attack the study
of inequalities (1), (2), (3) for differential forms in Heisenberg groups H",
n > 1.
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The scalar case, i.e. the Gagliardo-Nirenberg inequality in Carnot groups,
is already well known, as well as its geometric counterpart, the isoperimetric
inequality: see [14], [15], [10], [19], [24], [25].

A natural setting for div-curl type systems in Heisenberg groups is pro-
vided by the so-called Rumin’s complex (Eg, d.) of differential forms in H".
In fact, De Rham’s complex (Q*,d) of differential forms, endowed with the
usual exterior differential, does not fit the very structure of the group, since
it is not invariant under group dilations, basically since it mixes derivatives
along all the layers of the stratification. Consider for instance the Heisen-
berg group H', and let dx, dy and § = dt + %yd:p — %a:dy (the contact form
of H') be the (left invariant) dual covectors of X,Y, T, respectively. If we
write the exterior differential df of a smooth function f in terms of dx, dy
and #, we obtain

df = (X f)dz + (Y f)dy + (T'f)0,

that is not invariant under group dilations, since dz, dy are homogeneous
of degree 1 with respect to group dilations, whereas 6 is homogeneous of
degree 2.

Then, a naif approach would be to replace d by the “horizontal differen-
tial” dp defined on functions by cutting out the non-horizontal part (7'f)6,
i.e., by setting

dif = (X[f)dz + (Y f)dy

that is homogeneous of degree 1. Unfortunately, dg does not yield a com-
plex, since dlzq f # 0, because of the lack of commutativy of g, and therefore
dp fails to be a good differential for the construction of an intrinsic complex.
Rumin’s complex is meant precisely to overcome this difficulty.

As a matter of fact, the construction of the complex (Ej,d.) is rather
technical and will be illustrated in Section 3. However, it is important to
stress here that Rumin’s differential d. may be a differential operator of
higher order in the horizontal derivatives. This property affects crucially
our results, that are therefore a distinct counterpart of those of Lanzani &
Stein.

To give a gist of our results, let us consider for the moment just 1-forms
in H'. We remind that in H' Rumin’s spaces of forms Ej are

E} = span {dz, dy};
E2 = span {dz A 6,dy A 0};
E3 = span {dx A dy A 0}.
Moreover
de(cpdzr + aody) = (X2o<2 —2XYa; +YXaq)dx N6
+ (2Y Xay — Y201 — XY ay)dy A6,
and, if we denote by 6, the formal L2-adjoint of d,, then
de(ardr + aody) = Xjag + Xoawo.

We notice that d. is an operator of order 2 in X and Y, whereas d. is an
operator of order 1 in the same horizontal derivatives.
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In this case we show that there exists C' > 0 such that for any divergence-
free 1-form v € D(H, E}) i.e. such that §.u = 0, we have

HUHLQ/(Q*%(HHE%) < CHchHLl(Hl,Eg)-

Notice that on the left-hand side the L™/ (*~1-norm of (2) is replaced by
the L9/(Q=2)_porm, coherently with the fact that d. is an operator of order
2 on 1-forms.

On the other hand, if we assume d.u = 0, then we have

lull Ler@-v @ g1y < Clldcullz @y,

where H! is the Hardy space in H! defined in [13], p.75, and coherently with
the fact that J. is an operator of order 1 on 1-forms.
Eventually, if we consider div-curl system

deu=f
5cu =9,
then the sharpest result we can obtain is

lullzera- g < € (1 z) + Idegllo e ez )

The first step in the proof of these results relies on the fact that the compo-
nents of closed forms in E} can be viewed as components of an horizontal
vector field F' with divyg F' = 0. This make possible to apply a result due
to Chanillo & Van Schaftingen for divergence-free horizontal vector fields in
Carnot groups (see Theorem 2.3 below). Then the result follows thanks to
precise estimates for the fundamental solution of the “Laplace operator” on
E} defined by Ap  := 6.d. + (d:d.)? (that are proved in [5]).

If we want to pass from H! to H” with n > 1, as for the first step of
the proof, the situation becomes increasingly more complex, and, already
for the case n = 2 we rely on a carful use of Cartan’s formula (see Theorem
2.5), as well as in a long sequence of explicit cumbersome computations
whose number growth very fast as n increases. Nevertheless, we believe
that our approach for the Heisenberg group H? can be used as a model of
the situation for H", with n > 3.

This paper is organized as follows: in Section 2 we fix our notations
and we collect some known results about Heisenberg groups. Moreover, we
present two crucial estimates proved by Chanillo & Van Schaftingen ([11])
for “divergence free” horizontal vector fields in Carnot groups, as well as
the classical Cartan’s identity that we use in this paper to reduce ourselves
precisely to the case of “divergence free” horizontal vector fields. In Sec-
tion 3, we sketch the construction of Rumin’s complex of differential forms
in Heisenberg groups, and we remind some properties of the fundamental
solution for a suitable Laplace operator on Rumin’s forms ([4], [5]). Section
4 contains our main results in H' and H?. Finally, in Section 5 we discuss
the sharpness of our result, and, at same time, we show how they can be
improved for special choices of the data.

Finally, we recall that different generalizations of the global inequalities
proved by Lanzani & Stein and Bourgain & Brezis have been proved in [22]

4



(for the differential complex associated with an involutive elliptic strcture),
and in [33] (for pseudoconvex CR manifolds).

2. PRELIMINARY RESULTS

2.1. Notations. We denote by H" the n-dimensional Heisenberg group,
identified with R?"*! through exponential coordinates. A point p € H" is
denoted by p = (z,y,t), with both z,y € R” and t € R. If p and p’ € H",
the group operation is defined as

1 n
p-p=(@tayty i+t 45 > (@ — i)
j=1

If we denote by p~! the inverse of p, we remind that p~! = (—z, —y, —t).

