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Abstract

In this paper we prove that the shape optimization problem
min {\¢(Q) : Q C R Qopen, P(Q) =1, |Q] < +oo},

where A\, () is the kth eigenvalue of the Dirichlet Laplacian, has a solution for any
k € N and dimension d. Moreover, every solution is a bounded connected open set with
boundary which is C''*® outside a closed set of Hausdorff dimension d — 8. Our results
apply to general spectral functionals of the form f(Ax, (©2),..., Ax,(2)), for increasing
functions f satisfying some suitable bi-Lipschitz type condition.

1 Introduction
A shape optimization problem is a variational problem of the type
min {F () : Qe A}, (1.1)

where A is an admissible family (or admissible set) of domains in R? and F is a given
cost functional. For a detailed introduction to this type of problems we refer to the books
[8, 25], 26] and the papers [14] 24].

A particularly interesting and widely studied class of shape optimization problems is the
one in which the admissible set A is composed of open domains with perimeter or measure
constraint and the cost functional F' depends on the solution of some partial differential
equation on 2. For example, FI(2) = A\(Q2), where A\;(€2) is the kth eigenvalue of the
Dirichlet Laplacian, i.e. the kth smallest positive real number such that the equation

—Auy, = )\k(Q)uk, U € Hol (Q),
has a non-trivial solution. Another typical example is

1

F(Q)=E,(Q) := 2/pr dzx,

where p € L?(R%) and w is the solution of
—Aw = p, w € HY Q).

Unfortunately, there is no available technique to directly prove the existence of a solution
of (1.1]) in the family of open sets. The standard approach is to extend the cost functional



to a wider class of domains and then prove that the minimizers are open sets, hopefully
with a smooth boundary.

The existence in the case when the domains are measurable sets is well-known if the
admissible family of domains consists of sets which satisfy some geometric constraint which
assures a priori some compactness. Under some monotonicity and semi-continuity assump-
tions on the cost functional F' a general theorem of Buttazzo and Dal Maso states that
there are solutions of , in each of the cases

A={Q C D: Q Lebesgue measurable, |Q] <c}, (1.2)
(see [15l 16]) and
A={Q C D: Q Lebesgue measurable, P(2) <e¢, || < +oo}, (1.3)

(see [9]). Here |©] is the Lebesgue measure of Q, P(2) the De Giorgi perimeter of Q (see
[23,30]) and the design region D is a bounded open set in R%. Clearly, in each of these cases
the functional F' has to be appropriately extended on the class of Lebesgue measurable sets
in D (see Section [2| for more details).

The case D = R? is more involved and it was only recently proved (see [7] and [31]) that
when F () = A\, (2), for some k € N, there exists a solution of the problem (1.1f), where
the admissible set A is given by (1.2).

Once the existence of a solution of is established in the class of measurable sets
it is quite natural to ask whether these optimal sets are open (hence being also a solution
of the same problem in the more “natural” class of open sets) and, in case the answer is
affirmative, which is the regularity of the boundary of these optimal sets.

The study of the regularity of the optimal set in the case of a measure constraint strongly
depends on the nature of the cost functional. Even the openness is a difficult question which
is known to have a positive answer in the case of the Dirichlet energy F(Q) = E,(2) (see
[4]) and some spectral functionals F(Q2) = f(A1(Q),..., k() (see [38], [13] and [12]).

In the cases F'(2) = E,(R), F(Q2) = A\ () the problem with admissible set
can be written in terms of a single function in H}(D), i.e. the corresponding shape
optimization problems are equivalent to

min{;/D|Vw2dx—/Dpwda:: w € HY(D), |[{w # 0} §c}, (1.4)

and

2
min 7‘[D|vu| du :
fDu2 dz

respectively. For these functionals one can apply the techniques introduced in [2] to study
the regularity of the optimal domains (see [4] and [5], for two different arguments based
on this idea). When the cost functional F(£2) depends on the spectrum of the Dirichlet
Laplacian the regularity of the optimal sets is still not known in the case of a measure
constraint. The main difficulty in this case is due to the fact that the variational formulation
of A\;(€2) does not concern functions but k-dimensional spaces of functions, which makes
the analysis quite difficult. More precisely, we have

e HY(D), |{u #0}| < } (15)

Vul*d
Ae(2) = min maxM

, 1.6
KCH(Q) vek  [qu?dx (1.6)

where the minimum is over all k-dimensional subspaces K of H}(Q).



In this paper we are interested in the study of existence and regularity for the problem
(1.1) under the perimeter constraint (T.3) when the design region is D = R%. Our main
result is the following:

Theorem 1.1. The shape optimization problem
min{)\k(Q) : QCRY Qopen, P(Q) =1, |Q| < oo}7 (1.7)

where Mg (Q) is defined in (L.6]) through the classical Sobolev space HE(Q) on the open set

Q, has a solution. Moreover, any optimal set €2 is bounded and connected. The boundary
0Q is CL, for every a € (0,1), outside a closed set of Hausdorff dimension at most d — 8.

This result is a consequence of the more general Theorem which applies to spectral
functionals of the form

F(Q) = f(/\k1 (Q)7 .- '>)‘kp(Q)))

where f : RP — R is an increasing locally Lipschitz function satisfying some local bi-
Lipschitz-type assumption. More precisely, we consider f such that:

(f1) f(x) = +o0 as |z| — +oo;
(f2) f is locally Lipschitz continuous;

(f3) fis increasing, i.e. for any z = (x1,...,2p) € RP and y = (y1,...,yp) € RP such that
x >y, i.e. satisfying x; > y;, for every j = 1,...,p, we have f(z) > f(y). More
precisely we assume that for every compact set K C R?\ {0}, there exists a constant
a > 0 such that for any z,y € K, x > v,

f(@) = fy) = alz —yl.

For example, any polynomial of Ay, ..., A\, with positive coefficients satisfies (f1), (f2)
and (f3).

Theorem 1.2. Suppose that f : RP — R satisfies the assumptions (f1), (f2) and (f3).
Then the shape optimization problem

min{f()\kl(Q),...,Akp(Q)): QO C R, Q open, P(Q) =1, |Q <oo}, (1.8)

has a solution. Moreover, any optimal set € is bounded and connected and its boundary OS2
is CY%, for every a € (0,1), outside a closed set of Hausdorff dimension at most d — 8.

Proof. The existence of an optimal set is first proved in the class of measurable sets in
Theorem |3.9, The existence of a solution Q of is proved in Theorem The
boundedness of € is due to the facts that € is an energy subsolution (see Definition
and Proposition and that every energy subsolution is a bounded set (Lemma .
The problem of regularity of the optimal set is treated in Section More precisely, by
Proposition [3.5| and Lemma [4.3, we have that €2 is an energy subsolution and a perimeter
supersolution. In Theorem we prove that any () satisfying those two conditions has
C1% boundary, for every a € (0,1), outside a closed set of Hausdorff dimension at most
d — 8. The connectedness of the optimal set follows by Proposition O

Remark 1.3. The regularity of the free boundary proved in Theorems and is not
in general optimal. Indeed, it was shown in [J] that the solution Q of (1.7)) for k£ = 2
has smooth boundary. The proof is based on a perturbation technique and the fact that



A2(2) > A1(22) and can be applied for every k € N under the assumption that the optimal
set is such that \g(Q2) > A\—1(Q2), see Remark On the other hand it is expected (due
to some numerical computations) that the optimal set Q for A3 in R? is a ball and, in
particular, A\3(2) = A2(Q).

Remark 1.4. The bound on the diameter of the optimal set €2, solution of , depends
on the function f and on A, (). In dimension two, this bound is trivially uniform, since
it depends only on the perimeter constraint. This fact (together with he convexity of the
minimizers) was used in [11] to study the asymptotic behaviour of the optimal sets (U,
solutions of . More precisely, it was proved that the sequence Q; C R? converges in
the Hausdorff distance (up to translations) to the ball of unit perimeter. The analogous
result in higher dimensions is not known yet.

