REGULARITY RESULTS FOR SUB-RIEMANNIAN GEODESICS
ROBERTO MONTI

ABSTRACT. We study length minimality of abnormal curves in rank 2 sub-Rieman-
nian manifolds of polynomial type. As a corollary, we prove a C'% regularity result
for Carnot-Carathéodory geodesics in a class of rank 2 Carnot groups.

1. INTRODUCTION

Let M be a connected n-dimensional manifold and let D be a bracket generating
distribution on M. Any fixed quadratic form on D induces a distance on M, known
as sub-Riemannian or Carnot-Carathéodory distance. If the resulting metric space is
proper, length minimizing curves between any given pair of points do exist. We call
these curves “geodesics”.

The a priori regularity of geodesics is the Lipschitz regularity. A natural question is
whether they have more regularity (see [M2], Chapter 10, Problem 10.1). In fact, there
have been several attempts to prove the C'*-regularity of sub-Riemannian geodesics.
A first wrong proof of this claim was based on an incorrect use of Pontryagin Maximum
Principle, [S]. This principle provides necessary conditions for solutions of optimal
control problems. According to the principle, a sub-Riemannian geodesic is either
the projection of a “normal extremal” or the projection of an “abnormal (singular)
extremal” (or both). Normal extremals are in fact C'™ curves solving a system of
Hamilton equations. Abnormal extremals, however, satisfy weaker conditions, that
in general provide no further regularity beyond the Lipschitz regularity.

The question whether abnormal extremals can be length minimizing was answered
in the affirmative by Montgomery [MI]. His example is a C'*° curve in a three di-
mensional manifold with bracket generating distribution of rank 2. No example of
nonsmooth length minimizing curve is known. In the case of rank 2 distributions,
Sussmann and Liu [LS] discovered later a class of abnormal extremals, called “reg-
ular abnormal extremals”, that are always locally length minimizing. On the other
hand, Chitour, Jean, and Trélat recently showed that generically there is no length
minimizing singular curve associated to distributions of rank larger or equal to 3 (see
Theorem 2.8 in [CJT]).

In [LM], Leonardi and the author proved, in a class of sub-Riemannian manifolds,
that curves with corners cannot be length minimizing. So far, this is the unique
regularity result covering abnormal geodesics. In this paper, we pursue further the
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question of regularity. We restrict the study to the case of rank 2 distributions that
are analytic, and in fact polynomial. In a preliminary step, we classify the structure
of the singularities of abnormal extremals. This is relatively easy, in analytic, rank
two distributions that satisfy Assumption below. In a second step, we study
an abnormal curve near a singular point. Our working hypothesis is that length
minimality for an abnormal curve gets lost when approaching its singularity locus.
Roughly speaking, we can prove that this is actually the case when the singularity
at some point is of the type C%*, with a > 0 small enough. This is the difficult part
of the program. One example of such results is Theorem that treats the case of
Carnot groups. This theorem is a corollary of the construction of Sections [4Hg|

The family of admissible (or horizontal) trajectories joining two given points is
a manifold that may have points of nondifferentiability. Abnormal extremals are
precisely the singular points of this manifold. Correspondingly, the differential of the
end-point map is singular at abnormal extremals. In a deep paper [AS], Agrachev
and Sarychev developed a second order analysis of the end-point map at abnormal
curves. However, a second order analysis may not suffice to capture the behavior
of the map in connection with length minimality. Roughly speaking, the singularity
may indeed be of “higher order”. Objective of this paper is to reduce the analysis
of the end-point map to an algebraic problem. We do this through a cut-and-adjust
technique that is a nontrivial generalization of the ideas introduced in [LM].

We take an abnormal extremal and we cut it near a singularity. In fact, we cut the
horizontal projection of the curve. This produces a gain of length. The new curve
is lifted to a horizontal curve. The end-point of the new lifted curve has changed.
We perturb the projection using devices depending on various parameters and then
we lift again. The goal is to restore the end-point adding a length not exceeding the
gained one. If we succeed, we will prove that the abnormal extremal is not length
minimizing near the singularity.

From a technical point of view, we have to solve a system of end-point equations
with estimates on the solutions. The system can by split into subsystems by means of
an equivalence relation of arithmetic type. Each subsystem is singular, meaning that
its linearization in the relevant unknowns is singular. This singularity reflects in a
precise and effective way the singularity of the end-point map at abnormal extremals.
To solve each subsystem, we exploit some algebraic cancellations that are hidden
inside the formulas providing the effect of devices on nonhorizontal coordinates. In
the end, we have to solve a nonlinear system of equations of Vandermonde type. This
is part of an inductive correction that decreases the errors related to all subsystems.

Finally, an iterative procedure sets to zero all the errors. Keeping track of the
length employed for the correction provides the threshold of singularity that we can
cut with a gain of length after the adjustment. The correction argument begins in
Section |4| and finishes in Section In Section [9, we collect the results proved in
the previous sections and we comment on the various restrictions that are introduced
along the way. In Section (L0} we study the case of Carnot groups.
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2. PRELIMINARY ANALYSIS OF THE STRUCTURE OF ABNORMAL CURVES

Let M be an n-dimensional analytic manifold and let D be an analytic, 2-dimension-
al distribution on M that is bracket generating. The distribution D is called horizontal
bundle. Let X1, ... X, be an analytic frame of vector fields in M. Such a frame always
exists locally. The vector fileds X3, X are such that D(z) = span{X;(z), Xz(x)} for
all z € M. The vector fields X3,...,X, are commutators of X, X5. Since our
analysis is of a local nature, we may identify M with R™. Let us assume that we have
exponential coordinates of the second type:

r=(21,...,2,) =exp(x; X7)...exp(z, X,)(0), =z €R"

Then we may identify X, ..., X, with vector fields in R" such that for all x € R we
have

Xi(z) =0, and X;(z)= Zaij(x)ﬁj 1 =2,...,n,

=1

where a;; are analytic functions on R"™ such that a;;(0) = §;;. Through elementary
algebraic operations on the horizontal frame, we may always assume that as; = 0 and
as = 1 in R". Eventually, we have D = span{X;, X,} with

Xi=0, and Xo=0+» fi(2)0;, z€R", (2.1)
j=3
where fs3,..., f, are analytic functions. To compute in an effective way the formulas

of Section |3 for the horizontal lift of plane curves, we need the following nontrivial
structural hypothesis.

Assumption 2.1. There exists a system of coordinates such that the horizontal
bundle D is spanned by vector fields X, X, as in (2.1)) such that f;(z) = f;(x1,22)
forall j =3,...,n.

Then the functions f; also satisfy f;(0,z2) = 0, as soon as we are in exponential
coordinates of the second type. We may also assume that fs, ..., f, are linearly inde-
pendent. The linear dependence of f3, ..., f, would contradict the bracket generating
assumption of D.

A Lipschitz curve 7 : [0,1] — M is D-horizontal if 4(t) € D(v(t)) for a.e. t € [0, 1].
When D is spanned point wise by the frame X5, X5 as in , ~ is horizontal if and
only if we have

2

§(t) =D AB)Xi(y(1),  for ae. t €[0,1].

i=1

We call the plane curve « : [0,1] — R? k = (y1,72), the horizontal projection of ~
and we let kK = Proj(vy). The curve 7 is determined by its horizontal projection . In
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fact, we have for any ¢ = 3,...,n and for all ¢ € [0, 1]

() = 7 (0) + / e,
"o (2.2)

=%(0) + /0 Ro(s) fi(k(s)) ds.

Here and hereafter, we are using Assumption 2.1} Given a Lipschitz curve  in the
plane, a horizontal curve v defined by (y1,72) = k and by is said to be a lift of
k. If the starting point v(0) is fixed, we call v the lift of x and we let v = Lift(k).

Let us fix on D a quadratic form g. As the choice of g is not relevant for our
argument, we can assume that g is the quadratic form that makes X5, X5 orthonormal.
Then the length of v in (M, D, g) is

Liy) = / (0)] dt, (2.3)

where || is the standard length of k. We are interested in length-minimizing curves.
A D-horizontal curve v is length minimizing if L(y) < L(7) for any other D-horizontal
curve 7 : [0, 1] — M such that 7(0) = ~(0) and (1) = v(1). According to Pontryagin
Maximum Principle, length minimizing curves may be either abnormal (singular) or
normal (or both). When the frame X, X satisfies (2.1]), these facts can be summa-
rized as follows. We need the function K : R""? x R? — R defined as

n—2
K(u,x) = Z 11:01 fiya (),
i=1

where 1 = (p1,.. ., ftn_2) € R"? and x € R?. Notice that the function x — K(u, )
does not vanish identically, if u # 0. If we had K(u,z) = 0 for all z € R? and for
some j # 0, then there would hold

n—2

Z i firo(21, x2) = P (22)

for some function v. From the property fi12(0,25) = 0 it would follow that ¢» = 0
and the functions f3, ..., f,, would be linearly dependent.

Proposition 2.2. Let v : [0,1] — M be a D-horizontal curve that is length mini-
mizing in (M, D, g). Let k = Proj(vy) be the horizontal projection of v and assume
that || = 1 almost everywhere. Then one of (or both) the following two statements
holds:

1) There exists u € R"2, u # 0, such that
K(u, k(t)) =0, for all ¢ € [0, 1]. (2.4)

2) The curve v is smooth (analytic) and there exists u € R"~2 such that s solves
the the system of equations

k= K(u, k)i, (2.5)
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where kK = (—kq, K1).
A proof of Proposition [2.2] can be found in [LM]|, Propositions 4.2 and 4.3.

The interesting and difficult case is 1): the curve « is in the zero set of an analytic
function that does not vanish identically. Fix u € R"~2 and let

flz) = Zﬂia1fi+2(33) # 0,

with z = (21,22) € R% Let the support of xk be contained in the zero set of f.
Without loss of generality, we can assume that x(0) = 0, i.e., we can assume that
f(0) = 0. If 0 is a regular point of f, i.e., Vf(0) # 0, then  is an analytic curve
passing through 0. The zero set of f, however, may have a singularity at 0 and the
curve Kk may “switch” from one piece of analytic curve in the zero set to another piece
of analytic curve in the zero set. When the two pieces form a corner, the curve k
passing through the corner can not be the horizontal projection of a length minimizing
curve. The singularity destroys length minimality. This is proved in [LM].