Sometimes, we write also pg for p - q.

For a general review on Heisenberg groups and their properties, we refer
to [30], [20] and to [32]. We limit ourselves to fix some notations, following
[17].

For fixed ¢ € H" and for r > 0, left translations 7, : H" — H" and non
isotropic dilations 4, : H" — H"™ are defined as

(4) 7,(p) =q-p and as  0,(p) := (rz, ry, r’t).

The Heisenberg group H" can be endowed with the homogeneous norm
Koranyi norm
( y

(5) op) = (@ + 97 + )%,
and we define the gauge distance (see [30], p.638) as
(6) d(p,q) = o(p™" - q).

It is well known that the topological dimension of H" is 2n + 1, since as a
smooth manifold it coincides with R?"*!  whereas the Hausdorff dimension
of (H",d) is Q = 2n + 2.

We denote by bh the Lie algebra of the left invariant vector fields of H™.
The standard basis of § is given, for i = 1,...,n, by

1 1
Xi = O — §yiata Y =0y, + ?Uiat’ T := 0.

The only non-trivial commutation relations are [X;,Y;] =T, forj =1,...,n.
When n = 1 we just write X := X; and Y := Y.

The horizontal subspace b is the subspace of h spanned by Xi,...,X,
and Y7, ...,Y,. Coherently, from now on, we refer to X1,...,X,,Y1,..., Y,
(identified with first order differential operators) as to the horizontal deriva-
tives. Denoting by by the linear span of T', the 2-step stratification of b is
expressed by

b =b1 @ bo.

The vector spaces fh can be endowed with an inner product, indicated by
(-,), making X1,...,X,, Y1,...,Y, and T orthonormal.
Throught this paper, to avoid cumbersome notations, we write also
(7) Wi:=X;, Wipn: =Y, Wopp: =T, fori=1,--- n.
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If f:H" — R, we denote by Vg f the horizontal vector field
2n
Vuf =Y (Wi )W,
i=1

whose coordinates are (Wi f, ..., Wa,, f). Moreover, if ® = (¢1, ..., ¢2,) is an
horizontal vector field, we define divy ¢ as the real valued function

2n
(8) dive (®) =Y W;d;.
j=1

If f is a real function defined in H”, we denote by v f the function defined
by Vf(p) := f(p~'), and, if T € D'(H"), then VT is the distribution defined
by ("T'|¢) := (T|'¢) for any test function ¢.

Following e.g. [13], we can define a group convolution in H": if, for
instance, f € D(H") and g € LIOC(H”) we set

9) frglp /f p)dq for g € H".

We remind that, if (say) ¢ is a smooth function and L is a left invariant
differential operator, then

L(fxg) = f*Lg.
We remind also that the convolution is again well defined when f,g €
D'(H™), provided at least one of them has compact support (as custom-
ary, we denote by &'(H™) the class of compactly supported distributions in
H" identified with R?"*1). In this case the following identities hold

(10) (fxglo)={g]"f=¢) and (f=*g|p)=(flp*"g)
for any test function ¢. '
If I = (i1,...,49n41) is a multi-index, we set W/ = T/VlZl co Wg2n Tian+1,

Furthermore, we set |I| := 41 + -+ - + d2y, + G241 the order of the differential
operator W/, and d(I) =11+ -+ + 2 + 202,41 its degree of homogeneity
with respect to group dilations.
Suppose now f € &'(H") and g € D'(H"). Then, if ¢» € D(H"), we have
(W) glp) = (W flyp = Vg) = (=D)V(flv = (W Vg))
= (—D)IF = wTvgly).

Following [12], we remind now the notion of kernel of order «, as well as
some basic properties.

(11)

Definition 2.1. A kernel of order « is a homogeneous distribution of degree
a — @ (with respect to group dilations d, as in (4)), that is smooth outside
of the origin.

Proposition 2.2. Let K € D'(Q) be a kernel of order «.

i) VK is again a kernel of order «;
il) WyK is a a kernel of order ao—1 for any horizontal derivative Wy K ,
(=1,...,2n;
ii) If o > 0 then K e Ll (H").



2.2. Multilinear algebra. The dual space of b is denoted by /\1 h. The
basis of A'B, dual to the basis {X1,...,Y,, T} is the family of covectors
{dx1,...,dzy,dy1, ... ,dyy, 0} where § := dt—% ?:1(:cjdyj—yjd:cj) is called
the contact form in H™.

We indicate as (-, -) also the inner product in /\1 b that makes dz1, ..., dyy, 0
be an orthonormal basis.

Coherently with the previous notation (7), we set

0; :=dx;, Ojyn:=dy;, Oopi1:=6, fori=1,--- n.
Weput/\oh::th:Rand,f0r1§k§2n+1,
/\kh::span{Wil/\---/\Wik:1§i1<---<ik§2n+1}::span@k,
/\kb::span{ﬂil/\~--/\0ik:1§i1<---<ik§2n+1}::span@k.

The volume (2n + 1)-form 61 A - - - A fa,,41 Will be also written as dV.

The action of a k-covector ¢ on a k-vector v is denoted by (p|v).

The inner product (:,-) extends canonically to A, b and to /\kh making
both bases O, and ©F orthonormal. We denote by Gf the i-element of the
orthonormal basis ©F, 1 < i < (2"; 1).

The same construction can be performed starting from the vector sub-
space h1 C b, obtaining the horizontal k-vectors and horizontal k-covectors

/\kbl ::span{Wil/\'.-AWikzlgil<-~<ik§2n}
k
/\ b1 :=span{fj, A--- A0 1 <ip <--- <i < 2n}.