2 Preliminaries

In this section we introduce the notions and results that we will need in the rest of the
paper. As we saw in the introduction, we will have to solve partial differential equations
on domains which are not open sets. For this purpose we extend the notion of a Sobolev
space to any measurable set Q C R?, introducing the Sobolev-like spaces HZ () defined as

Q) = {u e H'(RY) : u=0ae. on Q} , (2.1)

where the term almost everywhere (shortly a.e.) refers to the Lebesgue measure |- | on RY.

Remark 2.1. Note that even for open sets (2 the above definition differs from the classical
one, in which H}(€2) is the closure of the smooth functions with compact support C2°(Q)
with respect to the norm
2 2 2
lellzn = llellze + [IVellZe-

To see that, one may take for example €2 to be the unit ball minus a hyperplane passing
through the origin. Nevertheless, we have equality HZ (Q) = HZ (), if Q is a bounded open
set with Lipschitz boundary or, more generally, an open set satisfying a uniform exterior
density estimate (Proposition .

Remark 2.2. In the case of measure constraint another definition of a Sobolev space is used.
Indeed, for any measurable set  C R? one may consider

HL(Q) = {u e HYRY) : cap({u # 0} NQ°) = o} ,
where the capacity cap(FE) of a generic set £ C RY is defined as
cap(F) = inf {||u||H1 . u e HY(RY), u =1 on a neighbourhood of E} . (2.2)

In [26, Theorem 3.3.42] it was proved that the above definition coincides with the classical
one on the open sets of R%. There is a close relation between the Sobolev spaces as defined
in and Sobolev-like spaces from . It fact, for every measurable set 2 C R?, we
have the inclusion H}(2) C H} (). Moreover, since Hg () is separable, it is not hard to
check that there is a measurable set U C R? such that U C Q a.e. and HL(U) = H}(Q)
(take, for example, U to be the union of the supports of Sobolev functions, which form a
dense subset of H}(2)). The reason to work with definition instead of is that
we do not know the relation (if any) between the perimeter of Q2 and the perimeter of U.



For any Q C R? of finite measure and any f € L?(R?), we define Rq(f) € I;'& (Q) as the
weak solution, in H}(€2), of the equation

—Au=f,  ueH)Q), (2.3)

or, equivalently, the unique minimizer in ﬁOI(Q) of the convex functional

Jf(u):;/Q|Vu]2d:v—/qudx.

Applying the Sobolev inequality in R? and using Rq(f) as a test function in (2.3)), we have

IR ()72 < !QIW‘IHRQ(f)IIid% < Cll NIV (Ra(f)72 < Cal | Ra(f) 2211l 2,

and so, Rq : L?(R%) — L?(R%) is a bounded linear symmetric operator such that
IRalloz2ey < Cal¥, Ro(L*(RY) € Hg(Q).

Moreover, Rgq is compact and positive and so, it has a discrete spectrum o(Rg) contained
in R*, which we write as

0<- < A(Q) < < A(Q).

We define A () as the inverse of A (€2). Moreover, we have the variational characterization,
analogous to the one in (1.6):

~ Vul?d

Ae(©2) = min  max fg‘iw’ (2.4)
KCHQ) ueK fQ u? dx

where the minimum is over all k-dimensional linear subspaces K of H{ ().

For any measurable set €1 of finite Lebesgue measure, we denote with wq the weak
solution of the equation N
—Awg =1,  wgq € HY(Q), (2.5)

i.e. the wq is the unique minimizer in fI&(Q) of the functional

1
J(w) = / \Vw|? dx — / wdx. (2.6)
2 Jo Q
We define the energy functional E(1) as

~ 1
B = min J(w) = J(wo) = —» / wo dz, 2.7)
weHL () 2 Ja

where to obtain the last equality we have used the definition of J and the relation

Vwal?dr = | wq dx,
|
Q Q

which follows after testing (2.5) with wq.



Remark 2.3. For the solution of we have the estimates
lwallz2 < CalQ™/4, | Vuwgl72 < CalQP/*H2/. (2.8)
Moreover, by [34], wq € L>®(R?) and
lwall L < CalQ*4, (2.9)

where Cy is a constant depending only on the dimension. We also note that in the framework
of Sobolev-like spaces, the weak maximum principle still holds (wy < wg, whenever U C
), while the analogous of the strong maximum principle is the following equality (see

Proposition B B
Hj ({wa > 0}) = Hy({wq > 0}) = Hy(9), (2.10)

i.e. one may take U = {wgq > 0} in Remark [2.2]

The relation between the operator R and the solution wq, is explained in the following
two propositions

Proposition 2.4. Suppose that Q, C R? is a sequence of measurable sets of uniformly
bounded Lebesque measure and suppose that wq, converges to some w € H'(R?Y) strongly in
L*(R%), as n — oo. Then, there is a compact self-adjoint operator R on L*(R?) such that
Rq, converges to R in the strong operator topology in L(L*(R%)) and R < Rgq in sense of
operators, i.e.

/ R(f)f dx S/ Ro(f)f dx, for every f € LQ(Rd),
R4 R4

where we set @ = {w > 0}.

Proof. See [0, Proposition 3.3]. O

Proposition 2.5. Suppose that Q1 and Qs are two sets of finite measure in R such that
Q1 C Qq. Then, there are a positive constant C' and a real number 6 € (0,1), depending on
the measure of Qo and the dimension d, such that

1R, — Ra, llz(r2 ey < Cllwa, — wo, |72 ga)

Proof. See [0, Lemma 3.6]. O

3 Existence of generalized solutions

In this section, we prove that for every k € N and every ¢ > 0 the problem
min {Xk(Q) . Q C RY, Q measurable, P(Q) =¢, |Q| < oo} , (3.1)

has a solution (see Theorem [3.8)). More generally, in Theorem we prove that there is a
solution of

min {f (szl (Q),... ,ka(Q)> . Q Cc RY, Q measurable, P(Q) =¢, |Q| < oo} . (3.2)

where f is an increasing function satisfying (f1), (f2), (f3). We will use a combination of a
concentration-compactness principle and an induction argument, as in [7]. In order to deal
with the dichotomy case, we will show, on each step of the induction, that the optimal sets
are bounded. The following theorem is a straightforward adaptation of [6, Theorem 2.2]
and already appeared in [9]. We report the detailed proof in the Appendix for the sake of
completeness.



Theorem 3.1. Suppose that Q,, C R% is a sequence of measurable sets of finite measure
and uniformly bounded perimeter. Then, up to a subsequence, one of the following three
situations occurs:

(i) Compactness: There is a sequence y, € R%, a measurable set Q@ C R? and a bounded
self-adjoint operator R : L*(RY) — L*(RY), such that 1,,.+q, — lq in L'(R?),
Ry, 40, — R in L(L2(RY)), and R < Rq.

(ii) Dichotomy: There are sequences of measurable sets A, C R? and B, C R? such that:
(a) A, UB, CQp;
(b) d(An, B,) — 00, as n — oo;
(¢) liminf, o |A,| > 0 and liminf, o |B,| > 0;
(d) limsup,,_, (P(An) + P(B,) — P(Q,)) < 0.
() limp o0 [[Ra,uB, — Ra, |l c2may =0

(i4i) Vanishing: For every ¢ > 0 and every R > 0 there ezists N € N such that

sup sup |2, N Br(z)| <e.
n>N gzeRd

Moreover, || Ra, || z(r2(ray) — 0 as n — oc.

Remark 3.2. Notice that if, in the previous theorem, we assume

sup A1 () < +o0, (3.3)
neN

then the vanishing cannot occur. Indeed, due to the equality

1R, (2 @y = x—5—
B = 00

the sequence of resolvents does not converge to zero in norm.

Remark 3.3. If the compactness occurs for the sequence Q,, C R%, then we have

P(Q) <liminf P(€,),  A(Q) < liminf Ag(€2,),

n—oo n—0o0

for every k € N. If the dichotomy occurs, then we have

liminf P(A, U B,) < liminf P(Q,),  liminf Ax(A, U B,) < liminf A, (Q,),

n—o0 n—o0 n—o0 n—oo

for every k € N.