Here, we study the general question whether v looses length minimality when we
approach along k the singular part of the zero set of the analytic function f. We
need a precise description of the behavior of x near the singular set. By the Puiseux
expansion theorem (see the more general uniformization theorem for real analytic sets,
Theorem 5.1 in [BM]), there exists an analytic mapping ® = (¢, ¢9) : [0,1] — R?
such that ®(0) = 0 and x([0,1]) = ®([0,1]). For some integers o, 5 € N, o, f > 1, we
have the convergent power series in ¢t € [0, €], for some ¢ > 0 say € = 1,

= =0

with real coefficients ¢;,d; € R such that ¢, # 0 and dg # 0. In the case ¢; = 0 or
o = 0 we have lines. We are ignoring this case.

By an elementary blow-up argument it can be proved that the derivative £(0)
does exist. After a rotation of the coordinates in the plane, we may assume that
£(0) = (1,0). As the curve t — ®(t), t > 0, is a re-parameterization of x near 0, we
deduce that in (2.6 we have a@ < 3. Throughout the paper, we denote by

TZEEQ, r>1, (2.7)
a
the exponent describing the behavior of the curve near 0.

After a new re-parameterization, we may assume that « : [0, 1] — R? is the curve

k(t) = (t,¢(t)) where the function ¢ : [0, 1] — R is given by the Puiseux’ series

[e.9]

p(t) =Y et telo,1]. (2.8)

i=p
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The numbers ¢; € R are the coefficients of the series. We assume without loss of
generality that cs = 1. Then we have ¢(t) ="+ o(t") and ¢'(t) = rt" ' + o(t" ') as
t — 0T, Tt is easy to check that ¢ is of class C'"71([0,1]), when 1 < r < 2.

According to whether all coefficients ¢; with ¢ >  vanish or not, we distinguish
two cases:

1) Homogeneous case: ¢; = 0 for all ¢ > . In this case we have ¢(t) = t". The
systems of algebraic equations studied in Sections [f] and [6] are singular in a
precise sense that will be clear later.

2) Nonhomogeneous case: there exists i > [ such that ¢; # 0. In this case,
we obtain better estimates on the length. In a certain sense, the algebraic
systems that we solve are “less singular”. This will be clear in Section [§]

We feel that the nonhomogeneous case can be reduced to the homogeneous case.
We tried to do this by a blow-up argument tailored to the curve t — (t,t"), i.e.,
using dilatations in the plane of the form (zq,x2) — (Az1, A\"z3), A > 0, suitably
extended to R™. This would also have the advantage of reducing the case of analytic
distributions to the case of polynomial distributions. The metric g, however, does
not pass correctly to the limit. Thus we have been forced to study both cases, the
homogeneous one and the nonhomogeneous one.

In the next section, we introduce the tools used in the proofs and we set up the
algebraic framework of the correction argument.

3. EQUIVALENCE CLASSES AND CORRECTION DEVICES

We are interested in the length minimality near ¢ = 0 of the horizontal curve
v = Lift(r) with  : [0,1] = R? k(t) = (t,(t)) and ¢ as in (2.8). We cut the curve
r through a segment near ¢t = 0. For any 0 <7 < 1, let 7,, C R? be the set

¢(n)

Tn:{(xl,x2)€R2:¢(x1)<x2< x1,0<x1<n}.

The boundary 97, is oriented counterclockwise. Let x” : [0,1] — R? be the curve
k'(t) = (t,p(n)t/n) for 0 < t < n and &"(t) = (t,p(t)) for n < t < 1, and let
~" = Lift(s") be the horizontal lift of 7. This lift can be computed using the
formulas ([2.2]). The length L(~") of the curve 4" is shorter than the length of v. By
formula ([2.3]), we can compute the gain of length AL(n):

(r=17% 5,

)77 +o(n ). (3.1)

AL(n) = L(v) — L(Y") = 22— 1)

The end point (1) is modified, i.e., (1) # (1). In the next sections, we develop
a technique to restore the end-point on modifying x”7 away from the cut. Formula
gives us the total amount of length that we can use for this adjustment.

To compute the error produced by the cut 7; on each coordinate h = 3,...,n,
we compute the error of the cut on each monomial of the Taylor expansion of each
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analytic function f5, h = 3,...,n. Assume that we have

o
— i+1 2
x) = E binri ol € R?

i,j=0
for suitable coefficients b;;;, € R. Formula (2.2)) for the lift provides the effect of the
cut T}, on the hth-coordinate

dl’g Zb”h/ .Tll—H ]dxg

an7 =0 or,

This leads us to define the error T” produced by the cut 7, on each monomial x“’lxé,
equivalently on the pair (1, 5), for i,j € N:

Téj = / it jdl’g (3.2)
oT,
By Stokes’ theorem, after some computations we find the following expression
1+ 1 1 1

ij _ .
Toog4+lli+i+2 i+ G+ )r+1
— Cz’jﬁHr(jJrl)H _'_0(77i+7"(j+1)+1>7

} UL | (iDL
(3.3)

where the constants c;; are defined through the last equality. Notice that the exponent
i+7(j+ 1)+ 1 may attain the same value for different pairs of integers (7, 5). This
fact reflects the singularity of the end-point map at abnormal curves.

We introduce the correction devices that will be used to correct the end-point. For
fixed parameters b > 0, A > 0 and € > 0, let us define the curvilinear rectangles

Rya(e) = {(z1,22) ER*: b < a1 < b+ e, p(z1) < 22 < p(a1) + €} (3.4)
When ¢ < 0 we let
Rya(e) = {(z1,22) ER*: b < a1 < b+ e, p(z1) + £ < 22 < (1)} (3.5)

The boundary 0R, () is oriented counterclockwise if ¢ > 0, while it is oriented
clockwise when ¢ < 0. The cost of length of the device Ry »(¢) is

A(Ban(e)) = 2l (36)
We denote by Ré{/\(&?) the effect of the device Ry () on the pair (i,j). Namely, we

let
sz/\(e):/ o) day.
' ORY, (2)

We disaggregate this effect into a sum of effects highlighting the leading term, the
second leading term and so on. To this aim, notice that for any integer h € N there
are constants ¢,y € R, £ € N, such that the h-power of ¢ has the expansion

o0 . 7
"= et te0,1]. (3.7)
=0
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By Stokes’ theorem and formula (3.7]), we find after some computations the explicit
formula

oo J
R () =) cimR(e), (3.8)
/=0 h=0

where we let

(4 4+ 1)che <j+1>
j+DGE+rh+L4+1)\ A )]

sz/}\m(g) _ i+l=h [(b 1 ‘€|A)i+rh+§+1 _ bi+rh+§+1:|.

Cijht =
(

(3.9)

Formula (3.8)) with (3.9) holds for any positive or negative €. Notice that when j+1—h
is even, we do not have control on the sign of szf\bg.
Next, let us introduce square-devices. Let 0 < b < 1 be a position parameter. For

any € € (—1,1) let
Qule) = {(z1,22) ER* 1 b < my < b+ e], p(a1) < 22 < (1) + ||} (3.10)

When ¢ > 0, the boundary 0Q,(¢) of the square is oriented clockwise. When ¢ < 0
the boundary is oriented counterclockwise. We talk of “squares” because the sides of
Qp(e) are of the same size. Applying the device Qp(¢) to the curve k" means that at
the point (b, ¢(b)) the curve k" is deviated along the boundary of @Qp(¢) in the sense
determined by the sign of € and, after one loop, we follow again the curve x". The
cost of length A(Qp(¢)) of the square is the sum of the length of the four sides. For
some constant C' > 0 independent of b and £ we have

A(@s(e)) < Clel. (3.11)

We denote by sz(e) the effect of the device Qy(€) on the pair (i,j). Namely, we
let

() = / il da,,
OQp(e)

where the boundary is oriented according to the sign of . By Stokes’ theorem, we
find the formula

Q€)= Z Z cijne@Qy ™ (), (3.12)

{=0 h=0

where the constants c;;n, are the same as in (3.9) and
Zjh€(€> _ Sgn<€>|€|j+1—h [(b I |6Di+rh+§+1 _ bi+rh+é+1].

Here, we control the sign.
The numbers RZ{Qe(g) and Q" () satisfy the following identities. Recall that the
devices are defined starting from the function ¢ with its parameters o and f.
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Proposition 3.1. For all integers ¢, j, h,p,¢ € N such that h < j and pf < ¢ there
holds:

R (&) = R )

0) = Qe ),

(3.13)

The proof is elementary. These identities play a central role in the quantitative

solution of a nonlinear system of equations in Sections and Section [8
i+1
1

Before proceeding, we need to group the monomials 2" 23 into equivalence classes
that correspond to proportional effect of cut and devices. Recall that r € Q, r > 1,
is the rational number r = /a, where o, 5 € N with 1 < a < ( are the integers
appearing in . From now on, the integers a and [ are fixed.

Let ~ be the equivalence relation on N x N:
(i,5) ~ (i',5") if and only if ia+ jB =i'a+ j'p.
For any k € N we have the equivalence class
Lk:{(i,j)ENxN:z’aJer:k}.

It may be L, = () for a finite set of integers k. For any k € N such that L; # 0, we
call the representative (i,j) € Ly such that j =0,1,...,« — 1 the first representative
of the class. For k € N, let (4, 7) be the first representative of L. We let

k= 1[i/B], (3.14)
where [-] stands for the integer part. Then, L; has exactly k+1 elements, and namely:
Ly={(i—pB,j+pa) eNxN:p=0,1,....k}. (3.15)

In the sequel, it will be useful to have a short notation for the following number
depending on k£ € N:

k
Uo=i+jr+1=—+1, (3.16)
0%

where (7,j) is any pair such that (i,5) € Lg. This number appears, e.g., in the
exponent of 7 in (3.3]).

