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ABSTRACT. In this note we establish the existence of solutions of initial-boundary
value problems for continuity equations with low regularity coefficients. We
also announce a uniqueness result and some related counterexamples.

1. Introduction. We are concerned with the continuity equation
Opu + div (bu) = cu + f, (1)

where b :]0, T[xQ — R% ¢:]0,T[xQ — R and f :]0,T[xQ — R are given functions
and the unknown is u :]0, T[xQ — R. Finally, 2 C R? is an open set and div denotes
the divergence computed with respect to the space variable only. The investigation
of (1) in the case when b has low regularity is the object of several recent research
papers. Here we only quote the two milestones provided by the works by DiPerna
and Lions [11] and by Ambrosio [1], which deal with the case when b enjoys Sobolev
and BV regularity, respectively. We refer to the lecture notes by Ambrosio and
Crippa [2] for a more extended bibliography. Both [11] and [1] establish existence
and uniqueness results for the Cauchy problem obtained by coupling (1) with an
initial datum in the case when Q = R?. We also point out that these results are
motivated by applications to different classes of nonlinear PDEs, see the lecture
notes by De Lellis [10] and the informal overview by Crippa and Spinolo [9] for the
applications concerning systems of conservation laws.

This note aims at establishing existence of solutions of the initial-boundary value
problem for (1) under weak regularity assumptions on b. More precisely, if all
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functions were smooth up to the boundary then the formulation of our problem
would read as follows:

Opu+ div(bu) = cu+ f  in 0, T[xQ
w=g on '~ (2)
u=1u on {0} x Q,

where @ and g are bounded smooth functions and I'~ is the subset of |0, T[x9
where the characteristics are entering the domain ]0, T[x. Note, however, that if
b and w are not sufficiently regular (if, for instance, u is only an L function), then
their values on zero-measure sets are not well defined. However, in [8] (see also § 2 in
here) we introduce a distributional formulation of (2) and we consequently provide
a definition of distributional solution, see Definition 2.2 below. This is done by
relying on the theory of normal traces for low regularity vector fields, see the works
by Anzellotti [4], Chen and Frid [6], Chen, Torres and Ziemer [7] and Ambrosio,
Crippa and Maniglia [3]. The main result of this note reads as follows.

Theorem 1.1. Let Q C R? be an open set with uniformly Lipschitz continuous
boundary. Assume that the following conditions hold:

o bec L>(]0, T[xRY) and divh € L]0, T[xQ);
e cc L>®(]0,T[xY) and f € L>(]0,T[xQ).

Then for every u € L>®(Q) and g € L>(I'") there is a distributional solution of
problem (2).

Three remarks are here in order. First, we refer to the book by Leoni [12,
Definition 12.10] for the definition of open set with uniformly Lipschitz continuous
boundary.

Second, the proof of Theorem 1.1 closely follows an argument due to Boyer [5].
The main novelties of Theorem 1.1 compared to the analysis in [5] are: (i) we replace
the condition divb = 0 with divb € L and (ii) we remove the assumptions that
¢ =0 and that 2 is bounded.

Finally, in [8] we prove that the solution of (2) is unique provided that b enjoys
BV regularity up to the boundary of 2. We also discuss some examples showing
that, if BV regularity is violated, then (2) admits, in general, infinitely many solu-
tions. In particular, this happens even if b enjoys BV regularity in every open set
compactly contained in 2 but the BV regularity deteriorates at the boundary 0f).

This note is organized as follows: in § 2 we provide the distributional formulation
of problem (2) and in § 3 we give the proof of Theorem 1.1.

1.1. Notation.

e L": the n-dimensional Lebesgue measure.

e H™ : the m-dimensional Hausdorff measure.

e divb: the distributional divergence of the vector field b :)0, T[xQ — R¢, com-
puted with respect to the space variable only.

e Vo : the gradient of the Sobolev function ¢ :)0,T[xQ — R, computed with
respect to the space variable only.

o LP(0R) := LP(0Q, HI1).

o LP(]0,T[x00) := LP(]0, T[x 09, L' @ HI™).