As we already mentioned in the beginning of this section, the proof of existence of a
minimizer of uses an induction argument which depends on some mild qualitative
property of the minimizer (see Theorem and Theorem [3.9)). Thus, we will prove first
a stronger result which states that any eventual solution of is a bounded set. We
introduce the following notion which turns out to be a powerful tool in the analysis of
optimal sets (see [7, [10] and [I3] for similar techniques)

Definition 3.4. Let Q C R? be of finite perimeter and finite Lebesque measure. We say that
Q) is a local energy subsolution with respect to the perimeter or simply energy



subsolution if there are constants e = £(2) > 0 and k = k() > 0 such that for each
measurable set U C Q) with the property

|wo —wyllgz <e, (3.4)
where wq and wy are the solutions of (2.5)), we have
E(Q) + kP(Q) < E(U) + kP(U). (3.5)

Proposition 3.5. Let f be a function satisfying the assumptions (f1), (f2) and (f3). Then
any solution Q C RY of (3.2) is an energy subsolution.

Proof. Let U C Q and ¢t = (P()/P(U))Y“~Y_ Suppose that ¢t > 1, i.e. P(U) < P(Q2). By
the optimality of €2, properties (f2), (f3), the trivial scaling properties of the eigenvalues
and of the perimeter and the monotonicty of eigenvalues with respect to set inclusion, we
obtain

0<f (Xkl(tU)a-- J\lcp(tU)) —f (Xkl(Q)v 5@(@)
= (R (00), - X, (1)) = F (R (), g, (1)
£ (R () X, (0)) = F (M (), e, ()
< (P@) T jz:xkjw) (P)® - P@)7T)

where L is the (local) Lipschitz constant of f and a is the constant from (f3). Using the

concavity of the function z 2T if d > 3, or the fact that P(U) < P(Q) if d = 2, we can
bound ) )
PU)=1 — P(Q)1 < C(Q) (P(U) — P(Q)) .

By Proposition [2.5] we have the estimate
0 < X, (U) = A, () < Cllwg — wyllf2, ¥i=1,....p. (3.6)

Thus, there are constants A(Q2) > 0 and £(£2) > 0 such that for each U C Q with the
property

PU) <P(Q),  |wao—wullr: <e,
we have » »
D Xk () +AP(Q) <> X (U) + AP(U). (3.7)
=1 i=1

Moreover, thanks to the monotonicity of the eigenavlues by set inclusion, the above in-
equality trivially holds also if P(Q2) < P(U).

We are now in the position to prove that any solution €2 of is an energy subsolution.
Indeed, by [7, Lemma 4.1], for every U C €2 we have

Xy (U) = 4, () < Ch, (U) (BE(W) =~ B(©)),



which together with (3.7) (which holds for every U C Q satisfying (3.4)) and the mono-
tonicity of the eigenavalues by set inclusion, give

A (P(Q) = PU)) < M, (U) = X, (@) < A, (U) (EW) ~ B(Q))

where C'is a constant depending on € and k,. Using again (3.6)), we see that all the ij U),
for j =1,...,p, remain bounded by a constant depending only on Q as E(U) — E(2) < ¢,
concluding the proof. O

Remark 3.6. In the case p = 1 and f(x) = z, the proof of Proposition can be simplified
due to the following fact: There exists a positive constant A > 0 such that any solution
Q c R? of (3.1) 4s also a solution of the problem

min {Xk(Q) +AP(Q): Q c R Q measurable, |Q| < —i—oo} : (3.8)

In order to prove that, we first notice that, by the scaling properties of A\p and of the
perimeter,  C R? is a solution of (3.§), if and only if, the following two conditions are
satisfied:

(1) Q is a solution of (3.1)) with ¢ = P().

(2) The function F(t) = A\ (t2) + AP(t2), defined on the positive real numbers, achieves
its minimum in ¢t = 1.

Thus, if Q is a solution of (3.1)), then it is sufficient to choose A > 0 such that the derivative
F'(t) = =20 ()t 73 + (d — 1)AP(Q)t? 2,

vanishes in ¢t =1, i.e.
27 (€2)
(d—1)P(Q)’

Lemma 3.7. Let Q be an energy subsolution. Then € is a bounded set.

A=

Proof. For each t € R, we set

H ={zeR?: 2 =t}, H={zeR?: 21 >}, H ={zeR?: z; <t}
(3.10)
We prove that there is some ¢ € R such that |H,” N = 0. For sake of simplicity, set
w = wq and M = ||w|| . For any t € R consider the function

M ,ﬂflgt—\/M,
(@1, ... 1q) = %<2M (w1 —t+ \/2M)2) t—V2M < a1 <t, (3.11)
0 ,tﬁxl.

Consider the set {1 = QN H; , obtained “cutting”  with an hyperplane, and the
function wy = w A vy € H}(Q4). We recall that wq, is the orthogonal projection of w on
HE () with respect to the H}(€2) scalar produc hence

[we, — w2 < CQ)[Vw = Vuwg, |12 < COQ)|IV(w —w)| 2,

We recall that, thanks to the Poincaré inequality, ﬁ& (©2) is an Hilbert space with the scalar product
given by

(u, U>I§(}(Q) = /Vu -Voudz.



for some constant C'(Q2) depending on 2. Thus, for ¢ big enough, we have E(Q;)—E(2) < e.
Hence, we can use €, as a competitor in (3.5)). We thus get the inequality:

J(w) + kP(Q) = E(Q) + kP(Q) < E(Q) + kP(Q) < J(wy) + kP(Qy),

where the functional J is defined in (2.6). Hence we get
1 1
/ \Vwl|? do — / wdr + kP(Q) < / |Vw,|* dz —/ wy dx + kP(Qy).
2 Ja Q 2 Jo, o

Notice that w; = 0 on H," and w; = w on Ht:\/W Setting t_ =t — v2M, and using the

inequality

2 b2
WZ|_|2|§a.(a_b) Va,beRY,

we obtain

1 1
/ \Vw|? dz + E(P(Q) — P()) < / \Vawy|? — |Vwl|* dx +/ (w — wy) dz
2 Jur 2 <ar<ty HY

t_

S/ th-V(wt—w)dx—i—/ (w —wy) dx
{t_<zi1<t} H;"

:—/ Vvt-V(w—vt)+d:E+/ (w—v)4 dzx
{t_<zi<t} H

:/ wavtd’Hd_lJr/ wdx
o 0T HY

=V2M wdH! —|—/ w dx
H, H

+
t

where for a generic u € H'(R?), with uy := sup{u,0} we indicate the positive part of wu.
Using again the boundedness of w, we get

k(P(Q, HY) — P(H;",Q)) < V2M3?HV(H, N Q) + M|Qn Hf. (3.12)

On the other hand, by the isoperimetric inequality, for almost every ¢ we have

QN HF T < CuP(QN HY) = Cy (Hd_l(Ht nQ) + PO, Hj)) (3.13)
Putting together (3.12) and (3.13]) we obtain
QN Hf T <0 (Hd—l(Hij) + mmHm), (3.14)

where (' is some constant depending on the dimension d, the constant k£ and the norm M.
Setting ¢(t) = |Q N H,'|, we have that ¢(t) — 0 as t — +oo and ¢/(t) = —HI"L(H, N Q).
Chosing T' = T'(Q2) such that

Cho(t) < %(ﬁ(t)% Vi > T,

equation (3.14)) gives
(1) < —2Ci9(t)' "V VT,
which implies that ¢(t) vanishes for some ¢ € R. Repeating this argument in any direction,

we obtain that  is bounded. O

10



We are now in position to prove the existence of an optimal set for (3.2). We first prove
the result for the problem (3.1)). This is just a particular case of (3.2), but it will be the
first step of the proof of the more general Theorem which is based on the same idea.

Theorem 3.8. For any k € N, there exists a solution Q@ C R? of (3.1]). Moreover, any
solution of (3.1) is a bounded set.