The remaining part of the paper is organized as follows:

1) In a first step, we correct all the first representatives. This is done in Section
. Here, we use only rectangles and not squares. The identities are not
needed. This section is relevant for the analysis of the curve x both in the
homogeneous case and in the nonhomogeneous case.

2) In a second step, we study the homogeneous case. In particular, we correct
the error of all equivalence classes. We have to solve a singular system of
algebraic equations and now we need squares. This is done in Section |5 when
the system is two dimensional and in Section [6] for the general case. The

identities (3.13]) are central.
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3) Then we analyze the nonhomogeneous case. For the sake of simplicity, we
confine ourselves to equivalence classes with at most two elements. This is
done in Section [§ that continues, also in the notation, Section [}

4) In Section |§|, we briefly estimate the cost of length of the various procedures
and we collect the results of the previous sections.

5) Finally, in Section we discuss the case of Carnot groups. In particular,
in Theorem we prove a C'9 regularity result for Carnot-Carathéodory
geodesics.

Notation. If A and B are real functions depending on 7, the notation A < B
means that there is a constant C' > 0 independent of 7 such that |A| < C|B|. The
notation A ~ B means that there is a constant C' > 0 independent of n such that
C™'|B| < |A| < C|B|. The notations A < B and A ~ B for vector valued functions
have the same meaning, but component wise.

If A= A(\u) and B = B(A, i) are functions depending on a finite set of real
parameters A = (Ag, A1, ...) and g = (uo, pi1,-..), by A ~ B we mean A(0) = B(0).

4. CORRECTION OF FIRST REPRESENTATIVES

There is a bijection between the pairs (i, 7) € N x N such that 7 < o — 1 and the
integer k € N such that ia + j8 = k. The pair (4, j) is the first representative of the
equivalence class L.

We strengthen Assumption requiring the functions f3, ..., f, to be polynomials.

Assumption 4.1. There exists a system of coordinates such that the horizontal
bundle D is spanned by vector fields X7, X5 as in (2.1]) such that the functions f;(x) =
fi(x1,22), j =3,...,n, are polynomials.

Under assumption (4.1) we have the bound k£ < K for some fixed K € N. This
assumption is needed to bound with a finite multiplicative constant the cost of length.
See Remark [£.3] below.

We call error or effect on k the error or effect on the pair (7, j) corresponding to
k. The error T,f produced by the cut 7, on k is given by formula (3.3). Namely, we
have

T} = ™ + o(n™**7), (4.1)
where ¢ are constants depending on (7, j) € Ly such that j =0,1,...,a—1. We also
define the initial error produced by the cut T, as the vector:

E(U) _ (Conéo+r + O(nﬁo—i—r)’ o ,CKUKK—H, + 0(n£K+7"))' (42)

In general, the space of errors is indicated by £ = RE+1,

A correction of an error E € £ is an at most countable union R of devices R}, as in
f, h € N, that sets to zero the vector E. The cost of length of the correction
R is the sum of the cost of length of the devices

A(R) = A(Ry).

heN
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Theorem 4.2. Let € > 0. There are numbers C > 0 and 0 < § < 1 such that for any
0 < n < ¢ there is a correction R of the initial error E(n) in (4.2) with cost of length
satisfying

A(R) < Cpttre, (4.3)

Proof. We divide the proof into several steps.

Step 1: Correction of k = 0. Let us fix parameters 79 = n < 6 and A\g > 0. The
precise choice of § > 0 and \g will be done at the end of our construction.
We correct k = 0 with the device R, »,(€), for some € € R. From the formula (3.8]),
we obtain the effect R) , (¢) produced by Ry, () on k =0 (i.e., with i = j = 0):
R\ (&) = ele|. (4.4)

10,0

The effect does not depend on 7g. By (4.1) with £ = 0 (and thus ¢, = 1), the equation

R) () +TF =0 is then ele|* 4 con'*" = 0 and its solution & = & is

1
[ES v

g0 =—¢p 'nlo. (4.5)

Here, ¢; is the constant appearing in (4.2). The cost of length of R, ,(¢) is

1

ARy ro(0)) = 2le0] = 2¢57 T3 (4.6)

The device Ry, x,(g0) produces an additional error Ry, (g9) on k # 0. This error
can be obtained starting from formula (3.8]):
K _ it P ¢
Ry 5 (€0) = mgo [(770 + leo] )™ — Uok}ﬂL

. j—1 . it1—h
i+ 1% J+1 56+ [ Xo\i+rh+1 i+rh+1]
s () e llow ooy ]

(4.7)

We highlighted the jth summand. In order to determine the leading term, we compare
no = n and |go|*. We have 1y < 1|eo|* as soon as 7 is small enough and

)\0(1 +’I“)

1>
14+ Ao

1
, thatis Mg < —.
T

The condition Ay < 1/7 is our first condition on A\g. Then for any fixed h = 0,1, ..., 7,
we have

Jj+1-h Ao \i4rh+1 i+rh+1 J+1—h+Xo(i+rh+1)
€ (1m0 + |eo|™) — Mo >~ & .

The exponent e(h) = j+ 1 — h + A\o(i + rh + 1) satisfies €/(h) = rA\g — 1 < 0 and
thus it achieves the minimum value when A is maximum. Thus formula (4.7)) may be
written in the following way:

i+1 .
R§07A0(€0) = me’fo [(770 + ’€0|/\0>€k — ﬁgk] + Cij‘€0’2+/\0(€k ) -+ EI‘I‘OI‘, (48)
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where Error is a negligible quantity with respect to the preceding term and c;; are
constants that can be computed. Similar formulas with the precise second leading
term will be needed in Sections B} [6) and [8] A rougher expression for the effect is

(80) ~ |80|1+Zk)‘0 ~ 7’]%

Rk

70,A0
This error dominates the error T,’f produced by the cut 7;,. In fact, we have

(14 X)) (1 + 1)
14+ X

After correcting k = 0 we have a new vector of errors Ej such that:

1
<l+r & IN<-.
T

(1423, 70) (147)

Eo S(0,....,n ™o ...). (4.9)
In the vector above, k ranges from 1 to K.

Step 2: Correction of k = «.. For the sake of clearness, we provide details for the
correction of k = a. This is the minimum k& > 1 such that L, # (). The integers
k=1,2,...,a—1 are not related to any pair (7, j). In the next step, we shall set up
the inductive construction.

When k = a we have i = 1 and j = 0. We correct the error with the device R, ), (¢)
where the parameters 7, and A, are chosen according to the following rules.

i) The parameter ), is such that
0 < Ao < Ao (4.10)
This choice will ensure a general decrease of errors.

ii) The position parameter 7, should be as small as possible in order to produce the
smallest effect on k£ > «. The position must be compatible with the devices already
present along the curve. We may then choose 1, > 19 + |go|*. In fact, as the second

term is larger, we choose
A Ag(147)
Na = 2|g0]™® = n o,

We denote by Ef the error on & = « after the cut and the correction of £ = 0.

This error is Ef =T + Ry \ (e0) = Ry (€0) where

IHlad0  (14420)(147)

Ry 3o (€0) = €0 [<770 + Jeo] ) — Uéa} =—¢, " n T + Error, (4.11)

and Error is a negligible quantity depending on 7. The equation Ry , (¢) + E§ =
in the unknown ¢ is then

oo (140520)(141)

[+ IePye ] = gy R B (112)

We look for a solution ¢ satisfying the condition

1
§|5|Aa > Ny (4.13)
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In this case, the equation R; (¢) + E§ = 0 can be approximated by the following

equation:
1+lado (1404 7)(14r)

[feda — ¢, TP

ele Co n o + Error.

This equation has a solution € = ¢, that satisfies:

1+lag (14+£a2g) (1+7)

Ea — c((]1+/\0)(1+fa>\a)77(1+A0)(1+2a/\a) + Error (414)
This solution satisfies condition (4.13). In fact, we have
Aa(1+7) (14 LaNo)  Ao(1+47) T+l 00 144N
< /\a < /\0.
(T4 Xo)(1+luNs) 1+ Ao Ao Ao

Notice that ¢, = 2. This shows that holds.

The argument starting from can now be made rigorous in the following way.
Let ¢, be given by formula . By the intermediate value theorem we can show
that equation has a solution e such that ¢ € [e,/M,e,M] where M > 1is a
suitable constant independent of 7. The solution ¢ satisfies . We shall use this
argument freely in the next step.

The cost of length of R, . (cqa) is

A(an,\a (€a)) = 2[eal.

Now we compute the effect R} | (ea) of Ry, 1, (€a) on k # a. This effect is given
by formula (4.11)), replacing 0 with a:

1+1 _
Rgou)\a(ga) e mé\a |:(770( + |€a|>\a>Zk _ nik] + Cij|€a|2+)\a(€k 7‘) _|_ Error
(I+LaXg) A+ X)) (147)
~ 77 (1+X20)(1+Lara)

(4.15)

We compare this effect with the error on k£ > 1 produced by the correction of k£ = 0
(see (4.9)). Notice that for k£ > a we have ¢, > ¢, and thus

(T4+ LX) (L 4+ 0 )X +7)  (L+lXho)(1+7) 14+l 14+LuA
(L4 20) (L + Lure) 15 Ao T o 1+ 0o
<~ /\a < )\0.

The new error dominates the old one. Therefore the new vector of errors E, satisfies

(I4+LaXg) A+LgAa)(A4T) (1+Za)\0)(1+lk)\a)(1+r)
E, < (77 (1F20) (A +lara) 0 N~ A0+ ara) ,)

IS

We compare the new error on & = 0 with the initial error on k£ = 0 (see (4.2))). Notice
that /o = 1. We have

), +r—1+r<(1+€“A0>(1+)‘“)(1+T) o Il 1+l
o (1T +A0)(1 + laAa) 1+ X 1+ )\
S AN > A

The new error is thus infinitesimal of higher order with respect to the old one.