Q : the closure of the set Q C R,
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2. Distributional formulation of problem (2). We first observe that by inter-
preting the first and the last line of (2) in the sense of distributions we obtain

/()T/Qu(at7)+b~Vn)dmdt—f—/ﬂﬂn(o,-)dx +/0T/Q(cun+f77) drdt =0 3)
W € C2([0, T[x Q).

The following results is proven in [8] and provides a distributional interpretation
of (2) under the solely assumptions that b, div b, ¢ and f are all bounded.

Lemma 2.1. Let Q@ C R? be an open set with uniformly Lipschitz continuous
boundary. Assume that b € L>(]0, T[x;R?) satisfies divb € L>(]0, T[x€). Then
the following implications hold:

i) there is a unique function, which we denote by Trb, that belongs to the space
L]0, T[x09Q) and satisfies, for every ¢ € C°([0, T[xR%),

T T T
//<pdivbdasdt—|—//8tg0—|—b-thdxdt=// @Trdedfldt—/go(O,-)da:.
0Ja 0Ja 0Joq Q

(1)
Also, the function Trb satisfies the inequality || Trbl|pe < ||b|| 1 -

it) Assume moreover that c, f € L*>®([0,T[xQ) and that uw € L*(]0,T[x) sat-
isfies (3). Then there is a unique function, which we denote by Tr(bu), that
belongs to L>(]0, T[x0Q) and satisfies, for every ¢ € C°([0, T[xR%),

T T
/ /u((’)t<p+b~V<p)dxdt +/ /(cu+f)g0da:dt
0o Ja o Ja
T
:/ / wTr(bu)deildtf/ﬂgp(O,«)dx.
0 oN Q

Also, the function Tr(bu) satisfies the inequality ||Tr(bu)| oo < ||b]| Lo ||u]| oo -

(5)

Some remarks are here in order. First, if the functions are smooth up to the
boundary, then the Gauss-Green formula implies that Trb = b-% and Tr(bu) = ub-7,
where 7 is the outward pointing unit normal vector to 9. Second, in [8] we exhibit
an example where Trb = 0 but Tr(bu) = 1. The vector field b in the example enjoys
BV regularity in every open set compactly contained in €2, but the BV regularity
deteriorates at the boundary. Finally, based on Lemma 2.1, we can rigorously define
the sets '™ and T'F by setting

I~ = {(t,z) €]0,T[x0Q: Trb< 0}, T :={(t,x)€]0,T[x0Q: Trb > 0}.
(6)

We can now introduce the definition of distributional solution of (2).

Definition 2.2. Let Q@ C R¢ be an open set with uniformly Lipschitz contin-
uous boundary and assume that b € L>(]0,T[xQ;RY), divb € L>(]0,T[x),
c € L™(]0,T[xQ) and f € L>*(]0,T[x). A distributional solution of problem (2)
is a function u € L>(]0, T[x ) satisfying (3) such that the equality Tr(bu) = gTrd
holds on I'".
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3. Proof of Theorem 1.1. In the following, we establish the existence of functions
u € L>=(]0,T[x) and B € L>(I'°F) such that, for every ¢ € C([0, T[xR9),

/OT/Qu(&ggo—&-b-Vgo)dx +/OT/Q(cug0+f<P)dxdt .

= / ©gTrbdHtdt +/ 0B dHILdt — / a(0,-)dx.
- ro+ Q
By comparing the previous expression with (3) and (5) and by recalling Defini-
tion 2.2, we infer that u is a distributional solution of problem (2) and that

Tr(bu) (1, z) = { %Trb m o+

The proof of Theorem 1.1 is divided into three steps: in § 3.1 we introduce a second
order approximation and we state an existence result for the approximate problem.
In § 3.2 we establish a priori bounds on the family of approximate solutions and in
§ 3.3 we pass to the limit and obtain a distributional solution of (2).

3.1. Second order approximation. We introduce a family of approximate prob-
lems, whose classical formulation is the following:

Opue + div(bu.) = eAue + cues + f on 0, T[xQ
Eaau;, + (ue — g)[Trb] =0 on 0, T[x 0 (8)
U = U on {0} x Q.