Proof. Without loss of generality we assume that ¢ = 1. We prove the theorem by induction
on k € N. For k = 1 the existence holds, since by a standard symmetrization argument, we
have that the optimal set is a ball of perimeter 1.

Let £ > 1 and let €, be a minimizing sequence for . We note that clearly the
perimeters are bounded and the sets have finite measures, hence the assumptions of Theo-
rem are satisfied. Moreover by the monotonicity of the eigenvalues

lim sup Xl(Qn) < lim sup Xk(Qn) < 400,

hence by Remark [3.2] we have only two possibilities:

(i) Compactness: Since y, + £, is also a minimizing sequence, we have that the limit
is such that _ _
P(2) <1 and M(Q) <liminf \g(€,).

n—o0

Thus € is a solution of (3.1)).

(ii) Dichotomy: By the dichotomy case of Theorem and a scaling argument, we can
construct a sequence of sets

Q, = A, U By,

satisfying P(€,) = 1, d(A,, B,) — oo and which is still a minimizing sequence for
(3.1). Without loss of generality and up to extracting a subsequenceﬂ if necessary,
we may assume that \(A, U B,) = N(A,) for some | < k. We note that since ,
is minimizing, we must have [ < k. Indeed, if this is not the case, i.e. | = k, the
sequence A, is such that Ax(A4,) = A\y(€2,) but on the other hand, by Theorem

limsup P(A4,) <1—liminf P(B,) < 1,
n—o0

n—oo

where the strict inequality is due to point (c) of the dichotomy case in Theorem
and the isoperimetric inequality

liminf P(By) > Cyliminf |B,|“T > 0.

n—oo

Thus an appropriate rescaling of A,, would lead to a strictly better minimizing se-
quence, which is impossible. Hence | < k, taking the biggest possible [, we can assume
Ai(4n) < ANi41(4y). Since the spectrum of the Dirichlet Laplacian of €2, is given by
the union of the spectrum of the the Laplacian on A,, and B, this assumption implies

max { N (An), Me—i(Bn)} = N(An) = Ae(Qn). (3.15)

Up to a extract a subsequence, we suppose that the following limits exist:

lim P(A,), lim P(B,), lim A(Ay,), lim Ap_i(By).

n—oo n—oo n—oo n—o0

2We recall that if Q = AU B with dist(A, B) > 0, H}(2) = H}(A) & H¢(B) hence the spectrum of the
Dirichlet Laplacian of €2 is given by the union of the spectrum of the Dirichlet Laplacian of A and of B.
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Let €} and Q} _, be the optimal sets for for \; with constraint c4 = lim,, o, P(A;)
and A\p_; with constraint cp = lim,_,~, P(By), respectively. Since, thanks to Lemma
they are bounded, we may suppose that up to translation, they are at positive
distance. Then

PO UQGy) = P(O) + P(Q4_)) = lim P(Ay,) + lim P(B,) <1

n—o0

and, by the choice of {2 and €27_,,
AN(Qf) < Jim. N(An), Ny < Jim Ne—1(Bn)-
As a consequence, thanks to ,
M(QF UQE_y) = max {N(Q)), Me—i(Q5i) }
< nl;rl;o max {Xl(An),Xk,l(Bn)}
= liminf A, (Qy).

n—o0

Hence € U €2}, is a solution of ({3.1)).
U

We now prove the existence in the general case of a spectral functional of the form

F(Q) = f (Xl(Q),...,Xk(Q)).

Theorem 3.9. Suppose that f satisfies (f1), (f2) and (f3). Then there exists a solution
Q c R of (3.2). Moreover, every solution of (3.2) is a bounded set.

Proof. As in the proof of Theorem we proceed by induction, this time on the number
of variables p. If p = 1, then thanks to the monotonicity of f, any solution of is also
a solution of and so we have the claim by Theorem

Consider now the functional F'(Q) = f( A, (R2),..., A, (22)) and let Q,, be a minimizing
sequence. By Theorem and using (f1) and Remark there are two possible behaviours
for the sequence €2,: compactness and dichotomy.
If the compactness occurs, we immediately obtain the existence of an optimal set. Oth-
erwise, in the dichotomy case, we may suppose that €, = A, U B,,, where the Lebesgue
measure of A, and B, is uniformly bounded from below and dist(A,,, B,,) — co. Moreover,
up to a extracting a subsequence, we may suppose that there is some 1 <[ < p and two
sets of natural numbers

1§O{1<"'<al, 1§Bl+1<"'<ﬁpa

such that for every n € N, we have

{Xal(An), e (An) Xgs (Bn), - ,XBP(BH)} - {Xkl(szn), S (Qn)} :

Indeed, if all the eigenvalues of 2, are realized by, say, A, arguing as in the proof of
Theorem we can construct a strictly better minimizing sequence. Moreover, without
loss of generality we may suppose that

Xai(An) = in(gn)7Vi =1,...,0 Xﬂj(Bn) = ij(Qn),Vj =l+1,...,p.

We can also assume that the sequences Xai(An) and Xﬁj(Bn) converge as n — co. By a
scaling argument as in Theorem We also have that without loss of generality P(A,) = cq

12



and P(B,) = cs, where ¢, and cg are fixed positive constants. Let f, : R! — R be the
restriction of f to the [-dimensional hyperplane

{LUERPZ zj = lim Xg].(Bn), j:l—i-l,...,p}.

n—oo

Since | < p, by the inductive assumption, there is a solution A* of the problem
min {fa (XQI(A), . ,Xal (A)) . AC R? A measurable, P(A) = cq, |A| < oo} . (3.16)
Since f is locally Lipschitz, we have

lim infy, o0 f (Xal (An)s - - dag (An)s Mgy (Br), - ,Xﬁp(Bn))

— liminf,, o f (Xa1 (An)s > den (An), i oo Ny (Bin)s - Tittig o Xﬁp(Bm)) ,

and thus the minimum in is smaller than the infimum in . Moreover, A* is
bounded and so, we may suppose that dist(A*, B,) > 0, for all n € N. Thus, again by the
Lipschitz condition on f, the sequence A* U B,, is minimizing for .

Let now fg : RP~! — R be the restriction of f to the (p — [)-dimensional hyperplane

{xER”: mizxai(A*), izl,...,l}.
Let B* be a solution of the problem

min{fg (X&H(B), . ,Xgp(B)) : B CR? B measurable, P(B) = cs, |B| < oo} .
(3.17)
We have that the minimum in (3.17)) is smaller than the minimum in (3.16) and so than
that in (3.2)). On the other hand, since both A* and B* are bounded and the functionals

we consider are translation invariant, we may suppose that dist(A*, B*) > 0. Thus the set
O := A* U B* is a solution of (3.2)). O

4 Existence of an open solution

In this section we study the shape optimization problems and . In Theorem
m we prove that there exist solutions of and and we study their relation with
the corresponding solutions of and . Before we prove the theorem we need some
preliminary results concerning the sets which, in some generalized sense, have positive mean
curvature.

Definition 4.1. We say that the measurable set ) is a perimeter supersolution if it
has finite Lebesgue measure, finite perimeter and satisfies the following condition:

P(Q) < P(Q), for each Q> Q. (4.1)

Remark 4.2. Let Q be an open set with boundary 99 of class C2. If © is a perimeter
supersolution, then it has positive mean curvature with respect to the interior normal
vector field on 9Q2. Lemma below shows that, even if it is less regular, it has positive
mean curvature in the viscosity sense.

The following simple Lemma will play a crucial role in the sequel:

13



Lemma 4.3. Suppose that f : RP — R satisfies conditions (f1), (f2) and (f3) and that
Q c R is a solution of (3.2). Then Q is a perimeter supersolution.

Proof. Suppose, by contradiction, that € D € is such that P(Q) < P(Q) and set

- )1/(5171) -

t=(P(Q)/P(©)
Then, for any k£ € N, we have
Ae(1) < M() < Ak(Q).