The symplectic 2-form df € /\2 b1 is df = — > dx; A dy;.
If 1 <k <2n+1, the Hodge isomorphism

*:/\ b<—>/\ h and *:/\kh<—>/\2n+l_kh,
k 2n+1—k

is defined by
v Asxw = (v,w)Wy A+ A Wapi1,

O N*p = ()01 N -+ N Oapyr.

If v € A\,b we define v* € A"h by the identity (v¥w) := (v,w), and
analogously we define o € A\, b for p € /\k b.

As pointed out in the Introduction, the Lie algebra h can be identified
with the tangent space at the origin e = 0 of H”, and hence the horizontal
layer by can be identified with a subspace of TH that we can still denote
by Ajbi. By left translation, A, b1 generates a subbundle of the tangent
bundle, called the horizontal bundle, that, with a slight abuse of notations,
we still denote by A;bi. A section of A; by is called a horizontal vector
field.

We recall now the following two results due to Chanillo & Van Schaftingen
that are keystones in our proofs.
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Theorem 2.3 ([11], Theorem 1). Let ® € D(H", A\, h1) be a smooth com-
pactly supported horizontal vector field. If F € L (H", A\, b1) is H-diver-
gence free, then

[(F, @) p2n p, 00y | < CIF v p, 00 IVER] Lo @n p, 1)-

Let k > 1 be fixed, and let F' € L'(H", ®* A, b1) belong to the space of

the horizontal k-tensors. We can write
F= 3 Fy.aqWiy® - 0W,.
115000k
We remind that F' can be identified with the differential operator
u— Fu:= Z Fil,...,z’kWil s Wiku.
11500k

Moreover, we denote by D(H", Sym(®*A, b1)) the subspace of compactly
supported smooth symmetric horizontal k-tensors.

Then Theorem 2.3 is a special instance of the following more general
result.
Theorem 2.4 ([11], Theorem 5). Let k > 1, F' € LY(H", @A\, h1), ® €
D(H", Sym(®* A, b1)).

Suppose

FydV =0 for ally € D(H"),
Hn
i.e. suppose that

> Wi, Wi Fiy,i, =0 in D'(H").
21, )lk

Then
| [ (@ F)av| < CullFlloin s, oo 98 @lagen oon, 0y

We close this Section by recalling the following classical Cartan’s formula
in H" (see, e.g., [21], identity (9) p. 21, though with a different normalization
of the wedge product).

Theorem 2.5. Let w be a smooth h-form of (Q*,d) (the usual de Rham’s
complex), and let Zy, Z1, ..., Z be smooth vector fields in H". Then

h
(dw|Zo AN Zp) =Y (=1)'Zlw|Zo A+ Zi--- A\ Z)
(12) =0
+ > (D)W [Z ZI A NZi N N D).

0<i<j<h

3. INTRINSIC COMPLEX AND FUNDAMENTAL SOLUTION

We summarize now very shortly Rumin’s construction of the intrinsic
complex. Though this theory can be naturally formulated in any Carnot
group, we restrict ourselves to Heisenberg groups. For a general approach,
we refer, for instance, to [29] and [3].
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Definition 3.1. If a # 0, o € /\1 b1, we say that o has weight 1, and we
write w(a) = 1. If o = 60, we say w(f) = 2. More generally, if o« € A",
we say that o has pure weight k if « is a linear combination of covectors
0; A+ N0, with w(b;,) + -+ w(@ih) = k.

Notice that, if a, 5 € /\hh and w(a) # w(B), then («, 5) = 0.

We have ([3], formula (16))

/\h b= /\h,h b /\h,h+1 6,

where A" b denotes the linear span of @M := {a € O", w(a) = p}.
Similarly, if we denote by QP the vector space of all smooth h-forms in
H" of weight p, i.e. the space of all smooth sections of /\h’p b, we have

(13) Q" = QM@ QP
The following crucial property of the weight follows from Cartan identin-
tity: see [29], Section 2.1:
Definition 3.2. Let now a = > grogny @ 08 € Q"P be a (say) smooth form
of pure weight p. Then we can write
da = doa + dio + daa,
where dya has still weight p, dia has weight p+ 1, and dza has weight p+ 2.

By Cartan’s formula (12), w(d0?) = w(0) (because of their left-invariance),
and then we can write explicitly

d()Oz: Z azdﬁf
oheohr

that does not increase the weight,

2n
dio = Z Z(Wjai)gj/\gzh

ol eohr j=1

that increases the weight by 1, and

dyv =Y (Tey)0 A6},
ohcohr
that increases the weight by 2.

The following definition of intrinsic covectors (and therefore of intrinsic
forms) is due to M. Rumin ([29], [27]).

Definition 3.3. If 0 < h < 2n + 1 we set

Bl :=kerdy NR(dp)* c QM.

It is easy to see that *El = Eg"“fh.

We refer to the elements of E(’} as to ntrinsic h-forms on H". Since the
construction of Eg is left invariant, this space of forms can be seen as the
space of sections of a fiber subbundle of /\h b, generated by left translation
and still denoted by EP. In particular E} inherits from /\hb the scalar

product on the fibers.
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Theorem 3.4 (see [26], [28]). We have:

o By = N\'by;

e if2<h<n then Bl = N"bi 0 (AN""2h1 A dO)™;

e ifn<h<2n+1then E} ={a=pN0, Bc /\h_lbl, aAdf = 0}.
Notice that all forms in E} have weight h if 1 < h < n and weight h + 1 if
n<h<2n+1.

We denote by Eg = {fjh} an orthonormal basis ong. We can take 5]1- =0;
forg=1,...,2n.

Remark 3.5. From now on, we shall refer to the components of a form o € E
with respect to the basis Ej tout court as to the components of o without
further specifications.

