REGULARITY IN MONGE’S MASS TRANSFER PROBLEM

QI-RUI LI, FILIPPO SANTAMBROGIO, AND XU-JIA WANG

Abstract In this paper, we study the regularity of optimal mappings in Monge’s mass
transfer problem. Using the approximation to Monge’s cost function ¢(z,y) = |z — y|

through the costs c.(x,y) = /€2 + | — y|?, we consider the optimal mappings 7T for
these costs, and we prove that the eigenvalues of the Jacobian matrix DT, which are all
positive, are locally uniformly bounded. By an example we prove that 7T, is in general
not uniformly Lipschitz continuous as € — 0, even if the mass distributions are positive
and smooth, and the domains are c-convex.

Résumé Dans ce papier, on étudie la régularité des transports optimaux dans le

probleme de Monge. En utilisant ’approximation du cout de Monge c¢(z,y) = |z — y|

par des couts c.(z,y) = /€2 + |x — y|?, on considere les transports optimaux 7., et on
démontre que les valeurs propres de la matrice Jacobienne DT, qui sont toutes positives,
sont localement uniformément bornées. A I'aide d’'un exemple nous démontrons que 7
n’est en général pas uniformément Lipschitz lorsque ¢ — 0, méme si les distributions de
masse sons lisses et positives sur des domaines c-convexes.

1. INTRODUCTION

The Monge mass transfer problem consists in finding an optimal mapping from one
mass distribution to another one such that the total cost is minimized among all measure
preserving mappings. This problem was first proposed by Monge [27] and has been
studied by many authors in the last two hundred years: among the main achievements
in the 20th century we cite [21I] and [16].

In Monge’s problem, the cost of moving a mass from point x to point y is proportional
to the distance |z — y|, namely the cost function is given by

(1.1) co(z,y) = [z —yl.
This is a natural cost function. In the last two decades, due to a range of applications, the

optimal transportation for more general cost functions has been a subject of extensive
studies. In order to present the framework more precisely, let €2 and Q* be two bounded
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domains in the Euclidean space R", and let f and g be two densities in €2 and *
respectively, satisfying the mass balance condition

(1.2 | 1@z = [ o

Let ¢ be a smooth cost function defined on € x Q*.

The problem consists in finding a map 7" : €2 — Q* which solves

min/c(m,T(a:))f(a:)dx . Tuf=g,

where the last condition reads ”the image measure of f through 7T is ¢” and means
Ji9(y)dy = fol(A) f(z)dz for all subsets A C Q*.

The existence and uniqueness of optimal mappings were obtained in [4, [7, 20] if the
cost function c satisfies

(A) ¥ (20,10) € Q x Q*, the mappings z € Q — D,c(z,yo) and y € [ D, c(xg,y)
are diffeomorphisms onto their ranges.

The regularity of optimal mappings was a more complicated issue. For the quadratic
cost function, it reduces to the regularity of the standard Monge-Ampere equation,
of which the regularity has been studied by many authors (see for instance [B, [6]). For
general costs, the regularity was obtained in [26] if the domains satisfy a certain convexity
condition, f,g are positive and smooth, and the cost function ¢ satisfies the following
structure condition

(B)VzeQ,yeQ, and vectors £, € R" with £ L 7,
> Gl (Cijrs — i pCars) e (2, y) > Bolé]? 0,

i3,k LDy,
where [y is a positive constant. Loeper [24] showed that the optimal mapping may not
be continuous if the condition (B) is violated, i.e. when there exist {,n € R" with £ L
such that the left hand side is negative. There are many follow-up researches on the
regularity, in both the Euclidean space [23], 33] and on manifolds [2], 12} 18, 22, 25]. See
also [31] for recent development.

Monge’s mass transfer problem is a prototype of the optimal transportation and the
function (|1.1)) is the natural cost function. Therefore the existence and regularity of
optimal mappings for Monge’s problem are of particular interest. However this cost
function does not satisfy both key conditions, namely the condition (A) for the existence
and the condition (B) for the a priori estimates.

The existence of optimal mappings for Monge’s problem has been studied by many
researchers and was finally proved in [8, B2]. Prior to that, the existence was also
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obtained in [I6] under some assumptions, and obtained in [30], with a gap fixed in [1].
See also [3, 9, 10] for the existence of optimal mappings when the norm is replaced
by a more general norm in the Euclidean space. The proofs in [8, [32] are very similar:
both use the approximation |z — y|'™® — |z — y| (¢ — 0). The key point is choosing
an approximation with strictly convex costs of the difference x — y, which satisfy the
assumption (A). The optimal mapping for Monge’s problem is not unique in general.
But there is a unique optimal mapping which is monotone on the transfer rays [17].

In this paper we study the regularity of optimal mappings in Monge’s mass transfer
problem. As the cost function does not satisfy condition (B), the argument in
[26] does not apply to Monge’s problem. Indeed, Monge’s problem also admits several
minimizers 7', even if a special one plays an important role: it is the transport map
which is monotone on each transport ray (see [I]: we will call this map monotone
optimal transport).

The regularity seems a rather tricky problem and very little is known at the moment.
Only in the 2 dimensional case, it was proved in [19] that the monotone optimal mapping
is continuous in the interior of the transfer set (i.e. the union of all transfer rays), under
the assumptions that the densities f, g are positive, continuous, and with compact,
convex and disjoint supports.

Our strategy to attack the regularity in Monge’s problem is to establish uniform
estimates for the optimal mappings with respect to the cost function

(1.3) ce(z,y) = Ve2 + |z — y|?

where € € (0,1] is a constant. The cost function c. satisfies both conditions (A) and
(B). Therefore there is a unique optimal mapping 7. associated with c., given by

eDu,

V1I—|Du.l®

where wu. is the potential function. By direct computation, u. satisfies the Monge-Ampere

T.(x) =z —

equation [20]

1 )1 f

with

/1 —|Dul?
Under appropriate assumptions, the a priori estimate

(1.5) sup |D*u.(z)| < C. VQ cc Q.
Q/
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was established in [26], where the upper bound C. depends on €. Notice that the as-
sumptions involve in particular lower bounds on the densities f and g on their respective
domains © and Q*. These domains should be c.—convex w.r.t. each other, which typ-
ically reduces (if we want to impose it for all ¢ — 0) to the case of Q C Q*, with Q*
convex. In particular, this rules out the assumption of [19], since the supports will not
be disjoint. The case we study is thus completely different from that of [19].

Equation (1.4)) is strongly singular as e — 0. Note that, due to the small €, a uniform
bound for D?u. does not mean a uniform estimate for the optimal mapping 7.. Therefore
we need to work directly on the mapping 7-.