On the other hand P(tﬁ) = P(Q) and so, by the optimality of {2 and the strict monotonicity
of f, (f3), we have

0 <f (Xkl(tﬁ),...,xkp(tfz)) _ (Xkl(Q),...,ka(Q))

< f()\kl(ﬁ),...,XkP(Q)) _f (Xkl(g),...,ka(Q)) <0,
which is a contradiction. Il

The following result is classical (see, for instance, [23], [30, Theorem 16.14]) and so we
only sketch the proof.

Lemma 4.4. Let Q C RY be a perimeter supersolution. Then there exists a positive constant
¢, depending only on the dimension d, such that for every x € R, one of the following
situations occur:

(a) there is some ball By(x) with r > 0 such that By(x) C Q a.e.,
(b) for each ball B,(z) C R, we have |B,(z) N Q°| > ¢|B,|.

Proof. Let € R%. Suppose that there is no r > 0 such that B.(z) C Q. We will prove
that (b) holds. Using the condition (4.1)) for Q = QU B, (x) we get that for almost every r,

P(Q, B.(x)) < HI OB, (x) N Q°).
Applying the isoperimetric inequality to B,(x) \ 2, we obtain
B, () \ 2 < Cy (P(Q B, () + M1 (0B, (@) N )
(4.2)
< 20,HH (OB, (z) N Q°).

Consider the function ¢(r) = | B,(x)\Q|. Note that ¢(0) = 0 and ¢/ (1) = H* (0B, (z)NQ)
and so, by ,

d 1
o & /d
= (¢(T) ) ’
which after integration gives (b). O

Definition 4.5. If Q C R? is a set if finite Lebesque measure and if there is a constant
¢ > 0 such that for each point x € R? one of the conditions (a) and (b), from Lemma
holds, then we say that 2 satisfies an exterior density estimate.
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Proposition 4.6. Let Q C R? be a set of finite Lebesque measure satisfying an exterior
density estimate. Then there are positive constants C and (B such that, for each x € RY
with the property that |B,(x) N Q¢ > 0, for every r > 0, we have

|walle (B, (2)) < TBHUJQHLoo(Rd), for each r > 0. (4.3)

In particular, if Q is a perimeter supersolution, then the above conclusion holds.

Proof. Let x € R? be such that that |B,(z) N Q¢ > 0, for every » > 0. Without loss of
generality we can suppose that * = 0. Setting w := wq, we have that Aw + 1 > 0 in
distributional sense on R¢. Thus, on each ball B,(y) the function

1

) — ﬁ(TQ — |z — 912)7

u(r) = w(x

is subharmonic. By the mean value property

r2 1
< — _— . .
w(y) < 94 + T /Br(y) w(z) dx (4.4)

Let us define r, = 47". For any y € B,,,,(0), equation (4.4 implies

1

2
r
A — w(z) dx
4d |32rn+1 (y)| Bar, 1 (¥)

2 |anB
Tl | 27‘n+1(y)| HUJHLOO(BQT ( ))
4d ~ |Bar,. (y)] nl
(4.5)

2°N B, +1(0)!)
+(1————" ) ||w]j
< ‘B2Tn+1| || ||L (Bry, (0))
4—2n
~ 4d

+ (1 - 2‘dé) [wl Lo (B,., (0))>

where in the third inequality we have used the inclusion B, . ,(0) C By, (y) for every
y € B;,,.,(0). Hence setting

an = HwHLOO(B,-n(O))a

we have .

a1 < ad + (1 -27%)ap,
which easily implies a,, < Cag4™™ for some constants 3 and C' depending only on ¢. This
gives (4.3)). O

Proposition 4.7. Let Q C R be a set of finite Lebesque measure satisfying an external
density estimate. Then the set

0 =<{zeRe: Hlimwzl ,
r=0  |By(z)]

18 open and ﬁé(ﬂ) = H} (). In particular, if Q is a perimeter supersolution, then Q) is
open and H} () = HL ().
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Proof. Thanks to Lemma )1 is an open set. It remains to prove the equality between
the Sobolev spaces. We first note that we have the equality

Hy () = Hy({wa > 0}),
where wq is as in Section [2 Indeed, by the definitions of H{ and ﬁ[&, we have
Hy ({wa > 0}) C Hy({wa > 0}) C Hy(),

and so it is sufficient to prove that the inclusion H}(Q) C HE({wq > 0}) holds. For, it is
enough to check that for every positive and bounded u € ﬁ(} () we have u € H} ({wq > 0}).
Reasoning as in [20, Proposition 3.1], for every u € H}(£2) such that 0 < u < 1 and every
n € N, we consider the weak solution u,, € ﬁ&(Q) of the equation

—Au, + nu, = nu.

By the weak maximum principle, we have that u, < nwqg a.e. and so, by [26], Lemma
3.3.30], u, < nwq quasi—everywhereﬂ which implies that u, € H}({wg > 0}). On the
other hand, using u,, — u € H}(£2) as a test function, we have

/Vun-V(un—u)dx—i-n/\un—ulzdazzo,
Q Q
and so

/ IV (up — u)|* dz + n/ [y, — u|? do = —/ Vu-V(up, —u)de < ||Vul 2]V (u, —u)]| 2.
¢ ¢ ? (4.6)
By (4.6), we have that ||V (u, —u)|lr2 < ||Vullz2 and |Jup — ul| < n~Y|Vul|f2. Thus u,
converges to u weakly in H&(Q) and, by the first equality in , the convergence is also
strong in H'(R?). As a consequence u, converges pointwise to u outside a set of zero
capacity (see [26, Proposition 3.3.33]) and so we have u € H ({wgq > 0}).
We now prove that Q; = {wq > 0} up to a set of zero capacity. Consider a ball B C €.
By the weak maximum principle, wp < wq and so

Oy C {wq > 0}.

In order to prove the other inclusion, we first note that since wq € H'(R%), then there is a
set N C R? of zero capacity such that for any zo € R?\ N there exists the limit

lim ———— wq dr =: wo(zo),
=0 | Br(%0)| JB, (z0)

and wq coincides with wq again up to a set of zero capacity (see [2I], Section 4.8]). By
Proposition wa = 0 on R?\ ©Q; which gives the other inclusion. O]

Theorem 4.8. Let kq,...,k, € N and suppose that f : RP — R satisfies the assumptions
(f1), (f2), and (f3). Then there exists a solution Q C R? of (I.§)). Moreover, we have
that

3A property P is said to hold quasi-everywhere if

cap({P is false}) =0
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(i) every solution of (1.8)) is a solution of (3.2);
(ii) every solution of (3.2)) is equivalent to a solution of (L.8]).

Proof. Let € be a solution of (3.2]) and let Q2 be as in Propositiorl Let U € R? be an
open set with perimeter P(U) = 1. Using the inclusion H}(U) € HE(U), the optimality of
Q2 and Proposition [£.7, we have that for any k € N,

Me(U) > Me(U) > M) = Me(1), (4.7)

i.e. O is a solution of (|1.8]), which proves the existence part and claim (i7). Suppose now
that U is an optimal set for (1.8). Then all the equalities in (4.7)) must be equalities and
so, we have claim (7). O

5 Regularity of the free boundary

In this section we study the regularity of the reduced boundary 92 of any solution 2 of
(1.8). The goal is to show that solutions of (1.8]) are quasi-minimizers for the perimeter
and then to apply some classical regularity results. In order to prove the quasi-minimality

P(Q,B,) < P(,B,)+Cr?, ¥V QAQ C B,(z),

of the optimal set 2, we first note that, thanks to Propositions[4.6/and [£.7] wq is continuous.
Moreover since §) is a perimeter supersolution we can show that dist(x, €2¢) is super harmonic
in € in the viscosity sense. Hence we can apply the maximum principle in order to prove
that wq is Lipschitz. An estimate on the perimeter of the variations of an energy subsolution
will finally give the desired quasi-minimality property of €2. The following lemma is classical
and so, we only give a reference for the proof.