In the previous expression, € > 0 is a parameter, 7 as usual denotes the outward
pointing unit normal vector to 9§ and [Trb]~ is the negative part of the function
Trb. In this section we assume that @, g and f, besides being bounded, are also
square integrable (see the statement of Lemma 3.2). First, we provide the definition
of weak solution of (8). To this end, we introduce the following notation:

V : the Sobolev space W12(Q).

V* : the dual space of V', endowed with the standard dual norm.

(F,u): the duality between F' € V* and u € V.

The bilinear form B.(t,-) : V x V — R is defined for £!-a.e. t €]0,T] as

B (t,u,v) :=— / ub(t,-)VUd:E—&—E/ Vu(t, )V dz
Q Q

—/ch(t,-)vdx—i—/ uv[ﬂb]+(t7')dﬂd_l7

[5}9)

where [Tr b} * denotes the positive part of the function Trb.
The functional F(¢) € V* is defined for £'-a.e. t €]0, T[ by setting

(F(t),v) := /aﬂvg[Trb]f(t,)de’l +/Qf(t,-)vdx (10)

Note that continuity of v +— (F(t),v) follows from the square integrability of
f and from the fact that, under the regularity assumptions we impose on 0f2,
the trace map is continuous V' — L2(99), see for example Leoni [12, Theorem
15.23].

The following definition is classical, see for example Salsa [14, §9.3.1].
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Definition 3.1. A weak solution of (8) is a function
u.: [0, 7] =V
such that

1. u. € L? (]O,T[; V) and u. € (]0,T[; V*), where u. denotes the distributional
derivative of u..
2. For Ll-a.e. t €]0,T],

(0 (t),v) + Be(t,us(t),v) = (F(t),v) VoveV. (11)

3. u.(0)=1a
Note that requirement 3 above makes sense since by using requirement 1 we infer
that u. € C°([0, T); L?(2)), see for example Salsa [14, Theorem 7.22]. Also, note

that by the bold letter u. we denote the function taking values in V', while u. is
the real-valued function u.(t,-) = u.(¢).

Remark 1. By relying on standard arguments, we get that any weak solution of (8)
satisfies, for every ¢ € C°([0, T[xRY),

T T T
/ /us(ﬁtgo—i—ngo) dxdt—e/ / Vu:Vdzdt —|—/ /(cugo—i—fgo) dxdt
o Ja o Jo 0o Jo

T T
:_/ ‘P(O’xmdm_/ / gw[ﬂb]_dﬂd‘ldwr/ / uep[Trb) " aH .
@ 0 Joq o Joo (12)

The following lemma provides an existence and uniqueness result for (8).

Lemma 3.2. Assume that b and c verify the same assumptions as in the statement
of Theorem 1.1 and assume moreover that g € L>(T~)NL3(T'7), 4 € L>®(Q)NL*(Q)
and f € L?(]0, T[xQ)NL>(]0, T[xK). Then for any given e > 0 problem (8) admits
a unique weak solution, in the sense of Definition 3.1.

The proof of Lemma 3.2 follows by a classical Faedo-Galerkin method (see for
instance [14, §9.3.2]).

3.2. A priori estimates. In this section we establish the estimates we need to
study the convergence e — 07 of the family u. solving (8).

Lemma 3.3. Let u. be the weak solution of problem (8). Then

ety <(Jal3e + [ g*Tebanstds 4 17152 exp (v bl + 2= + 1))

(13)

for every t €]0,T[. Also,

T
/ / IVeVue(t, )|*dxdt < C, (14)
0o Jo
where C is a constant only depending on T, ||b||re, ||divd||re=, ||gllL2, ||T@]lL2, |lc] Lo
and || flLz2-
Proof. First, we recall (see e.g. [14, Theorem 7.22]) that

[ e uetopis = 5 (-0l ~ J0-Os) Yiep.TL (03
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Next, we suitably choose the test functions in (4) and we use the density of the
space C°(R?) in W11(Q) and the continuity of the trace operator from W 1(€)
onto L(0R), obtaining that for £L!-a.e. t €]0, 7]