Step 3: Inductive correction. Let k € N be a fixed number. Assume that numbers
Ao > ... > Ap > 0 and numbers €g,e1,...,6 > 0 are already chosen. To avoid
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pointless complications, we ignore the fact that for a finite set of & we have L; = (.
We define by induction

1+‘€k+1 )\k
Eh1 = dyg|eg| TR
where dj, # 0 are constants that are not of interest for us. In the following inequalities,
we assume that dp = 1. This is without loss of generality. The number 4, will be
the solution of our correcting equation. By our base construction for k = 0, we have
€p as in and we find in closed form

Lir [kt IHepAp—1
Epil 2n1+>\0 h=1 "I+, A, | (4.16)

Assume that position parameters 0 < 79 < ... < m; are given such that 7, < %|5k|’\’“.
We define the position parameter

e = 2lex™ = [ex]™.

In closed form, we have

Ap Lt T LHlpAp—1
M1 20 TFR0 RS A0 (4.17)
Finally, assume that, after correcting k, we have a vector of errors E; such that:
146, 2 IENIPY
Ek§(~‘-;|5h+1| hh+1,...,0,...,|€k| hk,...). (418)
-~ 7 N -~ 7
h=0,....k—1 h=k+1,...K

Notice that the structure of the error is different when h < k£ and when h > k. The
index h refers to the position in the vector. The 0 is at position k.

We correct the error EFf' the (k + 1)-th component of Ej, using the device
Ry i (€), where 0 < Ay < Ay and € € R has to be computed. We look for
a solution € = 541 such that

1
§\€k+1\Ak“ > Nkt (4.19)
In this case, the equation R’;::h)\ﬂl(ekﬂ) + EF = 0 has a solution ¢ = £, such
that
10412
[ R N R R (4.20)

This solution satisfies (4.19)).
The effect of Ry, ., 3., (€k41) on h # k4 11s

Rq};kﬂ,,\k+1 (ert1) = lewt

We compare this effect with the errors in the vector (4.18]). We deal first with the
component A > k + 1. In this case, the new error dominates the old one. In fact, by
(4.20) we have

1+2p A
1I hAk+1

140, 1+, e L S 1+,
‘5k+1| +LnAk+1 > ’{_:k’ +En Ak o= |5k| T+l 41 M e+ 1 > ‘Ek‘ +Ln Ak

1+ gh}\kdrl < 1+ Cp
L+l deyr 1+ Lo A
= >\k+1 < )\k
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The last equivalence holds because ¢, > (i1 if h > k+ 1.

We claim that in the case h < k the old error dominates the new one. Namely, for
h=0,...,k—1 we have

|5k:+1|1+€h/\k+1 < |5h+1|1+éh)\h+l-

This inequality follows from the fact that for j = h+1,..., k we have

(A+Lp A4 1)A4L54125)
|€j+1|1+€h>\j+1 < |5j|1+£h>\j o |5j| T+ (141 < |€j|1+£h>\j

S VR B
1+ gj-&-l)\j—&—l 1+ éj-i—l/\j
~ >‘j+1 < )‘j'

In fact, Ej—l—l > {,.
After the correction of k + 1, we have a new vector of errors Ex,; that satisfies

Ek+1 5 (;. . |€h+1|1+éh)‘h+l, <t 0,.\. . |€]€|1+€h>\k, N

J

). (4.21)

v~

—
h=0,....k h=k+2,...K

This is the estimate in (4.18)) for the step £+ 1. This ends the inductive construction.

Step 4: General decrease of errors. We started from the error E(n). In the first
step, we corrected the error of £k = 0, producing a new error on each k& > 1. The
new error dominates the error of the cut 7;,. Then we corrected inductively the error
on each k =1,..., K, component by component, as described in Step 3. During the
procedure, the error on a fixed h increases till £ reaches h. When correcting k > h
the new error added on h is however negligible. These facts are clear from formula
(4.18]).

We deduce that the real error on k that has to be corrected is

nga)\k,l <5k71) ~ ’5k71 ’1+£k)\k71.

Based on this assessment, we define the theoretical initial vector of errors E(n) pro-
duced by the cut T, as

).

E(n) = (T),... lexaf 0N,

J/

k=1,. K
We compare this error with the vector of errors after the correction of k = K, i.e.,
with
Ex(n) =BEx = (..., |epn [T, ,0). (4.22)

J/

TV
k=0,...,. K —1

We compare first the component £ = 0. Notice that the first relevant k after k£ = 0 is
k = a. We have T} ~ """ and

(14 Lao)(1+ Ay)

E° ~ |, HAa ~ poo(l+7) ~ EO(m)Po
K(n) ’g | n (77> (1+)\0>(1+£a)\a)

> 1.

,  where oy =
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Analogously, for any relevant 0 < & < K we have

(A48 1A ) (AL A1 1)
E?{(n) ~ [|€k—1|1+ék)\k—1] (1+e:§;)(ﬁ+£k+$:ii> ~ E’k(n)gk’

where the exponent gy, is

(T G ) (1 + G Aer)
Ok = > 1.
(1 —i—fk)\k)(l +€k+1)\k+1)

With the choice
Q:min{Q07"'7QK—1} > ]-7

we have the following quantitative general decrease of errors
Ex(n) SE@m?), 0<n<y, (4.23)

for a suitable constant 0 < § < 1.
In order to achieve this general decrease of errors, we paid a certain cost of length
that is the sum of the cost of length of all the devices that have been used. As

lex| < ... <leol, (see (4.16])), the total cost is

- L
22|5k| ~ |go| > . (4.24)
k=0

Remark 4.3. The sequence (g )gen is converging to 0 rather fastly, see (4.16). We
could not understand whether there exists a fine choice of the parameters A\, > 0 such
that

e}

> " 2ler] ~ leol

k=0

This would permit us to drop Assumption .1}

Step 5: Iteration argument. We can iterate countably many times the construction
described in the steps 1-3. We get in this way a correction R of the error E(n), i.e.,
an at most countable choice of devices that sets to zero all the coordinates of E(n).
The cost of length of R is

1+ 147

A(R) < 277”;09}1 ~ .
h=0

Now the proof of the theorem can be concluded on choosing Ay > 0 small enough.
O
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5. EQUIVALENCE CLASSES WITH TWO ELEMENTS. HOMOGENEOUS CASE

In this section, we correct an equivalence class with two elements. In the homoge-
neous case (i.e., ¢(t) = t"), the coefficients ¢y, in (3.7)) satisfy cxe = 0 for all £ > 0 and
thus c¢;jne = 0 for all £ > 0. We shall adjust the notation introduced between (i3.8])

and (3.13) on letting
RM(e) = R70e), Q") = Q"™ (), cyn = cyno- (5.1)

When no confusion arises, we shall drop 7, A, and b in our notation.

Assume that during a certain iterative correction, at a certain step we want to
correct the error of the equivalence class Ly, for some k. Let us denote by Ry the set
of all rectangles R of the type f with their parameters (that are omitted in
our notation), which have been used in the correction of the first representatives of
the equivalence classes Lg, L1, ..., L. Let us denote by O, the set of all squares @)
of the type , with their parameters, which have been used in the correction of
the equivalence classes Lo, Ly, ..., Lg_1.

Assume that the error of the first representative (i, 5) € Ly, j < «, was set to zero
at the previous step. The total error on a pair (i, j) € Ly with, j > « is

E7=T7+ > R+ Y QY (5.2)
RERy, QEeQy

This error is a function of the cut parameter 7. According to the notation introduced

in (3.8) and (3.12]), we have

J
E7=TJ + epB?, with E"= 37 R™"+ > Q"  (53)
h=0 RERy QEQ

From now on, we assume that L contains two elements, Ly = {(io, o), (¢1,1)},
with the notation . We let © = ip and 7 = jo. In this section, we describe the
procedure to correct the error of Li. In the next section, we treat the case of an
arbitrary equivalence class. We use two squares of the type . Let n > 0 be the
cut parameter and let b, = a,n", ¢ = 0,1, be the position parameters of the squares,
where p > 0 is a parameter that will be needed in the next sections to control the
propagation of errors, and % < a4 < 1. The squares are

Qv,(0g) = {(z1,22) ER® 1 by < 21 < by + |og|, 2] < aa <af + oy}, ¢=0,1.
We have the system of two equations in the unknowns o,

>0 @i (og) =0

q€{0,1} h=0

J1
i1j1h 11]
Z ZciljthbZh <UQ) + E" = 0.

\ ¢€{0,1} h=0
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We multiply the first equation by ¢;, ;,;,, we multiply the second equation by ¢;;;, and
we subtract the first equation from the second one. Using the identities (3.13)), the
system transforms into the equivalent system

( j
D @i (og) =0

Jji—1
/ 11j1h N n 5%
E E cl-thbq (o) + cij; BT =0,

\ ¢€{0,1} h=0

where ¢, are explicit constants. Assume that the error in the left hand side of the
second equation satisfies for some s > 0

B~ (5.5)

We call s the structural exponent of Lj. The exponent s for the first equivalence
class with two elements will be computed later. The further exponents s are defined
inductively in Section [7} We look for solutions o9, 07 to the system (5.4)) satisfying

the condition

1
57]%{8*/—"(2]9*7'*1)} < |o,| < Cpslsutlemr=1} (5.6)

where C' > 1 is a suitably large constant. The reason for this restriction will be clear
in (5.12). Recall that ¢, =i+ rj + 1. Now assume that the parameter p satisfies

O<u<%{s—u(€k—r—1)}. (5.7)

Any p > 0 small enough satisfies this condition. If o, satisfies the constraint ([5.6])
and (5.7)) holds, then we have

1
|‘7q| < 177#7 (58)

as soon as 1 > 0 is small enough. Then we have the Taylor development

ijh T ithr+1 i+hr+1

2 04) = sen(o) o P17 (agn + o) 7 = ()

= sgn(o,)(i + hr + 1)ag+hrn“(”h”){|aq|j+2’h + o(|o ")}

On the other hand, when o, is subject to the constraint ([5.6]), we have
w(i+hr q|j+2—h ~ nu(i-}—hr)-ﬁ-%{s—u(Zk—r—l)}(j-‘rQ—h). (59)

)‘0

n
If we assume the following condition on p
1
pur — 5{5 —plly —7r—1)} <0, (5.10)

then the exponent of 7 in the right hand side of ({5.9)) is minimum when A is maximum.
Condition (5.10]) holds if y is sufficiently close to 0 and implies condition (5.7]). Thus
the leading terms in the sums in h appearing in the two equations of system (5.4)) are
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obtained on choosing h = 7 and h = j; — 1, respectively. The system can therefore
be approximated in the following way (we also assume ag = 1):

"D L ool o] + 0(00)} +ap T ooy | + 0(01)} =0
n“(z’“ r=1) {00—1—0 O'O }4—a€’c " 17]“5’“ r=1) {a + o(o? }—i—c Ehit = (),
where ¢; # 0 is a constant. From the first equation, we deduce that

oo = —agz’“*l)ﬂal + o(oy).