Lemma 5.1. Let u € HY(B,) be such that —Au = f € L°°(B,.) in a weak sense in the ball
B,.. Then we have
2d
IVull (B, ) < Call fllLe(s,) + THUHLOO(BT)' (5.1)
Proof. See [22). O

Proposition 5.2. Let Q C R be a perimeter supersolution. Then wq : R4 — R is Hélder
continuous and

we(z) —wa(y)| < Cle —yl°, (5.2)
where 3 is the constant from Proposition [4.6]

Proof. Thanks to Proposition , up to a set of capacity zero, we can assume that
), is open and that wgq is the classical solution, with Dirichlet boundary conditions, of
—Awq = 1in Q. Consider two distinct points x,y € R?. In case both z and y belong to
Qf, the estimate is trivial. Let us assume that z € Q7 and let xg € 91 be such that

|z — xo| = dist(z, 024).

We distinguish two cases:
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e Suppose that y € R? is such that
2|z — y| > dist(x, 0Q).
Hence z,y € Byj,_y|(70) and by Proposition we have that
wo(z) < Clr —yl® and wq(y) < Clz —yl°.

Thus we obtain
lwo(z) — wa(y)| < 2CJx —y|”. (5.3)

e Assume that y € R? is such that
2|z — y| < dist(x, 0Q).
Applying Lemma to wq in Byist(z,00,)(T) C 1 we obtain

Callwll Lo (Byeyw 00, (=)

. -1
Blyist(z,00,)/2(%)) < dist(z, 091) < Cydist(x, 08) , (5.4)

IVwall Lo

which, since § < 1, together with our assumption and the mean value formula implies

wa(z) — wa(y)| < Cadist(z, 80)" |z —y| < |o —y|°.

O

In the following Lemma we show that a perimeter supersolution has positive mean
curvature in the viscosity sense. This is done showing that the function d(z, Q2¢) is super
harmonic in Q in the viscosity sense (see [I7] for a nice account of theory of viscosity
solutions). In case 0f2 is smooth this easily implies that the mean curvature of 02, computed
with respect to the interior normal, is positive (see for instance [22, Section 14.6]). A similar
observation already appeared in [18], in the study of the regularity of minimal surfaces, and
in [27, 32], in the study of free boundary type problems.

We say that ¢ touches dq from below at z if

do(wo) — p(x0) = HI%H {do — ¢}

Lemma 5.3. Let Q C R? be a perimeter supersolution. Consider the function do(x) =
d(xz,Q°). Then for each ¢ € CX(R2), touching dg from below at xg € §2, we have Ap(xg) <
0.

Proof. Suppose, by contradiction, that there are point o € Q and a function ¢ € C°(Q)
touching dg from below at xg for which Agp(zg) > 0. Up to a vertical translation, we can
assume that ¢(zg) = do(xg) > 0. Furthermore, by considering a a regularized version of
the function $(z) = (¢(z) — |z — x0|4)+, we can also suppose that ¢(x) < dq(z), for every
x € Q different from xy.

Let yo € 02 be such that do(xg) = |70 — yo|, then

o — Yo

VSD(:L‘O) = ‘xo — y0| .

(5.5)

In order to prove this last equality, we first notice that, since ¢ is smooth, the inequality
p(x) — (o) < da(x) — da(zo) < |z — zol, (5.6)
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gives |Vo(zo)| < 1. Moreover, defining z; := txg + (1 — t)yo, we have

do(z¢) = |zt — yo| = tda(zo),

hence

< 1im 92(@) —da(zo) _ 0,
t—

To—Y _ lim <P(~”Ct) — (o) ] ’ ‘
Tt — Xo

‘xo —yo‘ t—1 \xt —.7}0’

which, together with (5.6]), proves (5.5)).

Let us now set h := ¢(x9) = do(xg) and choose a system of coordinates such that
2o = 0 and the unit vector eg is parallel to xg — yg. Since g—;’; # 0, by the Implicit Function
Theorem, there is a (d — 1)-dimensional ball B¢~! ¢ R? and a function ¢ € C*°(B%4~1) such
that {¢ = h} is the graph of ¢ over B! i.e.

—V(xo) -

{o=n}n (B x (=11)) = {aa = 6(a1, . za 1)} (5.7)
Since dq > ¢ with equality only at o = 0, we have
[p>h}C{dg=h} and  {p=h}n{dg=h}= {0}, (5.8)
which implies that 0 is a (strict) local minimum of the function

(T1,. . Tg_1) = 22+ -+ a2 + (¢ — D)2

Hence %(0) = 9 _(0) = 0. On the other hand, since

" T Bwa
(T, s xg_1,0(x1,...,24-1)) =0,
we get, denoting with the subscripts the partial derivatives,
©j + ¢jpa =0,

©jj +20jpja+ bjjpa + diuaa = 0,

for each j =1,...,d—1, and thus we obtain ¢;;(0) 4+ ¢;;(0)¢q(0) = 0. By the contradiction
assumption

d i1 -1
0< > 955(0) = ©aa(0) = 0a(0) Y 6;5(0) < —a(0) > ¢;;(0),
j=1 J=1 J=1

where the last inequality is due to

o de(tea) + da(—tea) — 2da(0) <0.
—0 12

. plteq) + p(—teq) — 2¢(0
SDdd(O) :%g% ( ) (t2 d) ( )

Since, by (5.5), we have ¢4(0) = 1, we deduce that A¢(0) < 0.

Let ds : TT — R be the distance to the surface S = {z4 = ¢(x1,...,24-1)}. ie.
dg(z) = d(z,S), where T is a tubular neighbourhood of S and Tt = {zg > ¢}. Then
dg € C®(TTUS),

<l
t

ods s

Oxg 8:1:3
Arguing as above, we see that Adg(0) = —A¢(0) > 0 and so, Adg > 0, in a neighbourhood
of 0in TTUS.

0)=1  and (0) = 0.
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Sc={p=h}—(h+eey 0 = {do =0}

Figure 1: Proof of Lemma [5.3} applying the Divergence Theorem to the grey region, we
obtain a contradiction to the minimality of Q if Ap > 0.

By (5.8)) we see that for r small enough, there is some € > 0 such that
{h<do<h+etn{p>h}CB,.

If we define the set
Qe =QU{p>h} — (h+eeq),

then Q. \ Q C B,(—(h + €)eq). Denoting with d. the distance from
Se={p="h} — (h+¢€)eq,

we see that Ad. > 0 in B,(—(h + €)eq), since de(z) = ds(xz + (h + €)eq). Hence, by the

Divergence Theorem, and recalling that on S., Vd. = —vq_, where vgq, is the exterior
normal to 2., we have
0< Ad, dx = — / Vd, - vg dHI — / dH!
Q\Q QN0 QeNAN. (5.9)

<HTH QN OQ) — HIH(Q N o),

contradicting the perimeter minimality of ) with respect to outer variations (see Figure
1). O

We are now in position to prove the Lipschitz continuity of wq using dg as a barrier
(see [22, Chapter 14] for similar proofs in the smooth case).

Proposition 5.4. Suppose that the open set Q C R? is a perimeter supersolution. Then
the energy function wq : R — R, defined as zero on QF, is Lipschitz continuous.

Proof. For sake of simplicity, we set w = wq and || - |lc = || - [[ o). Let ¢ > 2Hw\|<1>é2 and
consider the function
h(t) = ct — t2. (5.10)
We claim that -
w(z) < h(da(z)) Ve (5.11)
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Suppose this is not the case. Since both functions vanish on 0f2, there exists zg € ) such
that

h(da(zo)) — w(zo) = min {h(da) — w},

that is the function ¢ := h~!(w) touches dq from below. By our choice of ¢ the function
h is invertible on the range of w. Moreover, since wq(xg) > 0, the inverse function is also
smooth in a neighborhood of zy3. By Lemma [5.3

Ap(zg) < 0.
Hence, the chain rule and the definition of h, (5.10]), imply
Aw(wg) = A(h o @) (o) = h"(¢(20)) V(o) [* + h' (p(0)) Ap(xo) < —2[Vp(o)|* = 2,

where we have also taken into account that, since ¢ touches dg from below at xg, equation
5.5) implies the |Ve(zo)| = 1. Since —Aw = 1 the above equation cannot hold, hence

5.11)) holds true. Now equations (5.11)) and (5.10]), imply
w(z) < h(dg(z)) < cdg(x) Ve Q.