We wished to prove a uniform bound for DT, namely the uniform Lipschitz continuity
of the optimal mapping 7.. By tedious computations, we are able to prove that all the
eigenvalues of the matrix DT, which are all positive, are locally uniformly bounded as
¢ — 0. This is one of the two main results of the paper. Notice that this should bring
some information on the behavior of DT, where Tj is the monotone optimal mapping
in Monge’s problem. Yet, two problems arise: i) the condition on the eigenvalues being
strongly nonlinear and applied to non-symmetric matrices, it is not easy to pass it to the
limit, nor to give a meaning to the eigenvalues of DTy (which is a priori a distribution);
ii) even the fact that the maps 7. do converge to the monotonic optimal transport is
not that easy if the supports of the measures are not disjoint (which is the case for us).

However, as the matrix DT} is - as we said - not symmetric, the boundedness of the
eigenvalues of DT does not imply the matrix itself is uniformly bounded. Interestingly,
we find that the matrix DT} is not bounded in general. There exist positive and smooth
f, g such that DTy is unbounded at interior points (here by 7 we mean the monotonic
Monge optimal transport, and not the limit of 7.; however, it is possible to prove (see
Section 4) that, should DT, be bounded, then 7. — Ty, and hence this implies that DT,
cannot be uniformly bounded as ¢ — 0). This is the second main result of the paper.

This paper is arranged as follows. In section 2, we state our main estimate, Theorem
[l Section 3 is then devoted to the proof of Theorem [I} In section 4, we provide
positive and smooth densities f, g such that the monotonic optimal mapping Tj is not
Lipschitz continuous at interior points. We conclude the paper with some remarks and
perspectives in Section 5.
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2. UNIFORM A PRIORI ESTIMATES

Let ¢ = ¢, be the cost function given in ([1.3)). The optimal mapping 7' =T, : 2 — Q*
is given by [20]
(2.1) T(z) = [Dye(x, )] Du(x),
where u = wu, is a c-concave potential function. In this and the next sections, we deal

with the a priori estimates for DT. We will omit the subscript € when no confusions
arise.

From [26], the potential function u satisfies the fully nonlinear PDE of Monge-Ampere
type,

2 2 2 [

(2.2) det(Dzc — D*u) = | det nyc|go—T in .
For the cost function (|1.3]), one has

r—Yy
2.3 Dc(z,y) = .
(2.3 (1) =
Hence by (2.1)),
(2.4) T(x) =z — L(z)Du(z),
where the function L is given by

€
2.5 L(x) =:
(2.5) =
and
(2.6) v =: |Dul?.
From ([2.4) and ({2.5)), we can solve

d* (x)

2.7 S S
(2.7) Tarae (x)
and consequently
(2.8) L =+/e?+d*(z),
where
(2.9) d(z) =z —T(x)].
As in [26] , we denote
(2.10) Aij(x) = Die(x,T(x))

1
= Z((S” - DZ’LLDJU)
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Then equation (2.2]) can be written in the form

ez f
where
(212) wij = Az‘j — iju

is a nonnegative symmetric matrix.

We observe from ([2.10) that A;; is positive definite, and the inverse matrix of A;; is
given by

ij L?
Let us denote
(2.14) W= ) A%w,p.
a,f=1

Then we have following uniform estimates:

Theorem 1. Suppose ,Q* are bounded domains in R™ (n > 2), f € CYY(Q),g €
CHH ), f, g have positive upper and lower bounds, and holds. Let u € C*1(Q) be
a c-concave solution to , then we have a priori estimate

(2.15) W(z) < C,

where C' depends on n, dist(x,08), f and g, but is independent of the constant e € (0, 1].

By (2.4) (2.12)) and (2.13)), it is ready to check that the Jacobian matrix of T is given
by

J
LQ
= 51’]’ — L(uij + €—2UZ Ek ukukj)

= E Alkwkj.
k

Since the matrices {A“} and {w;;} are positive, then DT is diagonalizable, and its
eigenvalues Ay ---,\, of Jacobian DT are positive, and Z?zl A= W. Soif W is
bounded, one immediately sees that all the eigenvalues of DT are bounded from above
and below. We therefore have
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Corollary 1. Under the assumptions of Theorem [l we have for any Q' CC Q,
(2.17) C™' <min)\; <max ), <C in,
where C' depends on n, dist(€),09), f and g, but is independent of ¢ € (0, 1].

In view of (2.13)) and ([2.14)), one finds that
I3
i 1,

Hence we obtain

By (2.10) and (2.12), we also obtain the estimate for D?u.
Corollary 2. Under the assumptions of Theorem[l], we have for any Q' CC Q,

(2.18) |D*u| < C/L in Y,
where C' depends on n, dist(€),09), f and g, but is independent of ¢ € (0, 1].

Corollary 2 morally gives a C'b! estimate for the potential function uy = lim._,ou on

the set
Es={zxeQ:|T(x)—z|>d§>0}.

This recovers a well-known result which reads ”the potential is C''! in the interior of
transport rays” [16], which was also used by [I] in order to prove the countable Lipschitz
property of the direction of Du. At a point x¢ with v(xy) > 0, denote

Du ()

| Du (o)’

and let £&* be unit vectors such that {v,£{*},_, , _, are orthonormal. We denote

-----

v L,
T = E vivi17;,

i,J
S ¥ % al)
T = D 88T
i,J

V=

By (10) and (£13),
(2.19) D, (v, T) = T => v;A%wyw,
1,5,k
vl?
= LZ <1 + ?> VWiV
4,4,k
L3
= ? VW,V
7.k
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Similarly,

(2.20) Dea (€%,T) = Tf; = LZf?wkjff-
ik

Noticing that {w;;} is positive definite, it is clear from (2.19) and (2.20) that 7)) and
ng are positive. Recall that

n—1
W=T/+> T
a=1

Hence by (2.15) we obtain

Corollary 3. Under the assumptions of Theorem [l we have for any Q' CC Q,

TV < C
(2.21) o in QY
I < C

where C' depends on n, dist(€Y,00), f and g, but is independent of € € (0, 1].

At the limit, this corresponds to saying (even if what we state here is not rigorous)
that the limit mapping Ty is Lipschitz continuous in the direction of transfer rays, and
for any unit vector ¢ perpendicular to the transfer rays, (£, Tpy) is Lipschitz continuous
in the &-direction. The Lipschitz continuity along transport rays is not surprising, since
we are doing one-dimensional optimal transport between two measures with upper and
lower bounds on their densities; yet, the densities of the one-dimensional problem along
each ray are affected by a Jacobian factor (due to the decomposition of f and g along
rays), and this makes this Lipschitz result not completely evident. In section 4, we will
construct an example to show that the component (v, Tp) is in general not Lipschitz
continuous in &, even though the mass distributions are positive and smooth, where 1/
is a direction of transfer rays and & L.

In Theorem , we assume that u € C*!. This assumption is not needed if  C Q* and
* is a bounded convex domain in R", as it implies that 2* is ¢*-convex with respect to
Q) and by approximation, and the condition u € C®! is always satisfied, see [26].