(5.11)

Replacing this relation into the second equation, we obtain
63 4oo(0?) + B9 = 0,

where ¢y # 0 is a new constant. The error on the left hand side satisfies . Then,
by the intermediate value theorem, this equation has a solution o; subject to the
constraint , provided that C' > 1 is large enough (independently from n) and
1 > 0 is small enough. The solution o, satisfies

oy~ palsnlle=r=1}, (5.12)
The solution oy satisfies the same estimate.

We specialize to the first equivalence class with two elements. The equivalence class
Ly, with & = « - 8 contains exactly two elements, Ly = {(6, 0), (0, a)}. In particular,
we have £ = 1. We call Ly for £ = « - 3 the leading equivalence class with two
elements. We compute the exponent s appearing in in this case. The number s
governs the inductive construction of Section [7]

Assume that we already corrected the errors of all first representatives, according
to the procedure described in Section . By formula with Qg = (), we have

K
=10+ Z Rota, (en) = T+ 3 e[+ [en)* =] =0 (5.13)
h=0

After this correction, the total error on the pair (0, «v) is precisely (recall the notation

introduced in (3.8) and (5.1)))
=T + Z Z Coap 0B, (21)- (5.14)

h=0 p=0
By the formulas (3.13), R)*S, (¢4) is a constant multiple of R77 A, (€n), by a universal

proportionality constant. Also T/ and T are proportional, independently from 7.
Then we can subtract identity ([5.13]) from (5.14]), to obtain

K a—1

EOe — Cqu]a + Z ZCOap5}0:+1_p [(nh + |€h|>\h>pr+1 _ nzr—i—l}’ (515)
h=0 p=0

where ¢ € R is a constant (in fact, ¢ # 0). By the results in Sectlonl TOO‘ i
dominated by the sum in - Moreover, by (|4.19) - we have

gzwrl p[(nh+ |€h|>\h)pr+1 niﬂ*l} ~ 5h+1 P’€ ’)\h im"+1)
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and the quantity is maximum when p is maximum, i.e., p = o — 1. Thus we obtain
the estimate for the error

K
EOO[ ~ Z ‘gh‘Q-‘r(fk—’r‘))\h.
h=0

We compute the largest term in the previous sum. We have the elementary equiva-
lences (when 7 is small enough)
1+l n - L+ lhp1 Angr
24+ (Ek —T))\h 24+ (gk _T)Ah-',-l
Sl —1r < 2ph,.

Let k=min{h € N: h < K — 1, {4, — r < 24,1 }. Then we have E% ~ |g;|*H(—)z
and, by (4.16)), we obtain E°* ~ n® where

2+ (b — 1) 71+ bk
1+ €E>‘E 1+,

2+ (fk — 7”)/\7C
1+ g;;)\]g

s=(14r)

> (147) (5.16)

h=1

We call the number s the leading structural exponent.

We estimate the cost of length of the correction. Let p; be a number satisfying
B-7), ie.,
1
0< M < 5{3 - Nk(gk —-r—= 1)}a
and let b, = a,n"*, ¢ = 0, 1, be position parameters. We correct the error of the class

Ly, i.e., the pair £° = 0 and E°, with the pair of squares Qy,(00), @y, (01). The
procedure is explained above. The solutions oy, oy satisfy ([5.12]), and namely,

0 ~ oy ~ n3tsmller=1)}
The cost of length of the correction is
1
A(QbO(UO) U le (01)) = 4|00| + 4|0‘1| ~ ng{s_ﬂk(gk—r—l)}’

where s is the leading structural exponent in (5.16]). Setting all the parameters A
and py equal to zero, we realize from ([5.16) that

A(Quo(00) U Qy (07)) ~ 30+, (5.17)

This is the cost of length for the correction of the first equivalence class with two
elements.

6. GENERIC EQUIVALENCE CLASS. HOMOGENEOUS CASE

In this section, we generalize the construction of Section |5 to the case of system of
any dimension. We correct the error of the equivalence class

Ly={(i—pB,j+pa) eENxN:p=0,1,....k}
by means of E+1 squares of the type (3.10))

Quv,(0g) = {(z1,22) ER® : by < 21 < by + |og|, 2] < x2 < 2} + |0g]},
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where ¢ = 0, 1,..., k. Here, o4 € R are size parameters and b, are position parameters
of the form b, = a,n", ¢ = 0,1,...,k, where 0 < 1 < 1 is to be fixed later in the
iterative argument and % < ag,ai,...,a; < 1 are parameters that will be fixed in a

suitable way.
In this section, we solve the following nonlinear system of equations

kE  dp
SO i in @ (o) + B =0, p=0,1,....k (6.1)

q=0 h=0

The unknowns are og...,05. The errors E¥ have the structure (5.2). Recall our
notation . As above, we let i, = ¢ — pf8 and j, = j + pa, so that ¢ = iy and
j = jo. We may assume E% = (.

Now we transform the system into a new equivalent system exploiting the
cancellations . The procedure produces errors with a new structure. We shall
call them reduced errors. We perform the following operations:

(1) We multiply by c¢;,;,;, the first equation (i.e., the equation with p = 0), we
multiply the p-equation by ¢;;;, and we subtract the resulting equations. By
the identities (3.13)), the p-equation with p > 1 transforms into the following:

k
ipjph i ij
Z Cz‘pjthbz;]p (O'q> + Cz‘ij plp CipjpjpE J = 0, p = 17 2, ceey k’, (62)

where Ci,j,h A€ NEW constants.

(2) We multiply by c;,j,j,» P > 2, the second equation in (6.2)) (i.e., the equation
with p = 1), we multiply by ¢;,;,;, the p-equation in , and we subtract
the resulting equations. We use again the identities (3.13)).

(3) We repeat k times the procedure described in (1) and (2). Eventually, the
system of equations transforms into the equivalent system of equations

k jp_p p
ipiph %] 1.
SN @ (o) + Y dijgEr =0, p=0,1,....k (6.3)
q=0 h=0 q=0

where ¢!

tipn and d;j, are suitable constants that can be computed.

We call the new errors
P
Fpdp — Z diquiqjq (64)
q=0

the reduced errors of the equivalence class Li. The sums defining F**7» enjoy the same

cancellation properties described above, by (3.13]) and (5.3)).

Now let us assume that the leading reduced error FJ% satisfies the following esti-
mate for some exponent s > 0:

FiEk o . (6.5)
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We look for solutions o4, ¢ = 0,1,..., k, to the system (6.3)) satisfying for a suitable
constant C' > 1 independent of 7 the condition

Ciyralenb b}l <o | < oyttt 201k (6.6)

The reason for this restriction will be clear later. The parameter p > 0 is chosen such
that
O<u< {s— (e — kr —1)}. (6.7)

Any small enough g > 0 satisﬁes . If o, satisfies and (6.7) holds, then we
have

1
oa] < 77, (63)

as soon as 1) > 0 is small enough. Then we have the Taylor development (as n — 0)
Zih(aq) _ (Z + hr+ 1)af]+hrnu(i+hr)sgn(aq)|O_q|j7h+2 + O(Uy(iJrhr)U;'chrZ).
On the other hand, when o, is subject to the constraint we have

w(ithr) |aq|j—h+2 u(i+hr)+%H{S*H(Zk*]_m"*l)}(j*}”r?). (6.9)

n =n

Under the following condition on g

1 B
,ur—l%+2{s—,u(£k—kr—1)}<0,

that holds for all p > 0 sufficiently close to 0 and implies , the exponent of 7 in
the right hand side of is minimum when h is maximum. Thus the leading term
in the sum in h appearing in is obtained on chosing h = j, — p. The system
may then be approximated in the following way:

k
7)"“’91“’”{ Z af}’“’lﬂmnsgn(aq)](IqV”Jr2 + 0(05*2)} + ciijinP =0, p=0,1,...,k.
=0
' (6.10)

Above, ¢;j, are explicit constants.

We prove existence of solutions oy, 0q,...,0; of system by an inductive
argument on k& > 1. The errors F»/» are assumed to satisfy the following structural
assumptions: there exist h € N, > 0, and s > 0 such that

Fiviv o lepr DI ES R —hr=0} 0 1 (6.11)
Above, h = [h/B] as in (3.14]). Assumption (6.11)) is motivated by the structure (5.3)
of the errors. In particular, by (6.5)), s and s are related through the relation

kE+2
s—(€k—kr—1u+ *

{5— (6p — hr —1)}. (6.12)

This relation describes the transformatlon of structural exponents, and, eventually,
governs the propagation of errors between equivalence classes. This will be the moti-
vation for the introduction of the function A in (|7.10)).
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Proposition 6.1. Assume the reduced errors F'»/» satisfy the structural assumptions
(6.11)). Then there exist position parameters ag, a1, . . ., aj such that the system (/6. 10))

has solutions oy, 01, ..., oj satisfying .

Proof. When k = 1, i.e., when we have a system of two equations, the claim is proved
in Section |5l Assume the claim holds for all h =1,2,...,k — 1.

We solve system on considering o, as a fixed parameter satisfying with
q = k. We may rewrite the first k equations in as

k-1

DNl g ()| + o(0 )} + P =0, p=0,1,.. k=1,
q=0

where, up to constants,

Fivie — Fivie | n“(ek_pr_l){aék_ET_lsgn(a,;)\a,;|p+2 + 0(05”)}, p=0,1,...,k—1.