/wdivb(t,-)daH—/ b(t,~)-dex:/ wTrb(t,)dH™ Ywe WH(Q). (16)
Q Q oN

We now choose v := u.(s) as a test function in (11), we integrate over ]0, ¢[ and we

use (16) with w = u2(s,-). After straightforward computations, we arrive at

t t
||u5(t)\|%2+25// \Vu€|2dscds+// w?[Trb) FdH? " ds
0JQ 0.JoQ
t
+// (usfg)z[Trb]ideflds
0JoQ
t t
:||11H2L2—//u?divbdmds—&—Q//cu?dmds
0JQ 0JQ
t B t
+// g [Tro] de*1d8+2/ /fuad:z:ds
0JoQ 0 JQ

t
< lallzs + (Idiv bl|z + 2llc]l o + 1)/0 [ue(s)Zds

t
+// g2 [Teb]~dHo—Lds + || f]]2..
0JoQ

Hence, by relying on the Gronwall Lemma we get (13) and then (14). O
We now establish a maximum principle

Lemma 3.4. Let u. be the weak solution of problem (8), then
el < (M + 12T ) exp ((Idiv bl + [lefz=)T), (17)

where
M := max{||g|[z, |a[|L=}. (18)
Also,

e[ T 6] flze < (M4 11f T ) 6] 2 exp (v bl + flelz=)T).  (19)

Proof. The argument is divided into four steps.
STEP 1: we introduce some preliminary notation and remarks.

i) We set B := ||div | pe + ||c|| Lo
ii) We define the function m. by setting

N2
me(t, @) i= ([ue(t2) + (M + | fll=t)e™] )
By a slight abuse of notation, in the following we denote by m. the function
2[uc(t,x) + (M + || fllt)eP'] . Note that, for £L'-a.e. ¢ €]0,T[, m. € L*(Q)
and m. € V = W%(Q) since
[ue + (M + || f||L=t)e”"] ™ < max{—u.,0}.

In the following we also use the formula

wel, = (ue + (M 4[| o)™ )l = MeBtml— ||| oo €5 m! 0
=2m. — MeB'ml — || f|lp~ t eBiml.
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iii) We choose a sequence of smooth cut-off functions {,, },en. More precisely,
we require that, for every n € N, v, € C>*(R?) and
0<p(x) <1, |Viu(z)<1/n Yz eR? and 4, =1on B,(0).

In the previous expression, By, (0) denotes the ball of radius n and center at 0
in R?,
iv) Finally, we observe that for every n € N and £!—a.e. t €]0,T[

t
[ cs) 4 B(M 4 1w 4 e i) ds

:/Qme(t,x)wn(x)dx—/Q([ﬂ-i-M)}i) () d.

This formula can be established by relying on an approximation argument,
see for example the analysis in the book by Lions and Magenes [13, Section
2.2].

STEP 2: we use equation (11). First, we observe that by applying (16) with
w = vue(t,-) we infer that equation (11) implies

(us,v>+/uevdivbdx+/vb-Vugdx—i—e/VuaVvdx
Q Q Q

—I—/ uEU[Trb]_d’Hd_l—/cuvdx
9] Q

= / gu[Trb]~dH*? —|—/ fvdx VYo €V and L' —a.e. t €0,T].
o0 Q
(21)

Next, we fix n € N and we apply (16) with w = m.(¢, )¢, obtaining

/ MmetPydivbdr + / m, b Vue doe = meth, TrbdH ! — / meb- Vi, dx.
Q Q Q

(22)
Hence, by plugging v := m.(t, )¢, as a test function in (21) and by using (20)
and (22) we obtain

o0

<u€,m;¢n>+/m5¢ndwbdm—/MeBtmgwndivbdx— / I f1l ot Bt m 4, div bdx
Q Q Q
+ mswn[Trb}era:—&—Zs/X5|Vu5|2wnda:
o0 Q

—/Qmawncdm‘ +/MeBtm’€z/)ncdx+ / I £zt eBtmlap, cdz + R,
Q Q Q

:iéQwAnwr(m€+n4@4-m4+uﬂumﬂg%_(w_%@4+Hﬂhmﬂe&»)deJ

+%jmwm

where y. is the characteristic function of the set where u. + (M + || f||Lt)eB! <0
and

(23)