3. PROOF OF THEOREM 1

To prove Theorem [I}, we introduce the auxiliary function

(3.1) H(x) = n(x)W(x),
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where 7 is a cut-off function. Suppose that H attains its maximum at some point xy. To
prove that H(zg) is uniformly bounded in €, the computation is rather complicated. We
find the computation can be made a little simpler if we first make a linear transformation
such that

(3.2) Aij(xo) = 04,
and then make a rotation of coordinates such that
(3.3) w;j (o) = diag {1, ..., \n}

It is well-known that A;;, w;; are tensors [22]. An advantage of working on tensors is
that one may choose a particular coordinate system to simplify the computation. As
we only made a linear transform on the Euclidean space R”, the Riemannian curvature
tensor under the metric 0;; vanishes, which allows us to exchange the derivatives freely.
In the following we will use D to denote the normal derivatives in R" and V to denote
covariant derivatives under the metric o.

Suppose the linear transformation is given by y = P~z (i.e. 2; = > Pyry) such that
PTAP = I is the unit matrix at zg. Then by (2.10) and (2.12)),

Ay = ZAklPkiPlj = (PTAP)W
k]
Wy = Zwklpkiplj = (PTlUP)ij,
k]
where bar denotes quantities in the y-coordinates.
Denote {0;;} = PTP, and {07} = (PTP)fl. Then by (2.10) and (2.13)),

1 _
= Z(Uij Uity )
and
_ Al -1 4—-1 T\—1
(3.5) 6y = AV=(PTrATN(PT)T),

where @' =: Y, o™u;. Note that by (2.7) and (2.8), v and L are invariant under the

coordinate transformation, and

(3.6) 4,
(3.7) g2 < E <C

M
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For simplicity we will omit the bar below. In view of (3.4]), we have, at xo,
(38) 045 = L(SU + V,LUVJ'LL
By (3.5)), we have, at z,
u; = Zjéi]”u]'
L2
= Z L(J” + —u u])u
j
L? ;
= L(1+ 8—2v)u :

where u; = V,u. By ([2.5)), it follows that

L’ L3 i
Hence u' L3 u; and by (3.5) .
| 2
(310) oY = Z((SU 23 'LLI'LL]>

Formulas (3.8)), (3.9) and (3.10]) will be repeatedly used in our calculation below. With-
out loss of generality, we may also assume

(3.11) A=A > >\,

at xg.

Since xg is the maximum point, we have

n Wi
3.12 0 = V,log H(zg) = 2 + L
(3.12) og H(ro) =+ o
_ n + Zwaa;i . ZAaa;iwaa
oy w w ’
2 Mg Ui Wij
0 > Vi logH(zo) = 7—2772 + R

as a matrix, where subscripts 7, 7 on the R.H.S. denote covariant derivatives in the metric
g. Namely Wij.l = ka,-j, Wij:kl = Vlvkwij, Aij;k = VkAZ] and Aij;kl = VleA” Then
we obtain, at xg,

(3.13) 0> b 7’”— "”73 )+ > Wiy,

where w" is the inverse of w;;.
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Differentiating (2.11]) gives
(314) Zwijwij;a = Pas

(315) Z wijwij;ab - Z wiswjtwij;awst;b + Vab,
where ¢ is given by
(3.16) = log ( = _f )

: ¥ =log Lnt2goT ’

To estimate the term Y w?W;; in (3.13)), we first prove the following lemma.

Lemma 1. We have

2
1
Aij;k = g—zAijuhwhk + Z(ijik -+ uiwjk)
1
_Z(Aijuk + Apuj + uiAjr),
L? ' ¢ 1
An’;,@ - Ai,ﬁ;i = 6—2(1411’& wg — Aiﬁu ’wn') + Z(wi,ﬁui - wiiuﬁ)a

(we use the summation convention uwyy =, ulwpy).

Proof. Recall that v = o¥Yuu; = > u'u,;. Therefore

L 113
dv — 2¢g%’
Vr — 2uhuhk.
By (3.4), A;; = £(0ij — usu;). Differentiating, we get
1 dL 1
(317) Aij;k _ﬁ%vk(o-ij — ’ZLﬂLj) + Z(—uzkuj - uink>
L2
= —?Aijuhuhk + Z(—uikuj — UiUjg)

2
= 5—2Aijuhwhk + %(wikuj + ww;y)

1

L

The second formula follows from immediately.

(Ajjur + Ajuj + u;Ajg).

Differentiating (2.14)) twice and using A;; (o) = d;;,
(318) Zz jwijWi- = Z wijwaa;ij -2 Z ’wijAaﬁ;i’waﬁ;J’ — Z wijAaa;ijwaa
+2 Z wijAak;iA,Bk;jwaﬁ

E ij E ij E ij
W~ Waazij — 2 w Aaﬁ;iwaﬁ;j - w Aaa;ijwaa‘

v

11
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We have by

(3.19) Zmﬂwij Waaii = D07 Anaus = Y W tlaais
= Y 0 wijea + Y WY (Asaij — Aijaa)
> Y Yot D W (Anasii — Aiaa) -

By the first formula in Lemma

2
i A _ L ;1 ij
. w aBiWaBy; = 5 Waapth — & W U Wi
Z7J7a7ﬂ L

By (3.9), it follows
Y wIAsiwasy = 3L_22w ..ui—lZw”u-w i
g CeBitali = S5 2 Waeitl T e
2 2 ij
—i—z Z ug(Aapia — Aaaig) — I Zw Tugtip

2 i
-7 > whus(Aigi — Aiig)-
By (3.14) and the second formula in Lemma (1, we then obtain

.. wijAaB;'wa i 3L_2 waa'z’ui - l wiiuiwaa;i
z)])a76 ‘] /B
—2— E pau” +2— (W —n)

— W —n) Z wiu,
i 1
W =: Zw :Z)\—Z

where

Recalling (3.9) and -,

(3.20) 0 < v'u; < Zu’uZ <1
for any given ¢. Hence
ij L? i1 ii
(3.21) Z WY AppjWapi < 3—22waa;iu — — ) W"UWaay
Z7]7a75 5 L
L

Here and below we use () to denote quantities satisfying

QSC(1+E+W2+1WW).
n n
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Inserting (3.19)) and ([3.21)) into , we obtain
(3'22) Z wZJ WZ] > Z w OlOé ZZ 7,7, aa Z wllAOLOZ 7,ZwOAOé

+Z¢aa Z@a - _Q

To proceed further, we need the following lemma.

Lemma 2. We have

Z, wii<Ao¢a;ii - Aii;aa)
i,

)

£VV Z wz‘ — z Z wiiuiwm.i
szaahu + n+2 Z(pﬁ

v

and

y L 9 A L ,
Zi aw“Aw;iiww S —25—2W Z wiiuiu’ - ?WW Z wiiuiu’

’

L? 212 : L
B altos - —
+ = W E ppu” + = E Wi u'; + 82@.