Definition 3.6. If 0 < h < n, 1 < p < oo, we denote by LP(H”,E{}) the
space of all sections of E(’} such that their components with respect to the
basis = belong to LP(H"), endowed with its natural norm. Clearly, this
definition is independent of the choice of the basis itself. If h = 0, we write
LP(H") for LP(H", EJ).

The notation D(H", E) has the same meaning.

We define now a (pseudo) inverse of dy as follows (see [3], Lemma 2.11):

Lemma 3.7. If 5 € /\thl b, then there exists a unique o € /\h b (ker dg)*
such that
doa — B € R(do)*.

We set a .= dglﬁ. We notice that dal preserves the weights.

The following theorem summarizes the construction of the intrinsic dif-
ferential d. (for details, see [29] and [3], Section 2) .

Theorem 3.8. The de Rham complex (2%, d) splits in the direct sum of two
sub-complezes (E*,d) and (F*,d), with
E :=kerd,' Nker(dy'd) and F :=R(dy")+R(ddy").
We have
i) Let Il be the projection on E along F (that is not an orthogonal
projection). If o € E, then
° HEa:oa—daldloa if1<h<n;
e llpa=aifh>n.
ii) g is a chain map, i.e.
dllp = Tl gd.
iii) Let Ilg, be the orthogonal projection from N\*bh on Ef, then
(14) U, = Id—dy'dy — dody ', g1 = dy'do+dody .

iv) U JIpllg, =g, and Hpllg Il = 1.
Set now
d.=Tg,dllg: B} — B h=0,...,2n.
We have:

v) d? = 0;
10



vi) the complex Ey = (Ej,d.) is exact;

vii) d : E(’} — ESLH 1s an homogeneous differential operator in the hor-
izontal derivatives of order 1 if h # n, whereas d. : E}f — ESLH is
an homogeneous differential operator in the horizontal derivatives of
order 2.

Remark 3.9. if f € EJ (i.e. f is a smooth function), then

def =Y Xjfdaj+ Y Y;fdy;.

j=1 Jj=1
Proposition 3.10. Denote by . = d the formal adjoint of d. in L*(G, Ef).
Then 8. = (=1)" x dox on E}.

Example 3.11. Let H! = R3 be the first Heisenberg group, with variables
(z,y,t). We have:

E} = span {dx, dy};

E2 = span {dz A 6,dy A 0};

E3 = span {dx A dy A 0}.

Thus, if a = aydx + aedy € EJ, then
(a) deav = (X2a2 —2XYa; +YXay)dx A0+ (2Y Xag — Y2a; — XYaz)dy A6

(b) 0cax = X1 + Y.
On the other hand, if & = ay3dx A0 + aosdy A 0 € Eg, then
(¢) deav = (X3 — Yaqs)de Ady A0

(d) 5(;()( = (XYOqg — 2YXO(13 — Y20423)d1‘ + (X20413 + 2XYC¥23 — YXa23)dy.

Example 3.12. Choose now H? = R®, with variables (21,22, y1,¥2,t). In
this case (see e.g. [3], Appendix B)

ES = span {dz1, dxs, dy;, dys };

E2 = span {dx1 A dxo, dzy A dya, dee A dyy, dyy A dys,

1
7((1.%1 A dy; — dxo A dyg)}

V2

The classes E3 and Ej are easily written by Hodge duality:
ES’ = span {dy; Adys A 0,dxs ANdys AO,dxy Adys A0, dxy Adxg N6,

1
—=(dzy Adyy — dxa N dyz) A0}

V2
Ej = span {dza Ady; Adya A6, dzy Adyy Adys A, dxy Adxo A dys A6,
dxy N\ dxo N dy1 AN 0}

Eg = span {dz1 Adxe Ady; ANdys N0 = dV'}.
11



Thus, if a = aydry + aedrs + azdyy + audys € E}, we have
(a) dea = (X1a2 — XQOél)diL'l A dxg + (Y1a4 — sz()ég)dyl A dys
+ (X1a4 — YQOQ)dZL’l Adys + (Xgag — Ylaz)dlbz A di
X — Y] — X Y- 1
103 — Yo 2014 + Yo0rg —_(dz1 A dyr — da A dy).

V2 V2
(b) 0ev = X101 + Xoag + Yias + Yoou.

Definition 3.13. In H", following [26], we define the operator Ay ; on E}
by setting

debe + Ocd,. if h#n,n+1;
Agp =1 (dede)?+6cd. if h=mn;
dc(sc + (6Cdc)2 lf h =N + 1

Notice that —Ag g = Z?:1(X32 + YJQ) is the usual sub-Laplacian of H".
Set N}, := dim E%. For sake of simplicity, once the basis =} of EX is fixed,

the operator Ay j, can be identified with a matrix-valued map, still denoted
by Amp

(15) Amp = (A p)ij=t,...n, : D'EH", RV — D/(H", RY).

This identification makes possible to avoid the notion of currents: we refer
to [3] for this more elegant presentation.
Combining [26] and [5], we obtain the following result.

Theorem 3.14. If 0 < h < 2n + 1, then the differential operator Agy, is
hypoelliptic of order a =2 if h # n,n+1 and of order a =4 if h=n,n+1
with respect to group dilations.