Arguing as in the proof of Proposition [5.2], we conclude that w is Lipschitz. O

In order to prove that any solution of is a quasi-minimizer of the perimeter we
need to use both the facts that it is a perimeter supersolution (see Lemma and energy
subsolution (see Proposition . In the next lemma, we will obtain some local information
on 0N} using an inner variation of 2. This lemma in combination with Lipschitz continuity
of  will give the regularity of the boundary of Q (see Theorem below). The argument
below is classical and similar results can be found in [2], [7] and [10].

Lemma 5.5. Let Q) C R? be an energy subsolution and let w = wq. Then for each
Br(20) C R? and each Q C Q such that Q\ Q C B,(xg), we have the following inequality:

1 / IVw|? dz + K(P(Q) — P(Q))
By (z0)

2
< / wdzr + Cq (7" + Hw“MBQT(ZO))) / wdH, (5.12)
By (zo) r OBr(x0)

Proof. Without loss of generality, we can suppose that o = 0. We will denote with B, the
ball of radius r centered in 0 and with A, the annulus Bs, \ B,.
Let 1) : A1 — R be the solution of the equation:

Ay =0 on Ay, ¥ =0on 0B, ¥ =1 on 0Bs.

We can also give the explicit form of ¢, but for our purposes, it is enough to know that ¢
is bounded and positive.
With ¢ : A1 — RT we denote the solution of the equation:

—A¢p=1on Ay, ¢ =0 on 0By, ¢ =0 on 0Bs.

For an arbitrary » > 0, a > 0 and k£ > 0, we have that the solution of the equation

—Av=1on A,, v=0on 0By, v = a on OBy, (5.13)
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is given by
v(z) = r2(x/r) + av(z/r), (5.14)
and its gradient by N
Vou(z) =rVeo(z/r) + ;Vzb(x/r). (5.15)

Consider the solution v of the equation with a = [[w||ge~(B,,). We work with the

perturbation w, = wlpg + w A vlp,,. Observe that, by the choice of o, w;, € HS(KNZ)
Moreover, a simple computation gives
|E(Q) — E(Q)| — 0 uniformly as r — 0.

Being €2 an energy subsolution, we get, for  small enough,

1 1 ~
/ Vw|2d:c—/w(x)dz—|—kP(Q) < / |Vwr|2dx—/wr(x)dx+kP(Q).
2 Ja Q 2 Jo Q

Since w, = 0 in B, and w, = w in (Bsy, )¢, we obtain with the same computations of Lemma

B.7

1/ Vwldz + k(P(Q) — P(@)) < 1/ |Vw,~|2—]Vw\2dx+/ (w —w,) dz
2 B'r 2 A'r B27‘

IN

—/ATVU'V((w—v)\/O)dar%—/Bzr(w—wr)dx

:/ wavd?—ld_l—/ ((w—v)\/O)dx—l—/ (w —w,) dz
oB, On A, Bay

:/ wavdﬂd_1+/ w dx
OB, 8” .

< (PV6lloo + SIVUlloe) | want ™+ [ wde,
r OB, -
(5.16)

where the last inequality is due to (5.15). Recalling that a = [|w| z~(p,,), We obtain
G12). 0

Theorem 5.6. Let Q C RY be a set of finite Lebesque measure and finite perimeter. If
s an energy subsolution and a perimeter supersolution, then € is a bounded open set and
its boundary is CY* for every o € (0,1) outside a closed set of dimension d — 8.

Proof. First notice that, by Lemma Q) is bounded. Moreover, since () is a perimeter
supersolution, we can apply Proposition |4.7| and Proposition [5.4, obtaining that €2 is an
open set and the energy function w := wq is Lipschitz.

We now divide the proof in two steps.

e Step 1. Let xg € 02 and let B, (z¢) be a ball of radius less than 1. By Lemma for
each Q C Q, such that QAQ C B,(x¢), equation (5.12)) implies

KP@ - P@) < [ win+Cy <+”“’”L°"<B<”) [ wan
B (o) r 9By (z0) (5.17)

< Cd(HwHLOO(Bw(zo))Td_l + ||w”%°°(327(a:0))7‘d_2))

where Cy is a dimensional constant. Now since w is Lipschitz and vanishes on 9€), we have
lw]| Lo By, (20)) < CT, hence equation (5.17)), implies

P(Q, B,(x0)) < P(Q, B.(x0)) + Cr, (5.18)
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where C depends on the dimension, the constant & on and the Lipschitz constant of
w (which, in turn, depends only on the data of the problem). Moreover, by the perimeter
subminimality, equation clearly holds true also for outer variations. Splitting every
variation in an outer and inner variations (see for instance [19, Proposition 1.2]), we obtain

P(Q,B,) < P(,B,) +Cr?, ¥V QAQ C B,(x).

Hence Q2 is a almost-minimizer for the perimeter in the sense of [35], B6] (see also [1]). From
this it follows that 9 is a C1'® manifold, outside a closed singular set ¥ of dimension
(d —8), for every a € (0,1/2).

e Step 2. We want to improve the exponent of Holder continuity of the normal of 9€ in the
regular (i.e. non-singular) points of the boundary. For this notice that, for every regular
point xg € 02, there exists a radius r such that 02 can be represented by the graph of a
C! function ¢ in B,.(z0), that is, up to a rotation of coordinates

QN Br(xo) ={zq > ¢(x1,...,x4-1)} N By(xo).

For every T € C}(B,(x0); R?) such that T - vg < 0 and t is sufficiently small, we consider

the local variation
Q= (Id+¢T)(Q) C Q.

By the energy subminimality we obtain
E(P(Q) — P(4)) < E(4) — E(Q). (5.19)

Since T is supported in B, and 9Q N B, is C', we can perform the same computations as
in [26, Chapter 5], to obtain that

2

E(Q) — E(Q) =t / Owal* . va dH! + o(2). (5.20)
oonB, | OV
Moreover, see for instance [30, Theorem 17.5],
P() =P(Q)+ t/ divooT dH* ' + o(t) (5.21)
oQNB,

where divgaT is the tangential divergence of T. Plugging (5.20)) and (5.21) in (5.19)), a
standard computation (see [30, Theorem 11.8]), gives (in the distributional sense)

2

v Vo < 1 'awg e
V1+|Ve? k| ov

where the last inequality is due to the Lipschitz continuity of wq. Moreover applying (|5.21])

to outer variations of € (i.e. to variations such that T"- v > 0) we get

I (O AN P
VI+IVeE) —

In conclusion ¢ is a C' function satisfying
\Y
o) er~,
V1+[Vo]?
and classical elliptic regularity gives ¢ € C12, for every a € (0,1). O
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Remark 5.7. In some particular cases the conclusion of the above Theorem can be strength-
ened. For instance, if one knows that, for a solution of , the kth eigenvalue is simple,
then one can write the Euler Lagrange equation for the minimum domain which reads, in
a neighbourhood of a regular point, as

2

)

Vo ‘ Owy,

AV4 —_— = |—

V1+|Ve|? ov

where wy, is the kth eigenfunction. In this case a standard bootstrap argument gives that
the regular part of 02 is an analytic manifold.

1+«

Q
IS)

Figure 2: The variation in the proof of Proposition [5.8

Proposition 5.8. Let f : RP — R be a function satisfying (f1), (f2) and (f3) and let
Q C R be a bounded open set, solution of (1.8)). Then Q is connected.