Proof. In view of Lemma [I]

L2
3.23 Apori = —— Aot up; — =g
( ) ’ g2 M
By differentiating (3.23)),
L? L?
(3-24) Aaa;ii _6_2Aaauhuhii - 8—2Aaa0htutiuhi
L? L*
_6_2Aaa;iuhuhi - 2§Aaaututiuhuhi
2 2 . 2L
— 7 UUWUiai — Uza —U UhiUa Wiy
L L "
Plugging (3.23)) into (3.24]), we infer that
2 L2
Aaa;ii = __QAaauhuiih - _QAaaghtutiuhi
€ €
L* 2
——Awutu iuhu i — 7 UaUijia
g4 K
_u UhiUa Wiy
L ZO[ h
By (3.10)),
L? L LA
—;Amahtutiuhi = —g—zAaau?i + gAwu2 uiul

Q

13
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14
Hence
L2
h 2
Aaa;ii = __2Aaau Uiih — _QAaozuiZ’
e 9
2 2 4L

)
— T U Ui, — U + uzzuzauau
T I Qo

L? L?
h h 2
= B Aaau Wij;p — 5 Aaau Aii;h - _QAaoauu‘
g € £
2 2 2, AL
+Zuawii;a - zuaAz’i;a - L za + 2 Uuuzauau

Employing (3.23)) again, it follows

(3.25) A LQA hy 2
. aaiii — o5 AaaWii:pU —UqWij:
! 82 7h L )
L 2 47
—;Amu% - zum + uuumuaul

L* A
h, t )
+—4 AaaAiiuhtu u + 2§Awuiiuiu

L
+2_2Aiiuaauaua + L2 S UiqUqUj -
Hence
. L2 A L2 .
(326) Zi’aw“Aaa;iiwaa = _W Z Prhli + 25_2 Z w“uzgpz
2
i 2 2
Lw -2 5
L . . . .
+= {4u?iuiu’ + duju;u’ + 2Ww”uiiuiul}
€
L Ww QR g
Recalling ([3.20)),
z:{éluiuluZ + duguu’ + 2Ww' uguu'y < Q,
and

ww Z i ut + 20 Z wiuuut < — { WWwW Z wiwut + 2W Z wiuzul} +Q,

the second inequality of Lemma [2f follows from ({3.26)).
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From (3.25) it follows that

L .2
Aaa;ii_Aii;aa = ?Aaawii;hu +zuawii;a

L2
h
- _QAiiwaa;hu - Zuiwaa;i

Hence

y 2) L? ;
(3.27) Z w" (Asasii — Aiijaa) = ) Z it

Since

and

éWZUZ-Z;[;WZwi—E%Q

the first inequality of Lemma [2] follows from (|3.27)).

In view of Lemma [2} (3.22) can be rewritten in the form

2
; L
_—2(W + 6) Zwaa;iu -+ §R¢ — ?Q,

where

212

| L
(3.29) Ro = =5 ) witlpi + (n+6-W) D> o’ + 3 Gan.

&2

By (3.12)), we have
(3.30) 3 ot = Y Avagtlan — W,
o n

15
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It follows from (|3.23) that

ik L? k_ 2
(331) Zwaa;k = Wﬁ 5—2Wukku Ewkkukkuk
L? L?
== —W@ + —2kakuk — —QWu’“
n 3 9
2172 217
+€—2wzkuk — 6—2wkkuk.

Hence, by (B-9) and (B:20)
L? , L? u'n;
(3.32) — (W +6) Z Waa:it' > ——Q + - —WW +6)=—— Z i
£
_EW (W Z wyutu; + 2 Z wuul
Therefore, by inserting (3.32)) into (3.28]), we find that (3.13)) can be written as

771 nin;
(3.33) 0 > gzwsz”JrWZ J— n;)

2
LW(W+6)Z m+§R
Ul e

Without loss of generality, we may assume the cut-off function 7 satisfies |Dn|?> < Cn
(otherwise we may replace n by n*) and |D?*n| < C. Hence it follows

3y L? u'n;
WY w? J— 23)+—2W(W+6)Z—

n € n
W Dn/? LW
> —C’—(|D2n|+ﬂ)2w —C’——(W+ 1)
n n n
L
et _§Q>
where (3.8)) is used in the last inequality. Therefore ([3.33]) can be written as
L , L
(3.34) 0> ngwii + R~ 5Q.
Lemma 3. We have, at x,
L
R, > =

Proof. Recalling (2.6)), we have
(3.35) Vo = 2uMupg,.
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There is no loss of generality in assuming f € C?*(Q),g € C*(2*) by approximation.
Hence we can differentiate (3.16]) to get

L? h fo  ValgoT)
(3.36) Yo = —(n+ 2)6—2U Upe + 7 — gO—T
LA n+2) L2 .
(3.37) Cap = —2(n+ Z)QUhUtUhautﬂ - 5 )gvaﬂ %

_fafﬂ N VZB(QOT) + va(goT) Vﬂ(gOT)
f? goT goT goT

Inserting (3.36)) and ( into , we obtain

L? Vi(goT) L? u*Vo(goT)
> - LA YL _ - - - 7
(3.38) R, 2 E W JoT u'—(n+6—-W) > E JoT

o(goT) (n+2)L2 L
_Z goT 9 22 ZU‘W 8QQ‘

Differentiating (3.35]), we obtain
D vaa = 2 0Mugune +2) M uaan
= 2) 0" wating + 2> Agan — 2>t waan.
By (3.9). and (3.20),

From (3.23)),

Also, by (3.31)),
k 1
— Z ukwaa;k = W Z Yk _ Z(W —2) Z Wiptpu”

n
1 2
+EWU_Z g Wiop U
1
< =@.
< 7@

Therefore we have

(3.39) D Vaa < lQ.
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It then follows from (|3.38)|)

2L2 VZ(QOT) ;

: > = NASAC el

(3.40) R, > = E Wy goT u
—(n+6—W)_LQZUiVi(QOT)

goT
-y Yelee D)2
goTl g2
Now we compute V,(goT) and > V2 (g0 T). By (2.16) we have
(3.41) ValgoT) = gpTF = goaa.
By differentiating (2.16[), we have
> VigoT) = > guTiTi+> giVaTk
= Z gkAklwla;a + Z gaawia - Z gkAka;awaa'

Recalling that A* = 6;; at x(, we have
Aklwla;a = Waia = Waak + Akaa — Aaask-
By (3.30),
Z V QlgoT) = Z IrWaask + Z Gk (Akasa — Aaaik)
+ " Jaaia = Y GkAraatlon
= W ng +) " Goala + Y gr(Araia — Ao

+ Z gk aa;k - Aka;a)waa'

Using the second formula in Lemma (1} we get

(3.42) ZV (goT) = —Wng—~l—ngww+— -n Zwkku 9k
LZ
+—(W - Z w? ) Z uF gy,
Inserting (3.41)) and ( into - we then obtain

n 212
(3.43) (goT)R, > Wzgk?k + E_QZkagkuk

6L°2 k 9
- 22 WrrU gk — E GaaW

L? L
—5—2(W - Zwia) Zukgk - ;Q-
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By (3.5)),
(3.44) ng% = LZ (0" + uuj)g L
= Zawgz% + T Zgz anuj))
We have

> ogim; = (Dg, Dn) < C,
where D is the normal derivative in R™ and (-, -) denotes the standard Euclidean metric.
Similarly, > c%u;g; = > uig;, Y. 0%un; =Y uwn; and > 0¥ g;g; are all bounded by a
universal constant C. Hence from (3.44)),

Mk LC
3.45 >
( ) 9k 1 2y
Employing (53) and (320,

g2 g2
(3.46) () = S < =,

for any given k. Using (3.10)) then (3.9), we have

3
> o'igig; = %(Z 9 — ?—2(2 u'g:)?)