Moreover for j =1,..., Ny there exists

(16) K= (Kyj,....Kn,j), j=1,...Ny
with K;; € D'(H") N EM" \ {0}), ¢, =1,..., N such that

i) we have
i o if L=
ZAﬂfﬂhK”:{ 0 i 4]

ii) ifa < Q, then the K;j’s are kernels of type a in the sense of [12], for
i,7=1,..., Ny (i.e. they are smooth functions outside of the origin,
homogeneous of degree a — @), and hence belonging to L%OC(H"), by
by Proposition 2.2). If a = Q, then the K;;’s satisfy the logarithmic
estimate |K;j(p)] < C(1 + |Inp(p)|) and hence belong to Li (H™).

loc
Moreover, their horizontal derivatives WyK;;, £ = 1,...,2n, are ker-

nels of type Q@ — 1;
iii) when a € D(H™, RV, if we set

(17) ICa::(Zaj*Klj,...,Zaj*KNhj),
J J
then Ap Ko = a. Moreover, if a < @, also KAp po = .
iv) ifa = Q, then for any o € D(H",RNt) there exists B := (B1,--.,8n,) €
RNw | such that
ICAH,ha — = Ba-
12



Remark 3.15. Coherently with formula (15), the operator K can be identified
with an operator (still denoted by K) acting on smooth compactly supported
differential forms in D(H", E}).

4. MAIN RESULT

Theorem 4.1. Denote by (Ej,d.) the complex of intrinsic forms in H'.
Then there exists C > 0 such that for any h-form u € D(H!, E[)‘), 0<h<3,
satisfying
deu=f
{ det = g,
we have
lull er@-n @y < Cllfllpr@ gy if h=0;

lull per@-2 @ gy < C(If @ g2y + ldeglla@y)  fh=1;
lull Ler@-2 @ 52y < C(ldeflla @, gy + N9l e g2y) o =2
lull per@-v @ g3y < Cllgllpr@n g2y i h=3.

Proof. First of all, we notice that, since the complex (Ef,d.) is invariant
under Hodge-star duality, we may restrict ourselves to forms in E(’}, with
h =0,1. The case h = 0 is well known ([14], [10], [24]). On the other hand,
keeping in mind Theorem 3.14, if u, ¢ € D(H!, E}), we can write

a8 (u, @) L2, 51y = (U Au 1K) L2 1)

= (u, (dedc + (dc&c)Q)IC@L?(Hl,Eg)-

Consider now the term
(u, 5cdclc¢>[,2 (Hl,Eé) = (dcu, dCK(b)LQ(Hl,Eg)'

If we write f := d.u, then f is a 2-form in Eg and therefore it can be
written as f = fidx A 0 + fady A 0. Analogously, we can write d ¢ =
(deKp)1dx N O+ (dKCp)ady A 6. Thus

(u, 5cch¢>L2(H1,E3) = (f1, (ch¢)1>L2(H1) + (fa, (ch¢)2>L2(H1)-

Let us estimate, for instance, the first term of the sum. We remind that,
since f is closed, we have X fo — Y f1 = 0 (by Example 3.11, (c)), i.e. if

F = (f2>_f1) then diVHF =0.

Thus, if we choose ® := (0, (d.K¢)1), we can apply Theorem 1 in [11] to
obtain

[(F.®)] = [(f1, (deKd)1) 2| < Clldeul i g2) I VEdK D Lo g2)-

The term (f2,(dcK)2) 2@y can be handled in the same way, choosing
O = ((d:Kp)2,0). After all, we obtain

[(u, 5cdclc¢>L2(H1,E(1))’ < CHchHLl(Hl,Eg)HVHdc’C¢HLQ(H1,E§)-

Furthermore, Vigd . K¢ can be expressed as a sum of terms with components
of the form
o * WK, with d(I) = 3.
13



By Theorem 3.14, iv) and Proposition 2.2, ii) W/ f(ij are kernels of order 1,
so that, by [12], Proposition 1.11 we have

(19) [(u, 0cdeK o) 2 g1y < Ol m2) DMl Lore @ g2y
Consider now the second term in (18)
(u, (dc56)2K¢>L2(H1,E5) = <dc§c“a dcéc’C@LQ(Hl,E},y

By Theorem 3.14, formula (17), keeping in mind that J. is an operator of
order 1 in the horizontal derivatives when acting on 1-forms, as well as d,
when acting on 0-forms, the quantity d.6.K¢ can be written as a sum of
terms with components of the form

¢;j * WIK,;, with d(I) = 2 and ¢; € D(H").

On the other hand, if d.0.u = deg = (deg)1 dz + (deg)2 dy, then we are
reduced to estimate

((deg)ir b5 * WK p2my = ((deg)i * ¥ (W' Kyj), &5) 12
for ¢ = 1,2. Moreover,
((deg)ir 65 * W Kij) 2| < [1(deg)i * ¥ (W Kij) || pas@-2 @) 195l oz

Notice the WIfQj’s and hence the V(Wlf(ij)’s are kernels of type 2 since
d(I) = 2. Thus, by Theorem 6.10 in [13],

((deg)is &5 ¥ W Kij) r2e2)| < Clldeglla 20101l Larzn gy -
Thus
(200 [{u, (debe) o) 2 gy | < Clidegllag om0l orzgen gy -
Thus, combining (19) and (20), by duality we obtain eventually
lull Las@-2 @ gy < C (Il @, g2y + ldegllag @ m2))-
which cocludes the proof. O

Remark 4.2. The sharpness of the results of previous theorem will be dis-
cussed in Section 5.

Theorem 4.3. Denote by (Ej,d.) the complex of intrinsic forms in H2.
Then there exists C > 0 such that for any h-form v € D(H?, E}), 0 < h < 5,

such that
{ deuw=f
bt =g
we have
lull pore-vmezy < CIFIp e,y ifh=0;
HUHLQ/(Q—l)(Hz,Eg) < C||g||L1(H27E3) if h = 5;
lull Lor@-v @2 gy) < C(”f”Ll(H?,Eg) + gl a2)) if h=1;
lull pere-n @z gty < C(Ifl@e,z8) + 1901 @2,58)) ifh=4;
lull Lor@-2 @z, g2y < CUIfllr@2,g8) + Idegll L1 e, 22)) ifh=2;
lull pere-2 @z 3y < C(ldef | @e,z5) + 901 @2,52)) if h=3.
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Proof. As in Theorem 4.1, the cases h = 0 and h = 5 are well known, and
we may restrict ourselves to forms in EZ, with h = 1,2, since the complex
(E§,dc) is invariant under Hodge-star duality.