R, = —/ meb - Vi, dr + 5/ m_Vue - Vb, dx.
Q Q
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STEP 3: we establish an estimate on the time integral of the first and third term
in (23). We fix 7 €]0,T[ and we integrate in time to get

/ (ﬁg,m;wn>dt—/ /m;Merzpndivbdxdt—/ /||f|\LooteBtm’€1/Jndivbda:dt
0 0 Q 0 Q

+/ /MeBtm’sz/JncdxdtJr/ /||f||LooteBtm’61/)ncdx7/ /fm’swndw
0o Ja 0o Ja 0o Jo

= [ e+ BOLEP |t 4 me™ s, ) de
0
- / mlp, MeP! (B + divb — ¢) dzdt
0 Q

—/ /\|f||Lmter (B + divh — ¢)mlin
0 Q

_/ /||f||LoceBtm'€z/Jndxdt—/ /fm;zpndx
0 Q 0 Q

:/ma(r,m)wn(x)dx—/([ﬂ-i—M]_)QT/Jndﬂ?
Q Q
_/ /m’g@bnMeBt(B—i—divb—c)dmdt
0o Jo

_/ /Hf||L°°teBt(B—Fdivb—c)m’swndxdt
0o Jo

[ (iheme s 1) i o

> / me (7, ) () d.
Q
(24)
To get the last inequality, we have used that u + M > 0, B + divb —c > 0,

|| flLeBt + f > 0 and that m. < 0.
STEP 4: we conclude the proof of Lemma 3.4. First, we point out that the convexity

of the function z — ([z]7)? implies that
metml (g4 (M + |1 fl|z=t)e” = (ue + (M + | fll=t)e™))

N2
< ([g+ O+ 1fl=0e™] ") =o.
Next, we observe that
methy [Trb] ™ dH + 28/ Xe|Vue 2, da > 0.
20 Q

Hence, by time integrating (23) and combining (24) with the above observations we
obtain

/QmE(T,x)@[Jn(x)dx—f—/o /ngql)n(divb—%) dxdt—i—/o R,dt <0. (25)

Next, we observe that, by recalling estimates (13), (14) and the bounds on 1, we
get

lim Rpdt — 0.

n—-+4oo 0
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Hence, by letting n — 400 in (25) and applying the Gronwall Lemma, we conclude
that u.(r,7) + eB7(M + ||f||z~7) > 0 for L% -ae. (1,2) € Q. By using an
analogous argument, we obtain that u.(7,z) < eB7(M + || f||z~ 7) for £ -a.e.
(1,2) €]0, T[x and this concludes the proof of (17). Finally, by combining (17)
with (23) we get (19). O

3.3. Conclusion of the proof of Theorem 1.1. We proceed in two steps.
STEP A: we prove Theorem 1.1 under the additional assumptions g € L?*(I'7),
u € L?(Q) and f € L?(]0, T[xQ). By applying Lemma 3.2 and recalling Remark 1,
we deduce that, for every € > 0, there is a function {u.} satisfying (12). By re-
lying on Lemma 3.4, we infer that the families {u.} and {u.[Trb]*} are weakly-x
compact in L>(]0,T[xQ) and in L% (I'°"), respectively. By recalling the a priori
estimate (14), we can pass to the limit in (12) and obtain a couple (u, 3) satisfy-
ing (7).

STEP B: we remove the assumptions g € L*(I'7), 4 € L?(Q2) and f € L*(]0, T[x Q).

Given a function @ € L*°(f2), we can construct a sequence {u }ren such that

||z~ < ||G||L~; ax € L? for every k; @y, — @ for L%-a.e. 2 € Q. (26)

For example, we can take @i, := ulq, , where {Q }ren is a sequence of open bounded
sets invading Q. We analogously construct sequences {gi}ren and {fx}ren ap-
proaching g and f, respectively. We term {uy, Bk }ren the corresponding sequence of
functions satisfying (7), constructed as in STEP A. Note that by recalling (17), (19)
and (26) we infer that the sequences {uy}ren and {8k }ren are weakly-+ compact
in L*(]0,T[x) and in L>(T'°F), respectively. Hence, by extracting converging
subsequences we conclude the proof of Theorem 1.1.
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