It implies
(3.47) ng = LZU”gzg] Zu 9)?
L3
< Cg
By (13.46) - and (3.47) it follows that |gyu*| < C. Hence
(3.48) szkgkuk > —CW?
and
(3.49) Zwkkukgk < CW.

Moreover, in view of (3.8)) and (3.9)),
L . L
O = L+ —2uiu’ S 0—2,
€ €
for any given . Consequently,

(3.50) D GaaWiy < |D?g]> ool < C’g%WQ.
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By virtue of (3.45)), (3.48)), (3.49) and (3.50), we obtain from (3.43)) that
L

§R§0

This completes the proof. 0

By Lemma 3| and (3.34)), we get, at xo,
w 14
0 > sz ok <1+—+W2+ —w)
n

L W2 w 14
> ZW——-C5 ( +—+W2+—W).
n n n
Multiplying nn?L to both sides of the above inequality, we obtain
L2 L2
(3.51) 0 > W( —CH) — O§(1 + H?)
L2
> C—ZWHQ —C— (14 H?).
€ €

Note that by (3.11))
1 = i W 7t
>y — T >CONT > (—> L

where C' is independent of e. The third inequality above is due to [],~, A—lk =
man*

g)\ Hence from (3.51)) we get

2
0> L H2+ = —CL—2(1+H2).
9

A1
det DT —

maxg)

Therefore H < C' at xg and this completes the proof of Theorem [I}

4. A COUNTEREXAMPLE TO THE LIPSCHITZ REGULARITY

In the last section we proved that the eigenvalues of DT, are uniformly bounded. In
this section we give an example to show that the 77 is not uniformly Lipschitz continuous
for small € > 0, i.e., the matrix DT is not uniformly bounded, even though the densities
f and g are smooth and positive, and the domain 2* is c-convex with respect to 2.

Our counterexample will be obtained by finding a choice of f and g such that the
monotonic optimal transport T between them is not Lipschitz continuous. Even if we
said that the convergence T. — Tj is not straightforward, we can prove that a uniform
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Lipschitz bound on 7T, would imply such a convergence, and hence the same bound on
Ty. Hence, if Tj is not Lipschitz, then T, cannot be uniformly Lipschitz.

Lemma 4. Suppose that the sequence of transports T is uniformly Lipschitz. Then the
whole family T, converges uniformly as € — 0 to the unique monotonic optimal transport
for the cost |z — y|, which will be Lipschitz with the same Lipschitz constant.

Proof. By Ascoli-Arzela’s Theorem, the uniform Lipschitz bound implies the existence
of a uniform limit up to subsequences. Obviously this limit map 7" will be optimal for
the limit problem, i.e. the Monge problem for cost ¢(z,y) = |z — y| and will share the
same Lipschitz constant as 7.

We only need to prove that 7' is monotonic along transport rays. Take L.(z) =

Ve2+ |T.(x) — x| these maps are also uniformly Lipschitz and converge uniformly to
L(z) = |T(x) — x|. Let us denote by u. the potentials for the approximated problems
and by u the potential for the limit problem. Due to the uniqueness of the Kantorovich
potential u, since all the functions u. are 1—Lipschitz, we have u. — wu uniformly.
Moreover, Du. — Du and the convergence is actually strong (in L?, for instance) if
restricted to the set Tu = {|Du| = 1} (as a consequence of |Du.| < 1, which implies
that we also have [, |Du.|* — [, |Du|?: this turns weak convergence into strong, and
hence also implies pointwise, convergence).

The monotonicity of T is proven if one proves DL - Du < 1, since the direction of the
transport rays is that of —Dwu. This inequality is needed on the set of interior points of
transport rays, which are exactly points where | Du| = 1. On these points we can use the
weak convergence DL, — DL (weakly-* in L>°) and the strong convergence Du. — Du,
which means that it is enough to get DL, - Du. < 1, and then pass the inequality to the
limit. This is the point where we use the uniform Lipschitz bound on 7.: without such
a bound we could not have the suitable weak convergence of DL..

In order to estimate DL., we use (2.8) and (2.4). We come back to the notation
without the index e, and write DL, thus getting

DL - Du = —Dyu(T; = 6;;) Dju = LD;u D};u Dju+ |Dul* DL - Du.
Then, we use (2.10)) and (2.12)) and the positivity of the matrix w;;, to get
L D;ju D};u Dju < [Dul? (1 — |Dul?).
This implies
(1 —|Du|?) DL - Du < |Dul* (1 — |Dul?),
which provides DL - Du < |Du|*> < 1 (notice that, for fixed e > 0, the norm of the
gradient | Du| is strictly less than 1, which allows to divide by 1 — |Dul?). O
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To construct the counterexample where Tj is not Lipschitz, our idea is as follows. Let
(4.1) lo={(z,y) nR*| y=+va(zr+2+a),z€[-2—a,1]}

be a family of line segments ¢,, where a € [0,1]. It is clear that the segments ¢, do not
intersect with each other and U,e(o11fa = Aapc, where A 4pc denotes the triangle with
vertices A = (—3,0), B = (1,4) and C' = (1,0). Let

f = ]'7

1
g = 1+Zx+n(y)

be two densities on A pc. We first show that there exists a smooth positive function 7
such that f, g satisfy the mass balance condition

(4.2) / f= g, foralla€[0,1].
AP,cQa AP,cQa

Here P, = (=2 — a,0) and @, = (1, (3 4+ a) v/a) are the endpoints of ¢,. We then prove
that there is a Lipschitz function u, which is the potential function to Monge’s problem
in A pc, with the densities f, g given above. By we can construct a measure
preserving mapping Ty, which pushes the density f to the density g, with {{,} as its
transfer rays. Using the potential u and the duality we show that Ty is the optimal
mapping of Monge’s problem. By reflection in the z-axis, we extend T} to the triangle
A g, where B' = (1, —4) is the reflection of B. Then Tj is not Lipschitz at the interior
point (—2,0).