Case h = 1. If u, ¢ € D(H?, E}), we can write
(u, ¢>L2(H2,E3) = (u, AIHLl’C@L2(H2,E3)

= (u, (Ocde + dede)KO) 12 (w2 1)
Consider now the first term in the previous sum,

(u, 6cdc o) 12 (H2,E}) = (deu, chqs)L?(H?,Eg)'

If we write f := d.u, then 0 = d.f := Ilg,dllgf = llg,l1gdf, by Theorem
3.8, ii). If we apply IIg to this equation, we get
(22) 0 =lIpllg gdf = lgdf = dllgf,

by Theorem 3.8, iv), i.e, I f is closed in the usual sense. Moreover, since
f,d Ko € B, we can write f = So_, fi€?, dKop = Yo_, (doKp)e?, and
hence we can reduce ourselves to estimate
(23) (fo, (dcK)e) oy for £=1,....,5.
Consider now the horizontal 2-tensors F, G € D(H?, @2\, h1) defined as
o Fi=—\2f(X10Y1 — Y1 ®X1)
A1 90X+ X0 @ X1) + i f5(X10Ya + Yo ® X4)
— 1R (X1 +Y10X) —3A(Y10Ye+ Y0 Y1),
o (G := —@fg,(Xl ® X0+ Xo ®X1) + f3X1 @ X1 — foXo ® X5
+ 121 @ X1 + Y2 ®@ Xy — X1 @ Y),
that are identified with the following differential operator
o Fi=—V2f5(X1Y1 = V1 X1)+ f1Xo X1 + f3Y2 X1 — oXo Y1 + f1Ya )1,
o Gi=—V2[sXo X1+ f3X? — [2X3 + [1(2Y1 X1 + Y2 Xo — X1 YY),

(21)

since the only nontrivial commutation rules are [ X1, 1] = [X2, Y2 =T. We
claim that
(24) / FibpdV = | GydV =0 for all ¢ € D(H"),

n Hn

Suppose for a while (24) holds, and let us achieve the estimate of (23).
Suppose for instance f; = fi. We consider now the symmetric horizontal
2-tensor &:

P :=(dKg)1 (V1 ®Y2+Ya® Y1),
so that
(f1, (deKd)1) 22y = (F, @) L2z 02, 1)
By Theorem 2.4

(25) |(f1, (deKCo)1) 22yl < IF o1z e A, o) | VE (KD || o )
SNl oy, m2) I VEAKD || Lo (12, 2) -

On the other hand, Vyd K¢ can be expressed as a sum of terms with com-
ponents of the form

¢ WIK;; with d(I) = 2.
15



By Theorem 3.14, iv) and Proposition 2.2, ii) Wff(ij are kernels of type 0,
so that, by [12], Proposition 1.9 we have

(26) |[(f1, (deK o)1) r2mz)| < Cllf [, 52) |19l e 12, £1) -

The same arguments applies to fo, f3, f1. As for fs this argument fails to
work, since f5 is the coefficient of the anti-symmetric term X3 @Y — Y1 ® X3
that vanishes against any symmetric . Nevertheless, to estimate f5 we can
use the same argument, replacing however F' by G and considering (G, ®)
with the symmetric horizontal 2-tensor ®:

P = V2 (dKp)s5(X1® Xo + Xo ® X1).
Once the estimate for fi,..., fs are obtained, we get eventually
(27) I/, dCK¢>L2(H2,E§)‘ < C||f||L1(H2,Eg)||¢||LQ(H2,E3)'
Consider now the second term in (21)
(u, d650K¢>L2(H2,E3) = <5cu, 5CK:¢>L2(]HI2)-

By Theorem 3.14, formula (17), keeping in mind that J. is an operator of
order 1 in the horizontal derivatives when acting on E} the quantity 6. ¢
can be written as a sum of terms such as

¢j * WeK;j, with £ =1,2,3,4.
On the other hand,
(Sctt, b * WeKij) r2mz) = (9, &5 * WelKij) r2mz) = (g * ¥ (WeKij), 6;) r2(me)

Notice the ng@-j’s and hence the V(ngij)’s are kernels of type 1. Thus,
by Theorem 6.10 in [13],

|(Beus, % Wik ij) 2z | < Cligllae @)l o @2, 1)-
Combining this estimate with the one in (27), we get eventually
(w, &) 2, )| < C(1f e @z, m2) + 19M130@2)) 1 6l] Lo @2, 12
and hence
lull per@-v @z gy < C (1l @e.g2) + N9l @))-

Thus, to achieve the proof in the case h = 1 we are left to prove the claim
(24).
We prove first that

/ FydV =0 for all o € D(HM).

To this end, we apply Cartan’s formula (12) with w = IIgf and Zy = T,
Zy = X1,Z5 = Yy. Since llgf = f — dgldlf, and keeping in mind that
dllgf =0 (by (22)), we can write
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(28)
0= Z()<f|Z1 A Z2> — Z1<f’Z() A ZQ> + Zg<f|Zo VAN Zl>

- (Zo<d61d1f|Zl A Zs)y — Zy{dy td1 f| Zo N Za) + Zo{dy  du f| Zo A Z1>)

— (fl[Zo, Z1] \ Za) + (f|[Z0, Za2] N Z1) — (f|[Z1, Za] N Zo)

— (= (5 1 [ Zo, 21) A 22) + {dg v f|[Zo. Za) A 20) = (i du 1121, Za) A Za))
= A1+ A2 + Az + Ay

By our choice of Z;, trivially, A3 = A4 = 0, since each term of the sum
vanishes. Indeed, we have [T, X;] = [T,Y1] = 0 and [ X1, Y1|]A\T =T AT = 0.
Moreover, in A; the second and the third term vanish since T'A X7 and T'AY;
have weight 3 whereas f has weight 2. In As the first term vanishes since
dy Ld, f has weight 3 whereas X1 A Y7 has weight 2. Then

0=A;+ Ay = T(fIX1 A Y1) + X1 (dy 'y fIT A Y1) — Yi(dy tdy fIT A Xy).