Proof. We first prove the result in dimension d < 7, in which case the singular set of the
boundary 0f) is empty. We first note that, since 2 is a solution of , it has a finite
number (at most max{ki,...,kp}) of connected components. Suppose, by contradiction,
that there are at least two connected components of {2. If we take one of them and translate
it until it touches one of the others, then we obtain a set €2 which is still a solution of .
Using the regularity of the contact point for the two connected components, it is easy to
construct an outer variation of € which decreases the perimeter (see Figure . In fact,
assuming that the contact point is the origin, up to a rotation of the coordinate axes, we
can find a small cylinder C, and two C1® functions g; and g such that

91(0) = 92(0) = [Vg1(0)] = [Vg2(0) = 0, (5.22)

and
QNG ={qi(z1,...,24-1) <xg < g2(21,...,wa—1) } N Ch.

Now, for ¢ < r, consider the set SNIQ = QU Co D Q. Tt is easy see that, thanks to ([5.22))
and the O regularity of g; and go,

P(Q,) — P() < oo — Cyo™! <0,

for p small enough, which contradicts the minimality of Q

4 Another way to conclude is to notice that for Q the origin is not a regular point, a contradiction with

Theorem @
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We now consider the case d > 8. In this case the singular set may be non-empty and
S0, in order to perform the operation described above, we need to be sure that the contact
point is not singular.

Suppose, by contradiction, that the optimal set €2 is disconnected, i.e. there exist two
non-empty open sets A, B C  such that AUB =Q and AN B = (. We have

0AUOB C 09 = 0MQ,

where the last inequality follows by classical density estimates. By Federer’s criterion [30]
Theorem 16.2], A and B have finite perimeter. Arguing as in [3, Theorem 2, Section 4], we
deduce that P(Q) = P(A) + P(B).

Since both A and B are bounded, there is some zg € RY such that dist(A, zo + B) > 0.
Then the set Q' = AU (zo + B) is also a solution of (1.§). Let z € JA and y € d(z¢ + B)
be such that |x — y| = dist(A,zp + B). Since the ball with center (x + y)/2 and radius
|z — y|/2 does not intersect ', we have that in both z and y, Q' satisfies the exterior ball
condition. Hence both = and y are regular pointsﬂ

Consider now the set Q" = (—x+ A)U(—y+xzo+ B). It is a solution of and has at
least two connected components, which meet in a point which is regular for both of them.
Reasoning as in the case d < 7, we obtain a contradiction. O

6 Appendix: Proof of Theorem (3.1

We apply the concentration compactness principle from [29] to the sequence of characteris-
tics functions 1q . First notice that, being all the sets of finite measure, the isoperimetric
inequality and the uniform bound on the perimeters ensure that

sup |Q,| < C.
neN
Let us assume that
lim sup |2, > 0. (6.1)

n—oo
In this case, up to subsequences, we can assume that

[:= lim |,

n—o0
exists and that [ € (0,+00). Thanks to this can rescale all our sets in such a way that
|€2,,| = 1 still maintaining a uniform bound on the perimeters.
As in [29] we have that, up to subsequences, the family of concentration functions
Q. : RT — R*, defined by
Qn(r) = sup |Br(z) N Qy|,
z€R4

is pointwise converging to some monotone increasing function Q : Rt — RT. We now
consider three different cases:

(i) lim, 00 Q(r) = 1. In this case, up to substitute Q, with Q,, +z,, for suitable z, € R?,
we have that for every € > 0 there is some R > 0 such that

sup |2, \ Bgr| <e.
neN

®We denote with 0™ the essential boundary of Q, i.e. the complement to the set of density 1 points of
Q and of Q°.

5This can be easily seen, since any tangent cone at these points is contained in an half-space and hence
it has to coincide with it, see [33] Theorem 36.5]
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Since the functions wq, are uniformly bounded in L>°(R?) we infer that for every
€ > 0 there is some R > 0 such that

sup/ wq,, dr < €.
neNJ B,

By the compact inclusion BV (RY) < Li (R?) and H'(R?) — L% (RY), we see that

(up to subsequences) there are a set Q C RY of unit measure such that 1o, — 1q in
LY(R?) and a function w € H*(R?) such that wq, — wq in L2(R%). Moreover, w > 0
on R? and {w > 0} C Q. By Proposition and the inequality Ry,~0y < Rq, we
conclude that the compactness (i) holds.

lim, 0 Q(r) = @ € (0,1). Let € > 0, then there exits 7. > 1/e such that for every
R > r. we have a — e < Q(R) < a. By the monotonicity of @, (r) and the pointwise
convergence to Q(r) we can find R, > r. + 1/e and N, such that

a—2<QnR)<a+e, foreveryn> N, andeveryr. <R < R..

By the definition of Q,, the above inequality implies that there is a sequence z, € R¢
such that

a—3e < |Q,NBgr(zy)| <a+e for every n > N, and every r. < R < R..

Defining
AS =Q,N B, (z,) and B =Q,\ Bg.(z,),

we see that, thanks to the choice of R,

d(AS,BS) > R. —r. > 1/,
(6.2)
[[An] — o + ||Bn| — (1 —a)| <8¢ and [Qy\ (45 U Bj)| < 4e.

Up to substitute r. and R. with some 7 € (r.,re + 1/¢) and R. € (Re — /e, Re), we
may suppose that

HITH OB, (zn) N Q) + HITHOBR, (zn) N Q) < 2V,

and, as a consequence,
P(A5, U By) < P(Qy) + 2v/e. (6.3)

It remains to estimate the difference wq, —wy, , where U,, 1= A5 UBS. Let ¢ € C°(RY)
be positive with support in By and equal to 1 on By. For r > 0, consider the function

¢r(z) = ¢(x/r). Defining
Uy = by o — wa)we, € H(47), = (1= ¢n.(- — za)) wa, € HY(BY),

we have that
lwa, —u, — up |2 < 4e|wa, [loo, (6.4)

where we noticed that we may choose r. and R, still satisfying all the previous as-
sumptions and such that

(% N Bar, (2)) \ By, jolan)] < 4e.

Moreover, there is some universal constant C' > 0 such that

C
/ V! | dx +/ (V2 |? dx / |Vwg, |? dz < — < Ce. (6.5)
Rd Rd Rd T

£
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where the last inequality follows by the choice of r. we made at the beginning of the
proof.

Since U, C (2, we have that wy, is the orthogonal projection of wgq, on the space
H}(U,,) with respect to the H{ scalar product [’} Hence

[ 1V, —wu)Pde < [ Vi, - uf - k)P do
:/|ngn|2 dm—?/(u}@—i—ui)dm—i—/|Vu,11|2d:c+/|Vu?L|2dx (6.6)
= 2/ (wa, — up —ul) dx + / ([Vup|? + |[VuZ|? = |Vwg, |?) dz < Ce.

where in the first and second equality we have taken into account the equation satisfied
by wgq, while in the last inequality we have used and . Sending ¢ — 0 we
see that gives points (b) and (c) of the dichotomy case statement, (6.3)) gives
point (d), and together with Proposition [2.5] gives (e). Since (a) is trivially true
we obtain that in this case the dichotomy (ii) holds.

(iii) limy 00 @(r) = 0. In this case the first part of the statement of the vanishing case is
clear, while for the second one we need some further considerations, similar to those
in [0, Proposition 3.5], based on the Lieb’s Lemma (see [28]). First notice that by a
truncation argument, it is enough to prove the statement in the case when all €2, are
bounded sets. Since ||Rq, || £(12®e)) = A1(£2,)71 a it is enough to prove that

lim Ay (Qn) = +00. (6.7)

n—oo

Let € > 0 be fixed, R > 0 be large enough and N € N be such that for all n > N and
all z € R, we have |Q, N Br(z)| < e. By the Lieb’s Lemma, we have that there is
some z € R? such that

)\1(Qn N BR(I‘)) <M\ (Qn) + Al(BR(I))

Using that A\;(B,) = 772\ (By), for any r > 0, and that the ball minimizes A; among
all sets of given measure, we have

A (B1)e 94— R72X1(B1) < Ai(,). (6.8)
Since the left-hand side of goes to infinity as e — 0, we obtain (6.7]).

Let us assume now that (6.1) does not hold. In this case, clearly 1o, — 0 in L'(R%),
hence the same arguments of case (iii) imply that we are in the vanishing case.
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