Lemma 5. There exists a smooth positive function n, such that holds. This func-
tion satisfies n(y) = O(y?) as y — 0.

Proof. By direct computation,

| = gvaetar,
APyCQq

1 va(z+2+a) 1
/ g = / / (1 + 2% +n (y)) dydx
APaCQa —2—a JO

1 va(z+2+a)
= g (34+a)*(12—a) + / / n (y) dydz.
—2—a JO

In order that (4.2) holds, we need

1y , 1 Va(z+2+a)
(4.3) 519 (B3+a) = n (y) dydzx.
—2—a JO
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Differentiating (4.3]) with respect to a, we have

a
24

1

(9~|—7a)(3+a):/ (z+243a)n (Va(z+2+a))de

—2—a

which is equivalent to

(4.4)

2

a (3+a)Va
o (9+70) (3+a)=/0 (t +2av/a) n (1) dt.

23

In order to find 7 satisfying (4.3)) for all a € [0, 1], we only need to solve (4.4)), since the
equality in (4.3) is true for a = 0.

Let us introduce

(4.5)

y=0B+a)Va.

It is clear that y is a strictly increasing function of a. Let a(y) = O(y?) be the inverse
function of (4.5)). Differentiating 1' in y and using a, = ;l, we obtain

Taking derivative again, we obtain

(4.6)

where

(a+1)
% (27 + 45a + 14a”) = %n (y) + /Oyn (t)dt,
7+ )~y atw)),
~ (ba—1)(3+a)
q (a) = 3 (1 n a)2 )
(@) = 27 + 135a + 70a?

162(1+a)*(3+a)

Solving (4.6)), one finds an explicit formula for 7:

(4.7)

It is clear that

Hence

0 = [Ctrtaes (- [ ar)

—1<q(a(y)) <0if [y << L.

y v 1

C’/ texp(/ —dT)dt
0 t T

Cy?.

0<7n(y)

IA

IA
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From (4.7 it follows that

v 1 (W 5a—1
(4.8) n(y) = /0 tp(a(t))exp (—5 /a(t) ) da) dt
Vva /“ 3(s+1)(27 + 1353+7Os2)d8
324 (a+1)* Jo Vs

_a(10a® + 41a* + 54a + 27)

a 54 (a+1)° '
In the last two equalities, a is the function of y determined by . Therefore 7 is
positive and smooth and satisfies the required conditions. ([l

Remark 1. From , we can explicitly write

1
a(y):h(y)JrW—Q,

/1 1
h(y)z\g/ YTy L

By definition, the function a is even. It is in fact also C*°-smooth across the line {y = 0}.
Indeed, by and an induction argument, it is not hard to verify that a®(0) = 0 for
any odd k.

where

Lemma 6. There exists a function u: Aagc — R satisfying

lu(p) —u(q)| <|p—ql, Vp.q€ Aupc,

and equality holds if and only if both p and q lie on a common segment £,,.

Proof. We will construct a function u : Aage — R, which decreases linearly along all
.

For (z,y) € Aapc, let a = a(x,y) be the solution of the equation

(4.9) y=+vala+2+ux).

Hence (z,y) € ¢,. Differentiating with respect to x and y respectively, we get
(4.10) 0= ;—Zy +va(a, +1)

and

(4.11) 1= %y + Vaa,.

It follows by and that

(4.12) a, + = =0

Ja
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provided a (z,y) # 0.

25

On the other hand, for (x,y) € Aapc, the direction vector of the line segment ¢,

passing through (z,y) is given by

(4.13) (z,y) = (v1,12) <1’ a(x’m)
. v\e,y) = \V,lV2) = 1+a($’y)
Hence, by (12),
1 Ay
4.14 — . —
(414) O = ut 2(1+a)*? (ay+¢5) .

provided a (z,y) # 0.
Fix a point P = (—2,1). Let

O
= (t(x+2)—2,1—-t(1—y)),
t € [0,1]. Then + is the segment joining P and X = (z,y) € Aapc. Set
u(x,y>=<x+z>/0 u1<v<t>>dt+<y—1>/o o (3 (1)) dt.

We claim that w satisfies

(4.15) Du(z,y) = v(x,y) on all segments /,,.
Indeed, for any point Xy = (x¢, yo) € Aapc With a (xg,yo) # 0, by (4.14]) we have
1 1
(416) s (zom0) = / v (10 (1)) dt + (0 + 2) / 10,1 (o (£)) dt
0 0

=) [ t0n0m (20 (1)
- /Oyl (%(t))dtqt/o t%m (70 (£)) dt
_ /0 %(tul(%(t)))dtzV1($07?J0)7

where vy = vx, and we used 0,v» = Jyry. Similarly, we have

uy (o, Yo) = v2 (o, Yo) -
Taking limit, we see that (4.15]) also holds on the segment ¢, | 4.
As v is a unit vector, hence from (4.15) we have

lu(p) —u(q)| <|p—ql|, Vp,q€ Aupe,
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and equality holds if and only if both p and ¢ lie on a common segment ¢,. This completes
the proof. 0

As in [8 32], one can show by Lemma [5| that there is a unique measure preserving
map Ty from (f, Aapc) to (g, Aapc) such that To(p) and p lie in a common ¢, for all
p € Aape, and satisfies the monotonicity condition

(To(p) —To(q)) - (p—q) =0 ¥V p,q € L.

With the help of Lemma 6], we prove that this T} is indeed optimal. This fact is classical
in optimal transport theory, but we show it in detail for the sake of completeness.

Lemma 7. Ty is an optimal mapping in the Monge mass transportation problem from
(f, Aapc) to (9, Aapc).

Proof. Recall that the total cost functional is given by
ce)= [ FE- s
AaBc

where s € S, the set of measure preserving maps from (f, Aapc) to (g, Aapc); and the
Kantorovich functional is defined as

(¥, ¢) :/AABC fw+/AABOgso,

where (1), ¢) are function pairs in the set

K={y(@) +ey) <lr—yl Vry €Aapc}.

For all s € § and (¢, ¢) € K , we have

@i 1w = [ feeeer [ fEeee)d

Aagc

< /A F )1z =5 (2) ldz

= C(s).
That is
sup I (¢, ¢) <infC (s).
K S
Let u be the function constructed in the proof of Lemma [0 and let v = —u. Then we

have (u,v) € K. As Ty(p) and p lie on the same line segment, Lemma @ implies

u(z) —u(To(2)) = |z = To (2) |-
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So the inequality in (4.17]) becomes equality provided (¢, ¢) = (u,v) and s = Ty. There-
fore

C(To) = I (u,v) <supl (¥, ) <infC(s).
K
Hence Ty is optimal and the segments /¢, are transfer rays of Monge’s problem. O

Let B’ = (1, —4) be the reflection of the point B in the z-axis and let Q@ = Q* = A pp.
Extend the functions f, g to €2 such that they are symmetric with respect to the x-axis.
From the proof of Lemma 5, one sees that f, g are smooth and satisfy the mass balance
condition (1.2)). The fact that 7 is quadratic close to 0 shows that it can be reflected as
a C? function, and Remark 1 shows that it is indeed smooth. Tt is also known [26] that
) and Q* are c-convex with respect to each other (for the cost function ¢, 0 < e < 1).