Keeping in mind that

(29)
€ =dry Ndzo, &5 =dxy Ndyp, €2 =dxo Adyy, €3 = dyy A dyo,

1
gg = —(dz1 N dyy — dxo A dys),

V2
(see Example 3.12) a straightforward computation gives:
Tfs
A= ——.
V2
On the other hand, let us compute explicitly d; f. We have:
X
dif = (X1fs - 2/s + Y1 f1)dxy A dza A dyy
V2
X
—( \}gg) + Xaof2 — Yafi)dz1 A dza A dys
Y5
+ (X1fa—Yifo + \2/’25)dx1 Adyy N dys
Y]
+ (Xofs+Yofs + \1/J§”5)d$2 A dyy A dya

Moreover,
do(dx1 N 0) = dxy Ndxg A dya, do(dxa A 6) = —dxy Adxa Ady,
do(dyy N O) = —dxa Adyr Ndya, do(dya A 0) = dzq A dyy A dys,
so that
dry A0 = dyt(dey Adxg Adys), dra AO = —dy(dey Adxa A dyy),

dyr N0 = —dy (dza A dyr A dys), dya A0 = dy*(dzy A dyr A dys).
17



Hence
Ay = X {dy dy fIT A YY) — Yildg ' dy fIT A Xy)

Xy ((Xafi + Yafs + (1:1}2”5))@1 AOIT AYR)
+ Y1<(X\}§5 + Xofo — Yo fi)dx1 NO|T A Xq)

XiYifs YiXifs

= X1 Xofs — X1Yofs + - Y1 Xofo —Y1Yafi

VoI
T
= X1 Xofs + X Yo f3 + \/é:, - Y1 Xofo —Y1Yafi

Therefore,
0=A1+ Ay = V2T f5 + X1 Xofs + X1Yafs — V1 Xo fo + Y1 Ya f1.

Hence the first identity in (24) is proved. The second identity in (24) can
be proved analogously by choosing, in the Cartan’s formula (12), w =g f
and ZO = T, Z1 == Xl, ZQ = XQ.

Case h=2.If u,¢ € Eg are smooth compactly supported forms, then we
can write

(30) (u, @) 22, 52) = (U, Am 2K Q) L2 (w2 2
= (u, (dede + (dcéc)Q)IC@LQ(HQ,ES)'

Consider now the term
(u, 5cdclc¢>[,2 (H2,E(2)) = (dcu, dCK"(b)LQ(HZ,ES’)'
Let us write f := d.u. We can write f =), fgf?, where

€ =dxy Ndza N, €3 =dxy Adys N6,
(31) & =dwy Ndy A0, & = dyy A dys N0,
1
2_ L
55 \/§

As above, 0 = d.f = llg,dllgf, and hence dllgf = 0. But, on 3-forms
IIgf = f, since f has weight 4, that is already the maximum weight among
all (even not intrinsic) 3-forms in H2, so that eventually df = 0. Again

(e, deKd) 22, g3y = D (fos (deKd)e) Lo
¢

(dl’l Ady; —dxo A dyQ) NG,

As above, we prove that for any ¢ = 1,2,3,4,5, f; is one of the components
of an horizontal vector field with vanishing horizontal divergence. However,
the subsequent estimates are different from the case h = 1 because of the
different order of the operators involved.

Consider now the following horizontal fields in H?:

o F=(2f3,—v2f5,2f1,0);
o G =(—V2f5,—2f2,0,2f1);
o K =(0,2f1,V2f5,2f3).

18



We claim that
(32) divg F = divg G = divg K = 0.

Notice each component of f appears at least once as a component of one of
the horizontal vector fields F, G, K.

Suppose now for a while (32) holds, and let us achieve the estimate of
(fe; (deK@)e) 2m2)- Suppose for instance f; = f1. We define a new horizon-
tal vector field ® as

® := (0,0, (d.Kop)1,0),
so that
<f1, (ch¢)1>L2(H2) = <F, (P>L2(H2,HH2) .
By Theorem 2.3
|(f1s (deK o)1) 2y < I f 1l e, m2) | VA KBl Lo ez 12

On the other hand, Vygd K¢ can be expressed as a sum of terms with com-
ponents of the form

¢ * WIK;;, with d(I) = 3,
since d. : E3 — E§ is an operator of order 2 in the horizontal derivatives.

By Theorem 3.14, iv) and Proposition 2.2, ii) WIKij are kernels of type 1,
so that, by [12], Proposition 1.11 we have

[(f1, (deKd)1) 2zl < CllfllLrz,z3) |9l Larz w2, £2)-
The same argument can be carried out for all the components of f, yielding
(33) I(f, ch¢>L2(H27ES)| < CHfHLl(HZ,Eg)”¢HLQ/2(H2,E3)'
Consider now the second term in (30). We have
(u, (dede)*Kd) 12 (ss2, ) = (dedett, dedekCo) 12 w2 p3)
= (d.g, dcéchqb)Lz(Hz’Eg).