We claim that we have

Fivdv o om0 lsmnlle b=} ) 07 f— 1. (6.14)
Statement (6.14) follows from (/6.11)) and from the inequality
p+2 - ~ p+2 . _
Up—pr—1)+= —u(ly—kr—1)} < p(lpy—pr—1)+= —u(ly,—hr—1
ulle—pr =1t {s—plle—kr =1} <fi(le—pr—1)+ 3= {5 Aty —hr=1)},

that, by (6.12)), is equivalent to the inequality
by—pr—1 _ ly—Fkr—1
k—Ppr Stk T

p+2 E+2
that holds for all p=0,1,...,k — 1.
By induction, there exist position parameters ag, a, ..., aj;_; such that the system

(6.13]) has solutions ¢, 071, ...,0;_; (depending on oj). Moreover, since we have

o - - k+1 .
Fe-1Je-1 ~ p®  with §:u(€k—(k—l)r—1)+kiQ{s—u(ﬁk—kr—l)},

the solutions og, 01, ..., 05_ satisfy with k — 1 replacing k and with 5 replacing
s, l.e.,

‘O—q| ~ nﬁ{E—u(@(l—(E—l)r)} _ 77%%{5—;1(&16—licr—l)}7 . 0’ 1’ o ,l% _1

Equivalently, o, satisfies itself. In particular, we have o, ~ oy for all ¢ =

0,1,...,k—1. The solutions 0¢, 071, ...,0r_; depend on 0. We insert these functions
of oz into the last equation of system (6.10)). The leading term in oy, is the power

0?“2. With a suitable choice of the position parameter aj, the coefficient of ok 2 g

- k
nonzero. Then the (k + 1)-th equation in (6.10]) is of the form

P (o) ol + oo ) | + P =0, (6:15)
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where ¢ # 0 is a constant. By our assumptions (6.11)-(6.12) with p = k, equation
(6.15)) has a solution oy, satisfying . This follows by an easy continuity argument.

This ends the proof.
Let us notice here for future reference that the cost of lenght of the correction of
the equivalence class Ly is

k k
A( U qu(gq)) =4 ol = e te—uttr-n} (6.16)
q=0 q=0

where s is the structural exponent of the equivalence class Lj, given by ([6.12]).
O

7. ITERATIVE CORRECTION OF ALL EQUIVALENCE CLASSES. HOMOGENEOUS
CASE

In this section, we iterate the construction of Section [0 At the same time, we take
into account the procedure of Section [4]

For k € N, let k be the number in . The equivalence class Ly has k+1 distinct
elements, as in (3.15)). An error of Ly is a k+ 1-dimensional vector v = (vg, v1, . .., Vg)
of real numbers. The number vy is the error of the first representative of Ly, etc..
The index k ranges from 0 to a fixed integer K € N. The total space of errors is
denoted by

£ =R x R x ... x REH,

Let us denote a generic element of € by v = (vO,v!,...,vK), with vF € R¥1. By
(3-3), the initial error produced by the cut T, is

E(n) =v, with vF = (con™™ ey .. cgn™™T), (7.1)
where cq, ¢1, . . ., c; are constants depending on k. A correction of E(n) is a countable

union R = J;,cy Rr of rectangles of the type (3.4)-(3.5) and a countable union @ =
Unen @n of squares of the type (3.10) that set to zero all the components of E(n).
The cost of length A(R U Q) of the correction is

ARUQ) = A(Ry) +AQn).

In this section, we make the following structural assumption. Let ky = min{k €
N:k=1}=a-p.

Assumption 7.1. The function ¢ : {ko, ko +1,..., K} — Q

O, —kr+1
o(k) = % is injective. (7.2)
Remark 7.2. Notice that ¢ is injective when restricted to indices k£ with the same
k. Namely, by the monotonicity of ¢y, if & = h then there holds (k) < ¢(h) if and
only if k < h.
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In general, it may happen that ¢(h) = (k) for some h # k (and h # k). The
construction of Theorem does not work in this case, because there is a loop of
errors between the equivalence classes L;, and L. Dropping Assumption requires
new more refined ideas.

Theorem 7.3. Assume (7.2)). For anye > 0 there are numbers C >0 and 0 < § < 1
such that for any 0 < n < 0 there is a correction RU Q of the initial error E(n) in

(7.1)) with cost of length satisfying
ARUQ) < Cpiltin—=, (7.3)

Proof. For k = kg, ko + 1,..., K we will fix parameters p; > 0 satisfying various
smallness conditions and strictly ordered in the following way:

pe > & (k) < o(h). (7.4)
This is possible by our Assumption [7.1]
Now we divide the argument in several steps.

Step 1. We correct the first representatives as described in Section [d In this step,
we only use rectangles of the type (3.4)-(3.5) depending on parameters A\g, A, ..., Ag.

Step 2. We correct the leading equivalence class with two elements, as described in
Section [f. In this case, we have k = kg = a - . The structural exponent s appearing
in (5.5 is computed in (5.16)). Notice that we have

s~2(147), (7.5)

where ~ means that we set to 0 the parameters A\, appearing in (5.5)). The param-
eter u, > 0 is suitably small. This choice is made after we fixed the parameters
)\0,)\1,...,)\1{.

Step 3. We prove that the additional errors on first representatives produced in
Step 2 are negligible for the procedure used in Step 1.

Let h > k= «- 03, (i,j) € Ly, let b = np**, and 0 = 77%{5’“'““’“”"1)}. The effect

7 (o) of the square Q,(c) on the pair (4, j) is

Zj(0.> ~ 0.277#k(i+j7") — ng{S—#k(Zk—'f—l)}"‘ﬂkwh—l).
This formula can be obtained by the argument contained between (5.6) and ((5.9).

Assume that (7, 7) is the first representative of the class Lj. The error produced
on (i,7) by the correction of first representatives can be found in line (4.22) and is

h+1
14+ 0 e 1+ 4,01
1+€h>\h+1: d d= (1 + pp ~ 1 )
|€n+1] n, (1+7) 1+ Xo ;1;[1 L+ 6 o

On the other hand, by (7.5)) we have

;{s—,uk(fk —Tr — 1)}+Mk(€h — 1) ~ %(1+T) —|—,uk{€h— 1-— %(51@ — 7T — 1)}
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It follows that if i, is small enough, then the error produced on (i, j) by the procedure
of Step 2 is negligible.

Step 4. We claim that the reduced error produced by the squares used in Step 2
dominates the reduced error produced by the rectangles used for the correction of
first representatives in Step 1.

Let us first develop some general formulas. For fixed k,h € N, > 0, and s > 0, let
h= pt A s u(l—kr—1)} e ..

=n* and o = nk+2 . We know from and Proposition|6.1|that this is
the size of the parameters o for the correction of L, starting from the parameters s and
p. By (3.12)), the effect of the square Qy(0) on the pair (i, j,) = (i—pB, j+pa) € Ly,
pe{l,...,h},is

Jp
QY (0) = Cinipa@ (o).
q=0

Let us determine the reduced error. When we correct the equivalence class Lj, we
exploit several cancellations in the sum for Zp I (o), as described in Section @ The
leading term after the cancellations is obtained on taking the index ¢ = j, — p, and
namely

Q7 (@) = sn(@)ol (b + o)) — 4]

~ 77%{Sfu(fkfErfl)}Jru(frprfl)

(7.6)

By (3.8), the effect onto the pair (i, j,) of the generic rectangle R, . (g,) used in
the correction of first representatives is
R:;;])f)q (5(1) = Z CipjpuR;Z];qu<8q)’
u=0
The parameters 7, Aq, £, are defined in Section [4]
The leading term after the cancellations is obtained on taking v = j, — p, and,

namely, by (4.16) we have

R:;Z?,;]p_p(gﬁ = 5§+1 [(nq + |5q’)\q)£h_pr - nsh_pr]
1+Lly Ay 1 (7'7)

,.;_,7711++>\T0[p+1+)‘q([h*p7’)]HZ:l T lura

We compare (7.6) and (7.7) when k = a- 3, so that k = 1, h > k, and the exponent
s is given by ((5.16)):
2+ (b — 7)Ap) ‘ﬁ 1+ Lyi My

= (1
° ( +T) 1+€E/\E 14+, ’

u=1

where % is an integer such that 0 < A < k. We claim that for a suitable choice of the
parameters Ao, A\, ..., Ax, and g > 0, there holds

szjp 7.7'1771’(0_) Z R;I;j;:.jpfp(gq) )
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For small n > 0, this is equivalent to the inequality A < B, where

A= p+2{s— (b —r—1) }+u€h—pr—1)

7.8
11+A 4Lt A(l— pr }H 11++€£)\)u\ . (7.8)
For \p =... = Xt =0 and pu = 0, we have
AnZ(p42)(r+1) and B (p+ 1) +1)
Thus, when p > 1, we have A < B as soon as Ag,..., g, > 0 are small enough.

When p =1 we have A ~ B and we argue as follows. In this case, inequality A < B
reads as

1+, )\ul
by — 0 2+ A ( .
S+N(h k) 1 { + }H 1_|_£)\ (79>
In the case = 0 and )\0:)\1:...:)\k:)\>0, mequahty-holds. In fact, in

this case we have
(T+7)(2+ Al —1)) _ (T+7)(2+ A, —1))
1+ 0A 1+ A '

because ¢y < ¢, and ¢; > 1. By continuity, ([7.9)) holds for some A\ < A\p_1 < ... < Ag
and p > 0.

Step 5. Let us define the function A : N x N x Q — Q

o) — e (h) ) 710)

This function has the following meaning. If the reduced error of the equivalence class

Ak, s ) = (B+2){

Ly, has size n°, then the correction of the equivalence class L produces a reduced error
of the size n*") on the equivalence class Ly. See (7.6) with p = h and p = p,. We
claim that for all k£, h, u € N such that k # h there holds

A(h,u; Ak, by s)) > A(k,u; s). (7.11)
The proof is an elementary computation. In fact, we have
1
g (o) — (k) + () = (1)) .
and inequality (7.11]) is equivalent with

(o(h) — (k) (e — pn) > 0,
that holds by Assumption and by the choice ([7.4)) of the parameters pu, fip.