Also extend Ty to 2 so that it is symmetric with respect to the z-axis. By the
uniqueness of monotone optimal mappings [17], T is an optimal mapping of Monge’s
problem from (f, Q) to (g, ).

We claim that Tj is not Lipschitz continuous at the point gy = (—2,0) . Let D, s be the
strip in A apc between the segments ¢, and /,, s, and let ¢, = (—2, ) be the intersection
of ¢, with the line {x = —2}, where 0,0 > 0 are constants. Let Ty(¢,) = (24,9,) . As Tp
is measure preserving, we have (see the construction of the optimal mappings in [8] 32])

1 1
lim / f(z,y)dxdy = lim — g(z,y)dzdy.
D, sn{z<—2}

6—0 0 6—0 Dg.sN{z<z,}

That is

/_—2 (x+2+3a)dx:/x" (x+2—|—3a)<1—|—ia:+77(\/5(x+2+a)))dx.

2—a —2—a

Making the change t = 2 4+ a + x, we obtain

/Oa(t + 2a)dt = /0%+2+a(t + 2a) (% + ! ; iy (Vat) )dt.

Since both (t — a) and n (y/at) tend to 0 when ¢, a — 0 (recall that n(t) = O(t?)), they
are negligible in front of the constant % This implies that, for small a, we should have

(4.18) Te > =2+ (V5 —2)a.

Indeed, either x, + 2 does not tend to 0, in which case (4.18)) is satisfied, or it tends to
0, in which case we can write, for small a,

a To+2+a 3
/ (t + 2a)dt g/ Z(t+2a)dx.
0 0

Computing these integrals explicitly we get exactly the inequality (4.18)).




28 QI-RUI LI, FILIPPO SANTAMBROGIO, AND XU-JIA WANG

On the other hand, by (4.1, we have o = a*2. Note that x(0) = —2. Hence

: 1

Our claim follows.

As qo = (—2,0) is an interior point of Aypp, we have thus constructed positive,
smooth densities f, g, and c-convex domains €2 = Q* = A 4pps, such that the associated
optimal mapping Tj is not Lipschitz at interior points.

As the triangle A4pp is c-convex with respect to each other, the optimal mapping
T. is smooth [26]. By Lemma 4, one has Ty = lim._,o 7%, and the above example shows
that 7. is not locally, uniformly Lipschitz continuous as ¢ — 0.

5. APPLICATIONS AND PERSPECTIVES

The regularity problem for the Monge cost is very natural in transport theory and
very difficult. For the moment, even the implication f,g € C* = Ty € C° in a convex
domain is completely open. The transport T, among all the optimal transports for the
cost |z — y| (for which there is no uniqueness), is likely to be the most regular and the
easiest to approximate.

The present paper presented a strategy inspired by the previous results introduced
in [26] to get Lipschitz bounds, i.e. L* bounds on the Jacobian. Yet, it only allows
for some partial bounds, and the counter-example of Section 4 shows that a Lipschitz
result is not possible. However, in the same counter-example, the monotonic transport
To is a continuous map, (this can be checked through the same arguments used in the
construction of the optimal mapping in [8, 32], where continuity is guaranteed as soon
as the endpoints of the transport rays move continuously), and the point where a non-
Lipschitz behavior is observed shows anyway the behavior of a 03 map. Thus, it is
still possible to hope for continuous, or even Holder, regularity results on Tp.

We stress that these results could also be applied to the regularity of the transport
density. The transport density is a notion which is specifically associated to the transport
problem for the Monge cost (see [I7]): it is a measure o which satisfies

div-(6Du)=f—g inQ
(5.1) |Du| <1 in Q,
|Du| =1 a.e. on o > 0,

together with the Kantorovich potential w.
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Several weak regularity results have been established, starting from the absolute con-
tinuity of o if either f or g are absolutely continuous, till the L? estimates f,g € L? =
o € LP (see [17, [T, 13| 14 28]).

An explicit formula for ¢ in terms of optimal transport plans or maps is available (we
will not develop it here, see [I]) and most possible strategies for the regularity of the
transport density need some continuity of the corresponding optimal transport. Yet, one
of the advantages of working with ¢ is that any optimal transport 7" produces the same
density o. This allows for choosing the most regular one, for instance Tg, but requires
anyway some regularity on it. Here is where our analysis comes into play (without,
unfortunately, providing any exploitable result). But there are other features of the
transport density that one could take advantage of: from the fact that it only depends
on the difference f — ¢, one can decide to add any common density to both measures.
For instance, if f and g are smooth densities with compact support on R", it is always
possible to add common background measure on a same convex domain ) including
both the supports. €2 can be chosen as smooth as we want, and we can for instance take
Q) to be a ball. Also, one can add another common density to f and g so as to get g = 1.
This last trick allows to avoid some of the tedious computations of Section 3, since in
this case g(T") has not to be differentiated.

In any case, even with these simplifications, the continuity result is not available for
the moment. Possible perspectives of the current research involve the use of these partial
estimates to prove continuity.

Among the possible strategies

e Use the bounds on DT to get estimates on the directions of the transport rays
for the limit problem, and use them to estimate how much the disintegrations of
f and g vary according to the rays. Using the fact that the monotonic optimal
transport (in one dimension) continuously depends on the measures, one can
hope for the continuity of Tj.

e Use the fact that the bound on W gives an L* bound on div(LDu) and, since
L depends on |Dul|, one faces a highly non-linear and highly degenerate elliptic
PDE where the goal would be to get uniform continuity results on LDu. This
recalls what has been recently done in very degenerate elliptic PDEs for traf-
fic applications (see [29, [I1]), but seems (much) harder because LDu is not a
uniformly continuous function of Du.

e Write down some elliptic PDEs solved by some scalar quantities associated to
T., for instance by L, and use the bounds on the matrices A and w that have
been proven here in order to apply De Giorgi-Moser arguments (or their wider
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generalizations, see [15] for a complete framework). Should it work, this would

give Holder continuity. Unfortunately, our attempts have not given any useful
PDE so far.

Let us also stress that the Monge-Kantorovich system ([5.1]), which was presented here
as a field of application of possible regularity results, could also be used as a source
of inspiration for alternative regularity proofs. Indeed, in [16] an optimal transport for
the Monge problem is built by following the flow of a vector field defined in terms of
o, Vu and of the two densities f and g. This system is approximated as a limit of
p—Laplace equations A,u, = f — g as p — oo. Hence, uniform estimates on the flows
of the solutions of the p—Laplace equations could provide continuity of the transport
which is built at the limit (which can be proven to be the monotone one). This involves
A techniques which have not been developed in the present paper.