We notice now that d.g is a d.-closed form in Eg, and then we can repeat
the arguments leading to (25) for f in the case h = 1, obtaining

(34)  [(deg, debeKd) 122 2y | < 1degll (a2, 1) IV dIK D o a2 12

As above, Vd.0.K¢ can be expressed as a sum of terms with components
of the form

¢j* WIK;;,  with d(I) = 3,
since 0. : E2 — E} is an operator of order 1 in the horizontal derivatives, as
well as d. : E} — E2. By Theorem 3.14, iv) and Proposition 2.2, ii) W!Kj;
are kernels of type 1, so that, by [12], Proposition 1.11 we have

(deg, de0cKCo) 2w g2y | < Clldegll e g2 10Nl Lar (a2, g2
Combining this estimate with the one in (33), we get eventually
|(u, ¢>L2(H2,Eg)\ < C(Hf”Ll(H?,Eg) + ”dcg”Ll(HQ,Eg))||¢||LQ/2(H27E§)7
and hence

HUHLQ/(Q*%(H?,EQ) < C(HfHLl(H2,E3) + HdcguLl(H?,E?))-
0 0 0
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Thus, to achieve the proof in the case h = 2 we have to prove the claim
(32).

To prove that divyg F' = 0, we apply now Cartan’s formula (12) with w = f
and Zo = Xl, Z1 = XQ,ZQ = Yi, Z3 =T.

Keeping in mind the commutation rules, we have

0= 20(f|Z1 N Za N Z3) — Z(f|Zo N\ Za N Z3)
+ Zo(f|Zo N Z1 N Zz) — Z3(f| Zo N Z1 A Za)

— (fl[Z0, Zi] N Za N Zs) + (f|[Z0, Zo] N 21 N Zs)
— (f[Z0, Zs] N Z1 N Za) — (fI[Z1, Za] N Zo N Z3)
+ (f[Z1, Z3) N Zo N Za) — (f|[Z2, Z3) N\ Zo N Zy)
= Z0(f1Z1 N\ Za N Zs) — Z1(f| Zo N Za N Z3)

+ Zo(f|Zo N Z1 N Z3) — Z3(f| Zo N Z1 A Za)

+ (fITANXoANT)

= X1{(f|Xo AV AT) = Xo(f| X1 AYIAT)

+ Y {fIXi AXo AT) —T(f|X1 A Xa AY7)

By (31), identity (35) becomes
1
7
This proves the first identity in (32). To prove the remaining two identities
in (32), we apply again Cartan’s formula as above with Zy = X, Z; =
XQ,ZQ = }/2, Z3 =T and Zo = Yl, Z1 = Xg, Z2 = Yg, Z3 = T, respectively.
This achieves the proof of the theorem. O

o~ o~

0= X1f3 — X2f5 + Ylfl, i.e. diVH F=0.

5. SHARP RESULTS: SOME REMARKS

Let us consider, for instance, the following estimates in H' stated in The-
orem 4.1: there exists a constant C' > 0 so that

lull os@-2 @ gy < CUIF L@ ) + Idegllar@m) i h=1;

lull pe/@-2 @ m2) < C(HdcfHHl(Hl,Eg) + ||9||L1(H1,E3)) ifh=2

The presence of the terms d.g and d.f might seem somehow artificial, but
is due to the fact that, on 1-forms, d. has order 2, whereas §. has order 1
(dually, on 2-forms, d. has order 1, whereas . has order 2). By the way, also
the norm in L9/(@=2) in the left hand side is due to the presence of a second
order operator in the right hand side. We notice also that if we consider, for
instance, co-closed 1-forms (i.e. we assume g = 0), then a straightforward
homogeneity argument shows that the exponent Q/(Q —2) is sharp. On the
other hand, if f = 0 or g = 0, then the statement can be sharpened. More
precisely, the can state the following result:

Theorem 5.1. Let u € D(H', E}) solve the system

dou=f
{ Ot = g.
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If h=1and f =0, then
lull or@—n @ g1y < Cllgllan -
If h=2 and g =0, then
HUHLQMQ—I)(Hl,Eg) < CHfHHl(Hl,Eg)-

Proof. Suppose h = 1. The proof for h = 2 follows by Hodge duality. In the
case h = 1 identity (18) read as

(36) (u, ) = (u, (d060)2lc¢> = (9, 0cdc0KP).

Arguing as above, the term §.d.6.K¢ can be written as a sum of terms of
the form

¢j x WIKyj,
where d(I) = 3 and hence the W!K;;’s are kernels of type 1. Thus, by (10)
(u, ) can be written as a sum of terms of the form

(g% ¥ (W'Kij), ),

where the V(W!K;;) are again kernels of type 1, by Proposition 2.2. i).
Thus, we can achieve the proof of the assertion by Proposition 6.10 in [13].
O

A slightly different argument can be carried out for 2-forms and 3-forms
in H2.

Theorem 5.2. Let u € D(H?, EL) solve the system
deu=f
{ et = g.
If h=2 and f =0, then
lull per@-v@2,m2) < Cllgll L1z w)-
If h =3 and g =0, then
lull Lar@-v @2, m3) < ClFllLr ez 52y

Proof. Suppose h = 2. The proof for h = 3 follows by Hodge duality. In the
case h = 2 identity (30) read as

(u, ¢>L2(H2,Eg) = (u, AJHI,2IC¢>L2(H?,Eg) = (u, (d050)2K¢>L2(H2,E§)
= <g, 5cdcécK¢>L2 (H27E6) .
Since §.g = 0, we can apply Theorem 2.3, and we get
|(u, ¢>L2(H2,E§)‘ < Cllgll o1 @2, 1) I VE0edede KO Lo w2, 1)
< CHgHLl(H2,E3)H¢”LQ(H2,E3)7

by [12], Proposition 1.9, since Vé.d..K is a kernel of type 0. Then we can
conclude by duality as in Theorem 4.3.
O
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