A(hu; Ak, b s)) = (@ + 2){

Step 6. We set up the inductive step of the iterative argument. After the correction
of a number of equivalence classes and after the cancellations described in Section [6]
the structure of the error of a generic equivalence class L is determined by the size
of the reduced error of the element of L; in with maximal p, i.e., with p = k.
This error is a power of 1 with structural exponent s > 0 as in (6.5). The number
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s determines the entire vector of reduced errors of L, as in —. For each
equivalence class, one real number suffices to describe the full reduced error. Thus let
us define the total space of reduced errors as F = RE~*0+1 We denote the components
of a vector F € F of reduced errors as F = (Fko, Frot1  FK) je. the enumeration
starts from ky. We need not consider equivalence classes with one element.

After the correction of all first representatives and of the leading equivalence class
with two elements Ly, , the total reduced error Fy, satisfies

Fio =~ (0,...,pFohs) ), (7.12)
h:k‘o:-rl,...,K

This follows from Step 4. From now on, s is the leading structural exponent defined
in .

Now we proceed iteratively as follows: we correct the error of all first representatives
and the error of the equivalence class L; for each £k > ko + 1. A new error appears
on the equivalence classes Lj, with h # k.

We make this procedure quantitative. We claim that after k — kg + 1 steps, i.e.,
after the correction of L, the total reduced error Fy satisfies

k
Fr < ( 3 T;N“:h;A(’“Ov“;S)),...,o,;..,nAUfO’h;S),..;). (7.13)
u=h+1 h:k;iqu

h=ko,....k—1
We argue by induction. When k£ = kg, the claim holds as noted in . Assume
that holds for k. We check it for k + 1.
We correct the error of the equivalence class Ly, with the procedure of Section
@. The structural exponent in is § = A(ko,k + 1;s). The new reduced error
produced on L; with h # k + 1 has the size n**+1%5) By the argument of Step 5,

see ([7.11]), we have

A(k+1,h; A(ko, k + 155)) > A(ko, h; s).

Therefore, for h > k + 1 there is no change in the structural exponent of Lj;. After
the correction of Ly, 1, the new vector Fy,; of reduced errors satisfies

k+1
A(u,h;A(ko,uss A(ko,h;s
B s () 30 qAnston g ystuna )
o u=htl h=k+2,... K

h=ko,...k
This is ([7.13)) for k + 1.

Step 7. (General decrease of errors) After the correction of the last equivalence
class with & = K, the total reduced error Fg(n) = F satisfies

K
Fr(n) < < ., Z nA(u,h;A(ko,u;s))7 o ()>. (7.14)

u=h-+1

N J/

VvV
h=ko,....,K—1




REGULARITY RESULTS FOR SUB-RIEMANNIAN GEODESICS 29

Let Q denote the set of all squares () used for the correction of equivalence classes
up to the end of Step 6. By formula for the cost of the correction of one
equivalence class, by the recursive relation linking structural exponents, and
by the formula for the basic cost, we deduce that the total cost of length for

getting to (|7.14) is
2(1+r)
A(Lﬂﬂwnﬁf. (7.15)
QeQ
Let us define the theoretical initial vector of reduced errors as

F(n) = (;. ., P kohis) /)
h=ko ... K

This is obtained from Fy, in (7.12), inserting in the first coordinate n® = n”ko-kois) in
place of 0. By Step 3, we can without loss of generality assume that this is the total

reduced error before the correction of Ly, .
By the argument of Step 5, see , we have for any h = ky,..., K — 1 and for
alu=h+1,....K
A(u, h; Akg, u;8)) > A(ko, by s).
It follows that
A(u, h; A(ko, u; s))
A(ko, b; s)

Then we have the following quantitative general decrease of errors

@:mm{ :h:km“WK—Lu:h+L”wK}>L

Fr(n) <F(n%, 0<n<d. (7.16)

Step 8. We can now iterate the procedure of Steps 1-7. We get in this way a
correction ) of the total error with cost of length satisfying
2(1+r)

AQ) ~n .
This finishes the proof.

8. EQUIVALENCE CLASSES WITH TWO ELEMENTS. NONHOMOGENEOUS CASE

In this section, we discuss the nonhomogeneous case, i.e., ¢; # 0 for some ¢ > 5 in
. We restrict the analysis to the case when equivalence classes have at most two
elements.

We need the notions of leading effect and second leading effect. Consider some
k € N with k = 1. As in (3.15), we have Lj, = {(io, jo), (i1,51)} and we let i = ig
and j = jo. Assume that at some previous stage we used a rectangle R, (e) with

parameters 7, A, € satisfying (4.19)), that is,

1
§kP>n (8.1)
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We compute the effect of the rectangle on the pairs of Ly. By formula (3.8)), we have

RZ] Z CZ]hOR”hO + Z Z Cz]hZRUhK

h=0 4
Above, we let

Z:min{fz 1:chg7é0},
where the constants Che are from (3.7)). By elementary properties of binomial powers,
one can check that ¢ does not depend on h. Under assumption (8.1} . for fixed ¢ the

leading R;ﬂ;[( ) is the one with maximum h, i.e., with h = j. The proof of this fact

is in Section ' between formulas and . B
On varying ¢, the leading effect is obtalned for £ = 0. Then we have Rfﬁ \(e) =

cijjoRfﬁO(s) + Error where the Error is negligible. We call
Rfﬁo(e) ~ e\€|’\£k

the leadmg eﬁect When the effect is an error, we speak of leading error. By the
formulas (3.13)), we have RWO( ) = Rf;’f\ljlo(&?). Later, we shall use this identity to
cancel the leadlng error. It is then important, to identify the leading term in the
difference

Jj—1 J 00
ij 13]0 zghO ijht
Rn,)\( ) CZ]JORT] A § :CZJhORn A ) + E , E :Cijthn,)\ (5)
h=0 h=0 y—p

~ R0 + RI(E)
~ 2| M) 4 €|€|/\(Z;€+£)‘

For A > 0 small enough, the leading term is the latter. We call

~

o , 14
RZ&E(e) ~ g|e|MH  where ¢/ = o (8.2)
the second leading effect, and when the effect is an error, we speak of second leading
error. Notice our new notation ¢/ = g

Let us recall that by E(n) we denote the initial error (7.1)) produced by the cut. A
correction R of the error is a countable choice of rectangles that sets to zero all the
components of E(n). Under Assumption we have a bound K € N on k.

Theorem 8.1. Let k(t) = (t,¢(t)), t € [0,1], be curve as in (2.8)) with ¢; # 0 for
some i > B. Assume that k < 1 for all k < K. For any € > 0 there are numbers
C >0 and0 < d <1 such that for any 0 < n < J there is a correction R of the initial

error E(n) in (7.1) with cost of length satisfying
A(R) < Opttre, (8.3)

Proof. In the proof, we use freely the arguments and the observations made in the
proof of Theorem [4.2] To construct the correction, we proceed as follows:
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1) We correct all classes with one element (i.e., first representatives) with the
recursive method described in Section [l

2) Then we correct recursively all equivalence classes with two elements.

3) We iterate the construction and we estimate the costs.

The error on k£ = 0 after the cut is comparable to n® with s = 14, see the vector of
errors at position k = 0. We correct recursively the error of first representatives
for h =0,1,...,k up to a certain k € N included. This is explained in the proof of
Theorem The vector of leading errors after this correction, is the vector Ej in
. It is useful to express this error in the following way. For k, h € N, we let

1+l
14+l

The parameters \g > A; > ... > A, > 0 are the ones fixed in Section [df Then we
have

Ak, h) = and TI(k) = A0, 1)A(L,2) ... A(k — 1, k).

E, ~ (;. P DAGRELR) 0, PR AGRR) ,)
hzor,k—l hgkr—&-l

This is formula (4.2)) with our new notation. Let us introduce the vector of second
leading errors. Motivated by formula (8.2)), let us set for k,h € N

L+ (0, + )\,

A'(k,h) =

1+ i
By (8.2), the total second leading error accumulated on h after correcting the first
representatives 0,1, ...,k is comparable to n°4 with

A=AN(0,h)+ (1A (1,h) + ... + H(k)A'(k, k).
We search the sum for its leading term. Notice that
T+ (0 + )Ny < L+ (0 + )N
14+ Ay - 14 Ok
<~ gh + A < gk

(k — 1)A'(k — 1, h) < TI(k)A'(k, )

(8.4)

For any h € N, let A* = min{k € N: ¢, + ¢/ < /{;}. Clearly, we have
h* > h. (8.5)
Then, for any h € N, the map k — II(k)A’(k, h) attains the minimum when k& = h*.

Now let k& € N be the minimum % € N such that & = 1. In our previous notation,
we have k = ky. Assume we already applied the recursive procedure for correcting
the first representatives from 0 to k£ included. The error on the first representative
(i,7) of Ly is 0. Let £t denote the total error on (i1, j1), the second element of Ly,
accumulated during the procedure. This is made up by the sum of the errors produced
by the cut and by the rectangles used in previous stages. However, the correction
of (i,7) corrects automatically the leading error on (i1, 1), by the identities (3.13).
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Therefore, £ is the accumulated second leading error. By (8.4]) and (8.5)), we thus
have
Ei1j1 ~ nsH(k)A/(k,k). (86)

We correct the error of the equivalence class Ly with two rectangles Ry, ., (exq),
q € {0,1}, where ny 4, Ak, €k, satisty (8.2). We have the system of equations

oo J
ijhe .
Do DD cunelt i (Erg) =0

qe{0,1} €=0 h=0

oo J1
o i1j1he i1j1
D DD el (erg) + BN =0,

[ ¢€{0,1} £=0 h=0

(8.7)

We multiply the first equation by ¢;,j,;,0, we multiply the second equation by c;;jo,
and we subtract the first equation from the second one. Using the identities (3.13]),
the second equation transforms into the equation

Ji—1 00
/ i1j1h0 Zl]lhé R SN
E : E : cijhORm“q E : E : E :thﬁRnk Mk Ekyq) + Cl]]E - O’ (88)
ge{0,1} h=0 qe{0,1} y—g h=0
where cj;;,, are explicit constants.