All in all, up to the two-dimensional result of [19] (which requires disjoint and convex
supports), the search for continuous optimal transports for the original cost of Monge is
still widely open.

REFERENCES

[1] Ambrosio, L.: Lecture notes on optimal transport problems, Mathematical Aspects of Evolving
Interfaces, Lecture Notes in Math. 1812 (2003), pp.1-52.

[2] Ambrosio, L.; Rigot, S.: Optimal mass transportation in the Heisenberg group, J. Funct. Anal.
208 (2004), 261-301.

[3] Ambrosio, L.; Kirchheim, B.; Pratelli, A.: Existence of optimal transport maps for crystalline
norms, Duke Math. J. 125 (2004), 207—241.

[4] Brenier, Y.: Polar factorization and monotone rearrangement of vector-valued functions, Comm.
Pure Appl. Math. 44 (1991), 375-417.

[5] Caffarelli, L.: The regularity of mappings with a convex potential, J. Amer. Math. Soc. 5 (1992),
99-104.

[6] Caffarelli, L.: Boundary regularity of maps with convex potentials II, Ann. of Math. 144 (1996),
453-496.

[7] Caffarelli, L.: Allocation maps with general cost functions, in Partial Differential Equations and
Applications (P. Marcellini, G. Talenti, and E.Vesintini eds), Lecture Notes in Pure and Appl.
Math. 177 (1996), 29-35.

[8] Caffarelli, L.; Feldman, M.; McCann, R.J.: Constructing optimal maps for Monge’s transport
problem as a limit of strictly convex costs, J. Amer. Math. Soc. 15 (2002), 1-26.

[9] Champion, T.; De Pascale, L.: The Monge problem for strictly convex norms in R¢, J. Eur. Math.
Soc. 12 (2010), 1355-1369.

[10] Champion, T.; De Pascale, L.: The Monge problem in R?, Duke Math. J. 157 (2011), 551-572.
[11] Colombo, M.; Figalli, A.: Regularity results for very degenerate elliptic equations, preprint,
http://cvgmt.sns.it/paper/1996/, 2012.



REGULARITY IN MONGE’S MASS TRANSFER PROBLEM 31

Delancé, P.; Ge, Y.: Regularity of optimal transport on compact, locally nearly spherical, mani-
folds, J. Reine Angew. Math. 646 (2010), 65-115.

De Pascale, L.; Evans, L. C.; Pratelli, A.: Integral estimates for transport densities, Bull. of the
London Math. Soc. 36 (2004), no. 3, 383-385.

De Pascale, L.; Pratelli, A.: Sharp summability for Monge Transport density via Interpolation,
ESAIM Control Optim. Calc. Var. 10 (2004), no. 4, 549-552.

Di Benedetto, E.: Degenerate Parabolic Equations, Universitext, Springer-Verlag, 1993.

Evans, L.C.; Gangbo, W.: Differential equations methods for the Monge-Kantorovich mass transfer
problem, Mem. Amer. Math. Soc. 137 (1999), no. 653, viii+66 pp.

Feldman, M.; McCann, R.J.: Uniqueness and transport density in Monge’s mass transportation
problem, Cal. Var. PDE 15(2002), 81-113.

Figalli, A.; Rifford, L.; Villani, C.: Nearly round spheres look convex, Amer. J. Math. 134 (2012),
109-139.

Fragala, I.; Gelli, M.S.; Pratelli, A.: Continuity of an optimal transport in Monge problem, J.
Math. Pures Appl. 84 (2005), 1261-1294.

Gangbo, W.; McCann, R.J.: Optimal maps in Monge’s mass transport problem, C.R. Acad. Sci.
Paris, Series I, Math. 321 (1995), 1653-1658.

Kantorovich, L.: On the transfer of masses. Dokl. Acad. Nauk. USSR 37 (1942), 227-229.

Kim, Y. H.; McCann, R. J.: Continuity, curvature, and the general covariance of optimal trans-
portation, J. Eur. Math. Soc. 12 (2010), 1009-1040.

Liu, J.K.; Trudinger, N.S.; Wang, X.J.: Interior C% regularity for potential functions in optimal
transportation, Comm. Partial Differential Equations 35 (2010), 165-184.

Loeper, G.: On the regularity of solutions of optimal transportation problems, Acta Math. 202
(2009), 241-283.

Loeper, G.; Villani, C.: Regularity of optimal transport in curved geometry: the nonfocal case,
Duke Math. J. 151 (2010), 431-485.

Ma, X.N.; Trudinger, N.S.; Wang, X.J.: Regularity of potential functions of the optimal trans-
portation problem, Arch. Rational Mech. Anal. 177 (2005), 151-183.

Monge, G.: Memoire sur la Theorie des Déblais et des Remblais, In: Historie de I’Académie Royale
des Sciences de Paris, avec les Mémories de Mathématique et de Physique pour la Méme année,
1781, 666-740.

Santambrogio, F.: Absolute continuity and summability of transport densities: simpler proofs and
new estimates, Calc. Var. PDE. 36 (2009), no. 3, 343-354.

Santambrogio, F.; Vespri, V.: Continuity in two dimensions for a very degenerate elliptic equation,
Nonlinear Anal. 73 (2010), 3832-3841.

Sudakov, V. N.: Geometric problems in the theory of infinite dimensional probability distributions,
Proc. Steklov Inst. 141 (1979), 1-178.

Villani, C.: Optimal transport, old and new, Springer-Verlag, Berlin, 2009.

Trudinger, N.S.; Wang, X.J.: On the Monge mass transfer problem, Calc. Var. PDE 13 (2001),
19-31.

Trudinger, N.S.; Wang, X.J.: On the second boundary value problem for Monge-Ampere type
equations and optimal transportation, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 8 (2009), 143-174.



32 QI-RUI LI, FILIPPO SANTAMBROGIO, AND XU-JIA WANG

CENTRE FOR MATHEMATICS AND ITS APPLICATIONS, AUSTRALIAN NATIONAL UNIVERSITY, CAN-
BERRA, ACT 0200, AUSTRALIA.

FE-mail address: qi-rui.li@anu.edu.au

LABORATOIRE DE MATHEMATIQUES D’ORSAY, UNIVERSITE PARIS-SUD, 91405 ORSAY CEDEX,
FRANCE

E-mail address: £ilippo.santambrogio@math.u-psud.fr

CENTRE FOR MATHEMATICS AND ITS APPLICATIONS, AUSTRALIAN NATIONAL UNIVERSITY, CAN-
BERRA, ACT 0200, AUSTRALIA.

E-mail address: xu-jia.wang@anu.edu.au



	1. Introduction
	2. Uniform a priori estimates
	3. Proof of Theorem 1
	4. A counterexample to the Lipschitz regularity
	5. Applications and perspectives
	References