The leading effect of the rectangles in (8.8) is obtained for ¢ = {and h = ji. The
first equation of the system provides €j9 ~ —¢k1. The second equation in (8.8)
can be then approximated as follows

Pt o TR A (kok) (8.9)

This determines €; ;. The cost of length of the correction is

DA (k)
A( U Rnk,q(ék,q))’:lsk,o\’: XA, (8.10)

qG{O,l}
This correction produces new leading and second leading errors. The leading effect

on h # k is comparable to

STL(R)A (k) g OGO
This is the same effect produced by the correction of the first representative of L.
The second leading effect on h # k is comparable to

sH(k)A’(k,k)% _ nsl‘[(k)A’(k,h)'
This error is the same second leading effect produced by the correction of the first
representative of L.

Now we correct the equivalence class Ly 1. The error on the first representative (the
leading error) is comparable to 7*1(MAE,+1)  The second leading error is comparable
to nlk)A (kE+1) " The procedure described in the previous step produces the following
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new errors. The new leading error and second leading error produced on h # k + 1
are comparable to, respectively,

P DAGHLE) ST DA (1,0

The dynamics of leading errors is the same as in Section[d] We analyze the dynamics
of second leading errors. After che correction of the first representatives 0,1,...,k,
the vector Ej of second leading errors (the vector starts from the coordinate k) is

B o (..., IO 00 Y,
After the correction of the entire equivalence class L, the error is

E, ~ (0,;. R QL CEON ,)

~—
h>k+1

After che correction of the entire equivalence class Ly, the error is

B, ~ (nsH(k-i-l)A’(k-&-l,k)’ 0

g ey

nsH(k)A/(kﬁ) + 7751‘[(]@+1)A’(k+17h)7 . .;)

-~
h>k+2

N (nSH(k‘"rl)A/(k"Flvk)’ O sH(k—‘rl)A’(k-f—l,h)’ . 1)

sy ]

.

~
h>k+2

Inductively, for any p > k we find the vector of second leading errors

[

p
E; ~ ( .. ,Z nsn(q)A/(q’h), a0y ,nsn(p)Al(”’h), . .;)
q=k

N P h>p
h<p
~ sII(hX)A! (hE,h sII(p) A/ (p,h
—(;"777 (p) A (R )7'-;707;"777 ()AL )7 )7
h<p h>p

where hy = min{h*, p}. The 0 is at position p.
For the sake of simplicity, we assume that K = oo, so that we can let p go to infinity.
This is without loss of generality. In the length estimate, however, we assume k < K.
After letting p — oo, the final vector E of leading errors and the final vector E' of
second leading errors are, respectively,

B (o OIS, ) (s

By ({8.10)), the total cost of length of the recursive construction is

(k)A' (k,k)

K K
A( U U Rm@,q(gk,q» =~ Z n TG~y (8.11)

k=ko q€{0,1} k=ko

The new structural exponent is s; = sII(1)A(1,0) = sA(0,1)A(1,0) > s. Letting
o = A(0,1)A(1,0), we have s; = ps with ¢ > 1. Repeating countably many times
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the procedure started at the beginning of the proof, we get a correction R of the error

E(n) in ([7.1)) with cost of lenght

oh LA (k)

Z Z n" TG~ o

h=1 k=ko
The claim ({8.3]) follows from this estimate and from Theorem . 0

9. MAIN RESULTS

In this section, we collect the results proved so far. In the following, (M,D,g)
is a sub-Riemannian manifold satisfying Assumption and  : [0,1] — R2, with
x(0) = 0, is the horizontal projection of an abnormal curve «y : [0,1] — M. The curve
k may be either homogeneous or nonhomogeneous, according to the classification
introduced at the end of Section 2] The curve  has its parameters a, 8 € N and we
assume that 1 < o < 3, so that r = §/a > 1.

Theorem 9.1. Let Assumption hold and let k be homogeneous. If r < 5/4, then
the curve v = Lift(k) is not length minimizing.

Proof. We can cut x by a triangle T,,, where > 0 is a small parameter. Let 7 be
the new curve and let 47 = Lift(k") be its horizontal lift. The gain of length AL(n)

is given by (3.1)):

AL(n) = 2((2;_1)1)7727«—1 4 O(n2r—1)'

By Theorem [7.3| we can adjust the end-point v7(1), i.e., we can move it back to y(1).
Namely, for any € > 0 there are a constant C' > 0 and a correction R U @) of the
end-point with cost of length

A(RUQ) < Cpi147)-

This holds for all 0 < 1 < ¢ for some 6 > 0. On choosing 0 < € < 5 — 4r, we have for
small enough n > 0

ARUQ) < AL(n).

Therefore, the curve v is not length minimizing.
OJ

When £ is in the nonhomogeneous case, we have the following result. Recall that
k+ 1 is the cardinality of L; and that K is the bound on k given by Assumption .

Theorem 9.2. Let k be nonhomogeneous and assume that k < 1 for all k < K. If
r < 2, then the curve v = Lift(k) is not length minimizing.

Proof. Now the cost of length to restore the end-point is given by Theorem [8.1|
Namely, for any ¢ > 0 there exist a constant C' > 0 and a correction R of the
end-point with cost of length

A(R) < Opttre,
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This holds for all 0 < n < § for some § > 0. On choosing 0 < ¢ < 2 — r, we have for
small enough n > 0

A(R) < AL(n).
Therefore, the curve v is not length minimizing. ([l

Let us comment on the assumptions made in Theorems [9.1] and 9.2

1) Both theorems hold under Assumption that provides the bound k£ < K.
This is needed to control the multiplicative constant in the length estimate. See
Remark [4.3]

2) In Theoremwe have Assumption We could not get rid of this assumption.
Another natural question, of course, is whether the threshold 5/4 has any meaning.
The construction made in Sections [4H7] seems precise. In some cases, however, the
estimate can be improved. Let us consider in R® the horizontal distribution spanned
by the frame of vector fields

X1 = 81, X2 = 82 + Ilag + x?&l + x1x§85.

By Proposition , the plane curve xo = x?/ % is the horizontal projection of an abnor-
mal extremal. The curve is in fact of the homogeneous type. A delicate construction
(all details are omitted, here) shows that the horizontal lift of this curve is not length
minimizing near x; = 0 for the natural Carnot-Carathéodory metric. The singularity
with exponent 4/3 > 5/4 can be cut and adjusted with gain of length.

3) In Theorem [9.2] we have the assumption k& < 1. This restriction can be probably
dropped. It is likely that one has to consider all nonzero higher order terms in the
expansion of ¢ in (2.8) and then mix the techniques of Sections with the ones of
Section [§

4) Our very initial starting point is a structure theorem of algebraic type for ab-
normal curves. This is the case 1) in Proposition , which relies upon the restrictive
Assumption 2.1} In the setting of Carnot groups there is a similar explicit alge-
braic classification of abnormal extremals, with no restrictions on rank and step, see

[LLMV].

10. C' REGULARITY OF GEODESICS IN A CLASS OF CARNOT GROUPS

Let g be a stratified nilpotent n-dimensional real Lie algebra with g = g, 6. .. D gg,
S > 2 and g;11 = [g1, 9] fori < S—1and g, = {0} for i > S. We assume that the Lie
algebra has rank 2, i.e., that the horizontal layer g; is two-dimensional, dim(g;) = 2.
We also assume that the following commutativity relations on higher layers hold:

gi,9;] =0 forall 4,5 > 2 such that i +j > 4. (10.1)

We can realize g as a Lie algebra of left invariant vector fields in R™. Then we may
assume that g, is spanned by a pair of vector fields X; and X, as in , where f;,
j =3,...,n, are polynomials with degree deg(f;) < S—1. By (10.1), the polynomials
f; only depends on the variables x; and x5 of R” (see Proposition 2.6 in [LM]). The
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Lie algebra g is naturally associated and may in fact be identified with a Lie group. A
nilpotent and stratified Lie group is known as Carnot group. If S < 4, the assumption
in (10.1)) is automatically satisfied. It is known that if S < 4 (and the rank is 2) all
sub-Riemannian geodesics are C* smooth (see Example 4.6 in [LM]). The following
theorem is of interest in the case S > 4.

Theorem 10.1. Any length minimizing curve for the Carnot-Caratheodory distance
in a Carnot group of rank 2 and step S > 4 satisfying is of class CY° for any
. 2 1

0§5<m1n{m,1}. (10.2)
Proof. Let x : [0,1] — R? be the horizontal projection of a singular curve. The
support of the curve lies in the zero set of a polynomial f = 2?23 1;01 f; # 0, where
W3y, pn € R After a left translation in the group and after a rotation of the
coordinates in the plane, we may assume that £(0) = 0 and k(t) = (¢, p(t)) where ¢
is the function in with its parameters o, f € N, with 1 < o < .

Our argument in Sections proves that v = Lift(k) is not length minimizing,
provided that 5/a < 5/4 and Assumption 7.1/ holds. On the other hand, Assumption
does hold if equivalence classes L, contain at most two elements, as noted in
Remark [7.2

The correction procedures of Sections are restricted to monomials of the form
2i2) with the bound i + j < S — 2. We introduced in Section [3 the equivalence
classes Ly, with k& € N. Assume that (i,j) € L, with j = 0,...,a — 1, is the first
representative of L. Then we have i < S—2, because monomials 2!z} with i > S —2
do not apperar in the polynomials f3,..., f,. Then, if § is large, the cardinality of
Ly, is small, and namely we have the implication

5>§—1 = %:[%}g%d =  Card(L;) < 2. (10.3)

We estimate the minimum 3/« which is not covered by the cut-and-adjust argu-
ment. By (|10.3), this minimum is

m:min{geQ:a,ﬁeN,1<a<,8§§—1}

_min{%e@:ﬂeN,ﬁgg—l}

S—2

> —.

- S5—-4
If /o < min{m,5/4} the curve x is not length minimizing. On the other hand, if
B/a > min{m,5/4}, then the curve x is C*° for any § as in (10.2)). This ends the
proof. O
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